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Abstract : We obtain large deviation upper bounds and central limit theorems
for non commutative functionnals of large Gaussian Wigner matrices and deter-
ministic diagonal matrices with converging spectral measure. As a consequence,
we derive such type of results for Gaussian band matrices and generalized sample
covariance matrices.

1. Introduction

During the last decade, the understanding of the asymptotic behaviour of large
random matrices has considerably improved since the pioneer works of Wigner
[Wig], Arnold [Arn], Wachter [Wac| , Wishart [Wis] and Pastur and Marchenko
[P,M]. These papers were mainly motivated by Quantum Physics and proved con-
vergence of the spectral measure of these matrices as their size goes to infinity under
diverse assumptions on the distribution of their entries ; Wigner [Wig] studied a
random N x N Hermitian matrix with i.i.d. complex (or real) entries (except for
the symmetry constraint), Wishart [Wis| (see also Wachter [Wac])introduced the
N x N Hermitian matrix Xy X3 with Xx a N x M matrix with i.i.d. complex (or
real) entries, Pastur and Marchenko considered band matrices where the entries are
non zero only on some band surrounding the origin and generalized sample covari-
ance matrices of the form Xy RX} with Xy as above and a M x M deterministic
matrix R with converging spectral distribution (see [Sh],[K,K,P,S] and [BE] ). We
send the reader to [Bai] and [K,K,P,S] for reviews on the subject.

The fluctuations of the spectral measure around its limit for Wigner’s matrix
with Gaussian entries were first obtained by K. Johansson [Joh] (see also [C-D] ).
The fluctuations of the spectral measure around its expectation were studied un-
der much more general assumptions over the entries and for most of the models
described above (see [So|, [B-M,K],[K,K,P] and references therein ). However, such
statements are weaker than the result obtained by K. Johansson [Joh] for the Gauss-
ian orthogonal ensemble. In this paper, we shall generalize K. Johansson’s type of
result to band matrices with Gaussian entries and for polynomial test functions.

Large deviations for the law of the spectral measure of Wigner’s matrix with
Gaussian entries were obtained in [BA,G] and for related models in [BA,Z] and
[H,P]. There is actually no clue how to extend these results to non Gaussian entries.
In [G,Z], the authors obtained concentration’s inequalities for the spectral measure
of the above matrices under various hypotheses on the distribution of the entries.
However, even though this paper provides concentration on the right scale, there
is no hope to deduce complementary lower bounds. Here, we shall obtain large
deviation upper bounds for the deviations of the spectral measure of Gaussian
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band matrices, which we hope optimal. Note at this point that the joint law of
the eigenvalues of Gaussian band matrices is a priori complicated, being given
by a N x N Jacobian which does not lead to simple formulae since the law of
Gaussian band matrices are not invariant under the action of a group such as the
unitary (or orthogonal)group on the contrary of Wigner’s matrices. In particular,
the techniques of [BA,G] are useless here. In the direction of interests encountered
in free probability, deviations of the non-commutative law of a couple of independent
Gaussian Wigner’s matrices were studied in [C-D,G] using a functionnal approach
based on stochastic calculus. We shall follow a similar approach in this work.

This result will in turn provide a large deviation upper bound for the spectral
measure of generalized Gaussian sample covariance matrices.

However, the goal of this paper is not only to consider functions of the spectral
measure of large random matrices but more general non-commutative functionnals
involving large random matrices and an algebra of deterministic diagonal matrices.
Such functionnals were already introduced in [Sh] where the author obtained law
of large numbers type of statements for the normalized trace of these functionnals
thanks to free probability technics (more precisely the notion of freeness with amal-
gamation ). As a consequence, D. Shlyakhtenko deduced the convergence of the
spectral measure for Gaussian band matrices. The strategy followed in this paper
is intimately related to the ideas of [Sh] but we shall push forward the analysis to
obtain large deviation upper bounds and central limit theorems. In particular, we
define a good rate function governing the large deviations of these non-commutative
functionnals and a self adjoint positive definite operator defining the covariance of
the central limit theorem. Large deviation for non-commutative variables were al-
ready obtained in [C-D,G] and a central limit theorem in [C-D] for independent
Gaussian Wigner’s matrices. The main difference here is that we consider a sin-
gle random matrix and a deterministic algebra of diagonal matrices. Some of our
statements could be interpreted in terms of free probability. However, we shall not
discuss this aspect in details here.

The paper is organized as follows ; we begin with the introduction of our no-
tations and results. We then introduce It6’s calculus for band matrices which is
the key to all our proofs. In section 4, we state and prove a large deviation up-
per bound. Studying the minimizer of our rate function, we deduce a law of large
numbers theorem in section 5. It is supplemented in section 6 by a Central limit
Theorem. We also describe in the next section how these results can be interpreted
in terms of inhomogeneous sample covariance matrices.

2. Notations and statement of the results

Hereafter, M will denote the set of N x N matrices with complex entries. Hpy
will be the subset of My of Hermitian matrices. We set M = UyewMpy and
H = UnyewHpy. tr will denote the natural extension of the trace to M given,
for any A € My, N € IN, by tr(4) = Zf\il A;; and try the normalized trace
trn(A) = N7ltr(A) for A € My, N € IN. We shall consider, for N € IN, the
random matrix in Hy

(Xn)ij = (Hn)ijn (i j)*



where Hy is a Hermitian matrix with complex Gaussian entries with covariance
N~! and vy is a non negative symmetric function on {1,.., N}? which can be
decomposed as

n(zy) = / o (2)o (y)dp(r)

with a measure p on a Polish space (£2, ) with finite mass, and bounded functions
(oM, 7€ Q) on {1,.., N} such that 7 — o (z) is measurable for the sigma-algebra
Y for any = € {1,..,N}. We can assume without loss of generality that the total
mass of p is one to simplify the notations. We shall assume that, if AY denotes the
N x N matrix with diagonal elements (o2 (i),1 <1i < N),

T

(HO)for any (71, ..,7) € Q™, n € IN, the joint distribution (in the non-commutative
sense)of (Ar,,..,Ar,) converges, i.e there exists a probability measure mr, . . on
R so that for every bounded continuous function f on R,

i > (TLoX@) ) = [ s@im, . o). (2.1)

Further, we suppose that

T=sup sup sup |02 (2)] < oo.
TeEQ NeIN ze{1,..,N}

It is convenient to consider, in order to use the powerful tool of stochastic dif-
ferential calculus, X as the value at time one of the H y-valued process

(Xn(t)is = (Hn(1))ij¥n (3, 7)

where Hy(t) is the Hermitian Brownian motion which is described on the space
Hn of Hermitian matrices of dimension N as the Markov process (Hy (t));cr+ with
values in ‘Hy and independent complex Brownian motions entries so that

=

i,j k,l tN\s 1
EH () Hy' (s)] = 0,0,
More precisely, we can construct the entries {H]Z\,J (t),t>0,(i,7) € {1,..,N}} via
independent real valued Brownian motions (f; ;, 5,’”)}2;;2\\; b
1
Hy' = —=(Bra+iB},) if k<1
N m(ﬁ’%l Bk,l)
1 . / .
= — —1 ifk>1
\/W(ﬁhk 5l7k)
1
=—pitk=1

VN

To take into account the inhomogeneity of the covariance of X, we shall, fol-
lowing D. Shlyakhtenko [Sh], consider jointly the matrix-valued process (X (t),t €
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[0,1]) and diagonal matrices. To this end, let us introduce a set D of sequences A of
uniformly bounded converging diagonal matrices AV of H (hence with real entries
) that is sequences A = (AN) e so that, if (AN, .., A\Y) denotes the eigenvalues
of AN,
sup  sup AV < o0 (2.2)
NeIN ie{1,..,N}

and % Zi\;l ) av converges as N tends to infinity for the weak topology, i.e there
exists a probability measure ma on R so that for any bounded continuous function

I
Jm >IN = [ f@ydmao). (2.3)

In the sequel, we write in short
m(A) = /xdmA(x), VA € D.

We shall consider a subalgebra D, that is stable by product and sum, of ID containing
the real vector space generated by the identity and the null matrices as well as the
sequences

D"/’ = {AT = (A7]'V = (6i=ja7jy(i))1§i’j§N)N€le TE Q}
We endow D with the norm given, for any A, A € D by

A=Al = sup  sup A} — A}
NeIN ie{1,..,N}

and assume that D is separable for this norm.

Examples (2.4). a) The first example one should keep in mind is when

o (i) = 72(x:)

with o, € Cp([0,1],R) for 7 € Q. In the sequel, we shall denote A(p) € D, the
sequence

a0 = (v = ds0(y)
NelN
for ¢ € Cp([0,1],R). One can choose D to be the set
D.={A: FpeC0,1R); A=A@)}.

D. is clearly an algebra and is separable for | |o since Cp(]0,1],R) is separable for
the uniform norm. (2.8) is fulfilled since, for any f € Cp(R), for any ¢ € Cy([0, 1], R)

Jim_try (f(An(9)) = Jim %fj ( —)) / fo@)ds = [ 1)imass (@
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with MA(p) = 1[071]d(]: o gf)_l.

b) However, the general scheme proposed above may be useful to include the case
where, for instance,

for some integer number My and bounded continuous functions o, and 6,. We
assume

Choosing for instance D to be

) ~ ANy 1 ~ 1
Dy = {A v 39,9 € C([0,1],R); (A™)y; = 5izj(¢(ﬁ) + 10§%§%¢(ﬁ))31\7 € JN} ;
Dy can be seen to be a separable algebra for | |oo. (2.3) is also easily checked. This
second example will appear naturally when we shall consider generalized Wishart’s
matrices.

We shall see also an element A of D as a function from H into H by setting for
any X € Hy, N € IN, A(X) = AV,

In [Sh], the author considered the random variables
{try (P(Xn(1),AY, . AN)), A,.,A,€D,nelN}

for non-commutative polynomial functions P of n + 1 variables, and proved their
convergence as N goes to infinity. Because the associated topology inherited for
instance on the spectral measure of X is not the weak topology, we shall, as in
[C-D,G], consider other test functions than polynomials. Such test functions shall
belong to the set £(C) of functions on H so that for any N € IN, F € £(C) maps
Hy into My. E(R) will be the subset of Hermitian matrix-valued functions of
E(C). Note that if f is a real function, we can define the function F' on H so that,
if X e H, X =U*DU for a diagonal matrix D and a unitary matrix U,

FX)=U"f(D)U,  f(D)ij = 0i=; f(Dii)-

It is straightforward that F' belongs to £(R). In particular, for any z € C\R,
X — (z— X)~ ! is an element of £(C). We shall be particularly interested in the
following by the complex vector space Fr(X,D) C £(C) generated by

{F:H—)M;F(X):ﬁ

i=1

1

—A(X),
zi —o; X (X)

(Zi)lgign S ((C\]R)",az S {0, 1},Ai eD,n e ﬂV}

Note that Fg(X,D) is an algebra since D is. Further, it contains 0 and 1 since
D does. Fr(X,D) shall be the real vector space of the Hermitian matrices valued
functions of Fr (X, D).

We shall prove the following law of large numbers
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Theorem (2.5). For any F € Fc(X, D), any t € [0,1], try(F(Xn(t))) converges
almost surely as N goes to infinity. Its limit, denoted u;(F'), is described in section
5.

In particular, if ¢ is as in examples (2.4) and taking functions of F(X,D)
which are products of one Stieljes functions and one diagonal matrix, we find that,
if 9 is the function on [0,1]? given by

Corollary (2.6). For anyt € [0,1], any z in C\R, any ¢ € Cp(]0, 1], R),
N .
N7 o0z = X (0) 7
i=1

converges almost surely towards t~2 fol o(x)k(x, t’%z)da: where, if K is the operator
in L*([0,1]) with kernel 1), k is the unique analytic solution of

k(z,2) = (2 = K(k(.,2)) ()"

so that zk(x, z) goes to one as |z| goes to infinity for any x € [0, 1].

See Lemma (5.10) for details.

Further, by density of Fr(X, D) in the set of non-commutative polynomial func-
tions and controls of the normalized trace of moments of Xy (t), we shall see that
theorem (2.5) implies that

Corollary (2.7) . For anyt € [0,1], any Ay, As.., A,, € D, any non-commutative
polynomial function P of n + 1 variables, try(P(Xn(t), AV, .., A,)) converges al-
most surely towards a well defined limit denoted p; (P).

Hence, we find again the results of [Sh] and [P,M]. This last result is precised
in section 6 by a central limit theorem which validity requires the following extra
hypotheses that

(H1)For any A € D,
N (try (AN) = m(A))

converges as N goes to infinity towards a constant ¢(A).

Note that as D must contain Dy, this last assumption also applies to (A, 7 € ).
We shall also impose

(H2)For any Aq,..,A, € D, any m € IN, any non-commutative polynomial func-
tion P of n + m wvariables,

sup sup N |trN(P(A]T\{, ..,A]T\;,Aiv, W AN —m(P(A,, . A AL An))} < 0.

T1y s Tm €Q NEIN

Then, we will show the
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Theorem (2.8). Under (H1) and (H2), for any t € [0,1], any n € IN; any
A, .., A, € D, any non-commutative polynomial function P of n + 1 variables

N (try (P(Xn (1), AY, .., AN)) — 13 (P)) converges in law as N goes to infinity to-
wards a (eventually not centered ) Gaussian law.

We send the reader to section 6 for the definition of the mean and the covariance
of the above Gaussian law. Let us give the following

Examples (2.9). We consider again the examples given in (2.4).

a) In the first example, we consider the case where

oN (i) = 7:(xc).

To obtain a central limit theorem, we shall assume that o, belongs to C}([0,1],R)

for T € Q and that, if || ||, is the uniform norm on Cy([0, 1], R)

sup ||oL || < oc. (2.10)
TEQN

One can then choose D to be the set
D, ={A(¢), ¢eC(0,1],R)}.

D! is clearly an algebra. Further, (H1) is fulfilled since for any ¢ € CL([0,1]),

i N (% > o) - / ¢<x>dx> = 5(6(1) ~ 9(0)).

Also, for (H2), note that for any T1,..,7m € Q, any Aq,.,A, € D, any non-
commutative polynomial function P of n+m variables, P(Aﬁi, - A]T\;,A]lv, W ANY =
AN(p) for some ¢ € C}([0,1]) and that

Nltrn (AN () — / o(x)dz| < (|6 |-

The fact that this bound does not depend on the choice of T,..,7m € § is easily
derived from (2.10).

b) In the case where

for some number My and continuously differentiable functions o, and 6., (H1)
and (H2) can also be fulfilled provided

MN—CVN



converges towards a constant c(c) and

sup |02 ]| < oo, and  sup ||oL|]. < 0.
TEQ TEQN

Note that if My is an integer number, the first assumption should only be valid
along subsequences in general. We then choose D to be

D, = {D 30,6 € CH([0,1]); (AN); = 5z'=j<¢(%> +1oe

To state our large deviation upper bound result, we have to be more precise
about the involved topologies and space of measures.

M is furnished with the operator norm ; if < , >y denote the Euclidean
scalar product in CV, < u,v >n= Zf\il u;v;, and || ||y its associated norm, we
define the operator norm | | given, for any A € My, N € IN, by

1
|Aleo = sup <u,|Alu>y= sup <u,AATu >3} .

[lul|n=1 [lu||n=1
Recall that | | is a norm which satisfies the product property

|AB|oo < |Alos|Blso-
M is furnished with the involution *, extension of the usual involution on each
Mypy, N € IN. Also, there is a partial order on H so that A < B for A, B € Hp,
N € IN, iff < u, Au >N<< u, Bu >y for all u € CV.

We can endow £(C) with the topology inherited from the norm given for any
F € £(C), by
IFlleo = sup sup {|F(A)loc = A€ Hn}.

It is not hard to check (see [C-D,G], Lemma 4.26)that, with (2.2),
Lemma (2.11). Any F € Fc(X, D) has finite || || norm.

We let Fe(X, D) (resp. Fr(X,D) ) be the closure of Fr(X, D) (resp. Fr(X,D))
by the || ||oo norm. F¢(X,D) (resp. Fr(X,D) ) is a complex (resp. real)Banach
space. Further, they are separable. In fact, since D was assumed separable (note
that the norm defined on D agrees with || || ) is a separable set, Fc(X, D) is
separable for || || with a basis given, for instance, by the set of functions of the
form

n 1
F(X) = H WA]-(X),X € H,A; € Bp,aj,a; €QnelIN (2.12)

Jj=1
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if Bp is a basis of D.

We can now define the set of non-commutative probability measures ; let F¢ (X, D)’
be the algebraic dual of F¢ (X, D), that is the space of linear complex valued forms
on Fc(X,D). Let M be the subset of F¢(X,D)" with real valued restriction to
Fr(X,D). M is isomorphic to Fgr(X, D)’ since for any u € M, we can write, with
* the natural involution defined by

F*(X) = (F(X))* VX eH,

p(F) =u<F+2F*) +ip (F;ZF>

where (F+ F*) and (F — F*)/i € Fg(X,D). We furnish M with the weak topology
induced by Fr(X, D), denoted Fr(X, D)-topology.

We shall now introduce the analogue of the set of probability measures (that is
the notions of boundedness, positivness and mass 1).

For any positive real number a, we denote by M, the subset of M of linear forms
W such that
VE € Fe(X, D), [u(F)| < al[Flls (2.13)

Further, let us consider the following partial order on E(R) ; If (F,G) € &E(R),
F<Giff
VX eH, G(X)>F(X).

We shall say that a linear form p € M is positive iff
VF € Fr(X,D) F>0= pu(F)>0.
1 will be said to be tracial if

VF,G € Fc(X,D) w(GF) = u(FQ).

Let M: be the subset of M,, of positive tracial linear forms. We can define the

notion of total mass for any linear form u Of/Wa+ by
my =sup{u(F), F € Fr(X,D), ||F|loc <1} = (1)

The analogue of the commutative set of probability measures will be the subset
My of/\_/l;r of linear form with total mass m,, exactly equal to one.

By a standard diagonalization procedure, it is not hard to check as in the com-
mutative setting that M, is compact for the Fg(X,D)- topology since Fr(X,D)
is separable. The Fr(X, D)- topology is compatible on M with the distance

dip,v) =llp=vlll= Y 2iplu(Fp) —v(£p)|-

where (F)p,cm is a basis of uniformly bounded functions of F(X, D) as described
in (2.12).



Hence,/ﬁlz is a compact metric space, thus Polish.

Let /lﬁN) be given by
AN(F) = trn (F(Xn (1) VF € Fo(X,D), Vte|0,1].

Then, considering (ﬂﬁff),o <t < 1) as a continuous M -valued process and endow-

ing the set C([0,1],M ) of such processes with the uniform topology on the time
variable and the Fr (X, D)- topology on M , we shall prove that

Theorem (2.14). The law of (ﬂEN),O <t < 1) satisfies a large deviation upper
bound in the scale N* with good rate function S described in theorem (4.1).

We discuss in section 4 after theorem (4.1) the large deviation upper bound
obtained by contraction from theorem (2.14) for the law ﬂgN) and its relation with

the non-commutative entropy introduced by D. Shlyakthenko.

Let us make a few remarks about the corollaries of Theorem (2.14) in terms
of standard large deviation principle. Since we discussed this point in details in
[C-D,G], we shall here be rather sketchy. To this end, we recall the links of M
with standard spaces of probability measures. It is based on the following remark
of [C-D,G] (see property 4.32 and Lemma 4.26 ) that

Property (2.15).
Let F € ]:R(X, D)
1) For any f € Cp(R), f o F belongs to Fr(X,D).

2) The linear functionnal pr on Cp(R) given by

pr(f) = p(fo F)

is a compactly supported probability measure on R for any p E./\_/11: . Further, the
map p — pp fromMy , furnished with the Fr(X,D)- topology, into P(R), furnished
with the weak topology, is continuous.

As a consequence, the contraction principle and Theorem (2.14) imply

Corollary (2.16). Let F' € Fgr(X,D). Then, the spectral measure process of
(F(Xn(t)),t € [0,1]) satisfies a large deviation upper bound for the weak topol-
ogy in the scale N? with good rate function Sp given for any v € C([0,1], P(R))
by

Sr(v) = inf{S(n); (up)e =v¢ Vvt € [0,1]}.

Note that at this point, we do not obtain a large deviation upper bound for the
spectral process of Xy itself since F'(X) = X does not belong to Fr(X,D). To
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get such a result, we shall prove in addition a tightness criterium which requires
the next observations. As in [C-D,G], we can define a probability measure pux on
R so that for any f € Cy(R), ux(f) = p(f(X)). In particular, px is countably
additive and the monotone convergence theorem holds [1.26, [R] |. Hence, we can
set (1(X?) = px(x?). Let, for A € RT, KT (A) be the closed subset of M

KT (4) = {ueM; . ux(a?) < A}

and
Ki(oo) = |J KT(A) = {n eMy, px(a®) < oo},

In Theorem (4.1), 4N) is considered as an element of C([0, 1], K" (c0)) and we see
that all the ﬂEN) belong to Ki(A) with probability as large as we wish on the
exponential scale provided A is large enough (but finite ). Also, the processes with
entropy S smaller than some M are shown to have covariance uniformly bounded by
some constant depending on M. This is enough to see that the Fgr (X, D)-topology

will be equivalent in our setting with the topology obtained by duality of the set
_ 1
Fr(X,D) = {F € ER); AFp)new € Fr(X, D), |F - F,|(X) < E(X2 +1)}

where |F(X)| = \/F(X)2. Fgr(X,D) contains the canonical process X (approxi-
mate X by X(z + (1/n)X)~! € Fg(X, D) for some z € C\R as close as needed of
1 ). Using the following extension of Lemma (2.15)

Lemma (2.17). Let F € Fr(X,D) and u € K7 (A) for some A € R*. Then, we
can define

pr(f) = lm up, (f) . fe€C(R) (2.18)

n—oo

wr is a probability measure on R. Moreover, the map p — pp is continuous from
KT (A) into P(R) for any A € RT. Finally, pn — p(F) is continuous from KT (A)
into R for any A € RT.

The proof is the same as that of property 4.33 in [C-D,G].

As a consequence, using Theorem (4.1) and standard exponential approximations
described in [D,Z], section 4.2.2 (see the proof of corollary 4.4 of [C-D, G] for details
) we obtain

Corollary (2.19). The conclusions of Corollary (2.16) are valid for any F €
Fr(X,D).

To complete this introduction, we wish to summarize two applications. First, let
us consider the band matrix given by the model studied in this paper with

un(i.d) = vl 2) = [ oo (bl
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for bounded continuous functions o,.. As quoted in Examples (2.4), we can choose
D = D.. With such a choice, the law of large number statements (2.5), (2.6) as well
as the large deviation upper bounds results (2.14), (2.16) and (2.19) apply. For the
central limit theorem, under the hypothesis of Examples (2.9), we can take D = D.,
and conclude.

We can also apply our results to the generalized Gaussian Wishart’s matrices
given by

with YV a N x My complex Gaussian matrix with independent entries of covariance
% and TV a My x My diagonal matrix with non negative eigenvalues. As in [G,Z],

we observe that W is related to band matrices as follows. If X is given by

0 YN(TN)z ) | (2.20)

I G

the spectrum of (Xy)? is given by the spectrum of W with multiplicity two up
to some null eigenvalues since

(Xa)? — YNTN(y Ny 0
N 0 (TN)z (YN )y N(TN)3
Further, X has the law of (sz(i, )3 HN+My (1)”») with, if £1, .., tary
1<4,j<N+My

denote the eigenvalues of TV,

YN (i,7) = Inyi<isv+my Li<isnti + Int1<j<N+ My Li<i<ntj.

We assume for simplification that t; = t(m) for some bounded continuous non

negative function ¢. Note that ¥ can be written

m@ﬁz/ﬂmﬂm@m (2.21)

with p(7) = §,21 — 0r=2 — d,=3 and

1

N/ _ . _

o (Z)_lNﬁMNZNJXJ&IN(t(N—f—MN) 1)+1
N/ . i

g (Z) o 1_N+LMN'Z NJX—V_N t(N + MN)
0_:]3\7(7;):1_1 i > _N+41

NTMy 2 NI My
Hence, following the example (b) given in (2.4), if NJYJ}N converges as N goes to
infinity towards a constant « and if we choose D to be D, described in Examples
(2.4).b), the results (2.5), (2.6), (2.14), (2.16) and (2.19) apply to Xny. We note
St the rate function governing the large deviation of the spectral measure process
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() in the scale (N 4 My)? coming from Theorem (2.16) with the above specific
choice of function ¥ . To deduce the same results for W, observe that

wh 0
ayaray = (" 1)
with the property that for any F' € F¢(X, D),
G(X) = F(A3X?A3) € Fe(X,D). (2.22)

This last property can be deduced from the observation that for any z € C\R,
(2 — AsX2A5) " = Ag(27 +iX) (27 —iX) 'Ag+ (I — Ag)z~"
with any choice of the square root 22 of z. Hence, if pr (resp. p)is defined by
pr(F) = p(F(A3X?A3)),  p(F) = p(F(X))

for F' € Fc(X,D),the map p — pp in M7 furnished with the Fr(X, D)-topology
is continuous. We can hence deduce from the contraction principle and theorem
(2.14) the following result. Consider W = YNTN (YY) with YN a N x My
matrix with i.i.d complex Gaussian entries and TV a diagonal matrix with entries
(t(m), ...,t(1)) for a continuous function ¢. We set

) = e (F(WY)).

Corollary (2.23). Assume that My /N converges towards a positive constant c.
Then, the law ofﬂng) satisfies a large deviation upper bound in the scale (N + My)?
for the Fr(X,D)-topology. If St is the rate function of Theorem (4.1) with the
specific choice p(T) = 6r=1 — 0;—2 — 0,—3 and, for x € [0,1],
o) = 1o o (Ha) = 1) + 1
oa(x) = 1,5 > t(x)

1-— 1

o3(z) =

(N)

the good rate function governing the large deviations upper bounds of fip ’ is given
by

Ir(p) = nf{Sr(v) ;
N (F(DsX2A3)) = 1(F) + (I — Ag)FO)(I — Ag)) VF € Fa(X, D).

The central limit Theorem for X and W¥ can also be deduced from Theorem
(2.8) under the hypothesis that N + 1 — «(/N + My ) converges as underlined in
Examples (2.9), which requires considering subsequences in general. This hypoth-
esis is needed to insure the convergence of the expectation of N(try — ui)P but
would not be required if we would consider the fluctuations of the spectral measure
around its mean. We will not detail these results here.

The central ingredient to prove the previous theorems is an It6’s formula for
(ﬂgN),t € [0,1]). We shall prove it in the next section.
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3. Itd’s calculus

To present the stochastic differential calculus for the process Xy, we need first
to define a few differential operators. Most of them can be already encountered in
[C-D,G] where the reader can find a more detailed introduction.

3.1 DIFFERENTIAL OPERATORS

Let us first recall the definition of the non-commutative derivation. It is the
linear map Dx from F¢ (X, D) into £(C) @ £(C) so that for any F,G € F¢(X, D),

lim e 1 (F(X +eG(X)) — F(X)) = DxFiG(X)

with the notation (A ® B)fC = ACB and where ® denotes the standard tensor
product. Dx can be equivalently described by the the non commutative Leibnitz
rule and its action on basic functionnals. The non commutative Leibnitz rule says
that for every F,G € Fc(X, D), any A € H,

Dx(FG)(4) = Dx(F)(4) x 1@ G(A) + F(4) ® 1 x Dx(G)(A).

Here x denotes the multiplication in the tensor product space so that for any
N e IN,any A,B,C,D € My, AQBxC®D = AC® BD. Then, Dy is uniquely
defined if we set for any A € H, any z € C\R, any a € R,

1 1 1
A:
z—aX)( ) az—aA®z—aA

Dx(

and for any A € D,
Dx(A)(A) = 0.

Note that
Dy (Fe(X. D)) C Fe(X, D) ® Fo(X, D). (3.1)
We can thus define a second order operator D% from F¢(X,D) ® Fc(X,D) into
F(C(Xap) ®F(C(X7D) ®FC(X)D) by

D% =—-(Dx®1+1® Dx)o Dx.

N |

Let, for 7 € Q, M, be the map from My @ My ® My into My ® My for any
N € IN so that for any A, B,C € My,

M, (A®B®C)=AYB® AAYC
for any N € IN. We set for X € H,
(L. F)(X) = M, (DX F(X)) (3.2

and

(LF)(X) = / (L, F)(X)dp(7) (3.3).
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It is also natural to define the derivation Dx from F (X, D) into £(C) so that
for any trace p € M7, any F,G € Fc(X, D),

lime ' pu (F(X +eG(X)) — F(X)) = u(Dx F x G(X)).

e—0

It was already noticed in [C-D,G]| that if m is the map from My ® My into My
for all N € IN, so that m(A ® B) = BA,

Dx =moDx.

Also, in view of (3.1) ans since F¢(X, D) is an algebra,

Dx (Fc(X, D)) C Fe(X, D). (3.4)
We also set D* to be the linear operator on F (X, D) so that

D*(F)(X) = (DF(X))* VX € #.

Finally, if we let m, : My — My for all N € IN be the left hand side multiplica-
tion by A,, that is for any A € Hy, N € IN,

m.(A) = AN A,

we set

L =—-m;®m;oDyoDx.

N

Then, we define the operator from F (X, D) into F(X,D) ® Fc(X, D)

L= /ﬁpo(T)

that is that for every test function F' € Fo(X, D), any A € H,

L) = [ (L F)Aip(r).

3.2 ITO’S FORMULA

Let C1([0,1], Fr(X,D)) be the set of time-continuously differentiable functions
with values in Fg(X,D) and time derivative in Fg(X,D). We next show the

Lemma (3.5).

(1) Ito’s formula for the matriz-valued process Xy : for every F € C1([0,1], Fc (X, D)),
any t € [0, 1],

F/(Xx (1) = Fo(Xx (0)) + / tey ® Id (L(E,)(Xx (5))) ds
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+/0t 8SFS(XN(3))ds + /(;t DxF(XN(S))deXN(S). (36)

(2) Ito’s formula for the measure-valued process : for every F € C1([0,1], Fr (X, D)),
any t € [0,1],

N (1) = try Fy(Xn () — try Fo(Xn (0)) — /0 try [0, Fy (X (s))]ds

_ /Ot(trN ®tI‘N)[£Fs(XN(S))]dS

1 a real-valued martingale with bracket

< QW) 5= NL/ [ el (DxF(Xo 5))mr (D5 Fu (X (5) .

Proof. The proof follows multi-dimensional It6’s formula. Indeed, considering F3 (X )
as a function of the entries of Hpy, note that for any i,5 € {1,.., N}, and with

(Xn)ij = hijon (i, §) 3,
Oh,; Ft(Xn) = Dx Fy(Xn)8(On,; XN),
and for any k,l € {1,..,N},

Oy On,y Fi(Xn) = Dx ® 1o Dx Fy(XN)f (O X, 00,y X )
+1® Dx o Dx Fi(Xn)t (0h,, XN, On, Xn)

where we have noted A ® B ® C§(D, E) = ADBEC. Also, remark that

=

(Ohyy XNkt = Gij=rathn (4, 7)2. (3.7)

Now, recall that multi-dimensional It6’s calculus yields, since < (Hn )i, (Hn)ij >+=
N6,

N
dF (X (1) = O F(Xn (0)dt + Y Ony, F (XN (8)) (dX N (1))

4,j=1

1 N
+ﬁ Z d}N (i’j)ahjiahij F (XN (t»dt (38)

ij=1

where above the action of the operator is to be understood entries by entries, e.g
for any k,l € {1,..,N},

N N
Z '(/)N(iaj)ahjiahith(X> = Z wN(i’j)ahjiahij (Ft(X>>kl
i,j=1 b=l
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But, according to (3.7), for any k,l,m,n,o,p € {1,.., N}, if we denote (A ® B ®
C)klmnop = AlemnCopa

(ﬁ Zi\szl (N (iaj)ahjiahij E (X))kl
= % Zﬁ\fj:l Y (i, 7) (Dg(F)kijjil
= / (% Zf.?’j:l oM (D)o (j) (Dg(F)kijjil> dp(7)
= [(trny @ Id(L,F(X))),, dp(T)

(3.9)

giving the first part of the lemma.

For the second part, we need only to take the trace on both sides of (3.6) to
obtain

N
dtI‘NFt(XN(t)) = trN(OtFt(XN(t)))dt + Z tI‘N (DxF<XN<t))ﬁdXN(t>>

1,j=1

+ / try @ try (L, F(Xn(t))) dp(T)dt. (3.10)
The first term in (3.8) gives the martingale term
tI“N(Dth(XN (t))ﬁdXN (t)) = tI‘N(Dth (XN (t))dXN (t))

For the second, note that

tI‘N®tI‘N (LTF(X)) :tI‘N ®tI‘N (ETF(X)) (311)
Indeed, denoting (F}', F?) the family of functions in Fr(X, D) so that

DxF =) F'®F}

1

we find that

1
DY F = EZZ ((le); ®(Fz‘1)?®Fi2+Fi1 ® (F¢2)} ®(Fz2)]2)
i

so that

1
M. (D%F) = 5 DY (AAF; @ (F)JAF? + AL(F?)) @ FLAL(F))3) .

i g
On the other hand,

1
LF = om: @my o DX(Z F2F}

(2

1
= 52D (A(FDT @ AFHED] + A(FD)] © A (FP)FY)
? J
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so that taking the trace having the property
trn (A (F7)FE)) = ten (B A (F7)3)

gives (3.11).
Hence,
() = tra (Dx Fu(Xn (0)dXn (1))
is a martingale. Its bracket is easily computed by
< (dXN)ij, (dXN )kt >e= 6ijmieN " N (i, 7)dt.
The fact that the martingale is real valued is clear since, as F; € Fr(X, D),

tI‘N(Ft) = tI’N(Ft*) = tI‘N(Ft)

since try is invariant by transposition.

O

4. Large deviation upper bound

We shall prove a large deviation upper bound for non-commutative functionnals
of the process of (X (t)):e[0,1) in this section. The rate function for these deviations
is defined as follows. First, we define the empty state dy to be the element of KT (c0)
so that for any F € Fr(X,D), F(X) = [TiL; 7=5x 2

So(F) = m(F(0))

where A; € D,1 <4 < nand m(F(0)) is defined by (2.3) since F/(0) =[], z; ' A; 6
D by construction. We let C,([0, 1], KT (00)) be the subset of C([0,1], 1:( ))
continuous K7 (0co0)-valued processes o so that pg = dp and for any A € D, any

t €10,1],
1t (A) = o(A).

Then, S is defined by
T o0 if 1 ¢ ([0, 1], K5 (00))
S =1 sup S5(u) otherwise,
0<s<t<L1
with, if for F,G € C1([0,1], Fr(X, D)), we define for any times 0 < s <t < 1, any
€ C([0,1], KT (00)),

S UF ) = il F) = (B = [ pul@uFdu~ [ (P,

t
< F.G >>f;t—/ /uu (m,(DxF,)m-(DxGy)) dp(T),
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1
S5 () = sup (Ss’t(Fa p) =5 <EF >>f5t) :
Fec'([0,1],Fr(X,D))

Let us denote ﬂEN) the linear map on F¢ (X, D) so that for any F' € Fc(X,D),
any t € [0, 1],

" (F) = ey (F(Xy (1))).
We infer that (V) belongs to C(]0, 1], KL (c0)).

We shall prove in this section that

Theorem (4.1). ™) € C([0,1],KL(c0)) satisfies a large deviation upper bound
in the scale N? with good rate function S , that is

1) S is a non negative function which has compact level sets for the Fr(X,D)-
topology. Further, for any M > 0, there exists a A > 0 so that

Ey = {S < M} ([0, 1], K5 (A)).

2)
1 _
lim sup lim sup Nz log IP’(ﬂ(N) € C([0,1],KT(A))¢) = —oc.

A—oo N—ooo

3) For any closed subset F' of C(]0, 1],./W1:),

1
lim sup log P (/l(N) € F) < *iI}f S.

N—o00 W
. : N —1 —1 . .
In particular, since the application pu € C([0,1],M_) — u; € M_ is continuous,
we deduce from the contraction principle that

Corollary (4.2). ﬂgN) satisfies a large deviation upper bound in the scale N? with
good rate function given for p E./le by

Si(p) = nf{S(v); veC(0,1ML): v =u}

It is natural that the above infimum should be achieved at the limit process u’
obtained by conditionning the entries at time 1. It satisfies the differential equation

X
Ot (F) = =i @ p{(LF) + pt (- Dx F).
1y can also be constructed as the law of tA + X;q_; where (X, s € [0,1]) is the

limit of (Xn(s),s € [0,1]) and A has law p; and is free from (Xn(s),s € [0,1]).
We then deduce an upper bound for S; given by

S1(w) < S(u1) < / T ()du
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with J the Fisher’s information

1
J(u) = sup {2M®M<£F)*M(XDXF)*§M(HDXFHz)}
FeFy(X,D)

and i the image of u® by the homothety of ratio w3, By a translation on the
function F', we find

1 1
J)= sup  {uopu( / dp(r)m @m, Dx oDy F)— u([Dx FI[2)}+ S u(X?) 1.
FEF(X,D) 2 2

Thus, J(u) is finite iff u(X?) < oo and, by Riesz’s theorem, if there exists H €
L2
Dx(Fa(X, D))" ™ so that for all F € Dy (Fa(X,D))

1 u(/ dp(T)Ar @ A X Dx F) = u(FH),
and then ) .
T(n) = Su(H?) + 5p(X?) — 1.

Thus, the natural Fisher entropy is here given in terms of the image by the adjoint
of Dx of [dp(T)A; ® A; (compare with Wigner’s matrices where one takes the
image of 1 ® 1 by the same adjoint (see [Vo3])). This Fisher’s entropy is related to
that defined by D. Shlyakhtenko [Sh2] ; they are equal when D% ([ dp(T)A, @ A;)

[ —
belongs to the gradient space Dx (Fr (X, D)) (“).

The proof of this theorem follows the usual scheme ; we first study the rate
function S and prove that it is a good rate function. We then show that 4(™) is
exponentially tight and provide then a weak large deviation upper bound.

4.1 STUDY OF THE RATE FUNCTION

Lemma (4.3). S is a non negative function which has compact level sets for the
Fr(X, D)-topology. Further, for any M > 0, there exists a A > 0 so that

Ey = {8 < M} c ([0, 1], K5 (A)). (4.4)

Proof. First note that S is non negative since, for p with S(u) < oo, we have

1
S(p) = sup sup <Ss’t(F, p—5 <FF >>ff>

0<s<t<1 Fec'([0,1],Fz(X,D)) 2

/\2

= sup sup sup ()\Ss’t(F, u— — << FF >>Z’t)

0<s<t<1 FeC1([0,1],Fr(X,D)) AeR 2

s 2
1 (S>'(F, )

= — sup sup
2 0<s<t<1 Fect([0,1], Fe (X,D)) < F, F >3
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is non negative as S*'(F,u), < F,F >%'c R x R*. Further, for any F €
CH([0,1], Fr(X,D)), u — S%*(F,p) is continuous by the stability properties of
(3.1)-(3.4). For the same reason, y —< F,F > is continuous and hence S%*,
as a supremum of continuous functions, is lower semi-continuous that is has closed
level sets. Since M7 is compact, the precompact subsets of C1([0, 1],M 1:) can be in-
cluded, following [D G], lemma 5.4, in compact sets of the form K = (1, v K, with
Kl ={v € C([0,1],M; )/ the function (u — v, (F},)) belongs to K|} if (K] ),cmv a
sequence of compact 5ubbetb of Cp([0,1],R) and (F,)nemv a basis of Fr(X,D). In
view of Arzéla-Ascoli theorem, the compact subsets K’ of C([0, 1],R) are such that
there exists a finite constant C' > 0, a family e,, of positive real numbers ¢, €, — 0
as n goes to infinity, a family of positive real numbers §,, such that

K' = {f € C([0,1],R),[|f|l. <C, sup [f(t) = f(s)| <en, VYneIN}.

‘t_s‘g(;n

Hence, to prove that the level sets E); can be included into some X, we need to
show that for every F' € Fr(X,D), and every m > 0, there exists 52 (F) so that

1
Vv e Ey sup  |(F) —vs(F)| < —
|t—s| <6} (F) m

Since by definition we have
VF € FR(X, D), Vv e FEy
S5t (v, F)? <28%(v) <« F,F >%'<2M < F,F >%!

we deduce

t
|V (F) — vs(F)| < / Uy @ vy (LF)du| + \/2M<<F,F >

By definition of Fg (X, D), (3.1)-(3.4) and Lemma (2.11), all the functions appearing
in the above right hand side are uniformly bounded for || ||, so that we conclude
that there exists a finite constant AM (F) so that

v (F) = v (F)] < AM(F)(V/]t = s + [t = s])

Finally, to prove (4.4), we take

2
FX) = 1feX2 - i+§€X = +X\/EX € Fe(X. D)
and compute Dx F(X) = 2X (1 + €X?)2 and
LF(X,X) = [A: @ (A (1+eX?)™2)dp(T)
4 [AX ® A, x Dx(1 + eX2)~2dp(r) (4.5)
with X ® 1Dx (14 eX?)™2 given by
e D ((1+eX?)PXM) @ ((14eX?) Xt (4.6)

n=0,1;p=1,2
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easily checked to be the sum of tensor product of bounded operators with norm
bounded above independently of e.

Hence, there exists a finite constant C' so that if p € Eyy, for all ¢ € [0, 1],

2X

ATm)z)ds

ut<F>SM+c+/O s (

It is not hard to verify that by the trace and positivness properties of us, Cauchy-
Schwartz’s inequality type statements are valid and that VF,G € Fr(X,D), F >
0,

1s(GF) < [|Glloo s (F).

Hence, we compute

2X

Ms((Afm)Z )%) < 4|A 2o s (F)

X
< 2 =
) — 4||A7’||oous(((1 —|—6X2>2

so that we conclude, since the operator norm of A, is uniformly bounded by T by
assumption (HO), that

t
pie(F) < (C+ M) + 472 / ps(F)ds
0
and hence by Gronwall’s lemma

sup u(F) < (C—|—M>64T2.
te[0,1]

We can now let € | 0 and conclude that sup,co ) u(X7) < (T% + M)e4T2 which
proves the second point of the lemma. [

4.2 EXPONENTIAL TIGHTNESS
Note first that (N) belongs to C([0,1], T (c0)) almost surely. Further

Lemma (4.7). There exists compact subsets Kr,, L € IN, of C([0,1], MT) so that

1
liz sup — log P ([AN) € /cz) <L

N—o0

The proof follows the description of the precompact sets C([0, 1], LT (00)) given
in the last part and is given in details in [C-D,G] in a slightly different context. We
shall not detail it here.

Also
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Lemma (4.8).

1
lim sup limsup — log P (2™ € €((0,1],K4)°) = —oc.

A—oo  N—oo

Proof. This amounts to prove that

1
1111411 sup lim sup N2 log P ( sup ,[L,EN)(XQ) > A) = —00
—00 N—o0 t€[0,1]

But

N
) 1 .
sup AV (X?) = sup N > nli, §) Hy ()i 5]
telo,1] tef0,1] £V ;52

1 - . N2 (T2
<37 2l wN(m)thg](( 72+ (87)%)

i,7=1

Since 1 is uniformly bounded and sup,¢o (B57)2 has the same law that (507)2,
we find an a > 0 and a finite constant C, so that

P[eaNz SUP¢e(o,1] ﬂiN)(Xz)] < C(JXVZ

which, thanks to Chebyshev’s inequality, allows us to conclude.

0

4.3 WEAK LARGE DEVIATION UPPER BOUND

In view of Lemma (4.7), we can get a large deviation upper bound by means of
a weak large deviation upper bound which is an easy consequence of

Lemma (4.9).

1 _
lim sup lim sup N2 log P (D(V,[L(N)) < 6) < —-S(v) (4.10)
640 N—o00

for any v € C([0,1],M7).
Proof. Note that, at time 0,
iy (F) = trn (F(0))

converges, as F'(0) € D, towards m(F(0)) by (HO0). Thus, for any n > 0, for N
large enough d(ﬂ(()N),éo) < §. Hence, with /:L§N) (F) = ﬂéN) (F) for any F' € D, we
deduce that

1
lingl sup lim sup Nz ln]P’(,&(N) € Bs(v)) = —
10 N —o00
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if v & Cs(]0,1], KT ). Therefore, we shall assume hereafter that v € Cs([0, 1], 7).
We shall follow the ideas developed in [K,0,V]. To this end, we define a family of
positives super-martingales {CI(,N),F € C([0,1], Fr(X, D))}, equal to 1 at t = 0,
thanks to lemma (3.5) :

4
Dt) = exp(N2QR (1) ~ (@)

1
— exp (NQ(SO’t(ﬂ(N), F)-3<FEF >>2’fm))

Let v € C([0,1],P(R)) and F € C([0, 1], Fr(X,D)); then for any 0 < s < ¢ < 1, if
(N (g 31 = (V) () ()1
Fo(ts)=Ce (¢ ()

() £ ()
P(M € B(v, 6)) = E[ll)(N)eB(V,(S) }

G, s)

1
< sup exp(fN2 (S**(V/',F)— = < F,F >>,S/’,t))
v’ €B(v,9) 2

1
2 : S,t sﬂt
= exp (—N V/eln(fy’é)(s (W, F)— 3 K FF>)) ))

where we have used E| I(,N) (t,s)] = 1. Notice that if F belongs to C1([0,1], Fr (X, D)),
the function v/ — S (v, F)—1 < F, F %1 is continuous. Thus, for any function
Fe Cl([()? 1]7 FR(X’ D))

1 1
limsup limsup — InP(a™Y) € B(v,6)) < —(8%' (v, F) — = < F, F >%1)
510 N—ooo N2 2

We conclude by taking the supremum over F' that

1
lim sup lim sup N2 InP(p™N) € B(v,d))
640 N —o0

1
< - sup (SP1 (1, F) = 5 < F,F )0
FeC1(]0,1],Fr(X,D)) 2

5 Law of large numbers

According to the large deviation upper bound of the previous section, we know
that 4(N), as an element of C([o, 1},/W1:), concentrates almost surely towards the
minimizers of S. In this section, we prove that S admits a unique minimizer and
study it. We then deduce a law of large numbers theorem for bounded test functions
which we strenghten in a second time to include polynomial functions.
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5.1 STUDY OF THE MINIMIZERS OF S

Since S is a good rate function, it achieves its minimum value, which is zero. Its
minimizers are hence characterized as the p € C4([0, 1], KT (00)) satisfying

SO (u, F) =0 (5.1)
for all test functions F'. We shall prove that

Lemma (5.2). (5.1) admits a unique solution u* € Cs([0,1], KL (00)).

To prove lemma (5.2), we first show that the minimizers have finite moments
and provide bounds for them ;

Lemma (5.3). There exists a finite constant C' so that if  minimizes S,

sup p(X2") < nlC™, Vn € IN.
t€[0,1]

In particular, as a standard probability measure, p;(X?") is defined by its mo-
ments.

Proof. Set, for e > 0, F(X) = X Following (4.5), we have

1+eX?2"
X
DxF™"(X) =2nF" ' ————
xEN(X) = 2 e
and
= X 1 X
DxoDxF"(X) =4 FMX (X)) ———
xeDx 7 (X) ”k; O T arexy X G exye
n—1
+Y F¥(X)®1x Dx o DxF(X) x 1@ F" ' 7F(X). (5.4)
k=0
Noticing that
2v/eX
[|A]|oo < T, L<1 V eeR"Y, VX eH,

- 14+eX2 —

and recalling from (4.6) that Dx oDx F' is uniformly bounded in the tensor product
space, we find a finite constant C' so that for any u € M,

n—2

p@u(LF") < C"ZH (FE+1 4 FRY gy (Frmh=t 4 pomh=2)
k=0

Hence, if p1 satisfies (5.1), and m,(t) = sup.¢jo 1] SUPk<n, uie(F*), we have

() < (4n2C) / M1 (s)2ds,
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so that with m,, = sup,e(g 1) mn(t),
< (4n*C)m H (4p>C)?" "

Hence, p(X?") = lim.o u[(%)"] exists and is finite for all n. We can therefore
extend (5.1) by talking F' to be polynomial. We then get the easier formula

5tut(H A X)
=1
n —k—1 k+1
=> Z /dp DA [ AiX Awgin) (A, H AX H A XA
k=1 1=0 i=k+1 i=k+14+2 i=1
n k—1 k—1
+> /dp Jue (A, H AXHAXAlutA [T axaw
k=1 1=1 i=k+1 i=1 i=l+1

for any (Ay,..,A,) € D. By induction over n, we deduce that (], A;X) =0
if n is odd for every A; € D. Taking A; = 1, we get if n is even,

n—2/2
eyt (X™) < T?n Z pre (X 7R ) g (X 72E72), (5.5)

Let
_ 2n
Un(t) = H'at(X )-

Then, (5.5) implies
Opun (t) < T2 Z g () un 1k (1) (5.6)

with C* = (n!/k!(n — k)!). Observe that ¢ = sup,c v S-r—o(C¥_;)~" < 0o so that
by induction we see that there exists C' < oo (C' < ¢TI ) such that

sup un(t) <o
t€[0,1]

which finishes the proof of the Lemma. [
We are now in position to prove Lemma (5.2) :

Proof of Lemma (5.2). Finally, the moments of p; are uniquely determined since,
if u, v are two solutions,

Apt)=sup sup[u(J] AX) - m(J] A,

n<k A€D,||A]|<1 i1
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we have by the above equation
t t
Ag(t) < 2k2\/k:!C’kT2/ Ay_1(s)ds < 2k2\/k!CkT2/ Ay (s)ds
0 0

which, by Gronwall’s lemma implies Ag(t) = 0. In view of lemma (5.3), this is
enough to guarantee directly that for any &;,..,&, € C, 21,..,z; € C

He (H Aiefi(x_zi)>
i=1

is uniquely defined (check that the expansion indeed converges ) and then by inte-
gration over the &’s when $(zx) # 0 (with sgn(S(zx))&k € (—00,0] ),

Mt (H Azﬁ)
=1 g

are uniquely determined, insuring the uniqueness of y; as an element of M7 for
any t € [0,1].

([l
Let us notice that (u;,t € [0,1]) satisfies a scaling property

Lemma (5.7). For any t € [0,1], if for F € Fc(X,D), FY(X) = F(VtX),

ui (F) = i (FY). (5.8)

Proof. Indeed, L, as a second order differential operator on X, satisfies for any
F € Fc (X, D),
LFYX) =t(LF)(VtX). (5.9)

Hence, since p; is uniquely characterized by (5.1), we have for any ¢ € [0,1],
A € (0,t71], for any function F' € Fr(X, D)

At
iuF) = 80(F)+ [t @ pi(LF)ds
0
t
—ao(F)+ [ w3, i (AL
0
t
—1
=)+ [k, @3 (EFH VA X)ds
0

Thus, (u,t € [0,1]) given by

1) (F) = i, (F(VA ' X)), F e Fe(X,D)

satisfies )
1 (F) = 6o(F) +/ pd @ pd (LF)ds.
0
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Since we have seen in the previous section that this equation characterized u*, we
deduce that pu = pj for t € [0,1]. Taking A\ = t;* for ¢, € [0,1], we deduce

,ul(F(\/%_lX)) = put, (F') or equivalently (5.8).
]

In the setting of examples (2.4).a) or b) we can more precisely identify the limit
law of the spectral measure of (Xn(t),t € [0,1]). In fact, let

Y@.y) = lim v ((Nal,[Ny)
—00
and denote K the operator in L?([0,1]) with kernel ¢). Then
Lemma (5.10). Let k : [0,1] x C\R — C be the unique analytic solution of the

non linear equation

k(xvz) = (Z - K(k(wz))(x))il

so that zk(x, z) goes to one as |z| goes to infinity for any x € [0,1]. Then, for any
¢ € Cp([0,1],R), any t € [0,1],

Az — X)) = % / $@k(r, Z2)da.

This result is analoguous to that found in [Sh] and [C,G].
Proof. Note first that by (5.1),

Ot (A@)( = X)) = —30. [ dpm)ut (A(6a,)(z = X) i (Alor)z — X))
(5.11)
Further, according to lemma (5.7),

1 (A@) (2 = X)) = g1 (A@) (2 = VIX) ™) = VI pi(A@)(VE 'z — X))

(5.12)
so that we get by derivation over ¢ € [0, 1],
Ay (A(D)(2=X)71) = —%MZ‘(A(@(Z—X)_I)—zt%azuf(ﬁ(sﬁ)(Z—X)_l) (5.13)

(5.11) and (5.13) result with

9. (21 (A(9)(z — X)) = 10, (/ dp(T)pi (A(dor)(z = X) i (Alor) (2 — X)_1)> :

Noting that lim|,|_.c zuf (A(9)(z — X) ™) = 6o(A(e)), we get by integration over
2,

21 (A(9)(=X) ™) —5o(A(¢))+t/dp(T)u?E(A(¢07)(Z—X)‘1)uI(A(UT)(z—X)‘l)-
(5.14)
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Now, observe that for any ¢ € [0,1] and z € C\R, ¢ — uj(A(d)(z — X)) is a
linear bounded map on L?([0,1]) since, by Cauchy-Schwartz’s inequality

17 (A)(z = X)) < [S(2)[00(A($)2) 7 = 3(2) 6|2 o.1))-

Hence, Riesz’s theorem shows that there exists k;(., z) € L?([0, 1]) such that for any
¢ € L>([0,1])

LE(A(6)(2 / (ks (2, 2)d (5.15)

We deduce from (5.12) that for almost all z € [0, 1],

ke(x, z) = \/— ky (z, \/_ z) (5.16)

and from (5.14) that for any ¢ € L?([0,1]),

1 1
/ dxg(z) (zk1(z,2) — k1 (2, 2) K (k1 (., 2))(2)) dz = / ¢(x)dx
0 0
so that for almost all = € [0,1],
ki(z,2) = (2 — K(k(.,2))(z)k(z,2)) " . (5.17)

(5.15) and (5.17) give lemma (5.10).
(]

5.2 LAW OF LARGE NUMBERS
As a direct consequence of lemma (5.2),

Lemma (5.18). For any F € Fc(X, D), (trn (F(Xn(1))))iejo) converges almost
surely towards (pf(F'))eefo,1]-

We can also improve the law of large numbers stated in lemma (5.18) by enlarging
the set of test functions. Indeed, denoting Pc(X,D) the set of non-commutative
polynomial functions of X and elements of D, we have

Lemma (5.19). For any polynomial function P of Pc(X, D), (ﬂEN)(P»te[O,l] con-
verges in L7 (P) = Ngew LY(P) towards (uf (P))iejo,1]. In other words, for any
q € IN,

A}lm sup EHM(N)( P) — pi (P)|?] = 0.
—00 4¢[0,1]

Proof. We can of course restrict ourselves to

P(x) = [ XAX)

i=1
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for (Ai)i1<i<n € D since the A;’s can be identically equal to identity. Set, for € > 0,

PAX) = (0" T] g A(X) € Fe(X,D).

Then, for any ¢ € [0, 1],

[t (Pe(Xn (2))) — trn (P(Xn (2)))] < mH 1A oot v [X v ()22 (5.20)
Note that 1
Eltry [Xn (£)*"]] = N > B[] Xo )] (5.21)

vlvl=2n  biey

with v a set of connected bonds b = (4, ) in {1,.., N}? of length 2n so that b; 1 ~ b;
if

bt b= (i,§),b = (,k),4, 5,k € {1,., N}’
and by, ~ b;. In the right hand side of (5.21), only the contours « so that if
b= (i,j) €, b* = (j,1) € v with equal degree contribute, so that

E[try[Xn (2) N SR XX o)X @) (5.22)
Yilvl=2n  bb*€y

But, with b = (1, j),
XY (X (1) = (i B (HE ()
so that, since H¥ (¢)HY (t) > 0 for any b € {1,.., N}, we deduce from (5.21) that
Eltrn [Xn (£)?"]] < T"E[trn [Hn (t)?"]] (5.23)
It is well known (see for instance [S,S], Theorem 2 ) that for any n € IN,
sup sup Eftry[Hy(t)?"]] < oo

NeIN t€[0,1]
so that (5.22) results with, for any n € IN,
sup sup Eftry[Xn(t)*"]] < oo. (5.24)
NEIN te[0,1]
With (5.20), we find, for any g € IN, a finite constant C'(P,q) so that
sup sup Eltry(P(Xn(2))) — try(P(Xn(2)))]9] < C(P,q)e. (5.25)

NEIN t€]0,1]

Recalling by the previous proof that

lim sup |pg(Pe) — pi(P)| =0
40 te(o,1]

and by Lemma (5.18) for any € > 0 (since P, is uniformly bounded so that domi-
nated convergence theorem applies )

lim E[ sup [try(Pe(Xn (1)) — pi (Pe(Xn(1)))]] = 0

N—oo tefo,1]
we deduce from (5.25) that for any ¢ € IN,
lim sup Efftry(P(Xn (1)) = pe (P(Xn(0))]1] =

N —o00 t€[0,1]
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6. Central limit theorem

In this section, we shall assume that D satisfies additionnally the hypotheses
(H1) and (H2) of section 2. The goal of this section is to study the fluctuations
of /QEN)(P) for t € [0,1] and P € Pc(X,D). This is equivalent, by the scaling
property to study the fluctuations of {ﬂ(lN)(P),P € Pc(X,D)}. This result is
slightly less powerful than what T. Cabanal Duvillard proved in [C-D] for the
fluctuations of non-commutative functionnals of independent Gaussian Wigner’s
matrices who obtained fluctuations on path space. However, to our point of view,
the exhibited covariance functions are simpler here and the generalization to path
space result somehow not so much motivated.

To describe the mean and the covariance of the limiting Gaussian variables, we
shall introduce the following operators on P (X, D).

We first let X.0x be the differential operator in Pe(X, D) given by
X.0xP = DxP§X = 0,P(tX)|,_1.

As a counter part, we let Z be given by

1
Z(P)(X) = / P(vuX)du.
0
We define second order operators by
IM=(uioZ@I+I@u;oI)oL

and
E=X0x —2ui®IoL.

Let Pr(X,D) be the subset of Pc(X,D) of Hermitian valued polynomial func-
tions. We recall that according to lemma (5.3), any P € Pr(X,D) belongs to

L2(u3).

We shall prove that

Theorem (6.1).

(1) I+ = as an operator from Pr(X, D) into Pr(X,D) is symmetric and invert-
ible. Further, (I +Z)~1 is a non negative operator from Pr(X,D) into Pr(X,D),
e.g. for any P € Pr(X,D),

< P,(I4+E)""P>p201)> 0.

Further, if we set (A® B)! = B® A and for Q € Pr(X,D), DQ'(X) = (DQ(X))*
for all X € H, we have the more explicit formula for all P,Q € Pr(X, D),

it (PEQ) = [ i ome @ i om. (DQ x (DPY') d(r)
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(2) If (H1) and (H2) are verified, for any P € Pr(X,D), N (ﬂgN)(P) - u{(P))

converges in law towards a Gaussian variable with covariance

C(P) = / 5 (m,(Dx P)(I +Z)~'m, (D P)) dp(r)

and mean o
M(P) = co(e®” P(0)).

Before going any further, let us detail the above result in the classical Wigner’s
case.

Remark (6.2). In Wigner’s case where A, = 1 and P is a polynomial function
of X only, note that we find the result originally due to K. Johansson [Joh] and in
this form in [C-D]. Note first that in this case co = 0 and the asymptotic Gaussian
law is centered. In fact, in this case u} is the semicircle law 7='v/4 — x2dx and L
can be seen as the operator from P[X] into P[X,Y] given by

f(y)—f(m))'

L) == (1) - T2

But, if PV denotes the principal value, the Hilbert transform H(u})(y) = PV [(y—
x) " rdui(x) is well known to be equal to H(u3)(y) = 271y on the support A} of ui.
Thus, we obtain on A] that

y—x

=) = of @) =2 [ aui)e - (110 - TO=LE)

In the last line, we used PV [(y — x)~?du}(x) = —271 which can be obtained by
formal derivation from the definition of the Hilbert transform of the semi-circular
law. It can look at first false because it states that the integral of a non negative
quantity is negative, but one should be careful that we have to take the principal
value and actually justify these equalities by going back to the definition of principal
values.

From the second formula it is clear that = is a symmetric non negative operator
in L?(u}) with

i (720 = [ i) (L2100 (A 2000

r—y r—y

gwing the identification of = of the theorem since Df can be seen as the symmetric
function of two variables

[@) = 1)

Df(z,y) = Ty
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Further, from the last formula, we obtain that

(1+2)(0a) = —2pv [ LU

(z —y)?

so that if we note K the symmetric operator in L?(uu}) given by

K(f) = / log [z — |~ £ (y) i (9),

dui(y)

we find for x € AJ,

(I +E)(f)(x) = =20, K ((p1f)'/p7) (z)

with p}(dx) = pi(x)dz. Hence, (I + E) is a symmetric operator in L*(u}) and for
any continuously differentiable functions f,g,

pito(r +2)) = 2 (B g (VI

i i

In particular,
1
C(P) = pi(P'(I+2)7'P) = Sui(PK~'P).

The proof of theorem (6.1) follows two steps ; we first show that NV (ﬂgN) (P) — ,u’{(P))

converges in law towards a centered Gaussian variable and then identifies the co-
variance of this Gaussian law.

6.1 A CENTRAL LIMIT THEOREM

Since [t6’s calculus is again the basis of our approach, let us first quote that we
can extend £ and L to Pc(X, D) by saying that Dy satisfies the non-commutative
Leibnitz rule on Pc(X, D) and that for any A € H

DxX(A)=1®1, DxA=0®0 VAeD,
If C1([0, 1], Pr(X, D)) denotes the space of time continuously differentiable polyno-

mial functions, we can extend naturally lemma (3.5) by

Lemma (6.3). For any F € C1([0,1], Pr(X,D)), the statements of lemma (3.5)
are true.
Let us define, for s € [0, 1], the differential operator Ly on Pr(X, D) given by
Li=(u:@1+1ul)L. (6.4)

Note that Lg reduces by one the degree of any polynomial function P € Pg(X,D)
as a function of (X, D), and of two as a function of X. Hence, for any polynomial
function P € Pr(X, D), any t € [0, 1], we can define

Py(X) = eli Ldsp(X) € c}([0,1], Pe(X, D)) (6.5)
as the unique solution of the differential equation
P (X) = —LiPy(X), P =P
We shall prove that
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Lemma (6.6). Under hypotheses (H1) and (H2), for any P € Pr(X,D),

N (ﬂgN)(P) - u’f(P)) converges in law towards a Gaussian variable with covariance

cp) = [ [ nitm (DxPm- (D5 Pl
and mean c¢(FPy(0)).

In the next section we shall show that C(P) coincides with C(P) defined in
theorem (6.1). Note that, by definition of L™, we already have c(eZ" (P)(0)) =
c(Po(0)).

Proof of lemma (6.6). Let us first notice that (5.1) implies that

Orpi (Pr) = py (Oc Pr) + py @ i (LPy)
= —p; @ u; (LP;)

so that lemma (6.3) gives
AN (™) — @) (P) = N(a™ = ) @ (i) = i) (CP)dt + NdQR (1) (6.7)

with (V QSDN) (t))te[0,1] a real-valued martingale with bracket

< NQW) >,= /0 / trn [me (Dx Py (X n (5)))me (D Py(Xn (8)))dp(r)ds.  (6.8)

To show that the first term in the r.h.s. of (6.7) goes to zero in L>~ as N goes to
infinity, we shall prove by induction that

Lemmata (6.9). For anyn € IN, any Py, .., P, € Pc(X,D),

sup  sup  sup E[(N(ﬂgN) - ,u;")(H AL P))Y] < 0. (6.10)
te[0,1] T1,..,Tn€X NEIN i1

Proof. Let |P| be the degree of a polynomial function P that is, if

M Nk
P(X) =Y B (H AfX) AP,
k=1 =1

for some ny € IN, A¥ € D\{0}, Bx € R,

|P|= max mng.
ke{lva}

We let P(é‘/f (X, D) be the polynomial functions with degree less or equal to M. For
P € PY(X,D), P € D and our induction hypothesis is fulfilled under (H2). Assume
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now that (6.10) has been proved for any any choice of Py, .., P, € Pc(X, D) so that
S|Pl = M for some M € IN. Take Py,.., P, € Pc(X,D) so that

P=P, = ﬁAnPi

i=1

has degree M + 1. By lemma (6.3), we find that

t
N = ) (P) = N(a§™ = i) (P) + / (NN = u2)) @ i (LP)ds
t
4 [ (N = i) (Pyds + NQE (1)
0
so that, by Jensen’s inequality, for any n € 2IN,

E[(N(@™) — u)(P)"] < 4"E[(N (a5 — 1) (P))"]
4" / BNV = 1) @ 4L P))"ds (6.11)
0

iy / E[(uf ® (N — u2)(CP))")ds + 4"E[(NQY) (1))"]

with a martingale (NQEDN) (u),0 < u < t) with bracket

< NQW >, = /O ’ / try [m, (Dx P(Xn(s)m, (D P(Xn(s)]ds.  (6.12)

Notice that since P;(0) € D for i € {1,..,n}, (H2) implies that

sup_ sup E[(N(ag" — 1) ([ A P:(0))"] < 00 (6.13)
T1,..Tn€Q NeIN i=1

for any P, .., P, € Pr(X,D).
Moreover, observe that
1) For any P in PM(X,D), M € IN, LP € PY~'(X,D) ® P¥~1(X, D).

(
(2) From (2.2) and the uniform bound hypothesis on the operator norm of
(A;)req, we find that for any Py, .., P, € Pc(X,D),

sup sup sup E[aV) (Pr)] < oo (6.14)

T1,..,Tn€Q tE[0,1] NEIN

From these two points and our induction hypothesis (with the uniform property
with respect to the 7’s in Q ), we infer that
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1

sup sup [ E[(N(a{™) — p2) @ p{M(LP)"] < oo
T1,.. Tn€EQLNEIN JO

as well as

1

sup sup | B[(N(a{N) — ) ® pi(LP)"] < oo (6.15)
T1,--TnEQ NEIN JO

(3) The third term in (6.11) can be bounded by Burkholder-Davis-Gundy in-
equality which asserts that there exists for any n € IN a finite constant ¢, so
that

B[ sup (NQR'())"] < eall[< NQE >

< Cn/o /E [trN[mT(DXPL(XN(s)))mT(D}PL(XN(s)))]%} dp(T)ds

where we have used in the last line (6.12). In view of remark (2) above, we deduce
that
sup sup_ sup E | [me(Dx Prm (D P #| < o0
s€[0,1] T1,..Tn€QL NEIN - -

and hence
sup  sup E[ sup (NQEDJY)(S))"} < 0. (6.16).
T1,.Th€EQ NEIN 0<s<t -
Plugging (6.13)
formly in t € [0,
lemmata.

(6.15), (6.16) into (6.11) bound E[(N (i) — pu)(A,P,))"] uni-
1], 71, .7, € Q and N € IN and thus completes the proof of the

0

We can now finish the proof of lemma (6.6) Following (6.7), for any P € P(X, D),

N — 1) (P) = N(a§™) — ) (Po) + Ry (P) + NQW (1) (6.17)

where Ry (P) is some reminder term. Indeed, observe that Ps is for any s € [0, 1]
a polynomial function with degree less or equal to M + 1 and with coefficients
uniformly bounded in time according to lemma (5.3). The same observation holds
for £LP; which coefficients on the monomial basis of P2 (X, D) ® P} (X, D) can be
uniformly bounded in time. As a consequence, lemmata (6.9) implies that for any
n € 2IN,
sup N"E[|Rn(P)|"] < oo. (6.18)
NelN
In particular, Ry (P) converges almost surely towards zero by Borel-Cantelli’s
lemma. Recall now that Py(0) belongs to D so that,

lim N (™ = p)(Po) = e(Po(0)). (6.19)

N —o00
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Turning to the study of the last term in the r.h.s. of (6.17), recall that we have

defined (NQSDN)(t),t € [0,1]), as a martingal with bracket defined in (6.8). Again,
by the above remarks on the structure of P and lemma (5.19), we see that <

NQEDN) >, for t € [0,1], converges in L~ (and in particular in probability )
towards

Cy(P) —/0 /M:[mT(DXPS)mT(DﬁcPS)]deds.

Note that Cy(P) is bounded as a consequence of lemma (5.3). This classicaly
implies that IV QSDN)(l) converges in law towards a centered Gaussian process with
covariance C'(P). Indeed, taking A € R, we know that, (NQEDN)(t),t e [0,1])

being a local martingale, (exp{i)\NQggN) (t)},t €[0,1]) is a semi-martingale and for
t €[0,1],

Elexp{iANQW) (1)}]eF C(P) = 1

_%/O /EE [exp{i/\NQg)N)(S)}((ﬂgN) — 1) [my (Dx Py)m. (D% P,))]| dp,ds.

By lemma (5.19), the last term in the above right hand side goes to zero as N goes
to infinity. Thus, for any A € R,

Jim Blexp{iANQ}" (1))] = e~ 5P,
— 00

that is N Q%N)(l) converges in law towards a centered Gaussian variable with co-
variance C'(P) = C1(P). This result with (6.19) and (6.18) gives lemma (6.6). O

6.2 STUDY OF THE COVARIANCE
In this last section, we give a more explicit formula for the covariances driving

the previous central limit theorems. The first step of which is to study the operator
E introduced in theorem (6.1).

6.2.1 STUDY OF SOME OPERATORS IN L?(u})

Define the map on UMy ® My given by (A® B)! = B® A and set (DQ)*(X) =
(DQ(X))? for all X € H. Then

Lemma (6.20).
(1) For any P,Q € Pc(X,D),

W3 QDo (i @ T+ T ) o L(P) = i} (Qui ® ToLoD(P).  (621)
(2) For any P,Q € Pc(X,D), by

1 1
T <P (u’{ ®IoL - §X.8x> Q) = —E/ui‘om@u’{omf (DQ x (DP)") dp(r).
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(8) 2 = X.0x —2ui®IoL is a symmetric operator from Pr(X, D) into Pr(X, D).
I+ Z: P(X,D) — Pr(X,D) is invertible. Its inverse (I + =)' : Pp(X,D) —
Pr(X,D) is symmetric non negative for the scalar product < >L2(MI)’ e.g. for any
polynomial functions P,Q € Pr(X,D),

< P(I+E)7'Q >12(u)=< Q, (I+E) ' P >12(,), and < P,(I+Z)7'P >p12(,5)> 0.

Proof. Unfortunately, we could not prove this lemma directly from the equation
(5.1) defining the minimum pj. Instead, we shall go back to properties of the
Hermitian Brownian motion and deduce it by taking the large N limit.

To prove the first point, let us take P € Pc(X, D), and consider the derivatives
of try ® try o L(P(Xy)) with respect to the entries of the self adjoint matrix
Xy = (wij)lgi,jgN with

= (1/V2N)n (i, §)% (hij + V—Thij)
when i < j.

We first note that for any 4,5 € {1,.., N}, with (Ai;)ei = Ori=ij,

Now, recall that from (3.9) and (3.11),

N
try ® tI‘Nﬁ(P)(XN) = % Z ’(ﬂN(i,j)ahjiahijtrN(P)(XN) (623)

ij=1

implying with (6.22), that since 0,,, commutes with 9y, , for any 4,5 € {1,.., N},
any P € Pc(X,D),

N
1
O, N @ tinL(P) = 5= Z (ky )0 Oy (DP) (X N) ji- (6.24)

Since LP € Pc(X,D) ® Pc(X, D), (6.22) gives

Oy, try @ tryL(P) = (D @ try + try @ D)(L(P))) (6.25)

ji
Further, by (3.11),

1 N
< > UN(k,D)Ony, O,y (DP)(Xn)ji = (try @ T o L(DP)(Xn)),;,

2N
k=1

proving with (6.24) and (6.25) that

(D& try + try ® D)(L(P))(Xy) = try ® I o L(DP)(Xy).
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As a consequence, for any @ € Pc(X, D), we obtain
try [Q(XN(1) Do (I @try +try @ 1(L(P))(Xn(1))]
=try [Q(XN(I))U"N ®Io ]L(DP)(XN(I))] .

Hence, using the law of large numbers theorem (5.19), we obtain at the large N
limit Lemma (6.20).(1).

To prove the second part of the lemma, we recall first that the Ornstein-Uhlenbeck

process
1 1
dys = ﬁdﬁ(t) - §ytdt (6.26)

with initial distribution vy, the centered Gaussian law with covariance (2N)~1,

is stationnary. We let XQU be the matrix-valued process constructed as Xy but

o . . . 1 1 o \1<k<I<N
with, instead of independent Brownian motions (ﬁﬁi,jv o ﬁk,l)lgi —j<n and

(\/Lﬁﬁi,i)lgiSN , independent copies (y; ;, y}cl)}éffjéx and (v2y;.:)1<i<n of the
Ornstein-Uhlenbeck process (6.26). Note that for any time ¢ € [0, 1], XQU (¢) has the

same law that X (1). Let Ly be the infinitesimal generator of (y; j,y; l)}éfjjé%,

1 1
=N > ((1 + Li=j)0y2, + 1z‘¢j5<y;j)2> 5 > (yijayu + 1i¢jy£j3y;j) :

(5] i<j

Ly

It is well known that Ly is a symmetric operator in L2(7%N 2)

f,g:RN2—>R,

and that, for any

2 1 2
W (f(=Ln)(g) = N > oAy ((1 + Li=j)0y,; fOy.; 9 + Liz;Oy faygjg) :
i<
(6.27)
Now, one can check as in (3.11) that for any P € Pc(X, D),

1
LyP = (tI‘N ® IL — §X8X) P.

Hence, (6.27) implies that for any P,Q € P¢(X, D),

NN <trN(Q(XN) <trN ® IL — %X-a)() P(XN))>

= &N (rn (Q(XN) v P(Xn)))
= V%Nz (try (P(XN)LNQ(XN)))

— BN (trN(P(XN) (trN ® IL — %X&) Q(XN))) :

Thus, applying again lemma (5.19) since Xy has, under vj?}N * the same law that
Xn(1), we find

1 1
I (Q (/ff ® IL — §X.5x> P) =13 (P (,uik ® IL — §X.8X> Q)
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that is the symmetry of the operator (uj ® IL — 1X.0x) in L*(u}). We can also

find another definition of this symmetric operator thanks again to (6.27) which
gives

Y (ten (@(Xn) Ex P(Xn)) = 1z Z ZV®N2( iy (QUXN)) Dy, (P(X N )i

l,k=11<j

+1i¢j3y;j(Q(XN))lkay;j(P(XN))kz>

Now observe that, if (Aqj)x = ¢ijy=ri (¥ (4, e
By, (Q(XN))ie = (DQE(AG; + Af))u if i < j
9y, (QXN )i = (DQEA; )k
By (Q(XN))ue = (DQE(V=1Aij — V=1A7 )k if i < j

yielding

o (trN(Q(XN)LNP(XN)))

= N2 Z Z Un (i Y (DQEA ) (DPEA))

l,k=14,5=1
1

ToONZ /’YN ’ (tl"N om, Qtry om, (DQ(XN) X DPt(XN))) dp(T).

Now, we can again use lemma (5.19) to take the limit N — oo and conclude that

1 1
T (Q (ui‘ ® IL — 2X-8x> P) = —Q/MT om, @ uy om, (DG x (DP)*)dp(7)

(6.28)
which achieves the proof of the lemma.

For the last point of the lemma, let us first recall that Z(Pc(X, D)) C Pc(X, D)
Further, if P € Pr(X, D), (2(P)(X))* = Z(P)(X) because

o X.0x P =limoe L (PUH9" — P) = lim. g e L (POF9° — P)* = (X.9x P)*.

e Similarly, L(P) = (L(P))* if (A® B)* = B* ® A* from which one sees that

(13 ® ToL(P)(X))" = u} ® I o L(P)(X).

Moreover, if we define formally

(r+3)1 =3

n>0

[1]

)"

then (I +Z)~ 1! is well defined on P (X, D) since for any P € Pc(X, D), for n large
enough, =" P = 0. Further, it is not hard to check that for any P € Pz(X, D)

(I+2)I+E) ' P=I+2)"'I+=)P=P,
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implying that I + Z is invertible with inverse (I +Z)~! : Pr(X,D) — Pr(X,D).
Clearly, the symmetry of = : Pr(X,D) — Pr(X,D) proved at point (2) implies
that (I + Z)~!. Finally, for any polynomial function P € Pg(X,D), if we let
Q= (I+E)"'P e P(X,D),

< P, (I+ E)_IP >L2(;Li‘):< (I + E)QvQ >L2(,u1‘)2 0

since by (2), < EQ,Q >r2(ur)> 0 for any Q €€ Pr(X, D). The proof of the Lemma
is complete.

O

6.2.2 IDENTIFICATION OF THE COVARIANCE

Hereafter, a polynomial function @ € Pr(X, D) will be fixed and we shall denote
Q.(X) = el Ludv@. Set, for any s € [0,1], any 7 € 3,

A(s, 7) = pi[ms (Dx Qs)m- (Dx Qs)]-
Note first that by lemma (5.7), for any s € [0, 1], any 7 € 3,
A(s,7) = pilm: (Dx Qs)(VsX))m-((Dx Qs) (Vs X))] (6.29)
Further, since Dx is a derivation,
(Dx P*)(X) = Vs(Dx P)*(X).

Thus, (6.29) reads

A(s,7) = i (DX QD)m- (DX QD)) (6.30)

Now, by definition of X.0x,

1

ast(X) = (_Ls + 25

X.05)Qu(v/5X). (6.31)
But, since £ is a second order operator, for any s € [0,1], L(P®) = s(L(P))*, we

find
(LsP)* = s 1Ly (P®).

Thus, we deduce from (6.31) that
1
0:Q3(X) = 57 (=L + 5 X.0x)(Q3)(X)

so that, for any s > 0,

Q3(X) = ORI (Q)(X). (6.32)
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Remark that we can compute the commutator of X.0x and Dx since
Dx o X@XP = hH(l) Efl’l)X (P(1+6)2 _ P)
e—

— Tim L (1+e)? _
— lim ¢ ((1 +€)(Dx P) DXP)
= (X@X oDx +Dx)P

Thus,
1 = 1 1
Dxo(—Ly + §X.8X) =(—-L1 + 5X.8X + 5]) oDx (6.33)

with
~ 1
L= §DX o ®1+1 ®,u1)/dp(7')mT ®m,Dx.

Now, as an operator on Pc(X, D), we observed in lemma (6.20).(1) that
E= 2 @IL+ X.0x = —2L; + X.0x. (6.34)

Plugging (6.32), (6.33) and (6.34) in (6.30) yields, with the observation that m.,
commutes with =,

1 L log(s = og(s
A(s,7) = guf[wl U+ m (DxQ)e? U= (DxQ)]. (6.35)

Hence, we find that, since I 4+ Z is symmetric definite positive,

:/Ol/ASpo ()ds

1 1 , -
:/0 s / pile? BT = (D Q)ex 6 U= m (D Q)dp(r)ds

pile U= m (Dx Q)m, (DxQ)]dp(r)du

—

w3 (m-(DxQ)(I +Z) " (m,(DxQ))) dp(7)

which is by definition C(Q). Here, one can check that the last line agrees with our
definition of (I +Z)~' =% . ,(—Z)" by expending the exponential in = (yielding
only a finite sum since) and integrating the polynomial function in w.
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