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Abstract

In this paper we study the asymptotic behavior of the (skew) Macdonald and Jack symmetric
polynomials as the number of variables grows to infinity. We characterize their limits in terms of
certain variational problems. As an intermediate step, we establish a large deviation principle for
the 0 analogue of non-intersecting Bernoulli random walks. When 6 = 1, these walks are equivalent
to random Lozenges tilings of strip domains, where the variational principle (with general domains
and boundary conditions) has been proven in the seminal work [15] by Cohn, Kenyon, and Propp.
Our result gives a new proof of this variational principle, and also extends it to non-intersecting 6-
Bernoulli random walks for any 0 € (0, 00). Remarkably, the rate functions remain identical, differing
only by a factor of 1/6.
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1 Introduction

Macdonald symmetric functions, initially discovered by Macdonald in the late 1980s [40], are central to
a number of key developments in mathematics and mathematical physics. They are indexed by Young
diagrams and implicitly depend on two parameters ¢,t € (0,1). Their degeneracy, by taking ¢t = ¢’
and sending ¢ to approach one, gives the Jack polynomials. This family of symmetric functions depends
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on the positive parameter § > 0, and was first introduced in [35, 34]. Notably, when 6§ = 1, the Jack
polynomials coincide with the well-known Schur polynomials, up to some multiplicative constants.

These symmetric polynomials appear in algebraic combinatorics as generating functions, and provide
a systematic way to enumerate combinatorial objects. In representation theory, these symmetric polyno-
mials offer a crucial bridge between algebraic structures, combinatorial objects and group representations.
Recently, symmetric polynomials have become central tools in the development of integrable stochastic
models. This theory has found numerous applications in areas such as random partitions, random matrix
theory, and directed polymers. In this article, we study the asymptotic behaviors of symmetric polyno-
mials, namely (skew) Macdonald and Jack polynomials, as the number of parameters going to infinite.
In this introduction, we discuss the results for skew Jack polynomials. The results on skew Macdonald
polynomials are more involved and are presented in Section 1.4. Recall that skew Jack polynomials
Ja\p(x; 0) are symmetric functions in infinitely many variables = (2;)1<i<co and parametrized by two
Young diagrams p C X, where p = (p1 = po = --- = pgu)), A = (A1 = A2 = --- = Ay(n)) are arrays
of integer numbers with length £(u), £(\) respectively. We refer to Section 6.1 and Section 6.2 for more
detailed discussion on (skew) Jack polynomials. We consider the limit of skew Jack polynomials along a
sequence of Young diagrams AV ™) and parameters b"Y)| where the column and row sizes of Young
diagrams and the number of parameters grow linearly in N. We show the limit N =2 In Ia\p(x; 0) exists
and give explicitly characterization of the limit in terms of a variational problem.

1.1 Nonintersecting #-Bernoulli Walk Ensembles

Understanding the asymptotic behavior of symmetric polynomials is fundamental to modern combina-
torics. However, there are few results in this direction, as symmetric polynomials tend to have complicated
structures and thus are less approachable by algebraic combinatorics techniques. In this article, we will
study the asymptotic behaviors of symmetric polynomials via a dynamical approach.

Many symmetric polynomials arise naturally as the partition functions of interacting particle systems.
Some notable examples are

1. The partition function of nonintersecting Brownian bridges is given by the Harish-Chandra-Itzykson-
Zuber integral formula [24]. Tt is closely related with Schur polynomials.

2. Macdonald processes as introduced by Borodin and Corwin [8], by definition have Macdonald
polynomials as their partition functions. Degenerations of Macdonald processes include the Schur
processes [46, 44], Jack processes [23, 32], Hall-Littlewood processes [7] and Whittaker processes
[8].

3. Partition functions of vertex models give families of symmetric rational functions, which generalize
Schur symmetric polynomials, as well as some of their variations [1, 2, 6, 10].

On one hand, the asymptotic behavior of symmetric polynomials provides a valuable tool for character-
izing the dynamics of interacting particle systems, where these polynomials serve as partition functions.
On the other hand, this also offers an alternative approach to investigating the asymptotic behaviors
of symmetric polynomials by exploring the asymptotic behaviors of the associated interacting particle
systems using dynamical approaches.

Fix large N, and take Young diagrams A = (A\; 2 Ao = -+ 2 An), ;0= (p1 = po = -+ 2 pp), and
parameters b = (bo, b1, ba,--- ,br_1). The skew Jack symmetric polynomials Jx . (b; 6=1) (where X, '
are the transposes of A, u), can be interpreted as the partition functions of N-particle nonintersecting
6-Bernoulli walks. For any Young diagrams v = (11 > vo > --+ > vy) with at most N rows, we encode
it by a particle configuration x = x(v) = (x1,x2, -+ ,Xn ), where

x;i=v;—(i—1)0, 1<i<N. (1.1)
From the construction, this particle configuration lives on the following 6-dependent lattice

Wy = {(x1,....x5) €ERY | x1 €Z, x; —x41 €0+ Zs, i=12,...,N—1}. (1.2)

{{e:xtonu}}
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Definition 1.1 (non-intersecting 6-Bernoulli walk ensembles). An n-particle non-intersecting 6-Bernoulli
walk from time 0 to S is a sequence of particle configurations p = (x(0),x(1),...,x(S)) € (W3)® such
that x(t) = (x1(t),x2(t), -+ ,%n(t)), and x;(t + 1) — x;(t) € {0,1} for each t € [0,S]; viewing {x;(t)}o<t<s
as the space-time trajectory for the i-th particle, which may either jump to the right or not move at each
step. From the construction of the lattice (1.2), the:peffig} are non-intersecting, since we have x;(t) > x;(t)
whenever 1 <i<j<nand0<t<S.

Assume p, A are Young diagrams with at most N rows. We identify them as particle configurations
y=@W1>y2> - >yn),z=(z1 >22> - >zy) € WY

yzzu,—ﬁ(z—l), zl:)\z—G(z—l), 1<Z<N, (13)

We denote the set of non-intersecting 6-Bernoulli walks from y = (y; > ya > --- > yn) € WY to
z2=(z1>22> - >2zy) € W) as

P(y,z:T) = {p = {x(t)}ocecT € (W)" : x(0) = y,x(T) =z}, (1.4)

The set P(y, z; T) is nonempty if there exists a non-intersecting Bernoulli walk {x(t)}o<t<T from x(0) =y
to x(T) = z, which is equivalent to

vi<zi<yi+T, 1<i<N. (1.5)

Indeed, if (1.5) hdkts idasha} take
xi(t) = max{y;,z; — (T —t)}, 1<i<N. (1.6)
Then we can rewrite the skew Jack polynomial Jy /. (; 9~1) evaluated at (bg, by, -+ ,br_1), in terms

of the weights (1.8) as follows
Ju (1N 0)
In j (boy -+ bp_1;07 1) = S22 ;b 1.7
x /e (bos o+ 0113077 (¥ 0) > Wi(pb), (1.7)
pEP(y;z;T)

where X', ' are the transposes of A, i, and for non-intersecting #-Bernoulli walk p = {x(¢) }o<t<T and
b= (bg,b1, - ,br_1), we define their weights as

wesb)= [[ ] (xi(t) + fei(t)) — (¢ (1) + be; () H bei(® (1.8)

0<t<T—11<i<j<n xi(t) = x;(t) 1SN
where e(t) = (e1(t), ea(t), -+ ,en(t)) is the increment at time t,
e(t) =x(t+ 1) — x(t) € {0,1}". (1.9)

The formula (1.7) is derived from the construction of the Jack process, as explained in more detail in
Section 6. On the left-hand side of (1.7), there are explicit formulas for the Jack symmetric polynomials
evaluated at 1V, i.e. J,(1V;6), J\(1V;0), making them amenable for asymptotic analysis. The primary
challenge lies in analyzing the sum of the weights W(p; b). In the special case where b; = 1, this sum of
weights can be interpreted as the partition function of non-intersecting #-Bernoulli random walks from y
to z, with the transition probability given by

1 V(x+6e) 1 (x; + 0e;) — (x; + Oey)
P(x(t+1) = t)=x)= ————>- = — J J 1.1
(x(t+1) = xele(t) = x) = g = o ] Do )
1<i<j<N
for 0 <t < T —1, where V is the Vandermonde determinant, and e = (e, eq, - ,en) € {0, 1}N, see

Figure 1. We remark that the above transition probability is given by pairwise interactions, and the
interactions between adjacent particles are singular to prevent colliding. More precisely, from the above
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Figure 1: Shown above is the transition from the Young diagram g = (5, 3,2,1,1,1) to the Young diagram
A =(6,4,2,2,1,1), which are encoded by the particle systems through the relation (1.1).

transition probability, if x € W) and x; — x;41 = 0 + 1, then (x; + €;) — (Xi41 + €i41) € 0 + Zxo. If
X; — Xi+1 = 0, then (1.10) 1s{1aomm§memyb>} if (e;, z+}1}1%—%1€(§1$¥)a¥11ﬂ5})f 1,1)}. In these cases, (x; +¢;) —
(Xi4+1 + €i+1) € 0 + Z>¢. Therefore the Markov process (1.10) stays in the lattice W'

Our first main result establishes a large deviation principle for the non-intersecting #-Bernoulli random
walks (1.10). Notably, when § = 1, these walks reduce to non-intersecting Bernoulli random walks, which
is equivalent to random Lozenge tiling of strip domains. Cohn, Kenyon, and Propp [15] previously proved
a variational principle for random tiling models (domino tiling and lozenge tiling) with general boundary
conditions. Our result extends this variational principle to non-intersecting #-Bernoulli random walks
for any 0 € (0,00). Remarkably, the rate functions remain identical, differing only by a factor of 1/6.
To state the large deviation principle, we need to introduce the notations of height function and surface
tension.

1.2 Height Function and Surface Tension

Given any N-particle nonintersecting §-Bernoulli walk ensemble p = (x(0),x(1),...,x(T)) € (W)")T from
time 0 to time T, we denote the increment at time t as e(t) = (e1(t), ea(t), -+ ,en(t)),

e(t) =x(t+1) —x(t) € {0, 1}". (1.11)
We denote the rescaled particle configuration (by rescaling space and time by 1/N),
z(t) = (x1(t), x2(t), - ,an(t) = —>, t=—, 0<t<T. (1.12)

In the rest of the paper, we will use the scaling above (we will use x(t) for particle configurations before
scaling, and x(t) for after scaling). For t/N < t < (t+ 1)/N, we linearly interpolate the particle
configurations

B t (t+1)\ e(t)
xz(t)=(t+1-Nt)x (N) +(Nt—t)zx ( ~ ) =x(t) + (Nt —t) -~ (1.13)
We encode the particle densities of x(t) as
N
plx;z(t)) = Z 1(z € [z;i(t), z:(t) + 0/N]), 0<t<T, (1.14)
i=1
and define the associated height function
Hiat) = [ ple®)ds, (0.0 €Rx0.1] (1.15)

We notice that the total mass of p in (1.14) is{8:fixthny 0 < ¢ < 0T, and H(x,t) is a non-decreasing
function of x from 0 to . The particle configuration x(t) can be recovered easily by either the empirical
particle density o(x; (t)), or the height function H(z,t). In the rest of the paper, we will not distinguish
them.

Given an N-particle nonintersecting 6-Bernoulli walk ensemble p = {x(t) }o<t<T, We recall its weight
W(p; b) from (1.8). For b= 1T, we simply denote the weight as W(p),

W =W = [ [ O0) () + 0y 0) w1

0Kt<T 1Ki<j<N x;(t) — x;(t)

{f:Young_diagrs
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Under the transition probability (1.10), the: pebkty}ity of the walk p is given by 2=V TW(p). We also
define the weight of the height function H associated with p = {x(t) }o<t<T a8 W(H) = W(p).
From the construction of the height function (1.15), H(z,t) is 2-Lipschitz, and almost surely,

VH(z,t) = (9, H(w,t), 0. H(z, 1)) € {(0,0), (1,0), (1, —1)}. (1.17)

To analyze the limits of height functions of these interacting particle systems, it will be useful to introduce
continuum analogs of the height functions considered in (1.15). So, set

T={(s,t)€(0,1) xReg: s+t >0} CR?, (1.18)

and its closure 7 = {(s,t) €0,1] xRgp:s+1t> 0}. We interpret T as the set of possible gradients,
also called slopes, for a continuum height function. The height functions H (z,t) associated with particle
configurations (from (1.15)) i§#-Lipschitz and satisfies VH (z,¢t) € T for (z,t) € R =R x [0,T].

Definition 1.2. We say that a function H : R — R is admissible if H is 2-Lipschitz and VH(u) € T
for almost all u € K. We further say that the boundary height function h = (h(x,0),h(x,T)) : 00/ — R
admits an admissible extension to R if Adm(R;h), the set of admissible functions H : R — R with
Hlrxqo,ry = h, is not empty.

For any x € R>o and (s,t) € T we denote the Lobachevsky function L : R>o — R and the surface
tension o : T — R? by

™

r 1
L(z) = —/ log |2 sin z|dz; o(s,t) == (L(7T(1 —5)) + L(—mt) + L(m(s + t))) (1.19)
0
For any admissible height function H on R, we further denote the entropy functional

5(H)=Ao(VH(z))dz. (1.20)

The entropy functional (1.20) algefgeveinatthe logarithm of the number of lozenge tilings for a given
domain and boundary height function [15]. The surface tension o is strictly concave within the interior of
T and linear along the boundary of 7. As a consequence, the maximizer of the energy functional (1.20)
possesses what are known as “liquid regions”, where the solution is real analytic, and “frozen regions”,
where the solution is piecewise linear. Variational problems associated with (1.20), and in more general
setting, have been explored in previous studies [36, 52, 4].

1.3 Large Deviation Principle for non-intersecting #-Bernoulli random walks

We prove a large deviation for non-intersecting 6-Bernoulli random walks (1.10) with given boundary
condition at time 0 and time T. We make the following assumption on the height profile of the limiting
boundary condition.

Definition 1.3. Fiz any 0 > 0. We denote by Admg(fﬁ) the set of boundary height functions h =
(h(z,0),h(x,T)) : OR — R which admit an admissible extension to R so that O,h(x,0),0.h(x,T) are
two compactly supported positive measures with density bounded by 1 and total mass 6.

We equip Adm(®R, h) with the uniform topology. First, we remark that since we assumed H is
Lipschitz, the uniform topology in the spatial variable is equivalent to the weak topology on its derivative,
as can be easily checked by integration by parts. Moreover, it is evident that Adm(%R, h) is a compact
space. We also observe that Adm(R, ) depends on 6 due to the fact that h € Adm§(9R). We want to
stress this dependency because it has important consequences. Indeed, if H € Adm(®R, ), then for every

€ [0,7], 0,H(.,T) is compactly supported, bounded by one, and has total mass 6. Indeed, because
VH €T, 0,H(.,t) is a non-negative measure for all time ¢. Furthermore, since 9; H(z,t) is non-positive,

H(xz,T) < H(z,t) < H(z,0), and H(x,t) is equal to 8 for x sufficiently large x.
To state our main result, let us precise our running assumption concerning the particle configurations.

{{t}}
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Definition 1.4. Let 6,7 > 0 and h € Admg(%). Given two sequences of particle configurations (y, z),

yM =M >y >y Iy ew), 2™ =@M > M My ew), N>1. (1.21)

we say that (y,z) are (h,0,T)-admissible iff
1. There exists a constant C > 0, \yZ(N)|, |Z§N)| < OCN for1<i<N.
2. The empirical density (recall from (1.14)) of yN),2(N) converges, namely when N — oo
o(x;y ™M /N) = 0,h(2,0),  o(x;2N)/N) = 0:h(z, T), (1.22)
i distribution.

Moreover, given T > 0 and T so that T/N goes to T as N goes to infinity, we further assume that for
N large enough the set of non-intersecting 0-Bernoulli walks of length T from y™) to z(N) is nonempty,
namely 'P(y(N),Z(N); T)# 0 (see (1.4) ){e:rhoconverge}

We can now state the main result of this article concerning the large deviations for the distribution
of the height function under the law P defined in (1.10).

Theorem 1.5. Let 6,7 >0 and h € Admg(i)%). Consider two sequences of particle configurations (y,z)
which are (h,0,T)-admissible.

1. Then, for any H € Adm(R, h), the following holds

hmhmsupN InP({G e P(y™,z™M:T): |G — H|s < }):f%jh(H)JrTan (1.23)

e=0 N oo

where Jp, is the functional defined for H € Adm(R, h) by

T

In(H) = —/J(VH(x,t))dxdt _1 /ln\x —y|dh(z,t)dh(z,t) . (1.24)

Moreover, (1.23) hqGRF}f we replace the limsup by a liminf.
2. Jn has compact level sets in Adm(R, h).

3. The law of H conditioned to remain in ’P(y(N),z(N);T) satisfies a large deviation principle with
speed N2 and good rate function Iy, (H) which is infinite outside Adm(R, h) and otherwise given by

Ih(H):%(jh(H)f inf  Ju(G)). (1.25)

GeAdm(R,h)
Moreover, Ty, is minimized at a unique minimizer H" € Adm(R, h).

The surface tension ¢ is the same as that of lozenge tiling. It has been proven in [18, Theorem
7.5], that Jp, is lower semicontinuous over Adm(fR, h) with the uniform topology. Since Adm(fR,h) is
compact, it follows that 7, has compact level sets in Adm (R, k). The uniqueness of the minimizer for
the variational principle (1.25) hge Hdn proven in [52, Proposition 4.5].

Our second main result derives the large deviation asymptotics of skew Jack symmetric polynomials as
the number of variables goes to infinity. As discussed after (1.7), the main challenge lies in analyzing the
sum of the weights W(p; b) from (1.8). It can be interpreted as the partition function of non-intersecting
f-Bernoulli random walks from y to z, with time dependent drift. Explicitly, the transition probability
is given by

1 x; + Oe; (x; + Oe;) e
PP(x(t+1) = x +elx(t) = x) = TTe)™ H ( ) J ) H by (1.26)
1<i<j<N

{assume}
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for 0 <t < T-1and e = (eg,e2, -+ ,en) € {0,1}¥. The large deviation of the aforementioned
non-intersecting 6-Bernoulli random walks with time-dependent drift can be deduced from Theorem 1.5
through the application of Varadhan’s lemma. An immediate consequence of this is the following result
concerning the asymptotics of skew Jack polynomials following from the formula (1.7). Thendemsf fgithis}
result is provided in Section 6.4. We next state our large deviation results under the law P° and deduce
the asymptotics of skew Jack polynomials in the related scaling.

Theorem 1.6. Let 6,7 >0 and h € Admg(i)‘{). We consider a sequence of Young diagrams
AM = A A > ), e = Y = s> u), N2 (1.27)
such that (y,z) given by (1.3) are (h, 0, T)-admissible and take by = e/ /N) for a continuously differentiable
function f(t).
1. The asymptotics of the skew Jack polynomials are given by

. 1 )
lim ﬁ1nJ(>\<N>)«\(”(N)),(bO,bl,... b1 07

N—o00
= j,{ + % </ In |z — y|dh(z, 0)dh(y, 0) — / In|z — y|dh(:£,T)dh(y,T)) +T1n2
R? R?

where

Ji L {/U(VH(:UJ))dxdt—i-}'f(H)} (1.28)

0 HeAdm(9R,h)

and the linear functional F7(H) is given by
T
FI(H) = —/ / f(8)0sH (y, s)dyds. (1.29)
o Jr

2. The law of H under P° defined in (1.26) cdadutddned to remain in P(y™Y),2(N); T) satisfies a large
deviation principle with speed N? and good rate function I,{(H) which is infinite outside Adm(®R, h)
and otherwise given by

I (H) = —g (/a(VH(:r,t))d:vdt + J—'f(H)) +J7 . (1.30)

Moreover, I}]: achieves its minimal value at a unique height function H}{

1.4 Asymptotics for Skew Macdonald Polynomials

The goal of this section is to study the asymptotics of the skew Macdonald polynomials Py, (x;¢,t),
which are symmetric functions in infinitely many variables @ = (x;)1<i<co and parametrized by two
Young diagrams g C A. We refer to Appendix C for more detailed discussion on (skew) Macdonald
polynomials.

Fix # > 0, and take t = ¢Y. Assume A, u are Young diagrams with at most N rows, and take any
b = (bg,b1, - ,br—1). Then the same as in (1.3), Weatkefitify pu, A as particle configurations y,z. For
non-intersecting Bernoulli walks p = {x(t) }o<t<T from x(0) =y to x(T) = z, we define their weights as

web)= [ ]I IT bi® (1.31)

qu(tHGGi(t) — g% (t)+0e; (1)
qxi(t) _ qxj (t)

0<t<T—1 1<i<5<n 1<iKN
Then we can rewrite the skew Macdonald polynomial evaluated at (b, b1, -+ ,br_1) as follows
P.(1,t,82,--- N1 g 0) —~
Py jp(bo, - br_qit,q) = 2222 2 W(p: b), 1.32
)\/”(0 . q) PA(lat7t27"'7tN_1;Q7t) Z (p ) ( )
pEP(y;z;T)

{t:main2}
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{{ratef}}
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where X/, u’ are the transposes of A, pu.

Similarly to the skew Jack polynomials, there are explicit formulas for the Macdonald symmetric poly-
nomials evaluated at the principal specialization, i.e. Py, (1,¢,t2,--- .tV "1iq,t), Px(1,t, 12, ,tN "1 q, 1),
making them amenable for asymptotic analysis. The sum of the weights VNV(p;b) can be interpreted
as the partition function of non-intersecting #-Bernoulli random walks from y to z, with the transition

probability given by

xi+0e; Xj+6€j
PPo(x(t+1) =xtext)=x)x [[ Tt —

1<i<j<N

pr—— H bei. (1.33)
1<i<KN

for 0<t<T—1,and e = (e1,e2, - ,en) € {0,1}. The above Markov process (1.33) is{e Sfmcdohakdp}

of ascending Macdonald process as constructed in [8].

The Macdonald processes (1.33) are different from non-intersecting #-Bernoulli random walks (1.10),
and also have singular interactions among adjacent particles. However, by taking their ratios, we observe
the cancellation of singularities. This observation allows us to establish the large deviation principle
for the Macdonald process through the application of Varadhan’s lemma. The following result on the
asymptotics of skew Macdonald polynomials is a consequence of the large deviation principle of the
Macdonald process (1.33). The proof is given in Section 6.4.

Theorem 1.7. Let 0,7 >0 and h € Adm‘g(i)‘{). We consider a sequence of Young diagrams (X, u) such
that (y,z) giwen by (1.3) are (h, 0, T)-admissible. We take by = e &/N) for a continuously differentiable
function f. Moreover, we take g = "'V for some K < 0.

1. The asymptotics of the skew Macdonald polynomials are given by

. 1
]\;gr})oﬁ1nP(A<N>)/\(”(N>)/(bo,bl,"' Jbr-130,t)
1
- jhf + % (/ In |z — y|dh(z, 0)dh(y, 0) — / In|z — y|dh(z,T)dh(y,T)) +T1In2
R2 R2

where J;| is defined in (1.28) and Ff(H) in (1.29).

2. The law of H under P> defined in (1.33) conditioned to remain in P(y™N),2(N); T) satisfies a large
deviation principle with speed N2 and good rate function I,{(H) which is infinite outside Adm(®R, h)
and otherwise given by (1.30). Moreover, I,{ achieves its minimal value at a unique height function
Hi.

We remark that the rate function surprisingly does not depend on . This indicates that ¢ is converging
toward one too rapidly to induce changes at the large N limit. However, other scalings seem difficult to
deduce by Varadhan’s lemma and require other kinds of large deviations estimates.

1.5 Related works on the Asymptotics of Symmetric Polynomials

The asymptotic behavior of symmetric polynomials can be studied under other scaling regimes. One
intensively studied regime is to take limit along a sequence of Vershik-Kerov partitions, where the size
and rows of the partitions all grow linearly in IN. In this way, the normalized Schur functions approximate
a character of the infinite unitary group. The asymptotics of normalized Schur functions in this scaling
regime were originally derived by Vershik and Kerov in [55]. Generalizations of these results to the
asymptotics of Jack and Macdonald polynomials under the same scaling can be found in [45, 16, 17].
While the Vershik-Kerov partitions involve thin partitions, this paper explores a different scaling
regime. Specifically, we consider the limit along a sequence of partitions where the number of rows and
columns grows linearly in N, but the size grows quadratically in N2. Gorin and Panova’s work in [21]
presents an example within this regime. They obtained the asymptotics of Schur polynomials with all but
finitely many parameters set to one, see also [28, 27]. These asymptotic results played an important role in

{{e:Macdonaldp}

{t:main3}



the study of extreme characters of the infinite-dimensional unitary group [21, 11], as well as applications
in random lozenge tilings [12, 13] and the six-vertex model [21, 20].

The structure constants of symmetric polynomials, such as Kostka number, Kronecker coefficients
and Littlewood-Richardson coefficients are fundamental quantities in algebraic combinatorics. Despite
the absence of explicit formulas, the asymptotics of specific extreme Kronecker and Littlewood-Richardson
coefficients have been derived in [49, 54, 47, 48]. Using the asymptotics of Schur symmetric polynomi-
als, the large deviation asymptotics of Kostka numbers and the large deviation upper bound for the
Littlewood-Richardson coeflicients have been obtained in [5]. These results were generalized in [33] to the
asymptotic behavior of weight multiplicities of irreducible representations of compact or complex simple
Lie algebras in the limit of large rank. The asymptotics of Jack polynomials and Macdonald polynomials
should allow to address similar questions for the large deviations of their structure constants.

Any other things we want to add here?

1.6 Ideas of the proofs

In the continuous setting, the asymptotics of the Harish-Chandra-Itzykson-Zuber integral has been dis-
covered through studying the asymptotics of Dyson’s Brownian motion by the first named author and
Zeitouni [29, 30, 25]. Subsequently, analogous findings were extended to the rectangular spherical integral
and Generalized Bessel Functions in [33, 26]. However, these outcomes rely on stochastic calculus and
specific structures of Dyson’s Brownian motion.

In this paper, we focus on the discrete setting, where tools from stochastic calculus are not available.
We summarize the main ideas of the proof of our main Theorems, Theorem 1.5. Theorem 1.6 and
Theorem 1.7, can then be deduced by Varadhan’s lemma. In the special case when § = 1, the non-
intersecting #-Bernoulli random walks (1.10) are equivalent to random Lozenge tiling of strip domains,
where the variational principle of the height function has been proven in [15]. In fact their results apply
to random tilings of more general domains. The proof of the variational principle for tilings in [15]
relies on the exact computation of the partition function for tilings on a large torus, utilizing Kasteleyn’s
matrix. Unfortunately, this method is not applicable in our context when 6 # 1. Instead, our proof
relies on the recently introduced dynamical loop equations by the second author and Gorin [19]. These
equations have proven effective for analyzing large families of two-dimensional interacting particle systems
in both discrete and continuous settings. Examples include nonintersecting Bernoulli/Poisson random
walks [22, 39, 31], S-corner processes [23, 9], measures on Gelfand-Tsetlin patterns [14, 51, 50], and
Macdonald processes [8]. In particular, a version of dynamical loop equations has been derived for the
non-intersecting 6-Bernoulli random walks.

We establish the large deviation principle using Cramér’s method, by tilting the measure of noninter-
secting #-Bernoulli walk using exponential martingales. Our proof is divided into an upper bound and
a lower bound. The normalization constant for these exponential martingales can be determined using
dynamical loop equations. Subsequently, the large deviation upper bound can be obtained straightfor-
wardly by applying Markov’s inequality. The measure tilted by the exponential martingale coincides
with the drifted non-intersecting #-Bernoulli random walk. Utilizing the dynamical loop equation once
again, we establish a limit shape theorem for the drifted non-intersecting #-Bernoulli random walk. As
a consequence, for any targeting measure process, we can construct an exponential martingale such that
the tilted measure concentrates around it. This provides the large deviation lower bound.

In the above outlined proof, we utilize dynamical loop equations to investigate nonintersecting 6-
Bernoulli walks with drift. However, two challenges hinder their direct application. Firstly, dynamical
loop equations require that the drift is analytic. To overcome this, we convolve the targeting measure
process with a small Cauchy distribution (which is reminiscent of the strategy followed in [29]). This
convolution enables the analytical extension of the density to a strip region around the real axis, allowing
for a similar extension of the drift terms. As a trade-off, we are required to analyze measure-valued
processes supported on the entire real axis. This challenge is addressed through precise truncations and
the utilization of the explicit form of the rate function.

Secondly and more critically, dynamical loop equations require certain non-criticality conditions.
Specifically, the particle system cannot be too dense, meaning the density cannot be too close to one. To



tackle this challenge, rather than studying the nonintersecting #-Bernoulli walks as a whole, we partition
space-time into small regions of parallelogram shape. Within each region, we ensure that both the density
and velocity remain nearly constant. In each region, the system resembles nonintersecting 6-Bernoulli
walks but with a reduced number of particles and possibly left and right boundaries. If the density and
velocity are non-extremal, we can establish a large deviation principle using the dynamical loop equation
as outlined above. However, if the density or velocity are extremal, we prove a large deviation upper
bound by directly analyzing the walk. Importantly, it is observed that the contribution from these regions
is negligible. The original nonintersecting #-Bernoulli walks have long-range pairwise interactions. After
partitioning, particles from different regions also interact with each other. Fortunately, these interactions
cccur between particles which are far from each other and are not singular, which can be approximated as
smooth weights. In this manner, we can integrate all regions together and derive the variational principle
for the original nonintersecting #-Bernoulli walks.
add a paragraph on loop equations, and its role in computing partition function?

1.7 Organization of the paper

In Section 2, we collect various facts about height functions, Vandermonde determinants and the free
entropy. They will be used repeatedly in the rest of this paper. Section 3 provides an overview of the proof
for Theorem 1.5, which relies on both a large deviation upper bound (Proposition 3.3) and a corresponding
lower bound (Proposition 3.6) for non-intersecting #-Bernoulli random walks with a constant slope. The
proof for Proposition 3.3 is detailed in Section 4, while the proof for Proposition 3.6 is presented in
Section 5. Moving forward, Section 6 contains the proof for Theorem 1.6, on the asymptotics of skew Jack
polynomials. Similarly, the proof for Theorem 1.7, which explores the asymptotics of skew Macdonald
polynomials, is outlined in Appendix C. Finally in Appendix A, we collect the results on dynamical loop
equations from [19].

1.8 Notations

We use A, p to represent Young diagrams. For macro particle locations we use mathsf letters: x;(t), x(t),y, x,

where time t ranges from 0 to T. For micro particle locations we use standard letters x;(t), z(t),y, 2,
where the time ¢ ranges from 0 to 7. Height functions H(z,t), H(z,t), ... are all height functions associ-
ated with the micro particle locations. We use H* for an asymptotic height function, that is an element
of Adm(%R, h) that arises as the limit of height functions, H is an arbitrary Height function, H stands for

the smoothed version of H. And we use H for the discretization of H* or H.

2 Setup and Preliminary Results

In this section we collect various facts about height function, Vandermonde determinant and free entropy.
They will be used repeatedly in the rest of this paper.

2.1 Approximating Height Function

For any height function H* € Adm(R; h), the following lemma states that if P(y(™),z(N): T) # (), then
there exists a non-interesecting #-Bernoulli walk from y¥) to z™), and its height function is close to H*.
The proof follows from a careful discretization of H*, and we postpone it to Appendix B.

Lemma 2.1. Let 0,T be positive real numbers and h € Admg(iﬁ). Consider two sequences of particle
configurations (y,z) which are (h,0,T)-admissible.  For any ¢ > 0, and any H* € Adm(R;h), there
exists a non-intersecting Bernoulli paths {x(t)}o<i<r from 2(0) = y V) /N to x(T) = zN) /N with height
function H, such that

[H* = Mo <&, (2.1)

provided N is large enough.
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We introduce the following ¢-mesh, and Lemma 2.3 states that on most of the £-mesh, H* has an
approximate linear approximation.

Definition 2.2 (¢-mesh). Adopt Definition 1.3, there exists a large constant A > 0, such that for any
H € Adm(®R; h),

H(z,t)=0, z<—-A, H(z,t)=0, z>A (2.2)

Take a small £ > 0 such that AJL,T/0 € Z. We cover the region [—A, A] x [0,T] by rectangles of size
60 x £:

[—A, Al x [0,T] = UR(ev, B), R(a, B) = [(a = 3)L, (a + 3)] x [BL, (B +1)¢], (2.3)
where «, 3 are integer numbers so that —A/l < a < A/, 0B <<T/L.

Lemma 2.3. Let H* be an asymptotic height function, namely a given element of Adm(R,h), and let
e > 0. If ¢ is sufficiently small then on at least a 1 — € fraction of the rectangles R(«, 8) from the {-mesh
(in Definition 2.2) we have the following two properties

1. On iﬂ(a,,@)ﬁ, H has a linear approximation within an error bounded by le, namely there exists
(0,—ov) € T such that for (z,t) € R(a, B)

|H(x,t) — (H(al, Bl) + o(x — al) — ov(t — BL))| < e. (2.4)
2. For at least a 1 — € fraction (in measure) of the points x of R(«, B), the gradient VH (z) exists and
is within € of (0, —ov).

Proof. The proof is the same as in [15, Lemma 2.2], so we omit. O

2.2 Smoothed Height Function and Complex Slope

Given any height function H € Adm(%R;h), it is Lipschitz. We convolve it with a Cauchy distribution.
Take small § > 0, denote

(2.5)

s

~ 1 0H (y,t)dy
=1 [ E

In this section, we collect some estimates of the smoothed height function H (x,t) (as constructed in
(2.5)) ifelaafrta}2.4 and Lemma 2.5. Their proofs follow from explicit computations, so we postpone
them to Appendix B. We denote for two functions f, g, f < g iff there exists C, D finite so that, for every
t, Clg(t)] < [f(8)] < Dlg(t)].

Lemma 2.4. Fiz any 0 <t < £, denote

1 C+tv (5dy
1 2.
Iﬂlt(I‘) T /tv (y — 213)2 + 52 ( 6)

then
O H (2,t) = oky(x), 0,H(x,t) = —ovrs(z). (2.7)
The function ki(x) € [0,1] and for x € [tv, £+ tv], it holds

o)
_, - _ 2.
ri(z) <1, ke (x) § + dist(z, {tv, £+ tv})’ =
for x & [tv, L + tv], it holds
)
1—re(z) <1, k() 5 2

i dist(x, {tv, £ + tv}) + dist(x, {tv, £ + tv})?’
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We recall that the Hilbert transform Hib(u) of a function w is given by Hib(u)(xz) = PV [ 1:<_x1) dz
where PV denotes the principal value.

{1:kappaHib}

Lemma 2.5. There exists a large constant C' > 0, for any small 6 > 0, recall k¢(x) from (2.6), He:ktxbound}

following holds
1. Kke(x) can be extended analytically to any z = x + in with Im[n] < 6/2,

|ke(2) — ke(2)] < % min{k(z), 1 — ke(x)}. (2.10)

2. The Hilbert transform Hib(k:) extends analytically to any z = x + in with Im[n] < §/2,

OO0 ifdist(z, {tv,l +tv}) > ¢ Cn
Hib < dist(z,{tv,l+tv}) if ’ ’ - Im Hib < = 2.11
Hib(r) ()] < { T e b)) < T @
If dist(z, {tv, £ 4+ tv}) 2 ¢, we have
0,k¢(2) ot Hib(k¢(2) 0 (2.12)

< <
~ dist(z, {tv, £ + tv})3’ ~ dist(z, {tv, £ + tv})

2.3 Vandermonde Determinant and Free Entropy
Lemma 2.6 and Lemma 2.7 concern certain useful identity and estimates of Vandermonde determinants.
Lemma 2.6. For any particle configuration x € Wy, and 0 < k < n, the following holds

=)

er+ex+-+e,=k

Lemma 2.7. There exists a constant C' > 0. For any particle configuration x € Wy, the following hold
_ V(x + be)
CTh —————= 2™ 2.14

Proof. The upper bound in (2.14) followytsdm Lemma 2.6 which implies

2; V(:/z;;ge) =" (2.15)

and the fact that all terms in the left hand side are non-negative. For the lower bound, we first show
that there exists a constant C' = C(6) such that for every configuration x,

olei—e)’

(i = x;)?
If e; — e; = 0, there is nothing to prove, the lefthand side is 0. If x; — x; = (j — )0, i.e. the particle

configuration on {x;,X; 11, - - ,X;} is tightly packed. The lefthand side of (2.16) is feonoeed eqdy if e; —e; €
{0,1}. Thus,

(xi +0ei) — (xj +0ej) o) (Xit+ei) = (% +e)
Xi — Xj Xi — Xj

In

(2.16)

€ — €5 1
€0, —— ¢. 2.17
Xi = X; { 9(]—1)} (2.17)
Otherwise, x; —x; = 1+ 6, and we have
€ —€j 1
< —. 2.18
X; — Xj 1 + 0 ( )
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The statement (2.16) follows from the inequality below
|In(1+60z) — 0ln(1+2)| < Cx?, ze[-(1+0)"11], (2.19)

which follows from the fact that for € [—(1+ 6)71, 1]

|1 — 622 < (1+9)5(170)'

?(In(1 4+ 6x) — 61n(1 =0(1-0 < 2.2
020n(1-+ 02) — 011 + )] = 0(1 = 0) g y (220)
It follows by summing over i, j in (2.16), that if y is the configuration y = x + e,
V(x+ fe) (V(y)) 4
In————~20ln|(—<|-CY ——
V() 709) O L nP
i) ) ve) (2.21)
y ’
>0ln - C — >0In —C'n
oo ¢ 2 Wi Ve
By the same argument as for (2.21), we a]ls@dizeq@}that
Viy —fe) (V(y - e)) ’ ( )
nln2>nh—>0ln|{—*%] -C'n=0In (2.22
Vo) Vo) ) :

where the upper bound by nln2 comes from (2.14). Ceribinleg3P.21) and (2.22), we obtain the lower
bound in (2.14)
V(y)

V(x+ 96) , , ,
—_— In —= — In2 -2 =—(In2+2 . 2.2
) >0 V00 C'n >z —nln C'n=—-(In2+2C")n (2.23)

In

O

In the following lemma we collect certain estimates on the limit of Vandermonde determinant, and
on the free entropy.

Lemma 2.8. Fiz k < 0. There exists a constant C = C(k) > 0, the following holds. For any particle
configuration x € WY, let x € x/N. Assume x is supported on [—A, A], and we denote its empirical
density as o(x;x), then

702 In N

N2 %‘_ln(xi - //lnlx—ylg(ﬂv x)o(y; )dxdy+0< N )

792 K(T'L_TJ) K|’t y\ . h'lN (224)
ya 2 lnll = In(1 Jolr; @)oly: @)dudy +0 (5 )

For any two height functions hy, ha such that ||h1 — hal|eo < € with 0 < Jphy, O ha < 1 and their supports
supp(9zh1), supp(d.he) € [—A, A], then

’// In |z — y|dh (z)dhy (y // In |z — y|dha(z)dha(y )‘ < Ce,
‘//m e 2= dhy (z)dh (y //m — erlT=vhydhy (2 )dh2(y)‘ < Ce.

Proof. We will only prove the first statements in (2.24) ar{d {2d25fpamdi}he second statements follow from
the same arguments. For any ¢ < j — 1, denote x; — z; = r > 20/N, we have

(2.25)

/ / In |z — y|dady = / / In|r+ 2z —y|dady (2.26)
T; x; 0 0
0/N 0 92 0/N 7_2 0
= /O (In(r —7) + In(r + 7)) <N - T) dr = N2 Inr —|—/0 In (1 - 1"2) (N . T> dr (2.27)
_ 0 1
1n7’+O(N4 2) (2.28)
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By summing over all the pairs i < j — 1, and bound In(z; — z;41) = O(In N), we have

02 1 :L’i+9/N a:j+6'/N lnN
N2 Zln(xi —xj) = Z 3 / / In|z — y|dady + O (N) (2.29)
i<j i\J Ti Zj
In N
// In |z — y|o(z; ) o(y; x)dzdy + O ( I}V ) . (2.30)
This gives (2.24). The statement (2.25) follows from
’// In |z —y|d(hi(x) — (x))dhl(y)' < Ce (2.31)
Denote 91(y) = dyh1(y), by an integration by part
01(y A
7= | [[ 2y e) - natayas] 5z [ [t w)lay (2.32)
A 1/2 1/2
5 <2A/ |Hib(91)(y)|2dy> £ (QA/ g%dy> = V24, (2.33)
—A R
where we used that the Hilbert transform preserves Lo norm, and o7 < 1. O

3 Proof Outline of Theorem 1.5

We recall the boundary height function A from Definition 1.3, and the sequences of particle configurations
y) 2(N) from Theorem 1.5. We recall the set of non-interesecting -Bernoulli walks from y¥) to z(V)
from (1.4)

Py, 2 T) = {p = {x(t)Jocrer : x0 =y xr = 2}, (3.1)

Fix an asymptotic height function H* € Adm(%R, h), and a sufficiently small £ > 0 such that L = /N € N.
We recall the £-mesh from Definition 2.2. We denote B, (H™*) the set of non-intersecting 6-Bernoulli walks
with height function close to H*

B.(H*) = {p = {x(t) hocecr € Py, 2N T) ¢ |H — H*||oo < £} (3.2)

3.1 Upper Bound

To prove the large deviation upper bound for P(B.(H*)), we partition B.(H*) according to the possible
particle configurations at times NL:

Be(H* : {y(t) }eqo,or,11) := {p = {x(t) Jo<t<T € B-(H") : x(t) = y(t) for t € {O,L,2L,---,T}} (3.3)

By our assumption that |yZN l, \z (N) \ < CN, then there exists A > 0 (say A = C + T) such that
suppy(t) € [-AN, AN] for all 0 <t < T. The number of total choices of {y(t)}teqo,L,2L,...,7} is given by

T/t
(P48)" <aeraion_ o a0

which is negligible. In the rest of this section, we will fix the particle configurations {y(t )}tE{O L2l T}

We recall the /-mesh from Definition 2.2 and restrict ourselves to the configurations in i)‘{(a d) for
some fixed integer numbers «, 5. We consider the restriction of the particle configuration y(5¢) on the
interval [al, (a + 1)¢)

yi-1(Bl) < al <yi(Bl) < --- <y;(B0) < (a+ 1)l < y;41(80). (3.5)
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Denote the set of indices of the configuration inside R(«, ) by I(«, 8) = {¢,i+1,i+2,--- ,j} and denote
n = |I(o,B)] = j—i+ 1. Forany pe€ B.(H* : {y(t)}eefoLaL, T}), its restriction on the index set
I(a, B) and time interval [B¢, (8 + 1)€], {xx(t)}rer(a.8).tc(pe,(8+1)¢ forms an n-particle nonintersecting
Bernoulli random walk. The next lemma states that its height function is close to a height function with

constant slope.
{d:constantslor

Definition 3.1. Given a slope (0, —ov) € T, we construct the constant slope height function A on
R x [0,4]:

Az, t) = (z —tv)o, (x,t) €P; Az, t) =0, z<tv; Ax,t)=4Lo, x>={+tv. (3.6) {{e:defHx}}

where P is the parallelogram region:

Pi={r,tcR*:0<t <l to<a<l+to) (3.7)  {{e:defp}}
We say A is the height function with slope given by (o, —ov).
{1:slope}
Lemma 3.2. There exists a large finite constant C > 1 so that the following holds. Assume that
on R(a, B), the height function H* has a linear approximation with slope (0,—ov) € T and error
€. For any {x(t)}o<i<e € B-(H* : {y(t)}teqo.L2L,....1}), we denote the shifted particle configuration
{zx () hrcken.0ci<e
2;(t) = Xppic1(t+ 80 —al, 1<k < n. (3.8) {{e:zk}}

Then {zx(t) }1<k<n.0<t<e form an n-particle nonintersecting Bernoulli random walk, where

on

N lo| < Ce. (3.9) {{e:particlebot
and its height function H defined in (1.15) sdtisfiesticlebound}

|H(z,t) — A(z,t)| < Ce, (3.10) {{e:heightclose

where A is the height function with slope given by (o, —ov) from Definition 3.1.

Proof. We denote the height function of {x(t)}o<i<¢ as H, then from the construction (3.8) for smightclose}
0<t<d,

—1)0 0
%, z1(t) <z < zp(t) + N (3.11) {{e:Hxtdiff}}
And for z < z1(t) we have H(z,t) = 0; for > z,(t) we have H(x,t) = nf/N. Next, we show (3.9). {e:Hxtdiff}
Since H € B.(H*), we have

H(z,t) =H(x + al,t + L) —

0 1
% +0 (N) =H({(a+ 1)) — H(al) = H* ((a+ 1)¢) — H*(al) + O(e) = Lo+ O(e) (3.12) {{e:ntheta}}
The claim (3.9) follomsHegaparranging. We will prove (3.10), by dividing it into different regions.

1. For < min{z(¢),tv}, H(z,t) = A(x,t) = 0.

2. For z > min{z,(t) + 6/N,tv + £}, H(x,t) = On/N and A(z,t) = Lo, and the claim (3.10) follows
from (3.9) .

3. For z1(t) < < z,(t) + /N, we have

H(at) = Hz + byt + 80) = O }1)9 = H(z + al,t + BE) — H(ak, BO)

= H"(z +al,t+ pl) — H*(al, L) 4+ O(e) (3.13) {{e:Hxt2}}
=z0—tov+ O(e).

It follows that for max{z1(t), tv} < < min{z,(t)+0/N,tv+ £}, we have |H(x,t) — Az, t)] = O(e).
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4. Tf tv < 21(¢), then for tv < z < z1(t) we have
0=H(z,t) > H(z+ al,t+ BL) — H(al, L) = o — tov + O(e) = A(z,t) + O(e), (3.14)

where in the second statement we used the construction of (3.13); in the third statement we used
that H* and H are close, and H* has a linear approximation with slope (g, —ov). The claim (3.10)
follows.

5. If z1(t) < tw, then for 21 (t) < = < tv we have A(z,t) =0, and
0< H(z,t) =z0—tov+ O(e) < O(e), (3.15)
where in the second statement we used (3.13); in the last statement we used z < tv.
6. If 2,(t) + 0/N < tv + £, then for z,(t) + 6/N < x < tv + £ we have

% = H(z,t) < H(z + al,t + BL) — H(ak, ) = 20 — tov + O(e) = A(z,t) + O(e), (3.16)

where in the second statement we used the construction of (3.13); in the third statement we used
that H* and H are close, and H* has a linear approximation with slope (g, —gv). The claim (3.10)
follows from the above estimate together with (3.12).

7. If tv+ £ < 2,(t) + 0/N, then for tv + € < = < 2,(t) + /N we have A(zx,t) = of, and

0

F” > H(z,t) = 20— tov + O(e) > Lo+ O(e). (3.17)
where in the second statement we used (3.13); ifeifetasentdtement we used > ¢ + tv. The claim
(3.10) follows from combining (3.17) with (3.12).

O
With the above decomposition, we can rewrite P(B.(H* : {y(t) }tefo,L,2L,. ,T})) as
i Blei(t) — e(1)
_ 14 2\ =G )
AAED SR 1 §1 S0 0 SR | (N CR =t
Be (H*:{y(t) }rego,L,2L,...,1}) @ B al<t<(a+1)Lijel(,B):i<j (3 18)

O(ei(t) — e;(t))
<ILIL 11 . H (1+ xi(t) = x;(t)
a BB al<t<(at+1)Liel(a,B),5€I(a,B)

Proposition 3.3. Let 0,T be positive real numbers and h € Admg(fﬁ). Consider two sequences of particle
configurations (y,z) which are (h,0,T)-admissible as defined in 1.4. There exists a constant C > 0,

(EN)? 1 ZaLétp(a+1)u,jeI(lo:[5);i<j <1 i xi(t) = x;(t) ) <6 (3.19)

where the summation is over all the non-intersecting Bernoulli walk paths.
If we assume that on R(a, ), the height function H* has a linear approxzimation with slope (0, —ov) €
T and error .

1 O(ei(t) —e;(t)
L | II L = o i
(¢N) 1 al<t<(at1l)Lijel(a,B):i<j ( xilt) - X ®) ) (3.20)

= // o(VH*)dzdt + O(e'/? log(1/¢))
02 ) Jiat,(as1)0x (80, (8+1)0]

where the summation is over {x(t)}rer(a.),te[se,(3+1)¢ such that (3.10) hdktdinearapub}
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Lemma 3.4. Let 0,T be positive real numbers and h € Admg(iﬁ). Consider two sequences of particle
configurations (y,z) which are (h,0,T)-admissible as defined in 1.4. For any {x(t)}o<ict € B(H* :
{y(t)}reqo,L2L,...,T}), the following holds

Blei(t) — e5(1))
2 2.2 2 1“(” xi(6) — (1) )

0<t<T a B#£B icl(a,B),jel(c,B’) ‘

= Z 9111(M>+O(6111(1/E)N2)

1<i<j<N yi(0) —y;(0)

Proof of Large Deviation Upper bound in Theorem 1.5. Thanks to Lemma 3.4 and Proposition 3.3, we
can bound (3.18) as

1 7 1 G(ez(t) — ej(t))
7 (B18) < T2+ 151 > II 1II 11 (1 * ><(t)—xg(t)>

Be (H*:{y(t) }hreqo,L,2L,... ,13) @B al<t<(a+1)L i, j€I(a,B):i<]

+ % Y 4l <W> +O(eIn(1/0))

LTI EN xi(0) —x;(0)

— T2 + % (VH*)dwdt + O(e)

op ./[ae,(a+1)z]x[ﬂz,(6+1)f]
1 yi(T) —y;(T)
LY ( +O(eIn(1/£)

2 0 =0
T

_ %// o (VH*)dwdt + % /m o~ yldh(r. DA, 1)| = TIn(2) + Oe n(1/1)

where in the second equality, we used that the number of («, 8) such that on R(«, 8), H* does not have
a linear approximation is bounded by £/¢2; in the last line we used Lemma 2.8. O

3.2 Lower Bound
To prove the large deviation lower bound, we recall the height function H as constructed in (2.1)
[H— H"||o <& (3.21)

We denote {y(t)}ico,e,2¢,... .7} the particle configurations corresponding to #H at times 0,¢,2¢,--- ,T.
We recall the f-mesh from Definition 2.2. Take any R(a, ), the same as in the upper bound, we
consider the restriction of the particle configuration y(5¢) on the interval [af, (o + 1)£)

Yi—1(B0) < al <y (B0) < -+ < y;(B0) < (a+ 1)l < yj+1(B8L). (3.22)

Denote the index set I(O{, /B) = {Z7 Z+15 7’+2a e 7.7} For any {m(t)}OthT in BE(H* : {y(t)}tE{O,LQL,'” ,T})v
its restriction on the index set I(a, 3) := n and time interval [B¢, (8 + 1)f], {7k (t)}rer(a,8).tc(8t.(8+1)4]
form an m-particle nonintersecting Bernoulli random walk. The shifted particle configuration

Ypri—1(E+ B0 —al, 1< k< n, (3.23)
form an m-particle nonintersecting Bernoulli random walk on the parallelogram shaped region
P={r,t e R*:0<t < Ly(t+ Bl —al <z < yjp1(t+ BL) — al}. (3.24)

To obtain a large deviation lower bound, we will restrict to the following set of N-particle noninter-
secting Bernoulli random walks {x(¢)}o<t<r: for any «, 3,
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1. If on R(ev, B), the height function H* has a linear approximation with slope (g, —ov) € 7T¢ and error
e. We denote the shifted particle configuration {zx(t) }1<k<n,0<t<e

2k(t) = Ypric1(t+ 50 —al, 1< k< n. (3.25) {{e:zk2}}

Then zj(t) form an n-particle nonintersecting Bernoulli walk inside 3 from (3.24), afet4k2lheight
function H has a linear approximation

(z(t),t) €B, |H(z,t) — Az, t)] < Ce, (3.26) {{e:heightclose
where A is the height function with slope given by (o, —ov) from Definition 3.1.
2. Otherwise, we take
{2k () Yrer(onp) telse.s+1)0 = {Yr () brer(a.p).cese.(8+1)0 (3.27) {{e:x=y}}
Lemma 3.5. For any N-particle nonintersecting Bernoulli random walks {x(t)}sen-170,1] Satisfying
(3.26) and:3y27), its height function H satisfies
|H — H*|| < Ce. (3.28) {{e:HHdiff}}

Proof. For any «, 3, we recall the index set I(a,8) = {i,i + 1,i + 2,---,j}. There are two cases.
If on R(a, ), H* has a linear approximation with slope (g, —ov), then for 8¢ < t < (8 + 1)¢ and
yi(t) < x < y;(t), we have

o(z —wi(t)) — ev(t — pl) = H" (w,t) — H" (3i(t), BY)

— H*(.0) — Hla(t), B0) + O(e) = H* (a,1) — i8/N + O(c). (3.29) {He:boni}

And the same argument as in (3.13) {e:bb1}
H(x,t) —i0/N = H(x,t) — H(y(t), B) = o(x — y;(t)) — ov(t — BE) + O(e) (3.30)

The claim (3.28) follows from combining (3.29) and (3.13).
In the second case that on R(«, 8), H* does not have a linear approximation. Then our construction
gives

H(z,t) = H(z,t) = H*(z,t) + O(c). (3.31)

{ {p:LDPlow}
Proposition 3.6. Let 0.1 be positive real numbers and h € Adlng(iﬁ). Consider two sequences of
particle configurations (y,z) which are (h,0,T)-admissible. There exists a constant C > 0,

ﬁlnz 11 11 <1 + e(e(t)ej(t))) > -C, (3.32) {{e:triviallow)
(EN) al<t<(a+1)Lijel(a,B):i#] xi(t) = x;(t)

where the summation is over {xi(t)}xer(a,p) te[pt,(8+1)¢ Such that (3.26) hfblsriviallow}
If we assume that on R(a, B), the height function H* has a linear approzimation with slope (o, —ov) €
T¢ and error €.

1 O(e;(t) — e;(t))
my ] 11 <1 + J
IN)? (1) — xi(t
(EN) al<t<(a+1)L4,j€I(a,B) i) xi(t) =% (t) (3.33) {{e:linearaplos

1
> - / / o(VH*)dzdt + O(e'/? log(1/¢)).
0 J Jiat,(a+1)ex 82, (8+1)0]

where the summation is over {xy(t)}rer(a,p)te[se,(3+1)¢ such that (3.26) hktdinearaplow}
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Proof of Large Deviation Lower bound in Theorem 1.5. Thanks to Lemma 3.4 and Proposition 3.6, we
can bound (3.18) as

1 , 1 O(ei(t) — e;(t))
— In(3.18) > — — — R
Nz 0 (3.18) > ~Thn(2) + 5 In > T 1II N 11 | 4(1+ () 0

Be(H*{y(Ohie qo.L.at. . 1)) 0B oL <t< (ot D)L i €L (00B):i<]
1 x;(T) = x;(T)
_ 1 N N T In(1
tyr 2 O ( %:(0) =x,(0) ) T OEmA/)
I<i<j<N

1

- T2+ 1 / o (VH*)dedt + O(c)
0 €= Jlat (a1 x[8E,(5+1)4

- % > o (Xi(T) — Xi(T)> + O(eIn(1/0))

< TTen xi(0) —x;(0)
T

_ %// o(VH")drdt + /m o~ yldh(e. Ddh(, )| = TIn(2) + Oe n(1/0)

where in the second equality, we used that the number of («, 8) such that on R(«, 8), H* does not have
a linear approximation is bounded by £/¢2; in the last line we used Lemma 2.8.
O

4 Large Deviation Upper Bound: Constant Slope Case

In this section we study the following n-particle non-intersecting #-Bernoulli walk from time 0 to L = /N
(x(0),x(1),...,x(L)) € (Wg)" (see Definition 1.1)

1 V(x+0e)

P(x(t+1)=x+e|z(t) =x) = 7V

0<t<L. (4.1)

We will prove Proposition 3.3, the large deviation upper bound for the non-intersecting 6-Bernoulli walks
with height function approximately linear. -
We recall the height function A(x,t) with constant slope VA(z,t) = (0, —ov) € T from Definition 3.1,

Az, t) = (x —tv)o, (z,t) €PB; Ax,t) =0, z<tv; Alx,t)=4Lo, z>={+tv. (4.2)
where 3 is the parallelogram region
Pr={r,tcR*:0<t <l tv<a<l+tv}, (4.3)

We assume that the density satisfies (3.9) {e:defp}

N EQ’ < Ce (4.4)

Fix a small parameter ( > 0, and denote
Te={(u,v) €T :(<u,—v,u+v<1-C} (4.5)
There are two cases,
1. Extreme slope case where VH* = (g9, —ov) € T¢.
2. Interior slope case where VH* = (9, —ov) € T¢.

Proposition 4.1. We recall the rate function o from (1.19). Fix small ¢ > 0, and (0, —ov) € T such
that (4.4) holds. Take the height function A(z,t) with constant slope VA = (o, —ov) on the parallelogram
region B, as in (4.2).

19

{s:upB}

{{e:Mkcopy}}

{{e:defH*}}

{{e:defp}}

{{e:densitybour

{p:LDPconstant}



1. If (0, —ov) € T¢, then for any e < (%, we have

ﬁlnP(HH — Al <) =—-In(2) + O(_Cl/2 In(¢)) (4.6)

2. If (0, —ov) € T¢, then for any e < (¢%, we have

1
s P — Al <€) <

N2 o(0, —ov) — In(2) + O('/? log(1/¢)). (4.7)

1
T
Proof of Proposition 3.3. The first statement (3.19) in Proposition 3.3 follows from Lemma 2.7.

For the second statement (3.20), we recall from Lemma 2.3 that at least 1 — ¢ fraction of the points
x of R(a, B), the gradient VH exists and is within ¢ of (g, —ov). As a consequence,

1
/] o (VH*)dadt = o(p, —ov) + O(e) (18)
06 ] Jiat,(a+1)0x [82,(8+1)0)

If (0, —ov) ¢ T¢, then the claim (3.20) folbowstégmmlfésiy}and the second statement of Proposition 4.1.
If (0,—ov) € T¢, without loss of generality we assume that ¢ < ¢. The Lobachevsky function (recall
from (1.19)) is m-periodic, namely L(z + w) = L(x) and —L(7m — z) = L(x). Moreover, because of the
logarithmic singularity, the Lobachevsky function satisfies

[L(z) — L(y)| < |z — yllog(1/]z — y]). (4.9)

and L(e) = O(clog(1/¢)) for & — 0+ Therefore
o0, —ov) = —L(0) + L(ov) + L((1 = v)o) = O(¢In(1/¢)). (4.10)
The claim (3.20) followsdnasmai}), (4.10) and the second statement of Proposition 4.1 O

4.1 Proof Outline of Proposition 4.1

For the extreme slope case, to estimate P(||H — A/~ < ¢), we will directly upper bound the number of
height profiles satisfying ||H — A||oo < & by a combinatorics argument, and the probability P(H) for each
of these height profile by a delicate analysis of Vandermonde determinants. It turns out both parts are
negligible. The proof is given in Section 4.2.

For the interior slope case, we will first smooth the height function A by convolving it with a Cauchy
distribution. Take small § > 0, denote

ﬁmwzi/éu%x%T (4.11)

Since for (z,t) € B, VA(z,t) = (0,—ov) € T¢, namely, ¢ < 0,0v,0(1 —v) < 1 —¢, it follows that
VH(xz,t) € T for (x,t) € R. Properties of the smoothed height function H(x,t) are collected in Sec-
tion 4.3.

We define the associated complex slope f : 8 — H~ by setting, for any (z,t) € R, fi(z) = f(z,t) € H™
to be the unique complex number satisfying

arg™ ﬁ(x) = —W@wﬁ(x, t); arg™ (ﬁ(m) + 1) = ﬂatﬁ(ac, t), (4.12)

where for any z € H~ we have set arg* z = § € (—m,0) to be the unique number in (—m,0) satisfying
e~z € R; see Figure 2 for a depiction. By the law of sines (4.12) infphips that

BN 1o T | o /1Co S S (4.13)
sin(—m0 H (z,t))  sin(m0,H(x,t)) sin(ndyzH(z,t) + 70 H(x,t))
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Figure 2: Shown above the complex slope fz f(x, t).

- complex_slope.pdf
From (4.13), we cainsdiwd the complex slope fi(x),

filz) = e~imdeH (1) exp(Insin(—7d, H (z,t)) — Insin(r0, H (z, t) + 70, H (z,1))),

~ o _ _ _ (4.14)
1+ fi(x) = ™ H@Y exp(Insin(nd, H(x,t)) — Insin(nd, H(x, t) + 70, H (x, 1)),
We take a drift function g:(x) given by
g¢(x) = Insin(—n0,H(z,t)) — Insin(r0y H (2, t) + 70, H (z, t)) — Hib(0p H (z, t)). (4.15)

As we will show in Section 4.3, the complex slope ﬁ(m), and the drift function g;(z) can both be extended
analytically to a strip neighborhood of the real axis, and on this strip region they are related by

_ 0, H(z,t)dx
fi(z) = emt(2)+gt(2), my(z) :/ (1)
R

z—x
To prove the large deviation upper bound for the interior case in Proposition 3.3, we tilt the law of
the Markov process (4.1) by an exponential martingale. For any 0 <t <L —1, let

Z ei(t)ge(wi(t))

(4.16)

n

AMY] = % (Z ei(t)ge(x;(t

i=1

w(t)D . t=t/N (4.17)

and the following is a Martingle

0 NAMY
- (4.18)
NAM]
ren-1joL—1 L€ j(t)]
In particular it gives the following identity
NAMY S ei(N)ge(wi(t))
1=k H E[ J\C;AM“ (t)] —E H E ;N ;(Nt)gt(wi(t)) (4.19)
tefo,L—1]/N 1€ i refoL_1]/n Ele==1 |2 (t)]

The large deviation upper bound follows from restricting the above identity to the event {||H — Al|s <

e)}.

eIy ei(Nt)ge(wi(t))

1> E
te[[OI_IIH/N EleX ity es(NDge(@i(0) |z ()]

1(|H - Al <) | - (4.20)

In Section 4.4, we will show that on the event, {|[H(x,t) — A(z,t)]lcc < €)}, up to small error, the
numerator in the exponential martingale (4.18) cafe IRgajritten in terms of A(z,t). For the denominator,
we will use the dynamical loop equation Theorem A.5 to compute its expectation. They together lead to
the following large deviation upper bound.

Proposition 4.2. Let 0. T be positive real numbers and h € Admg(%). Consider two sequences of
particle configurations (y,z) which are (h,0,T)-admissible. Take the height function A(x,t) with constant
slope VA = (g, —pv) on the parallelogram region B, as in (4.2). If (0, —ov) € T¢, then for any e < (42,
we have

hm bup

InP([|H — Al < )éS(A 9) ()(

; ) (4.21)

(fN )?
where, if m} denotes the Stieltjes transform of 0,.A,

l
S(A;g) = — /0 /IR O A(w, 1)gi(w)dadt — o / ]{ / In(1 + ™ +79:()) g, (2)dzdrdt (4.22)
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We will then analyze the rate function S(A4;g) in (4.22) in{8eetivas}.5. Miraculously, after simplifying
the rate function, we recover these Lobachevsky functions (see (1.19)).

{p:entropy}
Proposition 4.3. Adopt the assumptions in Proposition 4.2. The rate function satisfies

S(A;g) = 7%0(9, —ov) —1n(2) + O(51In(1/68)2¢). (4.23) {{e:entropy}}

4.2 Proof of Proposition 3.3: Extreme Slope Case
{s:extremeslope

There are three cases for the extreme slope (9, —ov) & T¢: i) —ov < (i) o+ ov > 1—(iil) o > 1—(.
We start with the first two cases. Their proofs are the same, so we will only give the proof of the first
case.

Proof of the First and Second Cases. In the first case —¢ < 9¢.A < 0, and most of e;(t) are zero. In fact,
we have by integration by parts

0 0
2] >y ei(t) = 1 > oxL) = > xi(0) :/mgg(x;w(ﬁ))d:v—/acgo(x;a:(O))dx
1<i<n 1<t<L 1<i<n 1<i<n R R

- /(H(m, 0) — H(z, 0))dz = /(A(x, 0) — A(, £))dz + O(ch)
R R

¢
= / / —0y Az, t)dtda 4+ O(e) = O(CF% + &) = O(¢F?) .
R JO
(4.24) {{e:sume}}
We denote

T={1<t<L:) ei(t) SCYV2UNY, IP={1<t<L: ) elt) > V2N (4.25) {{e:defI}}

Then (4.24) gifesatltat | 18] = O(¢CY/2(N). There are (o 1)3.y)) = 0= () (EN)®) \avs to choose the
set I®. Once we fix the sets I, IC, the total weights of non-intersecting Bernoulli walks satisfying (4.25) is

> owes[] X VEEE T s e

p satisfies (4.25) {{e:Wbdﬁr{dEE} e; (t)<¢/24N teIC e(t)
1] (4.26) {{e:Wbound}}
< X (Z) onlI®| _ O(=¢*/2In(¢)(¢N)?)
k<¢L/2eN

where we used that

Vixte) _(n\ _ &
zg_k Vi(x) <k> s (4.27)

from Lemma 2.6. It follows from (4.26) and the fact that there at most O(=¢"?m(¢)(eN)”) ways to choose
the set 1%, we conclude (4.6) for —pv < C.

In the second case that 1 — ¢ < 9,4 + 9rA < 1, we have that most of e;(t) are one. By the same
argument as the first case, we will have that (4.6) holds. O

For the last case, we have 1 — ( < 9,4 < 1, and (1 — ¢)¢N < n < ¢N, we need to bound the total
weight of the paths p corresponding to H,

S owee Y O[] [ B -0

t X;
p:||H—Al|<e p:||H—A|<e OStST 1<i<j<n ( ) ( )
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We denote the index sets
In=[1,eN], I =[eN,n—eN], Is=[n—eN,n]. (4.29)

For |H — A|| < ¢, we have that for any index i € I, x;(t) € [tv,£ + tv]. Fix any time 0 < t < T.
For i € Iy U I, there are 2llol+I2l — 926N hogeible choices for e;(t). For the particle configuration
{x;(t) + e;(t) }icr,, the number of empty sites is bounded by

D ((iga(8) + e (1)) — (xi(t) + €it)) — 0) = O(CUN +eN) = O((LN). (4.30)
i€l
Therefore, the number of configurations p satisfying |H — A|| < ¢ is at most
(N
52N _ O(=Cm(Q)EN) 4.31
(O(Wv)) ‘ 3
The following lemma bounds each summand in (4.28) {e:totalp}
Lemma 4.4. For configurations x so that |H — A|| < e, The following holds

0
11 (xi(t) + bei (1)) — (5 (8) +0e5(1)) _ oo I (xi(t) +ei(t) = (x;(t) + €5 (1)) (4.32)

xi(t) —x;(t)

1<i<j<n (t) X ( ) 1<i<jsn

Proof. To simplify the notation, we will omit the time t dependence. We recall from (2.16) {e:xi-xj}

. N\ — (x . ) N (xs . C_e.)2
’m (xi +0e;) — (x; + Oe;) —0In (xi +ei) = (x; +¢5) < C(el 61)2 (4.33)
Xi — X5 Xi — X5 (Xi — Xj)
Next, we show that for ||[H — Al < e
(ei —€j)* _ 1 _
Z o) Z e O(CIn(€/¢)eN) (4.34)
1<i<j<n iel,jed

Let I = {i € [1,n] : ¢, = 1} and J = {j € [1,n] : ¢; = 0}. The particle configuration {x;}}1<i<n
consists of at most O(C/N) tightly packed pieces. Namely, there exists 1 = ig < i3 < --- <ig =n+1
with K = O((¢N), such that for any iy < i < j < g1, X; = x; + 0(j — i). Denote the interval
Ty = [ig,ik+1 — 1]. Then either INTy =0 or INTy = {ix,ix + 1, -+, jx}, and

1 1
D P TP S

i€INTy,jeJ i€INT, d21+min{|i—jk|,|i—ix|} (4.35)
S Y 5 ! 5%(1+1n<1+z'k—jk>> |
zGIﬁT 02(1 4+ min{|i — jil, |s —ix|}) ~ 0
We can then sum over all the intervals T},
1 =1
| Z o —x Z Z mg 97(1+1n(1+2k*]k)) (4.36)
iel,jed J k=0 i€INTy,j€J J k=0

K Sl 4k — Ji KIn((N/K) _ (¢/NIn(£/¢)
1+In (=2 < < 4.37
S ( * ( K ST R g (437)

where for the second statement we used (4.35); the third statement we used Jensen’s inequality; the last
two statements we used that >, (14 i, — jr) < K + ¢N. O

In the following we prove the third case, when o > 1 — (.
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Proof of the Third Case. Plugging (4.32) into (4.28), we get

I 11 (()+9€z(1) (x5 (t) + be;(t))

0<t<T 1<i<j<n (t) = (t)
0
_ O(=¢In(Q)TeN) H H (xi(t) + ei(t) — (x(t) + €;(t)) (4.38)
0<t<T \1<i<ji<n xi(t) = x;(t)
0
_ O(~¢In(¢)(eNY? (V(X(T)))
V(x(0))
Finally we need to estimate the ratio of the Vandermonde determinant
VM)  Jowen? (4.39)

V(x(0))

The claim (4.6) followsifiotp2plugging (1.16), (4.39) into (4.28), and using (4.31). To prove (4.39), we
recall the three index sets Iy, I1, I from (4.29). It follows from showing that

VT _ o VD)
V() VO)]1,)” (4.40)

and

V(x(M)[1n) O(C(EN)?)
= 4.41
V(95297 7|Il|0) ‘ ( )

The claim (4.40) followsdenprithe following one time estimate

V((T) V(<(O)lr) _ xi(T) = x:(T) 2T
veoy vemn W So—eo s 1 <”|xz-<o>—xj<o>|

i<j

< I (”u-;m) I II (MN) = (OURIHIEDNY = (0D (4.43)
JE[1,n]

ielpul i€loUI> 1<k<EN

) (4.42)

(4,4)¢ 11 x 11

257
i<j

where we used that |x;(0)—x;(0)| > |i—j|6. Next we prove (4.41). Since ||[H—Al|s < € and 1—(0,A <
1, we have that up to some shift x(T)|;, is obtained from the particle configuration 6,26, --- ,|I1]6 by
adding at most O(C/N) empty sites. Next we show that adding an empty site increases the Vandermonde
determinant by at most a factor e©“™), then (4.41) follows. Say from the configuration z; > xy > --- >
x|1,|, we add an empty site between z and w1, and get the particle configuration xq +1 > 22 +1 >
>+ 1>z > T Ty then

V($1+17~-~,$k+1,$k+1,-~-xul|) < 1 ) < 1 >
= < 1+ 4.44
V(zy, 29, 2)1,)) H x; —xj H li — |0 (4.44)

i<k,j 2k+1 i<k, j2k+1

1 1(142,.. 4N
< i<k, k1 T 770 < ee(1+2+ V) — eZN/e’ (4.45)

where we used that the multiset {|i — j| : ¢ < k,7 = k + 1} contains at most m copies of m for any
1<m<¥N. O

4.3 Complex Slope Estimates

In this section, we prove in Lemma 4.5 that the complex slope f;(z) and the drift function g,(z) (as
constructed in (4.12) and (4.15)) can be extended analytically to a strip neighborhood of the real axis.
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We recall the complex slope f;(z) and drift function g () from (4.14) and (4.15)

fi(z) = e~ im0 H(.t) exp(Insin(—wd, H (x,t)) — Insin(7d, H (z,t) + 70, H (z,1))),

~ ~ ~ - (4.46) {{e:ftgtx}}
gt(x) = Insin(—7w0, H(x,t)) — Insin(wd, H (x,t) + 7O H (z,t)) — Hib(0, H (2, t)).

~ {l:gtestimate}
Lemma 4.5. There exists a large constant C > 0, for any 6 > 0, fi(z) and g«(x) as in (4.46) cde:begtx}
extended analytically to the strip region D = D(C) = {x +in : |n| < C~18}, and for any z € D the
following holds

1. The norm of fi(2) satisfies: | fo(z)| < C/C.
2. The norm of g:(2) satisfies: |g:(2)| < In(1/¢) +1In(1/8) + C. If dist(z, {tv, £ + tv}) > £, we have

sm?r,g((ﬂlgin;)(;zzz)) =In 81:1,?11(3)11) +0 (dist(z, {ti, {+ tv})) (447)  {{e:sglargez}}
The imaginary part of g.(z) satisfies: |Im[g;(2)]| < C'Im[z]/§.
3. The derivatives of g:(z) satisfies: for any x € R, |0,g:(x)| < C/0.
Proof of Lemma /4.5. We will first estimate
Insin(—78; H(x,t)) — Insin(rd, H(z, t) + 70, H (z,t)) (4.48)
which can be extended to z € D as
sin(movke(z))

Insin(movk:(z)) — Insin(mo(1 — v)ke(2)) = (4.49) {{e:logdiff}}

. sin(mo(1 — v)Ke(2))
Recall that k(x) € [0,1] and ¢ < ov < 1 — (, we have that

sin(movk:(z)) < min{ovk:(z), 1 — ovke(x)} (4.50)
Thanks to (2.10), we have that

| sin(movki(2)) — sin(movke(z))| S mov|ke(z) — ke ()|

< [Tmlz]] min{ gvky (), ov(1 — ke(x))} (4.51) {{e:sindiff1}}

)
Im([2]|
o

provided that § > C'Im[z] for C' > 1 large enough. Similarly, for the second term on the left of (4.49), {e:sindiff1}
we have

<

sin(movse(r)) < g sin(rovm(x),

5 sin(mo(1 — v)ke(x))
1 (4.52) {{e:sindiff2}}

< 3 sin(mo(1 — v)ke(x)) .

|sin(mo(1 — v)ke(2)) — sin(mo(l — v)ke(x))] S

The two estimates (4.51) afd:gin@)ttagether gives that

(4.53) {{e:t1}}

sin(mo(l — v)ke(2)) sin(mo(l — v)ke(z))

sin(m vk (2)) ‘ _

sin(m vk () ‘

If ke(x) < 1/2, then

(4.54)  {{e:t2}}

sin(movr (2)) ' ov E[< 1—<]

sin(mo(1 — v)ke(x)) = o(1—v) 1-¢ ¢
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If k¢(x) > 1/2, then

. sin(movke(z))
¢ S minfovke(x), 1 — vk (@)} S | <
) bln(ﬂ-Q(l - z)ﬁt(x)) (455)
< < Z
~ min{o(1 — v)re(x),1 — o(1 —v)Ke(z)} ~ ¢
We conclude from plugging (4.53), (4a4phnd (4.55) into (4.49)
[ Insin(movks(z)) — Insin(me(l — v)k:(2))] < In(1/¢) + C. (4.56)

The above estimate (4.56) af@ tlugdirgfzfatement of Lemma 2.5 together imply that we can extend f;(2)
to the strip region, and
C
|fe(2)] < —. (4.57)
¢
The estimate (4.56) and the second statement of Lemma 2.5 together imply that we can extend g.(z) to
the strip region, and

l9¢(2)] <In(1/¢) +In(1/8) + C. (4.58)
For dist(z, {tv, + tv}) > ¢, it follows from (2.10) and Lemma 2.4
cé
< 4.
Ire(2) 5 dist(z, {tv, £ + tv}) + dist(z, {tv, £ + tv})? (4.59)
Then by Taylor expansion
sin(movki(2)) sin(v) sin(movke(z)) mo(l — v)ke(2)
- =1In— ; (4.60)
sin(mo(1 — v)ke(2)) sin(1 — v) movk(z) sin(mo(1 — v)ke(2))
sin(v) )
=1 4.61
nsin(l —v) +0 <dist(z,{tv,f+tv})> (4.61)
This together with (2.11) gives the claim (4.47). Next, we estimate Im[g:(z)] for z = x + in. By taking
imaginary part of (4.49), and using (4.51) and (4.52)
T o — sin(movke(2)) — Imln S-lIl(ﬂ'QU/it(Z)) Mmin s.ln(ﬂ'g(l —0)k(2)) (4.62)
sin(mo(1 — v)ke(2)) sin(movk(z)) sin(mo(1 — v)ke(x))

e (150 (1)) g (10 (121} o (10 (g5

The above estimate together with the second statement of Lemma 2.5 imply that

Clm[z
[ Tm g¢(2)| < 5 [ ] (4.64)
Hib(k¢)(z) can be computed explicitely, see (B.26), and its derivative at z = = can be bounded as
x—4{0—tv x—tv 1
0, Hib = — < . 4.65
19, Hib(re) () (x —C—tv)2+ 62  (z—tv)2+462| "~ dist(z, {tv, £+ tv}) + 6 (4.65)

Since g¢(z) is analytic, we have |0,g:(x)| = |0yg¢(x 4+ i1)|5=0|. As a consequence of (4.51) afd:@eb2), we
have

sin(movke(z)) <1
T sin(mo(1 — v)ke(z)) | S (4.66)
The claim |0,g:(x)| < 1/0 follows from (4.66) afd:@esD). O
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4.4 Proof of Proposition 3.3: Interior Slope Case

In this section we prove Proposition 4.2, namely Proposition 3.3 in the interior slope case, which is a

consequence of the following two lemmas. ﬁ: f'q%ter}orslop
. erm

Lemma 4.6. Adopt the assumptions in Proposition 4.2. Let H be a height function with |H — Al|e < €,
and denote {x(t)}ogi<e the particle configuration associated with H(x,t), then
L-1 N N2 ¢
ei(t)ge(zi(t/N)) = 7, / O H (z,t) g (x)dzdt + O(N([|gllcc + [1019]l0))
t=0 i=1 (4.67) {{e:expti}}

:_7/ /at 2, 8)ge(z)dadt + O((/8)(EN)?).

Lemma 4.7. Adopt the assumptions in Proposition /.2. Let H(x,t) be a height function with ||H—All« <
e, and denote {x(t) }o<i<e the particle configuration associated with H(xz,t), then for any 0 <t =tN <
L—1,

{1:DLE}

1DE[EZi ei(t)gt(:vi(t)/N)|m(t)] 27“9}{/ In 1+6mt(z)+79t(z))gt( )dzdr + O (1)

N
In(1 + ™ ()+79:(2) <
27r10j{/ n(l+e gt (z)dzdr + O i

where my(2) is the Stieltjes tmnsform of the empirical measure of x(t).

(4.68) {{e:DLE}}

Proof of Lemma 4.6. Let G¢(z fo g+(u)du. We first notice that, for t = t/N,
N2
T [l e(e+ 1/3) = plaio(t/N))Gela)do
2i(t)+6/N (4.69)

=SNG [ @l 1)~ e = Y ) + Ol + 1019])-

Thus for the the lefthand side of (4.67), we have

N
S ei(®)ge(i(t)/V)
i=1
N2
0

/((%H(x, t+1/N) = 0. H(x,1))Gi(z)dz + O (N(|lgellco + 101g]l0))

=X % [t t1/9) - B )@ + 0 (V(ladle + 119]0) (4.70)  {tosvopracen)

:_7/ /&s x,t)gs(x)dazdt + O(N(||g¢lloo + [|0eg]l00))-

This gives the first statement in (4.67). Nexteptawgihce H by A, we can do an integration by part, and
use |H— Al <¢

NT/O /]R(atH(.%',t) — OpA(z, 1)) g¢ (z)daxdt

N2 ¢
<7 | [0 - A e 0

S ellgllootN? + ]|0rglloc (EN)?

(4.71) {{e:replace}}

H(z,t) — A(z,t))0i g (x)dxdt
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Thanks to Lemma 4.5, we have ||¢||co < In(1/¢)+In(1/§)+C and |0,g:(x)| < C/d. Recall our construction
of g; from (4.46), sfecedd{ace}tv,t) is constant for 0 < ¢t < £, so is gi(x — tv). By taking derivative with
respect to t we get

5tgt — v@mgt =0. (472)

Thus |0:gt| < v|0.9:] < C/0, and the second statement of (4.67) follows from (4.71).
O

In the following, we prove Lemma 4.7. For simplicity of notations, we will omit the dependence on
time ¢. We can rewrite the lefthand side of (5.30) as

1 1t
— InE[eXi ¢9@/N) ] = — / dr InEfeX: &79@/N) | ] dr (4.73)
N N Jo
LRI e N )e2ieitg(zi/N)
— i/ [El elg(ml/ )e |w] dT, (4.74)
N J, E[eX: ¢im9(@i/N) |g]

which is the expectation of ), e;g(x;/N) under the following deformed measure

. jeiTg(x; 4
R , (4.75)

where Z, is the normalization factor. We denote E,[-] the expectation with respect to the measure (4.75).
We will use the dynamical loop equation Theorem A.3 to compute the expectation

E[Y; eiglai/N)e>i «motei/Mz]
E[BZL eiTg(:c,i/N) |$] - ET Z eig(xi/N) : (476)

Take a large constant 8C'/(6¢) < K < (/(2¢), and denote the region
A=Ax ={z€C: (1/K) < dist(z,[-3¢,30]) < 2/K}. (4.77)

We need to verify the conditon that on A, the following are well defined, and lower and upper bounded

In(1+ f(2), f(z):=em&H+m9(), (4.78)

Lemma 4.8. Take 8C/6¢ < K < (/(2¢), then on A, we have

and In(1 + f(2)) is well defined.
Proof. We first show that for any z € A
—m(1=¢/2) < Im[m(z)] < 7(1 - ¢/2). (4.80)

Since Im[m(z)] = — Im[m(%)], we will only prove (4.80) fofez Tnfbeuidd Thanks to Lemma 2.4, H(43(,t) =
A(£3¢,t). Therefore, for any z € A, we find

Im(z) —m*(2)| =

< /BZ |H(z,t) — A(z,t)|dz

-3¢ |z — z|?

/ (0xH (z,t) — 05 A(x, t))dx
R

r—z

(4.81)

o dx
<o S —aKe<(n/2,
EfmeHUKV e < ¢/

28

{{e:Etheta}}

{e:Etheta}

{{e:defLambda}]

{1:Bzcondition]}

{{e:fbound}}

{{e:Immbound}}

{{e:mm*diff}}



where in the last inequality we used that K < (/(2¢). We can also compute m*(z) and Im[m*(2)]

explicitly
m*(z) :/ O Adz :/ pdz = —pln (1 _ ! > (4.82)
R Z—Z tv<e<lto 2 — X z—tv
and
" Op Adx dz
Tl ()] = [ 255 = [ LY el c - (483)
R |Z - x‘ tv<e<l+tv |Z - ZL’|

The claim (4.80) followmti@n combining (4.81) and (4.82). From Lemma 4.5, |[Img(z)| < C'Im|z]/§ <
2C/(0K). Using (4.80), for any z € A, we have |Im g(z)| < 2C/(6K) < (n/4, it follows that

—(1 = ¢/4m <Imm(2) + 79(2)] < (1 = (/47 (4.84)

It follows that arg e”™(*)¥79(2) ¢ (—(1 — ¢/4)m, (1 — (/4)7). Thus 1+ e™*)+79() takes value in the sector
region given by {1 + re'* : u € (—(1 — ¢(/4)w, (1 — ¢/4)7)}, which does not include the negative axis.
Therefore, we can take In(-) the branch defined on C\R¢g and In(1+e™(#+79(2)) is well defined. Moreover

min |1+ 7€l > sin (Cﬂ-) , (4.85)
ue(—(1=¢/4)m,(1-¢/4)m) 4

we conclude that for z € A, it holds |1 + e™(*)¥79(2)| > gin(¢n/4) > ¢. The last statement of (5.67) also
follows. On A, since dist(z,[—3¢,3¢]) > 1/K, we have
l

|em()H7(2)|  Rem* (2)Hm* (2)=m(=) ol ‘1 _ L | emRetlolleo < (14 0K )em Kol (4.86)

z—tv

where we used (4.82) to bound | Rem™*(z)| and (4.81) to bound |m(z) — m*(z)|. Using (4.80), for any
z € A, we have [g(2)| <In(1/¢) +1In(1/8) + O(1) thus |1 + e™&+79G)| < CUK/(C6). O

Proof of Lemma 4.7. Lemma 4.8 verifies that the measure (4.75) satisfies the assumption in Theorem A.5
(by taking e, n there to be 1/N, N here). Let y = x + e/N. We conclude that

N [ (o(siy) = plsiz)) o _ 1 [ In(l 4 emmATa))dy 1
y/R P dS_AM(Z)+27Ti ?{L W= +O<N) , (4.87)

where the contour w_ C A encloses [—3¢, 3¢], but not z, the implicit constant in the error term depends
on K,4,/. 1\[01@0\ er, AM( ) is a random variable with mean zero under [E.. By a contour integral with
respect to G(z fo w)dw on both sides and taking expectation we get

EET / (o59) s ) GoYs = 5 f L gtz 10 ()L (4

where w is a contour inside A. For the lefthand side of (4.88), wWe hehediff}

e; ($+9)/N
TE [olsiy) — plsi)G (s =B 305 /L/N Gls+1/N)—G(s)ds  (4.89)

= %ET Z eig(zi/N)

%

+0 <le> (4.90)

It follows that

Zelg 2;/N) ] 5 }{/ In(1 4 /™ +79G)) g (2)dzdr + O (zlv> (4.91)
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This gives the first statement in (5.30) by{dntegeatitg from 7 =0 to 7 = 1.
Next we replace m(z) in the integral (4.91) by m*(z). Thanks to (4.81), on the contour we have

|m(z) — m*(2)| < eKnm < 1/2, thus
. m*(z)—m(z) _ ].)]T(Z)
m* (2)+7a(2)y _ m(z)+rg(2) yC
[In(1+e )—In(l+e )| < |ln (1 e (1790 (4.92)
(6771*(2)7771(;:) _ 1)?( ) - cK )
S 1+ em*(2)+7g(2) ~ T (493)

where we used Lemma 4.8 in the last inequality. To get the second statement in (5.30), we can take

K =Ce/C.

O
4.5 Rate Function and Proof of Proposition 4.3
We recall the rate function S(A;g) from (4.22)
‘
S(A;g) = —/ /@A(m,t)gt Ydzdt — —/ 7{/ In(1 + €™ (+79:(2)) g, () dzdrdt. (4.94)
o Jr

In this section, we simplify S(A;¢g) and prove Proposition 4.3.
Lemma 4.9. We introduce a new complex slope as f;(z) = ™ (2)19:(2) ¢ H~. Then for x € [tv,tv + ],
)

__ 1 < 4.95
argft(x) om, |arg( +ft<x)) +QUW‘ ~ (S+dlSt(IIT,{t’U,£+t"U}) ( )
Lemma 4.10. If dist(z, {tv, ¢+ tv}) 2 6, then
_ o0
—m* < 4.96
|mt(z) my (Z)| ~ dlSt(Z, {tv,€—|— tv})? ( )
Proof. The expressions of mj(x) and m;(x) are explicit,
a(2) = mi ()] = o[l (14 —— )~ (14— (4.97)
melE) MR = o tv—z " tv—z—1id ’
id ié
=po|ln{1- —In{l— ——— 4.
¢ n( tv—z> n< Z—l—tv—z)’ (4.98)
from which the result follows from |In(1 + z)| < |z|. O

Proof. We recall k() from (2.6), gi(z) from (4.15), and f,(z) = ™ (®+9:() from (4.14). The three
vertices {0, —1, f} form a triangle, with three angles give by ori(z)m, ovk(x)m, o(1 — v)Ke(z)w. From
Lemma 2.4, for x € [tv, £ + tv],

Ccé
=1, 1- = 4.
(@) = 1, SRl S e e P TRV (4.99)
It follows that |1+ f,(z)| > 0. We can rewrite f;(z) in terms of f,(z)
fe(@) = fo(w)emi @) —me@), (4.100)
mj () and mq(z) are explicit,
[me(2) — my(2)] 1 : —In{1+ : (4.101)
e “i=e tv — 2 tv—2z—1id '
id id
_Qln(l_tv—z>_ln(1_€—|—tv—z)‘ (4.102)
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If dist(z, {tv, £ + tv}) 2 0, then
do

m —mj < 4.1
|mt(z) my (Z)| ~ dlSt(Z, {t’U,g—f— tv})? ( 03)
For dist(z, {tv, ¢ + tv}) = § we have
arg(1+ fi(w)) = arg(1+ fy(w)e™ (I =m(2)) (4.104)
= arg(l + fe())emt @ =me(@) _ (gmi(@)=ma(@) _ 1)) (4.105)
(1-+ o))+ g (1 - 2D (4.100
= ar + Jfi(x)) + ar — = — .
[mi (x) — ()| ( 5 )
=—ovki(x)T+ O —————= | = —puvn + O | — , 4.107
(@) ( 1+ fi(z)] dist(z, {tv, £ + tv}) ( )
where in the last equality we used (4.99). O

Proof of Proposition /4.3. We examine the second term on the righthand side of (4.22). We recall the
dilogarithm function (see [56]),

Lig(z) = — /OZ In(1 — u)d; (4.108)

which can be analytically extended to the cut plane C \ [1,00]. By a change of variable,

Lis(—e®) — _/Oe In(1— u) 2"

U

w
= —/ In(1 + e*)dz,

—o0

which is analytic on the strip {w € C : —7 < Im[w] < 7}. Then, we can rewrite the last term in (4.22) as

1 X m; (2)+9:(2)
7/ In(1 4 e™ +79:(2)) g (2)dr = / —In(1+ €")dz
0 mi (2)

= Lig(—e™i(A)F9:()y _Ljy(—emi (%))

For the last term, since m;(z) = 1/z 4+ O(1/22) as z — co. Thus —e™¢(*) = —1 — 1/z + O(1/2?) when
z — 00. Thus the contour integral is given by

fffmz RO) dz?{mg( 1+0< >> (4.109)

= Lis (-1 —w + O (w?)) —dw =Lij(—1) = In(2) (4.110)

27
For the first term we need to evaluate the integral

1

o P Lia(—e™ (D) +9:(2)) gz, (4.111)

The dilogarithmic function function Lis(z) jumps by 27ilog |z|, as z crosses the cut. And the function
Liz(z) + iarg(l — z) log|z|, where arg denotes the branch of the argument lying between —m and =, is
continuous. Its imaginary part gives the Bloch-Wigner function D(z)

D(z) = Im[Liz(2)] + arg(1l — z) log |z|. (4.112)
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Bloch-Wigner function D(z) can be expressed as a single real variable

D(z);{D<i)+D(i_1Z)+D<1_z>}, (4.113)

and
D(e?) = Im[Lig(e'?)] = 2L(0/2), (4.114)

where L is the Lobachevsky function from (1.19). We recall the complex slope f;(z) = ™ (:)19:(2) ¢
H~ from Lemma 4.9, and denote the three angle of the triangle {0, —1, f;(x)} as mp1, 7p2, 7p3. Then
Lemma 4.9 implies that for dist(z, {tv,{ + tv}) 2 9,

pr=20 p2=0u+tO (dist(:v, {ti,eﬂv})) o pe=o(l=v)+0 (dist(x, {ti,fz n tv})) (4.115)
and
o1l o)

dlog(1/¢) >
x, {tv, £ + tv})

where in the last equality, we also used that ¢ < g, v, 0(1 —v) < 1 —(, (4.9) aifd:{bBychevsky}
With the notation above, we can rewrite (4.111) as

= A(mp1) + A(mp1) + A(mps) = o (0, —ov) + O (dist(

1

21 P, Liz(—fu())d (4.117)

where the contour w € A (from (4.77)) e{n::lbi;em{m,}f + tv]. We can deform w to the real axis,

211 ) Lia(= i)z = —%/leLig(—ft(x))dx
| (4.118)
=—;AgDGJK@)—Mﬁ1+ﬂmﬂbﬁﬂﬁmﬁm

where we used that f:(Z) = fi(z), and Lis(w) = Lis(w).
Thanks to (4.118), we caiteema}te the rate S(A;g) from (4.22) as

tv+4 to+4
/ /t arg(l + f)log|f| — OpA(z,t)ge(x )dxdt—f/ / /D x))dxdt + In(2).
(4.119)

Recall that log |f| = Remj(x) + g+(x), and LTH Remy(z)dz = 0. We can rewrite the first term on the
righthand side of (4.119) ae:SHg}

t'quZ

/ /t (r rarg(1+ f) — 0, A(x, 1)) (Rem] (z) + g¢(z))dxdt (4.120)
tv+4

/ /t G ?tv7£+tv})(ln(l/dist(x, {to,tv + £1)) + In(1/5) + In(1/) + C)dadt. (4.121)

where we used Lemma 4.5 and Lemma 4.9. We divide the inner integral into two case: i) dist(z, {tv, £ +
tv}) = 6 and ii) dist(z, {tv,f + tv}) < d:

/ / OM(1/0) 4. < s1n(1/5)% (4.122)
dist(z,{tv,l+tv})>8 dlSt( {tU, + t’U})
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and
¢
In(1
/ / I(/0) 1 ar < sn(1/0)e. (4.123)
dist(z,{tv,l+tv}) o
Combining the discussions above, we get that the rate function is given by
S(A; g) ——/ /D z))dx + In(2) + O(5In(1/5)¢)

__! / / o ( —ov) 40 ( — (ilﬁ(}lﬁ tv})>) dzdt + In(2) + O(8 In(1/6)20)

= ~Loo~on) + @) + O n(1/0)20)

where in the second equality we used (4.116). This finishes the proof of Proposition 4.3.
O

Proof of Lemma 3.4. For any o, < /3, denote I = I(«,) and J = I(«,3"). Next we compute the
interaction between different blocks. Thanks to (4.32), for aL <t < (a+ 1)L,

(L Bl o)) ault 1) ()
2 1(” xi<t>—xj<t>) 2 “( X0 —x;(1) >

i€l(o,B),5€l(c, ") i€l(a,p),5€l(a,B’)

1
o 2 RO -xOP

. . X’L
iel(a,B),5€l(a,p)
We can bound the total error as

1
O R e DD U = - (1129

B i€l(a,B),j¢1(a,B) B i€l(a,B),j¢1(a,B)

where we used that |x;(t) — x,(t)] = 0i — j|.

The upper bound on the righthand side of (4.125) is{achiteddurhen particles in I(«, 3) are tightly
packed at {—|I(a,B)|,---,—1}, and the other particles are also tightly packed on {0,1,2,--- , N —
|I(a, B)] — 1}. Therefore we can bound it as

S PN S LRI (()N>

B i€l(a,B),i¢1(a,p) B 1<i<|I(a,B)]

(4.126)
< Z In |I(c 1n(£N)

where in the last inequality, we used that 5 [I(c, 8)] = N and Jessen’s inequality.
Thanks to (4.124), (4el¥shmhd (4.126), we can sum over al <t < (a+1)L, and notice the cancellation
of the first term on the righthand side of (4.124) when summing over t

> Y Y w(iefe9=s)
al<t<(a+1)L B#B icI(a,B),5€1(a,B") Xi(t) = x;(t)

-y Y 4m (Xi((O‘H)L)Xf((O‘“)L)> +0 (N In(¢N))

B#B’ i€l(a,B),j€I(a,B") xi(al) —x;(al)

>.-> 2. |om (X((aj(lo)i;::jgﬁ;r l)L)>+O(N1n(€N))

i#] B i#jel(a,p)

(4.127)
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To bound the summation over ¢ # j € I(a, 8) on the righthand side of (4.127), werscaffom Lemma 2.8

92
Nz Z In (x; (L) — x;j(al))
i#jel(a,p) (4.128)

// In |z — ylo(x; 1 (a,p) () 0(y; T1(a,p) (af)drdy + O ( ?ﬁ) = O(1n(1/0)).

There are two cases. If on R(«, 8), A has a linear approximation, then the height functions corresponding
to 0(2; @ 1(a,p)(f) and o(x; Tr(a+1,8)((a + 1)f) differs by at most O(e). Thus Lemma 2.8 and (4.128)
together imply

S Y 4w (Xi((o‘ *+ DU) = x((a + ”L)) — O(c(IN)?) (4.129)

5 irieliap) x;(al) —x;(al)

if on R(a, B), A does not have a linear approximation, then we simply bound

Z S om (Xi“‘” VL) = x;((a + DL)) — O((EN)? In(1/0)). (4.130)

eI (o) xi(al) — x;j(al)

Recall from Lemma 2.3, the total number of such pair («, ) such that on R(«, 8), A does not have a
linear approximation, is at most O(e/¢?). By plugging (4.129), (fetgoddaisd (4.127), and summing over
o, we get

S > In <1+9(X€((tt)>_x> Zem(x 0 g;)—l—O(sln(l/Z)NQ)
) ‘ i i !

a B#B iel(a,B),j€1(a,f’ i#]

This finishes the proof of Lemma 3.4. O
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5 Large Deviation Lower Bound: Constant Slope Case

We recall the parallelogram shaped region B from (3.24):

P={r,tcR?*:0<t<talt) <z <b(t)). (5.1)
where {a(t),b(t)}}oci<e are two Bernoulli walk paths such that a(t) < b(t) for all 0 < ¢ < £(more
specifically a(t) = y; (t+ C) —al, b(t) = yj41(t+ BL) —al). . We denote the parallelogram shaped region.
From the construction in (3.2), théefggipn 3 satisfies the following assumption

Assumption 5.1. Fiz any (g, —gv) € T¢. Denote the height function A(x,t) with constant (9, —pv) (see
Definition 3.1). Take large integer n > 1 such that
no

~ = 9’ <, (5.2)

and an n-particle Bernoulli random walk {y(t) fo<i<e such that y(t) € [a(t),b(t) — 0] and height function
H(x,t) satisfying

1" - Al <. (5.3)

We denote Adm(y(0),y(¢),a,b) the set of n-particle nonintersecting Bernoulli random walks p =
{z(t) }ogi<e such that

x(0) =y(0), =) =y), alt)<z,(t)< <z <b{t)—0, 0<t<L (54)

Proposition 5.2. Adopt Assumption 5.1, and we recall the rate function o from (1.19). For any e > 0,
there exists an n-particle configuration x, such that the Markov process (4.1) starting from x satisfies

1 1
(G3E InP({H : |H — Al|oo < €}) = —;U(g, —ov) + O((g/d + d1n(1/6)?), (5.5)
provided N 1is large enough.

The nonintersecting Bernoulli walk ensembles starting from x in Proposition 5.2 may not belong to

Adm(y(0),y(¢),a,b). The following proposition states that we can slightly modify them such that they
belong to Adm(y(0),y(¢), a,b).

Proposition 5.3. Given a height function H with |H — Al|s < € corresponding to the nonintersecting

Bernoulli walk p = {x(t) }o<i<e- There exists a modified nonintersecting Bernoulli walkp = {Z(t) bo<i<s €
Adm(y(0),y(£),a,b) such that its height function H satisfies

IH — Alloo S /¢ (5.6)

O(8¢N?)

Moreover, the map from p to p is at most e to one, and

InP(p) = InP(p) + O(§ In(¢/5)N?). (5.7)

Proof of Proposition 3.6. The first statement (3.32) in Proposition 3.6 follows Lemma 2.7. For the second
statement (3.33), notice that the sum is taken over configurations satisfying (3.26), namely which are
restricted to leave in B defined in (?7?), or in other words which belong to Adm(y(0),y(¢),a,b). Thanks
to Proposition 5.3, we have

1 ~ _ ) )
e InP(H € Adm(y(0),y(¢),a,b) : |H — All < &) = e > InP(p)
P:HE?EIL(Z(IFL!IS(?,&J))
1 1
> NP > WP(p)+0(5/0) = vy MPUH — Al <2) +0(5/0)

pHE || H—Alloo<e

> fla(g, —ov) +0(01n(1/8)%0) = 1// o(VH*)dzdt + O(6In(1/6)%¢),
m 0 J Jiat,(a+1)0)x (8¢, (8+1)1]

where in the last equality we used the second statement in (2.3).
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5.1 Proof of Proposition 5.3
Recall that £ > /¢, and recall the index sets from (4.29)
Iy =[1,EN], L =[(N,n—¢&N], I,=[n—&N,n]. (5.8) {{e:defIO12b}}
and set
Zi(t) =xi(t), £€<t<Ll—¢ EN<i<n—&N. (5.9) {{e:constructhe

To construct p given (5.9), weeneenstawotisttppt the Bernoulli walk paths {X;(t) bier,, {Xi(t) }ier,, and also
() bien t<ens X (D bien > (- N

For any 1 < i < oN/6, we denote the i-th level line of A as
(i — 1)

~i(t) = inf{z : A(z,t) > 0(i —1)/N} = ~;(0) + tv = N

+ tv, (5.10) {{e:defgamma}}
which are straight lines.
By our assumption ||H — A« < ¢, we have for [eN/0] <i<n— [eN/§],

(i —1) 0(i —1)
N N

It follows from (5.10) add:fhddind and noticing £ > 2¢/6, that for i € I.

A(Yigrenyo)(t),t) < —e < A(wi(t),t) < +e < A(Yizrenyo1 (1), 1) (5.11)  {{e:Hbound}}

Yierenyo1(t) < zi(t) < vicrenyo)(t), = |wi(t) — ()] < 2e. (5.12) {{e:xloc}}
By the same argument, our assumption (5.3) alfe:mhgdies that for any ¢ € I,
lyi(t) — 7 ()] <2, 0<t <L (5.13) {{e:xloc2}}
Moreover, since y(t) € [a(t), b(t) —0], (5.3) alfe:ixiptiz} that either a(t) < tv, or a(t) > tv and A(a(t),t) <
H(a(t),t) + € = €. In both cases we have

~i(t) —a(t) > é <(l_Nl)9 — E) (5.14) {{e:gammaiat}}

We will construct the Bernoulli walk paths {X;(t)}icr,, {Xi(t) bier, t<en with the smallest possible
height function; and {X;(t)}ier,, {Xi(t) }icr, t>—eyn With the largest possible height function, in the
following way. For 1 <i < EN,0 <t <L, add a picture

Xi(t) = max{Na(t) + (i — 1)8,y;(0),y:(L) — (L —t)}
Xn—it1(t) = min{Nb(t) —i0,y,i11(0) +t,yn—i11(L)}
And fori e 1,0 <t <EN,

Xi(t) = max{x : x = y;(0) € Z,x < (1 = t/§)y;(0) + (t/E)x:(EN)},
Xi(L —t) = max{x :y;(L) = x € Z,x < (1 = t/E)xi(L = EN) + (£/€)yi (L)},

(5.15) {{e:extremes}}

(5.16) {{e:extremet}}

The maximum or minimum over Bernoulli paths is still a Bernoulli path. So {X;(t) }o<t<t is a Bernoulli
path.

To show that {X;(t) }1<i<n.o<t<L € Adm(y(0),y(¢),a,b), we need to check the following conditions (o:1t1)
e:l

1. {Xi(t) }1<i<en,0<t<L are non-interesecting Bernoulli paths form y;(0) to y;(L); {Xn—i+1(t) h<icen,o<t<t

are non-intersecting Bernoulli paths form x,,—;4+1(0) to yn—i+1(L). (o:1%2)
e:l

2. {X;(t) }ien 0<t<en are non-interesecting Bernoulli paths form y;(0) to x;(§N); {X:(L — t) }ier o<t
are non-intersecting Bernoulli paths form x;(L —t) to y;(L).
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3. /)ZgN(t) < /)Z£N+1(t) and SZn—{N(t) < /)Zn_EN_;,_l(t).

From Assumption 5.1, Adm(y(0),y(€),a,b) # 0, so y;(0) = Na(0) + (i — 1)0, yn—iy1(L) < Nb(L) — 6
and y;(0) > y;(L) — L. Thus at time t = 0, X;(0) = y;(0); at time t = L, X;(L) = y;(L). In particular
X;(t) is a Bernoulli path from y;(0) to y;(L). Also from the construction (5.16), We lexveéndt) < X;(L)
for 1 <1i < j < &N. The same argument also implies that {X,,—;+1(t) 1<i<en,0<t<L are non-intersecting
Bernoulli paths form y,,_;1(0) to y,—;+1(L). This proves Item 1.

For Ttem 2, by our construction (5.16), we have that X;(0) = y;(0) and X;(§N) = x;(§N). It follows
from (5.12) and (5.13), that x;(§N) —y;(0) = N(7:(EN) — v;(0)) + O(eN) = Név + O(eN), and

t

(1= S ) 0+ (S ) tem) = (1= ¢ ) 0 = (¢ ) 56M) = 0+ 0le/9) € 0.1, G17)

provided v > ¢ > ¢/¢€.

Thus the construction (5.16) implies that X; (t+1)—X;(t) € {0,1}. We conclude that {X;(t) }ier, o<t<en
are non-interesecting Bernoulli paths form y;(0) to x;(§N). The same argument also implies that {X;(L —
t) bier, 0<t<L are non-intersecting Bernoulli paths form x;(L — t) to y;(L).

For Item 3, by symmetry, only need to show that

;(\z(t) <;(\EN+1(1:)7 1€ly, 0<t<L—-&N. (51

We will check the three relations: Xeni1(t) = Na(t) + (N + 1)0, Xen41(t) = yi(0) and Xen41(t)
yi(L) = (L —t). For (N <t < L— &N, the first relation follows from (5.12) afid: £5bbithdke v41(t)
NAen41(t) + O(eN) = Na(t) + 0(EN)/o+ O(eN) > Na(t) + §ON. The second statement follows from
xenN+1(t) = Nyent1(t) + O(eN) = Nyen+1(0) + Ntv + O(eN) = y;(0) + Ntv + O(eN) > y;(0), where
we used that ven(t) is linear in ¢, (5.13) and ¢ > . The last statement follows from similar argument
xex41(8) = Nyen 1(8)+ O(EN) = Nyews1(6) + No(€ — £) + O(eN) = yi(L) + Nu(€— 1) + O(=N) > yi(L),
where we used that ey (t) is linear in ¢, (5.13) and ¢ < ¢ — & This finishes the proof of (5.18) for
EN <t<L—¢N.
For 0 < t < &N, using (5.12) the first statment follows from:

Xen+1(t) = (1 —=t/E)yen+1(0) + (¢/E)xen+1(EN) — 1 = Nyen41(t) — O(eN)
= Na(t) +&0N/o— O(eN) > Na(t) + £ON,

where we used (5.12) and (5.13). The second statement that Xen1(t) = y;(0) holds trivially; and the third
statement follows from (5.13) that Xen41(t) = Nyeny1(t) — O(eN) = Nvyenyi(L) — (L—t)v — O(eN) >
yi(L) — (L — t). This finishes the proof of (5.18) for 0 < t < {(N. And we conclude that p constructed
above belongs to Adm(y(0),y(¥), a,b).

Next we show for any i € Iy, we have

[IAVAR

|2:(t) — vi(t)| < 3e. (5.19)

and the claim (5.6) follnievelinebound}

For £ <t < £—¢&, (5.19) follows from (5.12). For 0 < ¢ < &, from the construction (5.16) and (5.12)
and (5.13)

B1(6) — ()] < (1~ 1/€)0:(0) + (H/O)(EN) ~ 7(0)] + 1/N
< 10— t/€1(0) + (H/EWEN) — (t)| + e+ I/N) =+ /N,

The case that £ — £ <t < £ follows from the same argument.

We can decompose the weight P(p)

VD) i Vixor(t)

InP(p) = Z In w Z (ln V(xr,ur, (t) + erur, (t))
YN

t<EN or t2((—&)N
(5.20)

s Vo ten®) g ln(Hw) _InN.

I
Ven®) e, xi(t) (1))
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Thanks to Lemma 2.7, we can bound terms in (5.20) age:Wpdecompose}
S VO ew)
t<EN or t=(0—€)N V(x(t))

ENStS(L—E)N oUl2

O(EnN) = O(¢(N?)
(5.21) {{e:Vterm}}

And for the last term in (5.20) {e:Vterm}

(1 Blel) — o (1) 1 1
2 I(Hw-(t)xj(t)))w D e D D

ik (5.22) {{e:1Jdiff}}
i€IoUIly,j€l; i€lgUl,j€ly i€loUlz, g€

where in the last inequality we used [x;(t) —x;(t)| = 60]i — j|. Recall the sets Iy, I1, I from (4.29), We cRidiff}
further bound (5.22) as

EN (N
> | — < ZZ SEN+EN Y e SEN +E(/EN = O(EIn(L/E)N).  (5.23) {{e:sumb}}
i€lgUly, i€l J i=1 j=i 5N<jgeN]

Plugging (5.21), (§e22pmid (5.23) into (5.20), we get

WmP(p)= > I V(XI&(&(S?(U)—K"N+O<an<e/fw2> (5.24)
ENSES(L—EN !

{{e:Wpdecompose

The same statement (5.24) hdklsipdemmpderadver, from our construction (5.9), we conclude from (5.24)

InP(p) = InP(p) + O(£ In(¢/€)N?). (5.25)

5.2 Proof of Proposition 5.2

We fix three small parameters w < ¢ < ¢, where w and ¢ will be chosen later. We recall the smoothed
height function H from (4.11), the associated complex slope ft from (4.12), and the drift g;(z) from
(4.15). We consider Markov process {z(t) }o<i<e with height function H(x,t), such that the initial data
satisfies

|H(2,0) - H(x,0)]lo < w. (5.26)

From the construction of H in (4.11), thanks to Lemma 2.4, we have

A, ) — Hz, )| < % /; 6+dist(:c,({$tv,€+tv}) < 51n(e/s), (5.27)

and it follows

InP(||H(x,t) — Az, t)||co <e+9) > InP(||H(z,t) — H(x,t)||os <¢) (5.28) {{e:tHcenter}}

(ﬁN) (N2 )

To prove (5.28), bfethHsenterjrgument as in proof of the large deviation upper bound, we tilt the Markov
chain by the exponential Martingle (4.18). The following lemma collects some estimates for the numerator
and denominator of the exponential Martingale on the event ||H(x,t) — H(z,1)|| < &,

{1:Nterm2}
Lemma 5.4. Take any large number B > 1. Let H(x,t) be the height function associated with the
particle configuration {x(t)}ogt<e, with supp(x(t)) € [—B, B] and ||H(z,t) — H(z,t)|co < € then
L-1 n 2 v
>3 eit)gi(wi(t/N)) = / / Oy Az, 1) g (x)dxdt + O((e/6 + 6 In(1/6)>)((N)?).  (5.29) {{e:exp}}
t=0 i=1 0 JR
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Dynamical loop equation gives

lnE[eZ ez(t)gf(xz(t)/N)| — 2 9%/ In 1+emt(z)+‘rgf(z)) ( )dZdT—l—O((S]IP(l/(S)N) (530)
71'1

where m*(z) is the Stieltjes transform of the empirical measure of 0, A(x,t).

With Lemma 5.4, we can lower bound the righthand side of (5.28) a{e:DLE}

WB(|H(z,t) — Hz, D)l < &) > S(Asg) + O (/3 + 51n(1/5)?)

wN)
! LB e ei(Nt)ge (i (1)) . = (5.31)
((N)2 — <
+ ((N)2 n H E[ezi\le ei(Nt)gt(ﬂci(t)”m(t)] (” (x7t) (1'7'5)”00 S 8)

te[o,L—1]/N

where S(A4;g) is from (4.22) add:Ridppsition 4.3 gives

/ /@ x,t)g:(x dxdt—z—/ f/ In(1 4 ™t A +79:(2) g, (2)dzdrdt
m (5.32)

=—;vw,gm+hm>+owmuw>>

To lower bound the second term on the righthand side of (5.31), we introduce the tilded measure
P9(.) from (5.33),

oSN, es(Nt) g (s (1))

PI() =E () (5.33)
te[[O,Hl]]/N ]E[ez{;l ei(N)ge (i (1)) | g5 (¢)]
Under P9(-), the Markov process (5.34) bdeohgls
N
P%Mt+b=x+e%ﬂ=XﬁxV%%jdllw%mmh t=t/N. (5.34)
i=1

The large deviation lower bound follows from the following limit shape result

Proposition 5.5. For any € > 0, there exists a small c(e) > 0, such that if the height function H(z,0)
of the initial data x(0) satisfies |H(x,t) — H(z,t)|| < c(e), the

PI(||H (x,t) — H(z,t)| <e)=1—c¢, (5.35)

provided N is large enough.

5.3 Proof of Lemma 5.4
Proof. From the construction of H in (4.11), afetr2iks to Lemma 2.4

H(-30,t) < % Q—Zﬂ%J)S%, (5.36)
it follows that
H(—3€,t)§%+€§%, 9—&(3[,t)§%+65%. (5.37)
Using the above estimate we can rewrite the lefthand side of (5.29) as
L-1 N L-1
Y aal@ @)=Y Y e®glnn) + OGN g0). (5.38)
t=0 i=1 t=0 4:|z; (t)| <3¢
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By the same argument as in (4.70), (§ei%ppeadsHzy

L—1 ]V2 30
Zel gt(zi(t)/N) = - / O H (, ) gs (z)dadt + O(SEN?||gt]| 0o )- (5.39)
t=0 i=1 0 —3¢

Next we replace H(z,t) by H(z,t). Using the second statement of Lemma 4.5,

NQ// — 8, H (z,t)) g (x)dzdt

N2 3¢ _
< | [ e~ Ao

(5.40)

H(z,1))0:g:(x)dzdt (5.41)

S ellgllootN? + e[| 8zl oo (EN)? (5.42)

Finally, we replace H(x,t) by A(z,t)

Nz// 0l (x,1))gu () dwdt

2 ~
N”g”‘*// 00 Az, 1) — O, H (w, £)|dadt

(5.43)

N2||9|| / / Y
- dadt
3¢ 0 + dist(z, {tv, £ + tv}) + dist(x, {tv, £ + tv})?
(61n(€/5 )+ 6)|gloo N?

where we used Lemma 2.4 for the second inequality. The same as in Lemma 5.4, by using the dynamical
loop equation, we have

N 1
lnE[eZiei(t)gt(zi(t)/N)\x(t)} = ﬁj{ / In(1+ emt(2)+‘l'gt,(z))gt(z)dzd7— +0(1), (5.44)
0 wJO

where my(z) is the Stieltjes transform of the empirical measure of x(t), and the implicit constant in the

error term O(1) depends on 4,(. We can deform the contour w such that it consists of two parallel lines
{z:Im[z] = £1/K}.
Recall from Lemma 4.5, if dist(z, {tv,{ + tv}) > ¢, we have

=0 (dist(z, {tz,z n tv})) =0 (|i> (5:45)

We can replace g¢(z) in (5.44) by g:(z) — In(sin(v)/sin(1 — v)) and contour integral does not change. To
replace my(z) in (5.44) by mj(z), the error is given by

1 1
‘%/ In(1 4 ™ 479 g (2)dzdr — }{/ In(1 + ™t +79G)) g(2)dzdr
0 0

1 .
< ¢ [ In(1 4 emi@rR) JIn(1 4 eme@+r3) gy (2) - In - S2O)_
]{/0 |In(1+e )—In(1+e ) g¢(2) nsin(l—v)

sin(v)

9t(2) —

sin(1 — v)

(5.46)
dzdr

For the difference | In(1+e™ ()+79()) _n(1 4™ ()+79(2))| e need to upper bound |m}(z) —my(z)|.
Recall from Lemma 4.10, for dist(z, {tv, ¢+ tv}) > ¢

m3 () — M(2)] < i

. A4
5 § + dist(z, {tv, £ + tv}) (5:47)
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Next we bound |my(z) — m(z)|. Since Im[z] > 1/K, the same as in (4.81), we dtade},(z) — m;(z)| <
eK. They together give a simple bound |m:(z) — mj(z)] < §/dist(z, {tv,£ + tv}) + eK7m < 1 for
dist(z, {tv, ¢ + tv}) > 4. It follows that

[In(1 + ™ (+79:(2)) (1 4 em () +79:(2))) <

me(z)—my(2) _ 1)emi (2)+79:(2)
In (1 —+ (6 1 —; m*(z)—)‘rc;gt(z) ) ‘
c (5.48

)

(emt (z)—mj(z) _ 1)emf (2)+79:(2)

< Imi(z) =mi(2)| _ |mu(z) = me(2)| + [me(z) — mi(2)]
~ ¢ ~ ¢

Next we will prove an improved estimate of the difference |m,(z) — m, ()| when z is far away from 0.
For dist(z, {tv,{ + tv}) > 3¢,

~X

1+ emi () +7(2)

Imy (=) — My (2)] < 2 +/ Gz, )dz (5.49)
] >121/2

~ A |z — x|
By symmetry, we will only prove (5.49) fofeRefaf£€}—¢, then dist(z, {tv, ¢+ tv}) < |z| > L.

zZ—X

ma(z) = ()] = | |

N

(5.50)

zZ—X

/ OpH (2,t) — 8, H ()
z<Re[z]/2

N / O.H(z,t) — 8, H(z,1)
x>Relz]/2

z—X
( >
|Z‘

where the last term is bounded the same as in (4.81). Herdi#ffitsf term on the righthand side of (5.50)

and we have
/ O, H (1) / ok ()
z<Relz]/2 * T z<2Rez] # — &

The claim (5.49) follomtsHfom combining (5.50) and (5.51).
We decompose the contour integral on the righthand side of (5.46) into the following three parts

zZ—X

B / OpH (2,t) — O, H (x,t)
z<Re[z]/2

/ ore(@)| o 0 (5.51)
2Re[z]<z<Relz]/2 # — &L

™ 7]

<

+

1. For dist(z, {tv,£ + tv}) < &, using |In(1 + ™ H)+79()) —In(1 + em (A +79())| < In(1/¢), we can
bound the integral as

7{ In(1/¢)(In(1/¢) + In(1/8) + C)|dz| < §1n*(1/6). (5.52)
dist(z,{tv,f+tv})<s

2. For ¢ < dist(z, {tv, £ + tv}) < 104, using (5.48) afd:Eadé)} we can bound the integral as

eK

f (In(1/¢) + In(1/8) + C)|dz| < e ln(1/8)K/C. (5.53)
o< dist(z,{tv,l+tv})<10£ C

3. For dist(z, {tv, £ + tv}) > 10¢, using (5.48), (yetepman} (5.49), we can bound the integral as

1(9 O H(xz,t)dx \ §
- =+ — | —|dz|
dist(z, {to,e+to) 2100 C \ N2l Jigizpz12 12— 7l |2]
52 0
/574’/ aTH(‘Tﬂt)/ 7‘dz|ﬂ
¢t || =30 60<|2|<2|z| Clz — x|z
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where the inner integral is integrable

) 1)
[t 559
6 | 4

<|z1<2lz| Clz — 22

and it follows from combining (5.54) afd:(nién}

1 H(z,t)d 2
j{ 110 +/ 9, H (z,t)dz i|dz| < % (5.56)
aist(z {to,e+t01)33¢ € \ 12l Jjzizp212 12— 7] |2| ¢

The claim (5.30) followadedin combining (5.52), (5.53) and (5.56).

O
5.4 Limit Shape around a regular profile
In this section we study the Markov process
V(x + be) N
PI(x(t+1) =x+elx(t) =x) x ———— H ec19:i/N) (5.57)

Vi(x)

i=1

where g; is analytic in a small neighborhood of [— A, A]

Assumption 5.6. We assume the Markov process (5.57) sdlisfies}
1. There ezists a large A > 0, such that supp(x(t)) C [-A, A].

2. There exists a height function H*(x,t) € Adm(R, h) such that for x € R, and a complex slope
fi(x) € H™ which satisfies
—arg fi(x) = 10, H" (x,1)

arg(l + fi(x)) = 0. H* (x,t) (5.58)

3. There exists a neighborhood A of [—A, A], such that fi(z) extends continuously to ANH as fi(z) =
eme(2)19:(2) where my(2) is the Stieltjes transform of oi(x) = 0, H*(x, 1),

my(2) :/Rgt(x)dx, (5.59)

Tr—z

and g(z) is analytic on A, and g:(Z) = ¢:(2). analytically to A\ [—A, A] is analytic in a small
neighborhood of [—A, A].

4. We assume that In(1 + f1(2)) is well defined on A\ [—A, A] and is uniformly bounded away from
[7"4’ A]

Theorem 5.7. Adopt Assumption 5.6. We consider Markov process {x(t)}o<i<e, and we define the
empirical height function

H(z,t) = /1 ot(s;x(t))dz,0 <t < T. (5.60)

o0

For any € > 0, there exists a small 6 = 0(g) > 0, the following holds, If |H(z,0) — H*(z,0)||c < d(e),
then

sup [|[H(z,t) — H*(2,t)||lo0 <, (5.61)
t

with probability 1 — e for N large enough.
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5.5 Complex Burger Type Equation
From the Assumptions in (5.6), we have

ey (w) = / ols)ds 1 f I+ £i(2) (5.62)

w—s 27 (w—2)?

where the contour w_ € A encloses [—A4, A], but not w. We can deform the contour w_ to enclose w, and

_ (Ouma(w )+awgt( L In( 1+ft 1»
- I+ ulw) Y e (569

Oum)fw) | 1 [t f()
A +27717§ “wo27

where the contour w € A encloses [—A4, A] and w.

5.6 Uniqueness of Solution and Characteristic Flow

In this section we prove the uniqueness of the solutions of the equation (5.62). PssBungethht there is
another solution f;(z) = e™(*)+9:(*) gatisfying (5.62)

Byi7ie (w) = O, / alsds _ 1 f I+ /i(2) (5.64)

w—8 2mi (w— 2)?
where m;(z) is the Stieltjes transform of g:(s) supported inside [—A, A].

Proposition 5.8. If my(z) = mo(z) for any z € C\ [—A, A], then m4(z) = m(z) for any t = 0 and
z€C\[-4,A4].

Local uniqueness implies the global uniqueness. We only need to show that the statement of Propo-
sition 5.8 holds for ¢t € [0, 4] for some small §. For the equation (5.62), ve:defiger2he characteristic
flow

 fel(=)
Orzy = )+ 1 (5.65)
By plugging the characteristic flow (5.65) infe: gefiel), we have
D) = _azlgiz}z{i)zt) N % f{ 1n$t+_ f;(g)) duw. (5.66)

We take a contour Cy € A surrounding the interval [— A, A], such that the characteristic flow maps zg € Cy
to z; € C; for t > 0. For t < 4, by the continuity of the characteristic flow, we have that C; is inside an
annulars region S, see Figure 3

Claim 5.9. There ezists some constant 0 < ¢ < 1, the following holds uniformly for z € S and 0 <t < 9,
102me(2)] < 1/e, [0:0:(2)| < Ve, |fe(2)] < 1/e, [1+ fi(z)] 2 c (5.67)
Denote the control parameter

Ty := sup |ﬁ7,t(z) — mt(z)\ (5'68)
z2€C

In the following we assume I'; < ¢?/4.
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annulars.png

Figure 3: Shown above is the contour C; inside the annulars region S.

We notice that lim, o |m¢(2z) — mu(z)| = 0. By maximal principle, |m.(z) — mi(z)| < T’y for any z
outside the contour C;.

Je(2) = fi(2)] = (€™ D7D — 1) fy(2)] < (" = DIfi(2)] < 2T /e < e/2, (5.69)

where in the last two inequalities we used (5.67). It follows that |14 fi(2)| = |1+ fi(2)| = | fi(2) — fu(2)| =
¢/2, and

filz) R | 1h(2) = R) 2ly/c _ 4Dy
L+ fi(2) 1+ filz) |1+ﬁ@»a+jx@n<(d%c 3 (5.70)
And finally, we also have that
1+ f(2) ~ 1+ fa))| = 1+ LS| L RO 20le 2 o

By plugging the characteristic flow (5.65) infe: fafel3jwe have

@%mwr@mwo<ﬁw)—-ﬂ@)>_@”m£wh-1fm“+ﬁwhw 5.72)

1+ﬁ(2t) 1+ft(zt) 1+,}Tt(zt) 27 (thw)Q

where the the contour is bounded away from z;, namely |w — z;| > ¢. Moreover, the length of the contour
is bounded by 10A.
By taking the difference of (5.66) afd:tm#2§} we have

my(2ze) — my(2)) = —(0,mu(2 z fi(z) _ i)
O (my(zt) t(2t)) (0= (2¢) + 0.9:(2t)) (1 i 1 +ft(2’t)> (5.73)
L (1t fi(w)) ~ (1t fi(w)
+ 2mi j{, (2t — w)? dw. (5.74)
Thanks to (5.67), (5.70) and (5.71), the righthand side of (5.73) is bounded by
~ J?t(zt) fi(z) 220 Al
(0:me(2t) + 0291 (21)) <1 - (z0) 1 +ft(zt)>‘ STa2 T A (5.75)
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and

1 In(1 + fi(w)) — In(1 + fy(w)) 2T 1 % |dw| 2Ty 1 10A  10AT,
— dw| —— ¢ — S < —5—— = . 5.76
2mi 7{, (2t —w)? v 22 J,lze—wl2 T 21 ¢ et (5.76)
It then follows that
4Ty, 10ATlY, 4 104
It < — =(=+— )T .
Ol R — (03 et ) ! (5.77)

Since T'g = 0, Gronwell inequality implies that 'y = 0. Since my(z) — my(z) is analytic outside [—A4, A],
it follows that m;(z) = m¢(z) and the solution is unique.

5.7 Stochastic Differential Equation

We denote the empirical particle density p:(x) = o(z;x(t)) and its Stieltjes transform mq(z), and the
complex slope

n

pi(x) = Z 1([z;(t), i (t) + 0/N))dz, my(z) = / pi() dz, fi(z) = e™ET0G) o<t < (5.78)

z—XT
i=1

Transition probability (A.2) wikdr gimmtheters satisfying Assumptions A.1 and A.4 for all small enough e.
Thanks to Theorem A.5, the time difference of the Stieltjes transform for the empirical particle density
(5.78) satisfy for for any z € A\ [-I,7], and t € [0,L], we have as ¢ — 0:

1 % In(1 + f;(2))dw

27if (w—2)

N (g1 (2) — (2))) = AMy(2) + +0(), t=t/N (5.79)

Moreover, AM(z) are mean 0 random variables such that {e~1/2AM (2)},ca\p,» are asymptotically
Gaussian with covariance given by

NE[AM(z1), AM(z3)] = 2;0 7{ 1f5;zz) ~ _121)2 = _122)2dw +o(1), (5.80)

where the contour w_ C A encloses [—3¢,3¢], but not z1,2z5. We also have that the higher order joint
moments of {\/NAM(Z)}ZE/\\[[7T] converge as € — 0 to the Gaussian joint moments.

5.8 Proof of Theorem 5.7

Let C([0, 4], .#:(R)]) denote the space of continuous functions from [0, ¢] to the set of probability measures
on R equipped with the weak topology of measures. Then p(-; x(t)) represents a random element of this
space. In fact, there is a compact set K C C([0, 4], #1(R)]), such that the distribution of p(-;&(t))o<i<e
is supported on K — this is because measures p(-; x(t)) are supported inside [I,r] and the dependence
on t is Lipschitz (each component of (¢) jumps at most by 1/N when ¢ grows by 1/N), cf. [3, Lemma
4.3.13).

Since the space of probability measures on a compact set is compact, we conclude that the stochastic
processes p(-; (t))ogi<e have subsequential limits in distribution as N — co. We let (p;)ogi<e be one of
the limiting points. Our task is to show that p; are as described in Theorem 5.7 (Implying, in particular,
that all the limiting points are the same.) Note that for each 0 < ¢t < ¢, p; is an absolutely continuous
measures of density at most 1, because so were the prelimit measures.

For any ¢ € [0,L]/N, using (A.9), we heowT}

Fe(z) = fing(2) + =My (2) + TGN_%:O . - i ) ln(l(;— ft(;)?d“’ +0 G) , (5.81)
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where Mvt(z) is a martingale given by

M(z):= > AM(2). (5.82)

reEN-1[0,t—1]
We can estimate the .//\/lvt(z) term by Doob/Kolmogorov’s inequality for martingales:
Prob( sup  |[My(z)/N]| > A) ! > EAM.(2) A > 0.
teENTIOL XN? TEN-1[0,T-1]

Using (A.10), ebehdéettlin the last sum is O(1). There are O(N) terms and therefore the probability
decays as O(1/N)?). We conclude that the martingale part in (5.81) goes to 0 in probability as N — oo.
Hence, N — oo limit of (5.81) gives an integral equation for p;:

e (2) / 27“?{ Hfé(z)z) ds (5.83)

(w—2z)

where ﬁ(z) = ¢M:(2)49:() ig the limit of f,(z). We arrive at the same partial differential equation as
(5.64). {e:LLN_integral_equation}

6 Asymptotics for Jack Polynomials

In this section we explain the correspondence between non-intersecting #-Bernoulli walk ensembles and
certain Jack ascending process (6.17). This correspondence will be used to derive large deviation asymp-
totics for (skew) Jack polynomials. We collect some basic properties of Jack symmetric functions in
Section 6.1 and Section 6.2. We recall the Jack ascending process in Section 6.3. Our main references
are [41] and [53]. In Section 6.4, we prove our main result Theorem 1.6.
6.1 Young Diagrams and Symmetric Functions
Given a Young diagram A, a box O € A is a pair of integers,
O=(i,5) € A, ifand only if 1 <7< (A),1 <5< A\
We denote A’ the transposed diagram of A\, defined by
={i:1<i< N 1<ji< A

For a box O = (4,j) € A, its arm ag and leg g are

QD:Ai—j, ZD:A;—’L

Let @ = (z1,x2, 3, -+ ) be an infinite set of indeterminates, and Sym the graded algebra of symmetric
functions in infinitely many variables over R. We use the following notations for certain symmetric
functions indexed by partitions A:

e We denote the monomial symmetric functions my (x), which is defined as the sum of all monomials
x™e where A, ranges over all distinct permutations of .

e We denote the power sum symmetric functions py(x), as

pa@) = [[ prn@), pol@) =af +25+a5+--
1<<EN)

Both the set of monomial symmetric functions {mx(x) : A € Y}, and the set of power sum symmetric
functions {px(x) : A € Y} form homogeneous bases of Sym.
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6.2 Jack Symmetric Polynomials

{s:Jack}

Let 6 > 0 be a parameter (indeterminante), and let Q(6) denote the field of all rational functions of ¢
with rational coefficients. Define a scalar product (-,-) on the vector space Sym ®Q(8) of all symmetric

functions over the field Q(#) by the condition

(PA(2), pu(@)) = Sxpzad~ ™.

(6.1) {{e:scalarP}}

We recall that a partial order on Young diagrams is obtained by declaring A < p if |A| = |u| and
A+ A+ + XN < pp A+ pe+ - - 4 py for all . The following fundamental result is due to Macdonald,

which characterizes Jack symmetric functions.

Let 8 > 0 be a parameter (indeterminante). Jack symmetric functions Jx(x;6) are elements of the
algebra Sym of the symmetric functions in infinitely many variables (z;)$2; uniquely determined by the

following two properties:

1. Jx, |A| = m, can be expressed in terms of the monomial symmetric functions via a strictly upper

unitriangular transition matrix:

Ja=mx+ E Rpmy,
B<AEY,,

where Ry, are functions of # and g < A is comparison in the dominance order on the set Y, of all

partitions of m (equivalently, Young diagrams with m boxes).

2. They are pairwise orthogonal with respect to the scalar product defined on the power sums via

(paspudo = Oapzad N, o= [ ™ I maV) (6.2) {{e:scalarP}}
1<i<A 1<i<A
where A = 1™12™2 .. ie. m; is the multiplicity of ¢ in A, ¢(A) is the number of rows, and

pe=(z)F + (@) +.. k> 1

We recall the scalar product on Sym as defined in (6.2), afet sntla@dBe the following notation,

I (0) = (x(x;0), Ix(x;0)).
The number jx(#) is explicitly given by

. ag +0lo +1
ja= [ oetfetl

DE)\aDJrHlD +0°

(6.3) {{e:j1}}

(6.4) {{def:j12}}

See [53, Theorem 5.8] for a proof. We denote the dual polynomial J(x;0) = Jx(x;0)/jx(0). Finally,

the skew Jack polynomials Jy,,, Jx/, are defined through the expansions:

JA(!EhCUz, e Y1, Y2, ~§9) = Z JA/;L(xhxlv .. ~;9)Ju(y1ay2, cee
"

j}\(mlaan"'7y15y27"';6> = Zj)\/u(xlaxlw";9>Jﬂ<y17y27'".
n

Theorem 6.1. We have

NO+(j—1)—0(i—1)
an +0lo + 0

Y0 = 1]

oex

Proof. See [53, Proposition 2.3].
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The following lemma gives the asymptotics of the Jack symmetric polynomials at the principal spe-
cialization

Lemma 6.2. Given a Young diagram X € Yy, we identify it as a particle configuration

X = (x1,%X2, .., xn) EWY ., x; =X\ —0(G—1) 1<i<N, (6.6)
then
D(x; —xj +6)
1V:6) = - :
A% =11 =r =55 HM (6.7)

Given a sequence of Young diagrams
AN =AM AW > o My vy, N>1 (6.8)
such that

1. There ezists a constant C' > 0, /\§N) <CN

2. There exists a 1-Lipschitz nondecreasing function h : R — [0, 0], and when N — oo

0 <N (AN —(i—1)p
5 ;5 <N> — Oyh(z), (6.9)

in distribution. Then

fln(0) 30
5t (6.10)

. 1 1
lim I Ty (17:6) = o /R Infr — yldn(e)dn(y) -

N—o0

Proof. We can reorganize the numerator and denominator in (6.5), afel ¥esmitgi} in terms of the particle
configuration x from (C.9).

i ; u (NG +x; N I'(NO + x;
DI;[ANQ t=h === 11;11 F((]Ef —i+ 1))9) - 211 ( r(if) ) (6.11)
and
1 _qr TQi =N +0G -9 +0) 1 D(xi — x; + )
DI;[)‘ oo +6la+0 E TN = Ajr +0( —i) +0) B F(Q)N 1:1 I'(x; + NO) g L(x; — x;) (6.12)

The claim (6.7) follows from combining the above two expressions.

For the asymptotics (6.10), simply write /\EN) —(i—1)0 = x;. We notice that there exists C = C(0) > 0
such that the log Gamma function satisfies z — 1/2)Inz — 2z — C < InT'(2) < (z — 1/2)Inz — 2z + C for
z>20,and |0.InT'(2) —Inz| < C/z for z > 6.

So we have

N 1 N
Z (InT(0) —InT(if)) = — 5 Zi@ In(if/e) + O(N)

1
:f”nga/ xlnxdz—gln(0/6)+O(NlnN)
0

_ O9InN  6ln() 30
=5~ 5 -+ TONhN)

(6.13)
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and

T(x; — x; + 0) 1
Zln(r(i]x] = 0ln(x; —x;) + O Zx,—xj

i<j 1<j (614)

=> fln(x —x;) + O(NInN) = QII;N+%/ln|x—y|dh(x)dh(y)+O(N1nN).

where we used that x; —x; > 6(i—j) for the second inequality and in the last equality we used Lemma 2.8.
The claim (6.10) follow bt} lugging (6.13) and (6.14) into (6.7). O

6.3 Jack Process

Computations in the algebra of symmetric functions Sym can be converted into numeric identities by
means of specializations, which are algebra homomorphism from Sym to the set of complex numbers. A
specialization p is uniquely determined by its values on any set of algebraic generators of Sym and we
use (px)5>, as such generators. The value of p on a symmetric function f is denoted f(p). Given two
specializations p, p’, we define their union (p, p’) through the formula:

pr(p,0') = pr(p) +oe(p’), k=1

A specialization p is an algebra homomorphism from Sym to the set of complex numbers. A special-
ization p is called Jack-positive if its values on all (skew) Jack symmetric functions with a fixed 6 are real
and non-negative, i.e.,

In(p;0) = p(Ix(z;0)) =0,

for all A € Y. The set of Jack positive specializations are classified by Kerov, Okounkov and Olshanski
in [37, Theorem A] (We slightly modify the statement (our 53; is 68; in [37, Theorem A]) such that it
matches with Theorem C.1).

Theorem 6.3. For any fized 0 > 0, Jack positive specializations can be parameterized by triplets (o, 3,7),
where a, 3 are sequences of real numbers with

/8,
mZazz20, Bz o20 et <o
[

and 7y is a non-negative real number. The specialization corresponding to a triplet (o, 3,7) is given by
its values on Newton power sums pg,

) {\k—1 ©©
-3 (wzm) o) =Y (e S

Following [], we create Markov chains out of the Jack-positive specializations:

Definition 6.4. Given two specializations p and p' we define the ascending transition through

RN
Ho(ps p') Ju(p; 0) Ia/ule':0), (6.15)

where A and p are partitions with p C X and the normalization constant Hy(p; p') is given by

PO p) =

Holp, o) = o0 4 3 Lpelo)mi(s)

k>1
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We further use the wg automorphism of the algebra of symmetric functions Sym defined on the power
sums by:

wg(pr) = (=1)*" Bpy.
As shown in [40, Chapter VI, Section 10, (10.6)],
We-1 (JA’/;J/('§ 0)) = j)x/u('; 971)7

where A and p’ are transposed Young diagrams A and p, respectively. Hence, with the specialization
B = (bo,b1, -+ ,br—-1), as in (6.15), Wediakescending_transition}

Ia/u(B = (0o, b1, -+ b1-1):0) = Jarjpr (@ = (bo,br, -+, br—1);07).

To obtain the asymptotics of skew Jack polynomials, we study the following special Jack ascend-
ing process. We fix N, T > 1, and a sequence of positive numbers bg, b1, bo, -+ ,br—1. The transition
probability at time 0 <t < T — 1 is given in the notations of Theorem 6.3 as

pra;=1,1<i<N; o B = b, (6.16)
with all other parameters setting to 0. The transition probability at time 0 <t < T — 1 is given by

o 1 J)‘(lN;e) ~ . .
- H(lN,ﬁl = by) JM(IN;G) JA/u(ﬁl = b; 0) (6.17)

Then the transition probability gives the skew Jack polynomials
1 J)‘(lN; 0) ~
= N 3 — N7y A
H(l ?IB - (bOa e abT—l)) JH(I 79)

The following claim states that we can encode the Jack ascending process 6.17 of Young diagrams as
an N-particle non-intersecting 6-Bernoulli rank walk

B(A(t+1) = AIA(t) = p)

PA(T) = AIA(0) = p)

(B=(bo, - ,br_1);0)  (6.18)

Claim 6.5. The transition probability of the Jack process 6.17 is non-degenerate only for partitions X\, u
with at most N parts, i.e. A= (A1 Z Ao = ... 2 An) and p = (u1 = p2 = ... = un). Further, if we
identify

X:(Xl,XQ,...,XN)EWéV, Xl:u'l_e(z_l)) X1+61:)\1_0(’L—1)a 1<Z<Na (619)
then e; € {0,1} and the transition probability is
1 (xi +0e;) — (xj +0ej) SN e,
P = b=t 6.20
rel = e 1 o : (6.20)
1<i<j<N

6.4 Proof of Theorem 1.6
Thanks to the relation (6.18), tledaige_dpwvaatics)} asymptotics of the skew Jack polynomials can be

obtained from the large deviation principle of the dynamics (6.20),

%ln jx/u(ﬁ = (bo, -+ ,b1-1):0) = % In (P(A(T) = A[A(0) = p)H(1Y, B8 = (bo, -+ ,br_1)))
1

+t 39 </R In |z —y|dh(z,0)dh(y,0) — /R In |z — ydh(r,T)dh(y,T)) +o(1), .
6.21

where we used Equation (C.9). The dynamics (6.20) axfd:tlekiymdntesgdcting -Bernoulli random walks
(1.10) differ by the following drift

D(@):= [ 2Vp==l. (6.22)

0<t<T-1

Theorem 1.6 follows from plugging the following lemma to Equation (6.21).
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Lemma 6.6. Adopt the notations and assumptions of Theorem 1.6, the following holds
1 1
vz nD(@) = a]—"f(H(as))Tan +O(1/N)
with

T
= —/ / f(8)0sH (y, s)dyds (6.23)
o Jr

Moreover, F is continuous on the space of Lipschitz functions with uniform norm.

Proof. We notice that since e;(t) = x;(t + 1) — x;(t) and by = e//N) | we have

N
InD(x) =NTIn2+ Z f( )let—kl —x;(t))

0<t<T-1 =1
_1 N t N
—NTl2+ Y f( ) xt)— Y f(N)in(t)
1<t<T =1 0<t<T-1 =1
t—1 £ o T\ & al
=NTln2+ Z (f (N)—f<N)>Z +f<N)ZXZ le(O)
1<t<T-1 =1 =1

N N N
—NTln2—|—/ s f(s sz [Ns|)ds + f(T Zx, ZXZ
=1

=1 =1

(6.24)

On the other hand, for ¢ € [t/N, (t + 1)/N], we have set z(t) = x(t)/N + (Nt — t)e(t)/N, so that for all

integer number t,
N N

sup |in(LNtJ)—Nin(t)|§N

tet/N,(t+1)/N] i—1 i=1
Therefore, we deduce that

T N N
ImD(x) = NTm2-N [ 9.f(s)> xi(s)ds+ f(T) > xi(T) = £(0) > x;(0) + O(N),

0 i=1 i=1 i=1

where the O(N) error is given as N§~! fOT |0s f(8)|ds. Now it is easy to check that

/yp(y;w(t))dy = / Zlye[w (t),2:(t)+0/N1dY
=1

By integration by parts we also have since H(z;z(t)) = [*__ p(y; 2(t))dy,

N K

S ailt) + O(1/N) = / up(y 2(6)dy = [WH (g ()< — [ H(y:x())dy

i=1 —-K

9
N

o1

{1:drift}

{{defd}}



where we notice that we can restrict the integral on the left to a compact set where the particles lives,
say [— K, K] that can be chosen independent of the time (provided the particles at time 0 are bounded
and T is also bounded). Then [yH (y;z(t))]%; = 0K.

As a conclusion, we get:

K K
N In D(x (/ 0sf(s / H(y, s)dyds — (T)/_KH(y,T)dy—I—f(O)/_KH(y,O)dy>

+Tn2+O(1/N).

Noticing that H(y,s) is Lipschitz, thus differentiable. The claim (6.23) follows from an integration by
part. Finally, it is clear that if 0, f is bounded, F/ is continuous for the uniform norm. O

A  Dynamical Loop Equation

We define the particle conﬁguration:
—{xh.. ,Tn) ER™ | @p > 2401, i:1,2,...,n—1}. (A1)

Given a particle configuration € = (z1,22,...,2,) € W”, an interaction function b(z), and weight
functions ¢ (z), ¢~ (z). Our central object is the following transition probability

1 b(x; + Oe;) — b(x; + Oe;) ..
Ple+elz) = 705 11 : b(x ;b(( ) H¢+ )" o (2:)' 7", (A.2)
1<i<j<n
where e = (e1,e2,...,¢e,) € {0,1}" and Z(x) is a normalization constant.

Assumption A.1l. Fiz constants N > 0 and l,r. We introduce a small parameter e = N/n < 1, and

assume the particle configuration © = (1,2, ...,T,) € Wy satisfies | < ex,, < exy <1 —¢e. We further
assume

1. There exists an open complex neighborhood A of [l, 7], such that for z = &€,
bé)=z2 and ¢T(€) =9 (2), z€A (A.3)

where z and @*(z) are holomorphic functions on A. In addition, we require z to be conformal
(injective and biholomorphic) and b(z) = Z.

2. The functions z, [0.2]7', and T (2) are uniformly bounded, namely there exists a universal' con-
stant C > 0 such that

2| <O, 0.2 >1/C, |pT(2)]<C, z€A. (A.4)

Remark A.2. In [19], the particle configurations are assumed to be inside the lattice:
Wy = {(ml,...,xn) ER" |21 €2, ® —Tit1€0+Zs0, i=1,2,...,n— 1}. (A.5)
Here we relazed the particle configuration to (A.1).
The dynamical loop equation states that the following observable is a holomorphic function.

Theorem A.3 (Dynamical Loop Equation). Choose an open set U C C, a particle configuration
x=(r1>x2> >z, €R" such that the interval [x,,z1] C U, a parameter § > 0, two holomor-
phic functions ¢ (z), ¢~ (2) on U and a conformal (i.e., holomorphic and injective) function b(z) on U.
Assume that the random n—tuple e = (e1,ea,...,e,) € {0,1}" is distributed according to the transition
probability (A.2). Then the following observable is a holomorphic function of z € U:

n n

z—|—9) b(x; + Oej) b(x; + Oej)
¢+ J J +_¢ J J . (AJG)
1;[ b(z) — b(z;) E —b(x;)
1By “universal” we mean not depending on n, €, or (z1,...,2n).
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Proof. See [19, Proof of Theorem 1.1] O

Our last assumption for the asymptotic analysis involves the following functions defined in terms of
the empirical density (1.14) afd:fumtions ¢+ (z) of Assumption A.1:

B(z) = 6()p" () + o (2),  G(=) = exp [e / G ””)ds} . (A7)

z—s
Note that B(z) is a holomorphic function for z € A\ [I,7].

Assumption A.4. There exists annular set S C (A\ [l,7]) (containing a contour surrounding [I,7]), a
small universal constant ¢ > 0 such that for z € S we have ¢ < |B(z)| < ¢™1. Moreover, for any closed

contour w C (A\ [I,7]), we have

i?{ 0:B(2) 4. _ o, (A.8)

which implies that there exists a well-defined single-valued branch of the function In B(z) in S.

Theorem A.5. Consider transition probability (A.2) wighamlameters satisfying Assumptions A.1 and
A for all small enough €. Then for any z € A\ [, 7] we have as ¢ — 0:

L plsy) —pls@) o 1 [ mBlw)dw
f/l ds = AM(z) + }{ +0(e), (A.9)

5 z—3s 27if (w—2)?

Moreover, AM(z) are mean 0 random variables such that {e=Y2AM(2)}.ea\p.r are asymptotically
Gaussian with covariance given by

lim E [5_1/2AM(21),g_I/QAM(ZQ)}

_ 1 ]{ G(w)et(w)  b'(z) b(za) (A.10)
2rmif J,  B(w) (w—b(21))? (w—b(2g))2

{{e:B_function}

{a:stable}

{{e:aB0}}

{t:loopstudy}

{{e:dmg2}}

{{e:covT}}

where the contour w_ C A encloses [l,r], but not z1, zo. The higher order joint moments of {5’1/2AM(Z)}ZEA\[LT]

converge as € — 0 to the Gaussian joint moments.
The implicit constants in the O(e) are uniform in all the involved parameters, as long as the constants
C and c of Assumptions A.1 and A.J are fixred and z belongs to a compact subset of A\ [I,r].

B Proofs for Results from Section 2

Proof of Lemma 2.1. In this proof, for simplicity of notations, we omit the dependence on N and simply
write y = y(V) and z = z®™). By our assumption P(y,z; T) # 0, there exists a non-intersecting Bernoulli
paths {y(t)}o<t<r from y(0) =y/N to y(T') = z/N.

Next we construct a non-intersecting Bernoulli paths {z(t) }o<i<r, such that its height function ap-
proximates H*. First we can construct the level line of H* as

v(y,t) = inf{x: H*(x,t) >y}, 0<y<0. (B.1)
Since H* is 2-Lipschitz we have H*(y(y,t),t) =y for any 0 < y < 6. Since VH* € T, for any s > t,
H*((y:t),8) < H'(7(y, 1),1) < H*(7(y, ) + (5 = 1), 5)- (B.2)
We conclude that y(y,t) < v(y,s) < v(y,t) + (s — ). It follows that y(y,t) is 1-Lipschitz in ¢, and
Oiy(yt) € [0,1].

We take m = [eN/(20)], and construct the nonintersecting Bernoulli paths {@(t)}o<icr in the
following way: the path {z;(t)}o<i<r is obtained from {y;(t)}o<icr by truncating from left using
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~v(6(i — m)/N,t), and from right using v(6(i + m)/N,t). Here we make the convention y(y,s) = —oo if
y <0, and y(y, s) = +oc if y > 1. Formally, {z(t) }o<t<r is given as for any 1 <i < N and t € N71[0,T]

z;(t) = argmin{|z — y;(t)| : @ — yi(t) € N7 Z,4(0(i —m)/N,t) <z < y(0(i +m)/N,t)}. (B.3) {{e:constructx]

We denote the height function of {x(t)}}o<i<r as H.
Next we check that {z(t)}o<i<7 forms a non-intersecting -Bernoulli walk from y(™) /N to z(N)/N.
Under assumption (1.22), fde Notatgmetrough

sup [H(z,0) — h(z,0)|,sup |H(z,T) — h(z,T)| < £/(40). (B.4)
z€R zeR

It follows that for ¢ € {0,T'},

h(yi(t),t) = H(yi(t),t) —e/4 =

h(y(0(i —m)/N, 1),

/4 < h(y(6(i+m)/N, 1),

o(i — 1)
N

(i — 1)
N

h(yi(t), 1) < H(yi(t),t) + /4 =

And thus y(8(i — m)/N,t) < y;(t) = x;(t) < v(0(: + m)/N,t) for t € {0,T}.
We need to show z; (t+1/N) z;i(t/N) € {0,1} and x;11(t)—z;(t) > 0/N for any t = t/N € N[0, T].
By symmetry, we assume y;(t) > v;(t), so it is far from ~;_, (¢ ) In fact we have

Yi(t), vir1(t), yi(t + 1/N),yir1(t + 1/N) = viem(t) +¢/2. (B.5) {{e:asump}}

Notice that under (B.5) wéeonkpmpded to deal with the possible truncation caused by ;i (t). There
are still several cases

1. It y(6(i —m)/N,t) < yi(t) < v(0(i+m)/N,t), then z;(t) = y;(¢). If also z;(t+1/N) = y;(t + 1/N),
then x;(t+1/N)—z;(t) = y;(t+1/N) —y;(t) € {0,1/N}; otherwise y;(t+1/N) > v(0(i+m)/N,t+
1/N). Recall that 837( ,8) € [0,1], we must have

Yi(t +1/N) > y(0(i +m)/N,t + 1/N) = v(0(i + m)/N,t) > yi(t) = yi(t + 1/N) = y;(t) + 1g~ :
6

In this case x;(t + 1/N) = y;(t), and z;(t + 1/N) — z;(¢) = 0.

If 2;01(t) = yigp1(t), then z;41(t) — 24 () = yit1(t) — yi(t) = 0/N; otherwise y;1(¢) > v(0(i +m +
1)/N,t). Recall that y(y + 0/N, s) —v(y,s) = 0/N, we must have

Yip1(t) >v(@(1+i+m)/N,t+1/N) > v(0(i +m)/N,t) + /N = y;(t) + 6/N. (B.7)
In this case ;41 (t) = y;(t) + /N = z;(t) + 6/N.

2. If y;(t) > ~(6(: + m)/N,t), then z;(t) = y;(t) — Z»o. For y;(t + 1/N) there are two cases: If
yi(t +1/N) < ~v(0(i + m)/N,t + 1/N), recalling that 9s7(y, s) € [0,1], then we must have

Yt +1/N) < (06 +m)/N,t +1/N) <~(0(i +m)/N,t) + 1/N <yi(t) + 1/N. (B.8)
In this case y;(t) = y;(t + 1/N) = z;(t + 1/N), and it follows
yi(t) —1/N =y;(t+1/N)—1/N < v(0(i +m)/N,t + 1/N) — 1/N < y(6(: + m)/N,t). (B.9)

So z;(t) = yi(t) — 1/N and x;(t + 1/N) — x;(t) = 1/N.
Otherwise if y;(t + 1/N) = v(0(i + m)/N,t + 1/N), recall 0;y(y,t) € [0, 1], we have

zi(t) < zi(t + 1/N) < 4(0(i +m)/N,t + 1/N) < 4(0(i +m)/N,t) + 1/N < z;(t) + 1/N + 1/N.
(B.10)
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In this case we still have z;(t + 1/N) — z;(¢t) € {0,1/N}.

For y;+1(t) there are two cases: If y;11(¢t) < y(0(1+i+m)/N,t+1/N), then x;11(t) = y;+1(t) and
Tip1(t) — 2 () = yip1(t) — yi(t) = 0/N. Otherwise if y;41(¢t) > v(0(1 +i+m)/N,t + 1/N), recall
that y(y +0/N,s) —(y,s) = 0/N, so

x;i(t) +0/N < ~v(0(i + m)/N,t) +0/N < ~v(0(1+i+m)/N,t), (B.11)
and z;41(¢) > x;(t) + 6/N.

Finally we check that the height function H of {@(t) }o<i<r as constructed in (B.3) satisfies (2.1). For
any z;(t) < < 2;41(t), then v(0(i —m)/N) <z < vy(0(1 +i+m)/N)

01 0
_ 2 < 2. .
i) - | < (B.12)
and
0(i —m) . . 0(1+i+m)
— 2 5 K < _— .
max {0, N } < H*(z,t) < min {9, N , (B.13)
The claim (2.1) follordsdunaz}(B.12) and (B.13). O

Proof of Lemma 2./. The statement (5.51) follows from (4.11) and VA(x,t) = (0, —ov)1(tv < & < 1+tv).
On the interval [tv, £ + tv], we have

l+tv 6dy
= — =1 B.14
’{t(‘r) /tv (y _ QZ‘)Q + 52 ( )
and

|~ () = / ody _ é
ST S (v — )2+ 62 7 6+ dist(, {tv, £ + tv})”

(B.15)

Outside the interval [tv, £ 4 tv], we have

= [ ; (B.16)
. (y — )2 462 ~ § + dist(z, [tv, £ + tv]) + dist(x, [tv, £ + tv])?’

and
ody

l—an/ —_—— = 1. B.17
(@) (to,04+t0]0 (Y — ) + 02 ( )

Proof of Lemma 2.5. From the expression (2.6),

{+tv dy

. L+tv L+tv
ko(z) = —Tm . / L_/ _dy
tv (SC + 16) -y 2 tv (x + 15) -y tv (;L‘ - 16) -y (B 18)
i ln(:c+i5)f(€+tv)_ln(xfi(S)f(ertv)
2 (z +16) — tv (z —16) — tv ’
where In(+) is the branch on C\ [—oc0,0]. And
L+tv {+tv L+tv
Hib () (z) = Re/ by ] / Ay +/ _dy
tv (aj + 16) -y tv (;Ij + 16) -y tv (.’17 - 16) ) (B 19)

T2
! (z +16) — (£ + tv) (x —16) — (€ + tv)
—2<ln (x4 10) — tv in (x —1id) — tv >
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The expression (B.18) is{evélibhefipell for |Im[z]| < §. Thus k.(x) extends analytically to k.(z) for
|Im[z]| < 6. Moreover,

D.r0(2) = Lo, (m (2 410) — (4 tv) | (2—i0) — (¢4 tv))

2 (z+i6) —tv (z —1id) — tv
i 1 1 1 1
= — — B.20
2((z+i<5)—(€+tv) G110) —to (z—ié)—(€+tv)+(z—ié)—tv> (B-20)
6 B 5

(z—C0—tv)2 4+ (2—1tv)2+462
If dist(z, {tv, £ + tv}), the first statement in the claim (2.12) follomizappa}(B.20).

For z = z + in with |Im[z]| < §/2

5 ] )
< < , B.21
(z — tv)? + §2 (x —tv)2 4+ 62 —Im[z]2 ~ 62 + (z — tv)? ( )
and similarly
5 )
< B.22
(z—0—1tv)2+862|™ 2+ (x—0—tv)?’ ( )
We conclude that by plugging (B.21) afd:@x22) into (B.20),
) min{rk:(z),1 — ke(z)}
rn(2)] < < : B.2
1061 (2)] 5 62 + dist(z, {tv, £ + tv})2 ~ 0 (B.23)

where the last inequality is from Lemma 2.4. The claim (2.10) follomtzdzdm integrating (B.23) from z to
T+ in.
The expression of the Hilbert transform (B.24) also extends analytically to Hib(x;)(z) for | Im[z]| < 4,

. 1 (z+1d) — (£ + tv) (z —1id) — (L4 tv)
Hib(k)(z) = 5 <ln Gt —to +In =) — 10 . (B.24)
For z = = + in with |n| < §/2, we have
(z418) — (£ + tv) 14
< _— < .
In R <ln 1+(z+i§)—t’u +7 < In(4/6) + O(1), (B.25)

and we have the same estimate for the second term on the righthand side of (B.24). This gives the first
statement of (2.11). To prove the second statement of (2.11), we can rewrite (B.24) as,

Hib(k¢)(z) = % (In((z — € — tv)* + 6%) — In((z — tv)* + %)) . (B.26)
If dist(z, {tv, £ + tv}) 2 ¢, from (B.24), we liitkappa2}
4]
Hi < B.2
ib(re(2) 5 dist(z, {tv, £ + tv})’ (B-27)
this gives the second statement in (2.12).
For z = o + in with |n| < §/2, we have
|ImIn((z — £ — tv)* +6%)| = | Im In(i2n(z — £ — tv) + (x — £ — tv)* + (6% — n?))] (B.28)

= [Im[In(z — £ — tv)% + (6% — )] + ImIn (1 P Cht bl 1) > ' <1 gy

G- l—wP+ =) |~ Je—p ¥

where in the last two inequalities we used that (z — £ —tv)? + (62 —n?) > 2|z — € — tv|\/62 — n2. We have
the same estimate for the second term on the righthand side of (B.26). This gives the second statement
of (2.11). O
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C Asymptotics for Macdonald Polynomials

{s:Macdonald}
In this section, we explain the correspondence between non-intersecting #-Bernoulli walk ensembles and

certain Macdonald ascending process (C.4). This correspondence will be used to derive large deviation
asymptotics for (skew) Macdonald polynomials. We collect some basic properties of Macdonald symmetric
functions in Appendix C. We recall the Macdonald ascending process in Appendix C.2. Our main
references are [41] and [53]. In Appendix C.3, we prove Theorem 1.7.

C.1 Macdonald polynomials and specializations

We use the following notations:

oo

. _ — a1 u) = (tu; ) oo 2= (1— o) (43 9)o o bracke
(a,q)oo—i[[l(l ¢, flu T I,(z)=(1-gq) T (C.1) {{e:bracketf}}

The next class of Markov chains is built out of the specializations of Macdonald polynomials. We
refer to [40, Section VI] and [8] for definitions and properties of Macdonald symmetric functions and use
them as a black box in this section. Macdonald symmetric functions P and @ are indexed by partitions
and implicitly depend on two parameters ¢,t € (0,1). The coefficients for the symmetric functions are
in Q[g,t]. Macdonald symmetric functions Py(x;q,t) and Qx(x;q,t) are elements of the algebra A of
the symmetric functions in infinitely many variables (x;)$2; uniquely determined by the following two
properties:

1. Py, |A| = m, can be expressed in terms of the monomial symmetric functions via a strictly upper
unitriangular transition matrix:

Py =mx+ Z RAMPIM
HU<AEY

where Ry, are functions of ¢,t and g < X is comparison in the dominance order on the set Y,, of
all partitions of m (equivalently, Young diagrams with m boxes).

2. They are pairwise orthogonal with respect to the scalar product defined on the power sums via

0 L) X
s 1—qg™
<p)\7pu>q.,t = 5Auzk(qa t)v b= HPA” ZA(qvt) = Hlml (ml)' H 1 _ tAi )
i=1 =1

i>1

where A = 1™12™2_  ie. m; is the multiplicity of ¢ in A, ¢(A) is the number of rows, and
o= (z)F + (z2)f 4+ ..., k> 1.

We further define Q» = WAPT%M. Finally, the skew Macdonald polynomials Py, and @/, are defined
through the expansions: 7

PA(mlmea"'7y1ay2>"‘;Q7t) :ZPA/H(‘Tlaxh"';qit)PIl(yhyQ?"';q7t)’
"

Qx(@1, @2, Y1, Y2, 1) = > Qayp(@, 21,54, )Qu(yr, ¥, -3¢, 1)
I

C.2 Macdonald ascending processes
{s:Macdonaldprc
Computations in the algebra of symmetric functions A can be converted into numeric identities by means

of specializations, which are algebra homomorphism from A to the set of complex numbers. Specialization
p is uniquely determined by its values on any set of algebraic generators of A and we use (pg)72, as such
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generators. The value of p on a symmetric function f is denoted f(p). Given two specializations p, p’,
we define their union (p, p’) through the formula:

pr(p,p') = pr(p) +oe(p’), k=1

A specialization p is called Macdonald nonnegative if its values on all (skew) Macdonald symmetric
functions are non-negative, i.e., if for all partitions A and p,

PA/u(p7Qat) = Oa

The description of Macdonald nonnegative specializations was conjectured in [38] and proven in [42]:
{Theorem_Macdor
Theorem C.1 ([42]). For any fized q,t € (0,1), Macdonald nonnegative specializations can be parame-

terized by triplets (o0 = {@;}iz1,8 = {Bi}i>1,7) of nonnegative numbers satisfying > .-, (c; + B;) < oc.
The specialization p corresponding to a triplet (o, 3,7) is defined by for k > 2

oo _ e} o _ k ©o©
p(p) = Zai + % (7 + Zﬁz) ;o pelp) = Z(Oéi)k + (=1t i —(Z’“ Z(ﬁi)k~

Following [8, Section 2.3|, we create Markov chains out of the Macdonald-positive specializations:
{Definition_Mac
Definition C.2. Given two specializations p and p' we define the ascending transition through
1 P(psg.t)
(p; p') Pu(p;q,t)

where A and p are partitions with p C X and I(p; p') is the result of applying p to the x; variables and
p' to the y; variables in the infinite product

m— H (txiyﬁQ)oc.

ij>1 (Iz‘yﬁ Q)oo

PA[p) = QA/H(P/§ 1), (C.2) {{eq_ascending

To obtain the asymptotics of Skew Macdonald polynomials, we study the following special Macdonald
ascending process. We fix N, T > 1, and a sequence of positive numbers by, b1, b2, - - - , by_1. The transition
probability at time 0 <t < T — 1 is given in the notations of Theorem C.1 as

pra; =t 1<i<N; Pt P1 = by, (C.3) {{eq_principal_
with all other parameters set to 0. This gives a Markov process on Young diagrams A(0), A(1),--- , A(T)
1 Px(p;q,t
POA(t+1) = AA(E) = p) = MO (B = b ,1) (CA4) {{e:Mprocess}}

~ I(p, B1 = by) Pu(p;q,t)

Then the transition probability gives the skew Macdonald polynomials

1 P}\(pvQ>t)
PA(T) = AA0) = p) = = (bg, - ,b1-1);9,1 C.5 {e:MDdynamics!
(A(T) = AIX(0) = p) H((p,ﬂz(bo,-~-,bT,l))P“(p;q,t)QA/”(ﬁ (bo T-1);0,t)  (C5) | y
The evaluation of the Macdonald polynomial under the principle specialization p = (1,¢,...,tN"1) is

explicit, see [40, Chapter VI, (6.11)]:

Ni—Ajpi—i. j—it1.
_ N i . (q Tt aq)oo (t] 7q)oo
Pa(Lt, ... tN "l t) = t2im (=D H —— — (C.6) {{e:MDP}}
» &y ) s Y i—Njfj—i+1. —i. )
iesen @TVEITHL g) oo (75 ¢)00
for A=X 2 Xa... 2 Ay 2 0; Px(p;q,t) =0 if An41 > 0. We further use the w,,, automorphism of the
algebra of symmetric functions A defined on the power sums by:

1P
Wy, (Pr) = (*1)1C ' 1— Ukpk'
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As shown in [40, Chapter VI, Section 7],

Wt,q (P)\’/[J/('; t7Q)) = Qk/u(a qat)v

where A" and p’ are transposed Young diagrams A and p, respectively. Hence, with the specialization

B = (bo, b1, ,br-1), as in (C.3), wie DR}
Qx/u(B = (bo,b1,--- ,br-1);q,t) = Pxrjp (= (bo, b1, -+ ,br-1);t,q).

Claim C.3. The transition probability of Definition C.2 under the specializations (C.3) is non-degenerate
only for partitions X, p with at most n parts, i.e. A=A Z X = ...2N\) and p= (g > g = ... >
). Further, if we set t = ¢° and identify

T = (x1,%0,...,xn) EWY, xi=p; —0(—1), xi+e=X\—0G0—1), 1<i<n, (C.7)

then e; € {0,1} and the transition probability is given by
1 qxi4’05i
H(p7 ﬁ = b

) 1<i<jsn

_ xj+0e;
a pi=1 (C.8)

P(x + e|x) = Py

The following lemma gives the asymptotics of the Macdonald polynomial Py(1,t,... AV, t).

Lemma C.4. Given a Young diagram X € Yy, we identify it as an particle configuration

x = (X1,%X2,. .., xn) EWY, xi=X\—0(Gi—-1) 1<i<N, (C.9)
then
(xi —v;) 1y T,(i6)
Pa(,t,.. . 1N "L g,t) = gt (- 00t - 4 C.10
A(ya ) 7q7) q ! H F Xz XJ+9)H q(e)a ( )
I<j<N

Given sequences a sequence of Young diagrams
AN = A > M > > Dy evy, N1 (C.11)
such that
1. There exists a constant C > 0, /\§N) <CN

2. There exists a 1-Lipschitz nondecreasing function h : R — [0, 6], and when N — oo

N (N) .
0 A —(—-1)0
— - - 12
N ;Zl 0 ( N > — Ozh(x), (C.12)
in distribution. Then
lim ilnP)‘( tN=1lqt) = i/ln( — e"lm=vhdn(x) —9/ zln(1 — e"%)da
N—oo N2 o B 260

. B (C.13)
_592/6_,€de+ e/mh( Jdh(z) + " +o(1).

59

{c:mdensity2}

{{e:x1}}

{{e:drift_MDdyr

{1:Prhoformula]}

{{e:defxfromla)

{{e:MDP2}}

{{e:hxdef}}

{{e:MDP3}}



Proof. We can reorganize (C.6), afel ¥pRajite it in terms of the ¢-Gamma functions

(M5 q)oe (7)o C.14
H Ni—Xj pi—it1, ti—i (C.14)
v Ul @)oo (7% 0)00
B (Y0 (P97 q) C1s
- H (x,-—xﬂ-a. ) 0(j—1). ( : )
ey @ @)oo (g $ )0

Ly =y +6) Ty — 1))

_ : - C.16
B N T I M FErEa) (C.16)

_ Ty(xi —y; +0) 15 Ty(6) ©17)
i<i<N Fq(Xi — Xj) i1 Fq(le)

The claim (C.10) follows. For the asymptotics (6.10), simply write )\EN) —(i—1)8 = x;. By our assumption
(C.12), the exponent in the first term on the righthand side of (C.10) is

2

N K N 0i x; K> K0
; P D00+ - 1)) = £ 3 2R+ o) = /xh(x)dh(x) + 55 1 o(1) (C18)

We recall the following estimates for the ¢-Gamma function for ¢ < 1, the first statement follows from
[43, Corollary], and the second follows from [43, Theorem 1].

g —1 1 72 ydu
InT,(2) — (2 —1/2)1 - — <C, z2 1
nTy(z) — (2 /)n<q_1) lnq/_lnq e AR (C.19)
¢ —1 C
0.InTy(z) —In < 1 >‘ < o Z > 0. (C.20)

So we have

N N ; _

1 ¢’ -1 1 g g4

7 Do IT(6) — Ty Z (z@ln( >+m<;/0 ) +0(1/N)
=1 —

(C.21)
- gln (%) e/olzmaeﬁem)dxne)?/mclﬁoanzv/zv).
and
N2;1 ;ia;]r9 N2;01n< - J—1>+O ;Xiixj
- LS 9 ( - 1) + 0 (In N/N) (C.22)
1<J

:—gl (% )+% In(1 — e*#=*dh(z)dh(y) + O(ln N/N).

where we used that x; —x; > 0(i — j) for the second inequality; in the last equality we used Lemma 2.8.
The claim (C.13) follnganmet2plugging (C.18), (C.21) and (C.22) into (C.10). O
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C.3 Proof of Theorem 1.7

Thanks to the relation (C.5), the large deviation asymptotics of the skew Macdonald polynomials can be
obtained from the large deviation principle of the dynamics (C.8),

LQ mQx/u(B = (bo, - ,br-1);9,t) = % In (P(A(T) = A[A(0) = p)I(p, B = (bo, - ,br-1)))
t=0

+o(1),
t=T

* 39 (/ In(1 — e~ dh(z, t)dh(y, t) + 2n/xh(a:,t)dh(x,t)>
(C.23)

where we used Lemma C.4. The dynamics (6.20) afd:Mhéynamiésdrsecting 6-Bernoulli random walks
(1.10) differ by the drift E(x)D(x) with

N .
D)= [[ 2Ver=® (C.24)
0<t<T-1
X; t)—X‘(t) qxi(t)—ﬁ-eei(t)_qxj(t)-‘reej(t)
pw = 1 I grmey o riom w0 -0 (C.25)
0<t<Ti<j g % 7 q q

Theorem 1.7 follows from plugging Lemma 6.6 and the following lemma to (C.23). We remark that all
the terms involving x cancels out perfectly.

Lemma C.5. Adopt the notations and assumptions of Theorem 1.7, the following holds

erlz—yl t=T
L B < / / A )R ) + 25 / xh(x,t)dh(m,t)) +o(1)
N2 T 20 —H|5L‘ —o
Proof. We observe that
1
u — L/ qax+(1—a)yda (C.26)
r—y Ing
so that
x;(t) — X; (t) 7 ()+0ei(t) _ q (t)+0e; (t)
KT 0ea(t) — Gy (0 + 0, (0)  go0 — o
oot f 0 OF0e. (0, (0065 () g d gy (C.27)
= qeej (t)qui () —x; (1) [qae(et (t)_e.'/((t))]

S gt =% ®) da

where for a real number 3, Eg denotes the expectation over the variable a € [0, 1] given, for any bounded
measurable function f on [0, 1], by

f a)B%da
Eg[f(a)] = 27—
fo Beda
We recall that ¢ = ¢"/N, and denote t = t/N, so that
E. sty [0 D€ ()] = ¢ IR EPE a0y [0140(37)

where O(1/N?) is uniform over the z;(t),z;(t) and over # in a bounded set. Recall that e;(t) = x;(t +
1) — x;(t). Hence, we deduce that if f(y) := Eev[a],

E(m) = H enN Pigign 0i=Dei(t) o
OStST-1 (C.28)
% e9F Lo<iet—ri=t/N 2Zicy Fr(@i(t) =25 (8))) (@i (t4+1/N) =2 (¢+1/N)) = (@i (t) —2; (1)) +ON)
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For the first term on the righthand side of (C.28), weldmsle

T-1 N N
F D =10t + 1) = xi(1) = 21_1 T) — 2;(0))
o = (C.29)
K 0i =T
= 3 Ly —mO)+ 0N = § /:ch(x,t)dh(a:,t) o
For the second term on the righthand side of (C.28), ldte:tt1}
KT KT 1 - 1 1eomma_n1_ena:
ac)—/o f(y)dy—/o 8y1n/0 e“Ydady =1 /0 da =1 — (C.30)
so that F'(z) = kf(kz), and
rf(k(@i(t) = ;1)) (@it + 1/N) = 2;(t + 1/N) = (2:(t) — z;(1)))
1 (C.31)
= Pt + V)~ 2yt + 1/9) = Flas(t) = 2,(6) + 0 (7

where the error is again uniform since f is uniformly Lipschitz as |0, f(y)| < 2. Therefore, for the second
term on the righthand side of (C.28), we have

% Y F(@i(T) = 2;(T)) = F(i(0) — 2;(0)) +o(1)

t=T
B ie // F(lz —yl)p(y; z(t)) p(a; z(t))dydx

where we finally used that F' is uniformly Lipschitz on compacts. Finally, we can see that the above right
hand side is a continuous function of H(y;x(T)) and H (y;x(0)) equipped with the uniform topology,
provided its derivative is a probability measure. The proof follows the ideas from Lemma 2.8, so we omit
the details. It follows from plugging (C.29) afd:&2}2) into (C.28),

= nE@) = (// 17{6:1 yy|dh(y,t)dh(a:,t)+2n/a:h(ac,t)dh(x7t)>

(C.32)
O(1/N)

t=0

t=T
+o(1) (C.33)

t=0

O
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