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X Preface

These notes include the material from a series of nine lectures given at the
Saint-Flour probability summer school in 2006. The two other lecturers that
year were Maury Bramson and Steffen Lauritzen.

The topic of these lectures was large random matrices, and more precisely
the asymptotics of their macroscopic observables such as the empirical mea-
sure of their eigenvalues. The interest in such questions goes back to Wishart
and Wigner, in the twenties and fifties respectively. Large random matrices
have been since then intensively studied in theoretical physics, in connection
with various fields such as QCD, quantum chaos, string theory or quantum
gravity.

Since the nineties, several key mathematical results have been obtained
and the theory of large random matrices expanded in various directions, in
connection with combinatorics, operator algebra theory, number theory, al-
gebraic geometry, integrable systems etc. I felt that the time was right to
summarize some of them, namely those which connect with the asymptotics
of macroscopic observables, with a particular emphasis on their relation with
combinatorics and operator algebra theory.

I wish to thank Jean Picard for organizing the Saint-Flour school and
helping me through the preparation of these notes, an the other participants of
the school, in particular for their useful comments to improve these notes. I am
very grateful to several collaborators with whom I consulted on various points,
in particular Greg Anderson, Edouard Maurel Segala, Dima Shlyakhtenko and
Ofer Zeitouni.

Lyon, France Alice Guionnet
July 2008
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2 Notation

e Cy(R) (resp. C}(RY,R)) denotes the space of bounded continuous func-
tions on R (resp. k times continuously differentiable functions from R into
R). If f is a real-valued function on a metric space (X, d),

[flleo = sup |f ()|
reX

denotes its supremum norm, whereas we set the Lipschitz norms to be

/() = f(W)]

1]l = sup +Sup|f( ), fle =sup
TH#Y d(z,

z#y d(ﬂi, y)

y)
For x € RY, and f € C}(RM,R), we let
1
3

N N 2
[ z]l2 = <Z(w¢)2> o IVFll2 = <Z(3zif(m))2> :

i=1 i=1

e P(X) denote the set of probability measures on the metric space (X, d).
p(f) is a shorthand for [ f(z)du(z). We shall call the weak topology on P(X)
the topology so that p — w(f) is continuous if f is bounded continuous on
(X,d). The moments topology refers to the continuity of u — u(x*) for all
k € N. Even though both topologies coincide if X is compact subset of R,
they can be different in general.

e If (X,d) is a metric space, Dudley’s distance dp on P(X) (which is
compatible with the weak topology on P (X)) is given by

/fa:du /f )dv(z

e My (C) (resp.Hg\p, resp. Hg\?)) denotes the set of N x N (resp. symmetric,
resp. Hermitian) matrices with complex (resp. real, resp. complex) coeflicients.
My (C) is equipped with the trace Tr:

dp(p,v) := sup (0.1)

Iflle<1

o If Ais an N x N Hermitian matrix, we denote by (Ax(A))i<p<n its
eigenvalues.
e For A an N x N matrix, we define

N 2
1
1Al = { D [Ay* | and [[Allo = lim (Tr((AA™)"))2" .
ij=1
The latter norm also coincides with the spectral radius of A which we denote

by Amax(4). 1 or I will denote the identity in My (C) and when no confusion
is possible, for any constant ¢, ¢ denotes cl.
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e C(X1,..., X,,) denotes the set of polynomials in m non-commutative in-
determinates (X1,..., X)), C(X1,..., Xin)sa the subset of polynomials such
that P = P* for some involution * defined on C({X7,..., X,,).

e Often, bold symbols will indicate vectors, e.g., X = (X1,...,X,,) or
matrices e.g., A = (A;j)1<ij<n. The letters (A,B) in general refer to ran-
dom matrices, whereas (X,Y,Z), to generic (eventually non-commutative)
indeterminates.
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6 Introduction

Random matrix theory was introduced in statistics by Wishart [206] in the
thirties, and then in theoretical physics by Wigner [205]. Since then, it has
developed separately in a wide variety of mathematical fields, such as number
theory, probability, operator algebras, convex analysis etc.

Therefore, lecture notes on random matrices can only focus on special
aspects of the theory; for instance, the well-known book by Mehta [153] dis-
plays a detailed analysis of the classical matrix ensembles, and in particular
of their eigenvalues and eigenvectors, the recent book by Bai and Silverstein
[10] emphasizes the results related to sample covariance matrices, whereas
the book by Hiai and Petz [117] concentrates on the applications of random
matrices to free probability and operator algebras. The book in progress [6]
in collaboration with Anderson and Zeitouni will try to take a broader and
more elementary point of view, but still without relations to number theory
or Riemann Hilbert approach for instance. The first of these topics is reviewed
briefly in [126] and the second is described in [73].

The goal of these notes is to present several aspects of the asymptotics of
random matrix “macroscopic” quantities (RMMQ) such as

1
Ln(Xy, - X)) = NTr(AfY---AfZ)

when (i, € {1,...,m},1 <k <p) and (A])1<p<m are some N x N random
matrices whose size N goes to infinity. We will study their convergence, their
fluctuations, their concentration towards their mean and, as much as possible
in view of the states of the art, their large deviations and the asymptotics of
their Laplace transforms. We will in particular stress the relation of the lat-
est to enumeration questions. We shall focus on the case where (A])1<p<m
are Wigner matrices, that is Hermitian matrices with independent entries, al-
though several results of these notes can be extended to other classical random
matrices such as Wishart matrices.

When m = 1, Ly(X7) is the normalized sum of the pth power of the
eigenvalues of X7, that is the pth moment of the spectral measure of X;. In
his seminal article [205], Wigner proved that E[Ly(X7)] converges for any
integer number p provided the entries of v/ N A; have all their moments finite,
are centered and have constant variance equal to one. We shall investigate
this convergence in Chapter 1. We will show that it holds almost surely and
that the hypothesis on the entries can be weakened. This result extends to
several matrices, as shown by Voiculescu [197], see Section 3.2.

One of the interesting aspects of this convergence is the relation between
the limits of the RMMQ and the enumeration of interesting graphs. Indeed,
a key observation is that the empirical moment Ly (X??) converges towards
the Catalan number C),, the number of rooted trees with p edges, or equiv-
alently the number of non-crossing pair partitions of 2p ordered points. As
shown by Voiculescu [197], words in several matrices lead to the enumeration
of colored trees. Considering the central limit theorem for such macroscopic
quantities, we shall see also that their limiting covariances can be expressed
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in terms of numbers of certain planar graphs. It turns out that if the matrices
have complex Gaussian entries, this relation extends far beyond the first two
moments. Harer and Zagier [113] showed that the expansion of E[Ly(X?)] in
terms of the dimension N can be seen as a topological expansion (i.e., as a
generating function with parameter N 2 and coefficients which count graphs
sorted by their genus). We shall see in these notes that also Laplace transforms
of RMMQ’s can be interpreted as generating functions (with parameters the
dimension and the parameters of the Laplace transform) of interesting num-
bers.

This idea goes back to Brézin, Itzykson, Parisi and Zuber [50] (see also 't
Hooft [187]) who considered matrix integrals given by

Zn(P) = El[eNT(PAT . AL)))

with a polynomial function P and independent copies AN of an N x N matrix
AV with complex Gaussian entries. Then, they showed that if P = > t;¢; with
some (complex) parameters ¢; and some monomials ¢;, log Zy(P) expands
formally (as a function of the parameters ¢; and the dimension N of the
matrices). The weight N =29 ], (¢;)* /k;! will have a coefficient which counts
the number of graphs with k; vertices depending on the monomial ¢;, for
1 > 0, that can be embedded properly in a surface of genus g. This relation
is based on Feynman diagrams (see a review by A. Zvonkin [211]) and we
shall describe it more precisely in Section 7.4. Matrix integrals were used
widely in physics to solve problems in connection with the enumeration of
maps [50, 42, 125, 209, 77, 76]. Part of these notes (mostly Part IIT) will show
that, under appropriate assumptions, such formal equalities can be proved to
hold as well asymptotically. In particular, we will see that N ~2log Zn(\P)
converges for sufficiently small A and the limit is a generating function for
graphs embedded into the sphere.

In the second part of these notes, we show how to estimate Laplace trans-
forms of traces of matrices in non-perturbative situation (that is estimate
N~2log Zn(AP) for large XN’s). In this case, it is no longer clear whether
matrix integrals are related to the enumeration of graphs (except when P
satisfies some convexity property, in which case it was shown in [106] that
the free energy is the analytic extension of the enumeration of planar maps
found for Zn(AP) and A small). Thus, different tools have to be introduced
to estimate Zy (P) in general. First we consider one-matrix integrals and de-
rive the large deviation principle for the spectral measure of Gaussian Wigner
matrices. We then introduce a dynamical point of view to extend the previous
result to shifted Gaussian Wigner matrices. The latter is applied to estimate
some two-matrix integrals (such as the Ising model on random graphs) and
Schur functions. We show in the last part of these notes how dynamics and
large deviations techniques can be used to study the more general problem of
estimating free entropy (see Chapter 18). The question of computing the free
entropy remains open.
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The outline of this book is as follows.

In the first part of these notes, we study the convergence of the RMMQ’s
and more precisely the convergence of the spectral measure of a Wigner ma-
trix. We follow Wigner’s original approach to study this question and estimate
moments. This moments method can be refined to prove a central limit the-
orem (Section 2.1) or study the largest eigenvalue of random matrices, as
proposed initially by Sinai and Soshnikov (Section 2.2). Finally, we show that
Wigner’s theorem can be generalized to several matrices.

In the second part of these notes, we study concentration inequalities.
These inequalities have provided a very powerful tool to control the probability
of deviations of diverse random variables from their mean or their median (see
some applications in [188]). After introducing some basic notions and results
of concentration of measure theory, we specialize them to random matrices. In
particular, we deduce concentration of the spectral measure or of the largest
eigenvalue of Wigner matrices with nice entries. We also apply Brascamp—Lieb
inequalities to random matrices.

In the third part, we study Gaussian matrix integrals in a perturbative
regime. We give sufficient conditions so that they converge as the size of the
matrices goes to infinity, study the first order correction to this convergence
and relate the limits to the enumeration of graphs. The inequalities developed
in Part II are important tools for this analysis.

In the fourth part of these notes, we concentrate on the eigenvalues of
Gaussian random matrices (mainly the so-called Gaussian unitary or orthog-
onal ensembles). We remind the reader that their joint law is given as the law
of Gaussian random variables interacting via a Coulomb gas potential. This
joint law is key to many detailed analysis of the spectrum of the Gaussian
ensembles, such has the study of the spacing fluctuations in the bulk or at the
edge [153, 191], the interpretation of the limit has a determinantal process
[119, 182, 39] etc. In these notes, we will only focus again on the RMMQ
and deduce large deviation principles for the spectral measure and the largest
eigenvalue.

In the fifth part, we start addressing the question of proving large deviation
principles for the laws of RMMQ’s in a multi-matrix setting. We obtain a large
deviations principle for the law of the Hermitian Brownian motion, from which
we deduce estimates on Schur functions and Harish—-Chandra-Itzykson—Zuber
integrals. We apply these results to the related enumeration questions of the
Ising model on random graphs for instance.

In the last part, we discuss the natural generalization of these questions to
a general multi-matrix setting, namely analyzing free entropy. We introduce
a free probability set-up and the notion of freeness. We then obtain bounds
on free entropy.

As a conclusion, the goal of these notes is to present an overview of the
study of macroscopic quantities of random matrices (law of large numbers,
central limit theorems etc.) with a special emphasis on large deviations ques-
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tions. I tried to give proofs as elementary and complete as possible, based on
“standard tools” of probability (concentration, large deviations, etc.) which
we shall, however, recall in some detail to help non-probabilists to understand
proofs. Some proofs are new, some are improved versions of the proofs taken
from articles and others are inspired from a book in progress with G. Ander-
son and O. Zeitouni [6]. In comparison with that book, these notes focus on
matrix models and large deviations questions, whereas [6] attempts to give a
more complete picture of random matrix theory, including local properties of
the spectrum.






Part 1

Wigner matrices and moments estimates
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In this part, we follow the strategy introduced by Wigner [205] to study the
spectrum of random matrices: we estimate moments of traces of polynomials
in these random matrices. We prove in this way several key results. First,
we obtain the convergence (in expectation and almost surely) of the spectral
measure (for the moments or the weak topology) of Wigner matrices. We also
study its fluctuations around the limit. We generalize the convergence to a
multi-matrix setting by showing that the trace of words in several matrices
converges in the limit where the dimension goes to infinity. Finally, we gener-
alize the estimation of moments to the case where the exponent blows up with
the dimension N of the matrices, but more slowly than v/N. This is enough
to bound the distance between the largest eigenvalue and its limit.






1

Wigner’s theorem

)
5 /1<4,j<N
are independent and AV is self-

We consider in this section an N x N matrix AN = ( with real

or complex entries such that (AZ)KKKN
adjoint; Ag = flﬁ We assume further that

. 1
E[A7] =0, lim - > INE[JAFP] -1=0.
1<i,j<N

We shall show in this chapter that the eigenvalues (A1, ..., Ax) of AV satisfy
the almost sure convergence

N
lim 1 Z fh) = /f(x)da(ac)
i=1

where f is a bounded continuous function or a polynomial function, when the
entries have finite moments. o is the semicircle law

1
o(dz) = %\/4 — 221 ) <odu.

We shall first prove this convergence for polynomial functions and rely on
the fact that for all k € N, [2¥do(x) is null when k is odd and given by the
Catalan number C},/» when k is even. We thus start this chapter by discussing
the properties and characterizations of Catalan numbers.

1.1 Catalan numbers, non-crossing partitions and Dick
paths

We will encounter first the Catalan numbers as the number of (oriented)
rooted trees. We shall define more precisely this object in the next paragraph.
Actually, Catalan numbers count many other combinatorial objects. In a first
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part, we shall see that they also enumerate non-crossing partitions as well as
Dick paths, a fact which we shall use later. As a warm-up to matrix models,
we will also state the bijection with planar maps with one star. Then, we will
study the Catalan numbers, their generating function, and relate them to the
moments of the semicircle law.

1.1.1 Catalan numbers enumerate oriented rooted trees

Let us recall that a graph is given by a set of vertices (or nodes) V =
{i1,...,ix} and a set E of edges (e;)icr. An edge is a couple e = (i;,,1;,)
for some j1,j2 € {1,...,k}?. An edge e = (i,,ir) is directed if (i,,i¢) and
(i¢,1p) are distinct when i, # 4,, which amounts to writing edges as directed
arrows. It is undirected otherwise. A cycle (or loop) is a collection of distinct
undirected edges e; = (v;, vi+1), 1 < i < psuch that vy = vy for some p > 1.
A graph is connected if any two vertices (v1,v2) of the graph are connected
by a path (that is that there exists a collection of edges e; = (a;,b;),1 <i<mn
such that v1 = ay, b1 = QAj+1, bn = 'UQ).

A tree is a connected graph with no loops (or cycles).

We will say that a tree is oriented if it is drawn (or embedded) into the
plane; it then inherits the orientation of the plane. A tree is rooted if we specify
one oriented edge, called the root. Note that if each edge of an oriented tree
is seen as a double (or fat) edge, the connected path drawn from these double
edges surrounding the tree inherits the orientation of the plane (see Figure
1.1). A root on this oriented tree then specifies a starting point in this path.
This path will be intimately connected with the Dick path that we consider
next.

Fig. 1.1. Embedding rooted trees into the plane

Let us give the following well-known characterization of trees among con-
nected graphs.

Lemma 1.1. Let G = (V| E) be a connected graph with E a set of undirected
edges, and denote by |A| the number of distinct elements of a finite discrete
set A. Then,

V| <|E|+1. (1.1)

Moreover, |V| = |E|+ 1 iff G is a tree.
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Proof. (1.1) is straightforward when |V| = 1 and can be proven by induction
as follows. Assume |V| = n and consider one vertex v of V. This vertex is
contained in [ > 1 edges of E that we denote (ey,...,e;). The graph G then
decomposes into (v,eq,...,e;) and r < [ connected graphs (Gq,...,G,). We
denote G; = (V}, Ej) for j € {1,...,r}. We have

VI-1=3"1v;l, |El-1=3IE
j=1 Jj=1

Applying the induction hypothesis to the connected graphs (G;)1<;<r gives

VI=1<) (1Bl +1) = |E|+r 1< B, (1.2)

=1

which proves (1.1). In the case where |V| = |E| + 1, we claim that G is a
tree, namely does not have any loop. In fact, for the equality to hold, we
need to have equalities when performing the previous decomposition of the
graph, a decomposition which can be reproduced until all vertices have been
considered. If the graph contains a loop, the first time that the decomposition
considers a vertex v of this loop, v must be the end point of at least two dif-
ferent edges, with end points belonging to the same connected graph (because
they belong to the loop). Hence, we must have r < I so that a strict inequality
occurs in the right-hand side of (1.2). O

Definition 1.2. We denote by Cy the number of rooted oriented trees with k
edges.

Equivalently, we shall see in the following two paragraphs that C}, is the num-
ber of Dick paths of length 2k, or the number of non-crossing pair partitions
of 2k elements, or the number of planar maps with one star of type z2*.
Exercise 1.3. Show that Cy = 2 and Cs = 5 by drawing the corresponding
graphs.

1.1.2 Bijection with Dick paths

Definition 1.4. A Dick path of length 2n is a path starting and ending at the
origin, with increments +1 or —1, and that stays above the non-negative real
axis.

We shall prove:

Property 1.5. There exists a bijection between the set of rooted oriented trees
and the set of Dick paths.
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Proof. To construct a Dick path from a rooted oriented tree, let us define a
walk on the tree (or a closed path around the tree) as follows. We regard the
oriented tree as a fat tree, which amounts to replacing each edge by a double
edge (the double edge is made of two parallel edges surrounding the original
edge, see Figure 1.1) while keeping the same set of vertices. The union of these
double edges defines a path that surrounds the tree. The walk on the tree is
defined by putting the orientation of the plane on this curve and starting from
the root as the first step of the Dick path (see Figure 1.2). To define the Dick
path, one follows the walk and counts a unit of time each time one meets a
vertex; then adds +1 to the Dick path when one meets an (non-oriented) edge
that has not yet been visited and —1 otherwise. Since to add a —1, one must
have added a +1 corresponding to the first visit of the edge, the Dick path
is non-negative and since at the end all edges are visited exactly twice, the
path constructed will come back at 0 at time 2n. This defines a bijection (see
Figure 1.2) since, given a Dick path, we can recover the rooted tree by first
gluing the couples of steps where one step up is followed by one step down
and representing each couple of glued steps by one edge;

we then obtain a path decorated with edges. Continuing this procedure
until all steps have been glued two by two provides a rooted tree.

Thewalk on the tree

Fig. 1.2. Bijection between trees and Dick paths

1.1.3 Bijection with non-crossing pair partitions

Let us recall the following definition:

Definition 1.6. ¢ A partition of the set S :={1,...,n} is a decomposition
W:{Vl,...,‘/r}

of S into disjoint and non-empty sets V;.
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o The set of all partitions of S is denoted by P(S), and for short by P(n) if
S:={1,...,n}.

o The V;,1 < i < r are called the blocks of the partition and we say that
p ~x q if p,q belong to the same block of the partition .

o A partition m of {1,...,n} is said to be crossing if there exist 1 < p; <
Q1 < p2 < q2 <n with

P1 ~r D2 r Q1 ~r Q2.

It is non-crossing otherwise.
A partition is a pair partition if all blocks have cardinality two.

The bijection between oriented rooted trees with n edges and non-crossing
pair-partitions of 2n elements goes as follows. On each edge of the tree we
draw an arc going from one side of the edge to the other side and that does
not cross the tree. We start from the root and draw one arc in such a way
that the part of the tree visited by the walk before arriving for the second
time at the first edge is contained in the ball with boundary given by the arc.
We then continue this procedure, drawing the arcs in such a way that they do
not cross, till no edge is left. Finally, we think of the tree as being drawn by
the folding of a cord with both ends at the root; in other words, we replace
the tree by the fat tree designed from the trajectory of the walk as shown in
Figure 1.2. Unfolding the cord while keeping the arcs gives a pair-partition.
A less colorful way to say the same thing is to label each side of the edges
starting from the root and following the orientation and to write down the
pair-partition with pairings given by the labels of the two sides of the edges.
For instance, the drawing below represents the pair-partition of {1,...,24}
given by (1,24), (2,13), (3,4), (5,6), (7,12), (8,9), (10, 11), (14,23), (15, 16),
(17,22), (18,19), (20,21).

Fig. 1.3. Drawing the partitions on the tree and unfolding the tree
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We claim that the resulting partition is non-crossing. Indeed, if we take
two edges of a tree, say e; = (a1,b1) and ex = (ag,b2), let T1 be the subtree
visited, when one follows the orientation on the tree, between the time it visits
the two sides of the edge e1. Then, either e € T7, and then a; < as < bs < by,
or eg ¢ T, corresponding either to as < by < a1 < by or a1 < by < ag < ba.
We have thus shown:

Property 1.7. To each oriented rooted tree with n edges we can associate
bijectively a non-crossing pair partition of 2n elements.

Remark 1. Observe that in the bijection, the elements of the partition are the
edges of the tree seen as double (or fat) edges, as for the definition of the walk
on the tree (see Figure 1.2).

Let us finally remark that there is an alternative way to draw non-crossing
partitions that we shall use later. Instead of drawing the points of the par-
tition on the real line, we can draw them on the circle, provided we mark,
say, the place where we put the first element and provide the circle with an
orientation corresponding to the orientation on the real line. With this mark
and orientation, we have again a bijection. The drawing of the partition then
becomes a series of arcs which can be drawn either outside of the annulus or
inside (see Figure 1.4). As a matter of fact, the circle is irrelevant here, the
only thing that matters are the points, the marked point and the orientation.
So, we can also see one such point as the end point of a half-edge, all the
half-edges intersecting in one vertex in the center of the previous circle. Thus,
we can draw our set of the k& points on the real line as a vertex with k half-
edges, one marked half-edge and an orientation. We shall later call the set of
these edges, marked half-edge and orientation a star. In this picture, the pair
partition corresponds to the gluing of these half-edges two by two and the fact
that the partition is non-crossing exactly means that the edges (obtained by
the gluing of two half-edges) do not cross.

m@@ 2

Fig. 1.4. Non-crossing partitions and stars

The last drawing in Figure 1.4 is a planar map; that is, a connected graph
that is embedded into the sphere.
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Definition 1.8. A star of type x* is a vertex with k half-edges, one marked
half-edge and an orientation. A map is a connected graph that is embedded
into a surface in such a way that the edges do not intersect and if we cut the
surface along the edges, we get a disjoint union of sets that are homeomorphic
to an open disk (these sets are called the faces of the map). A map with stars
@ ..., x% is a graph where the half-edges of the stars x4, ... z% have been
glued pair-wise, the orientation of each pair of edge agreeing, hence providing
to the full graph one orientation.
The genus g of the map is the genus of such a surface; it satisfies

2 — 2g = fvertices + ffaces — fedges.
A planar map is a map with genus zero.

For more details on maps, we refer to the review [211]. Note that once a graph
is embedded into a surface, the natural orientation of the surface induces an
orientation around each vertex of the graph (more precisely a cyclic order on
the end points of the half-edges of its vertices). This fact has its counterpart
since (cf. [211, Proposition 4.7]) an orientation around each vertex of a graph
uniquely determines its embedding into a surface. This shows that, modulo the
notion of marked points, the notion of a star is intimately related to the idea
of embedding the corresponding graph into a surface. Prescribing a marked
half-edge will be useful later to describe how we will count these graphs (the
orientation and the marked point of the stars being equivalent to a labeling
of its half-edges).

To find out the genus of a map with only one vertex of degree k, one can
also recall that the end points of the half-edges of the star represent the middle
of the edges of the fat tree. Drawing these edges and gluing them pairwise
according to the map allows one to visualize the surface on which one can
embed the map (in the figure below, the lines on the surface are now the
boundary of the polygon).

Fig. 1.5. Partitions and maps
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1.1.4 Induction relation

We next show that the Catalan numbers satisfy the following induction rela-
tion.

Property 1.9. Cy =1 and for all k > 1

k—1
Cr =Y CpiaCl (1.3)
=0

Proof. By convention, Cjy will be taken to be equal to one and we consider an
oriented tree T rooted at r = (i1,42) with k > 1 edges. Starting from the root
r and following the orientation, we let ¢1 be the first time that we return to i,
following the walk on T'. The subgraph T; of the tree we have investigated is a
tree, with only the edge r = (i1, i2) attached to i;. We let 71 be the first edge
(according to the orientation of the plane) attached to 2. Removing the edge
r from T}, we obtain an oriented tree T4 rooted at r1. We denote by I; < k—1
the number of its edges. To = T'\T} is an oriented rooted tree (at the first
edge attached to i1) with k — 1 —[; edges. Therefore, any oriented rooted tree
with k edges can be decomposed into an edge and two oriented rooted trees
with respectively I, and k — I; — 1 vertices for some /; € {0,...,k — 1}. This
proves (using Cp = 1) that (1.3) holds with [ = [;. O

Property (1.9) defines uniquely the Catalan numbers by induction. We can

also give the more explicit formula:
Property 1.10. For all k > 0, Ci < 2%* and

2k

k
E+1"
Proof. Note that since C}, is also the number of Dick paths with length 2k, it
is smaller than the number of walks (that is, the number of connected paths

with steps equal to +1 or —1) starting at the origin with length 2k, that is,
22k In particular, if we define

Cr =

S(z) := Z Cr2F,
k=0

S(z) is absolutely convergent in |z| < 471. We can therefore multiply both
sides of equality (1.3) by 2* and sum the resulting equalities for k& € N\{0}.
We arrive at

S(z) — 1= 28(2)>.
As a consequence,
1++1-—-4z

5(z) = 2z
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Since S(0) = 1, we conclude that

1—-+1—-4z
2z '
We can now expand /1 — 4z in a Taylor series around the origin to obtain

_ —~ 2 )" RE-1)(2k-3)---(1)
\/1—42—1—22—2 (i

k=1

S(z) = (1.4)

(1)1 + oz

yielding

- n (271)k+1(2k_ 1)(2k—3)(1) n
5(2)_1+2; S (42)% 4+ o(z").

Therefore, by identifying each term of the series we find

2k
k@ Y12k —1)(2k—3)--- (1) 2k <k )
(k+1)! S (k+ DK E+1

Cr =2

1.1.5 The semicircle law and Catalan numbers

The standard semicircle law is given by

1
o(dx) = 2—\/4 — 2215 <odz.
o <
Property 1.11. Let my, = [ zdo(z). Then for all k > 0,
maog = Ck.

Proof. By the change of variables x = 2sin(6)

2 9.92k rm/2
Moj, = / 2 o(z)de = / sin?*(6) cos?(0)dh
2 7T —7/2

2.2% (7/2
_ / sin2" (8)d0 — (2 + 1)max. .

™ —m/2

Hence,

2.2k (/2
(2k + 2)mgy, = / sin?*(0)df = 4(2k — 1)may_o
™ —m/2

from which, together with mg = 1, one concludes that
42k — 1)

) Mok—2, (1.5)

M2k = ok 1 2

leading to the claimed assertion that mor = Cy by Property 1.10. O
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Corollary 1.12. For z € C\R, let

Go(2) ::/ L do(x)

Z—X

be the Stieltjes transform of the semicircle law. Then, for z € C\[—2, 2]

Gg(z):%(z— 22—4).

Proof. When |z| > 2, we can write

G () = %/ﬁdo(m) _ %Zz’k/xkdo(x)

k>0
1 1
= — Zz*%Ck = —5(272)
z z
k>0
1({1—-—+v1—-4z"2 1 5
z 222 2

where we finally used (1.4). This equality extends to the whole domain of
analyticity of G, i.e., C\[-2,2]. O

1.2 Wigner’s theorem

We consider an N x N matrix AN with real or complex entries such that
(AY) I<icjc AT independent and A" is self-adjoint; A} = AN. We assume
that

> INE[AYP)-1[=0. (1.6

1<i,j<N

E[A)]=0,1<i,j <N, Nhinooﬁ
In this section, we use the same notation for complex and for real entries
since both cases will be treated at once and yield the same result. The aim of
this section is to prove the convergence of the quantities N~'Tr ((AN)*) as
N goes to infinity and k is any positive integer number. Since Tr ((AN)*) =
Zfil AEf (A1, ..., 1) are the eigenvalues of Ay, this prove the convergence
in moments of the spectral measure of A .

Theorem 1.13 (Wigner’s theorem). [205] Assume that (1.6) holds and
for all k e N,
By :=sup  sup IE[|\/NA£§|’“] < 0. (1.7)
NeNigje{1,...,N}?
Then,
1
lim =T (ANM)F) =

N—o0

{ 0 ifkis odd,

C E otherwise,

where the convergence holds in expectation and almost surely. (Cy)r>o are the
Catalan numbers.
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Proof. We start the proof by showing the convergence in expectation. The
strategy is simply to expand the expectation of the trace of the matrix in terms
of the expectation of its entries. We then use some (easy) combinatorics on
trees to find out the main contributing term in this expansion. The almost sure
convergence is obtained by estimating the variance of the considered random
variables.

1. Ezpanding the expectation.

Setting BY = vVNAN = (Bij)1<i j<n» We have

1 N
E[NTT((AN)k)]Z > NTETE[Bii,Bii, o Bia] (1)

11,00 =1

where (B;j)1<i j<n denote the entries of BY (which may eventually de-
pend on N). We denote i = (i1, ...,i;) and set

P(i) = E[BilizBizis o 'Bikil]'

By (1.7) and Holder’s inequality, P(i) is bounded uniformly by Bj. Since
the random variables (B;j)i<i<j<n are independent and centered, P(i)
vanishes unless for any edge (ip,ip1+1), p € {1,...,k}, there exists I # p
such that (ip,ipy1) = (91,941) or (i14+1,4). Here, we used the convention
ig+1 = 91. We next show that the set of indices that contributes to the
first order in the right-hand side of (1.8) is described by trees.

2. Connected graphs and trees.
V(i) = {i1,...,ir} will be called the vertices. An edge is a pair (4, j) with
i,j € {1,...,N}2. At this point, edges are directed in the sense that we
distinguish (7, j) from (j,7) when j # ¢. We denote by E(i) the collection
of the k edges (ep)h_1 = (ip,ipp1)f_y with ipy1 = is.
We cousider the graph G(i) = (V (i), E(i)). G(i) is connected since there
exists an edge between any two vertices i, and i1, £ € {1,...,k — 1}
Note that G(i) may contain loops (e.g., cycles, for instance edges of type
(4,7)) and multiple undirected edges.

The skeleton G(i) of G(i) is the graph G(i) = (‘7(1), E’(l)) where V(i) is
the set of different vertices of V(i) (without multiplicities) and E(i) is the
set of undirected edges of E(i), also taken without multiplicities.

3. Convergence in expectation.

Since we noticed that P(i) equals zero unless each edge in E(i) is repeated
at least twice, we have that

BOI< 5 =180 < 3],

and so by (1.1) applied to the skeleton G(i) we find
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. k
V(@) < H 1

where [z] is the integer part of x. Thus, since the indices are chosen in
{1,..., N}, there are at most NIE+1 indices that contribute to the sum
(1.8) and so we have

‘E [%Tr ((AN)’“)} ‘ < ByNzl-3.

where we used (1.7). In particular, if k is odd,

. 1 Nk
1\}£nooE |:NTI’ (A™) )] =0.
If k is even, the only indices that will contribute to the first order asymp-
totics in the sum are those such that

.. k

which, by Lemma 1.1, implies that:

a) G(i) is a tree.

b) |[E(i)| =27 EG)| = k and so each edge in E(i) appears exactly twice.
Thus, G(i) appears as a fat tree where each edge of G(i) is repeated exactly
twice.

G(i) is rooted (a root is given by the directed edge (i1,42)). These edges
are directed by the natural order on the indices. Because G(i) is a tree, we
see that each pair of directed edges corresponding to the same undirected
edge in E(i) is of the form {(ip,%p11), (ip11,ip)}. Moreover, the order on
the indices induces a cyclic order on the fat tree that uniquely prescribes
the way this fat tree can be embedded into the plane, the orientation
of the plane agreeing with the orientation on the fat tree (see Figure
1.1). Therefore, for these indices, P(i) = [[.c 5 E[|VNAY?]. We write
G(i) ~ G(j) if G(i) and G(j) corresponds to the same rooted tree (but
with eventually different values of the indices). By (1.6), for any fixed
rooted tree G,

1 . kB - 2
NET Z | H B[VNAY] -1 < N2 Z |E[|Bi;|] — 1]
EG(1)~G ecE(i) 3,j=1

goes to zero as N goes to infinity. Hence, we deduce that

1
lim E [NTr ((AN)’“)} = #{rooted oriented trees with k/2 edges}.

N—o0
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4. Almost sure convergence. To prove the almost sure convergence, we esti-
mate the variance and then use the Borel-Cantelli lemma. The variance
is given by

. 1 Ny 2 1 k]
Var((AN) );:E[m (Tr ((A™M)F)) ] —E {NT‘"((A ) )}
1 N
= S [PG) - PA)PE)
il,...,ikzl
i, .0, =1

with

We denote by G(i,1’) the graph with vertices V' (i,i') = {i1,..., 4k, 8], .., 0} }
and edges E(i,i') = {(ip,ip+1)1<p<k, (ipip11)1<p<k}. For the indices
(i,i") to contribute to the leading order of the sum, G(i,i’) must be con-
nected. Indeed, if E(i) N E({i’) = 0, P(i,i’) = P(i)P(i’). Moreover, as
before, each edge must appear at least twice to give a non-zero contri-
bution so that |E(i,i')] < k. Therefore, we are in the same situation as
before, and if G(i,i") = (V(i, 1), E(i,1')) denotes the skeleton of G(i, i),
we have the relation

V(i) < |EG,i)|+1<k+1. (1.9)

This already shows that the variance is at most of order N~! (since
P(i,i") — P(i)P(i’) is bounded by 2By, uniformly), but we need a slightly
better bound to prove the almost sure convergence. To improve our bound
let us show that the case where |V (i,1')| = |E(i,i’)] + 1 = k + 1 cannot
occur. In this case, we have seen that G(i,i’) must be a tree since then
equality holds in (1.9). Also, |E(i,i')| = k implies that each edge appears
with multiplicity exactly equals to 2. For any contributing set of indices
i,i', G(i,i’) N G(i) and G(i,i’) N G(i’) must share at least one edge (i.e.,
one edge must appear with multiplicity one in each of this subgraph) since
otherwise P(i,i") = P(i)P(i"). This is a contradiction. Indeed, if we equip
G(i,i') with the orientation of the indices from i and the root (i1,4y), we
may define the walk on G(i,1)NG(i) as in Figure 1.2 (it is simply the path
i1 — i+ — i — 41). Since this walk comes back to i1, either it visits
each edge twice, which is impossible if G(i,i') N G(i) and G(i,i') N G(i')
share one edge (and all edges have multiplicity two), or it has a loop,
which is also impossible since G(i,i’) is a tree. Therefore, we conclude

that for all contributing indices,
V(@) <k

which implies
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Var((AM)*) < 2B, N2
Applying Chebychev’s inequality gives for any § > 0

(fan s w22

and so the Borel-Cantelli lemma implies

lim ‘%Tr((AN)k)—E[%Tr((AN)k)”:O a.s.

N —oo
The proof of the theorem is complete.
O

Exercise 1.14. Take for L € N, AN-L the N x N self-adjoint matriz such that
1

Ag’L = (2L)721;_jj<p Aij with (Ai;,1 < i < j < N) independent centered

random variables having all moments finite and E[A?j] = 1. The purpose of

this exercise is to show that for all k € N,

. . 1 k
Jim,Jim B | S840 = O
with Cy null if © is not integer. Hint: Show that for k > 2
1 _
E [NTr((AN’L)k)] = (2L)*/? ) Z; E[ALi, - AiyL] + o(1).

lip+1—ip|<L,p=>2

Then prove that the contributing indices to the above sum correspond to the

case where G(L,ia,-, i) is a tree with k/2 vertices and show that being given
a tree there are approximately (2L)% possible choices of indices i, ..., k.

1.3 Weak convergence of the spectral measure

Let (A;)1<i<n be the N (real) eigenvalues of AN and define

1 N
LAN = N;(SAl

to be the spectral measure of AN. L~ belongs to the set P(R) of probability
measures on R. We claim the following:

Theorem 1.15. Assume that (1.7) holds for all k € N. Then, for any bounded
continuous function f,

1\}13100 f(x)dLAN(x):/f(x)do(m) a.s.



1.3 Weak convergence of the spectral measure 29

Proof. . Let B > 2 and § > 0 be fixed. By Weierstrass’ theorem, we can find
a polynomial Ps such that

sup |f(x) = Ps(x)| < 0.

|z|<B

Then

[ s@ias (@) - o) <| [ PiopLar o) - o)

+6+ / (f — Ps)(z)dLan (z)| (1.10)
|z|>B
where we used that 1,>pdo(x) = 0 since B > 2. By Theorem 1.13,
hm |/P5 d(Lan(x) —o(x))| =0 as. (1.11)

Moreover, using that f is bounded, if p denotes the degree of Ps, we can find
a finite constant C' = C(d, B) so that

| (f = Ps)(z)dLa~ (x)| < C (L+ [z[")dL A (x)
|z|>B |2|>B
< 20B™P2 / 22 PTD AL, v (2)

where we finally used Chebychev’s inequality with some ¢ > 0. Using again
Theorem 1.13, we find that

lim sup | (f — P5)(x)dLan (z)| < 20B7P24 / 2P+ D do ()
N—oo Jjz|>B

< OB~P~2092(ptatl) 5 g

We let ¢ go to infinity to conclude, since B > 2, that

lim sup | (f — Ps)(x)dLan(z)] =0 as.

N—oo Jiz|>B

Finally, let 6 go to zero to conclude from (1.10) and (1.11) that

limsup| [ f(z)d(La~n(z) —0o(z))|=0 as.

N—oo
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1.4 Relaxation of the hypotheses over the entries
—universality

In this section, we relax the assumptions on the moments of the entries while
keeping the hypothesis that (Ai}] )i<i<j<n are independent. Generalizations
of Wigner’s theorem to possibly mildly dependent entries can be found for
instance in [45].

1.4.1 Relaxation over the number of finite moments

A nice, simple, but finally optimal way to relax the assumption that the entries
of vV NAYN possess all their moments, relies on the following observation.

Lemma 1.16. Let A, B be N x N Hermitian matrices, with eigenvalues
AM(A) > X (A) > - > An(A) and A\ (B) > Xa(B) > -+ > An(B). Then,

N
D INi(A) = Mi(B)* < Te(4 - B)*.

i=1

Proof. Since TrA? = Y .(\;(4))? and TrB? = ", (A\(B))?, the lemma
amounts to showing that

N
Tr(AB) < 3 A (AN (B)

for all A, B as above, or equivalently, since if A = Udiag(A1(A),...,An(A))U*
with a unitary matrix U,

N

Tr(AB) = Y M(A)N;(B)|U [,
i,j=1
that
N
D Xi(ANi(B) = sup D XA (B)vij - (1.12)
i=1 ’UijZOZZj ’Uijzl,zi ’Uijzl i,j

An elementary proof can be given (see [6]) by showing by induction over N
that the optimizing matrix v above has to be the identity matrix. Indeed, this
is true for N = 1, and one proceeds by induction: if v1; = 1 then the problem
is reduced to N — 1, while if v1; < 1, there exists a j and a k with v;; > 0
and vk > 0. Set v = min(v1;, vk1) > 0 and define 911 = vi1 + v, Vgj = vg; + v
and U1; = v1j; — v, Ukl = U1 — v, and Vup = Vg for all other pairs ab. Then,
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Z/\ ) (Vi — viz)

(A (AA(B) + Ak(A)A;(B) = A (A)Ai(B) = Ai(A)A;(B))
(A1 (A) = Ak(A))(M(B) = A(B)) = 0.

v
v

Thus, V = {7;;} satisfies the constraints, is also a maximum, and the number
of zero elements in the first row and column of V is larger by 1 at least from the
corresponding one for V. If v3; = 1, the conclusion follows by the induction
hypothesis, while if 737 < 1, one repeats this (at most 2N — 2 times since
the operation sends one entry to zero in the first column or the first line) to
conclude. O

Corollary 1.17. Assume that the entries {\/—A”,l < j} are independent
and are either equidistributed with finite variance or such that

sup sup E[|\/_A 1Y < (1.13)
NeN1<i,j<N

Assume also that {V/NAN i < j} are centered and for all

75

lim  max |E[(\/NAZ)2] —1|=0.

NS00 1<i<j<N

Then, for any bounded continuous function f

A}im f(@)dLan (z /f Ydo(x) a.s.

Remark. When the entries are not equidistributed, the convergence in prob-
ability can be proved when (v'N A})1<i<j<n are uniformly integrable. We
strengthen here the hypotheses to have the almost sure convergence of the
law of large numbers theorem.

Proof. Fix a constant C' and consider the matrix A ~ whose elements satisfy,
fori<jandi=1,...,N

N N
s ] (Aijlmmx\sc - E(Az‘jlmmmgc))
with )
AN gatisfies the hypothesis of Theorem 1.15 for any C € R™, so that

A}iinoo/f(x)dLAN(x) :/f(x)do(m) a.s. (1.14)

Assume now that f is bounded Lipschitz, with Lipschitz constant
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11 = sup LD =IO p 5@,
T#Y |z -yl x

Then,

} [s@aLan@ - [ r@azas@

IFlle o= 1y ANy s (AN
< T DL A (AN) = X (AY))
1=1

N 3
<1/l (% ST IN(AY) - Ai(AN)F)
i=1

regardless of the order on the eigenvalues. We conclude that

‘ / F(@)dL g n (2 / f(z)dLan (z

with

1

< Iflle (a® - 477)

N 1
(AN =AY, =~ (A1 manso — BIANT ravscl) + (1= o) (C)AY
ij
(1.15)
where we used that E[A]] = 0 for all i,j. Under the assumption (1.13) or
when {VN A},i < j} are independent and equidistributed and with finite
variance, we can use the strong law of large numbers to get that

hmsup— Z (AN — AN) 1% < hmsup | Jmax E[[VN(AYN — AM);?]  as.
<j<

N—o0 ij=1

(1.16)
Thus, by Lemma 1.16,

[f@dLan(e) - [ f@Lan(@)

< ims N _ANY 2 as.
_IIfIIclljrvnjgoplggIg});NE[((A A7) as

lim sup
N—o0

Letting C go to infinity shows that the above right-hand side goes to zero (by
(1.15) and since (VN Ag )i<j is uniformly integrable under our assumptions)
and therefore

limsuplimsup‘/f x)dL 4~ (T /f JdLan(z)| =0 a.s.

C—oo N—oo
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We conclude with (1.14) that for all Lipschitz functions f,

A}im /f YdLan (x /f )do(xz) as.

Now, taking any non negative Lipschitz function that vanishes on [—2, 2] and
equals one on [—3, 3]°, we deduce that

A}im Lav([-3,3]°)=0 as.

Since by the Weierstrass theorem, Lipschitz functions are dense in the set
of continuous functions on the compact set [—3, 3], we can approximate any
bounded continuous function f on [—3, 3] by a sequence of Lipschitz functions
f5 up to an error ¢ (for the supremum norm on [—3,3]). We choose fs with
uniform norm bounded by that of f on the whole real line. We now conclude
that for any bounded continuous function f,

hjlvnjgop‘/f YdLan (x /f Ydo(x
<2||f||oohmsup(LAN([ 3,3]°) +o([=3,3]%))

—l—hmsup‘/f[; dLAN—/f5 )do(x

N—o0

Letting 6 go to zero finishes the proof. a

Remark. Let us remark that if v/ NAN (i) has no moments of order 2, the
theorem is no longer valid (see the heuristics of Cizeau and Bouchaud [64]
and rigorous studies in [208] and [26]). Even though under appropriate as-
sumptions the spectral measure of the matrix AV, once properly normalized,
converges, its limit is not the semicircle law but a heavy-tailed law with un-
bounded support.

1.4.2 Relaxation of the hypothesis on the centering of the entries

The last generalization concerns the hypothesis on the mean of the variables
VN A which, as we shall see, is irrelevant in the statement of Corollary 1.17.
More prec1sely, we shall prove the following lemma (taken from [109]).

Lemma 1.18. Let AN BY be N x N Hermitian matrices for N € N such
that BN has rank r(N). Assume that N~ 'r(N) converges to zero as N goes to
infinity. Then, for any bounded continuous function f with compact support,

/f z)dLan  gr (2 /f YdLan (2

If moreover (Lan, N € N) is tight in P(R), equipped with its weak topology,
the above holds for any bounded continuous function.

lim sup =0.

N—o0
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Proof. We first prove the statement for bounded increasing functions. To
this end, we shall first prove that for any Hermitian matrix ZV, any e € C¥,
A € R, and for any bounded measurable increasing function f,

[ 1@tan@) - [ f@Las s @) < Sl 07

We denote by MY < A ... < AN (resp. ni¥ < nd .. < n¥) the eigenvalues
of ZN (resp. ZV + \ee*). By Lidskii’s theorem 19.3, the eigenvalues \; and n;
are interlaced;

N N N
A<t <A S Mg S py),

N N N N N
< < e < < .
S A S S Ty S Agry

Therefore, if f is an increasing function,

; FOAL g; Nllflloosgf(m )+ 5l
but also
N N N
STFON) = )+ 30 FON) = Fo0) + 30 )
i=1 i—2 P

= fO0) = Fm) + D f0).

i=1

These two bounds prove (1.17).
Now, let us denote by (e, - ,ei\g N)) an orthonormal basis of the vector

space of eigenvectors of BY with non-zero eigenvalues so that

r(N)

Zn

with some real numbers (n)¥)1<;<,(n)- Iterating (1.17) shows that for any
bounded increasing function f,

<PV 0y

‘ [ H@dLan(@) - [ F@dLaxns @

Therefore, for any increasing bounded continuous function, when N ~1r(N)
goes to zero,

lim sup
N—o0

=0. (1.19)

/f z)dLan  gr(x /f YdLan (2
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Of course, the result immediately extends to decreasing functions by f — —f.
Now, note that any Lipschitz function f that vanishes outside of a compact
set K = [—k, k] can be written as the difference of two bounded continuous
functions (this is in fact true as soon as f has bounded variations) since
it is almost surely (with respect to Lebesgue measure) differentiable with
derivative bounded by |f|z and

xT xr
f(x) — £(0) Z/O f/(x)lf/(w)zodl‘—/o (—f"(@) 1 (z)<od.
Hence, (1.19) extends to the case of compactly supported Lipschitz functions,
and then to any bounded compactly supported continuous functions (by den-
sity for the supremum norm).
To remove the assumption that f is compactly supported we assume
(Lan)Nen tight so that supy Law~ ([—k, k]¢) goes to zero as k goes to infinity.
Now, taking f(z) = (z — k) A1V 0 for some finite k, we deduce that

limsup Lo~ g~ ([k +1,00[) < limsup/(x —k)ANLVOdLa~ g~ ()

N—oo N—oo
= limsup/(x —k)A1VOdLan(x)
N—oo

< limsup La~ ([k,]) < ek

N—oo

where ¢, is a sequence going to zero with k, which exists by the assumption
that (La~, N € N) is tight. We apply the same argument for Lo~ g~ (] —
00, —k — 1]) with the decreasing function f(z) = (—=k —xz) A1V 0 and deduce
that
lim sup limsup La~ g~ ([—k, k]¢) = 0.
k—oo N—oo

This allows us to finish the proof of the lemma for any bounded continuous
function f since we also have limsup;,_, ., limsupy_, . La~([—k,k]¢) =0. O

By Corollary 1.17 and Lemma 1.18, we find the following:

Corollary 1.19. Assume that the matriz (E[Ag])lgi,jgN has rank r(N) so

that N~1r(N) goes to zero as N goes to infinity, and that the variables
\/N(Af}f —E[A}Y]) satisfy (1.13) and have variance 1. Then, for any bounded
continuous function f,

Jim [ f@)dLax (@) = / F@)do(z)  as.

This result holds in particular if ]E[Af}]] = V' s independent of i,j €
{1,...,N}2, in that case r(N) = 1.
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Bibliographical notes. Since the convergence of the spectral measure was
proved by Wigner [205] when the entries possess moments of all orders, many
papers have improved this result. The optimal hypothesis for the convergence
of the spectral measure of Wigner matrices to the smicircle law is that the
entries have a finite second moment, since if they do not, the asymptotics
of the spectral measure described in [26] show that the renormalization of
the eigenvalues must depend on the tail of the entries and the limit is a
heavy tailed law rather than the semicircle law. More precise results have
been derived; for instance, when the entries have only a finite fourth moment,
Bai [11] proved the convergence of the spectral measure and showed that some
distance to the limit is at most of order N~% (this result was improved to
N~ under stronger hypotheses in [96]). Bai used a method directly based on
estimations of the Cauchy—Stieljes transform of the spectral measure, rather
than on moments. The convergence of the spectral measure of diverse classical
ensembles of matrices were shown,; for instance for Wishart matrices [145], for
Wigner matrices with correlated entries [45], Toeplitz matrices [53, 112], or for
non symmetric matrices (with a complex spectrum) such as Ginibre ensemble
[95, 12]. We refer the reader to [13] for more examples.
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Wigner’s matrices; more moments estimates

In this chapter, we elaborate upon the previous computation of moments in
two directions. First we give a better estimate of the error to the previous limit
and prove a central limit theorem. Second, we consider the case were moments
are taken at powers that blow up with the dimension of the matrices; we
basically show that if this power is small compared to the square root of the
dimension, the first-order contribution is still given, in the moment expansion,
by graphs that are trees.

2.1 Central limit theorem

In the previous section, we proved Wigner’s theorem by evaluating
J aPdLan (x) for p € N. We shall push this computation one step further here
and prove a central limit theorem. Namely, setting

/ a*dLan(z) :=E [ / e dL o~ (:v)] ;

we shall prove that

MYN =N (/xdeAN(x) - /xdeAN(x)) = 3 (\F —E[\F))

i=1

converges in law to a centered Gaussian variable. Since in Chapter III we shall
give a complete and detailed proof of the central limit theorem in the case
of Gaussian entries with a weak interaction, we will be rather sketchy here.
We refer to [7] for a complete and clear treatment and [6] for a simplified
exposition of the full proof of the theorem we state below. To simplify, we
assume here that AV is a Wigner matrix with

VN’

N _
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where (B;;,1 < i < j < N) are independent real equidistributed random
variables. Their marginal distribution g has all moments finite (in particular
(1.7) is satisfied) and satisfies

/ zdp(z) = 0 and / 22du(z) = 1.

We shall show why the following statement holds.

Theorem 2.1. Let

o

2

2 o0 2 T
- k2[c%]2+%[cg]2 [/x4du(x) -~ 1]+Z% > TIes | s
i=1

r=3 k; >0
25T ky=k—r

In this formula, C, equals zero if x is not an integer and otherwise is equal
to the Catalan number.

Then, M} converges in moments to the centered Gaussian variable with

variance o, i.e., for all | € N,

1 _ =2
lim E[(MM)] = /xle 278 da.
N —o0 [( k ) } \/ﬂgk

Remark. Unlike the standard central limit theorem for independent variables,
the variance here depends on pu(x?).
Outline of the proof.

We first prove that the statement is true when | = 2. (It is clearly true for
k =1 since ALY is centered.) We thus want to show

of = lim E[(MY)?]. (2.1)

Below (1.9), we proved that E [(Af)?] is bounded, uniformly in N. Fur-
thermore, we can write

E[(MY)?] = ¢ SIPGLY) — PGP

i,if

where the sum over 1,1 will hold on graphs G(i,i) = (V(i,1'), E(i,1')) so
that R ~
V(i) <k, |BEG{) <k

Since [P(i,i’) — P(i)P(i’)] is uniformly bounded, the only contributing
graphs to the leading order will be those such that |V (i,i’)| = k. Then,
since we always have |V (i,i’)| < |E(i,i)| + 1, we have two cases:

e |E(i,i’)] = k — 1 in that case the skeleton G(i,i’) will again be a tree but
with one edge less than the total number possible; this means that one



2.1 Central limit theorem 39

edge appears with multiplicity four and belongs to E(i) N E(i'), the other
edges appearing with multiplicity 2. Hence, the graphs of E(i) and E(i')
are both trees (so that k must be even); there are Cé such trees, and they
are glued by a common edge, to choose among % edges in each of the tree.
Finally, there are two possible choices to glue the two trees according to
the orientation. Thus, there are

K\’ k2
:(3) - (5)a

P(G,i) — PA)P({) = /m4du(aj) —1.

such graphs and then

We hence obtain the contribution (%Q)Cz ([ z*du(x) — 1) to the variance.
2

e |E(i,i")| = k. In this case, the graph is no longer a tree and because
|E(i,i")] — |V(i,i')] = 1, it contains exactly one cycle. This can be seen
either by closer inspection of the arguments given after (1.1) or by using
the formula that relates the genus of a graph and its number of vertices,
faces and edges:

fvertices + ffaces — fedges = 2 — 2g < 2.

The faces are defined by following the boundary of the graph; each of these
boundaries are exactly one cycle of the graph except one (since a graph
has always one boundary) and therefore

fifaces = 1 + ficycles.

So we get, for a connected graph with skeleton (V, E),

V| < |E| + 1 — teycles. (2.2)

In our case, fvertices = fedges = k and ficycles > 1 (since the graph is
not a tree), so that the number of cycles must be exactly one. Count-
ing the number of such graphs completes the proof of the convergence of
E [(M})?] to o (see [7] for more details).

Convergence to the Gaussian law.

We next show that M} is asymptotically Gaussian. This amounts to prov-
ing that limy_,c E[(M)2*1] = 0 whereas,

lim E[(M})?] = #{number of pair partitions of 2/ elements} x o'

Again, we shall expand the expectation in terms of graphs and write for
leN,
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E[(M, %'Z P(i

with P(i!,...,i') given by

E (BM Buyp —E[By - BM])
1°2 k"1 1°2 k"1
---(Bilil By —E[By ---Bilil])].
172 331 172 k1

We denote by G(' ..,il) = (V(il, i, B(iY, ..., 1Y) the correspond—
ing graph; V(i',...,i") = {iJ, 1<j<ll<n<k}andE( Lil) =
{G@,i,,4),1 < j < [,1 < n < k} with the convention Zl+1 = .
As before, P(i',...,i') equals zero unless each edge appears with mul-

tiplicity 2 at least. Also, because of the centering, it vanishes if there
exists a j € {1,...,1} so that E(il,...,i') N E(i’) does not intersect
BE(it,..., i1, i+ i), Let us decompose G(i',...,i') into its con-
nected components (Gy,...,G.). We claim that

. (2.3)

VEL,. . ) <e—1+ {M] .
This type of bound is rather intuitive; if a connected component G; con-
tains G(i1),...,G(i%), each gluing of the G(i’t) should create either a
cycle or an edge with multiplicity 4, the total number of vertices decreas-
ing at least by one in each gluing. Hence, |V (i', ..., i')| should grow linearly
with the number of connected components. The proof is given in Appendix
20.3 for completeness (see [6] or [7]). With (2.3), we conclude that the only

indices that will contribute are such that

14 [l(k—kl)} > kl

2 2

with ¢ < []. This implies that
kl [l k+1)7 1 I(k+1) Kkl
— < |=| = < - — B
2~ H e { 2 } Syt 2

resulting in all inequalities being equalities. Thus, to get a first-order con-
tribution we must have [ even and ¢ = é In that case, we write (s;,7;)1<j<i
the pairing so that (G(is;), G(ir,))1<j<i are connected for all 1 < j <
(with the convention s; < ;). By independence of the entries, we have

l
P 11) H 12l H 15] ’ l’r‘]

Jj=1
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and so we have proved that

NN Pliy,.i) = > [ NFY D Plinia) | +0(1)

i1,...,12; 51T<v'>"g<v5l ig,iz
2777

=oi' Y 1+0(1)

s1<--<s;
Tji>8j

which proves the claim since

1 2= g — — (9] — _ _5)...
\/—2_ﬂ_/xle dr= Y 1=(@-1)@-3)@ -5 1.

51<-<sy
Tj>5j

This completes the proof of the moments convergence.

O

Exercise 2.2. Show that Theorem 2.1 implies that M}N converges weakly to
the centered Gaussian variable with variance o%. Hint: control tails to approz-
imate bounded continuous functions by polynomials.

Bibliographical notes. Johansson [120] proved a rather general central limit
theorem for the spectral measure of Gaussian random matrices (and more gen-
erally for particles interacting via a Coulomb gas potential). It was generalized
to B-ensembles and Laguerre ensembles in [82] by using tri-diagonal represen-
tation of the classical ensembles [81]. The strategy of moments developed here
follows an article of Anderson and Zeitouni [7] (see a generalization in [177]).
Central limit theorems were also obtained in the case of Ginibre ensembles
(with spectral measure converging to the so-called circular law) in [169].

We shall see in Part IIT that this kind of theorem generalizes to the multi-
matrix setting that we shall introduce in the next chapter.

2.2 Estimates of the largest eigenvalue of Wigner
matrices

In this section, we derive estimates on the largest eigenvalue of a Wigner
matrix with real entries Ag = N’%Bij with (B;;,1 <1i < j < N)independent
equidistributed centered random variables with marginal distribution P. The
idea is to improve the moments estimates of the previous chapter.

We shall assume that P is a symmetric law (see the recent article [166] for
a relaxation of this hypothesis):

P(—xze.)=P(ze.).
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We take the normalization E[z?] = 1. Further, we assume that P has sub-
Gaussian tail, i.e., that there exists a finite constant ¢ such that for all k € N,
E[2?*] < (ck)*.

We follow the article of S. Sinai and A. Soshnikov [179] to prove the following

result:

Theorem 2.3 (S. Sinai—A. Soshnikov [179]). For all e > 0, all N € N,
there exists a finite function o(s, N) such that

lmy oesup 1. o(s,N) =0 and
N22s
E[Te((AY)*)] = —=(1+o(s,N)). (2.4)
s

As a consequence, for all € > 0, if we let A\maz(AY) denote the spectral radius
of AN,
lim P([JAmax(AY) =2/ >€) =0.

N—o0
A previous result of the same nature (but under weaker hypothesis (the sym-
metry hypothesis of the distribution of the entries being removed) under which
the moments estimate (2.4) holds for a smaller range of s) was proved by
Komlés and Fiiredi [93]. A later result of Soshnikov [180] improves the range
of s under which (2.4) holds to s of order less than n%, aresult that captures
the fluctuations of Amax(A”Y). We emphasize here that the proof below heavily
depends on the assumption that the distribution of the entries is symmetric.

Proof. Let us first derive the convergence in probability from the moment
estimates. First, note that

Pmax(A¥) <2 - ) < P ( [ @z - o)

for all functions f supported on |2 — €, co[. Taking f bounded continuous, null
on ]—o0, 2—¢] and strictly positive in [2— £, 2], we see that P([ f(z)dL s~ = 0)
goes to zero by Theorem 1.15. For the upper bound on Amax(A”Y), we shall
use Chebychev’s inequality and the moment estimates (2.4) as follows:

1

PQAmax(AY) > 2+¢) < 2tz

E[Amax(4™)*] < E[Tr((AY)*)]

(2+¢€)2s
N225

< — 7= +o(s,N))
(2+€)?5vmsd
where the right-hand side goes to zero with N when s = N€ for some € > 0.
To prove the moment estimates we shall again expand the moments and
count contributing paths, in particular estimate more precisely contributions
from paths that are not trees. Yet, the central point of the proof is to show

that these paths give a negligible contribution. We follow the presentation of
[179].
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1. Moments expansion. As usual, we write

N

BT (A))] =5 > EBun Bl (29)

00, eyi25—1=1

We let E denote the set of edges of the graph, i.e., the undirected collection
of couples {(ip,ipt1),p =0,...,2s — 1}. Because we assumed the law of
the B;;’s symmetric, only indices such that each edge in E appears an
even number of times will contribute. We call a closed path the sequence
P:ig—i; — -+ —ig9s_1 — ip. An even path is a closed path where each
edge appears with even multiplicity; they are the only contributing paths.
2. Descriptions of paths. We will say that the ¢th step iy—1 — i, of a path
P is marked if during the first £ steps of P, the edge {i¢—1,%¢} appears an
odd number of times (note here that the ¢th step is counted, and so a step
is marked iff the edge {iy_1,i¢} appears an even number of times in the
previous step, in particular if it does not appear). The step is unmarked
otherwise. For even paths, the number of marked and unmarked edges is
equal to s. The complete set of vertices V is the collection {1,..., N} of
all possible values of the points (ix,0 < k < 2s —1). We say that a vertex
1 € V belongs to the subset Ny = N (P) if the number of times we arrive
at ¢ via marked edges equals k. Note that no vertex of the path except ig
can belong to Ny. Moreover, N, = 0 for p > s (since there are at most s
edges). Note that if we let ng = Ny, since (N, ..., N;) is a partition of
V, S _onk = N. Moreover, (N, ..., N;) also induces a partition of the

edges and hence
Z kng = s.
k=0

We say that P is of type (ng,ni,...,ns) if ng = fNy = Nk (P) for all
k €{0,...,s}. We finally say that a path is a simple even path if ig € Ny
and P is of type (N — s,s,0,...,0). Observe that in a simple even path,
each edge appears only twice (since there are at most s different edges in
P and here exactly s since there are s different vertices in N7). Also, we
see that the graph corresponding to P has exactly s vertices in A plus
io € Np and so exactly s + 1 vertices. Hence, the skeleton (V, E) of the
graph drawn by P satisfies the relation |V| = |E| + 1 and hence is a tree.
The strategy of the proof will be to show that simple even paths dominate
the expectation when s = o(v/N).

3. Contribution of simple even paths. Considering (2.5), we see that for sim-
ple even paths, E[B;,i, -+ - Bis._,i,] = 1. Moreover, given a simple even
path, we have N possible choices for ig, N — 1 for the first new vertex en-
countered when following P, N — 2 for the second new vertex encountered,
etc. Since we have Cs = (2s)!/s!(s + 1)! simple even paths (see Property
1.10), we get the contribution
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N | (2s)) 2N

Cr = NSN(N_l)“.(N_S)S!(s—Fl)!  V7s3

(14 01(s,N))

where we have used Stirling’s formula and found

1< 1 sz 1
k=1

In the case where ig € Ny but n; = s,no =0--- ,n, = 0, we must have
io € Np. This means that we have one cycle and one different vertex less
in the graph of an even path. Note that if we split the vertex iy into two
vertices as in Figure 2.1, the new vertex being attached to the marked
edge, then the old ig belongs to Ay and the new vertex to A7 and we are

back to the case where iy € Np.

Fig. 2.1. Splitting of the graph

There are s possibilities for the position of the marked edge incoming in
ig, but we are losing N — s possibilities to choose a different vertex. Hence,
the contribution to this term is bounded by

cy < E[z*CY

where the last term comes from the possibility that one edge attached to
19 now has multiplicity 4.

Contribution of paths that are not simple. If a path is not as in the previous
paragraph, there must be an nyx > 1 for k£ > 2. Let us count the number
of these paths.

Given ng,nq,...,ns, we have #,'ns, ways to choose the values of the
vertices. Then, among the ng vertices in Ny, we have at most ng ways to
choose the vertex corresponding to i (if ig € Np).

Being given the values of the vertices, a path is uniquely described if we
know the order of appearance of the vertices at the marked steps, the times
when the marked steps occur and the choice of end points of the unmarked
steps. The moments of time when marked steps occur can be coded by
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a Dick path by adding +1 when the step is marked and —1 otherwise.
Hence, there are Cy = (2s)!/s!(s + 1)! choices for the times of marked
steps. Once we are given this path, we have s marked steps. The marked
steps are partitioned into s sets corresponding to the N}, 1 < k < s, with
cardinality nik each. Hence, we have m possibilities to assign the
sets into which the end points of the marked steps are. Finally, we have
(nkk)!/(k!)™ ways to partition the set N} into k copies of the same point
of N. So far, we have prescribed uniquely the marked steps and the set
to which they belong.

O first unmarked step

The i4’s , and the set A; to which they
belong, are given.

iy

If i in N7, the first unmarked step
has to be 5.

Y

Otherwise,

the vertex ig = i; appeared already once.
The unmarked edge can be any

of the i, so that (i, %) or

(i1,1,) was a previous step; here .

iy, = 0,2 or 4.

Fig. 2.2. Counting unmarked steps

To prescribe the unmarked steps, we still have an indeterminate. In fact,
let us follow the Dick path of the marked steps till the first decreasing
part corresponding to unmarked steps. Let iy be the vertex assigned to
the last step. Then, if i, appeared only once in the past path (in the edge
(i¢—1,1¢)), we have no choice and the next vertex in the path has to be
ig—1. This is the case in particular if i, € N;. If now i, € N}, for k > 2,
the undirected step (ip,4¢) for some i, may have occurred already at most
2k times (since it could occur either as a step (ip,4¢) or a step (ig,ip),
the later happening also less than k times since it requires that a marked
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step arrived at iy before). We have thus at most 2k choices now for the
next vertex; one of the i, among the at most 2k vertices such that the
step (ip,¢) or (i¢,ip) were present in the past path. Once this choice has
been made, we can proceed by induction since this choice comes with the
prescription of the set N in which the vertex i, belongs. Hence, since we
have kny, vertices in each set, we see that we have at most [} _,(2k)*"
choices for the end points of the unmarked steps.

Coming back to (2.5) we see that if the path is of type (no, ..., ns), entries
appear at most nj times with multiplicity 2k for 1 < k < s. Thus Holder’s
inequality gives

E[Bi0i1 -.-Bi25717;0] < H E[x2k]nk < H(Ck)knk
k=1 k=2

where we used that E[2%] = 1. This shows that the contribution of these
paths can be bounded as follows.

Eno,mms = Z E[Bioil e -Bi25717;0]
90, - +t2s—1:P Of type(ng,...,ns)
1 N! (2s)! s!

< —
= N gy ngl sl(s + D) [, (k)]

[T Giyer LLew T en

k=1 k=2 k=2
c NIV 1) (g +1) _(29) 1
=70 Ns sl(s+ 1) ny!- - ny!
s! 2
- — (2Ck2)knk
szl(ke 1)77,kk kl;ll
2s)! ! >
< NNN—no=s (25) 5 ' H(chk)knk

sl(s+ Dlng!---nyg! P

where we have used that (k!)™ > (ke™1)*™*. Since s = Y_;_, kny and
N =3, ng, we have N —ng — s = Y ;_,(1 — k)ni. Using s! < (s)*, we
obtain the bound

(2s)! 7 1 1—k k
E, ne K N———— I I — (N 2cek Tk,
Orreeahs sl(s+ 1)! P nk!( (2ceks)”)

We next sum over all n; > 0 so that at least one n; > 1fori € {2,...,s}.
This gives, with 7 := N'=%(2ceks),
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Z Eng,...,ns <N S + 1 ' Z 1) H eve

N0, N MaAX >0 N >1 LH#k

(2s)! >
< N——2  _p2u>2t
= S!(S ZW
>2

where we used that e* — 1 < ze® for all z > 0. Note that in the range of
s where s2 < N17¢_if we choose K big enough so that Ke > 1,

Zw = Z N4 (2cels)*
¢ 2<e<s
< NK(2cesKN™ Y2 + N Z (2ces? N~1)*
K+1<(<s

< constant(N 1 K?s% + N (2ceN )5 +1) < constant N ¢
goes to zero as N goes to infinity. Thus, we conclude that

> EBugom, <CCYNTE

Hence, in the regime s2/N going to zero, the contribution of the indices
{30, .. .,925—1} associated with a path of type (ng,...,ns) with some nj >
1 for some k > 2 is negligible compared to the contribution of simple even
paths.

O

Exercise 2.4. The extension of Theorem 2.3 to Hermitian Wigner matrices
satisfying the same type of hypotheses is left to the reader as an exercise.

Bibliographical notes. Soshnikov [181] elaborated on his combinatorial es-
timation of moments to prove that the largest eigenvalue fluctuations follow
the Tracy—Widom law, by estimating moments of order N 3 when the entries
are symmetrically distributed and have sub-Gaussian tails. By approxima-
tion, Ruzmaikina [174] could weaken the later hypothesis to the case where
the entries have only the eighteenth (thirty-sixth according to [9]) moment
finite. The case where the entries are not symmetrically distributed is still
mysterious, despite recent progress by Péché and Soshnikov [166] who prove
the universality of moments of order much larger than v/N (but still much
smaller than N'3). A rather different result was proved by Johansson [121]; he
showed the universality of the fluctuations of the largest eigenvalue for matri-
ces whose entries are the convolution of a Gaussian law with a law with finite
sixth moments. It is well known [15] that the largest eigenvalue of a Wigner
matrix converges to 2 if and only if the entries have fourth moments. It is
expected that the fluctuations follow the Tracy—Widom law when the fourth
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moment is finite. What happens when the entries have no finite moments is
described in [9, 184]. Also, the case where one adds a finite rank perturbation
to the matrix was studied in [16]; if the perturbation is sufficiently small the
fluctuations still follows the Tracy—Widom law, whereas if it is large, they will
be Gaussian.

Other classical ensembles were studied; for instance Wishart matrices [27,
183, 14, 190].

In the next chapter, we shall consider polynomials in several random ma-
trices; it was shown in [111] that the spectral radius of polynomials in several
independent matrices following the GUE converge to the expected limit (that
is the edge of the support of the limiting spectral measure of this polynomial).
This was generalized to the case of matrices interacting via a convex potential
in [106].
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Words in several independent Wigner matrices

In this chapter, we consider m independent Wigner N X N matrices
{AN£1 < ¢ < m} with real or complex entries. That is, the A™! are

self-adjoint random matrices with independent entries (AZ’E, 1<i<j<N )
above the diagonal that are centered and with variance one. Moreover, the

(Ag,e, 1<i<j< N) e are independent. We shall generalize Theorem
1<é<m

3.3 to the case where one considers words in several matrices, that is show
that N~'Tr (AN AN AN converges for all choices of ; € {1,...,m}
and give a combinatorial interpretation of the limit. In Part VI, we describe
the non-commutative framework proposed by D. Voiculescu to see the limit
in the more natural framework of free probability. Here, we simply general-
ize Theorem 1.13 as a first step towards Part III. Let us first describe the
combinatorial objects that we shall need.

3.1 Partitions of colored elements and stars

Because we now have m different matrices, the partitions that will naturally
show up are partitions of elements with m different colors. In the following,
each £ € {1,...,m} will be assigned to a different color. Also, because matrices
do not commute, the order of the elements is important. This leads us to the
following definition.

Definition 3.1. Let ¢(X1,...,Xm) = X, X, -+ Xo, be a monomial in m
non-commutative indeterminates.

We define the set S(q) associated with the monomial q as the set of k
colored points on the real line so that the first point has color £1, the second
one has color £y, till the last one that has color (.

NP(q) is the set of non-crossing pair partitions of S(q) such that two
points of S(q) cannot be in the same block if they have different colors.
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Note that S defines a bijection between non-commutative monomials and the
set of colored points on the real line.

Even though the language of non-crossing partitions is very much adapted
to generalization in free probability (see the last part of these notes) where
partitions can eventually be not pair partitions, it seems to us that it is more
natural to consider the bijective point of view of stars when considering matrix
models in Part III. The definition we give below is equivalent to the above
definition according to Figure 1.4 (with colors).

Definition 3.2. Let ¢(X1,...,Xm) = X, Xo, -+ Xo, be a monomial in m
non-commutative indeterminates.

We define a star of type q as a vertex equipped with k colored half-edges,
one marked half-edge and an orientation such that the marked half-edge is of
color {1, the second (following the orientation) is of color £a, etc., until the
last half-edge that is of color ¢y,.

PM/(q) is the set of planar maps (see Definition 1.8) with one star of type
q such that the half-edges can be glued only if they have the same color.

Equivalently, a star can be represented by an annulus with an orientation,
colored dots and a marked dot (see Figure 3.1; color 1 is blue and color 2 is
dashed).

Fig. 3.1. The star of type ¢(X) = X{ X3 X{ X2

Remark 2. Planar maps with one colored star are also in bijection with trees
with colored edges. However, when we deal with planar maps with several
stars (see, e.g., Part III), the language of trees will become less transparent
and we will no longer use it.

3.2 Voiculescu’s theorem

The aim of this chapter is to prove the following:
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Theorem 3.3 (Voiculescu [197]). Assume that for all k € N,

By := sup sup  sup E[|\/NA£\;’Z|’€] < o0 (3.1)
1<¢<m NeNije{l,...,N}2
and
Ny . 1 N2 _
1;?)?%(1\] |]E[Aij JI=0, ]\}Enoo max Z |NE[|Aij "] =1 =0.

1<4,j<N

Then, for any ¢; € {1,...,m},1<j <k,

. ¢ ¢ o, m
]\;Enoo NTr (AN) 1AN7 7o 'AN7 k) =0 (Xfl ' ka)
where the convergence holds in expectation and almost surely. c™(Xy, - -+ X¢,)
is the number [INP(Xy, -+ Xy, )| = |PM (X, - - - Xo,)| of planar maps with one
star of type Xy, -+ Xy, -

Remark 3.  Because a star has a marked edge and an orientation, each edge
can equivalently be labeled. The counting is therefore performed for these
labeled objects, regardless of possible symmetries.

e 0™, once extended by linearity to all polynomials, is called the law of
m free semi-circular variables since they satisfy the freeness property (17.1)
and the moments of each variables are given by the moments of the semicircle
law.

Proof. The proof is very close to that of Theorem 1.13.

1. Ezpanding the expectation.
Setting BY = v/ NAN, we have

E {%Tr (ANE AN AN“)}

1 N
_ £y I »14%
~ NE § E[Bi)i, Bisi, -~ B,
By =1

(3.2)

where Bf;,1 <4,j < N denotes the entries of BN (which may possibly
depend on N). We denote by i = (i1,...,ir) and set

P(i,0) =E[B}l;, By, -+ Bily, )
By hypothesis, P(i,¢) is uniformly bounded by Bj. We let, as in the
proof of Theorem 1.13, V(i) = {i1,...,ir} be the set of vertices, E(i)
the collection of the k half-edges (ep)’;:1 = (ip,ip+1)];:1 and consider
the graph G(i) = (V (i), E(i)). G(i) is, as before, a rooted, oriented and
connected graph.
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P(i, ¢) equals zero unless any edge has at least multiplicity two in G(3i).
Therefore, by the same considerations as in the proof of Theorem 1.13,
the indices that contribute to the first order in (3.2) are such that G(i) is
a rooted oriented tree. In particular, the limit equals zero if k is odd. This
is equivalent to saying (see the bijection between trees and non-crossing
partitions, Figure 1.3) that if we draw the points 41, - -ix,41 on the real
line, we can draw a non-crossing pair-partition between the edges of E(i).
We write E(i) = {(is;,is,4,); (ir iy, ) J1<i< & for the corresponding par-
tition. Since G(i) is a tree we have again that (is,, 45, ,) = (ir,,, %) for
le{1,...,%} Thus,

k
P(i,0) = [[EB, 7 B .

bsyptspypr g

N5, Nt

Ysytspqpq Uyt
small error in the sum of the P(i, ¢)’s. Therefore, if the edges of E(i) are
colored according to which matrix they came from, the only contributing
indices will come from a non-crossing pair-partition where only edges of

the same color can belong to the same block. This proves that

By our hypothesis, we can replace E[B | by Lo, =¢,, up to a

1
E| 5T (ANAANE .ANvfk)] = |0™(Xy, -+ Xg, )| + 0(1).

Almost sure convergence. To prove the almost sure convergence, we esti-
mate the variance and then use the Borel-Cantelli lemma. The variance
is given by

1
Var(ANO AN AN = | [mTr (ANEANL ANvfk)Q}

2
1
- E [NTr (ANE AN -AM)]

1 ..
- Y [PGY) - PP
11, 7ik =1
i,y =1

with P(i) as before and

11927 1213 ki1 i

P(i,i') :=E[B", B2 ...B% Bg,l»,z---Bffi,l].

We denote by G(i,i’) the graph with vertices V(i,i)
given by {i1,...,04),...,4,} and edges E(i,i’) equal to
{(ip,ipsr1)1<p<k, (i, ipy1)1<p<r}. For i,i’ to contribute to the sum,
G(i,i') must be connected (otherwise P(i,i') = P(i)P(i’)), and so it is
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an oriented rooted connected graph. Again, each edge must appear twice
and the walk on G(i) begins and finishes at the root 4. Therefore, exactly
the same arguments that we used in the proof of Theorem 1.13 show that

V(1) < k.
By boundedness of P(i,i') — P(i)P(i’) we conclude that
Var(ANA AN ANA) < D N2

for some finite constant Dj. The proof is thus complete by a further use
of the Borel-Cantelli lemma.

O

Exercise 3.4. The next exercise concerns a special case of what is called
” Asymptotic freeness” and was proved in greater generality by D. Voiculescu
(see Theorem 17.5).

Let (Ag, 1 <i < j < N) be independent real variables and consider AN
the self-adjoint matriz with these entries. Assume

N N\2 L
E[4;;] =0 E[(VNA;) =1 Vi<j.
Assume that for oll k € N,

By =sup  sup E[|\/NA£}7|"] < 0.
NeNije{l,...,N}2

Let DV be a deterministic diagonal matriz such that

1
sup max |DY| < oo lim —Tr((DM)*) = my for all k € N.
NeN <j N—oo N

Show that:
1. for any k € N,

. 1
]\;EHOOE [NTr(DN(AN)k)] = Ckjamu,
2. for any k1, ke € N,
1
Jim E [NTr((DN)ll (AN)F (DN (AN)’”)]
= Chy 120k, 2y 12 + Cliey ko) /210, MU,

3. for any Ui, k1, ,lp, kp €N,

Jim | (@) - o)) (s - e[ grans )



54 3 Words in several independent Wigner matrices

((DN)lp _ %Tr(DN)zp) ((AN)kp ~-E [%Tr(AN)ka }

goes to zero as N goes to infinity for any integer numbers ly,..., 1y,
ki, .. kp.

Hint: Expand the trace in terms of a weighted sum over the indices and show
that the main contribution comes from indices whose associated graph is a
tree. Fizing the tree, average out the quantities in the DN and conclude (be
careful that the DN ’s can come with the same indices but show then that the
main contribution comes from independent entries of the (AN)E)’s because of
the tree structure).

In [84, 6], the previous exercise is generalized to prove the convergence
of any words in {AY,... AN} and {DV,..., D)} when the trace of words
in the deterministic matrices {DY,..., DN} are assumed to converge and
{AY, ... AN} are independent Wigner matrices. This can also be deduced
from Theorem 17.5 in the case of complex Gaussian matrices (by using their
invariance under multiplication by unitary matrices).

Bibliographical notes. After the seminal article [197] of Voiculescu,
Theorem 3.3 was generalized to non-Gaussian entries by Dykema [84]. Weaker
hypotheses on the matrices AV to generalize Exercise 3.4 are given in [6].
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Wigner matrices and concentration inequalities
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In the last twenty years, concentration inequalities have developed into a
very powerful tool in probability theory. They provide a general framework to
control the probability of deviations of smooth functions of random variables
from their mean or their median. We begin this section by providing some
general framework where concentration inequalities are known to hold. We
first consider the case where the underlying measure satisfies a log-Sobolev
inequality; we show how to prove this inequality in a simple situation and
then how it implies concentration inequalities. We then review a few other
situations where concentration inequalities hold. To apply these techniques
to random matrices, we show that certain functions of the eigenvalues of
matrices, such as [ f(x)dLan~(z) with f Lipschitz, are smooth functions of
the entries of the matrix A" so that concentration inequalities hold as soon
as the joint law of the entries satisfies one of the conditions seen in the first
two chapters of this part. Another useful a priori control is provided by
Brascamp—Lieb inequalities; we shall apply them to the setting of random
matrices at the end of this part.

To motivate the reader, let us state the type of result we want to obtain
in this part.

To this end, we introduce some extra notations. Let us recall that if X is a
symmetric (resp. Hermitian) matrix and f is a bounded measurable function,
f(X) is defined as the matrix with the same eigenvectors than X but with
eigenvalues that are the image by f of those of X; namely, if e is an eigenvector
of X with eigenvalue A\, Xe = Xe, f(X)e := f(N)e. In terms of the spectral
decomposition X = UDU* with U orthogonal (resp. unitary) and D diagonal
real, one has f(X) = Uf(D)U* with f(D);; = f(Ds;). For M € N, we denote
by (-,-) the Euclidean scalar product on RM (resp. CM), (z,y) = S0 iy
((x,y) := Zf\il z;y;), and by || - ||2 the associated norm ||z||3 := (x, z).

Throughout this section, we denote the Lipschitz constant of a function

G:RM — R by
Gz)-G
Gl e s 0@ =G
styerM |2 =yl

and call G a Lipschitz function if |G|z < oo.

Lemma II.1. Let g : RV — R be Lipschitz with Lipschitz constant |g| .
Then, with AN denoting the Hermitian (or symmetric) matriz with entries
(A )1<ijen, the map {Af hi<icjen — Tr(g(AN)) is a Lipschitz function
with constant \/N|g|z. Therefore, if the joint law of (Ag)lgigjg]\] is “good”,
there exists o > 0, constants ¢ > 0 and C < oo so that for all N € N

P (|Te(g(AY)) — E[Tr(g(AY))]] > dlglc) < Ce T

“Good” here means for instance that the law satisfies a log-Sobolev inequality;
an example is when the {A}1<icj<n are independent Gaussian variables
with uniformly bounded covariance (see Theorem 6.6).
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The interest of results such as Lemma II.1 is that they provide bounds on
deviations that do not depend on the dimension. They can be used to show
laws of large numbers (reducing the proof of the almost sure convergence to
the prove of the convergence in expectation) or to ease the proof of central
limit theorems (indeed, when o = 2 in Lemma I1.1, Tr(g(AN))—E[Tr(g(AN))]
has a sub-Gaussian tail, providing tightness arguments for free).

We shall recall below the elements of the theory of concentration we shall
need. In fact, we will mostly use concentration inequalities related to log-
Sobolev inequalities; we shall therefore provide details on this point and give
full proofs. We will then review other classical settings where concentration
inequalities are known to apply. Finally, we will apply this theory to random
matrices and provide for instance sufficient hypotheses so that Lemma II.1
holds.



4

Concentration inequalities and logarithmic
Sobolev inequalities

We first derive concentration inequalities based on the logarithmic Sobolev
inequality and then give some generic and classical examples of laws that sat-
isfy this inequality. Since we shall use it in these notes for Wigner’s matrices,
we focus first on concentration for laws in RY. We then briefly generalize
the results to compact Riemannian manifolds in order to state concentration
inequalities for probability measures on the orthogonal or unitary group.

4.1 Concentration inequalities for laws satisfying
logarithmic Sobolev inequalities

Throughout this section an integer number N will be fixed.

Definition 4.1. A probability measure P on RY is said to satisfy the logarith-
mic Sobolev inequality (LSI) with constant ¢ if, for any differentiable function
f:RN SR,

/leog i dP<2c/|\Vf||2dP (4.1)
[ fraP " — 2 '

Here, |Vf|I3 = XN, (9., f)*

The interest in the logarithmic Sobolev inequality, in the context of concen-
tration inequalities, lies in the following argument, that among other things,
shows that LSI implies sub-Gaussian tails. This fact and a general study of
logarithmic Sobolev inequalities may be found in [107],[171] or [138]. The
Gaussian law, and any probability measure v absolutely continuous with re-
spect to the Lebesgue measure satisfying the Bobkov and Gotze [38] condition
(including v(dz) = Z~te~1#I"dx for a > 2, where Z = [ e~ 1*I"dz), as well as
any distribution absolutely continuous with respect to such laws possessing a
bounded above and below density, satisfies the LSI [138], [107, Property 4.6].
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Lemma 4.2 (Herbst). Assume that P satisfies the LSI on RN with constant
c. Let G be a Lipschitz function on RN, with Lipschitz constant |G|z. Then,
for all A € R, we have

/e)\(G—Ep(G))dp < eNIGIZ/2, (4.2)

and so for all § > 0
P (|G — Ep(G)| > §) < 2¢%"/2IC1z, (4.3)

Note that Lemma 4.2 also implies that EpG is finite.

Proof of Lemma 4.2. We denote by Ep the expectation Ep[f] = [ fdP.
Note first that (4.3) follows from (4.2). Indeed, by Chebychev’s inequality, for
any A > 0,
P (|G — EpG| > ) < e M Ep[eNG—Erd]]
< e—)\é(EP[e)\(G—EpG)] +EP[6—A(G—EPG)])
< 2e—>\5€c|G|i>\2/2.

Optimizing with respect to A (by taking A = §/¢|G|2%) yields the bound (4.3).
Turning to the proof of (4.2), let us first assume that G is a bounded
differentiable function such that

N
HIVGIloe = Sup > (02,G(x))* < oo
v€RN 1

Define
X\ =log Epeg)‘(G*EPG) .

Then, taking f = e~ Fr&) in (4.1), some algebra reveals that for A > 0,

d [ X» )
— = < .
7 (32) <2lversi-

Now, because G — Ep(G) is centered,

and hence integrating with respect to A yields
X < 20| [[VGI[3]locA?

first for A > 0 and then for any A € R by considering the function —G instead
of G. This completes the proof of (4.2) in the case where G is bounded and
differentiable.
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Let us now assume only that G is Lipschitz with |G|z < oo. For ¢ > 0,
define G. = G A (—=1/¢€) V (1/€), and note that |G|z < |G|z < oo. Consider
the regularization G(z) = pe *Ge(z) = [ Ge(y)pe(z —y)dy with the Gaussian
density p.(z) = e"wﬁ/%dx/«/ (2me)N such that p.(z)dx converges weakly to
the atomic measure &y as € converges to 0. Since for any = € RY,

1Ge(z) — Ge(x)] < |Gl / 19llape (v)dy = |G| VeN,

G, converges pointwise to G. G is also continuously differentiable and
IIVGellloe = sup  sup {2{VGe(x),u) —[|ul3}
z€RM yeRM
< sup sup{26H(Ge(z + du) — Ge(w)) — |ul3}
w,x€RM 6>0

sup {2|Gcllull2 — [[ul3} = |G|Z. (4.4)
ueRM

IN

Thus, we can apply the previous result to find that for any € > 0 and all A € R
EP[eAGE] < eAEpGEecAQ\G\QL/Q. (4.5)
Therefore, by Fatou’s lemma,

EP[eAG] < liminfe_o ,\Epceecﬂcﬁl/z. (4.6)

We next show that lim._,o EpG. = EpG, which, in conjunction with (4.4),
will conclude the proof. Indeed, (4.5) implies that

P(|Ge — EpGe| > §) < 29 /2IGIZ (4.7)

Consequently,

22

P (|Ge — EpGe| > 2) da < 4/ e T gy
0

o0

E[(Ge - EPG6)2] = 2/

0
= 4¢|G|% (4.8)

so that the sequence (Ge — EpGe)e>o is uniformly integrable. Now, G, con-
verges pointwise to G and therefore there exists a constant K, independent
of €, such that for € < ey, P(|Gc| < K) > 3. On the other hand, (4.7) implies
that P(|G. — EpGe| <71) > % for some r independent of €. Thus,

{IG. — EpG.| < r} n{|G.| < K} C {|EpG.| < K +71}

is not empty, providing a uniform bound on (EpGe)c<e,. We thus deduce from
(4.8) that sup, ., EpG? is finite, and hence (Ge)e<e, is uniformly integrable.
In particular,

giir(lJEpG6 = FEpG < o0,

which finishes the proof. O
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4.2 A few laws satisfying a log-Sobolev inequality

In the sequel, we shall be interested in laws of variables that are either inde-
pendent or in interaction via a potential. We shall give sufficient conditions
to ensure that a log-Sobolev inequality is satisfied.

e Laws of independent variables.
One of the most important properties of the log-Sobolev inequality is the
product property:

Lemma 4.3. Let (u;)i=12 be two probability measures on RY and RM,
respectively, satisfying the logarithmic Sobolev inequalities with coefficients
(¢i)i=1,2. Then, the product probability measure 1 ® pz on RM+N satisfies
the logarithmic Sobolev inequality with coefficient max(cy, ca).
Consequently, if ju is a probability measure on RM satisfying a logarithmic
Sobolev inequality with a coefficient ¢ < oo, then the product probability
measure p®" satisfies the logarithmic Sobolev inequality with the same co-
efficient ¢ for any integer n.

Proof. Let f be a continuously differentiable function on RV x RM . Then,
using the logarithmic Sobolev inequality under the probability measure 1
applied to f(.,x2) and under po applied to pu1(f2)(.) = [ f2(@1,.)dp(z1),

we obtain
21 f2
@ e (£108 )
) . 2 M)
= (mg log =) () log -2

< pz (21 [V, F13]) + 2202 (V05 (P)I3)
< 2 @ a1 (261 Vi S 13 + 22| Vo f13) < 2max(er, e2)piz @ g (19713)

where we have used in the last line that ||V f||3 = ||V, fII3 + ||V, f]|3 and

M
VeV D2 = (004 / F(1, 22)2dp (1)) F)?
=1

- <ff(9€1,x2)3z;f(x1,xg)dm(xl)>2
(f fl@1,m0)2dpa (1))

I
™

=1

B

<

[t ) (on)

1

-
Il

by the Cauchy—Schwarz inequality. a
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Log-Sobolev inequalities for variables in strictly convex interaction.
Below, we follow below [8, chapter 5] and [107, chapter 4], which we rec-
ommend for more details. We show that a log-Sobolev inequality holds if
the so-called Bakry—Emery condition is satisfied. We then give sufficient
conditions for the latter to be true. Let dx denote the Lebesgue measure on
R and @ be a smooth function (at least twice continuously differentiable)
from R” into R going to infinity fast enough so that the probability mea-
sure

1
pe(dr) = Eef‘p(”““”’“’)dajl coodrn

is well defined. We consider the operator on the set CZ(R™) of twice con-
tinuously differentiable functions defined by

N
Lo=A-VON = (8} — 0:P0;).
i=1
Here and below, we shall write for short 0; = 9, for ¢ € {1,...,N}. By

integration by parts, one sees that Lg is symmetric in L?(ug), i.e., for any
functions f, g € CZ(RY),

pa (fLag) = pa (9Las f) -

By the Hille-Yoshida theorem (see, e.g., [L07, Chapter 1]), we can associate
to the operator L4 a Markov contractive semi-group (P;)¢>0, i.e. a family
of linear operators on CY(RY) such that P, : C)(RY) — CP(RY) satisfies:
(1) Pof = f for all f € C)(RYN).

(2) The map ¢ — P, is continuous in the sense that for all f € CP(RY),
t — P, f is a continuous map from R into CP(RY).

(3) For any f € CO(RYN) and (¢, s) € (R1)2,

Piisf = PPsf.

(4) PBl1=1forallt>0.
(5) P; preserves positivity, i.e., for any f > 0, P;f > 0. In particular, by
(4), for all t > 0,
1P flloo < [1floo
() 1
Lo(f)= ltifgt_ (Pef = 1)

for any function f for which this limit exists.

Exercise 4.4. Let @ be a twice continuously differentiable function, with
uniformly bounded second derivatives. Then, by Theorem 20.16, there ex-
ists a unique solution to the stochastic differential equation

daji = dBf — 0;P(xy)dt

such that x}y = 2% for 1 <i < N. Denote by 29 this solution.
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1. Show that the law P§ of x7 obeys
OE[f (x7)] = E[La f(x7)].

Hint: Use Ito’s calculus.
2. Let P f(z) := E[f(xf)]. Show that Py satisfies conditions (1)—(6) above.
3. Assume Hess ®(x) > (1/c¢)I for all x with some ¢ > 0 and show that
P, f(z) — ua(f) goes to zero exponentially fast for any C function f.
Hint: Write d(zf — 2¥) = —(V®(xf) — VP(z)))dt and use that

1
< VO(af) = V() i —af >= —laf — |3
We define the operator “carré du champ” I by
1
I(f, f) = B (£¢f2—2f£q5f)-

Simple algebra shows that Iy (f, f) = Z?;l(@if)? = ||Vf|3. We define
I (f, g) by bilinearity:

Ii(f.9) = Ti(9.f) = 5 (B(F + 9.7 +9) = T1(F, /) ~ Ti(9,9)).

Note that because Lg is symmetric in L?(ug), P; is reversible in L?(ug),
ie.,
pa(fPig) = pa(gP: f)
for any smooth functions f, g. In particular, since P;1 = 1, ug P = pug and
S0 ug is invariant under P.. We expect that P; is ergodic in the sense that
for all f € CY(RY),
Jim pg(Pif = paf)* = 0. (4.9)

We shall not prove this point in the most general context here but only
when the Bakry—Emery condition holds, see (4.12).
Finally, let us introduce the ‘carré du champ itéré’

1d

I(f, f) = St (Pe(Iy(f, £)) — T (Pef, Pef)) li=o

_ %{cqsrl( £.1) = 2D(f.Laf)}.

We define the Bakry—Emery condition as follows.

Definition 4.5. We say that the Bakry—Emery condition (denoted (BE))
is satisfied if there exists a positive constant ¢ > 0 such that

Iy(f, f) = %H(f, ) (4.10)

for any function [ for which It (f, f) and I5(f, f) are well defined.
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In our case,

D(f )= > (0:0;£)* + Y 0:fHess(®);;0;f
i,5=1 i,5=1

with Hess(®) the Hessian of §; Hess(®);; = 9;0,;P. Thus, (BE) is equivalent
to Hess(®)(x) > ¢~ 11 (observe that the choice f = >~ v;z; shows that (BE)
implies the latter).

Theorem 4.6 (Bakry—Emery theorem). Bakry—Emery condition im-
plies that pg satisfies the logarithmic Sobolev inequality with constant c.

Before going into the proof of this theorem, let us observe the following:

Corollary 4.7. If for all z € RV,

Hess(®)(z) > -1

Qlm

in the sense of the partial order on self-adjoint operators, then (BE) holds
and pg satisfies the logarithmic Sobolev inequality with constant c.

In particular, if p is the law of N independent Gaussian variables with
variance bounded above by c, then u satisfies the logarithmic Sobolev in-
equality with constant c.

Proof of Theorem 4.6. Let us first prove (4.9) when (BE) is satis-
fied. Let f be a continuously differentiable function such that ||V f]|2
is uniformly bounded. Fix ¢ > 0 and consider, for s € [0,t], ¢(s) =
P, Iy (Pi—sf,Pi—_sf). We shall assume hereafter that P.f is sufficiently
smooth so that I'1(P—sf, P—sf) is in the domain of the generator. We
refer to [6] or [171] for details about this assumption. Then, we find

as"/](s) = 2P5F2 (Ptfsfa Ptfsf)
Z %PSFI(Ptfsfa Ptfsf) = %¢(3)

where we finally used (BE). Thus, for all ¢ > 0,
Di(Pif, Pof) < e #'RIN(f, ). (4.11)

Since I (f, f) = ||V f||3 is uniformly bounded, we deduce that Iy (P.f, P, f) =
IV P, f||3 goes to zero as t goes to infinity, ensuring that P;f converges al-
most surely to a constant. Indeed, for all z,y in R, (4.11) implies that
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1
Pf(x) = Pof(y)] = } | @Pistas+ 0= o

< maxzery [V P fll2(2)[lz — yll2
_2

< e”'max.ern PV ll2(2) ]2 -yl
_2

< e = IVElzlllz —yll2

where we used the fifth property of the Markov semi-group. Thus, for
[ € CLRYN),

Am Py f = lim pg(Pf) = pa(f) as. (4.12)
The convergence also holds in L?(ug) since P;f is uniformly bounded by
property (5) of Markov processes, yielding (4.9).

Let f be a positive bounded continuous function so that ugf = 1. We set
ft = P.f and let

S¢(t) = pa(filog fi).
Since f; converges to ugf and filog f; is uniformly bounded, we have

Jim S¢(t) = pa(f)log pa(f) = 0.

Hence,

S50 == [ a0 = [ duari(itos f). (4.13)

Next using the fact that P; is symmetric together with the Cauchy—
Schwarz inequality, we get

pa [11(f1,10g fi)] = pa [T (f, Pi(log f1))] (4.14)

< <M¢W) ’ (pa [fT1(P;log fi, Pilog ft)])

=

Applying (4.11) to the function log f;, we obtain

[V

(4o (FT2(Pilog fi, Prlog £)))* < (na(fe™  Pily(log fi,log f2))) * (4.15)
(&

~et (ua(f 11 (log fi,10g f1)))
e~ (ug (I (f1,1og f1))) 2

where in the last stage we have used symmetry of the semigroup and the
fact that Iy (f,log f) = fI1(log f,log f). The inequalities (4.14) and (4.15)
imply the following bound:
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ey (fi,log fi) < eiww —de gl (f2,f2).  (4.16)

Plugging this into (4.13), one arrives at

S5 (0) < /0 de”Fdtpan(f2, f2)) = 2cpali(f2, f2)

which completes the proof. O

Bibliographical notes. The reader interested in the theory of concen-
tration inequalities and log-Sobolev inequalities can find more material for
instance in the articles [138, 107, 8, 140, 136]. The Bakry-Emery condition
was introduced in [19, 18].
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Generalizations

5.1 Concentration inequalities for laws satisfying weaker
coercive inequalities

Concentration inequalities under log-Sobolev inequalities are optimal in the
sense that they provide a Gaussian tail for statistics that are expected to
satisfy a central limit theorem. However, for that very same reason, laws sat-
isfying a log-Sobolev inequality must have a sub-Gaussian tail. One way to
weaken this hypothesis is to weaken both requirements and hypotheses, for in-
stance to assume a weaker coercivity inequality such as a Poincaré inequality.
In this section, we keep the notations of the previous section. Let us recall that
a probability measure p on RM satisfies Poincaré’s inequality with coefficient
m > 0 iff for any test function f € CZ2(RM)

ta(I(f, f)) = mus[(f — p(f))?)-

Exercise 5.1. Show that Poincaré’s inequality satisfies a product property
similar to the product property of LSI that we saw in Lemma 4.3.

We have:

Lemma 5.2. [1, Theorem 2.5] Assume that g satisfies Poincaré’s inequality
with constant m. Then, for any Lipschitz function f

po (exp(vam? =1l ) < i

with K = 2[[5°(1 — 47™)72". As a consequence, for all § > 0,

m _§

pa(lf — pa(f)] > 0) <2Ke V2 e,

Note that the lemma shows that measures satisfying Poincaré’s inequality
must have a sub-exponential tail.
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Exercise 5.3. Prove the above lemma by showing that for any A > 0, any
continuously differentiable function f,

E[eM] < E[e3/]? + ME[eAf].
- 4m

Exercise 5.4. Show that a log-Sobolev inequality with coefficient ¢ implies a
spectral gap inequality with coefficient bounded below by ¢~'. Hint: Put f =
1+eg in (LSI) and let € go to zero.

5.2 Concentration inequalities by Talagrand’s method

Talagrand’s concentration inequality does not require that the underlying
measure satisfies a coercive inequality. It holds for the law of independent
equidistributed uniformly bounded variables. The price to pay is that one
needs to assume that the test function is convex and also to consider concen-
tration with respect to the median rather than the mean.

Let us recall that the median My of a random variable Y is defined as
the largest real number such that P(Y < x) < 27!, Then, let us state the
following easy consequence of a theorem due to Talagrand [189, Theorem 6.6].

Theorem 5.5 (Talagrand). Let K be a connected compact subset of R with
diameter |K| = sup, ,cx |v — y|. Consider a convex real-valued function f
defined on K. Assume that f is Lipschitz on K~ , with constant |f|c. Let P
be a probability measure on K and X1,..., Xy be N independent copies with
law P. Then, if My is the median of f(X1,...,Xn), for alle >0,

2

P(|f(X1,...,XN) — My| > €) < 4e FPUZ,

Theorem 6.6 of [189] deals with the case where K C [—1,1] (which easily

generalizes in the above statement by rescaling) and functions f that can be

Lipschitz only in a subset of K (in which case the above statement has to

be corrected by the probability that (Xi,..., Xy) belongs to this subset).
Under the hypotheses of the above theorem,

Ellf(X1,..., Xn) — M;]] :/OOOP(|f(X1,...,XN)—Mf| > 1) dt

o0 +2
<4 / e "L dt = 16|K]| ]
0

Hence, we obtain as an immediate corollary to Theorem 5.5:

Corollary 5.6. Under the hypotheses of Theorem 5.5, for allt € RT,

S

t

P(f(X1,...,Xn) = E[f(X1,...,XN)]| = (t + 16)|K||f]2) < 4e 5.
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5.3 Concentration inequalities on compact Riemannian
manifold with positive Ricci curvature

Let M be a compact connected manifold of dimension N equipped with a
Riemannian metric g. g is a differentiable map on M such that for each z € M,
gz is a scalar product on the tangent space of M at x and therefore can be
identified with a positive N x N matrix ((gz):j)1<i,j<n. We shall denote by
i the Lebesgue measure on (M, g), that is, the normalized volume measure;

it is seen that locally
du(z) = \/det(g,)dx.

On (M, g), one can define the Laplace—Baltrami operator A (which generalizes
the usual Laplace operator on RY) and a gradient V such that for any smooth
real-valued function f all x € M, all y in the tangent space T, M at =z,

dfz(y) = 9:(V f,y).
We let @ be a smooth function on M and define

1 —P(x
pa(da) = — e~ du(x)

as well as the operator L4 such that for all smooth functions (h, f)

pa(fLeh) = pa(hLe f) = pa(9.(Vf,Vh)).

By integration by parts, L4 can be written in local coordinates:

N N
Lo= Y gd0,0;+ ) bf(x)0;
=1

4,j=1

with some b; that can be explicitly computed in terms of ¢ and g,. We can
define the “opérateurs carré du champ” as before. Simple algebra shows that

Li(f, f)(@) = (Lo (f?) = 2fLa(f)) (x)

N

= Y (92)i0if (2)0; f(2) = g7 (V f (), V f(2)

ij=1

and,

Iy(f, (@) == (Lo (L1(f, ) — 21 (Lo f, [)) ()
= (Hess, f,Hess, f)g, + (Ricy + Hess,@)(V f(z), Vf(z))

Here, in local coordinates, the Hessian (Hessf);; of f at x is equal to (0;; —
I'f0k) f where I'); are the Christofell symbols,
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(Hessf,Hessf)g = > gijg;(Hessf)i; (Hessf) 1,

(Hess®)(V f,Vf) is obtained by differentiating twice @ in the direction V f
and Ric denotes the Ricci tensor. An analytic definition of Ric is actually
given above as the term due to the non-commutativity of derivatives on the
manifold.

The arguments of Theorem 4.6 extend to the setting of a compact Rie-
mannian manifold. Indeed, they were mainly based on the facts that g, is
positive definite and that V obeys the Leibniz property

V(h(f)) = VI(VR)(f)

for any differentiable functions f,h : M — M. Since these properties still
hold, the proof of Theorem 4.6 can be generalized to this setting yielding:

Corollary 5.7. If for allz € M andv € T, M,

(Ric, + Hess®,)(v,v) > ¢ tg; YV, V),

e satisfies a log-Sobolev inequality with constant c, i.e., for any function
f: M — R we have

e (fQ log %) < 20#@([’1(.]0’ f))

A straightforward generalization of the proof of Lemma 4.2 shows:
Corollary 5.8. Assume that for allz € M and v € T, M,

(Ric, 4 Hess®,)(v,v) > ¢ g, ' (v,v).
Then, for any differentiable function f on M, if we set

IV flll2 := sup Iu(f, £)% (@),
xeM

for all 5 >0
8%
pa (|f — pa(f)] > 8) < 2e VI3,
Exercise 1. Prove the corollary. Hint: Prove and use Leibniz rule

ni(ef ef) = e I (f, f)

and follow the proof of Lemma 4.2.
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5.4 Local concentration inequalities

In many instances, one may need to obtain concentration inequalities for func-
tions that are only locally Lipschitz. To this end we state (and prove) the
following lemma. Let (X, d) be a metric space and set for f: X — R

[f(z) = f(»)l
fle == sup )
| | z,yeX d(a:,y)
Define, for a subset B of X, d(z, B) = inf,cp d(x,y). Then :

Lemma 5.9. Assume that a probability measure u on (X,d) satisfies a con-
centration inequality; for all § > 0, for all f : X — R,

L)

p(lf = p(f)] =9) < o971z
for some increasing function g on RY. Let B be a subset of X and let f : B —

R such that @) — FW)
z)—J\y

fIZ = sup 2 L22

| |£ z,yeB d(a:,y

)
is finite. Then, with 5(f) := p (1pe(supgep |f(z)| +|f|2d(z, B))), we have

p({lf = pu(flp)] =6 +46(f)}NB) < v 28

Proof. It is enough to define a Lipschitz function f~0n X, whose Lipschitz
constant |f|. is bounded above by |f|Z and so that f = f on B. We set

f(z) = sup{f(y) — | f12d(z,y)}.

yeB

Note that, if z € B, since f(y) — f(z) — | f|Zd(z,y) < 0, the above supremum
is taken at y = x and f(x) = f(x). Moreover, using the triangle inequality,
we get that for any z,z € X,

flz) = z‘lelg{f(y) — |fIZ(d(z,2) + d(z,9))}

= —|fIZd(x,2) + f(2) (5.1)

and hence f is Lipschitz, with constant |f|Z. Therefore, we find that
p({If = p(f18) 2 6y B) < (| f = p(f)] = 6 + u(l15f = f1))
Note that p(|15f — f|) = p(1pe|f]). (5.1) with z € B shows that

|F@)] < 1f()| + IfIZd(z @)
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and so optimizing over z € B gives

|f(@)] < maxzep|f(2)| + |f|Zd(B, ).

Hence,
w(llsf —F) <u (1Bc<sup @) + |f|§d<.,B>>) —8()
rxeB

gives the desired estimate. ]

Bibliographical notes. Since the generalization of concentration inequal-
ities to laws satisfying Poincaré’s inequalities by Aida and Stroock [1], many
recent results have considered the case where the decay at infinity is inter-
mediate [94, 21] or even is very slow with heavy tails [22]. The generalization
to Riemannian manifolds of the Bakry—Emery condition was already intro-
duced in [18]. The case of discrete-valued random variables was considered by
Talagrand [188].
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Concentration inequalities for random matrices

In this chapter, we shall apply the previous general results on concentration
inequalities to random matrix theory, in particular to the eigenvalues of ran-
dom matrices. To this end, we shall first study the regularity of the eigenvalues
of matrices as a function of its entries (since the idea will be to apply con-
centration inequalities to the entries of the random matrices and then see the
eigenvalues as nice functions of these entries).

6.1 Smoothness and convexity of the eigenvalues of a
matrix

We shall not follow [108] where smoothness and convexity were mainly proved
by hand for smooth functions of the empirical measure and for the largest
eigenvalue. We will rather, as in [6], rely on Weyl and Lidskii inequalities (see
Theorems 19.1 and 19.4). We recall that we denote, for B € My (C), [|B||2
its Euclidean norm:

N 2
IBll2:={ > Byl
ij=1

From Weyl and Lowner Theorem 19.4, we will deduce that each eigen-
value of the matrix is a Lipschitz function of the entries of the matrix.
We define £ = RVOV+D/2 (resp. £ = CVNWV-1/2 x RV) and denote
by A the symmetric (resp. Hermitian) N x N Wigner matrix such that
A = A*7(A)U = Aij,l S ) § _] § N for (Aij)]_gigjg]\] S g](\é), =1
(resp. f = 2).

Lemma 6.1. We denote by A\1(A) < A2(A) < -+ < An(A) the eigenvalues
of A€ HZ. Then for all k€ {1,...,N}, all A,B € H?,

[Ak(A +B) = Au(A)] < [|Blfa-
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In other words, for all k € {1,...,N},

(Aijh<icjen € ES — Ak(A)

is Lipschitz with constant one.
For all Lipschitz functions f with Lipschitz constant |f|r, the function

N
(Aijcicjcn €EY = > FO(A))

k=1

is Lipschitz with respect to the Euclidean norm with a constant bounded above
by V'N|f|z. When f is continuously differentiable we have

N
lim ¢~ <Zf (Ar(A +€B)) — kZ:f(/\k(A))> = Tr(f'(A)B).

Proof. The first inequality is a direct consequence of Theorem 19.4 and en-
tails the same control on Apax(A). For the second we only need to use the
Cauchy—Schwarz inequality:

N N

D Fi(A) =D f(N(A +B))

i=1 i=1

< |f|LZ|/\ Xi(A+B)|

2

< VNI|fle <ZI/\ Ai(A +B)| )
< VN|f|clIBll2

where we used Theorem 19.4 in the last line. For the last point, we check it
for f(x) = 2% where the result is clear since

Tr((A + eB)*) = Tr(A¥) + ek Tr(A*1B) 4 O(¢?) (6.1)
and complete the argument by density of the polynomials. ad

We can think of 21]11 F(Ai(A)) as Tr(f(A)). Then, the second part of the
previous lemma can be extended to several matrices as follows.

Lemma 6.2. Let P be a polynomial in m mnon-commutative indeterminates.
For 1 <i < m, we denote by D; the cyclic derivative with respect to the ith
variable given, if P is a monomial, by

DZP(leva): Z PQ(Xla'"7X’m)P1(X17"'7Xm)
P=P X; P>
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where the sum runs over all decompositions of P into Py X;Ps for some
monomials Py and Ps. D; is extended linearly to polynomials. Then, for all

(A1, ,Ap) and (By,...,B,) € HY,
lim e ! (Tr(P(Ay + €By, - , Ay 4+ €By)) — Tr(P(A4,...,AL)))

e—0
= Tr(DiP(Ay,...,A)B)).
=1

In particular, if (A1, -+, A,,) belong to the subset AY; of elements of'Hg\%)
with spectral radius bounded by M < oo,
(Ap)ij)zicien € CNNVHDM2 A e 1D 0 AN, = Te(P(A4,. .., A))

<i<
1<k<

is Lipschitz with a Lipschitz norm bounded by \/NC(P, M) for a constant
C(P, M) that depends only on M and P. If P is a monomial of degree d, one
can take C(P,M) = dM<~1.

Proof. We can assume without loss of generality that P is a monomial. The
first equality is due to the simple expansion

Tr(P(A1 4+ €B1, - A, +€By)) — Tr(P(Aq,...,Ap))

=ed > T(Pi(Ar,...,An)BiPy(Ar,...,Ay)) + O()
i=1 P=P, X, P,
together with the trace property Tr(AB) = Tr(BA).

For the estimate on the Lipschitz norm, observe that if P is a monomial
containing d; times X, 2211 d; = d and D;P is the sum of exactly d; mono-
mials of degree d — 1. Hence, D; P(A4,...,A,,) has spectral radius bounded
by d;M%! when (Ai,...,A,,) are Hermitian matrices in A%;. Hence, by
Cauchy—Schwarz inequality, we obtain

m

> Tr(D;P(As,...,An)B;)
i=1

< <ZT1"(|D1'P(A17---,Am)|2)> < TI"(B?))

=1 =1
1 1
m 2 m 2
< (NZd?M““) (Z ||Bi|%>
1=1 1=1

< VRt (z B2
=1

N——
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Exercise 6.3. Prove that when m = 1, D1 P(xz) = P'(z).
We now prove the following result originally due to Klein.

Lemma 6.4 (Klein’s lemma). Let f : R — R be a conver function. Then,
if A is the N x N Hermitian matriz with entries (A;;)i1<i<j<n on and above

the diagonal,
N

bp i (Aighi<icien € CY =" f(Ai(A))
i=1
is convexr. Moreover, if f is twice continuously differentiable with f"(x) > ¢

for all z, vy is twice continuously differentiable with Hessian bounded below
by cl.

Proof. Let XY € Hg\?). We shall show that if f is a convex continuously
differentiable function

Tr (f(X) = f(YV) 2 Tr (X - Y)f/(Y)). (6.2)

Taking X = A or X = Band Y = 27!(A+B) and summing the two resulting
inequalities shows that for any couple A, B of N x N Hermitian matrices,

(7 (3a+5B) ) < (A + 3T ((B)

which implies that (A4;;)i<i<j<n — Tr(f(A)) is convex. The result follows
for general convex functions f by approximations.

To prove (6.2), let us denote by A;(C) the eigenvalues of a Hermitian
matrix C and by & (C) the associated eigenvector and write

(&(X), (f(X) = f(Y)) &(X))
N
(Ai(X)) — Z|<€i(X)7£j(Y)>|2f(Aj(Y))

Jj=1

Fx

N
DG GNP NX)) = FO(Y))

<
I
—

[{€:(X), & ()P (X) = N (V) f (N (Y)

Y
HMZ

~
Il

where we have used the convexity of f to write f(z)— f(y) > (x—vy)f'(y). The
right-hand side of the last inequality is equal to (£;(X), (X —Y)f'(Y)) &(X))
and therefore summing over 4 yields (6.2), which completes the first part of
the proof of the lemma.

We give another proof below that also provides a lower bound of the Hes-
sian of ¥ ¢. The smoothness of 1 is clear when f is a polynomial since then
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Yr((Aij)1<i<j<n) is a polynomial function in the entries. Let us compute its
second derivative when f(x) = 2. Expanding (6.1) one step further gives

p—1
Tr((A +€B)") = Tr(A*) + €y Tr(A*BAP"'F)
k=0
T Y TAMBABATT) +O()
0<k+l<p—2

= Tr(A¥) + epTr(AP~'B)
2
¢ l —2-1 3
+5P > Te(A'BAPT*'B) + O(e%). (6.3)
0<i<p—2

A compact way to write this formula is by defining, for two real numbers x, y,
@)= f)
r—y

and setting for a matrix A with eigenvalues A;(A) and eigenvector e;, 1 <i <
N,

Kf(xvy) :

N
Kp(ALA) = )" Kr(\i(A), Aj(A))eie] @ ejel.

4,j=1

Since K,»(z,y) = p Y P_g 2"y?~ =7, the last term in the r.h.s. of (6.3) reads

p > Tr(A'BAP?7'B) = (K.,.(A,A),B@B) (6.4)
0<I<p—1

where for B,C,D,E € My(C), (B® C,D ® E) := (B,D)2(C,E); with
(B,D), = Zgjzl B;;D;;. In particular, (eie; @eje, BOB) = | < e;, Bej > |?
with < u, Bv >= Zgjzl u;0;B;5. By (6.3) and (6.4), for any Hermitian matrix
X

)

Hess(Tr(AP))[X, X] = (K0 (A, A), X ® X)

= Y Ko (A) An(A)] < e Xen > [2

rym=1

Now K f(A, A) makes sense for any twice continuously differentiable function
f and by density of the polynomials in the set of twice continuously differen-
tiable function f, we can conclude that 1 is twice continuously differentiable
too. Moreover, for any twice continuously differentiable function f,

N
Hess(Tr(f(A)))[X, X] = Z KA (A), A (A))] < e, Xem > |2

r,m=1
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Since K is pointwise bounded below by ¢ when f” > ¢ we finally deduce that

Hess(Tr(f(A)))[X, X] > cTr(XX").

The proof is thus complete. O
Let us also notice the following;:

Lemma 6.5. Assume A\1(A) < Ao(A)--- < An(A). The functions
(2) (2)
AcHy = MA) and A e Hy — An(A)

are convex. For any norm || - || on Mg\?), (Aij)i<ij<n — ||A| is convex.

Proof. The first result is clear since we have already seen that Ay (A +B) <
AN(A) + An(B). Since for a € R, \;(@A) = aX;(A), we conclude that A —
AN(A) is convex. The same result holds for A; (by changing the sign A —
—A). The convexity of (A;;)1<ij<n — ||A]l is due to the definition of the
norm. O

6.2 Concentration inequalities for the eigenvalues of
random matrices

We consider a Hermitian random matrix A whose real or complex entries have
joint law pV that satisfies one of the two hypotheses below.

Either the entries of A are independent and satisfy for some ¢ > 0 the
following condition:

e (H1)A =XV /V/N = (A)* with (X[Y,1<i<j<N) independent, with
laws (ﬂf}f,l < i< j<N), that are probability measures on C or R satisfying
a log-Sobolev inequality with constant ¢ < oo;
or %V is a Gibbs measure with strictly convex potential, i.e., satisfies:

o (H2) there exists a strictly convex twice continuously differentiable func-
tion V:R—R, V'(z) >1 >0, so that

‘UN(dA) — Z;/lefNTr(V(A))dA

with dA = ] cicjcn AR(Aij) [Ti<icjon dS(Aij) for complex entries or
dA = HISiSjSN dA;; for real entries.

Note that when V = %xg, u? is the law of a Gaussian Wigner matrix but
in any other case the entries of A with law ¥ are not independent.

We can now state the following theorem.

Theorem 6.6. Suppose there exists ¢ > 0 so that either (H1) or (H2) holds.
Then:
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1. For any Lipschitz function f on R, for any 6 > 0,

252

N (ILa(f) — iV La(f)]] 2 6) < 2 Y

2. Let A (A) < A2(A) - < An(A) be the eigenvalues of a self-adjoint matriz
A. Forany ke{l,...,N},

N (IMk(A) = i (Ak(A))] > 8) < 2673V

In particular, these results hold when the X;; are independent Gaussian
variables with uniformly bounded variances.

Proof of Theorem 6.6. For the first case, we use the product property of
Lemma 4.3 which implies that ®i§jﬂg satisfies the log-Sobolev inequality
with constant c. By rescaling, the law of the entries of A satisfies a log-Sobolev
inequality with constant ¢/N. For the second case, the assumption V" (z) > 1
implies, by Lemma 6.4, that (A4;;)i<i<j<n € Sj(\f) — NTr(V(A)) is twice
continuously differentiable with Hessian bounded below by % Therefore, by
Corollary 4.7, uV satisfies a log-Sobolev inequality with constant ¢/N.

Thus, to complete the proof of the first result of the theorem, we only need
to recall that by Lemma 6.1, G(A[Y,1 <i <j < N) = Tr(f(A)) is Lipschitz
with constant bounded by v/N|f|; whereas Af\;,l <i<j< N — M(A) is
Lipschitz with constant one. For the second, we use Lemma 6.5. ad

Exercise 6.7. State the concentration result when the uf\; only satisfy the
Poincaré inequality.

Exercise 6.8. If A is not Hermitian but has all entries with a joint law of
type uN as above, show that the law of the spectral radius of A satisfies a
concentration of measure inequality.

When the laws satisfy instead a Talagrand-type condition we state the
induced concentration bounds:

Theorem 6.9. Let N (f(A)) = [ f(X/VN) [T dpl;(Xi;) with (ul;,i < j)
compactly supported probability measures on a connected compact subset K of
C. Fiz 61 = 8|K|\/7. Then, for any 6 > 61N 1, for any convex function f,

pN (ITe(f(A)) = pN [T (f(A))]] = NG| fz) (6.5)
32|K]| | (6 — 5 N—1)?
< —N
=Ty P ( 16|K2a2~ 16/K]|
If Anax(A) is the largest (or smallest) eigenvalue of A, or the spectral radius
OfA7 fO’f' 0 > 61(N)7

I (s (A) = BN P (A)]| 2 V)
32|K| ( 1 (5- 51N—%)2>
< exp .

5 C16|K[2a®2 16|K]|
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Proof. Applying Corollary 5.6, Lemmas 6.1 and 6.4 with a function f :
A — Tr(f(A)) that is Lipschitz with Lipschitz constant |f|z provides the
first bound. o

Observe that the speed of the concentration we obtained is optimal for
Tr(f(XY)) (since it agrees with the speed of the central limit theorem). It
is also optimal in view of the large deviation principle we will prove in the
next section. However, it does not capture the true scale of the fluctuations of
Amax(A) that are of order N -3, Improvements of concentration inequalities
in that direction were obtained by M. Ledoux [139].

We emphasize that Theorem 6.6 applies also when the variance of X{}’
N = NV with
Yév ii.d. with law P satisfying the log-Sobolev inequality and a;; uniformly

bounded (since if P satisfies the log-Sobolev inequality with constant ¢, the
law of az under P satisfies it also with a constant bounded by |a|?c).

depends on i, j. For instance, it includes the case where X

6.3 Concentration inequalities for traces of several
random matrices

The previous theorems also extend to the setting of several random matrices.
If we wish to consider polynomial functions of these matrices, we can use local
concentration results (see Lemma 5.9). We do not need to assume the random
matrices independent if they interact via a convex potential.

Definition 6.10. Let V' be a polynomial in m non-commutative variables. We
say that V is convex iff for any N € N,

oY (An)iy) o=s €EQ = TIV(Ay,..., Ap)

7
1<k<
is convex.

Exercise 6.11. ¢ Define X.Y =271Y"7" (X,Y; + V; X,).
Let D = (Dy,...,Dy) with D; the cyclic derivative with respect to the
ith variable as defined in Lemma 6.2. Show that ¢ is convex if for any

X = (Xi)1<icm and Y = (Y))1<i<pm in HP(©)™, V(X)* = V(X) and
(DV(X)-DV(Y)).(X -Y)
is a non-negative matric in Hg\?) (C).
e Show that ¢¥ is convez if V(X1,...,Xp) = Ele Vi(Z?:l o’ X;) when

o are real variables and V; are convex functions on R. Hint: use Klein’s
Lemma 6.4.
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Let ¢ be a positive real.

Ay (Ao M) = —em NIV R B0 (AL - dp O (Arm)
14

with % the law of an N x N Wigner matrix with complex (3 = 2) or
real (f = 1) Gaussian entries with variance 1/¢N, that is, the law of the
self-adjoint N x N matrix A with entries with law

1 c
Mév72(dA) _ Z_ce*TN «ZL\,fj:I |Aij|? HdmA” HdgAU
N i<j i<j
and 1
p,N’l(dA) — Z_ce*% Zfﬂ-:l A?J‘ HdAij.
N 1<j

We then have the following corollary.

Corollary 6.12. Let ug’ﬂ be as above. Then:

1. For any Lipschitz function f of the entries of the matrices A;;1 < i <m,
for any 6 > 0,

_ _Ncs.
1y (1 f — ()] > 6) < 2e72le.

2. Let M be a positive real, define A%[ ={A, € Hg\?);maxlgigm)\max(/li) <
M} and let P be a monomial of degree d € N. Then, for any 6 > 0

sabspl)”? ({|Tr<P<A1, o A)) = W (Te(P(AL,. . A Lyy))|

cs?

>0+ 5(M, N)} N A]]\V/[) < 2¢” @@m2(@-1)

with
5(M, N) < MpdP ((1 + d||A||2)1(A%)C) .

Proof. By assumption, the law ,ug’ﬁ of the entries of (Aq,...,A,,) is ab-
solutely continuous with respect to the Lebesgue measure. The Hessian of
the logarithm of the density is bounded above by —NcI. Hence, by Corollary
4.7, ug’ﬁ satisfies a log-Sobolev inequality with constant 1/N¢ and thus by
Lemma 4.2 we find that ug’ﬁ satisfies the first statement of the corollary.
We finally conclude by using Lemma 5.9 and the fact that Xi,..., X, —
Tr(P(Xy,...,Xm)) is locally Lipschitz by Lemma 6.2. O
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6.4 Concentration inequalities for the Haar measure on
O(N)

Now, let us consider the Haar measure on the orthogonal group
O(N) = {A € Myxn(R); 00T =T}.

This is the unique non-negative regular Borel measure on the compact group
O(N) that is left-invariant (see [172, Theorem 5.14]) and with total mass one.
Let us introduce

SO(N) = {A € O(N) : det(O) = 1}.

For any A € O(N), det(O) € {+1,—1}, so that O(N) can be decomposed as
two copies of SO(N). One way to go from one copy of SO(N) to the other is
for instance to change the sign of one column vector of the matrix. Let T be
such a transformation. Then, if m” denotes the Haar measure on O(N), M~
the Haar measure on SO(N), and TyM™ (.) = MY(T.), we deduce that

1 1
N N N
et ol
Note that concentration inequalities under the Haar measure on O(NN) do not
hold in general by taking a function concentrated on only one of the copies
of SO(N). However, on SO(N), concentration holds. Namely, endow SO(N)
with the Riemaniann metric given, for M, M’ € SO(N), by

d(M, M) = inf
(Mt)¢epo,1):Mo=M,M1=M’

1 :
A (%Tr[(@tMt)(&th)*o dt
where the infimum is taken over all differentiable paths M. : [0,1] — SO(N).
This metric is Riemannian. It is the invariant (under conjugation) metric on
SO(N) such that the circle consisting of the rotations around a fixed subspace
RN~=2 has length 27. The later normalization can be checked by taking, if
(ei)1<i<n is an orthonormal basis of RY, M; to be a rotation of angle ¢ in
the vector space generated by ej,eq, the identity on es,...,exn). The Ricci
curvature on SO(N) for this metric has been computed in [155]:

Theorem 6.13 (Gromov). [155, p. 129]

N -2
2

This result extends to SU(N) when one replaces O(N) by U(N); indeed, one
has (see, e.g., [118] or [6])

Ric(SO(N)) > I.

Ric(SU(N)) > N — 3/2. (6.6)
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To deduce concentration inequalities, let us compare the above metric on
SO(N) with the Euclidean metric on M y(C). To do so, we observe that

1
2

(3m(r = 3301 - 2

_ inf /01 (%Tr[(@tMt)(atMt)*D "t

(Mt)tefo,1):Mo=M,M1=M'

if the infimum is taken on My (C) (just take M; = M + (M’ — M) to get >
and use the fact that M — /Tr(MM*) is convex (as a norm) with Jensen’s
inequality for the converse inequality). Hence, for all M, M’ € SO(N),

<%Tr((M — M) (M — M’)*)) < d(M, M").

Therefore, we deduce the following:

Corollary 6.14. For any differentiable function f : SO(N) — R such that,
for any XY € SO(N), |f(X)—fV)| < |f|zIIX = Y||2, we have for allt >0

2

MY <|f - / F(0)dM™ (0)
SO(N)

__N _§
>4 | <2 24| f12

If f extends to O(N) as a Lipschitz function on SO(N) and T(SO(N)), we

have
2

mN — mN
<‘f /O [ 0)

__N _§
>0+ |fle | <2 PVEZ

Proof. The concentration result under M¥ is a direct consequence of the
lower bound on Ric(SO(N)) and Corollary 5.8. Indeed, the previous compar-
ison of the metrics shows that

[F(X) = FYP S IFZT(X - Y)(X = V)] < 2|f[2d(X, V)2,

Hence, if f is differentiable, 2|f|%2 = [||[Vf]||3 and Corollary 5.8 allows us
to conclude. Concentration under m?” is based on the fact that if 7 is a
transformation of SO(N) such as a change of sign of the first column vector,

then
N

Te(X —TX)(X —TX)" =4 (01,)? = 4.

Therefore,

/ F(0)dM™N (0) - HTO) MY (0)] < 21f]e,
SO(N) SO(N)



86 6 Concentration inequalities for random matrices

and so recalling that m” = 271 M 4 2717, MV

<|fle-

/ F(0)dMN(0) — / F(0)dm™ (0)
SO(N)

O(N)

Hence, we find that

mV _ mN
(‘f /O L, [ O

>N5+|f|c>

1
<=-MN[Vv:
<1 (

FTV) - / F(T0)aM™ (0)
SO(N)

.

_N-242
>0 <2 ®UIZ

+-MN <V : ‘f(V) — / f(0)aM™ (0)
SO(N)

which completes the proof. O
As an application, we have the following corollary.

Corollary 6.15. Let F' be a Lipschitz function on R, and D and D’ be fized
diagonal matrices (whose entries are real and uniformly bounded by ||D||so
and ||D'||« respectively). Then, for any 6 > 0,

MY (|Tx(F(D' + ODO*)) — E[Te(F(D' + ODO*))]| = SN|F|.)
_AN=2IN 2
< 2¢ 2°NDI%

Proof. Put f(O) = Tr(F(D’ + ODO*)) and note that, for any O € O(N),
by Lemma 6.1,

£(0) = f(O)* < NIF|Z|ODO" — ODO*||3 < 4N |F|Z|| D||% |0 - O|3.

Plugging this estimate into the main result of Theorem 6.13 completes the
proof. a

These concentration inequalities also extend to the Haar measure on U (V)
even though this time U (V) decomposes as a continuum of copies of SU(N)
(namely SU(N) times a rotation). This is, however, enough to get (see, e.g.,
[6]) the following theorem.

Theorem 6.16. Let (X{V,... XN) ¢ HE\?) be a sequence such that

L:= sup sup /\max(XiN) < 00
1<i<m NEN

and denote m”~ the Haar measure on U(N). Then, for any polynomial P
of m + 2 noncommutative variables (X1,...,Xm,U,U*), there exists ¢ =
¢(L, P) > 0 such that for N large enough
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N ]' *
m NTr(P(Xl,...,Xm,U,U )
1
_ / F(PX . XV, V*))dmN(V)‘ > 5) < e N,

Bibliographical notes. Klein’s lemma can be found for instance in [173].
The idea to apply concentration of measures theory to the concentration of
the spectral measure and the largest eigenvalue of random matrices started
n [108], even though it was already obtained in particular cases in differ-
ent papers by using for instance martingale expansions. It was generalized
to the concentration of each eigenvalue around its median in [3], and to the
concentration of the permanent of random matrices in [92]. In [151], the Lip-
schitz condition was generalized to norms different than the Euclidean norm.
The applications of these ideas to the eigenvalues of Haar distributed random
matrices was used in [103], based on a lower bound on the Ricci curvature
of SO(N) due to Gromov [155] and developed in [63] from the viewpoint of
random walks on compact groups.

6.5 Brascamp—Lieb inequalities; applications to random
matrices

We introduce first Brascamp—Lieb inequalities and show how they can be de-
rived from results from optimal transport theory, following a proof of Hargé
[114]. We then show how these inequalities can be used to obtain a priori con-
trols for random-matrix quantities such as the spectral radius. Such controls
will be particularly useful in the next chapter.

6.5.1 Brascamp—Lieb inequalities

The Brascamp—Lieb inequalities we shall be interested in allow us to compare
the expectation of convex functions under a Gaussian law and under a law
with a log-concave density with respect to this Gaussian law. It is stated as
follows.

Theorem 6.17. (Brascamp—Lieb [47], Hargé [114, Theorem 1.1]) Let
n € N. Let g be a convex function on R™ and f a log-concave function on
R™. Let v be a Gaussian measure on R™. We suppose that all the following
integrals are well defined, then:

Jotes1-m I < [o@ar

i fon e [R5

where
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This theorem was proved by Brascamp and Lieb [47, Theorem 7] (case g(z) =
|z1|*), by Caffarelli [59, Corollary 6] (case g(z) = g(z1)) and then for a
general convex function g by Hargé [114]. Hargé followed the idea introduced
by Caffarelli to use optimal transport of measure. Unfortunately we cannot
develop the theory of optimal transport here but shall still provide Hargé’s
proof (which is based, as for the proof of log-Sobolev inequalities, on the use
of a semi-group that interpolates between the two measures of interest) as
well as the statement of the results in optimal transport theory that the proof
requires. For more information on the latter, we refer the reader to the two
survey books by Villani [195, 196].

We shall define du(z) = f(x)dy(z)/ [ fdy.

Brenier [48] (see also McCann [149]) has shown that there exists a convex
function ¢ : R™ — R such that

/ o()du(y) = / 9(Vo(x))dy(x).

In other words, p can be realized as the image (or push forward) of p by the
map V.

Caffarelli [58, 57] then proved that if the density f is Holder continuous
with exponent o €]0,1[, ¢ is C>* for any « €]0,1[ (i.e. twice continuously
differentiable with a second derivative Holder continuous with exponent ).
Moreover, by Caffarelli [59, Theorem 11}, we know (and here we need to have
v, i as specified above to get the upper bound) that for any vector e € R™,

0 < Oeep = (Hess(d)e, e) < 1.
We now start the proof of Theorem 6.17. Observe first that we can assume
without loss of generality that  is the law of independent centered Gaussian
variables with variance one (up to a linear transformation on the z’s).

We let ¢(z) = —¢(z)+ 1 ||2[|3 so that 0 < Hess(¢)) < I (with I the identity
matrix and where inequalities hold in the operator sense) and write

[owintv) = [ ote - vita)ire)
The idea is then to consider the following interpolation
010) = [ (e~ PLTH) @)
with P, the Ornstein—Uhlenbeck process given, for h : R* — R by
Pih(z) = /h(e*%x + V1 —e~ty)dy(y)

and P(Vy) = (P(V1y),..., P(Vay)) with V¢ = 0g,4. Note that for a
Lipschitz function h, for all x € R",
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Pih(z) — h(z)] < / (et + VI = e ty) — h(z)|dy(y)

< Bl (VI =T+ (1 —e ) / (zllz + yll2)d(w)

goes to zero as t goes to zero (since [ ||z||2dy(z) < 0o). Similarly, for ¢ > 1,
there is a finite constant C' such that

Pib(e) = [ | < e (|x||2 +f Iyllzdv(y))

which shows that P;h goes to [ hdy as ¢ goes to infinity. Since 1) is twice
continuously differentiable with Hessian bounded by one, each V;¢, 1 <1i <
n, has uniformly bounded derivatives (by one) and so is Lipschitz for the
Euclidean norm (with norm bounded by +/n). Hence, the above applies with
h=V;, 1 <i<n.

Let us assume that ¢ is smooth and Vg is bounded. Then, we deduce from
the above estimates that, again because [ ||z|2dy(z) is finite,

lim 6(t) = 6(0) = / oz — V(@) (z) = / o()du(z),

t—0

Jim 66) = [ gta [ Vodn)ar(a),

/devz/(V¢—x)d’y+/md’y:/xd7—/mdu

we see that Theorem 6.17 is equivalent to prove that 6(0) < 6(co) and so it is
enough to show that 6 is non-decreasing. But, ¢ — 6(t) is differentiable with
derivative

Since

0'(t) = - / (Vg(x = P(V)(2)), 0. P (V) () dry(x) (6.7)

)
= <—%e_%x+%e‘t(l—e_t)_%y,Vh(e_%x—i—my)>d7(y)
ez (x, P,(Vh)(z)) + %eft / Ah(eiém +V1—ety)dy(y)

— L vPh@) + %A(Pth)(a:) — L(Ph)()
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where in the second line we integrated by parts under the standard Gaussian
law . Note also, again by integration by parts, that

1
/hthgd’y(i) = —§/<Vh1,Vh2>d’y.

Hence, (6.7) implies

0(t) = - / S (0i9)(x — Pu(VH))LP(Or)dny
=1

% > /aj((aig)(x — Bi(V))0;(Fi(0:9))))dy

i,j=1

Ly / (Liey — 05 (Po(0k))) (0k0i9)(x — Pi(V)) Pu(&r)) .

i,j,k=1

Thus, if we let
Mij(x) = 0;(Fi(9i)) (), and Cyj(x) = (9;0ig)(x — Pr(Vih)),

we have written, with [;; = 1,—; the identity matrix,

n n n

00 = 5333 [ M Cule) )i
1

3 [ TC@U = M@ @)dr(@) = 0

since by Caffarelli we know that 0 < M(z) < I for all &, whereas C' > 0 by
hypothesis.

This completes the proof for smooth g with bounded gradient. The gen-
eralization to all convex functions g is easily done by approximation. The
function can indeed be assumed as smooth as wished, since we can always
restrict first the integral to a large ball B(0, R), then on this large ball use
the Stone—Weierstrass theorem to approximate g by a smooth function, and
extend again the integral. We can assume the gradient of g bounded by ap-
proximating g by

gr(z) = sup {g(y) +(Vg(y),z —y)}.
y€B(0,R)
gr is convex and with bounded gradient. Moreover, since g(z) > g(y) +
(Vg(y),x—y) by convexity of g, gr = g on B(0, R), while g(0) +(Vg(0),z) <
gr(z) < g(x) shows that gr, R > 0 is uniformly integrable so that we can
use the dominated convergence theorem to show that the expectation of ggr

converges to that of g.
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6.5.2 Applications of Brascamp—Lieb inequalities

We apply now Brascamp-Lieb inequalities to the setting of random matrices.
To this end, we must restrict ourselves to random matrices with entries follow-
ing a law that is absolutely continuous with respect to the Lebesgue measure
and with strictly log-concave density. We restrict ourselves to the case of m
N x N Hermitian (or symmetric) random matrices with entries following the
law
1 _
d,ug’ﬁ(Al, LA = Z—Ne NTr(V(A1,~~~7Am))dMéV7B(A1) e dpl P (A)
v
with p2-# the law of an N x N Wigner matrix with complex (3 = 2) or
real (8 = 1) Gaussian entries with covariance 1/c¢N, that is, the law of the
self-adjoint N x N matrix A with entries with law
h0(dA) = e FTAdA
A
with dA = Higj dﬂ?(AU) Higj d(%A”) when ﬁ = 2 and dA = Higj dA” if
g =1.
We assume that V' is convex in the sense that for any N € N,
(Aijh<icjen € EY) = Tr(V(Ar,..., Ap))

is real valued and convex, see sufficient conditions in Exercise 6.11.
Theorem 6.17 implies that for all convex functions g on (R)#mN(N=1)/2+mN

[ o~y (a) < [ g(a) [[an" (a0 (63

where M = [ Adug’B(A) is the m-tuple of deterministic matrices (My);; =
f(Ak)ijd,ug’ﬁ(A). In (6.8), g(A) is shorthand for a function of the (real and
imaginary parts of the) entries of the matrices A = (A1,...,A,,).

By different choices of the function g we shall now obtain some a priori
bounds on the random matrices (A1, ..., A,,) with law p2-?.

Lemma 6.18. Assume that the function V is conver and there exists d > 0
such that for some finite c¢(V),

V(X1,. o, Xm) <e(V) (1 +§:de> .

For ¢ > 0, there exists Co = Cy(c,V(0),D;V(0),c(V),d) finite such that for
allie{l,...,m}, alln €N,

1
limsupug’ﬁ (—Tr(A?")) < Cy.
N N

Moreover, Cy depends continuously on V(0), D;V(0),c(V) and in particular
s uniformly bounded when these quantities are.
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Note that this lemma shows that, for i € {1,...,m}, the spectral measure of
A; is asymptotically contained in the compact set [—+/Cp, v/Co].

Proof. Let k bein {1,...,m}. As A — Tr(A}?) is convex by Klein’s lemma
6.4, Brascamp-Lieb inequality (6.8) implies that

1 1
7 (AL~ M) < (GTHADM) = i (a6 (69)

where My, = ,ug’ﬁ(Ak) stands for the matrix with entries f(Ak)ijdug’ﬂ(dA).

Thus, since uY#(La, (%)) converges by Wigner’s theorem 1.13 towards

C—Qdczd S (6_14)2d

with Cy4 the Catalan number, we only need to control M. First observe
that for all k& the law of Ay is invariant under the multiplication by unitary
matrices so that for any unitary matrices U,

1
My, = piy P[AL] = Upy P[ARU* = My = pi” <NTr(Ak)) I.  (6.10)

Let us bound ug’ﬂ (£ Tr(Ay)). Jensen’s inequality implies
Z e VPR TEV)) > o= N2e(V)u? (R T+ 2 X2)

By Theorem 3.3, uV# (% Tr(X29) converges to a finite constant and therefore

we find a finite constant C(V') such that Z{>e N (V).
We now use the convexity of V, to find that for all IV,

Tr (V(A)) > Tr(V(0) + i D;V(0)A;)
i=1

with D; the cyclic derivative introduced in Lemma 6.2. By Chebyshev’s in-
equality, we therefore obtain, for all A > 0,

iy’ (|La, (2)] = y) < py P (La, (@) > y) + py P (~La, (z) > )
< NP C(V)=V(0)=Ay) (ui\fﬂ(e—m\f(zgl DV (0)Ai=AA))

+ Mi\fﬁ(e—z\rﬂ@;’;l D¢V(O)A¢+AAk)))

N (C(V)=V(0) =) o B L0, THD:V(0))

(e%mwkwm—x)?) i e%mwkwom)z))

=€

Optimizing with respect to A shows that there exists B = B(V)

2(:
1 (La, (2)[>y) < PN =550
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so that for IV large enough,

W (L, (@) = / T (Lay ()[2) dy

26
<4V lB + / e*NT(y%‘l%)dy < 8VBc~l. (6.11)
y>4ve— 1B

This, with (6.9), completes the proof. O

Let us derive some other useful properties due to the Brascamp-Lieb in-
equality. We first obtain an estimate on the spectral radius A\Y, (A), defined

max

as the maximum of the spectral radius of Aq,..., A,, under the law ug’ﬂ .

Lemma 6.19. Under the hypothesis of Lemma 6.18, there exists « = a(c) > 0
and Moy = My(V) < 0o such that for all M>My and all integer N,

(O

max

(A) > M) < e @MV,

Moreover, Mo(V') is uniformly bounded when V(0), D;V(0) and c¢(V) are.

Proof. The spectral radius ALY, (A) = maxj<i<m SUP|jy|p=1 < U AjATu >3

is a convex function of the entries (see Lemma 6.5), so we can apply the
Brascamp-Lieb inequality (6.8) to obtain that for all s € [0, 5],

/esNAfXaX(A—M)dug,ﬁ(A) < /esNAfXaX(A)duéV,ﬁ(A).

But, by Theorem 6.6 applied with a quadratic potential V', we know that

/ SN A s () g NB (A
o0
= SNeSN'U‘iVYﬁ(AtIXax)/ GSNy//féVﬂ ()\ﬁax - Névjﬁ(/\ﬁax) > y) dy
—00
N,B/\N ° — Ne,2
< sNe*Nrd P (Aax) (1 T+ 2/ e Nve= TV dy)
0

252N

<)

< v/ omsNesNVue ™ M) (1+2e

Hence, since p#(AX,.) is uniformly bounded by Theorem 2.3, we deduce

that for all s > 0, there exists a finite constant C(s) such that

/esN)\fXax(AfM)d’ug,ﬁ(A) < C(S)N.
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By (6.10) and (6.11), we know that
AN

max

(A) <AL

N (A —M)+ Y (A —M) +8VBc!

max

(M) < A¥

max

from which we deduce that [ esNmax(8)dud?(A) < CN for a positive finite
constant C. We conclude by a simple application of Chebyshev’s inequality.
O

Lemma 6.20. If ¢ > 0, € €]0, %[, then there exists C = C(c,€) < oo such
that for all d < N2—¢,

AN (A)]) < ¢

max

Note that this control could be generalized to d < N?/3~¢ by using the
refinements obtained by Soshnikov in [180, Theorem 2 p.17] but we shall not
need it here.

Proof. Since A — AN __

equalities to insure that

i (NN (A = i (ADIT) < 7 (AN (A — P (AN

(A) is convex, we can again use Brascamp—ieb in-

Now, we have seen in the proof of Lemma 6.18 that ug’ﬁ(A) has a uniformly
bounded spectral radius, say by x. Moreover, by Theorem 2.3, we find that

1_¢/2

N(2c~ )N

1
NBLIAN (A Nﬁ_‘m) < () ————.
e L

Applying Jensen’s inequality we therefore get, for d < N %*5,
e (Mmax (A1) < ¢ (e)(2¢7 )%

max

Hence,
1
i (A (A1) <+ ¢(e)a2e

max

which proves the claim. O

6.5.3 Coupling concentration inequalities and Brascamp—Lieb
inequalities

We next turn to concentration inequalities for the trace of polynomials on the
set

ANy = {A € M AN (A) = maxi<icm (AN (A0)) < M} C RN,

We let
SN(P) :=Te(P(Ay,...,An)) — up " (Te(P(AL, ..., An))) .

Then, we have
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Lemma 6.21. For all N in N, all M > 0, there exists a finite constant
C(P,M) and (P, M, N) such that for any € > 0,

~ ce?
il ({18Y (P) e + (P, M, N)} 1 A3 ) < 2e™ et
If P is a monomial of degree d we can choose
C(P, M) < d*M*@—1)

and there exists Mo < 00 so that for M > Mo, all € €]0, 5[, and all monomial
P of degree smaller than N'/2~¢,

e(P,M,N) < 3dN(CM)4le=2NM
with C the constant of Lemma 6.20.

Proof. It is enough to consider the case where P is a monomial. By Corollary
6.12, we only need to control ¢(P, M, N).

G(P, M7 N) < ,Ltg)ﬁ <1(AAN4)(‘ <|TI'(P)| +de71

+ sup [TH(P(4))]) )

AecAl,
< N (1ay - (1IN (A1

O W (A + 117)).

Now, by Lemmas 6.19 and 6.20, we find that

3 1 e
i (Lo Aax (A7) < o (1ag)e) " 1) (Mrax(A)2)* < Ol 3NN,

By the previous control on C(P, M), we get, for d < Nz=¢ and M large
enough,

e(P,M,N) < 3dN(CM)%+te=sNM

which proves the claim. 0O

For later purposes, we have to find a control on the variance of L.
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Lemma 6.22. For any ¢ > 0 and € €]0, %[, there exists B,C, My > 0 such
that for all t € By, ¢, all M>My, and monomial P of degree less than N%_E,

aM N

iy (GN(P))?) < BO(P, M) + CHINTer 42, (6.12)

Moreover, the constants C, My, B depend continuously on V(0), D;V(0) and
c(V).

Proof. If P is a monomial of degree d, we write

pp (N (P)?) < py? (L (BN (P)?) + iy P (L ax e (6 (P)?) = [ + L.
(6.13)
For I, the previous lemma implies that, for d < NV,

B2 [ (1) — i (P 2} 0 43 o

(:1‘2
< e(P,N,M)?* + 4/ re” TP dy < BC(P, M)

0

with a constant B that depends only on c. For the second term, we take
M>My with My as in Lemma 6.19 to get

1l NGB,/ 1 _aMN NG, % 1
Iy < iy (AN T2y P (BN (P < e ™57 uy (BN ()2
By the Cauchy—Schwartz inequality, we obtain the control
uy POV (PYY] < 24y (Tr(P))),
Now, by non-commutative Holder’s inequality Theorem 19.5,
1
[Tr(P)]* < N4maX1§i§mNTr(A?d)
so that we obtain the bound
< 1
PN (P)*) < 24N4max1§i§mug’ﬁ[NTI"(A?d)]-

By Lemma 6.20, for d < N2~

1
i’ [NTr(A;*d)] <%, (6.14)
Plugging back this estimate into (6.13), we have proved that for N and M

sufficiently large, all monomials P of degree d < N%_E, allt € By, ¢

aM N

oo ((SN(P))z) < BO(P, M) + C*N*e— 4

with a finite constant C' depending only on €, ¢ and M. ad
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Bibliographical notes. Brascamp—Lieb inequalities were first introduced
in [47]. The relation between FKG inequalities and optimal transportation was
shown in [59], based on optimal bounds on the Hessian of the transport map.
The application of this strategy to Brascamp—Lieb inequalities is due to Hargé
[114]. It was used in the context of random matrices in [104, 105], following
the lines that we shall develop in the next part.
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In this part, we study matrix models, that is, the laws of interacting Hermitian
matrices of the form

1
dlug,Q(Al, o ,A'm) — Z_Ne—NTr(V(Al,...,Am))d'uN,Q(Al) L. dluN,Q(A’m)
1%

where Z{ is the normalizing constant given by the matrix integral
Z‘]/V _ /e—NTr(V(Al,...,Am))duN,Q(Al) L d,UzN’Q(Am)

and V is a polynomial in m non-commutative variables:
n
VX1, X)) = Y tigi(X1,. ., Xom)
i=1

with ¢; non-commutative monomials:

Qi(Xla e ,Xm) = Xﬂ s inl
for some jF € {1,...,m}, r; > 1. Moreover, du™?(A) denotes the standard
law of the GUE, i.e., under du’"2(A), A is an N x N Hermitian matrix such
that

< il + 10k Gkk
Ak, 1) = AL E) = LYK g Ak, k) = T
0 =Alh=""75% "k =N

with independent centered standard Gaussian variables (g, G
words

N2 (A) = Zy 1y e 2 A0 T av(aG,g) ] dS(AG, )

1<i<j<N 1<i<j<N

~—

k<i. In other

Since we restrict ourselves to Hermitian matrices in this part, we shall drop
the subscript 4 = 2 and write for short p¥ = V2.

Let us define by C(X7, ..., X,,) the set of polynomials in m non-commutative
variables and, for P € C(X1,..., X),

LY(P):=La,. . A, (P)= %Tr (P(A1,...,An)).

When V' vanishes, we have seen in Chapter 3 that for any polynomial
function P, LY (P) converges as N goes to infinity. Moreover the limit o (P)
is such that if P is a monomial, ¢™(P) is the number of non-crossing pair
partitions of a set of points with m colors, or equivalently the number of
planar maps with one star of type P. In this part, we shall generalize such a
type of result to the case where V' does not vanish but is “small” and “nice”
in a sense that we shall precise.

This part is motivated by a work of Brézin, Parisi, Itzykson and Zuber [50]
and large developments that occurred thereafter in theoretical physics [78].
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They specialized an idea of 't Hooft [187] to show that if V = Y7 | ¢;¢; with
fixed monomials ¢; of m non-commutative variables, and if we see Z{Y = Z{¥
as a function of t = (¢1,...,t,),

log ZY := > N?72F,(t), (I11.15)
920

where

k k.
t;)"
Fy(t) := E 11 k') g((gis ki)1<i<k)
k [

ki,...,kn €ENF i=1

is a generating function of integer numbers M ((g;, ki)1<i<x) that count cer-
tain graphs called maps. A map is a connected oriented graph that is em-
bedded into a surface. Its genus g is by definition the genus of a surface in
which it can be embedded in such a way that edges do not cross and the faces
of the graph (that are defined by following the boundary of the graph) are
homeomorphic to a disk. The vertices of the maps we shall consider will have
the structure of a star, that is a vertex with colored edges embedded into a
surface (that is an order on the colored edges is specified). More precisely, a
star of type ¢, for some monomial ¢ = Xy, --- Xy, , is a vertex with degree
deg(q) and oriented colored half-edges with one marked half edge of color ¢4,
the second of color ¢s, etc., until the last one of color €. My((gi, ki)1<i<k) is
then the number of maps with k; stars of type ¢;, 1 <i < n.

Adding to V a term t g for some monomial ¢ and identifying the first-order
derivative with respect to t at t = 0 we derive from (IIL.15)

ko 4k
[ @ad =38 3 TS Myt ks, (0. 1)

9>0 ki, kn €NF =1

(II1.16)

The equalities (IT1.15) and (II1.16) derived in [50] are only formal, i.e., mean

that all the derivatives on both sides of the equality coincide at t = 0. They

can thus be deduced from the Wick formula (which gives the expression of ar-

bitrary moments of Gaussian variables) or equivalently by the use of Feynman
diagrams.

Even though topological expansions such as (I11.15) and (II1.16) were first
introduced by ’t Hooft in the course of computing the integrals, the natural
reverse question of computing the numbers M4((g;, ki)1<i<k) by studying the
associated integrals over matrices encountered a large success in theoretical
physics (see, e.g., the review papers [78, 70]). In the course of doing so, one
would like for instance to compute limy_ o, N ~2log ZtN and claim that this
limit is equal to Fy(t). There is here the belief that one can interchange
derivatives and limit, a claim that needs to be justified.

We shall indeed prove that the formal limit can be strenghtened into a
large N expansion in the sense that
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1
el
where N2 x o(N~2) goes to zero as N goes to infinity. This asymptotic ex-
pansion holds when V' is small and satisfies some convexity hypothesis (which
insures that the partition function Z{/V is finite and the support of the limiting
spectral measures of A;, 1 < ¢ < m, under ug is connected, see [106]).

This part summarizes results from [104] and [105]. The full expansion (i.e.,
higher-order corrections) was obtained by E. Maurel Segala [148] in the multi-
matrix setting. Such expansion in the one matrix case was already derived on
a physical level of rigor in [4] and then made rigorous in [2, 86]. However, in
the case of one matrix, techniques based on orthogonal polynomials can be
used. In the multi-matrix case this approach fails in general (or at least has
not yet been extended). [104, 105, 148] take a completely different route based
on the free probability setting of limiting tracial states and of the so-called
Master loop or Schwinger—Dyson equations.

We start this part by introducing the combinatorial objects we shall con-
sider and their relations with non-commutive polynomials. Then, we prove the
formal expansion of Brézin, Itzykson, Parisi and Zuber. The next two chap-
ters consider the asymptotic expansion; we first obtain the convergence of the
free energy towards the expected generating function for the enumeration of
planar maps, and then study the first order correction to this limit, showing
it is related with the enumeration of maps with genus one.

The techniques we shall present here have the advantage to be robust. We
use them here to study partition functions of Hermitian matrices, but they
can be generalized to orthogonal or symplectic matrices (in a work in progress
of E. Maurel Segala) or to matrices following the Haar measure on the unitary
group [66]. The last extension is particularly interesting since then Gaussian
calculus and Feynman diagram techniques fail (since unitary matrices have no
Gaussian entries) so that the diagrammatic representation of the limit is not
straightforward even on a formal level (see [65] for a formal expansion with
no diagrammatic interpretation).

1
log Zév = Fo(t) =+ mFl(t) =+ O(N_Q)
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Maps and Gaussian calculus

We start this chapter by introducing non-commutative polynomials and their
relations with special vertices called stars. We then relate the enumeration of
the maps buildt upon such vertices with the formal expansion of Gaussian
matrix integrals.

7.1 Combinatorics of maps and non-commutative
polynomials

In this section, we define non-commutative polynomials and non-commutative
laws such as the “empirical distribution” of matrices Aq,...,A,, which gen-
eralize the notion of probability measures and empirical measures to the case
of non-commutative variables. We will then describe precisely the combina-
torial objects related with matrix integrals. Recalling the bijection between
non-commutative monomials and graphical objects such as stars or ordered
sets of colored points, we will show how operations such as derivatives on
monomials have their graphical interpretation. This will be our basis to show
that some differential equations for non-commutative laws can be interpreted
in terms of some surgery on maps, as introduced by Tutte [194] to prove in-
duction relations for map enumeration (see, e.g., Bender and Canfield [29] for
generalizations).

7.2 Non-commutative polynomials

We denote by C(Xj,...,X,,) the set of complex polynomials in the non-
commutative unknowns Xi,...,X,,. Let * denote the linear involution such
that for all complex z and all monomials

(inl "'Xip)* =zX, ...

p

X,
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We will say that a polynomial P is self-adjoint if P = P* and denote by
C(X1,...,Xm)sa the set of self-adjoint elements of C(Xy,..., X,,).

The potential V' will later on be assumed to be self-adjoint. This means
that

n n ~ n q]_|_q] n (\ q,_q;ﬂ
:z;tjqi:;tjqj X;R +Zc TR
J= J= J

j=1

Note that the parameters (t; = R(¢;) + iS(¢;),1 < j < n) may a priori
be complex. This hypothesis guarantees that Tr(V(A)) is real for all A =
(Aq,...,A,,) in the set Hy of N x N Hermitian matrices.

In the sequel, the monomials (g;)i1<i<n Will be fixed and we will consider
V =V, = > | t;q; as the parameters ¢; vary in such a way that V stays
self-adjoint.

7.2.1 Convexity

We shall assume hereafter that V' is convex, see Definition 6.10. While it may
not be the optimal hypothesis, convexity provides many simple arguments.
Note that as we add a Gaussian potential 2 > | X2 to V we can relax the
hypothesis by the notion of c-convexity.

Definition 7.1. We say that V is c-convez if ¢ > 0 and V + 355 3°1" X2 is
convez. In other words, the Hessian of

oV eV — R
(R(A(,5)), S(ARGDIIEIEE y — Tr(V (AL, ., Ap)
+I5E3 A7)

is non-negative. Here, for k € {1,...,m}, Ay is the Hermitian matric with

entries \/5_1(Ak(p, q) + iAk(q,p)) above the diagonal and Ay (i, i) on the di-
agonal.

Note that when V' is c-convex, ¥} has a log-concave density with respect to
the Lebesgue measure so that many results from the previous part will apply,
in particular concentration inequalities and Brascamp-Lieb inequalities.

In the rest of this chapter, we assume that V is c-convex for some ¢ > 0
fixed. Arbitrary potentials could be considered as far as first-order asymptotics
are studied in [104], at the price of adding a cutoff. In fact, adding a cutoff
and choosing the parameters ¢;’s small enough (depending eventually on this
cutoff), forces the interaction to be convex so that most of the machinery we
are going to describe will apply also in this context. Welet V.=V, = Y | tig;
and define U, = {t € C" : V} is c-convex} C C™. Moreover, B, will denote
the open ball in C™ centered at the origin and with radius n > 0 (for instance
for the metric |t| = maxi<i<n|ti]).
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7.2.2 Non-commutative derivatives

First, for 1 < i < m, let us define the non-commutative derivatives 9; with
respect to the variable X;. They are linear maps from C(Xy,...,X,,) to
C(X1,..., Xm)®? given by the Leibniz rule

and 9;X; = 1,-;1 ® 1. Here, x is the multiplication on C(X1,...,X,)®?%
PRQXxR®S=PR®QS. So, for a monomial P, the following holds:

%P= > R®S

P=RX;S

where the sum runs over all possible monomials R, S so that P decomposes
into RX;S. We can iterate the non-commutative derivatives; for instance 8? :
(C<X1, ‘e ,Xm> — (C<X1, ‘e ,Xm> (%9 (C<X1, ‘e ,Xm> X (C<X1, ceey Xm> is given
for a monomial function P by

ZP=2 > RRS®Q.
P=RX;S5X;Q

We denote by # : C(X1,..., Xn)®? x C(X1,..., Xpm) — C(Xq,...,X,;n) the
map P ® QiR = PRQ and generalize this notation to P ® Q ® Rf(S,V) =
PSQVR. So 0;PtR corresponds to the derivative of P with respect to X;
in the direction R, and similarly 271[DZP4(R, S) + D?P4(S, R)] the second
derivative of P with respect to X; in the directions R, S.

We also define the so-called cyclic derivative D;. If m is the map m(A ®
B) = BA, let us define D; = mo ;. For a monomial P, D;P can be expressed
as

DiP= Y SR

P=RX;S
7.2.3 Non-commutative laws
For (A4,...,A,) € HY, let us define the linear form La, . a, from
C(X1,...,Xy,) into C by
1
La,, A, (P)= NTr (P(Aq,...,An))

where Tr is the standard trace Tr(A) = Zfil A(i,4). La, ... a,, will be called
the empirical distribution of the matrices (note that in the case of one matrix,
it is the empirical distribution of the eigenvalues of this matrix). When the
matrices Aq,...,A,, are generic and distributed according to ﬂg , we will
drop the subscripts Aq,...,A,, and write for short LY = La,,...A,,- We
define, when V. =V, = 37" | tiq;,
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LY (P) := py, [LN (P)).

LY, LY will be seen as elements of the algebraic dual C(X1, ..., X,,)? of
C(X1,..., Xm) equipped with the involution *. C(X7,..., X,,)? is equipped
with its weak topology.

Definition 7.2. A sequence (fin)nen in C(X1, ..., Xm)P converges weakly (or
in moments) to p € C(X1,..., Xpm)P iff for any P € C(X1,..., Xm),

nh_{%o pin(P) = p(P).

Lemma 7.3. Let C(¢y,...,4.),4; € {1,...,m},r € N, be finite non-negative
constants and

K(C)={uecC(Xy1,....,Xm)P;|u(Xe, -~ Xp,)| <C(t1,...,4,)
Ve, € {1,...,m},r € N}.

Then, any sequence (ln)nen n K(C) is sequentially compact, i.e., has a sub-
sequence (lg(n))neN that converges weakly (or in moments).

Proof. Since (X, -+ Xp,) € C is uniformly bounded, it has converging
subsequences. By a diagonalization procedure, since the set of monomials is
countable, we can ensure that for a subsequence (¢(n),n € N), the terms
Pg(ny (Xey - Xp, ), € € {1,...,m},r € N converge simultaneously. The limit
defines an element of C(Xy, ..., X,,)? by linearity. O

The following is a triviality, that however we recall since we will use it
several times.

Corollary 7.4. Let C(¢1,...,4.),4; € {1,...,m},r € N, be finite non nega-
tive constants and (pn)nen @ sequence in K(C') that has a unique limit point.
Then (pn)nen converges weakly (or in moments) to this limit point.

Proof. Otherwise we could choose a subsequence that stays at positive dis-
tance of this limit point, but extracting again a converging subsequence gives
a contradiction. Note as well that any limit point will belong automatically
to C(X1,..., Xn)P. O

Remark 7.5. The laws LY, LY are more than only linear forms on the space
C(X1,...,Xm); they satisfy also the properties

W(PP*) 20, p(PQ)=p(QP), pu(1)=1 (7.2)

for any polynomial functions P, Q. Since these conditions are closed for the
weak topology, we see that any limit point of IA.;N,Eiv will also satisfy these
properties. A linear functional on C(X1, ..., X,,) that satisfies such conditions
are called tracial states, or non-commutative laws. This leads to the notion of
C*-algebras and representations of the laws as moments of non-commutative
operators in C*-algebras. However, we do not want to detail this point in these
notes.
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7.3 Maps and polynomials

In this section, we complete Section 3.1 to describe the graphs that will be enu-
merated by matrix models. Let ¢(X1,...,Xn) = X, X, -+ - X, be a mono-
mial in m non-commutative variables.

Hereafter, monomials (g;)1<i<n Will be fixed and we will write for short,
for k = (k1,...,kn),

M = card{ maps with genus g

and k; stars of type ¢;, 1 <1i <n},

and for a monomial P,
M. (P) = card{ maps with genus g

k; stars of type ¢;, 1 <i < n and one of type P}.

7.3.1 Maps and polynomials

Because there is a one-to-one mapping between stars and monomials, the
operations on monomials such as involution or derivatives have their graphical
interpretation.

The involution comes to reverse the orientation and to shift the marked
edge by one in the sense of the new orientation (see Figure 7.1). This is
equivalent to considering the star in a mirror.

X1 Xo

X, £

Fig. 7.1. A star of type ¢ versus a star of type ¢*

For derivations, the interpretation goes as follows.

Let g be a given monomial. The derivation 0; appears as a way to find out
how to decompose a star of type ¢ by pointing out a half-edge of color i: a star
of type ¢ can indeed be decomposed into one star of type ¢;, one half-edge of
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color ¢ and another star of type g2, all sharing the same vertex, iff ¢ can be
written as ¢ = g1 X;q2. This is particularly useful to write induction relation
on the number of maps. For instance, let us consider a planar map M and
the event Ap;(X;q) that, inside M, a star of type X;q is such that the first
marked half-edge is glued to a half-edge of ¢. Then, if this happens, since the
map is planar, it will be decomposed into two planar maps separated by the
edge between these two X;. Such a gluing can be done only with the edges X;
appearing in the decomposition of ¢ as ¢ = q1 X;g2. Moreover, the two stars
of type ¢1 and g2 will belong to two “independent” planar maps. So, we can
symbolically write

Law (Xig) = Z lojeny OM=n@iMz Lgzens, (7.3)
q=q1 Xiq2

where M = M7 ®; Ms means that M decomposes into two planar maps M;
and My, My being surrounded by a cycle of color i that separates it from
M; (see Figure 7.2). Note here that we forgot in some sense that these three

Fig. 7.2. A star of type ¢ = X7 X3 X1 X3 decomposed into X1 (X1 X3 X1)X1(X7X3)
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objects were sharing the same vertex; this is somehow irrelevant here since a
vertex is finally nothing but the point of junction of several edges; as long as
we are concerned with the combinatorial problem of enumerating these maps,
we can safely split the map M into these three objects. (7.3) is very close to
the derivation operation 9;.

Similarly, let us consider again a planar map M containing given stars of
type X;q and ¢’ and the event Bj;(X;q,q’) that, inside M, the star of type
X,q is such that the first marked half-edge is glued to a half-edge of the star
of type ¢’. Once we know that this happens, we can write

1By (Xigq) = Z Lgzqreiqe M- (7.4)
=1 Xiq2

q2q1 ®; q is a new star made of a star of type ¢ and one of type g2g1 with
an edge of color 7 from one to the other just before the marked half-edges.
Again, once we know that this edge of color i exists, from a combinatorial
point of view, we can simply shorten it till the two stars merge into a bigger
star of type g2q1¢. This is the merging operation; it corresponds to the cyclic
derivative D; (see Figure 7.3).

X, X5

X {/X%M X

X,

X

Fig. 7.3. Merging of a star of type ¢ = X2X2X{ X2 and a star of type X7 X3

7.4 Formal expansion of matrix integrals

The expansion obtained by 't Hooft is based on Feynman diagrams, or equiv-
alently on Wick’s formula that can be stated as follows.

Lemma 7.6 (Wick’s formula). Let (G1,...,Ga,) be a Gaussian vector
such that E[G;] =0 fori e {1,...,2n}. Then,
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E[Gy - Gay] = Z H E[GvGy]
TE€PP(2n) 5y block Ofw,
b<b/

where the sum runs over all pair-partitions of the ordered set {1,...,2n}.

Proof. Recall that if G is a standard Gaussian variable, for all n € N,

2n)!

2n1 __ n.— (

E[G™"] = 2n!l := ]

is the number of pair-partitions of the ordered set {1,2,...,2n}. Thus, for any
real numbers (a1, ..., as,), since 21221 «;G; is a centered Gaussian variable
with covariance o = 212?:1 a;a;E[G;G,], and so 37", oGy has the same
law that o times a standard Gaussian variable,

n

2n 2n 2n
E <Z OziGi) = Z OziOéjE[GiGj] 2n!l.
i=1

4,j=1

Identifying on both sides the term corresponding to the coeflicient a; - - - aop,
we obtain
(2n)E[Gy -+ Gan] =201 Y [[ ElGGw]

TeX (b )ET

where X' is the set of pairs of 2n elements. To compare this set with the
collection of pairings of an ordered set, we have to order the elements of the
pairs, and we have 2" possible choices, and then order the pairs, which gives
another n! possible choices. Thus,

S I EGGy] =2mmt 11 E[G;G]

meX (b )en m€PP(2n) (i,5) block of =
completes the argument as 2"n!2n!! = (2n)!. O

We now consider moments of traces of Gaussian Wigner’s matrices. Since
we shall consider the moments of products of several traces, we shall now use
the language of stars. Let us recall that a star of type ¢(X) = Xy, -+ Xy,
is a vertex equipped with k colored half-edges, one marked half-edge and an
orientation such that the marked half-edge is of color ¢1, the second (following
the orientation) of color ¢5, etc., till the last half-edge of color ¢j. The graphs
we shall enumerate will be obtained by gluing pairwise the half-edges.

Definition 7.7. Let r,m € N. Let q1,...,q be r monomials in m non-
commutative variables. A map of genus g with a star of type q; for i €
{1,...,7} is a connected graph embedded into a surface of genus g with r
vertices so that
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1. For 1 < i < r, one of the vertices has degree deg(q;), and this vertez is
equipped with the structure of a star of type q; (i.e., with the corresponding
colored half-edges embedded into the surface in such a way that the orien-
tation of the star and the orientation of the surface agree). The half-edges
inherit the orientation of their stars, i.e., each side of each half-edge is
endowed with an opposite orientation corresponding to the orientation of
a path traveling around the star by following the orientation of the star.

2. The half-edges of the stars are glued pair-wise and two half-edges can be
glued iff they have the same color and orientation; thus edges have only
one color and one orientation.

3. A path traveling along the edges of the map following their orientation will
make a loop. The surface inside this loop is homeomorphic to a disk and
called a face (see Figure 7.4).

Note that each star has a distinguished half-edge and so each half-edge of a star
is labeled. Moreover, all stars are labeled. Hence, the enumeration problem
we shall soon consider can be thought as the problem of matching the labeled
half-edges of the stars and so we will distinguish all the maps where the
gluings are not done between exactly the same set of half-edges, regardless of
symmetries. This is important to make clear since we shall shortly consider
enumeration issues. The genus of a map is defined as in Definition 1.8. Note
that since at each vertex we imposed a cyclic orientation at the ends of the
edges adjacent to this vertex, there is a unique way to embed the graph drawn
with stars in a surface; we have to draw the stars so that their orientation
agrees with the orientation of the surface.

Fig. 7.4. A planar bi-colored map with stars of type ¢1 = X1 X2X1 X2, 2 = X2 X2,
g3 = X1 X2 X1 X2
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There is a dual way to consider maps in the spirit of Figure 1.5; as in
the figure in the center of Figure 1.5, we can replace a star of type ¢(X) =
X, -+ X;, by a polygon (of type q) with p faces, a boundary edge of the
polygon replacing an edge of the star and taking the same color as the edge,
and a marked boundary edge and an orientation. A map is then a covering of
a surface (with the same genus as the map) by polygonals of type q1, ..., ¢
The constraint on the colors becomes a constraint on the colors of the sides
of the polygons of the covering.

Ezample 1. A triangulation (resp. a quadrangulation) of a surface of genus g
by F faces (the number of triangles, resp. squares) is equivalent to a map of
genus g with F stars of type ¢(X) = X3 (resp. ¢(X) = X?).

Exercise 7.8. Draw the quadrangulation corresponding to Figure 7.4.
We will define, for k = (k1,..., kn),
My((gi, ki), 1 <i <n) = card{ maps with genus g

and k; stars of type ¢;,1 < i < n}.

Note here that the stars are labeled in the counting. Hence, the problem
amounts to counting the possible matchings of the half-edges of the stars, all
the half-edges being labeled.

In this section we shall first encounter eventually non-connected graphs;
these graphs will then be (finite) unions of maps. We denote by G4 .((gi, ki), 1 <
i < n) the set of graphs that can be described as a union of ¢ maps, the total
set of stars to construct these maps being k; stars of type ¢;, 1 < i < n and
the genus of each connected components summing up to g. When counting
these graphs, we will also assume that all half-edges are labeled. Moreover,
we shall count these graphs up to homeomorphism, that is up to continu-
ous deformation of the surface on which the graphs are embedded. Thus, our
problem is to enumerate the number of possible pairings of the half-edges (of
a given color) of the stars in such a way that the resulting graph has a given
genus.

We now argue that

Lemma 7.9. Let q1,...,q, be monomials. Then,

/ TTOVTrar (Ao A (Ar) - ™ (An)

1 .
= ZZ mﬁ{Gg,c((% 1),1<i<n)}.
geNc>1
Here, Gg.((¢:,1),1 < i < n) is the set of unions of ¢ maps drawn on the
stars of type (gi)1<i<n, with the sum of the genera of each map equal to g.
t{Gg.c((gi,1),1 < i < n)} is the number of graphs of the set Gg((¢;,1),1 <
i<n).
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As a warm-up, let us show the following;:
Lemma 7.10. Let g be a monomial. Then, we have the following expansion
_ 1
[V A A () () = 3 G0 1)
geN
where ${Go((¢,1))} equals 0™ (q) as found by Voiculescu, Theorem 3.3.

Proof. Asusual we expand the trace and write, if ¢(X1, ..., Xm) = Xj, - - X,

/Tr(q(Al, o AN (AY) - dpN (A

S [ Anlnr) Al (A ()

1<ry,...,tgk <N

Z Z H E[Ajw (Tlmrerl)Ajv (rvarwrl)]- (7.5)

15Tk TEPP(K) (v block of =

w<v

Note that [[E[A;, (Fw,Tw+1)Aj, (re.7o+1)] is either zero or N7F/2. Tt is not
zero only when j, = j, and ryry41 = rygp17y for all the blocks (v, w) of
m. Hence, if we represent ¢ by the star of type ¢, we see that all the graphs
where the half-edges of the star are glued pairwise and colorwise will give a
contribution. But how many indices will give the same graph ? To represent
the indices on the star, we fatten the half-edges as double half-edges. Thinking
that each random variable sits at the end of the half-edges, we can associate
to each side of the fat half-edge one of the indices of the entry (see Figure
7.5). When the fattened half-edges meet at the vertex, observe that each side
of the fattened half-edges meets one side of an adjacent half-edge on which
sits the same index. Hence, we can say that the index stays constant over the
broken line made of the union of the two sides of the fattened half-edges.

$r 16 | 2%

13 $.2

$r 4% $r 3%

Fig. 7.5. Star of type X* with prescribed indices

When gluing pairwise the fattened half-edges we see that the condition
TwTwtl = Tyt1T» Means that the indices are the same on each side of the
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half-edge and hence stay constant on the resulting edge. The connected lines
made with the sides of the fattened edges can be seen to be the boundaries
of the faces of the correponding graphs. Therefore we have exactly N pos-
sible choices of indices for a graph with F' faces. These graphs are otherwise
connected, with one star of type ¢. (7.5) thus shows that

/Tr(q(Al, G A AN (AY) - dpN (A

=

920

F

N
~E #{maps with one star of type ¢ and F faces}

3
Recalling that 2 — 2g = F' + £ vertices — # edges = F'+ 1 — k/2 completes the
proof. O

Remark 7.11. In the above it is important to take u™ to be the law of the
GUE (and not GOE for instance) to insure that E[(Ay):j(Ak)ji] = 1/N but
E[((Ax)ij)?] = 0. The GOE leads to the enumeration of other combinatorial
objects (and in particular an expansion in N~' rather than N—2).

Proof of Lemma 7.9. We let ¢;(X1,...,Xmn) = Xyi - "XEZV' As usual, we
expand the traces: '

ST Tra (A A )i (A dn ™ (A,)

=Nt YD BT At A (5,5

ik 1<k<n

=N" > o Z(x,i)

where in the last line we used Wick’s formula, 7 is a pair partition of the
edges

{(i%, % )1<j<an—1, (@5 ,iF),1 < k < n} and Z(7,1i) is the product of the
variances over the corresponding blocks of the partition. A pictorial way to
represent this sum over PP (3 d;) is to represent Xk (ifi5) - - Xon (il i) by
its associated star of type ¢, for 1 < k < n. Note that in the coﬁnting this
star will be labeled (here by the number k). A partition 7 is represented by
a pairwise gluing of the half-edges of the stars. Z(w), as the product of the
variances, vanishes unless each pairwise gluing is done in such a way that the
indices written at the end of the glued half-edges coincides and the number of
the variable (or color of the half-edges) coincide. Otherwise, each covariance
being equal to N1, Z(m,i) = N~ 2i=1%/2, Note also that once the gluing is
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done, by construction the indices are fixed on the boundary of each face of the
graph (this is due to the fact that E[A,(i,7) A (k,1)] is null unless ki = ji).
Hence, there are exactly N possible choices of indices for a given graph, if F
is the number of faces of this graph (note here that if the graph is disconnected,
we count the number of faces of each connected part, including their external
faces and sum the resulting numbers over all connected components). Thus,
we find that

S Y zen-Y ¥ NSy

ik mEPP(Cd;) F>0GeGr((gi,1),1<i<n)

where G r denotes the union of connected maps with a total number of faces
equal to F' (the external face of each map being counted). Note that for a
connected graph, 2 — 2g = F — fledges + fvertices. Because the total number
of edges of the graphs is fledges = Y- | k;/2 and the total number of vertices
is fvertices = n, we see that if g;, 1 < i < ¢, are the genera of each connected
component of our graph, we must have

2c—2igi:F—iki/2—n.
i=1 i=1

This completes the proof. ]

We then claim that we find the topological expansion of Brézin, Itzykson,
Parisi and Zuber [50]:

Lemma 7.12. Let qq, ..., q, be monomials. Then, we have the following for-
mal expansion

log (/ ez;lzlt'iNTr(Qi(Aly~~~;AM))d'uN(A1) . --duN(Am))

1 ()M .
:ZW > 11 ol Mg((giy ki), 1 <i < n)

g>0 E1,....kn€Nm\{0}i=1 "

where the equality means that derivatives of all orders at t; = 0,1 < i < n,
match.

Note here that the sum in the right-hand side is not absolutely convergent
(in fact the left-hand side is in general infinite if the ¢;’s do not have the
appropriate signs). However, we shall see in subsequent chapters that if we
stop the expansion at ¢ < G < 0o (but keep the summation over all k;’s) the
expansion is absolutely converging for sufficiently small ¢;’s.
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Proof of Lemma 7.12. The idea is to expand the exponential. Again, this
has no meaning in terms of convergent series (and so we do not try to justify
uses of Fubini’s theorem, etc.) but can be made rigorous by the fact that we
only wish to identify the derivatives at ¢ = 0 (and so the formal expansion is
only a way to compute these derivatives). So, we find that

L= /ezz;lmNTr(m(Al,...,Am>>dMN(A1) i (AL

/f[ t;NTr(qi(Aq,..., Am))) dMN(Al)dMN(Am)
/ (q’L(A17 ceey Am)))kl d,uN(Al) e d/“LN(Am)

n
1 k >0

/ TNV (Ar . A))F ™ (Ar) - dpe® (A,

- ( E:n' 2. wor QCﬁ{GQC((q“ 1),1<i<n)}

E1,....kn €N >0 c>0

-
Il

(7.6)

where we finally used Lemma 7.9. Note that the case ¢ = 0 is non-empty
only when all the k;’s are null, and the resulting contribution is one. Now,
we relate 8{Gy,c((gi, ki),1 < ¢ < n)} with the number of maps. Since graphs
in Gg.c((gi, ki),1 < i < n) can be decomposed into a union of disconnected
maps, {Gyg,c((¢i, ki),1 < i < n)} is related with the ways to distribute the
stars and the genus among the ¢ maps, and the number of each of these maps.
In other words, we have (since all stars are labeled)

tH{Gy.e((gis ki), 1 <i<mn)}

1 !
:a Z ﬁ Z Hll| lCIHM Qzaz 1 <i<n).

Yioq 9i=9 =¢ zJ Ky =17
1<J<n

Plugging this expression into (7.6) we get
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ty)kr ... !
pe 3y WSS e Y

E1,...,kn€N >0 ¢>0 ¢, 9i=9 ¢
9;2>0

Z Hlll ZC'HM (¢:,1]),1 <i<n)

ze_ LJ =k, =1 "
1<J<n

=35 X ata

l...qg.l
>0 g=3¢_ g g1 Ge

Z Z H <N2912H l‘]' q“lzj) 1<Z<n)>

ki, kn€Nse il 5=1 i=1
1<J<n
C
(t;)! )

:ch ZN292 Z ! Qz,lz),lﬁzﬁn)

€20 920 lp>0i=1 Y

(t;)! )
= &Xp ZN2Q 2 Z H lz' q“li)71§2§n)
920 lp>01i=1
which completes the proof. 0

The goal of subsequent chapters is to justify that this equality does not only
hold formally but as a large N expansion. Instead of using Wick’s formula, we
shall base our analysis on differential calculus and its relations with Gaussian
calculus (note here that Wick’s formula might also have been proven by use of
differential calculus). The point here will be that we can design an asymptotic
framework for differential calculus, which will then encode the combinatorics
of the first-order term in 't Hooft’s expansion, that is, planar maps. To make
this statement clear, we shall see that a nice set-up is when the potential
V = > t;q; possesses some convexity property.

Bibliographical notes. The formal relation between Gaussian matrix
integrals and the enumeration of maps first appeared in the work of 't Hooft
[187] in the context of quantum chromodynamics, and soon used in many
situations [32, 50] in relation with 2D gravity [78, 99, 51, 207], and with
string theory [41, 79]. It was used as well in mathematics [211, 133, 113, 132].
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First-order expansion

At the end of this chapter (see Theorem 8.8) we will have proved that Lemma
7.12 holds as a first-order limit, i.e.,

1 n
iz 1o [ STV A AN () - (A,)

lim
N—o0

n (ti)ki .
= Y Il Mel@k)i<isn

ki,ookneNr\{0} i=1

provided the parameters t = (t;)1<i<n are sufficiently small and such that
the polynomial V' = )" t;¢; is strictly convex (i.e., belong to U, N B,, for some
¢ > 0 and n < n(c) for some n(c) > 0). To prove this result we first show
that, under the same assumptions, LY (¢) = ,u% teas (N~1Tr(q)) converges as
N goes to infinity to a limit that is as well related with map enumeration (see
Theorem 8.4).

The central tool in our asymptotic analysis will be the so-called Schwinger—
Dyson (or loop) equations. In finite dimension, they are simple emanation of
the integration by parts formula (or, somewhat equivalently, of the symme-
try of the Laplacian in L?(dx)). As dimension goes to infinity, concentration
inequalities show that LY approximately satisfies a closed equation that we
will simply refer to as the Schwinger-Dyson equation. The limit points of L
will therefore satisfy this equation. We will then show that this equation has a
unique solution in some small range of the parameters. As a consequence, LY
will converge to this unique solution. Showing that an appropriate generating
function of maps also satisfies the same equation will allow us to determine
the limit of LY.

8.1 Finite-dimensional Schwinger—Dyson equations

Property 8.1. For all P € C(X1,..., X)), alli € {1,...,m},
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ud, (LY 0 LY @iP)) = ufl, (LY (X + Di)P)).

Proof. A simple integration by part shows that for any differentiable function
Z‘2 . .
f on R such that fe=™*% goes to zero at infinity,

22 22
N / f(z)ze N T de = /f’(x)e_Nde.
Such a result generalizes to a complex Gaussian by the remark that

. ,N‘m\ 7NM . ,ﬁ,ﬁ
N(z +iy)e " 2 7 = —(0y+10y)e” 2 "2

1212 _ lyl?

= —8w,iye_ 2 2,

As a consequence, applying such a remark to the entries of a Gaussian random
matrix, we obtain for any differentiable function f of the entries, all r;s €
{1,...,N}? allr € {1,...,m},

N/Az(r, ) f(A(i,5),1<i,j < N,1 <k <m)du™(Ay)- - du” (A,) =

Using repeatedly this equality, we arrive at
1 N
/NTT(AkP)dﬂg(A) = 5z Z /3Ak(j,i)(Pe_NTr(V))jz‘ HdﬂN(Ai)

2N?2

ij=1

1 N
= one Z/ > 2QuR;

ij=1 P=QXLR

n N
-N Z t Z Z 2P;;QnjRin | dp) (A)
=1

a@=QXxRh=1

- / <%(TI‘®TI')(GI@P) - %TY(DICVP)) dpy (A)

which yields
/ (f,N((Xk +DV)P) — LV @ ﬂN(akP)) ¥ (A)=0.  (8.1)

O
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8.2 Tightness and limiting Schwinger—Dyson equations

We say that 7 € C(X7, ..., X,,)? satisfies the Schwinger-Dyson equation with
potential V', denoted for short by SD[V], if and only if for all ¢ € {1,...,m}
and P € C(Xy,...,Xm),

() =1, 7@7(0;P)=7(D;V+ X;)P) SD[V].
We shall now prove the following:

Property 8.2. Assume that Vi is c-convex. Then, (L} = uj; (LY),N € N)
is tight. Its limit points satisfy SD[V;] and

|7 (Xe, -+ Xo, )| < Mg (8:2)
forall ty,..., 0, € N, all r € N, with an My that only depends on c.
Proof. By Lemma 6.19, we find that for all ¢,...,¢,,

LY (X, - Xe )| < iy (Amaa (A7)

_ / r2" il (s (A)] > 2)da (8.3)
0
< Mg—i—/ ra" e Ny
Mo

= Mg + r(aN)*T/ re” e " dx. (8.4)
0

Hence, if K(C) denotes the compact set defined in Lemma 7.4, LY € K(O)
with C(f1,....6) = M§ +ra~" [[Cra"~te "dx. (L)Y,N € N) is therefore
tight. Let us consider now its limit points; let 7 be such a limit point. By
(8.4), we must have

|7(Xe, - Xo,)| < M. (8.5)

Moreover, by concentration inequalities (see Lemma 6.22), we find that
Jin | [ iR e @rind @) - [Ladee [Lad@ienr) -o
so that Property 8.1 implies that

limsup |Ly (Xx + DpVi)P)) — LYY @ LY (0, P)| = 0. (8.6)

N—oo

Hence, (8.1) shows that

T((Xk-l-DkV)P) =T®T(akP). (87)
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8.2.1 Uniqueness of the solutions to Schwinger—Dyson’s equations
for small parameters

Let R € RT (we will always assume R > 1 in the sequel).
(CS(R))An element 7 € C(Xy,...,Xn)P satisfies (CS(R)) if and only
if for all k € N,

maxi<i, ..o, <m|T(Xi, - Xi,)| < RF.

In the sequel, we denote by D the degree of V', that is the maximal degree
of the ¢}s; ¢:(X) = Xji "Xjfi. with, for 1 < i < mn, deg(q;) =: d; < D and
equality holds for some 1. '

The main result of this paragraph is:

Theorem 8.3. For all R > 1, there exists € > 0 so that for |t| = maxi<;<n|ti| <
€, there exists at most one solution ¢ to SD[V;] that satisfies (CS(R)).

Remark: Note that if V' =0, our equation becomes
T(X;P) =7 ®71(0; P).

Because if P is a monomial, 7 ® 7(9;P) = > p_p x,p, T(P1)7(FP2) with Py
and P, with degree smaller than P, we see that the equation SD[0] allows us
to define uniquely 7(P) for all P by induction. The solution can be seen to
be exactly 7(P) = ¢™(P), o™ the law of m free semi-circular variables found
in Theorem 3.3. When V is not zero, such an argument does not hold a priori
since the right-hand side will also depend on 7(D;g; P), with D;q; P of degree
strictly larger than X;P. However, our compactness assumption (CS(R))
gives uniqueness because it forces the solution to be in a small neighborhood
of the law 79 = ¢™ of m free semi-circular variables, so that perturbation
analysis applies. We shall see in Theorem 8.5 that this solution is actually the
generating function for the enumeration of maps.

Proof. Let us assume we have two solutions 7 and 7’. Then, by the equation
SD[V], for any monomial function P of degree I — 1, for i € {1,...,m},

(=) (XiP) = ((r =7 ) ®@7)(9;P) + (7' @ (1 = 7)) (8; P) — (T — 7')(D;V P)
Hence, if we let, for [ € N,

A(r,7) = sup [7(P) — 7' (P)]
monomial P of degree 1

we get, since if P is of degree [ — 1,

-2
OiP =Y pL®p oy
k=0
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where pt, i = 1,2 are monomial of degree k or the null monomial, and D;V
is a finite sum of monomials of degree smaller than D — 1,

Al(’r, T/) = maxp Of degree l_lmaxlgigm{h(XiP) - T/(XlP)H’

1—2 D-1
<2 Z Ay (T, 7")Rl727k + C|t] Z App-1(T, TI)
k=0 p=0

with a finite constant C' (that depends on n only). For v > 0, we set

dy(T,7") = Z YA (T, ).

1>0

Note that under (CS(R)), this sum is finite for v < (R)~!. Summing the two
sides of the above inequality times 7' we arrive at

D-1
dy(1,7") < 29%(1 — WR)fldW(T, ™)+ C|t| Z ’y*p“dy(T, 7).
p=0
We finally conclude that if (R, |¢|) are small enough so that we can choose
v € (0, R71) so that

D-1
2y°(L—R) "'+ Clt >y P <1
p=0

then d,(7,7") = 0 and so 7 = 7’ and we have at most one solution. Taking
v = (2R)~! shows that this is possible provided

1 D—-1
_ p—1
T + Ol ;0(21%) <1

so that when R is large, we see that we need |t| to be at most of order |R|~P+2.

O

8.3 Convergence of the empirical distribution

We are now in a position to state the main result of this part:

Theorem 8.4. For all ¢ > 0, there exists 1 > 0 and My € RT (given in
Lemma 6.19) so that for all t € U.N By, L (resp. LY ) converges almost
surely (resp. everywhere) to the unique solution of SD[Vi] such that

|T(Xe, -+ Xo,)| < My

for all choices of 01, ...,0,.



126 8 First-order expansion

Proof. By Property 8.2, the limit points of LY satisfy CS(My) and SD[V;].
Since My does not depend on t, we can apply Theorem 8.3 to see that if t is
small enough, there is only one such limit point. Thus, by Corollary 7.4 we
can conclude that (LY, N € N) converges to this limit point. From Lemma
6.22, we have that

uy (LN = LY)(P)]?) < BC(P,M)N 2 4 C* N2 *MN/2
insuring by Borel-Cantelli lemma that

lim (LY —LY)(P)=0 a.s

N—o0

resulting with the almost sure convergence of LV, O

8.4 Combinatorial interpretation of the limit

In this part, we are going to identify the unique solution 7y of Theorem 8.3
as a generating function for planar maps. Namely, for short, we write k =
(k1,...,kn) € N* and denote by P a monomial in C(X4,..., X,,),

My (P) = card{ planar maps with k; labeled stars of type ¢; for 1 <i <n

and one of type P}.

This definition extends to P € C(Xj,...,X,,) by linearity. By convention,
My (1) = 1x—g. Then, we shall prove:

Theorem 8.5.

1. The family {Mx(P),k € N*,P € C(X1,...,X,,,)} satisfies the induction
relation: for alli € {1,...,m}, all P € C(Xy,..., X,,), allk € N,

M(XiP)y= Y TICh Y Mp(P)Mip(P2)

Dligé’? Jj=1 P=p1Xip2 (8.8)
+ Y kM, ([Dig] P)
1<j<n

where 1;(i) = 1i=; and My (1) = 1;_,. (8.8) defines uniquely the family
{Mk(P),ke N" Pe C(X1,...,Xm)}

2. There exists A, B finite constants so that for all k € N™, all monomial
P e C<X1,...,Xm>,

IMi(P)| < klAZi= ki gdeg(P) H CrC e (8.9)
i=1
with k! := H?Zl ki! and Cp the Catalan numbers.
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3. For t in B(4A)71,

(=)
mP) = 3 TS wu(p)

keNm i=1

is absolutely convergent. For t small enough, My is the unique solution
of SD[W;] that satisfies CS(4B).

By Theorem 8.3 and Theorem 8.4, we therefore readily obtain:

Corollary 8.6. For all ¢ > 0, there exists n > 0 so that for t € U. N By, LY
converges almost surely and in expectation to

(ki
n(P) = MP) = Y [T 5 M)

keNm i=1
Let us remark that by definition of LY, for all P,Q in C(X1,...,Xm),

LY(PP*)>0 and LY(PQ)=LY(QP).
These conditions are closed for the weak topology and hence we find:

Corollary 8.7. There existsn > 0 (n > (4A)~!) so that for t € By, My is a
linear form on C(Xy,..., X,,) such that for all P,Q

M(PP*) 20 Mi(PQ) = M(QP) My(1) = 1.

Remark. This means that My is a tracial state. The traciality property can
easily be derived by symmetry properties of the maps. However, I do not
know of any other way (and in particular any combinatorial way) to prove
the positivity property M¢(PP*) > 0 for all polynomial P, except by using
matrix models. This property will be seen to be useful to actually solve the
combinatorial problem (i.e., find an explicit formula for M), see Section 15.2.

Proof of Theorem 8.5.

1. Proof of the induction relation (8.8).
e We first check them for k = 0 = (0,...,0). By convention, there is
only one planar map with no vertex, so Mg(1) = 1. We now check
that

Mo(XiP) = Mo® Mo(0:P) = > Mo(p1)Mo(pa).

P=p1X;p2

But this is clear from (7.3) since for any planar map with only one
star of type X;P, the half-edge corresponding to X; has to be glued
to another half-edge of P, hence the event Ay, (X;P) must hold, and
if X; is glued to the half-edge X; coming from the decomposition P =
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p1X;p2, the map is split into two (independent) planar maps with stars
p1 and py respectively (note here that p; and py inherits the structure
of stars since they inherit the orientation from P as well as a marked
half-edge corresponding to the first neighbor of the glued X;.)

We now proceed by induction over the k’s and the degree of P; we
assume that (8.8) is true for > k; < M and all monomials, and for
> ki = M + 1 when deg(P) < L. Note that M (1) = 0 for |k| > 1
since we cannot glue a vertex with zero half-edges to any half-edge of
another star. Hence, this induction can be started with L = 0. Now,
consider R = X; P with P of degree less than L and the set of planar
maps with a star of type X;Q and k; stars of type ¢;, 1 < j <n, with
|k| => ki = M + 1. Then,

o either the half-edge corresponding to X; is glued with an half-edge
of P, say to the half-edge corresponding to the decomposition P =
p1X;p2; we then can use (7.3) to see that this cuts the map M into
two disjoint planar maps M; (containing the star p;) and Mas (resp.
p2), the stars of type ¢; being distributed either in one or the other of
these two planar maps; there will be r; < k; stars of type ¢; in My,
the rest in Ma. Since all stars all labeled, there will be []C}! ways to
assign these stars in M7 and Mos.

Hence, the total number of planar maps with a star of type X;Q and
k; stars of type g;, such that the marked half-edge of X;P is glued to
a half-edge of P is

S T Melp) Mic—x(p2) (8.10)

P=pi X;ps 0<r;i<k; i=1
1<i<n

¢ Or the half-edge corresponding to X; is glued to a half-edge of an-
other star, say g;; let’s say to the edge coming from the decomposition
of g; into ¢; = 1 X;q2. Then, we can use (7.4) to see that once we
are given this gluing of the two edges, we can replace X;P and g; by

@q1P.
We have k; ways to choose the star of type g; and the total number
of such maps is

Z kjiMi—1,(q2q1 P)

;=91 X:q2

Summing over j, we obtain by linearity of My
> kjMic1,([Dig;]P) (8.11)
j=1

(8.10) and (8.11) give (8.8). Moreover, it is clear that (8.8) defines
uniquely M (P) by induction.
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2. Proof of (8.9). To prove the second point, we proceed also by induction
over k and the degree of P. First, for k = 0, Mo(P) is the number of
colored maps with one star of type P which is smaller than the number of
planar maps with one star of type 968 P since colors only add constraints.
Hence, we have, with C}, the Catalan numbers,

Mi(P) = C[deg<1>>] < Cdeg(P)

showing that the induction relation is fine with A = B = 1 at this step.
Hence, let us assume that (8.9) is true for > k; < M and all polynomials,
and > k; = M +1 for polynomials of degree less than L. Since Mg(1) =0
for >~ k; > 1 we can start this induction. Moreover, using (8.8), we get
that, if we define k! = [T}, k!,

Mk X P) Z Z Mp(Pr) Mi—_p(P2)

|
0<p;<k; P=P; X; P> p: (k p).
1<j<n
Z Mk 1 szP)
1<j<n
k;#0

Hence, taking P of degree less or equal to L and using our induction
hypothesis, we find that

My (X;P)
k

< Z Z Az ki Bdengl H ij ij —p; CdegP1 Cdeng

0<p;<k; P=P1X,;P> =1
1<j<n
kij—1 degP+de 1
+2 E AX H Ch B 9 - OdegP+deqql 1
1<I<n J

4n Zl<j<n Bleodi 2499, =2
B2 A

< AZ kinegPJrl H Oki OdegP+1 (— +2

where we used Lemma 1.9 in the last line. It is now sufficient to choose A
and B such that

ﬂ + ZZlﬁan Bdega; —24degq; —2 ,
B A <

(for instance B = 2"*! and A = 4nBP~24P=2 if D is the maximal degree
of the g;) to verify the induction hypothesis works for polynomials of all
degrees (all L’s).
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3. Properties of M¢. From the previous considerations, we can of course
define My and the series is absolutely convergent for [t| < (4A4)~! since
Ci, < 4%. Hence M¢(P) depends analytically on t € B(44)-1. Moreover,

for all monomial P,

Me(P) < > H (4t; A)ki (4B)de9F < H 1 — 4At;) "1 (4B)4e9P

keEN” =1 i=1

so that for small ¢, My satisfies CS(4B).

4. My satisfies SD[V;]. This is derived by summing (8.8) written for all k
and multiplied by the factor [](¢;)** /k;!. From this point and the previous
one (note that B is independent from t), we deduce from Theorem 8.3
that for sufficiently small t, My is the unique solution of SD[V;] that
satisfies CS(4B).

8.5 Convergence of the free energy

Theorem 8.8. Let ¢ > 0. Then, for n small enough, for allt € B, NU.,, the
free energy converges towards a generating function of the numbers of certain
planar maps:

2%
NN N2 log 78 = Z 1 5

N keNn\(0,..,0) 1<i<n
Moreover, the limit depends analytically on t in a neighborhood of the origin.
Proof. We may assume without loss of generality that ¢ € (0,1]. For o €

[0,1], Vas is c-convex since

Vat—f— ZXQ—()((%(Xl,...

=1

l1-a)(l-c)+c 9
+ 5 ;X

where all terms are convex (as we assumed ¢ < 1), whereas the last one is
c-convex. Set

Fn(a) = 5 log AGH

N
Vi
Then, Rz log Z_Iﬁ\{v = Fy(1) — Fn(0). Moreover

O Py = =LY% (V). (8.12)



8.5 Convergence of the free energy 131
By Theorem 8.4, we know that for all « € [0, 1] (since V,y is c-convex),
lim LY, (V&) = 7as(V2)
N—oo

whereas by (8.4), we know that LY, (V;) stays uniformly bounded. Therefore,
a simple use of dominated convergence theorem shows that

1 AC !
ngnoomlog Z?V :—A Tat V;; Zt/ Tat QZ (813)

Now, observe that by Corollary 8.6,

Tt(Qi) = Z H Mk+1

keNn 1<j<n

0,

i

keN"\{0,...,0} 1<j<n

so that (8.13) implies that

o1 4G !

keN"\{O 0} 1<]<n

- > It

keN™\{0,...,0} 1<j<n J°

O

Bibliographical notes. The study of matrix models in mathematics is
not new. The one matrix model was already studied by Pastur [164] who
derived the limiting spectral density of such measures as well as the nearest-
neighbor spacing distribution. The problem of the universality of the fluc-
tuations of the largest eigenvalue was addressed in [163, 71]. Cases where
the potential is not strictly convex were studied for instance in [72, 141].
Specific two-matrix models (mainly models with quadratic interaction) were
studied by Mehta and coauthors [152, 154, 60] and, on less rigorous ground,
for instance in [4, 87, 80, 125, 123]. In this case, large deviations techniques
[109, 101] are also available (see [146] on a less rigorous ground), yielding a
non-perturbative approach. Matrix models were considered in the generality
presented in this section in [104].
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Second-order expansion for the free energy

At the end of this chapter, we will have proved that Lemma 7.12 holds, up to
the second-order correction in the large N limit, i.e., that

1 n
e log </ eXi=1 tiNTr(‘Zi(XlwaM))d‘uN(Xl) . -d,uN(Xm))

1

1 ()N . 1
N29*2 Z H kll Mg((qlvkl)vl SZ Sn)+0<m)

g=0 k1,....kn€Ni=1

for some parameters t; small enough and such that > ¢;¢; is c-convex. As
for the first order, we shall prove first a similar large N expansion for LY.
We will first refine the arguments of the proof of Theorem 8.3 to estimate
LY — 7. This will already prove that (LYY — 7¢)(P) is at most of order N 2
for any polynomial P. To get the limit of N2(LY —7¢)(P), we will first obtain
a central limit theorem for LY — 7¢ which is of independent interest. The
key argument in our approach, besides further uses of integration by parts-
like arguments, will be the inversion of a differential operator acting on non-
commutative polynomials which can be thought as a non-commutative analog
of a Laplacian operator with a drift.
We shall now estimate differences of LY and its limit. So, we set

o = N(LN —7)
5N = / SN = N(LY — 1)
oN = N(LN —LY) = 6N — 5™,
In order to simplify the notations, we will make t implicit and drop the sub-

script t in the rest of this chapter so that we will denote LN, 7, SN, ON and
O™ in place of LY, 7, 0,0 and 6}V, as well as V in place of V.
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9.1 Rough estimates on the size of the correction 8§

In this section we improve on the perturbation analysis performed in Section
8.2.1 to get the order of

s (P) = N(LY(P) - 7)(P)
for all monomial P.

Proposition 9.1. For all ¢ > 0,e €]0, %[, there exists n > 0,C < 400, such
that for all integer number N, all t € B, NU,., and all monomial function P
of degree less than Nz

—€
)

Cdeg (P)

P

Proof. The starting point is the finite dimensional Schwinger—-Dyson equa-
tion of Property 8.1,

i (LY (X + DV)P) = uff (LY 2 LY (0iP)) (9.1)

Therefore, since 7 satisfies the Schwinger—Dyson equation SD[V], we get that
for all polynomial P,

N (X;P) = =N (D;VP) + 6N @ LY (0;P) + 7 @ 6V (8; P) + (N, P) (9.2)

with ~ R
(N, P) = N~1uY (5N ® 5N(aip)) .

We take P as monomial of degree d < N 3—¢ and see that

PSS e (VPR (18 (P)R)
P=P X;P»

2=

IS
_

N

(BI2M2(=1 4 CIN*e= 573 x

IN
=le
I

aM N
2

(B(d - 1)2M2(d—l—l) + C(d—l—l)N4e— )%

aM N

%d(B(d —1)2M24=2) L =D N4~ 57 ) .= (N, d, M)

IN

where we used in the second line Lemma 6.22 and assumed M > My, and
d< N3¢, We set

N._ SN
A4 = maXp monomial of degree alo™ (P)]-
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Observe that by (6.14), for any monomial of degree d less than N2 ~€,
LY (P)<C(e), |7(P)|<CF<C(e)”.
Thus, by (9.2), writing D;V =Y t;D;q;, we get that for d < N3¢

n d—1
Al <maxicicm Y It 4% deg(Dig,) T2 > C(e =AY +r(N,d, M).
j=1 1=0
We next define for k <1
N3—€
AN (k,€) = Z KEAN.
k=1

We obtain, if D is the maximal degree of V,
AN (k,€) < [C't| +2(1 — Ce)r) LK% AN (K, €)

N3~ 4D NET—¢
+ClRl Y BFPAY+ > k(N E M) (9.3)
k=N3¢41 k=1

where we choose x small enough so that C(e)x < 1. Moreover, since D is
finite, bounding AY by 2NC(e)¥, we get
N2 4D 1_
> KMPAY <2DN(kC(e)N? TRTP.
k=N3—<41
When kC(e) < 1, as N goes to infinity, this term is negligible with respect to
N~! for all € > 0. The following estimate holds according to Lemma 6.22:

Nz~° c NE—e ”
Z Hkr(N,k,M)S_ Z klik(B(k’— 1)2M2(k72) +O(k,1)N4e, aJ\QTM)S_
k=1 N k=1 N

if k is Jsvmall enough so that M2k < 1 and Ck < 1. We observed here that

N4e— %5 is uniformly bounded independently of N € N. Now, if |t| is small,
we can choose k so that
C:=1—[C'|t| +2(1 — C(e)r) " w?] > 0.

Plugging these controls into (9.3) shows that for all € > 0, and for £ > 0 small
enough, there exists a finite constant C(k, €) so that

AN (k,€)<C(k,e)N~1
and so for all monomial P of degree d<N2~¢,

|6N (P)|<C(k, )k N1,
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To get the precise evaluation of N6~ (P), we shall first obtain a central
limit theorem under pdY which in turn will allow us to estimate the limit of
Nr(N, P).

9.2 Central limit theorem

We shall here prove that

satisfies a central limit theorem for all polynomial P. By Proposition 9.1, it
is equivalent to prove a central limit theorem for SN(P), PeC(X1,...,Xm).
We start by giving a weak form of a central limit theorem for Stieltjes-like
functions. We then extend by density the result to polynomial functions in the
image of some differential operator and finally to any polynomials by inverting
this operator.

Until the end of this chapter, we will always assume the following hypoth-
esis (H).

(H): Let ¢ be a positive real number. The parameter t is in B, . with
sufficiently small such that we have the convergence to the solution of SD[V¢]
as well as the control given by Lemma 6.18, and Proposition 9.1.

Note that (H) implies also that the control of Lemma 6.18 is uniform, and
that we can apply Lemma 6.19 and Lemma 6.21 with uniform constants.

9.2.1 Central limit theorem for Stieltjes test functions

One of the issues that one needs to address when working with polynomials is
that they are not uniformly bounded. For that reason, we will prefer to work
in this section with the complex vector space C™(C) generated by the Stieltjes
functionals

- m -1
ST™(C) = H <zi - Zank> ;. 2z €C\R,of cRpe Ny (9.4)
1<i<p k=1

where [] is the non-commutative product. We can also equip ST™(C) with
an involution

— m -1\ * — m -1
kX _ N pka
Zk — oy A = Zp—k — o, i .
1<k<p i=1 1<k<p i=1

We denote by CI7(C)s, the set of self-adjoint elements of CJ}(C). The deriva-
tive is defined by the Leibniz rule (7.1) (taken with P, @ which are Stieltjes
functionals) and
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m -1 m -1 m -1
0; <Z — Z OZle> = <Z — Z OZle> ® <Z — Z OZle> .
i=1 ]

i=1
We recall two notations; first f is the operator
(P ® Q)th = PhQ
and
(P ®Q® R)i(g,h) = PgQhR

so that for a monomial ¢

i © 0;q#(hi, hj) = > whighiee+ > qohiqihige.
q=q0X:q1X;q2 4=q0X;q1X:q2
Lemma 9.2. Assume (H) and let hy,..., hy be in C(C)sq. Then the ran-
dom variable

Yn(his ..o h) = Ni{f,N @ LY (Ophy) — LN [(Xx + DiV)hi]}
k=1

converges in law to a real centered Gaussian variable with variance

m

Cha, .. hn) = Y (T @7[Okhu X Oihi) + 7(01 0 V(b ) + Y 7(hi,
k=1

k,l=1

Proof. Define W = 3 L3, X? + V. Notice that Yn (h1,...,hn) is real-valued
because the h) s and W are self-adjoint. The proof of the lemma follows from
a change of variable. We take hy,... hm in CI(C)sq, A € R and perform a
change of variable B; = F(A); = A; + {hi(A) in Z{. Note that since the
h; are C*° and uniformly bounded, this deﬁnes a bijection on HY; for N big
enough. We shall compute the Jacobian of this change of variables up to its
second-order correction. The Jacobian J may be seen as a matrix (J; ;)1<i j<m
where the J; ; are in L(Hy) the set of endomorphisms of Hy, and we can
write J = I + 4-J with

Jij:HN — Hy

Now, for 1 < 4,7 < m, X — 0;h;#X is bounded for the operator
norm uniformly in N (since h; € Cst(C), 0;h; € Cst(C) @ Cst(C) is uniformly
bounded) so that for sufficiently large N, the operator norm of %J is less

than 1. From this we deduce
AT
= Trl I+ —
exp( rog( + N))

AT

72
det( + N)
(“1)FHINE
e o)

|det J| =

= exp
k>1
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Observe that as .J is a matrix of size m?N? and of uniformly bounded norm,

the kth term %tr(bf ) is of order ﬁ Hence, only the two first terms
in the expansion will contribute to the order 1. To compute them, we only have
to remark that if ¢ an endomorphism of H y is of the form ¢(X) = >, A; X By,
with N x N matrices A;,B; then Tr¢ = >, TrA;TrB; (this can be checked
by decomposing ¢ on the canonical basis of Hy ). Now,

TEoX S 0t @it (B X)),

1<iy,..ig—1<m

Thus, we get

J) = Z Tl"j“‘ = Z tr ® tr(&lhl)

1§i1,...,ik§m

and
= Z Tr(jijjji) = Z tr ® t?”(aihj X @-hi)
ij 1<i,j<m
since jmjﬂ(X) = 6lhjﬂ[8jhlﬂX] = 6ihj X 8jhlﬁX where X}@Y—il X X12®Y;2 =
X!X?®Y?2Y!. We can now make the change of variable A; — A; + £ h;(A)
to find that

Zy - /ethrVd’ulN _ /efNTr(W(Ai+%hi(x))7W(Ai))e% S, T@Te(0:h:) o

A 3, Te@Tr(Dih;0;hs) O(N)dug x ZN

e 2

where O(%;) is a function uniformly bounded by C/N for some finite C' =
C(h).
The first term can be expanded into

v
where Ry is a polynomial of degree less than the degree of DV whose coeffi-

cients are bounded by those of a fixed polynomial R. To sum up, the following
equality holds:

hi(A 1 1 R
.7(\7 )) ~W(A) =+ ZaiWﬁthm > 0:00; W (hi, hyj)+
i i,

/eAYN(hl7...,hm)f%CN(h17...hm)+ﬁ{0(ﬁN(R))}dlug 1

with

Cn(hi, .. hy) = LY( Z&)08W#(hl,h))+f:N®f4N(ZBihj6jhi).

,J 5,J

We can decompose the previous expectation in two terms E; and Es with
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a2 owN (r)
El — EV |:1A%6AYN(h17...,hm) 5 CN(h17...7hm)+ ~ :|

and
2 i N
Ey, =Ey [1(AN)c€)‘YN(h1""7hm)kch(hlwwhm)JrO(LN(M} .
M

On A, = {A : max;(\Y

max

(A;))<M} all the quantities are Lipschitz bounded

r N
so that % goes uniformly to 0 and Yy (hq,...,hy) is at most of order
e“N. Now, by concentration inequalities C (h1, ..., h,,) concentrates in the

scale e=N” (see Lemma 6.21). Thus, in Ey, LY can be replaced by its expec-
tation LY and then by its limit as L converges to 7 (see Theorem 8.6). This
proves that we can replace Cy by C in Ej.

The aim is now to show that for M sufficiently large, F> vanishes when N
goes to infinity. It would be an easy task if all the quantities were in CI}(C)
but some derivatives of V' appear so that there are polynomial terms in the
exponential. The idea to pass this difficulty is to make the reverse change of
variables. For NV bigger than the norm of the h;’s, and with B; = A;+ %hi(A),

2 r N
AYN (A1 eooshn) = 25 On (B ool )+ 2E )

max

E, =Ey |:]-{A:maxi()\N (A;)>M}E

Y (B maxi (s

(Ai))>M) <py (max;(Aq

max

(B)=M —1).

This last quantity goes exponentially fast to 0 for M sufficiently large by
Lemma 6.19. Hence, we arrive, for M large enough, at
YN (secshin) g N o Clhaeoshm)

lim l,nve
N—oo M

Because uf (A%]) goes to one as N goes to infinity by Lemma 6.19, we conclude
that Y (h1,..., hm) converges in law under 1,~ duf) /ufy (AL)) to a centered
Gaussian variable with covariance C(hq,...,h,) (since the convergence of
the Laplace transforms to a Gaussian law ensures the weak convergence). But
since ,ug (AY}) goes to one, this convergence in law also holds under ug (since
for any bounded continuous function ug) (f) — [ flay dui)/ug (Ay)) goes to
zero as N goes to infinity). O

9.2.2 Central limit theorem for some polynomial functions

We now extend Lemma 9.2 to polynomial test functions.

Lemma 9.3. Assume (H). Then, for all Py, ..., Py in C(X1,..., X;n)sa, the
variable

Yn(Pi,...,Pn) =N i[fﬂ @ LN (0. Py) — LN[(X) 4+ D.V)Py]]
k=1
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converges in law to a real centered Gaussian variable with variance

C(Pr,+, Pp) = > (r@7e[0xPix 0P+ 1(0, 00k VH(Pr, P)))+ > 7e(P?
k=1 K=1

Proof. Let P,..., P, be self-adjoint polynomials and h{, ..., hS, be Stieltjes
functionals which approximate P;,--- , P, such as

A4 A,
he(A) =P (2L Am
i(A) (1+€A% 1—|—eAfn)

Since E[Yn(P1,...,Py)] =0 by (9.1),
YN (P, ..., Pn) = 0N (Kn(Py,...,Pn))

with

m

Ex(Pi,... = (LN ® I(0hPy) — (Xp + DkV)Pk)
k=1

and the same for Yy (hS, ..., RS,). It is not hard to see that on A%,
Kn(hy,...,hs,) — Kn(P1, ..., Pn)

is a Lipschitz function with a constant bounded by eC(M) for some finite
constant C' (M) which depends only on M. Hence, by Lemma 6.21, we have

52

uly (|$N(KN(h§,...,h;)—KN(Pl,...,Pk))|25) —aMN | ~sezean?

and so for any bounded continuous function f : R — R, if v,2 is the centered
Gaussian law of variance o2, we deduce

Jim gl (FEY Py P))
= tim Tim gl (FEV (R (B, 1))
= hm Vc(h§7 LR, )(f) = VC(P1,.~7Pm)(f)

where we used in the second line Lemma 9.2 and in the last line Lemma 6.18
to obtain the convergence of C'(h§,...,hS,) to C(Py,..., Pn). O

Yy depends on N LY @ LY , in which one of the empirical distribution
LY can be replaced by its deterministic limit. This is the content of the next
lemma.

Lemma 9.4. Assume (H) and let Py, ..., Py be self-adjoint polynomial func-
tions. Then, the variable
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ZN(Py, ..., Py) =" <Z(Xk +DV)P =) (r@I+1® Tt)(akpk)>
k=1 k=1
converges in law to a centered Gaussian variable with variance
C(Pr,+, Pp) = > (r@7e[0xPix O P] +1(0,00kVH(Pr, P)))+ > 7e(PF
k=1 k=1

Proof. The only point is to notice that

Ms

Ya(Pr,- -, Py) = (5 @7+ 7 ®0 )(akpk) N((Xp+DyV)Pe)+rn.p

k

I
=

with ry,p = N1 6N @ 6N (0x Py) of order N~! with probability going
to 1 by Lemma 6.21 and Property 9.1. Thus

Yn(Pi,...,Pn)

=5V (fj (~(Xk+ DV)Pe+ (I @7 + 7 ® f><5kpk>>> + O(%)
k=1

1
=—Zn(P1,...,Pp) —i—O(N).

This, with the previous lemma, proves the claim. a

9.2.3 Central limit theorem for all polynomial functions

In the previous part, we obtained the central limit theorem only for the family
of random variables 0 (Q) with @Q in

F = {Z(Xk + DiV)P, Z QI +1®7)(0kPy), Vi, P Self—adjoint} .
k=1 k=1

In this section, we wish to extend it to 6V (Q) for any self-adjoint polynomial
function @, that is, prove the following theorem:

Theorem 9.5. Let t € U.NB,,. There exists n. > 0 so that for n < n., for all
polynomials Py, ..., P, € C(X1,..., Xp), (Tr(P;) — N7¢(P;)); ;<) converges
in law to a centered Gaussian vector with covariance {o(P;, Pj),1 <4,j <k}

We shall describe o in the course of the proof. Its interpretation as a generating
function for maps is given in Section 9.3.

To prove the theorem, we have to show that the set F is dense for some
convenient topology in C(X1,..., Xpm).

The strategy is to see F as the image of an operator that we will invert.
The first operator that comes to mind is
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m

W (P, Pe) = > (Xi+DiV)Pe— > (1@ I+ 1@ 7)(0k %)
k=1 k=1

as we immediately have F = U(C(X1,..., Xm)sa,---, C{(X1,. .., Xin)sa)-

In order to obtain an operator from C(X1, ..., X;,) to C(Xy,..., X,,) we
will prefer to apply this with P, = Dy P for all k and for a given P; as we shall
see later, W(D1 P, ..., D, P) is closely related with the projection on functions
of the type TrP of the operator on the entries £L = A — VNtr(W).V which
is symmetric in L?(uf)) (here W =V 4 1 37 A2). The resulting operator is
a differential operator. As such, it may be difficult to find a normed space
stable for this operator (since the operator will deteriorate the smoothness of
the functions) in which it is continuous and invertible.

To avoid this issue, we will first divide each monomials of P by its degree
(which more or less amounts to integrate and then divide by z the function
in the one variable case).

Then, we define a linear map X on C(X7y, ..., X,,) such that for all mono-
mials ¢ of degree greater or equal to 1

_ q
degq’

Xq

For later use, we set C(X71,...,X,,)(0) to be the subset of polynomials P of
C(X1,...,Xm)sa such that P(0,...,0) = 0. We let IT be the projection from
C(X1,...,Xm)sq onto C(X1,...,Xn)(0) (i.e., II(P) =P — P(0,...,0)). We
now define some operators on C(X7, ..., X,,)(0), i.e., from C(Xq,...,X)(0)
into C(X1, ..., X;»)(0),

Z,:P—1 (Z 8k2PﬁDkV>

k=1

Sy P — 11 <Z(N® I+I®u)(8ka2P)> .
k=1

We define =y = I — =5 and = = Zj + =Z7, where I is the identity

on C(Xy,...,Xm)(0). Note that the images of =; and = are included in

C(X1,...,Xm)sq since V is assumed self-adjoint. With these notations, Lemma

9.4, once applied to P, = D; Y P, 1 <i < m, reads:

Proposition 9.6. For all P in C(X1,...,Xn)(0), 6N(ZP) converges in law
to a centered Gaussian variable with covariance

C(P):=C(D,XZP,...,D,,XP).

Proof. We have for all tracial states 7, 7(0x P§V') = 7(Dy PV) and if P is in
C(X1,...,Xm)(0), we have the identity

P =Y 0. TPiX;.
k
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Then, as 0V is tracial (7.2) and vanishes on constant terms (so that the
projection IT can be removed in the definition of =), for all polynomial P,

SN (=zP) =46V (P +) ORZPIDYV - > (neI+1® u)(&mwm)
k=1 k=1

k=1 k=1
= Zn(D1ZP,..., D, 5P).

= SN <§:(Xk =+ DkV)DkEP — i(,u RKI+I® M)(@kaEP)>

We then use Lemma 9.4 to conclude. O

To generalize the central limit theorem to all polynomial functions, we
need to show that the image of = is dense and to control approximations. If
P is a polynomial and ¢ a non-constant monomial we will denote by A, (P) the
coefficient of ¢ in the decomposition of P in monomials. We can then define
anorm |.||a on C(X1,...,Xn)(0) for A>1 by

1Plla= D [A(P)Ade.

deg g#0

In the formula above, the sum is taken over all non-constant monomials.
We also define the operator norm given, for T from C(Xy,...,X,,)(0) to
(C<X17 s 7X’m>(0)3 by

IT]lla = sup [|T(P)]a-

[|Plla=1

Finally, let C(Xq,...,X,,)(0)4 be the completion of C(Xj,...,X,,)(0) for
Il a- We say that T is continuous on C(X7y,..., X;,)(0)4 if |||T]||4 is finite.
We shall prove that = is continuous on C(Xj, ..., X,,)(0)4 with continuous
inverse when t is small.

Lemma 9.7. With the previous notations:

1. The operator Zy is invertible on C(X1,..., Xmn)(0).

2. There exists Ag > 0 such that for all A > Ay, the operators =3, =y and
=5t are continuous on C(X1, ..., X,,)(0)a and their norm are uniformly
bounded for t in B,.

3. For all e, A > 0, there exists ne > 0 such for |t| < n., =1 is continuous on
C({X1,. ., Xm)(0)a and |||=1]|]a<e.

4. For all A > Ay, there exists n > 0 such that for t € B, = is continuous,
invertible with a continuous inverse on C(Xy,...,X,,)(0)a. Besides the
norms of £ and E~' are uniformly bounded for t in B,,.

5. There exists C' > 0 such that for all A > C, C is continuous from
C(X1,...,Xm)(0)4 into R.
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Proof. 1. Observe that since =5 reduces the degree of a polynomial by at
least 2,

P— 3 (E)(P)

is well defined on C({Xj, ..., X,,)(0) as the sum is finite for any polynomial
P. This gives an inverse for =g = [ — =5.

2. First remark that a linear operator 7" has a norm less than C' with respect
to ||.]|a if and only if for all non-constant monomial ¢,

IT(q)|a<C A%,

Recall that y is uniformly compactly supported (see Lemma 6.18 ) and let
Co < +00 be such that |u(q)|<CI? for all monomial ¢. Take a monomial
q = X, --- X;,, and assume that A > 2Cy,

HH <Z(I ® u)@ka2q>

k

<p™' Y rnlre)la

A k,q=q1 X} q2,
q2q1=r1 X2

p—1p—2

Sp_l Z Adegrlcgegrz _ ]1? Z ZAZC(I)77Z72

k,q=q1 X q2, n=0 =0
q2q1="r1 X}

p—2 C p—2—1
<A (q) <247%q|.a
=0

where in the second line, we observed that once deg(qi) is fixed, g2q1
is uniquely determined and then 71,75 are uniquely determined by the
degree [ of r1. Thus, the factor % is compensated by the number of possible
decompositions of ¢, i.e., the choice of n, the degree of ¢;. If A > 2, P —
II (3, (I ® p)0x DX P) is continuous of norm strictly less than 1. And
a similar calculus for IT (3, (1 ® I)0 Dy X) shows that =5 is continuous
of norm strictly less than 1. It follows immediately that = is continuous.
Since =5 = Y ons029 =, is continuous as soon as =5 is of norm strictly
less than 1.

3. Let ¢ = Xj, --- X;, be a monomial and let D be the degree of V' and
B(< Dn) the sum of the maximum number of monomials in D, V.

= 1 1 - B
[E1(@)]la <= Z lanDiVga|la <~ Z |t|BAP—1+D-1
P kya=a1X.q2 p k,q=q1 X1 q2

= [t|BAP g 4.

It is now sufficient to take n. < (BAP=2)~le.
4. We choose 1 < (BAP=2)71|||Z51/|3" so that when [t]|<n,

=1 Malll = Ml < 1.
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By continuity, we can extend 5y, =1, Z2, = and 5;  on the space
C(X1,...,Xm)(0) 4. The operator

P— (-5t E)mE"
n>0

is well defined and continuous. This is an inverse of =& = =5y + 51 =
S+ E5515)).

. We finally prove that C is continuous from C(X1i,...,X,,)(0)4 into R
where we recall that we assumed A > Cj. Let us consider the first term

Ci(P):= Y n®u(@DiEP x O, Dy EP).
k=1
Then, we obtain as in the second point of this proof

|C1(P)| <4 i Z Pa(P)lIAg (P)] Z Cgegq+degqu4

k=1 q,q’ a=q1 X a2,9' =a} X ab
92491 =r1Xlr2,q’2q’1 =r’1Xkr’2

< 42|)\‘Z(P)||)\q/(P)|dequegq’ gegq+degq/74
4,4

< A(sup LCg> AT P
>0

We next turn to showing that

m

Ca(P):= > p(0k 0 OVH(DrEP, D SP))
k=1

is also continuous for |.||4. In fact, noting that we may assume V €
C(Xy,...,Xm)(0) without changing Co, we find

Z |)\q (-P)| |Aq/ (P) |Codegp+deg g+degq’ —4

<
IC2(P)|< Z A (V)] deg g deg ¢’

D,q,q" k1 4.0’ ,p=p1 X} p2 X P3
a=q1 X a2,q' =a} X}, dfy

D+de, deg ¢’ —
<nft|D? Y A (P)||Ag (P)|Cy T ardes =2
a9’

< nlt|D*CPH|PII%.

The continuity of the last term C3(P) = > /", pu ((D;XP)?) is obtained
similarly.
O
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We can compare the norm || || 4 to a more intuitive norm, namely the Lipschitz
norm || - || defined by

m
Wil 22
[P =sup  sup Y (|[DxPDyP*|4)?.
NeN zl,...,mmeng\?) k=1
Vi | oo <M
We will say that a semi-norm A is weaker than a semi-norm N’ if and
only if there exists C' < 400 such that for all P in C(X;,..., X,,)(0),

N(P)<CN'(P).

Lemma 9.8. For A > M, the semi-norm |.|¥ restricted to the space
C(X1,...,Xm)(0) is weaker than the norm ||.|| 4.

Proof. For all P in C(Xq,...,X,,)(0), the following inequalities hold:

€ M :
HPII%S%:I/\(](P)IIIQWS;I/\q(P)Idengd g1 (Sljpl (j) ) 1P]l 4

O

To take into account the previous results, we define a new hypothesis (H?)
stronger than (H).

(H’): (H) is satisfied, A — 1 > max(Ag, Mo, C) for the My which appear
in Lemma 6.19 and the C which appear in Proposition 9.1 Besides, [t|<n
with 1 as in the fourth point of Lemma 9.7 in order that = and Z~1! are
continuous on C(X7y,...,X,,)(0)4 and C(Xq,...,X,,)(0)a_1, and that C is
also continuous for these norms.

The two main additional consequences of this hypothesis are the conti-
nuity of = for || - ||4a. The strange condition about the continuity of = on
C(X1,...,Xm)(0)a—1 is here assumed for a technical reason which will ap-
pear only in the last section on the interpretation of the first order correction
to the free energy.

While (H’) is full of conditions, the only important hypothesis is the ¢
convexity of V. Given such a V', we can always find constants A and n which
satisfy the hypothesis. The only restriction will be then that t is sufficiently
small.

We can now prove the general central limit theorem which is up to the
identification of the variance equivalent to Theorem 9.5.

Theorem 9.9. Assume (H’). For all P in C(X1,..., Xm)sa, 0N (P) con-
verges in law to a centered Gaussian variable yp with variance

c@(P):=C(Z7'1I(P)) = C(D, X5 YI(P),--- , Dy, XE I (P)).

If P e C(Xy,...,Xm), 6N(P) converges to the complex centered Gaussian
variable y(p4p+)/2 + 1V(p—p+)/2i (the covariance of y(pyp+y/2 and yp_p=)/2
being given by o P ((P + P*)/2,(P — P*)/2i) where o®(-,-) is the bilinear
form associated to the quadratic form o).



9.2 Central limit theorem 147

Proof. As 6V (P) does not depend on constant terms, we can directly take
P = II(P) in C(Xy,...,X,,)(0). Now, by Lemma 9.7. 4, we can find
an element @ of C(Xy,...,X;n)(0)a such that =Q = P. But the space
C(X1,...,Xm)(0) is dense in C(X7, ..., X)(0) 4 by construction. Thus, there
exists a sequence @, in C(Xy, ..., X,)(0) such that

1m [|Q ~ Qulla = 0.

Let us define R, = P — 2Q,, in C(X1,..., Xmm)(0).
Now according to Property 9.6 for all n, 6V(ZQ,,) converges in law to a
Gaussian variable v, of variance C(Q,,) with

C(Qn) =C(D1XQn,...,DnXQy).

As C is continuous by Lemma 9.7.4, it can be extended to the space
C(X1,...,Xm)(0)4 and 0P (P) = C(E7'P) = C(Q) = lim, C(Q,) is well
defined. Hence, 7, converges weakly to 7., the centered Gaussian law with
covariance C(Q), when n goes to +oco. The last step is to prove the conver-
gence in law of 6N (P) t0 Yoo. We will use the Dudley distance dp. Below, as
a parameter of dp, we, for short, write 6™V(P) for the law of 6V (P). We make
the following decomposition:

dp (87 (P), 7o0)<dp (6™ (P), 6" (2Qn)) +dp (8™ (5Qun), v) + db (Ya, vs0)-
(9.5)
By the above remarks, dD(SN (EQn),7n) goes to 0 when N goes to +00 and
dp(Yn,Yeo) goes to 0 when n goes to +00. We now use the bound on the
Dudley distance

dp(8™ (P), 6" (2Q.))<E[I8Y (P) — Y (2Qu)| A 1] = E[I¥ (R,)| A 1.

We control the last term by Lemmas 6.21 and 6.19 so that for M > M,

N 2
E[|6™ (R)| A 1] <e” M + 24/ jlanlly + e+ Imu, arl

But we deduce from Lemma 9.8 that since we chose M < A, there exists a
finite constant C' such that

| Ra|| ¥ <C||Ry|la = C|Z(Q — Q) 4<C|Z]|allQ — Qnl| 4

and so || R, ||} goes to zero as n goes to infinity. And since | R,|[|¥ is finite,
egn,M goes to zero. Similarly, using the bound of Lemma 6.21 on mg’M for P
monomial, we find that

m arl < NS A (Ra)ldeg(q)(BMIED 1 deg(g)?)e*MN
q

< Nsup(é(BMg + éz)A_Z)HRnHAe_aMN
>0
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goes to zero as N goes to infinity. Thus, E[|6" (R,)| A 1] goes to zero as n
and N go to infinity. Putting things together, we obtain if we first let N go
to +oco and then n, the desired convergence limy dp (6™ (P), s ) = 0. O

Note that the convergence in law in Theorem 9.9 can be generalized to a
convergence 4n moments:

Corollary 9.10. Assume (H’). Let P be a self-adjoint polynomial, then

oN (P) converges in moments to a real centered Gaussian variable with vari-
ance a@ (P), i.e for all k in N,

lim [ (6N P)*dpdy = e 20(2)“’) dz.

N—o0 \/2mo 2) /

Proof. Indeed, once again we decompose f(SNP)kdug into BV + EY with
BY = [y GV Plau EY = [ 10,6V P)dud

with M > My. For Eq, we notice that the law of SN P has a sub-Gaussian

tail according to Lemma 6.21. Therefore, we can replace z* by a bounded

continuous function, producing an error independent of N. Applying Theorem
9.9 then shows that

lim [ 1,5 (6N P)*

(E2
dpy = S /mkei%(mmdm.
N—oo M V21a @) (P)

For the second term, we use the trivial bound
BN [ 1 (A (A)] + (P il
<kN* / (A + [1l(P)F~ e M gy
A>M

which goes to zero as N goes to infinity for all finite k. O

9.3 Comments on the results

There is a natural interpretation of the operator = in terms of the symmetric
differential operator in L?(uiY) given by
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NTH(V(X)27 DI (X)) g, o NTRV(X) 427 DL (X))

I
NE
] =

€ v
k=14,j=1 Y
m N
=3 3 (905, — N(DRV + Xi)jixs, ) -
k=11i,j=1

One checks by integration by parts that for any pair of continuously differen-
tiable functions f, g

m N
py (fLng) = py (9Lnf) == Z (8Xk gaxkf). (9.6)
k=11i,j=1

Moreover, for any polynomial P, with the notation of Lemma 9.3, we find
that

%ENTr(EP(X)) =Yn(D1ZP,..., D\ XP) = Tr(ZP) + o(1)

according to Lemma 9.4. Applying (9.6) with f = 1 and g = Tr(Y'P(X))
shows that
Jim pd (Tr(EP)) = 0.

Furthermore, taking f = TrP(X) and g = TrQ(X) into (9.6) we deduce by
(6.22) that

o®(EP,Q) = lim puif (Te(ZP(X)) (TrQ(X) — i (TrQ(X))))

= Jim_ <l (CaTH(EP(X) (TrQ(X) — uff (THQ(X)))
m N

= tim > 3wl (DeEPX))y (D:QX))y)

Thus, we have proved the following:
Lemma 9.11. For all polynomial function P so that P(0) =0,
P (ZP,Q) =Y 7 (DkZP(X))(DrQ(X))") .
k=1
Let us define, for k = (k1, ..., kn),

My (P, Q) = t{ maps with k; stars of type ¢;,
one of type P and one of type Q}.
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and

LY.
Mm@ = ¥ TS M, (P.0)

We extend My to polynomials by linearity. Then we claim that o2(P, Q) and
M(P, Q) satisty the same kind of induction relation.

Proposition 9.12. For all monomials P,Q and all k,
My ok, (X P, Q)
= Z Z HC]ZC):Mplw-»;Pn (R7 Q)Mklfph...,knfpn (S)

0<p;<k; P=RX,S i

+ Y Y Tl My . 0.(SQMiy—p .. —p, (R)

0<p;<k; P=RX:S i
+ ) kiMiy k1 k (DEVPQ)
0<j<n

+ M.k, (DrQP)

and

M (X P, Q) = M((I®T+71®1) D P)— My (D VP, Q)+ (DrQP). (9.7)

Besides there exists n > 0 so that there exists R < 400 such that for all
monomials P and @, all t € B(0,n),

M (P,Q)| < RicsFHdee®, (9.8)

Proof. The proof is very close to that of Theorem 8.5 which explains the
decomposition of planar maps with one root. First we look for a relation on
M.k (X P, Q). We look at the first half-edge associated with X}, then
three cases may occur:

1. The first possibility is that the branch is glued to another branch of P =
RXS. It cuts P into two: R and S and it occurs for all decomposition
of P into P = RXyS, which is exactly what D does. Then either the
component R is linked to @ and to p; stars of type g; for each 4, this leads
to

[T 60 Mo, (R Q)Mu, .=, (S)

possibilities or we have a symmetric case with S linked to @ in place of
R.

2. The second case occurs when the branch is glued to a vertex of type g;
for a given j; first we have to choose between the k; vertices of this type
then we contract the edges arising from this gluing to form a vertex of
type D;q; P1, which creates
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EjMuiy, k=1, k0 (Drg; P, Q)

possibilities.
3. The last case is that the branch can be glued to the star associated to
@ = RX;S. We then only have to count planar graphs:

My ..k, (DrQP).

We can now sum on the k’s to obtain the relation on M.
Finally, to show the last point of the proposition, we only have to prove
that there exist A > 0, B > 0 such that for all k’s, for all monomials P and

Q,
My, (P Q) A ki peeg Pdes @
[1; k! B
This follows easily by induction over the degree of P with the previous relation
on the M since we have proved such a control for My, ;. (Q) in [104]. O

We can now prove the theorem:

Theorem 9.13. Assume (H’) with n small enough. Then, for all polynomials

P7 Q?
c?(P,Q) = M(P,Q)

Proof. First we transform the relation on M. We use (9.7) with P = DX R
to deduce

M(ER,Q) =) m(DrQDyXR).
k

Let us define A = ¢ — M. Then according to the previous property, A is
compactly supported and for all polynomials P and @,
A(EP,Q) =0.
Moreover, with M(1,Q) = 0 = c®)(1,Q),
A(1,Q) =0.

To conclude we have to invert one more time the operator =. For a polynomial
P we take as in the proof of the central limit theorem, a sequence of polynomial
S,, which goes to S = Z71P in C(X1,..., X;n)(0) 4.

A(P,Q) = A(E(Sn + 8 = 5n),Q) = A(E(S = 5n), Q).

But by continuity of =, Z(S — S,) goes to 0 for the norm ||.|| 4. Moreover,
because A is compactly supported, A is continuous for |.|| g, and so A(Z(S —
Sn), Q) goes to zero when n goes to +oo provided A > R, which we can always

assume if 7 is small enough. O
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9.4 Second-order correction to the free energy

We now deduce from the central limit theorem the precise asymptotics of
N6V (P) and then compute the second-order correction to the free energy.

Let ¢ and ¢ be the linear forms on C(X7, ..., X,,) which are given, if P
is a monomial by

poP)=>_ > (PP, P).

=1 P:PlxiP2XiP3
and ¢ = ¢0 ol
Proposition 9.14. Assume (H’). Then, for any polynomial P,

lim N6Y(P) = ¢(=271P).

N —o00
Proof. Again, we base our proof on the finite-dimensional Schwinger-Dyson

equation (9.1) which, after centering, reads for ¢ € {1,...,m},

N2 (Y —7)[(X; + DV)P — (I © 70 + 7 @ D3:P)
Y (9.9)

Taking P = D; X' P and summing over ¢ € {1,...,m}, we thus have

N2 (LY = 7)(EP)) = <5N © 6N (i di o D12P>> (9.10)

By Theorem 9.9 and Lemma 9.10 we see that

Jim iy <5N ® 5N(z; d; o DiP)> = ¢(P)
which gives the asymptotics of N6V (ZP) for all P.

To generalize the result to arbitrary P, we proceed as in the proof of
the full central limit theorem. We take a sequence of polynomials @, which
goes to Q = Z71P when n goes to oo for the norm |.|| 4. We define R,, =
P—-Z2Q,=Z2(Q — Q). Note that as P and @, are polynomials then R,, is
also a polynomial.

N&N(P) = NN (2Q,,) + N6V (R,).
According to Property 9.1, for any such monomial P of degree less than N 37c,

INGN(P)| < ¢des(P),
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So if we take the limit in IV, for any monomial P,

limsup | N6 (P)| < cdee(F)
N

and therefore limsup y |[N6Y (P)| < ||P|lc < ||P||4. The last inequality comes
from the hypothesis (H’) which requires C' < A. We now fix n and take the
large N limit,

limsup [N6Y (P — 2Q,,)| < limsup |[No™ (R,)| < || Rnlla-
N N

If we take the limit in n the right term vanishes and we are left with:

lim NN (P) = lim lim NN (Q,) = lim ¢(Q,).

It is now sufficient to show that ¢ is continuous for the norm ||.|4.
But the map P — > 1", 9; o D;P is continuous from C(Xi,...,X,)(0)a
to C{X1,...,X)(0)4_1 and o2 is continuous for ||.||4_1 due to the technical
hypothesis in (H”). This proves that ¢ is continuous and then can be extended
on C(X1,...,X,)(0)4. Thus

lim NoN(P) = lim ¢(Qn) = ¢(Q)-

Theorem 9.15. Assume that Vi satisfies (H’) with a given ¢ > 0. Then

Vi

Z
log Z]g = N’F, + F! +0(1)
N
with )
F = / Tat (Vi) da
0
and

1
F} :/ bt (E 4 Ve)da.
0

Proof. As in the proof of Theorem 8.8, we note that alVy = V¢ is c-convex
for all @ € [0,1] We use (8.12) to see that

Oalog Z{ = pb (LN (1))

so that we can write

zy 1 .
tog it = [l (LY ())da
ZO 0

1
= N?F, +/ [N (Ve)ds. (9.11)
0
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Proposition 9.14 and (9.11) finish the proof of the theorem since by Proposi-
tion 9.1, all the N6 (¢;) can be bounded independently of N and t € B,, . so
that dominated convergence theorem applies. a

As for the combinatorial interpretation of the covariance we relate F! to
a generating function of maps. This time, we will consider maps on a torus
instead of a sphere. Such maps are said to be of genus 1.

M,lch___,kn (P) = #{ maps of genus 1 with k; stars of type ¢; or ¢}
and one of type P}
and
My, . = t#{ maps with k; stars of type g; or ¢ }.

.....

We also define the generating function:

1 }: ]n[ (_ti)ki 1
Mt(P) == k' Mk1,...7kn(P)'
k v

1yeonkom =1
Proposition 9.16. For all monomials P and all k,
M (X P)
= > > ety BMi )k (S)

0<p;<k; P=RX,S i

+ > > T Mp, e RIME, g (S)

0<p;<k; P=RX;S i

+ Z ijllcl,...,kj—l,,,,,kn(DkVRQ)

0<j<n

+ Z M. ke (R, S)

P=RX}S

and

M (X P) = M ((I@Te+7:@1) 0 P)— M{ (D1 V P)+ M @My (0 P). (9.12)

Besides, for n small enough, there exists R < 400 such that for all mono-
mials P, all t € B(0,n),
|M1(P)| < RdegP.

Proof. We proceed as for the combinatorial interpretation of the variance.
We look at the first edge which comes out of the branch Xy, then two cases
may occur:
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1. The first possibility is that the branch is glued to another branch of P =
RX;S. It forms a loop starting from P. There are two cases.
a) The loop can be retractible. It cuts P in two: R and S and it occurs
for all decomposition of P into P = RX}.S which is exactly what does
D. Then either the component R or the component S is of genus 1
and the other component is planar. It produces either

H CIZC):M;}?hw,Pn (R)Mklfplw-,knfpn (S)

3

possibilities ot the symmetric formula.

b) The loop can also be non-trivial in the fundamental group of the
surface. Then the surface is cut into two parts. We are left with a
planar surface with two fixed stars R and S. This gives My, ., (R, S)
possibilities.

2. The second possibility occurs when the branch is glued to a vertex of type
g; for a given j. First we have to choose between the k; vertices of this
type, then we contract the edges arising from this gluing to form a vertex
of type D;q; Py, which creates

ijllcl,...,kj—l,...,kn (DkCIjPa Q)
possibilities.

We can now sum on the k’s to obtain the relation on M.
Finally, to show that M! is compactly supported we only have to prove
that there exist A > 0, B > 0 such that for all £’s, for all monomials P,

Mo, (P)
[T, ki!

Again this follow easily by induction with the previous relation on the M. O

< AZI ki BdegP.

Proposition 9.17. Assume (H’). There exists n > 0 small enough so that
fort e B, .,

1. For all monomials P,

Fl _ = (_ti)kiMl
t Z H kl' Kiy.ooykn

keN»\{0} i=1

Proof. We use the equation of the previous property on M! with P = D, X P
and we sum, then

MY (EP) = M()_0xDyP) =Y 0*(0xDiP) = $(ZP)
k k
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where we have used the combinatorial interpretation of the covariance (The-
orem 9.13). As M! and ¢ are continuous for ||.|| 4 when 7 is small enough, we
can apply this to 57! P and conclude.

Finally, for n sufficiently small the sum is absolutely convergent so that
we can interchange the integral and the sum:

1
Fy :/0 Mg (Ve)da

n 1 —at )k
-3 ¥ [ en TS M

=1 kyoorkin

1
:/aw%m:M;
0

This proves the statement. O

Bibliographical notes. Central limit theorems for the trace of polynomi-
als in independent Gaussian matrices were first considered in [54, 100], based
on a dynamical approach. Similar questions were undertaken under a free
probability perspective in [157] where the interpretation of the covariances
appearing in the central limit theorem of independent Gaussian matrices in
terms of planar diagrams is used to define a new type of freeness. The case
where the potential is not convex and the limiting measure may have a dis-
connected support is addressed in [162]; in certain cases Pastur can compute
the logarithm of the Laplace transform of linear statistics and show that it is
not given by half the covariance, as it should if a central limit theorem would
hold.

The asymptotic topological expansion of one-matrix integrals was studied
in [2, 86], using orthogonal polynomials. The so-called Schwinger-Dyson (or
loop, or Master loop) equations were already used to analyze these questions
in many papers in physics, see, e.g., [87, 31, 88].



Part 1V

Eigenvalues of Gaussian Wigner matrices and
large deviations
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In this part, we consider the case where the entries of the matrix X% are
the so-called Gaussian ensembles. Moreover, since the results depend upon
the fact that the entries are real or complex, we now show the difference in
the notations. We consider N x N self-adjoint random matrices with entries

B i 0
XN’ﬁ—M l<k<l<N, xNP— ]2 el 1<k<N
kl - \/ﬂ_N ) = = ) kk ﬁNgkk 3 >~ >~

where (e%)lgigg is a basis of R, that is e} = 1, e} = 1,2 = 4. This definition
can be extended to the case § = 4, named the Gaussian symplectic ensemble,

when N is even by choosing XV+# = (Xg’ﬁ , With Xﬁ’ﬁ a 2x 2 matrix
1<i <5

defined as above but with (eg)lgkg the Pauli matrices

10 0-1 0 —i i 0
ei=(01>, eZ:(l o>’ ei:(—io)’ 63:<0—z‘>'

(gzl,k < l,1 < i < ) are independent equidistributed centered Gaussian
variables with variance 1. (X"'2, N € N) is commonly referred to as the Gaus-
sian Unitary Ensemble (GUE), (X¥'!, N € N) as the Gaussian Orthogonal
Ensemble (GOE) and (X4 N € N) as the Gaussian Symplectic Ensemble
(GSE) since they can be characterized by the fact that their laws are invariant
under the action of the unitary, orthogonal and symplectic group respectively
(see [153]). We denote by P.” the law of X N5,

The main advantage of the Gaussian ensembles is that the law of the
eigenvalues of these matrices is explicit and rather simple. Namely, we now
discuss the following lemma.

Lemma IV.1. Let X € Hg\é) be random with law PJ(\,ﬁ), The joint distribution
of the eigenvalues A\ (X) < --- < An(X), has density proportional to

N
2
Loy<ocan ]l —ayl? [ e /% (IV.13)

1<i<j<N i=1

We shall prove this lemma later, when studying Dyson’s Brownian motion,
see Corollary 12.4. Let us, however, emphasize the ideas behind a direct proof
in the case § = 1. It is simply to write the decomposition X = UDU*,
with the eigenvalues matrix D that is diagonal and with real entries, and
with the eigenvectors matrix U (that is unitary). Suppose this map was a
bijection (which it is not, at least at the matrices X that do not possess
all distinct eigenvalues) and that one can parametrize the eigenvectors by
BN (N — 1)/2 parameters in a smooth way (which one cannot in general).
Then, it is easy to deduce from the formula X = UDU* that the Jacobian
of this change of variables depends polynomially on the entries of D and is
of degree SN(N — 1)/2 in these variables. Since the bijection must break
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down when D;; = Dj; for some i # j, the Jacobian must vanish on that
set. When 8 = 1, this imposes that the polynomial must be proportional to
[Ti<icj<n (@i —z;). Further degree and symmetry considerations allow us to
generalize this to 8 = 2. We refer the reader to [6] for a full proof, that shows
that the set of matrices for which the above manipulations are not permitted
has Lebesgue measure zero.
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Large deviations for the law of the spectral
measure of Gaussian Wigner’s matrices

In this section, we consider the law of N random variables (A1,..., Ay) with
law

N
PYg(dAr, ..., dAn) = (ZD ) AW Pe N EL VO TTan,  (10.1)
=1

for a continuous function V : R — R such that

lim inf V(z)

— 5 10.2
|z| oo (log |z (10.2)

and a positive real number 3. Here, A(A) = [, o, ;< n (A = Aj).

When V(x) = 471822, we have seen in Lemma IV that Pﬁlﬁﬁ’ﬁ is the
law of the eigenvalues of an N x N GOE (resp. GUE, resp GSE) matrix when
B =1 (resp. 8 = 2, resp. B = 4). The case 8 = 4 corresponds to another
matrix ensemble, namely the GSE. In view of these remarks and other ap-
plications discussed in Part ITI, we consider in this section the slightly more
general model with a potential V. We emphasize, however, that the distribu-
tion (10.1) precludes us from considering random matrices with independent
non-Gaussian entries.

We have proved already at the beginning of these notes that the empirical

measure
L
Ly = N ;—1 OAN

converges almost surely towards the semi-circular law. Moreover, we studied
its fluctuations around its mean, both by the central limit theorem and by
concentration inequalities. Such results did not depend much on the Gaussian
nature of the entries.

We address here a different type of question. Namely, we study the prob-
ability that Ly takes a very unlikely value. This was already considered in
our discussion of concentration inequalities (cf. Part IT), where the emphasis
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was put on obtaining upper bounds on the probability of deviation. In con-
trast, the purpose of the analysis here is to exhibit a precise estimate on these
probabilities, or at least on their logarithmic asymptotics. The appropriate
tool for handling such questions is large deviation theory, and we present in
Appendix 20.1 a concise introduction to that theory and related definitions
and references.

Endow P(R) with the usual weak topology. Our goal is to estimate the
probability PY;(Ly € A), for measurable sets A C P(R). Of particular in-
terest is the case where A does not contain the limiting distribution of L.

Define the non-commutative entropy X : P(R) — [—o0, 00, as

D) = / / log [z — yldpu(z)dp(y) (10.3)
Set next

(V@) — ES(n) - it [ V(@)dp(z) < oo
I[‘i/(u) - {oo, ’ otherwise, (10.4)

with cf = inf,ep@ { [V (z)dv(z) - gZ‘(V)}

Theorem 10.1. Let Ly = N~} Zfil O\v be the empirical measure of the
random variables {\)}]L, distributed according to the law Py, see (10.1).
Then, the family of random measures Ly satisfies, in P(R) equipped with
the weak topology, a full large deviation principle with good rate function I [‘_}/
in the scale N2. That is, Ig : P(R) — [0,00] possesses compact level sets
{v:Iy(v) < M} for all M € Ry, and

For any open set O C P(R),

1 .
logPé\)[V (Ln€0) > —1gffg,

. (10.5)
lim inf <75

and
For any closed set F' C P(R),

1
lim sup 5 log PRy (L € F) < ~inf I} (10.6)

N—o0

The proof of Theorem 10.1 relies on the properties of the function I )3/
collected in Lemma 10.2 below.

Lemma 10.2.

(a) I} is well defined on P(R) and takes its values in [0, +00].
(b) IX is a good rate function.

(c) I[‘; is a strictly convezx function on P(R).

(

d) I g achieves its minimum value at a unique probability measure O'g on R

characterized, if C) = inf,epm) (f(V(x) - [log|z — y|dUX(y))dV(m)) ,
by
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Vix) — ﬂ/log ly — x|dog(y) = C'e, ag a.s., (10.7)

and, for all x outside of the support of ag,

V(z) — ﬁ/log ly — ac|dog(y) > Cg. (10.8)

As an immediate corollary of Theorem 10.1 and of part (d) of Lemma 10.2
we have the following.

Corollary 10.3 (Second proof of Wigner’s theorem). Under P‘J/\jg, Ly
converges almost surely towards ag.

Proof of Lemma 10.2. If I;‘a/(/l) < 00, since V' is bounded below by as-
sumption (10.2), ¥'(u) > —oco and therefore also [ Vdu < oo. This proves
that I [‘3/ (1) is well defined (and by definition non-negative), yielding point (a).
Set
p

flow) = 3V(@) + 5V — 5

Note that f(z,y) goes to +00 when z,y do by (10.2). Indeed, log|z — y| <
log(|x| + 1) + log(|y| + 1) implies

log |z — y. (10.9)

Fla,y) > SV (&) — Flog(la] + 1)) + 5(V(y) — Floglly| + 1)) (10.10)

as well as when z,y approach the diagonal {z = y}; for all L > 0, there exist
constants K (L) (going to infinity with L) such that

{(z,y): f(z,y) = K(L)} C Br,

Br:={(z,y): [v -yl <L} U{(,y): |2[ > L} U{(z,y): |yl > L}
(10.11)
Since f is continuous on the compact set Bf, we conclude that f is bounded
below, and denote by > —oo a lower bound.

We now show that I‘B, is a good rate function, and first that its level sets

{I) < MY} are closed, that is, that I{ is lower semi-continuous. Indeed, by
the monotone convergence theorem, we have the following:

1Y () = / / £ (@ y)dp)dpy) — Y
—sup [ [ (7o) A Mdu()dnty) - 5.

M>0
But fM = f A M is bounded continuous and so for M < oo,

15700 = [ [ (£ A M)du(@)du(y)
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is bounded continuous on P(R). As a supremum of the continuous functions

I V’M, Ig is lower semi-continuous. Hence, by Theorem 20.11, to prove that

{I§ < L} is compact, it is enough to show that {I} < L} is included in a
compact subset of P(R) of the form

Ke=Npen{p € P(R) : u([=B, B]°) < €(B)}

with a sequence €(B) going to zero as B goes to infinity.
Arguing as in (10.11), there exist constants K'(L) going to infinity as L
goes to infinity, such that

{(z.9)+ || > L, |yl > L} C {(z,y) « flz,y) > K'(L)}. (10.12)
Hence, for any L > 0 large,

p(le| > L) = p@p(lz| > L,y > L)
<p@p(flz,y) = K'(L))

—w// (2,) — by)dp()duy)
5 I8 )+ ek — by

<
- K'(L

1
(L)
1
K'(L) — by

Hence, with e(B) = [,/(M + cg —bs)y//(K'(B) —bg)+] A1 going to zero
when B goes to infinity, one has that {Ig < M} C K.. This completes the
proof of point (b).

Since Ig is a good rate function, it achieves its minimal value. Let ag
be a minimizer. Then, for any signed measure v(dz) = d)(x)ag(dx) + ¢(z)dx
with two bounded measurable compactly supported functions (¢, 1) such that
¥ > 0 and 7(R) = 0, for ¢ > 0 small enough, org + € is a probability measure
so that

Ig(ag +ev) > Ig(ag)

J (Vo) =5 [ rogle ~slast ) aote) > 0

Taking v = 0, we deduce by symmetry that there is a constant Cg such that

which gives

- 6/10g|x — y|dag(y) = C’X, UX a.s., (10.13)

which implies that 023/ is compactly supported (as V(z)—p [log |;v—y|dog (y)
goes to infinity when x does). Taking ¢(x) = — [+ (y)dy, we then find that

— ﬂ/log |lx — y|do'g(y) > C’g (10.14)
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Lebesgue almost surely, and then everywhere outside of the support of 02{ by
continuity. By (10.13) and (10.14) we deduce that

¢y = int { [ (V@)= 5 [togla = sldo} )iv(a)}

veP(R)

This completes the proof of (10.7) and (10.8). The claimed uniqueness of ag,
and hence the completion of the proof of part (d), then follows from the strict
convexity claim (point (c) of the lemma), which we turn to next.

Note first that we can rewrite I X as

1) ===+ [ (V=5 [togle ~slao ) - €} ) duto)

The fact that I X is strictly convex comes from the observation that X is
strictly concave, as can be checked from the formula

1 1 |z —y[?
log|z —y :/ — (exp{——} —exp{—i dt 10.15
| | Y 2t 2 (10.15)

which entails that for any p € P(R),

1 |z —y[?
S-af) = [ 5 ([ [ewt-"5 a0 - @i o)) ) ar
Indeed, one may apply Fubini’s theorem when p1, p2 are supported in [—%, %]
since then 1 ® po(exp{—o} — exp{—%} < 0) = 1. One then deduces
the claim for any compactly supported probability measures by scaling and

finally for all probability measures by approximations. The fact that for all
t>0,

[ [ ewt-E5 - oy @ats - o)

_ \/; /_ :o ‘ / exp{irz}d(u — o) (z)

2
therefore entails that X' is concave since p — ‘fexp{i)\w}d(u - ag)(x) is

2 2
exp{— % FdA

convex for all A € R. Strict convexity comes from Cauchy—Schwarz inequality,
Y(ap+ (1 —a)v) =aX(u) + (1 — a)X(v) if and only if X (v — u) = 0 which
implies that all the Fourier transforms of v — p are null, and hence p = v.
This completes the proof of the lemma. a

Proof of Theorem 10.1. To begin, let us remark that with f as in (10.9),

N
P{Xﬁ(d,\l, o dAN) = (Z]@V)flefw Jozy F@)dLn (z)dL N (y) H VO, .
=1
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Hence, if y — fz;ﬁy fx,y)du(x)du(y) was a bounded continuous function, the
proof would follow from a standard Laplace method (see Theorem 20.8 in the
appendix). The main point is therefore to overcome the singularity of this
function, with the most delicate part being overcoming the singularity of the
logarithm.

Following Appendix 20.1 (see Corollary 20.6 and Definition 13.10), a full
large deviation principle can be proved by showing that exponential tightness
holds, as well as estimating the probability of small balls. We follow these
steps below.

e Exponential tightness. Observe that by Jensen’s inequality,

log Z]ﬁv’v > Nlog/efv(””)d;v

N? Ly (2)dL VO e
- ([, st )er—wwx

with some finite constant C. Moreover, by (10.10) and (10.2), there exist
constants a > 0 and ¢ > —oo so that

f(@,y) = alV ()| +alV(y)[ +c

from which one concludes that for all M > 0,

N
Py (/ \V(z)|[dLn = M) < em2aN*M+(C—e)N* </ eV(w)dx) :

Since V' goes to infinity at infinity, Ky = {u € PR) : [|V|dp < M} is a
compact set for all M < oo, so that we have proved that the law of Ly under
P‘J,\’/ 5 1s exponentially tight.

e Large deviation upper bound. d denotes the Dudley metric, see (0.1). We
prove here that for any u € P(R), if we set P{,\fﬁ = Z]B\,’VP{,\’][;

it sup 5 log Y (d(Lv, ) < ) < = [ flap)dula)duty). (1016)

e—0 N_oo

For any M > 0, the following bound holds:

Ppls (d(Ln, ) <€)

N
< / eV fupy HEAMALN @)L () TT e~V O ;.
d(Ln,pu)<e i=1
Since under the product Lebesgue measure, the A;’s are almost surely distinct,
it holds that Ly ® Ly(z =y) = N™', P, almost surely. Thus, we deduce
for all M >0, with fa(z,y) = f(z,y) A M,
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/ Pl iy @Al = [ fuley)ily@dla() + MV

and so

PYs(d(L, p) <€)

N
- eMN/ NS P @iy @dLn®) T e VO,
d(Ln,p)<e =1

Since IX’M = [ fm(z,y)dv(z)dv(y) is bounded continuous, we deduce that
lim lim SUp 5 log PVﬁ (d(Ly,p) <€) < —IX’M(M).
e—0 N0

We finally let M go to infinity and conclude by the monotone convergence
theorem. Note that the same argument shows that

hmbup—logZﬂ’ < — inf /f x,y)dp(x)du(y). (10.17)
N—oo N2 neP(R

e Large deviation lower bound. We prove here that for any p € P(R)

lsg gnint - log P (d(Lv, ) < €) = — [ flap)dn(e)duty).  (10.13)
Note that we can assume without loss of generality that Ig(u) < 00, since
otherwise the bound in trivial, and so in particular, we may and shall assume
that x4 has no atoms. We can also assume that p is compactly supported
since if we consider iy = p([—M, M]) " 1, <pdp(z), clearly par converges
towards p and by the monotone convergence theorem, one checks that, since
f is bounded below,

hm/fwyduM( Ypar (y /fwyd/i (2)dp(y)

which insures that it is enough to prove the lower bound for (up, M €
R, I X (1) < 00), and so for compactly supported probability measures with
finite entropy.

The idea is to localize the eigenvalues (\;)i1<i<n in small sets and to take
advantage of the fast speed N2 of the large deviations to neglect the small
volume of these sets. To do so, we first remark that for any v € P(R) with no
atoms, if we set

LN inf{xl v(] —oo,2]) = : }

LN :inf{x>x1N| v (2", 2]) >
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for any real number 7, there exists an integer number N (7) such that, for any

N larger than N(n),
N
1
d <1/, N ; 590@,1\1) <.

In particular, for N > N (%),
. 5
{(/\i)lfiSN |2tV < S Vie [LN]} C {(N\i)i<izn | d(Ln,v) < 6}

so that we have the lower bound

PYs(d(Ly,p) <€)

N
> / o N? [y P9 AL (2)dL N () H VO g
{IXi—zhN|<3 } i=1
N
= / [T 12 — &Y + x; = AjlPe N ELVET 20 T an
i{INil<5} i i=1
>

H |xi,N . $j7N|B H |xi7N . xi+1,N|§e—N2§V:1 V(@hN)
i+1<j i

N
Y. B _N SN V(N 4 -V (@ )] '
/”M\MK%} H|)\1 )\1+1|2€ N Hd/\z

X <Aig1 1 i=1

=: PN71 X PN,Q (1019)

where we used that |5V — 28N 4 X\, — \;| > 29N — 29N v |\; — \;| when
Ai > A; and 2N > 23N To estimate Py 2, note that since we assumed that
p is compactly supported, the (z%V,1 <4 < N)yen are uniformly bounded
and so by continuity of V'

lim sup sup sup |[V(z"YN +z) - V(z®V)| =0.
N—00 NeN1<i<N |z|<6

Moreover, writing u; = A1, ujr1 = Ait1 — Aj,

5 N N o, N
/MK% Vi Hp‘i = Air1|? HdAi =z /0 Huf Hdui
j i=1

S
<ui<zy ;=2 i=1

5 N(§+1)
> = .
(7w

Ai<Ai—1 ?

Therefore,



10 Large deviations for the law of the spectral measure 169

P
%1513 1}\I/ri>1£10f N2 log Pn2 > 0. (10.20)

To handle the term Py 1, the uniform boundness of the 25N’s and the con-

vergence of their empirical measure towards g imply that

N
lim iZV(xi’N):/V(x)du(x). (10.21)
=1

NHOON,

Finally, since x — log(x) increases on R*, we notice that

/ log(y — )dp(x)du(y)

2L N<gp<y<gN.N

< > log(altN - mi’N)/mE[zi,N,mle] Le<ydp(z)du(y)
1<i<j<N-1 velod N i +1N]

N-1
1 . . 1 , )

— 1 W“wN _ j+1,N 1 i+1,N _ i,N )

(N +1)2 ZKJ_ ogla®™ =M+ 2(N +1)2 Zi:l ogla z

Since log |z — y| is bounded when z,y are in the support of the compactly
supported measure u, the monotone convergence theorem implies that the
left side in the last display converges towards [ [ log |z —y|du(z)du(z). Thus,
with (10.21), we have proved

limint 5 1og Pra = | log(y — a)du()dn(y) ~ [ V(@hdu(o)
<y

N—o0

which concludes, with (10.19) and (10.20), the proof of (10.18).
o Conclusion. By (10.18), for all 4 € P(R),

| N R | N
1}\1/1335 el log Z5y > 21_1% 1}\1/111(215 el log Py 5 (d(Ln, 1) <€)

>~ [ fay)duta)dut)
and so optimizing with respect to u € P(R) and with (10.17),

. 1 N ) .
Nz loeZay = = inf {/ f ($7y>du<w>du(y)} _—

Thus, (10.18) and (10.16) imply the weak large deviation principle, i.e., that
for all 4 € P(R),

A |
lim lim inf N3 log P‘J/\jg (d(Ln,p) <e)

e—0 N—oo

- 1 N v
= lim lim sup N7 log Py s (d(Ln,p) <€) = =15 ().

€~V N—oo
This, together with the exponential tightness property proved above completes
the proof of the full large deviation principle stated in Theorem 10.1. ad
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Bibliographical Notes. The proof of Theorem 10.1 is a slight generaliza-
tion of the techniques introduced in [25] to more general potentials. The ideas
developed in this chapter were extended to the Ginibre ensembles in [28] and
to diverse other situations, including Wishart matrices, in [117]. We discuss
the generalization of large deviation principles to a multi-matrix setting in
the last part of these notes.
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Large deviations of the maximum eigenvalue

We here restrict ourselves to the case where V(z) = (z2?/4 and for short
denote by PﬁN the law of the eigenvalues (\;)1<i<n:

1 BN A2
Pév(d)\l,...,d/\N):Z—N IT m=x1° ] e = an
B 1<i<j<N 1<i<N

with

Zﬁ_/ 11 |A—A|ﬂHe T s

1<i<j<N 1<i<N

Selberg (cf. [153, Theorem 4.1.1] or [6]) found the explicit formula for Z5 for
any § > 0:

N

6N 76N(N71)/477 N %
(7 11 ) (11.1)
2

j=1

w|Z

zy = (2m)

The knowledge of Z év up to the second order is crucial below, reason why we
restrict ourselves to quadratic potentials in the next theorem (see Exercise
11.4 for a slight extension).

Theorem 11.1. [24] The law of the mazimal eigenvalue Xy = maxl¥ | \; un-
der P , with B > 0, satisfies the LDP with speed N and the GRF

(z) = {ﬂfz VI(z/2)?2 —1dz, 2> 2, (11.2)

otherwzse
The next estimate is key to the proof of Theorem 11.1.

Lemma 11.2. For every M large enough and all N,

PBN (maxi]i1|)\i| >M) < e PNME/9
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Proof. Observe that for any || > M > 8 and \; € R,

A2 A2 22
[z = Aile™ s < (Jz[ +[Ni)em™ <2fz[ < e .

Therefore, integrating with respect to A1 yields, for M > 8,

PY (Al > M)
ZN-1 .2 N 22 2\ P
- gN o> M dme—%%/n (|x—/\i|€_7_8) Py (%5 2 2)
3 x> i=2
B QZN71 2 o 2 2
- engM 3 - /8d;v (|$ . /\i|67>\i/467w /S)dPN—l
Zév |z|>M i=2 ’
N-1
< e NM? —ZBN /e‘zQ/Sd;v.
Zg

Further, following (11.1), we compute that

Lz B

Therefore, for any M > 8, for N large enough, we get
_B N M2
Py (max]L ) [\i| > M) < NP (|\1| > M) < e 9NM

and the lemma follows. O

Proof of Theorem 11.1. I*(x) is a good rate function since it is a continu-
ous function (except at © = 2 where it is lower semi-continuous) and it goes
to infinity at infinity. Moreover, with I*(z) continuous and strictly increasing
on [2, 00[ it suffices to show that for any = < 2,

1
lim sup N log PﬁN Ay <) = —o0, (11.4)

N—o0

whereas for any z > 2
: 1 N * *

In fact, from these two estimates and since I* increases on [2, oo[, we find that
for all x < y,

A}gnoo NlOgPﬂ Ay € [z, y]) = —zel[rgy]l (2),
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the above right-hand side being equal to —oc if y < 2, to zeroif £ <2 < y
and to I'*(z) if x > 2. By continuity of I'*, we also deduce that we have the
same limits if we take (z,y) instead of [z,y]. Since A = {[z,y], (z,y),z < y}
is a basis for the topology on R, we conclude by Theorem 20.5.

Starting with (11.4), fix z < 2 and f € Cy(R) such that f(y) = 0 for
all y < z, whereas [ fdo > 0. Note that {\§, < z} C {[ fdLx~ = 0}, so
(11.4) follows by applying the upper bound of the large deviation principle
of Theorem 10.1 for the closed set F' = {p : [ fdu = 0}, such that o ¢ F.
Turning to the upper bound in (11.5), fix M > x > 2, noting that

Py (Ay = 2) = P§ (maxiL, [\i| > M) + Py (Ay > z,max;L, |\;| < M)
(11.6)
By Lemma 11.2, the first term is exponentially negligible for all M large
enough. To deal with the second term, let Py *(A € ) = Pév_l((l -

N-O2xe.), Ly 1= (N—-1)"'3N_ 4, and

N-1
B

CN = (1 _ N—l)N(N—l)/éL.

N
Z3
Further, let B(o,d) denote an open ball in P(R) of radius 6 > 0 and center

o, and Bys(o,0) its intersection with P([—M, M]). Observe that for any z €
[_Ma M] and I3 P([_Mv M])7

p
B(z.p) = 9 [ loglz ~ ylduty) - §2* < Blog(zan)
Thus, for the second term in (11.6),

Py (A\y = 2, max/ | \| < M)

M
< NCN/ d/\1/[ - e(N—l)qs(AhLN—l)dP]]\\]]_l(Aj7j > 2)
M

< NCN </ e(N—l)Sup#eBM(cr,é) @(Z,#)dz_’_ (QM)NP]]V\Zil(LN,l ¢ B(O’7 5))) )

x

(11.7)
For any h of Lipschitz norm at most 1 and N > 2,
N
(N =17 (A((1 = NTHY2N) = h(A))] < 3N max/y|Ail.
i=2
Thus, by Lemma 11.2, the spectral measures Ly_; under oV~ are expo-

nentially equivalent in P(R) to the spectral measures Ly—_; under P]]\,V ~1 so
Theorem 10.1 applies also for the latter (cf. Definition 20.9 and Lemma 20.10).
In particular, the second term in (11.7) is exponentially negligible as N — oo

for any § > 0 and M < oo (since it behaves like e~()N"). Therefore,
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1
1imsupN10gPév (A}‘V > xamaxij\;lp‘il < M)

N —oco
1
<limsup —logCn +lim sup P(z,p) (11.8)
N—oo N a1 z€[x,M]

HEB (0,0)

Note that @(z, u) = inf,)>0 By (2, p) with &, (2, p) := 3 [log(|z—y|Vn)du(y) —
%zQ continuous on [—M, M] x P([-M, M]). Thus, (z, 1) — P(z, ) is upper
semi-continuous, which implies

lim sup P(z,u)= sup PD(z,0) (11.9)
510 z€[x,M] 2€[z,M]
ne B (0,6)

With o supported on [-2,2], D(z) := %@(2,0) exists for z > 2. Moreover,

D(z) = —f8+/(2/2)2 =1 < 0. It is shown in [25, Lemma 2.7] that #(2,0) =
—(/2. Hence, for z > 2,

1
supP(z,0) = P(x,0) = 5 I"(z). (11.10)
z>x
By (11.3), we deduce that
: —1 _B
J\}EHDON logCy = 5"

Combining this with (11.8)—(11.10) completes the proof of the upper bound
for (11.5). To prove the complementary lower bound, fix y > 2 > r > 2 and
6 > 0, noting that for all N,
Py (N = )
> PﬁN (M € [z, y], max ;|| < r)

Y
= CN/ e’\?/‘*d)\l/[ - e(Nfl)fii'(/\hLNA)dp]J\\/f—l()\jjj >2)

>kCy exp ((N -1) i?f ] b(z, ,u))P]]\yf1 (Ln-1 € By(0,9))
ze€|x,
MEBT(itS)

with k = k(x,y) > 0. Recall that the large deviation principle with speed N2
and good rate function I(-) applies for the measures Ly_; under Pyt Tt
follows by this LDP’s upper bound that Py ~*(Ly_1 ¢ B(0,d)) — 0, whereas
by the symmetry of PﬁN() and the upper bound of (11.5),

Py Iy ¢ P([=r,7)) < 2P ' (AN = 7) — 0

as N — oo. Consequently,
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1 1
liminf —logPY (\yy > 2)> =+ 3 inf  &(z,
minf oz PY (G 2 0) 2 548 inf - @z
uEB;(0,0)

Observe that (z,u) — @(z, ) is continuous on [z, y] x P([—r,r]), for y > x >
r > 2. Hence, considering § | 0 followed by y |  results in the required lower
bound

LN 1 N (y*
l}ggof N log P3' (A\y > @) > = + BP(z,0) .
O

Exercise 11.3 (suggested by B. Collins). Generalize the proof to obtain
the large deviation principle for the joint law of the kth largest eigenvalues (k
finite) with good rate function given by

k
I"(z1,...,2) = Z I"(z) - B Z log(z¢ — 1) + constant.
=1 1<0<p<k

ifxy > w9 - >z > 2 and +o0 otherwise.
Exercise 11.4. Consider
PN (d),...,d\y) = e NOZEVOIGPN(dNy, .. dAw) /2D,

with V' a polynomial such that V" (x) > 0 for |z| large enough. Show that for
o positive small enough, the law of Xy under Pojlvv satisfies a large deviation
principle with rate function

Iy (x) = D(pav,z) —infy P(pav,y), * > 2v,
oV +00, otherwise.

with ®(p,z) =2 [log |z — y|du(y) — 12* — aV(x) and py the unique solution
of the Schwinger—Dyson equation of Theorem 8.3.

Hint: Observe that we are in the situation of Part Il so that we know that
L 30, converges almost surely to pav and Z2, = eN*lav Cov (1 + 0o(1)).
Then, show that the proof of Theorem 11.1 extends.

Bibliographical notes. This proof is taken from [24]. It was generalized
to the case of a deformed Gaussian ensemble in [143].
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Stochastic calculus
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We shall now study the Hermitian Brownian motion. It is a matrix-valued pro-
cess (H{V)¢>o constructed as Gaussian Wigner matrices but with Brownian
motion entries instead of Gaussians. We shall describe below the symmet-
ric and the Hermitian Brownian motions, leaving the generalization to the
symplectic Brownian motions as exercises. We define the symmetric (resp.
Hermitian) Brownian motion H™V*# for 3 = 1 (resp. 3 = 2) as a process with
values in the set of N X N symmetric (resp. Hermitian) matrices with entries
{Hf\;ﬁ (t),t > 0,i <j } constructed via independent real-valued Brownian

motions (Bi,j,Bm,l <i<j<N)by
A= (Bra(t) +i(8 = 1)Bru(t)), if k<1
HY (1) = { iy (V.1)

S But), if k=1.

Considering the matrix-valued processes, and the associated dynamics, has
the advantage to allow us not only to consider one Gaussian Wigner matrix
XN = HN:A(1) but also, if XV (0) is some Hermitian Wigner matrix, the sum
XN (1) = HNP(1)+XN(0) seen as the matrix at time one of the matrix-valued
process XN (t) = HNA(t) + XN (0). Studying the evolution of the eigenvalues
of XN (t) allows us to prove the law of large numbers for the spectral measure
of X™(1) (see Lemma 12.5) as well as large deviation principles (see Theorem
13.1). The latter large deviations estimates result in the asymptotics for the
spherical or Itzykson—Zuber—Harich—-Chandra integrals (see Theorem 14.1)
that in turn will give us the value of free energies for diverse two matrices
matrix models (see Theorem 15.1) as well as estimates on Schur functions
(see Corollary 14.2).






12

Stochastic analysis for random matrices

12.1 Dyson’s Brownian motion

Let XN(0) be a symmetric (resp. Hermitian) matrix with eigenvalues
(AN (0),...,AN(0)). Let, for t > 0, An(t) = (AL (?),..., AN () denote the
(real) eigenvalues of XN (t) = XN (0) + HNA(t) for t > 0. We shall prove
that (An(f))¢>0 is a semi-martingale with respect to the filtration F, =
o(Bi;(s), Bij(s),1 < i,j < N,s < t) whose evolution is described by a
stochastic differential system. This result was first stated by Dyson [85], and
(AN (t))i>0, when X7 (0) = 0, has since then been called Dyson’s Brownian
motion. To begin with, let us describe the stochastic differential system that
governs the evolution of (An(t)):>0 and show that it is well defined.

Lemma 12.1. Let (W',... ., W) be an N-dimensional Brownian motion in
a probability space (2, P) equipped with a filtration F = {Fy,t > 0}. Let Ay
be the simplex Axy = {(x;)i<i<n € RN i2) <29 <+ <any_1 <N} and
take Ay (0) = (AN (0),...,AN(0)) € An. Let 8> 1. Let T € RT. There exists
a unique strong solution (see Definition 20.13) to the stochastic differential
system

iy Y2 i L L
d/\N(t)—\/ﬂ_Nth—i—N;/\év(t)_/\gv(t)dt (12.1)

with initial condition An(0) such that An(t) € An for all t > 0. We denote
by P:,])’]/\N(O) its law in P(C([0,T], An)). It is called Dyson’s Brownian motion.
This weak solution (see Definition 20.14) is as well unique.

For any § > 1, the Dyson Brownian motion can be defined from general
initial conditions, thus extending Lemma 12.1 to Ay (0) € Ay (cf. [6]). We
shall take this generalization for granted in the sequel.

Proof. To prove the claim, let us introduce, for R > 0, the auxiliary system



182 12 Stochastic analysis for random matrices

i 2 i, 1 i j
d\y g(t) = \/ ﬁ—Nth + N ; Pr(AN R (t) — XMy g(t))dt, (12.2)
with ¢p(z) = 271 if |[z| > R7! and ¢r(z) = Rsgn(z) if |z| < (R)~!. We take
Ay r(0) = Ay (0) for i € {1,...,N}. Since ¢ is uniformly Lipschitz, it is
known (cf. Theorem 20.16) that this system admits a unique strong solution

as well as a unique weak solution P%V ’;fv ( that is a probability measure on

0’
C([0,T],RY). Moreover, this strong solution is adapted to the filtration 7. We
can now construct a solution to (12.1) by putting An (t) = An,r(t) on [Ny (s)—
)\g\, (s)] > R™! for all s <t and all i # j. To prove that this construction is
possible, we need to show that almost surely Ay r(t) = Ay r/(t) for R > R’
for some (random) R’ and for all ¢’s in a compact set. To do so, we want to
prove that for all times ¢ > 0, (AL (¢),...,A\X(¢)) stay sufficiently apart. To
prove this fact, let us consider the Lyapounov function

N
1 1
f(xl,...,a:N) = sz%_ leOghii—ﬂij
i=1 i#£]

and for M > 0 set

Ty =inf{t >0: f(An()) > M}.
Since f is C*°(An,R) on sets where it is uniformly bounded (note here that
f is bounded below uniformly), we also deduce that {Th; > T} is in Fr for
all T > 0. Thus, Ty is a stopping time. Moreover, using that log|z — y| <
log(|z| + 1) +log(|y| + 1) and 2% — 2log(|x| + 1) > ¢ for some finite constant,
we find that for all ¢ # j,

1
-2
Thus, on {Ty > T}, for all ¢t < T,

10g|$z—ﬂfj| < f(xlv"'va)_C'

i) = A ()] > N Mre) = g1

so that Ay coincides with Ay g and is therefore adapted. It6’s calculus (see
Theorem 20.18) gives

df (An (1))
2 L, 1 1 1 1
"N (AN“) TN M0N0 | ¥ RO hw”
+ii 1+ ! dt + dMy (t)
AN 2 2 O — )2
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with My the local martingale

N 1 1‘
P> (A PN e Mw)) -

i=1

e

2

dM

nlw

Observing that for all i € {1,..., N},

N 1 1 1
; ((Z MOEPYI( )) (; A (t)—AlN(t)) _,CZ# (Aév(t)—k’fv(t))z)

1 1
k;l# Ay () = AR (8) Ay (1) = Xy (t)

k£l

5 1 ( 1 - 1 )
T AR = A () N () = AR () A () = Ay (#)

1
- Z T ETNTNE
and
; 1 _ N(N-1)
ZA D% e v
we obtain that
_BIN+1) (2-20) 1
df (An (1)) = Nt > OISO ~dt + dMy(t).

ki, k#1

Thus, for all 5> 1, for all M < oo, since (Mn(t ATar),t > 0) is a martingale
with vanishing expectation,

E[f (A (t A Tar))] < 3E[t A Tar] + FOw (0)).

Therefore, if ¢ = —inf{f(z1,...,zn); (z:)1<i<n € RV},

(M +)P(t>Tu) <E[(f(ANEATM)) + ) LizTy,]
S E[f(An(tAThr)) + ]
<BE[t ATwy] +c+ fF(An(0))
< 3t+c+ f(An(0))

which proves that for M + ¢ > 0,
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3t+c+ f(An(0))
M+c '

P(t>Twu) <

Hence, the Borel-Cantelli lemma implies that for all t € R,
P(UMO N> M, {TM2 > t}) =1,

and so in particular, 3, . log | A% (t) — )\gv(t)| > —oo almost surely for all
times. Since (An(t A Tar))i>0 are continuous for all M < oo (as bounded
perturbations of Brownian motions), we conclude that Ay (¢t A Ths) € Ay for
allt > 0 and all M > 0. As T); goes to infinity almost surely as M goes to
infinity, we conclude that An(t) € Ay for all £ > 0.

Now, to prove uniqueness of the weak solution, let us consider, for R € RY,
the auxiliary system (12.2) with strong solution (M g(t),1 < j < N)io.
Remark that for all R, there exists M = M (R, N) < oo so that

{T < T} C e Nigg {INN () = Ny (8)] > R7).

Hence, on {T" < T}, (An(t))o<t<r satisfies (12.2) and therefore A4 (t) =
Al g(t) is uniquely determined for all 7 € {1,..., N} and all ¢ < T Since we
have seen that T2 goes to infinity almost surely, we conclude that there exists
a unique strong solution (An (t))o<t<7 to (12.1); it coincides with (A\y g(t),1 <
Jj < N)o<i<r for some R sufficiently large (and random). Its weak solution
ijq\j ) is also unique since its restriction to T' < Ty is uniquely determined
for all M < oo. O

Let 3=1or 2 and X™#(0) € Hg\f) with eigenvalues Ay (0) € RV and set
XNty = XNP0) + HNA ().

Theorem 12.2 (Dyson). [85] Let § =1 or 2 and An(0) be in An. Then,
the eigenvalues (An (t))e>0 of (XNH(1)),., are semi-martingales. Their joint
law is the weak solution to (12.1).

t>0

The proof we present goes “backward” by proposing a way to construct
the matrix X7 (¢) from the solution of (12.1) and a Brownian motion on the
orthogonal group. Its advantage with respect to a “forward” proof is that we
do not need to care about justifying that certain quantities defined from X%
are semi-martingales so that It6’s calculus applies.

Proof of Theorem 12.2.. We present the proof in the case 8 = 1 and leave
the generalization to § = 2 as an exercise.

We can assume without loss of generality that X~ (0) is the diagonal ma-
trix diag(AL(0),...,AN(0)) since otherwise if O is an orthogonal matrix so
that X~ (0) = ODOT,

XN(t)=0D0O* + HN(t) = O(D + HY (1))0T = OXN (t)OT
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with HN(t) = OTHN (t)OT another Hermitian Brownian motion, indepen-
dent from O. Since XV (t) has the same eigenvalues than X (¢) and the same
law, we can assume without loss of generality that X (0) is diagonal.

Let M > 0 be fixed. We consider the strong solution of (12.1) till the
random time Ths. We let w;;,1 < i < j < N be independent Brownian
motions. Hereafter, all solutions will be equipped with the natural filtration
Fi = o((wij(s), Wi(s),s <t ATh) with W; the Brownian motions of (12.1),
independent of w;;,1 <14 < j < N. We set for i < j

QRN = —— 1 w0,

We let RN (t) be the skew-symmetric matrix (i.e., RV (t) = —RN(¢t)T) with
such entries above the diagonal and set OV to be the strong solution of

dON (1) = ON (1)dRN (t) — %ON(t)d<(RN)TRN>t (12.3)

with ON(0) = I. Here, for semi-martingales A, B with values in My (R),
(A, B); = (X0 (Aik, Brj)i)i<ij<n is the martingale bracket of A and B
and (A), is the finite variation part of A at time ¢. Existence and uniqueness
of strong solutions of (12.3) for the filtration F; are given till the random time
T since (12.3) has bounded Lipschitz coefficients (see Theorem 20.16). Note
that since the martingale bracket of a semi-martingale is given by the bracket
of its martingale part,

d((OM)TON), = ([d(RY)T)(O™)T,ONdRN), = d((RY)"RY),.
Hence

dON ()TON (t) = ON ()T dON (t) + (dON (1)1)ON (t) + d((ON)TON),.

If ON#®)TON(t) = I, we deduce that dON (t)TON(t) is equal to dRN (t) +
dRN (t)T = 0 as RN (t) is skew-symmetric, from which it can be guessed that
ON(#)TON (t) = I at all times. This can be in fact proved, see [6], by showing
that dON (£)TON (¢) is linear in ON (#)TON(¢) — I with uniformly bounded
coefficients on {Ths > t}. Thus, (OM)T(t)ON(¢) = I at all times. We now
show that YN (t) := ON(t)T"D(A\n(t))ON (t) has the same law than X (¢)
which will prove the claim. By construction, Y (0) := diag(Ax(0)) = XV (0).
Moreover,

dYN(t) = dON (#)D(An (£))ON ()T + ON () D(An (2))dON (1)
+ON () dD(A\n (1)ON ()T + d(ON D(AN)(OM)T)(t) (12.4)

where for all i, € {1,..., N}, we adopted the notation
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(@O¥ DOW)(OY)))

N
1
=2 (50%<t>d<x?v, Ojie + M (IO, Oji):

k=1

1
+ 0N (A0, oiin)

N
Z)‘ zk’ j\lfc>t

k=

—

The last equality is due to the independence of (W;)1<i<n and (wu)1<l<J<N
which results in (A%, Of}i}t = 0. By left multiplication by (O™ (¢))T and right
multiplication by O™ (t) of (12.4) we arrive at

dWi (t) = (ON )TdON (t)D(An (1)) + D(An (1))dON ()T ON (t) (12.5)
+dD(An () + (O ()T d(OV D(An)(OM) ) (H)ON ()

with dWy () = (ON(#))TdY N (t)ON (t). Let us compute the last term in the
right-hand side of (12.5). For all 4,5 € {1,..., N}?, we have

N
d(OND(An)(ON)) = ZM@( )d(O}}, O )
= N
Z )‘ jm() <le7Rmk>
k,l,m=1
ON (t)O3) (t)dt
; (t)) :

where we finally used the definition of R to compute the martingale brackets
that gives

1
N N
d<leaRmk>t = ll:mgék N()\va(t) — )\év(t))Q dt.

Hence, for all i,j € {1,...,N}2, we get

[(OM)T (HAUOY DAN)O™)T) 0N (1)) = 1= ]Z lk( Fydt

Similarly, recall that

(OMT(t)dON (t) = dRN (t) — 27 Ld((RN)T RN,
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with for all 4,5 € {1,..., N}

N
d(RN)'RN)Y = Zd RN, R

- i “ SO () — ()2

k#i

Therefore, identifying the terms on the diagonal in (12.5) and recalling that
RN is null on the diagonal, we find that

g [9 .
dWy(t) = Nthz'

Outside the diagonal, for ¢ # j, we get

AW (t) = [dRN () D(An (1)) + D(Aw () dRY (t)T];;
= \/Lﬁdwij (t)

Hence, Wiy (t) has the law of a symmetric Brownian motion. Thus, since
(ON(t),t > 0) is adapted, dYN(t) = OV (t)dWx (t)(ON (t))T is a continu-
ous matrix-valued martingale whose quadratic variation is given by

V3 Y0 = Lijmm or N1 i # 5, (VYY) e = Licgmi2N M2
Therefore, by Levy’s theorem ( cf. [122, p. 157]), (YN (¢) — YN(0),t > 0) is
a symmetric Brownian motion, and so (Y (t),¢ > 0) has the same law than
(XN(t),t > 0) since XV (0) = YN(0). O

Corollary 12.3 (Dyson). Let 3 = 1 or 2 and An(0) in Ay. Then, the
eigenvalues (An(t))e>o0 of (XN’ﬁ(t))DO are continuous semi-martingales with
values in Ay for all t > 0. The joint law of (An(t))¢>c is the weak solution
to (12.1) starting from An(€) € Ay for any € > 0. An(€) converges to An(0)
as € goes to zero.

Proof. To remove the hypothesis that the eigenvalues of X (0) belong to
Ap, note that for all t > 0, Ay (¢) belongs to Ay almost surely. Indeed, the set
of symmetric matrices with at least one double eigenvalue can be characterized
by the fact that the discriminant of their characteristic polynomial vanishes,
and so the entries of such matrices belong to a submanifold with codimension
greater than one. Since the law of the entries of XV (¢) is absolutely continuous
with respect to the Lebesgue measure, this set has measure zero. Therefore,
we can represent the eigenvalues of (X ™V (t),t > €) as solution of (12.1) for any
€ > 0. By using Lemma 1.16, we see that for all s,t € R
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N

N
SO (6) = A ()2 < = 37 (Byg(t) — Big(s))?
N
ij=1

=1

so that the continuity of the Brownian motions paths results in the continuity
of t — An(t) for any given N. Hence, the eigenvalues of (X (t));<r are strong
solutions of (12.1) for all ¢ > 0 and are continuous at the origin. O

Exercise 2. Let XV4 = (Xij;-%) be a 2N x 2N complex matrix defined as
the N x N self-adjoint random matrices with entries

Na D ghel N4 2 1
Xkl :W, 1§k<l§N, ka = ﬂ—Ngkke47 ].SkSN

where (e})1<i<4 are the Pauli matrices

10 0-1 0 —i i 0
= (01) = (00 4= (00 4= (1)

Define H™* similarly by replacing the Gaussian entries by Brownian mo-
tions. Show that if X~ (0) a Hermitian matrix with eigenvalues Aoy (0)), the
eigenvalues Aon (1)) of XV (0)+ HN+* satisfy the stochastic differential system
1 , 1 1

d

Aoy (1) = —dW} + — —dt. 12.6

Corollary 12.4. For =1 or 2, the law of the eigenvalues of the Gaussian
Wigner matriz XN is given by

N

1

Pév(dﬁl,...,dx]\f) = Z—1$1§.,.§1N H |xl —CEJ‘|BH676‘T$/4. (127)
N 1<i<j<N i=1

Proof. In Dyson’s theorem, we can easily replace the Hermitian Brow-
nian motion (H™(t));cp+ by the Hermitian Ornstein-Uhlenbeck process

(H™(t))¢cr+ whose entries are solutions of
~ 1 -
dHe(t) = dHp1(t) = 5 Hp1(t)dt.

H'M(t) converges as t goes to infinity towards a centered Gaussian variable
with covariance N~!, independently of the initial condition X% (0). Hence,
Wigner matrices appear as the large time limit of H and in particular their
law is invariant for the dynamics of the Ornstein—Uhlenbeck process. On the
other hand, a slight modification of the proof of Dyson’s Theorem 12.2 (we
can here assume that XV(0) has eigenvalues in the simplex) shows that the
eigenvalues of H follow the SDE
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AN (£) = \/\g;Nth Agv(t)dt + %g mdt.

Hence, the law P](Vﬁ ), as the large time limit of the law of Ay (), must be
invariant under the above dynamics. It6’s calculus shows that the infinitesimal
generator of these dynamics is

_ gyl 1 1y 0o
ﬁ_N;ﬁ;(ﬁ;Ai—m_im

and therefore we must have, for any twice continuously differentiable function
fon RN,

/Lf(Al,...,)\N)dP](Vﬁ)(Al,...,/\N) =0.
Some elementary algebra shows that the choice proposed in (12.7) fulfills
this requirement. Furthermore it is the unique such probability measure on
the simplex since if there was another invariant distribution @)y for £, we
could follow the proof of Theorem 12.2 to reconstruct a Hermitian Ornstein-

Uhlenbeck process HN(t) and a matrix X (0) whose eigenvalues would follow
QN so that Hk,l(o) = XN(O)k,l and

- 1 -
de,l(t) = de,l(t) — §Hk,l(t)dt

But this gives a contradiction since as time goes to infinity, the law of H k1 1S
a Gaussian law, independently of the law Qy. a
12.2 Itd’s calculus

Let (W1, ..., W?¥) be independent Brownian motions and (A% (0),..., AY(0))

be real numbers Let 3 be a real number greater than one and let ()\ N(t))e0
be the unique strong solution to (12.1). We denote by

~(t, dx) 25» @ € PR

the empirical measure of Ay (t). We shall sometimes use the short notation
for bounded measurable functions f on R,

/ fdLn (1) / f(@)Ly(t, dv) wa;v(t)).

Then, by Itd’s calculus Theorem 20.18, we know that for all f € C2([0,T] x
R,R),
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/f(t )L (t, dz) /f (0, 2) L (0, dar) + / /a F(s,2) L (s, da)ds

(12.8)
/ /a o f(s,7) — Oy f(s y)LN(s,dfv)LN(sady)ds

+<%—1> / /82 (s,2) Ly (s, dz)ds + M (s)

with M ]Jf, the martingale given for s < T by

M (t) \/_NQZ/afsx s))dB:.

Note that M} is a martingale with bracket

2)|0. f 13t

<Mz<z>t = #/@ /(&f(s,a:))QLN(s,da:)du < N2

12.3 A dynamical proof of Wigner’s Theorem 1.13

In this section, we shall give a dynamical proof of Theorem 1.13; it is re-
stricted to Gaussian entries but generalized in the sense that we can study
the asymptotic behavior of the spectral measure of any sum of two indepen-
dent symmetric matrices, one being a Gaussian Wigner matrix, the second
being deterministic with a converging spectral distribution. Moreover, our
proof only relies on (12.1) and thus our result generalizes to any 8 > 1, and
in particular to the Hermitian and the symplectic case too (that corresponds
o =2and4).

For T > 0, we denote by C([0,T],P(R)) the space of continuous processes
from [0, T] into P(R) equipped with its weak topology. We have

Lemma 12.5. Let An(0) € RN so that Ly(0) = & Zi\;l Oxk (0) converges as
N goes to infinity towards p € P(R). We assume

Co 1= sup / log(a? + 1)dLy (0)(x) < oo. (12.9)
N>0

Let (A5 (1), ..., AN(t))e>0 be the solution to (12.1) and set

1 N
=7 200
i=1
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Then, for any finite time T, (Ln(t),t € [0,T]) converges almost surely in
C([0,T],P(R)). Its limit is the unique measure-valued process (u,t € [0,T7])
so that pg = p and for all z € C\R

Gi(2) = [z =)l

satisfies the complex Burgers equation

Gi(z) = Golz) — /0 Go(2)0.G (2)ds. (12.10)

with given initial condition Gy.

We begin the proof by showing that (Ly(t),t € [0,7]) is almost surely tight
in C([0,7], P(R)) and then show that it has a unique limit point characterized
by (12.10).

We first describe compact sets of C([0,T], P(R)); they are of the form

K= {Vt S [O,TL/J,,: S K} MNi>o0 {t — ,ut(fl) S Cl} (1211)

where
e K is a compact set of P(R) such as

Kem = Npso{p([—m,m]) < e} (12.12)

for a sequence {€,,, m > 0} of positive real numbers going to zero as m goes
to infinity.

o (fi)i>o0 is a sequence of bounded continuous functions dense in Co(R)
and C; are compact sets of C([0,T],R). By the Arzela—Ascoli theorem, it is
known that the latter are of the form

Cerr i ={9:[0,T] = R, sup |[g(t)—g(s)| <e€n, sup |g(t)] < M} (12.13)
t,s€[0,T] t€[0,T]
[t—s|<nn
with sequences {e,,n > 0} and {n,,n > 0} of positive real numbers going to
zero as n goes to infinity.

In fact, if we take a sequence p™ in K, for all i € N, we can find a sub-
sequence such that u?i(")( fi) converges as a bounded continuous function on
[0,T]. By a diagonalization procedure, we can find ¢ so that u®™(f;) con-
verges simultaneously towards some pu (f;) for all ¢ € N. Note at this point
that since the f; have compact support, the limit g, might not have mass one.
This is dealt with by the second condition. Indeed, since the time marginals of
uf(”) are tight for all ¢ we can, again up to take another subsequence, insure
that p; € P(R), at least for a countable number of times. The continuity of
t — pe(fi) and the density of the family f; then shows that u; € P(R) for all
t. Hence, we have proved that u™ is sequentially compact. Further, the limit
w also belongs to K, which finishes to show that X is compact.
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We shall prove below that LY is almost surely tight. For later purposes
(namely the study of large deviation properties), we next prove a slightly
stronger result.

Lemma 12.6. Let T € R*. Assume (12.9). Then, there exists a = a(T) > 0
and M(T) < oo so that:

1. For M > M(T)

P( sup /log(x2 + 1)LN(t,d$) > M) < efa(T)MNa
te[0,T]

2. For any 6 > 0 and M > 0, for any twice continuously differentiable
3
function f so that ||f"||cc < 273M5 1,
_ BN2Mm2

/f )L (t, dz)— /f )L (s, dz)

> M5i> < AT 4 1)e 21971207

sup
t,s€[0,T]

[t— s\<5

3. For all T € RY, all L € N, there exists a compact set K(L) of the set
C([0,T],P(R)) of continuous probability measures-valued processes so that

P(Ly(.) € K(L)) < e ML,

In particular, the law of (Ln(s),s €[0,T]) is almost surely tight in
C([0, 7], P(R)).

Proof. We base our proof on (12.1). Using Section 12.2 with f(z) = log(z? +
1), we get since

‘f() f'y ‘
-y

< ||fll||oo < 00,

/ " ax + (1 — a)y)da
for all s > 0,

‘/log 22 +1)dLy(s) ‘/bg 2% +1)dLx (0 )‘+2||f”|oos+|MN| (12.14)

with MY the martingale

MY = sz Z/ o AW

Note that
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8s
)s —— —du <
o= 3 [ G
Hence, we can use Corollary 20.23 to obtain for all L > 0
N _ BN2L2
Psup|M)|>L| <2 167 .
s<T
Thus, (12.14) shows that for M > Co + 2| f"||o
2 _ " o 2
P <sup /log(ac2 + 1)dLn(s)| > M) < e~ er =0 (12.15)
s<T

which proves the first point. For the second point we proceed similarly by first
noticing that if ¢, = 44 for i € |

0,[T/8] +1],

sup /deN(t)—/deN(s) > Mo+
t,s€[0,T]
[t—s|<5

C Ui<i<[T/6]+1 { sup
t;<s<tit1

/ fdLn (s / fLn(t;

>2 1M54}
Now, for s € [t;,t;4+1], we write by a further use of Section 12.2

‘ / fdLy(s / FALn(t;

< 2| ")l 00d + | ML (5)]
with

N
8 Y 83113
f _ 1\ 2 < oo
0. = 5 3 | o) < 2
Thus Corollary 20.23 shows that

/deN(S)_/deN(ti)

_ _BN2(e)?
with probability greater than 1 — 2e 69113 . As a conclusion, for ¢ =
271ME&5 — 2||f"||0cd > 272M % we have proved

sup
t;<s<tit+1

<2/ f"flocd + €

[T/5 J+1  _ pNZm?2

1 I

sup /deN /deN ) > M4 E %2¢ 281471262
et

which proves the second claim.

To conclude our proof, let us notice that
e The set
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Ky ={pePR): /1og(1 + ) du(r) < M}
is compact and by Borel-Cantelli lemma, we deduce from point 1 that
P{Ly(t) € Ky Vit €[0,T)}) < e @TIMN?,

e Take f twice continuously differentiable and consider the compact subset
of C([0,77, P(R)

Cr(f, M) = {u € C([0,T], P(R)) :
sup  |pelf) —ps(f)] < Mv/n~' Vne N}

lt—s|<n—>

The previous estimates imply that if || f]|cc < Mn for all n
_ BN2nnm2 _ BN2Mm2
P(Ly € Cr(f,M)?) <> 2(Tn* +1)e 1% < C(T)e 17T%

n>1

with some finite constant C(T") that only depends on T'. Choosing a countable
family f; of twice continuously differentiable functions dense in Co(R) and such
that || f"||ec < i and || f'||ee < V4 for all i, we obtain

5N2¢21v12
P({Ln € (Ni>oCr(fi, M1))* Ze 177125 < O"(T)e™
i>1

BN2M2
516

e Hence, we conclude that the compact set

K(M) = Ka 0 NisoCr(fi, Mi)
of C([0,T], P(R)) is such that P(Ly € K(M)¢) < C(T)e~ =%  and thus by
Borel-Cantelli lemma,
P(UNO MNN>No {LN S ]C(M)}) =1.
O

To characterize the limit points of Ly, let us use also It6’s calculus of
Section 12.2 with f(t,z) = f(z) = (z —z)~! for z € C\R (or separately for its
real and imaginary parts). Again by Corollary 20.23, M ;V goes almost surely
to zero and therefore, any limit point (u,t € [0,7]) of (Ln(t),t € [0,77])
satisfies the equation

[ @) = [ f@yduo(a /Ot [os@an@as (210)

1 0o f(z) — 0 f(y)
+5 /O / o dps(x)dps (y)ds.

Thus, G¢(2) = [(z — z) " tdu(z) satisfies (12.10).
To conclude our proof, we show that (12.10) has a unique solution.
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Lemma 12.7. For any t > 0 and z with modulus |z| large enough, z +tGo(2)
is invertible with inverse Hy. The solution of (12.10) is the unique analytic
function on C\R such that for any t > 0 and z with large enough modulus

Gi(z) = Go (Hi(2)) -

Comments. This result is a particular case of free convolution (see Section
17.3.2) and of the notion of subordination (cf. [35]).

Exercise 3. Take u© = §p and prove that p; is the semicircular law with
1 1

variance t. Hint. Use that by scaling property G¢(z) = t72G1(t"22) for all

t > 0 and deduce a formula for G;.

Proof. We use the characteristic method. Let us associate to z the solution
{zt,t > 0} of the equation

atZt = Gt(zt), 20 = Z.

Such a solution exists at least up to time ($2)?/2 since if $(z) > 0, S(Gi(2)) €
[—ﬁ, 0] implies that we can construct a unique solution z; with $(z;) > 0

up to that time, a domain on which G is Lipschitz. Now, 9;G¢(z¢) = 0 implies
zt = tGo(2) + 2z, Gi(z +tGo(2)) = Go(2)

from which the conclusion follows. O

Bibliographical notes. The previous arguments on Dyson’s Brownian
motion are inspired by [150, p.123], where the density of the eigenvalues of
symmetric Brownian motions are discussed, [170] where the stochastic differ-
ential equation (12.1) is studied, [160] where Brownian motions of ellipsoids
is considered as well as [165] where decompositions of Brownian motions on
certain manifolds of matrices are analyzed. Theorem 12.2 is also stated in
Mehta’s book [153, Theorem 8.2.1](see also Chan [61]). Similar results can be
obtained for Wishart processes, see [52]. The interpretation of Dyson’s Brow-
nian motion as a Brownian motion in a Weyl chamber was used in [40, 36].
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Large deviation principle for the law of the
spectral measure of shifted Wigner matrices

The goal of this section is to prove the following theorem.

Theorem 13.1. Assume that Dy is uniformly bounded with spectral mea-
sure converging to pup. Let X%V be a Gaussian symmetric (resp. Hermitian)
Wigner matriz when 3 =1 (resp. § = 2). Then the law of the spectral measure
Lyn~s of the Wigner matriz YN8 = Dy 4+ XN satisfies a large deviation
principle in the scale N* with a certain good rate function Jz(up,.).

We shall base our approach on Bryc’s theorem (6.13), that says that the
above large deviation principle statement is equivalent to the fact that for any
bounded continuous function f on P(R),

1
A(f) = Jim < 1og/eN2f<LyN,5>d]p

exists and is given by —inf{Js(up,v) — f(v)}. It is not clear how one could
a priori study such limits, except for very trivial functions f. However, if we
consider the matrix-valued process YV'4(t) = DN + HN-A(t) with Brownian
motion H™# described in (V.1) and its spectral measure process

N
1
Lp(t) = Lyvow = > Sy vmeqy) € P(R),
=1

we may construct martingales by use of Itd’s calculus. Indeed, continuous
martingales lead to exponential martingales, which have constant expectation,
and therefore allow one to compute the exponential moments of a whole family
of functionals of Ly (t). This idea gives easily a large deviation upper bound
for the law of (L g(t),¢ € [0,1]), and therefore for the law of Lyw.s, that
is, the law of Ly g(1). The difficult point here is to check that this bound is
sharp, i.e., it is enough to compute the exponential moments of this family of
functionals in order to obtain the large deviation lower bound.
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An alternative tempting way to prove this large deviation lower bound
would be, as for the proof of Theorem 10.1, to force the paths of the eigenvalues
to be in small tubes around the quantiles of their limiting law. However, these
tubes would need to be very small, with width of order § ~ N~! and the
probability P(supy<,<; |Bs| < ) ~ e~ 32 is now giving a contribution on the
scale eV

Let us now state more precisely our result. We shall consider {Ly g(t),t €
[0,1]} as an element of the set C(]0, 1], P(R)) of continuous processes with
values in P(R). The rate function for these deviations shall be given as follows.
For any f,g € C;"' (R x [0,1]), any s < ¢ € [0,1], and any v. € C([0,1], P(R)),

we let
S5ty /fxtdut /fxsdl/s
—/ /auf(x,u)duu(x)du
/ //8 o (@) = O f(y, )duu(x)duu(y)du, (13.1)
t
)it = [ [ s wongte wdv.oyin, (13.2)
and 1
S5 0 ) =8 ) = GU e (13.3)
Set, for any probability measure p € P(R),
S ()_ —|—OO, ifl/o?é,ua B
u,3(V) == Sg’l(z/) '= SUD 21y [0,1)) SUPO<s<t<1 Sg’t(y, f), otherwise.

(13.4)
Then, the main theorem of this section is the following:

Theorem 13.2. Let § =1 or 2. (1) For any u € P(R), S, 3 is a good rate
function on C([0,1], P(R)), i.e. {v € C([0,1], P(R)); Su(v) < M} is compact
for any M € RT.

(2) Assume that

sup Lp, (|z|*) < 00, Lp, converges to up, (13.5)
N

then the law of (Ln g(t),t € [0,1]) satisfies a large deviation upper-bound in
the scale N? with good rate function Sup,3- The large deviation lower bound
holds around any measure-valued path with uniformly bounded fourth moment,
i.e., for all p. so that supycpg y we(z4) is finite:
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1
e . |
lim inf lim inf -5 log P (Em d(L,5(t), 1) < 6) > —Sup.p(1.)

In [110, Theorem 3.3] O. Zeitouni and I proved the following:
Theorem 13.3. Take 3 =1 or 2 and take

A={uecP(R): there exists € >0, / |z edup (x) < oo}.

Then, for any v such that Sy, (v) < oo, there exists a sequence v™ : [0,1] — A
of measure-valued paths such that

Tim vy = v lim Sy, 6(m) = S a(v).
This result could be extended by replacing 5 + € by 4 + € (which we needed
first, since Theorem 13.2 was originally obtained under these 5T moment
conditions) but we decided not to enter into this proof here since it is purely
analytical. We shall, however, provide here a complete proof of Theorem 13.2
that slightly simplifies that given in [109].
Theorems 13.2 and 13.3 imply the following:

Theorem 13.4. Assume that (13.5) holds and up € A. Then the law of
(Ln(t),t € [0,1]) satisfies a large deviation principle in the scale N? with
good rate function S, .

Note that the application (p,t € [0,1]) — p1 is continuous from
C([0,1], P(R)) into P(R), so that Theorem 13.2 and the contraction prin-
ciple Theorem 20.7 imply that the law of Ly (1) satisfies a large deviation
principle.

Theorem 13.5. Under assumption (13.5) and pp € A, Theorem 15.1 is true
with

T, ) = 5 {8, (v )1 = ).

Remark 4. Remark that without using Theorem 13.3, we could still get a
large deviation lower bound for the law of Ly (1) around measure with fourth
moments; this is due to the fact that the optimal paths in the above infimum
have fourth moments (as can be guessed from the remark that optimal paths
have to be Brownian bridges, cf., e.g., [55]).

In [101], the infimum in Theorem 13.5 was studied. It was shown that it
is achieved and that, if [log|z —y|dup(z)dup(y) > —oco, the minimizer pu* €
(C([0,1], P(R)) is such that u}(dx) = p;(x)dzx is absolutely continuous with
respect to Lebesgue measure for all ¢t € (0,1) and there exists a measurable
function u, such that fi(x) = ui(x) + impe(x) is solution (at least in a weak
sense) of the complex Burgers equation
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0ufula) = ~ 50 i)’

with boundary conditions given by the imaginary part of f at ¢t = 0 and ¢ = 1.

This result was stated first by Matytsin [146]. Interestingly, the complex
Burgers equation also describes limit shapes of plane partitions and dimers,
see [127].

The main point to prove Theorem 13.2 is to observe that the evolution of
Ly is described, thanks to It0’s calculus 12.2, by an autonomous differential
equation. This is the starting point to use the ideas of Kipnis—Olla—Varadhan
papers [131, 130]. These papers concern the case where the diffusive term
is not vanishing (8N is of order one). The large deviations for the law of
the empirical measure of the particles following (12.1) in such a scaling have
been studied by Fontbona [91] in the context of McKean—Vlasov diffusion
with singular interaction. We shall first recall for the reader the techniques of
[131, 130] applied to the empirical measures of independent Brownian motions
as presented in [130]. We will then describe the necessary changes to adapt
this strategy to our setting.

13.1 Large deviations from the hydrodynamical limit for
a system of independent Brownian particles

Note that the deviations of the law of the empirical measure of independent
Brownian motions on path space

Ly = NZB c((0, 11, k)

are well known by Sanov’s theorem which yields (cf. [74, Section 6.2]):

Theorem 13.6. Let W be the Wiener law. Then, the law (Ly)zW®N of
Ly under WEN satisfies a large deviation principle in the scale N with rate
function given, for u € P(C([0,1],R)), by I(u|W) that is infinite if u is not
absolutely continuous with respect to Wiener measure and otherwise given by

du d
I(ulW) :/log ) log d)ﬁt\/dw

Thus, if we consider

ZaBz € [0,1],

since Ly — (Ln(t),t € [0,1]) is continuous from P(C([0,1],R)) into
C([0,1], P(R)), the law of (Ln(t),t € [0,1]) under W®V satisfies a large devi-
ation principle by the contraction principle Theorem 20.7. Its rate function is
given, for p € C([0, 1], P(R)), by
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S(p) = inf{I(uW) : (z)gp=p Vte0,1]}.

Here, (x;)4p denotes the law of x; under u. It was shown by Follmer [90] that
in fact S(p) is infinite unless there exists k € L?(p;(dx)dt) such that

/1 /(&cf(w,t) — k(z,t))*ps(da)dt = 0, (13.6)

inf
fGCl’ll(Iﬁ@X[UJ]) 0

and for all f € C*}(R x [0,1]),

Oumi(f) = pul0ufo) + 3pu(O2 1) + @ fike),

Moreover, we then have

1
ﬂm:%ApM@ﬁ (13.7)

Kipnis and Olla [130] proposed a direct approach to obtain this result based
on exponential martingales. Its advantage is to be much more robust and to
adapt to many complicated settings encountered in hydrodynamics (cf. [129]).
Let us now summarize it. It follows the following scheme:

o FExponential tightness and study of the rate function S. Since the rate
function S is the contraction of the relative entropy I(.|W), it is clearly a
good rate function. This can be proved directly from formula (13.7) as we
shall detail it in the context of the eigenvalues of large random matrices.
Similarly, we shall not detail here the proof that L N#W®N is exponentially
tight, a property that reduces the proof of the large deviation principle to
the proof of a weak large deviation principle and thus to estimate the
probability of deviations into small open balls (cf. Theorem 20.4). We will
now concentrate on this last point.

o [té’s calculus. It6’s calculus (cf. Theorem 20.18) implies that for any
function F in C;" (RN x [0,1]), any ¢ € [0, 1]

t
F(B},...,BN 1) :F(o,...70)+/0 OsF(BL,...,BY s)ds

Moreover, MF = SN, fg 0y, F(BL,--- ,BY 5)dB! is a martingale with
respect to the filtration of the Brownian motion, with bracket

N t
0y = [ F e B o)
=1
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Taking F(z',...,2N,t) = N'S2N f(Bi,t) = [ f(x,t)Ln(t,dz) =
J frdLn(¢), we deduce that for any f € Cg’l(R x [0,1]),

/ftdLN /fodLN / /6 fsdLy 4ds
—Aifﬁﬁumwu

is a martingale with bracket

M) N//afs VdL(s)ds

The last ingredient of stochastic calculus we want to use is that (cf. Theo-
rem 20.20) for any bounded continuous martingale m; with bracket (m),
any A € R,

{exptum: — 3 tmbo, e € 0.1

is a martingale. In particular, it has constant expectation. Thus, we deduce
that for all f € C;' (R x [0,1]), all £ € [0, 1],

Elexp(N(M} (1) — 5 (MP))}] =1 (13.8)

o  Weak large deviation upper bound.
We equip C([0,1], P(R)) with the weak topology on P(R) and the uni-
form topology on the time variable. It is then a Polish space. A distance
compatible with such a topology is given, for any u, v € C([0, 1], P(R)), by

D(p,v) = sup d(p, vy)
te[0,1]

with a distance d on P(R) compatible with the weak topology such as the
Dudley distance (0.1).

Lemma 13.7. For any p € C([0,1], P(R)),

1
lim sup lim sup — logW®Y (D(Ly,p) < 6) < —S(p).
6—0 N—o00 N

Proof.Let p € C([0, 1], P(R)). Observe first that if py # do, since Ly (0) =
do almost surely,

1
lim sup lim sup — logW®" [ sup d(Ln(t),p;) <6 | = —o0.
5—0 N—oco N t€[071]

Therefore, let us assume that pg = §g. We set
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B(p,6) = {n € C([0,1], P(R)) : D(u,p) < 6}
Let us define, for f,g € C;' (R x [0,1]), € C([0,1],P(R)), 0 < t < 1,

TO,t(fa w) = pe(fe) — po(fo) —/ ws(0s fs)ds _/ < > ds
and .
<f7 g>2’t ::/ ,us(axfsargs)ds
0
Then, by (13.8), for any t < 1,

B oo {8 (19400 2) - 3058 )} =1

Therefore, if we write for short T'(f, u) = T%'(f, p) — 2(f, ot
WEN (D(Lw,p) < 9)

NT(f,Ln)
= W®N (1D( ¢ )

Ln.p)S8 UNT(f,Ln)

<exp{—N inf T(f,.) )W (1 NI )

< exp{=N nf T(f, )}V ( D(Ln p)<6€ )
<exp{—N inf T(f,.))WN (NTFEN) 13.9
Sexp{=N nf, T(f,)pWEN (NTOL0) (13.9)

=exp{—N inf T(f, .
p{ et (f )}

Since p — T(f, ) is continuous when f € Cp"'(R x [0,1]), we arrive at

lim sup lim sup

nsup lin NlogW®N ( sup d(Ln(t),p:) < 5) <-T(f,p)

te[0,1]

We now optimize over f to obtain a weak large deviation upper bound
with rate function

SG)= s (1) - 500

fecgt (Rx[0,1))

22
= sup Sup()‘T071(f1p) - 7<f7 f> )
fecyt (Rx[0,1]) AeR
1 70,1 2
-3 (fap) (13.10)

Fect(rx[0,1]) (fs f>2’1

From the last formula, one sees that any p such that S(p) < oo is such
that f — Tf(p) is a linear map that is continuous with respect to the norm
LAY = ((f, )y 1)z Hence, Riesz’s theorem asserts that there exists a
function k verifying (13.6, 13.7).
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Large deviation lower bound. The derivation of the large deviation upper
bound was thus fairly easy. The lower bound is a bit more sophisticated
and relies on the proof of the following points:

(a) The solutions to the heat equations with a smooth drift are unique.
(b) The set described by these solutions is dense in C([0, 1], P(R)).

(¢) The entropy behaves continuously with respect to some approximation
by elements of this dense set.

We now describe more precisely these ideas. In the previous section (see
(13.9)), we have merely obtained the large deviation upper bound from
the observation that for all v € C([0,1], P(R)), all 6 > 0 and any f €
¢;'([0,1],R),

. [hweBw xp (N (T‘)J(LN, £)= 30, f>%}v)ﬂ

<o (¥ (192w 0 - 30050 ) )] =1

To make sure that this upper bound is sharp, we need to check that for
any v € C([0,1], P(R)) and ¢ > 0, this inequality is almost an equality for
some function f = k, i.e., there exists k € C2"' ([0, 1], R),

fminf - log — [Livens oxp (NI Ly k) = 3k 0)2)) ] >0
Nioo N 08 E {exp (N(To’l(LN,k) ~ 1, k>%}v))} >

In other words that we can find a k such that the probability that Ly (.)
belongs to a small neighborhood of v under the shifted probability measure

exp (N(TO4 (L, k) = 30k, K)3)))

PNk —
Elexp (N (101 (L, k) = 3k K)3L))]

is not too small. In fact, we shall prove that for good processes v, we can
find k& such that this probability goes to one by the following argument.
Take k € C'' (R x [0, 1]). Under the shifted probability measure PN'F | it is
not hard to see that Ly(.) is exponentially tight (indeed, for k € Cf (R x
[0,1]), the density of PV-F with respect to P is uniformly bounded by e©*)N
with a finite constant C(k) so that PV* o (Ly(.))~! is exponentially tight
since Po (Ly(.))~! is). As a consequence, Ly (.) is almost surely tight. We
let u. be a limit point. Now, by Itd’s calculus, for any f € Cf’l(]R x [0,1]),
any 0 <t <1,

TON Ly, ) = / t / Oy ()0, b ()AL (1) ()l + MY (f)

with a martingale (M} (f),t € [0, 1]) with bracket
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t
<N2/ /(8$f(x))2dLN(s)(;E)ds,t € [0, 1]) .
0

Since the bracket of MY (f) goes to zero, the martingale (M} (f),t € [0,1])
goes to zero uniformly almost surely. Hence, any limit point p. of Ly (.)
under PV must satisfy

0,1 = ' )0y ko (2)dpy, (2)du .
T (4, f) / / Oy )0y k(@) (2)d (13.11)

for any f € Cp" (R x [0, 1]).

When (u, k) satisfies (13.11) for all f € C7'(R x [0,1]), we say that k is
the field associated with pu.

Therefore, if we can prove that there exists a unique solution v, to (13.11),
we see that Ly(.) converges almost surely under PY'* to this solution.
This proves the lower bound at any measure-valued path v that is the
unique solution of (13.11), namely for any k € C;"' (R x [0,1]) such that
there exists a unique solution v to (13.11),

1
o s b QN
llinlélf I%IE?Of N logW (t?[ér,)l] d(Ln(t),vi) < 5)

P _
= liminf i inf 5 log P (Louprcio dEa oy <se N0

1
> —T(k,v) + liminf liminf — logP™Y* [ sup d(Ly(t),v) <6
§—0 N—oco N te]0,1]

> —S(vk). (13.12)

where we used in the second line the continuity of u — T'(u, k) due to our
assumption that k € C7' (R x [0,1]) and the fact that

PNk ( sup d(Ly(t), ) < 5)

te[0,1]

goes to one in the third line. Hence, the question boils down to uniqueness
of the weak solutions of the heat equation with a drift. This problem is
not too difficult to solve here and one can see that for instance for fields k
that are analytic within a neighborhood of the real line, there is at most
one solution to this equation. To generalize (13.12) to any v € {S < oo},
it is not hard to see that it is enough to find, for any such v, a sequence
vy, for which (13.12) holds and such that

lim v, =v, lim S(w,) = S). (13.13)

n—oo n—o0
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Now, observe that S is a convex function so that for any probability mea-
sure pe,

Sup) < [ (= 2)pmpdds) = S(u) (13.14)

where in the last inequality we neglected the condition at the initial time
to say that S((. — z)xp) = S(u) for all z. Hence, since S is also lower
semicontinuous, one sees that S(u * p) will converge to S(u) for any u
with finite entropy S. Performing also a regularization with respect to time
and taking care of the initial conditions allows us to construct a sequence
v, with analytic fields satisfying (13.13). This point is quite technical but
still manageable in this context. Since it will be done quite explicitly in
the case we are interested in, we shall not detail it here.

13.2 Large deviations for the law of the spectral measure
of a non-centered large dimensional matrix-valued
Brownian motion

To prove a large deviation principle for the law of the spectral measure of
Hermitian Brownian motions, the first natural idea would be, following (12.1),
to prove a large deviation principle for the law of the spectral measure of
IN:t— Nt Zil 5\/N’1Bi(t)’ to use Girsanov’s theorem to show that the
law we are considering is absolutely continuous with respect to the law of
independent Brownian motions, with a density that only depends on LY and
conclude by Laplace’s method (cf. Theorem 20.8). However, this approach
presents difficulties due to the singularity of the interacting potential, and
thus of the density. Here, the techniques developed in [130] will, however, be
very efficient because they only rely on smooth functions of the empirical
measure since the empirical measures are taken as distributions so that the
interacting potential is smoothed by the test functions. (Note, however, that
this strategy would not have worked with more singular potentials.) According
to (12.1), we can in fact follow the very same approach.

It6’s calculus

With the notations of (13.1) and (13.2), we have by Section 12.2:

Theorem 13.8. For all 3 > 1, for any N € N, any f € Cf’l(]R x [0,1]) and

any s € 0,1), (S5 (L. f) + 2552 [1 [ 021 (9, $)dLn o(s)(y)ds, s <t < 1)
18 a bounded martingale with quadratic variation

2

(S*(Ln,g, f))e = W

Dy
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Remark 5. Observe that if the entries were not Brownian motions but diffu-
sions described for instance as solution of a stochastic differential equation

d(ﬂt = dBt + U(xt)dt

then the evolution of the spectral measure of the matrix would no longer
be autonomous. In fact, our strategy is strongly based on the fact that the
variations of the spectral measure under small changes of time only depends
on the spectral measure, allowing us to construct exponential martingales
that are functions of the process of the spectral measure only. It is easy to
see that if the entries of the matrix are not Gaussian, the variations of the
spectral measures will depend on much more general functions of the entries
than those of the spectral measure.

However, this strategy can also be used to study the spectral measure of
other Gaussian matrices as emphasized in [55, 101].

From now on, we shall consider the case where 8 = 2 and drop the sub-
script B in HY#| Ly 5, etc. This case is slightly easier to write down since
there are no error terms in It6’s formula, but everything extends readily to
the cases 0 > 1. One also needs to notice that

Sim = sw {sm,f) - S = G5
fEC (]RX[O 1])

where the last equality is obtained by changing f into 27 !4f.

Large deviation upper bound

From the previous It0’s formula, one can deduce by following the ideas of
[131] (see Section 13.1) a large deviation upper bound for the measure-valued
process Ly(.) € C([0,1], P(R))). To this end, we shall make the following
assumption on the initial condition Dy:

(H) Cp := sup Lp, (log(1 + |z|*)) < oo,
NeN

implying that (Lp,,N € N) is tight. Moreover, Lp, converges weakly, as N
goes to infinity, to a probability measure pp.
Then, we shall prove, with the notations of (13.1)—(13.3), the following:

Theorem 13.9. Assume (H). Then:
(1) S, is a good rate function on C([0,1], P(R)).
(2) For any closed set F of C(]0,1], P(R)),

h]{fnjgopN logP(Ln(.) € F) < — inf Sy, (v).
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We first prove that S, is a good rate function. Then, we show that exponen-
tial tightness holds and finally obtain a weak large deviation upper bound,
these two arguments yielding (2) (cf. Theorem 20.4).

(a) Let us first observe that S, (v) is also given, when vy = up, by

1 gsit 2
Sup(v) =5 sup sp ST (13.15)
fecti®xo,1]) 0<s<t<1 (f, f)v

Consequently, S,,, is non-negative. Moreover, S, is obviously lower semi-
continuous as a supremum of continuous functions.
Hence, we merely need to check that its level sets are contained in relatively
compact sets. By (12.11), it is enough to show that, for any M > 0,
(1) For any integer m, there is a positive real number L) so that for any
ve{S,, <M},
M 1
sup vs(|lz| > L) < —, (13.16)
0<s<1 m
proving that vs € K1y defined in (12.12) for all s € [0,1].

(2) For any integer m and f € CZ(R), there exists a positive real number
6M so that for any v € {S,,, < M},

sup |ve(f) —vs(f)] <

1
R
|t—s| <52 m

(13.17)

showing that s — vs(f) belongs to the compact set Cysm |5, as defined in
(12.13).

To prove (13.16), we consider, for § > 0, fs(z) = log (z?(1 + 6z?)"* +1) €
CH' (R x [0,1]). We observe that

C:= sup [[0:fs]loc + sup ||8§f«5||oo
0<8<1 0<6<1

is finite and, for ¢ € (0, 1],

Oz f5(x) — 0: f5(y)
=Yy

<C.

Hence, (13.15) implies, by taking f = fs5 in the supremum, that for any
6 €(0,1], any t € [0, 1], any . € {SMD < M},
we(fs) < polfs) +2Ct + 2CV Mt.

Consequently, we deduce by the monotone convergence theorem and letting ¢§
decrease to zero that for any p. € {S,, < M},

sup e (log(z? +1)) < pp(log(z® + 1)) 4+ 20(1 + VM).
t€[0,1]
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Chebycheff’s inequality and hypothesis (H) thus imply that for any u. €
{Sup < M} and any K € R*,

Cp+2C(1+vM)
su z| > K) <
1:e[(31[7)1]ut(| |2 K)< log(K? +1)

which finishes the proof of (13.16).
The proof of (13.17) again relies on (13.15), which implies that for any
f€CER), any p. € {S,, <M} and any 0 < s <t <1,

() = 15 ()] < NOZf oot = 8]+ 21100 flloc VM /[t — s]. (13.18)
(b) Exponential tightness. By Lemma 12.6, we have:

Lemma 13.10. For any integer number L, there exists a finite integer number
No € N and a compact set K, in C([0, 1], P(R)) such that VN > Ny,

P(Ly € K§) < exp{—LN?}.

(¢) Weak large deviation upper bound. Following the arguments of Section
13.1, we readily get:

Lemma 13.11. For every process v in C([0,1], P(R)), if Bs(v) denotes the
open ball with center v and radius 6 for the distance D, then

- 1
%ﬂhﬁlj&pmlog]}”(LN € Bs(v)) < =S, (v).

Moreover, processes with finite entropy are characterized as follows.

Lemma 13.12. For any p € {S,, < oo}, there ezists a measurable function
k such that for any f € CZ([0,1] x R,R)

S5, f) = / / o () f (2, )t (). (13.19)

3] [t

Proof. By (13.15), if S, (u.) < oo, for any f € CZ([0,1] x R,R), all s <t

([ [ tranion)’

Hence, f — fo [ k()05 f (2, w)dp, () is linear, bounded in the Hilbert space
obtained by completmg and separating CZ([0,1] x R, R) for the norm

£l = ( / 1 / f(%u)zduu(w)duy

Riesz’s theorem (cf. [172]) allows us to conclude for s = 0,¢t = 1. We get the
general case by taking f = 0 outside [s — €,t + €] and a smooth interpolation
in the time variable in [s — €, ¢ + €]\[s, t]. 0

Moreover,

M\»—l

)0 f(x, u)dp (z)du| <25, (p
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Large deviation lower bound

We shall prove at the end of this section the following;:

Lemma 13.13. Let

MF, = {h € CP(R x [0,1]);3Fe > 0,C. € L*([0,1],dt) so that

1
hi(z) = Cy + / e hy (A with / maxep (2 hy (V) [2)dt < oo.}
0
For any field k in MF, there exists a unique solution vy to
S fov) = (f, k)" (13.20)

for any f € CPN(R x [0,1]). We set MC([0,1],P(R)) to be the subset of
C([0,1], P(R)) consisting of such solutions.

Note that h belongs to MF implies that it can be extended analytically to
{z 1 |S(2)| < €} for almost all t € [0,1].

As a consequence of Lemma 13.13, if we take v € MC([0,1], P(R)) asso-
ciated with a field &, and if we define

1
O GO B R I e

the limit points of Ly(.) under PY* coincide with v (see the classical

analog (13.11)). Thus, for any open subset O € C([0,1],P(R)), any v €
O N MCc([0,1], P(R)),

P(Ln(.) € 0) > P(d(Ln(.),v) <)

= PNk (1d(LN( ) u><567N2(S0Y1(LN’k)7%<k7k>%}v))

> e NSV k) =3 (kR —9ONPNE (g(L (), v) < 6)

with a function g vanishing at the origin. Hence, for any v € ONMC([0, 1], P(R))
| 1
l}w&f N2 logP(Ly(.) € O) > —(S%! (v, k) — §<k, k)oY = —S,,(v)

and therefore

1
liminf — logP (Ln(.) € O) > — inf S 13.21
N NZ 08 (Ln() e onme(on] Py ~ 1P ( )
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To complete the lower bound, it is therefore sufficient to prove that for any
v € C(]0,1], P(R)) with uniformly bounded fourth moment, there exists a
sequence v € MC([0, 1], P(R)) such that
lim v* =vand lim S,,(v")=S,,(v). (13.22)
n—oo n—oo

The rate function S,,, is not convex a priori since it is the supremum of
quadratic functions of the measure-valued path v so that there is no reason
why it should be reduced by standard convolution as in the classical setting
(cf. Section 13.1). Thus, it is now unclear how we can construct the sequence
V™ satisfying (13.22). Further, we begin with a degenerate rate function that
is infinite unless vy = up.

To overcome the lack of convexity, we shall remember the origin of the
problem; in fact, we have been considering the spectral measure of matrices
and should not forget the special features of operators due to the matri-
ces structure. By definition, the differential equation satisfied by a Hermi-
tian Brownian motion should be invariant if we translate the entries, that is,
translate the Hermitian Brownian motion by a self-adjoint matrix. The nat-
ural limiting framework of large random matrices is free probability, and the
limiting spectral measure of the sum of a Hermitian Brownian motion and a
deterministic self-adjoint matrix converges to the free convolution of their re-
spective limiting spectral measure. Intuitively, we shall therefore expect (and
in fact we will show in the specific case of Cauchy laws) that the rate func-
tion S%! decreases by free convolution, generalizing the fact that standard
convolution was decreasing the Brownian motion rate function (cf. (13.14)).
However, because free convolution by a Cauchy law is equal to the standard
convolution by a Cauchy law, we shall regularize our laws by convolution by
Cauchy laws. We now prove the large deviation lower bound of Theorem 13.2.

® Regularization by Cauchy laws. We prove below that convolution by
Cauchy laws reduces the entropy, a point analogous to (13.14). This result
is a special case of Theorem 4.1 in [56] where it is shown that any free convo-
lution reduces the entropy. This generalization was in fact used with the free
convolution with respect to the semi-circular in [110] to prove Theorem 13.3.

Lemma 13.14. Let u. satisfy (13.19) for some measurable function k €
L?(dpq(z)dt). Let p be the Cauchy law

€
dpE (C) = m dce.

Then, (it * pe)iefo,1) satisfies (13.19) with field k€ given by
| =t du(a)

ki(c) = .
. | = din(2)

Moreover
SND (M) > SMD*:De (M- * pg)-
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Proof. We verify (13.19) for Stieltjes transform, i.e., functions of the form
f(x) = (2 —2)~! and any [s,#]. Note that if we do that, we can then use
the density of these functions in CZ(R,R) (again based on the Weierstrass
theorem) and then play on the parameters s,¢ to get the equation for all
f €C%(0,1] x R,R). Now, for f = (2 — x)~! we find that
Pe pu((z —2)7")
— [l = e 2 dpelo

= pex ps((z — 2)7)

[ [t = om0 - e 2 iudn 0
+ //St pu((z — ¢ — ) "2 ky () dudp, (c)

where we have used Fubini and equation (13.19) for . . Observe that if z €
Ct={2:3(2) >0},as ¢ = (2 —c—x) "}z — ¢ — 2')72 is analytic on C~,
the residue theorem implies that, since dp.(c)/dc has a unique pole at —ie in
c,

/(z —c—2) Nz —c—2")2dp(c)

= (z+ie—x) Yz +ie—2a')?

- /(Z —c—2) Ldpe(c) /(2 —c—a') " 2dpe(c)

and therefore we deduce
Pe * Mt((z - ‘r)il) = Pe * NS((Z - ‘r)il)

4 / pe# tiu((z = 2)pe # (2 — 7)) du

4 / pe* (2 — )2k (2))du

where we finally used
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/ (2 — ¢ — )2k (2))dpe(c)

_ / (2 — €)2kE () dpe * ru(c).

This is (13.20) with the dense set of functions f = (2 — x)~!. For the last
point notice that in fact

ki (z) = Elky(z)|z + C

when C¢ is a Cauchy variable independent of x and x has law u,,. Hence,

SMD*Pe W% Pe) = / /E w(Tw) |xu—|—C]) ]

< 5/0 /E[ku(a:u)Q]du = Sy (11):

Thus, we find that convolution by Cauchy laws (p.)e>o decreases the en-
tropy. Since the entropy is lower semicontinuous (as a supremum of continuous
functions), we deduce that

1 Sy ep. (1. % D) = Sy 11 (13.23)

O

Note that @ — k¢ (x) is analytic in the strip |3(2)| < € so that there is some
good chance that pe * . will be in MC([0, 1], P(R)). We shall see this point
below for u. € A with

A={u :0,1] = P(R): sup p(z*) < oo}.
te[0,1]

Namely, we prove:
Lemma 13.15. For p. € AN{S,, < oo}, for all € > 0, pe * . belongs to
MC([0,1], P(R)).

Proof. The strategy is to show that kf € L?(dz) N L(dx) in order to use
Plancherel representation. Since kf(x) goes to [ ki(y)du(y) as  goes to in-
finity, we need to substract this quantity to make sure this can happen. For
further use, we need to consider kf(z + id) for § < ¢, say 0 = €¢/2. We then
write

ke
| & (;/)2+52 dpe(y)
| e die(y)

ki(x +1i0) =
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Note that since j1;(2?) is uniformly bounded by say C, p;([—M, M]¢) < CM 2
for all ¢ by Chebyshev inequality. Thus, for « € [-M, M|, with M sufficiently

large
1

1
d >
V (z+0 —y)2 + € “t(y)‘ =M 102+ e
and therefore there exists a finite constant C' = C'(e, M) so that

1
2

k(o +i6)| < C ( / kt<y>2dut<y>)

We choose below M large. For « € [—M, M]¢, we have that

(@ +i0)° + ke(y)
/[ olz)20z]] (T 410 — y)2 + €2 dpue(y)

(x +1d)y
- ) (142
/[21,2|le ) (x +1i6)? + €

+0 (e Juw

(@ +0)° + ) ka(y)
’/[ 2|z|,2|z(] (x +i6 —y)? + €2 dpe (y)

S s
ﬁ (/ kt(y)Qdut(y)f (/ z—idut(y)f .

Letting Cf (k) = [ ki(y)dui(y), CZ(k) = [yki(y)dpe(y) and CP (k) = ([ ki(y
we get

et
= Ci (k) + (2CF(k))(z + i) ((x +i0)* + €*)™1) + hi (x +id)

with some function A§ so that

1

€ . < 3
i+ 18)] < O ) gy

with a constant ¢ that only depends on sup, p:(y*). Doing the same for the
denominator, we conclude that

d,ut

)

W=
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kf(z41i0) = CF +2[C2 (k) — CH(E)C2(1)](z +i0) ((x +i6)? 4 €)1 + kf (x +i6)
) (13.24)
with some bounded function kf(z + 40) such that

2

1.€ - 3
Applying this result to § = 0, we see that kf(z) € L'(dx) N L?(dz) extends
to |S(z)] < § analytically while staying in L. This implies in particular that
for A >0

ki (V)] =7~ =7

/e““’” kS (x)dx

< e 9 / |kf (x4 i0)|dx < ¢ CP(k)e

/eiA(w+i6)Ef(m +id)dx

and the same bound for A < 0. Hence, by the Plancherel formula

R () = / M (N)dA,
with I%te (M) satisfying the required property that
ks (V)] < ¢/ CPk)e P

with C2(k) in L?([0, 1], dt) since u has finite entropy. Moreover, Note that

T

_ -1
m = %((E—‘rle)

can be written for € > 0 as

0

Hence, we have written by (13.24)

k(x4 i0) = C) + / eNTEE2(\)dA (13.26)
with .
|52 (Ve < 2(CF (k) + CF (R)CF(L)] + ¢/ CF ()
for all A € R. The proof of the lemma is thus complete since C?(k), CZ(1),
C3 (k) are in L?([0,1],dt), whereas CZ(1) = [ydu(z) is uniformly bounded
as [ y?du(y) is. O
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e Large deviations lower bound for processes regqularized by Cauchy distri-
bution. Everything looks nice except that we modified the initial condition
from pp into pp * pe, so that in fact S, , (v54) = +oo! and moreover, the
empirical measure-valued process cannot deviate toward processes of the form
v54 even after some time because these processes do not have a finite sec-
ond moment (it can indeed be checked that if up(z?) < oo, Sy, (1) <
implies that sup, p(z%) < 00). To overcome this problem, we first note that
this result will still give us a large deviation lower bound if we change the
initial data of our matrices. Namely, let, for e > 0, C¥ be an N x N diagonal
matrix with spectral measure converging to the Cauchy law p. and consider
the matrix-valued process

X\ =UnCNUY 4+ Dy + HY (1)

with Uy a N x N unitary measure following the Haar measure m% on U(N).
Then, it is well known [30] that the spectral distribution of UyCNU%, + Dy
converges to = p. * pip. We choose C satisfying (H).

Hence, we can proceed as before to obtain the following large deviation
estimates on the law of the spectral measure Ly (¢)t = L x e We define

AP ={p e C([0,1],P(R)); u: € A ¥Vt €]0,1]}
Corollary 13.16. Assume (H). For any ¢ > 0, for any closed subset F of
C([0,1], P(R)),

1
lim sup N2 logP (Ln,e(.) € F) < —inf{Sp «u,(v),v € F}.

N—oo

Further, for any open set O of C([0, 1], P(R)),

o1
I%gfm loglP(Ly.e(.) € O)
> —inf{Sp.u, (), v € O,v =P s p,p € AP N{S,, <oo}}.
The only point is to prove the lower bound (see Theorem 13.11 for the upper

bound). In [109] we proceed by an extra regularization in time. We will bypass
this argument here.

1. Time discretization of k¢ € MF. We note that since fol [ k§(x)%dpe *
pe(z)dt is finite, we can approximate kg(x) by
t—1tn

€,p _ €
kP () = K, () +

(sznﬂ(x) - szn (z)) forte [tnvtn+1[

for some time discretization 0 =ty <t; < ---t, =1 in such a way that

pP—00

Jim /O / (ke (2) — KEP(2))2 dpe % o)t = 0.
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Indeed, this is clearly true if ¢t — kf(z) is continuous (since kf(x) is uni-
formly bounded, see Lemma 13.15 so that bounded convergence theorem
applies) and then generalizes to all uniformly bounded field by density of
continuous functions in L2.

. Change of measure and convergence under the shifted probability measure.
We let PV:5:€ be the law with density

N T ] ] N N T )
k _ ex €1 i €/ 2
= P{VN;_l/O ki (A (2))dW; 5 ;_1/0 ki (AN (¢)) dt}

with respect to the law P%VA}(O) of the eigenvalues of X™:¢(t),t € [0,1]
(W being the d dimensional Brownian motion appearing in (12.1)) . By
Girsanov ’s theorem 20.21, since k{(z) is uniformly bounded, P-*:€ is the
law of

N
i _ €/\1 L 171
ANy _NZ: N()dt+k(/\ ())dt+\/Nth

with an N-dimensional Brownian motion W under PN:%-<. Applying It6’s
calculus and exactly the same argument than in Lemma 12.5 (we leave
this as an exercise, and note that it is important that k; is uniformly
bounded and continuous for all ¢ € [0,1]), we find that the limit point of
Ly(.) under PNV:k:€ are solution of (13.20) with k = k€ and o = pp * pe.
Hence, by Lemma 13.13,

Jim PNR (L () € B(pe % pu.,0)) =1 (13.27)
for all § > 0.
. Approzimating the shifted law. Because we did not regularize k€ in time,
+= log ANF is not necessarily a continuous function of Ly(.); indeed, we

cannot use It6’s calculus to transform Zfil fOT kf (A%, (t))dW{ into an in-
tegral over dt since t — kf may not be differentiable. To circumvent this
problem, we consider the law PV-*"+¢ corresponding to the discretized field
kP>, Then, since kP is continuoubly differentiable in time, if AV*" is the
density of PN€ with respect to PJY\ (0): We have

y€ € 1 € € ’
N2 logAN,kp = NQ (So’l(LN(')aKp’ )_ §<Kp’ 7Kp, >%117>

— N25" (L (), K7)

with K7 = [*__ kP“(y)dy. Hence, 5 log ANF"" is a smooth function of
Ln(.) since Kj pie and its time derivative are C*>° with uniformly bounded
derivatives. Therefore, for a fixed 0, we find a (e, p) vanishing as § goes
to zero for any p € N, such that
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PN76 (B(pe % Mad)) > efNQ(SO*l(pE*N,,Kp)Jrn(e,p))]PN,kp7e (B(pe % /1475))
(13.28)
To replace PV*"+¢ by PV-F+¢ and conclude, note that by Girsanov’s theorem
20.21, if Aky? = (k3P — k),

dPN R e 1

with the martingale (MY )g<s<1 given by
MY = VNS / AREP (XL (£)) AW
i=170

for an N-dimensional Brownian motion (W*);<;<y under PNk We have
PV (Blpes ., 8) 2 e NPV ({Ay 2 e N 0 Blpe s )
> ¢V (BYE(B(p ., 0)

—PYR({Ay < e NE 0 Bpe kg, 0)) )
(13.29)

Since & — kg (x) is uniformly Lipschitz, we find that on B(p. * u., 9),

N 1
W= | ko)

/0 / (AKEP(2)2dp, * pu(z)dt + O(6) = ofp. 6)

by our choice of k4P, and with o(p, d) = o(p) + 0(J) going to zero as p goes
to infinity and d to zero. Thus, we obtain that

PN:kie ({AN < 675N2} N B(pe * 'u.,d))
< PVRE(IMY < —(k — 0(6,p))N?} N B(pe * 1., 0))
< PNse (eﬂM{V —F ) s ewnfo(é,p))J—50<‘5”’”N2)

< e~ Ar—0(8.p) =2 o(6p) N2

for any A > 0. Hence, taking A = (k —0(d,p))/0(d, p) we conclude that for
any x > 0,

1
lim sup lim sup N2 log PN-F-e ({AN < eanQ} N B(pe * p., 5)) = —00.

§—0 N—oo
p— 00

(13.30)
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By (13.28), (13.29) and (13.27) we thus conclude that for x > 0, § small
enough and p large enough

1 _
1}\1,11 inf m 1OgPN)E (B(pe * U, 5)) 2 _So’l(pé * [, Kp) — K+ 0(€7pa 6)

(13.31)
with o(e, p, d) going to zero as p goes to infinity and § to zero. Finally, our

choice of kP¢ shows that

lim S%(pe * p., KP) = 8% (pe * p., K)

p—00
completing the proof of the lower bound by letting J going to zero, p going

to infinity and then s to zero.

e Large deviation lower bound for processes in AP. To deduce our result
for the case ¢ = 0, we proceed by exponential approximation. In fact, we have
the following lemma:

Lemma 13.17. Consider, for L € RT, the compact set K1, of P(R) given by
Kp = {p € P(R); p(log(z* +1)) < L}.

Then, on KN(Kp) = Neeo] {{Lne, € KL} N{Ln(t) € KL}}, with d the
Duddley distance (0.1),

d(Ln,e(), Ln () < f(N,€)

where
lim sup limsup f(N,€) = 0.

e—0 N—o00

Proof. Step 1: compactly supported measure approzimation. Write CN =
V€Cn with a matrix Cy whose spectral measure converges to a standard
Cauchy law. Denote by (c;)1<i<n the eigenvalues of C. For M > 0, we set

Bari={i: |eil > MY = {j1, , jisa| } -
Define

Cnom(i,i) = {0 otherwise.

Let
Xje\}M(t) = Hn(t) + Dy + VeUnCn mUy

and denote by Ly e a(t) its spectral measure. Then,
D(LN767M(')7LN(')) S EM.

In fact, for any continuously differentiable function f, any t € [0, 1],
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M (F) = Lve(f)]

/ —TI‘ (t) + Oz\/EUNCN,MUX])UNCN,MUN) do

< N |Cz|/ | ei, f'(Xn(t) + a/eUNCn U e |d04
1
2

§6M/O (%Tr(f/(XN(t)—FOzGON,M)Q)) dov.

Extending this inequality to Lipschitz functions, we deduce that

| [ fdlyeastt) = [ faLao)] < |flleed
which gives the desired estimate on D(aN¢M Ly ).

Step 2: small rank perturbation approxzmatzon On the compact set K, the
Duddley distance is equivalent to the distance

di(p,v) = sup ‘/fdv—/fdu‘~
Iflle<1.f1

| Bl
X5t = XMt +e > cjeel.

Write

Following Lidskii’s theorem (see (1.18)), we find that

4B |

di(Ln,e,m(t), Lne(t)) < ~

(13.32)

But Chebycheff’s inequality yields

B
']\Af' /1\1\>MchN( )

< oy "W st + ey

giving finally, according to condition (13.32), a finite constant C' such that

CL

di(Lne,m(t), Lne(t)) < m'

Now, since d; and d are equivalent on Ky, the proof of the lemma is complete.
O

We then can prove the following:
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Theorem 13.18. Assume that Lp, converges to up while

sup Lp, (z*) < oc.
NeN

Then, for any u. € A

TR
lim lim inf = log P (D(Ln (), 1) < 6) 2 =Sy (1.)-

6—0

so that for any open subset O € C([0,1], P(P(R))),
N | .
I%gfmlogP(LN(.) €0) > _OIR&SHD

Proof of Theorem 13.18. Following Lemma 13.10, we deduce that for any
M € RT, we can find Ly; € RT such that for any L > Ly,

sup P(KN(Kp)°) < e MV, (13.33)
0<e<1

Fix M > S, (1) +1 and L > Ly. Let 6 > 0 be given. Next, observe that
P. * p. converges weakly to u. as € goes to zero and choose consequently e
small enough so that D(P. *pu ,p.) < g. Then, write

P(Ln() € B(p.,0))
>P (D(LN(.),,LL.) < g,LN,E_ € B(Pe * U, g)vlcév(KL)>
> P (L € BE . G)) ~ U (KL

-P <D(LN,€(.), Ly() > g icgv(KL)) =1—-1I-1II.

(13.33) implies, up to terms of smaller order, that

II< e—Nz(SuD (m)+1)

Lemma 13.17 shows that II] = 0 for € small enough and N large, while
Corollary 13.16 implies that for any n > 0, N large and € > 0

—NZSpunp (Pexp)—Nn —N2Sup, (n)—N?n
I>e >e .

Theorem 13.18 is proved.
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Proof of Lemma 13.13. Following [55], we take f(z,t) := e* for some
A € Rin (13.20) and denote by £4(A\) = [ e***dv(z) the Fourier transform of
v v € MC([0,1], P(R)) implies that if & is the field associated with v,

ki(z) = Cy + / e ey (N)dA

with fol maxye 26|k (A)|2dt < C for a given € > 0. Then, we find that for
t€[0,1],

Li(N) = //E al)Ls((1 — a)N)dads o

t
+id / / Lo+ N)R(Y, s)dNds + i / L£.(\)Cads.
0 0

Multiplying both sides of this equality by e~ Tl gives, with £5(\) = e~ TA £, ()),

£ :cg(x)—% /O /O L5 (@A) LS (1 — a)\)dads

t t
+M/ /L;(A+A’)eiIA“'I*iIA‘k(A’,s)dx'ds+¢A/ L(N)Cyds.

0 0
(13.35)

Therefore, if v, 7' are two solutions with Fourier transforms £ and L respec-
tively and if we set A$(X) = |L£5(N) — L5(N)], we deduce from (13.35) that if
we denote Dy = supy g 2P |k(), s)|,

t 1 t
AS(N) < N2 / / A (aN)e =D N dads + | )| / AS(N)Cyds
0 0
t
_|_|)\|/ /AZ(A+/\/)Dsei|A+A’|_§\A|—e|)\"d>\/d8
0

41\ t
< 41 sup AS(N)ds + |)\|/ AS(N)Csds
€ Jo NN 0

+|>\|/ D[ sup AS(N) +2e" 1 ]/ei\k+,\/\7§\>\|76|/\'\d)\'ds

INM|<R

where R is any positive constant and we used that Af(A) < 2e~ %A, Consid-
ering Aj(R) = sup| /< A5(\'), we therefore obtain, since [A[+[\'[ > [A+ X,

t
AS(R) < E/ (DS+CS+4)A§(R)ds+2—e_ZR/ D.ds
0

€

By Gronwall’s lemma, we deduce that
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t
A5 (R) < 2567%1%/ D,e [ (DutCutd)du gy
€ 0

Now, since we assumed D? := [} D2ds < oo and C? := [ C2ds < oo,
fg(Ds + Cy)ds < (C + D)\/t, we have

Aj(R) < oL Do s R EICHD)Vitat]
€

Thus Af(cc) =0 for t < 7 = (szyl)P' By induction over the time, we
conclude that A¢(co) = 0 for any time ¢ < 1, and therefore that v = 7. O

Bibliographical notes. The previous large deviation estimates were proved
in [109]. Further analysis of the rate function was performed in [101], and of
related PDE questions in [5, 134, 142]. On less rigorous ground, we refer to
[146]. In particular, the rate function Sy, (u) is given as an infimum achieved
at the solution of a complex Burgers equation [101]. By completely different
techniques, Kenyon, Okounkov, Sheffield [128] obtained large deviation prin-
ciples for the law of the random surfaces given by dimers. Interestingly, the
limiting shapes are also described by the complex Burgers equation [127]. This
point may indicate that there is a link between random matrices and random
partitions at the level of large deviations, generalizing the well-known local
connection [17, 161].
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Asymptotics of
Harish—Chandra—Itzykson—Zuber integrals and
of Schur polynomials

Let YN8 be the random matrix DV 4+ X8 with a deterministic diagonal
matrix DY and XV# a Gaussian Wigner matrix. We now show how the devia-
tions of the law of the spectral measure of YV are related to the asymptotics
of the Harish—Chandra—Itzykson—Zuber (or spherical) integrals

IN(A,B) — /eNTr(AUBU*)dm?V(U)

where m]’i,(U) is the Haar measure on U(N) when 8 = 2 and O(N) when
B = 1.my will stand for m3%; to simplify the notations. Here, Iy (A, B) makes
sense for any A, B € M,,(C), but we shall consider asymptotics only when
A,B € H%) (C) (the extension of our results to non-self-adjoint matrices is
still open). To this end, we shall make the following hypothesis:

Assumption 1. 1. There exists d,,q, € RT such that for any integer number
N, Lp,({|z] > dmas}) = 0 and that Lp, converges weakly to up € P(R).
2. Lg, converges to ugr € P(R) while Lg, (2%) stays uniformly bounded.

Theorem 14.1. Under Assumption 1:
1) There exists a function g : [0,1] x RT RJF& depending on pg only,
such that g(6, L) —s_0 0 for any L € RT, and, for Ex, Ex such that

d(Lpy, 1) +d(Lgy, 1) < 0/2 (14.1)
and
/x2dLEN(x) +/x2dLEN(x) <L, (14.2)
and it holds that
I(ﬂ) D E
lim sup —zlcgw <g(8,L).
N—oo |N IN (DNvEN)

We define
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_ . 1
I (up, pp) = lim sup ~z log 1) (Dy, Ex)
NToo

P | 3
1(5)(,MD7,UE):h]{%logfmloglj(\/)(DN’EN)’

IO (up, pg) and I (up, pg) are continuous functions on {(pE,pp) €
PR)?: [2?dug(z) + [2*dup(z) < L} for any L < oo.

2) For any probability measure u € P(R),
P |
inf liminf — log P (d(Ly .5, 1) < 0)
1
= inf limsup N2 logP (d(Lyn~ g, 1) < 6)

0—0 Nooo

= —Jp(1p, ).

3) We let, for any u € P(R),

1 = § [ #aut@) = 5 [ [1ogle = slautorany).

If Lg, converges to pg € P(R) with Ig(ug) < oo, we have

ID(up, pr) == I (up, up) = I (up, ur)

. ﬂ/ 2
=— I — inf I £ .
Js(up, k) + Is(1e) panbe sw) +7 [ @7dup(z)

Before going any further, let us point out that these results give interesting
asymptotics for Schur polynomials that are defined as follows.

e A Young shape A is a finite sequence of non-negative integers (A1, Az, ..., A)
written in non-increasing order. One should think of it as a diagram whose
ith line is made of \; empty boxes: for example,

corresponds to Ay =4, Ao =4, A3 =3, A4 = 2.

We denote by [A| = >, A; the total number of boxes of the shape A.

In the sequel, when we have a shape A = (A1, A\g,...) and an integer N
greater than the number of lines of A\ having a strictly positive length,
we will define a sequence [ associated to A and NV, that is an N-tuple of
integers [; = A\; + N — ¢. In particular we have that [y >Ilo > ... > Iy >0
and 11 — ll’+1 > 1.



14 Asymptotics of Harish—-Chandra—Itzykson—Zuber integrals 227

e For some fixed N € N, a Young tableau will be any filling of the Young
shape with integers from 1 to N that is non-decreasing on each line and
(strictly) increasing on each column. For each such filling, we define the
content of a Young tableau as the N-tuple (u1,...,un) where p; is the
number of i’s written in the tableau.

1{1|2
For example, 2|3 is allowed (and has content (2,2, 2)),
ER
1[1]2]
whereas 13 is not.
3

Notice that, for N € N, a Young shape can be filled with integers from 1
to N if and only if A; =0 for ¢ > N.

e For a Young shape A and an integer IV, the Schur polynomial sy is an
element of Clz1, ...,z x] defined by

sx(xl,...,xN):Zx’l“...x%N, (14.3)
T

where the sum is taken over all Young tableaux T of fixed shape A and
(11, ..., pn) is the content of T. On a statistical point of view, one can
think of the filling as the heights of a surface sitting on the tableau A,
1; being the height of the surface at i. sy is then a generating function
for these heights when one considers the surfaces uniformly distributed
under the constraints prescribed for the filling. Note that sy is positive
whenever the x;’s are and, although it is not obvious from this definition
(cf. for example [175] for a proof), sy is a symmetric function of the x;’s
and actually (sx, A) form a basis of symmetric functions and hence play a
key role in representation theory of the symmetric group. If A is a matrix
in Mpy(C), then define s)(A) = sx(41,...,An), where the A;’s are the
eigenvalues of A. Then, by Weyl’s formula (cf. [204, Theorem 7.5.B]), for
any matrices V, W,

1
dy
with d) = 8)\(]) = Hi<j(li —lj)/ Hfi_ll ! with l; = \; —¢+ N. s can also

be seen as a generating function for the number of surfaces constructed on
the Young shape with prescribed level areas.

/ sx(UVU*W)dmy (U) = —sx(V)sx (W), (14.4)

The Schur function sy has a determinantal formula (cf. [175] and [98]);
det(; )1<i5<n

M=

with A(z) the Vandermonde determinant A(z) = [];_;(z;—x;). Since also the

spherical integral I ](\,2) has a determinantal expression for A = diag(aq,...,an)
and B = diag(by,...,bn),
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det(e®)1<; j<n

(2) _
WD) == T@am)

with A(A) = A(a), A(B) = A(a), we deduce

sx(M) =1 <logM ;f) A (%) %, (14.5)

where % denotes the diagonal matrix with entries N ~!(\; —i+ N). Therefore,
we have the following immediate corollary to Theorem 14.1:

Corollary 14.2. Let AV be a sequence of Young shapes and set Dy =
(N"YAN —i+N))1<i<n. We pick a sequence of Hermitian matrices (Ex)n>o
and assume that (D, En)nen satisfy hypothesis 1 and that X(up) > —oo.
Then,

hm N2 log s\~ (eFV)

1 ! 1
= 19, up) ~ 5 [ 1og [ / ew“la)yda] () y) + L ().
0

Proof of Theorem 14.1: To simplify, let us assume that Exn and EN are
uniformly bounded by a constant M. Let 6’ > 0 and {4;};c7 be a partition
of [=M, M] such that |A;| € [¢/,20'] and the end points of A; are continuity
points of ug. Define

Ij={i: Ex(ii) € A;}, I;={i: Ex(ii) € A;}.

By (14.1), ) .
lne(Az) = |LI/N|+ lne(A;) — ;] /N] < 6.

We construct a permutatlon on so that |E(ii) — E(on(i),on(i))| < 26 except
possibly for very few i’s as follows. First, if |I;| < |I;| then I; := I;, whether

if |I;| > |I;] then |I;| = |I | while I; C I;. Then, choose and fix a permutation
on such that on(I;) C I;. Then, one can check that if Jy = {i : |E(ii) —
E(on(i),on(i))| < 26},

ol > |Uj on (L) =D lon(Ij)] = N = |\
i i

_ - M

2 N —max;(|f;] = |;])|T| 2 N = 26N .

Next, note the invariance of I](f) (Dn, En) to permutations of the matrix
elements of Dy. That is,
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I (D, Ex) = /exp {N%Tr(UDNU*EN)} dmiy(U)

- / exp N%%:ukaN(kk)EN(ii) dm (V)

s

_ / exp{ NS w2 D (k) En (on (i)on (i) p dmfy (U).

ik
But, with dpax = maxg| Dy (kk)| bounded uniformly in N,

N1 Z u?kDN(kk’)EN(O'N (Z)O’N(Z))

ik
= N> ui Dy (kk)En(on (D)o (i)

i€cJo k

+NTY S uf D (kk)En(on (i)on (i)

i€Jo k

SN g Dy (kE)(En (id) + 20) 4+ N~ dinax M| T |

ik
. M?2§
S N—l Z U,lszN(kk)EN(ZZ) + dmaxT
ik

Hence, we obtain, taking dmax%f‘s =0,

I](VB) (DN7 EN) S eN\/gI](VB) (DN7 EN)

and the reverse inequality by symmetry. This proves the first point of the
theorem when (Ey, Ey) are uniformly bounded. The general case (which is
not much more complicated) is proved in [109] and follows from first approx-
imating Ey and Ey by bounded operators using (14.2).

The second and the third points are proved simultaneously: in fact, writing

P (d(Ly,p) <9)

1 — 22 T(Y N -DN)?) gy N8

:_ﬂ e
Zy Jd(Ly ,u)<é
—N8Tr(D32) N
- (D), D) BN a0) [T ax,
Zy d(x 0L, 6x; 1)< i=1

with Z}% the normalizing constant

78 = / o~ TN D)%) gy N6 / e~ FT( Y gy Vg
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we see that the first point gives, since I](\?)(D(/\)7 Dy) is approximately con-
stant on {d(N~1>"6x,, 1) < 8} N{d(Lpy,pup) < 8},

P (d(Ly,p) < 6)
NI P (upw) =4 Lpy (22))

Zﬁ/ ‘/d(zir S 65 m)<o

~
~

N
e SO A?A()\)ﬁ H d\;
i=1

= e—NT%LDN(IzHNZI(B)(uD,u)]p(d(LX,H) <6)

where Ay s =~ By,s means that N~2log ANJ;B;,}(; goes to zero as N goes to
infinity first and then § goes to zero.
The large deviation principle proved in the Chapter 10 shows 2) and 3). O

Note for 3) that if Ig(pg) = 400, J(up, tE) = 400 so that in this case
the result is empty since it leads to an indetermination. Still, if Ig(up) < oo,
by symmetry of (%), we obtain a formula by exchanging pp and pg. If both
Is(up) and I5(pg) are infinite, we can only argue, by continuity of (%), that
for any sequence (u%)e>o of probability measures with uniformly bounded
variance and finite entropy Iz converging to ug,

I (pp, pe) = lim {~Jg(up, uip) + I(uss)} — inf I + g /xQduD(x)-

A more explicit formula is not yet available.

Bibliographical notes. Note that the convergence of the spherical integral
is in fact not obvious and is given by the large deviation principle for the
law of the spectral measure of non-centered Wigner matrices. Such types of
convergence were shown to hold for more general integrals, but in a small-
parameters region, in [66].

Harish—Chandra—Itzykson—Zuber integral was studied intensively [49, 89,
210, 65]. Our approach is based on its relation with the large deviation prin-
ciple for the law of the Hermitian Brownian motion. A parallel approach
uses the heat kernel [146]. An important tool, when the integral holds over
the unitary group, is the use of the Harish—Chandra formula that expresses
this integral as a determinant [115, 116, 49]. The asymptotics of the Harish—
Chandra—Itzykson—Zuber integral when one of the matrices has a rank that
is negligible with respect to N were studied in [103, 67]; they are given by the
so-called R-transform.
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Asymptotics of some matrix integrals

We would like to consider integrals of more than one matrix. The simplest
interaction that one can think of is the quadratic one. Such an interaction
describes already several classical models in random-matrix theory; We refer
here to the works of M. Mehta, A. Matytsin, A. Migdal, V. Kazakov, P. Zinn
Justin and B. Eynard for instance. We list below a few models that were
studied.

The random Ising model on random graphs is described by the Gibbs
measure

1 - B
Mﬁing(dA7dB): 75 eNTr(AB)=NTr(P1(A)—NTr(P(B)  AdB

Ising

with Z }\;mg the partition function
I iy = /eNTr(AB)—NTr(Pl(A))—NTr(Pg(B))dAdB

and two polynomial functions Pj, P,. The limiting free energy for this
model was calculated by M. Mehta [153] in the case Pi(z) = Po(z) =
2?2 + gz* and integration holds over Hy. The limit was studied in [43].
However, the limiting spectral measures of A and B under uﬁmg were not
considered in these papers. A discussion about this problem can be found
in P. Zinn Justin [209].

One can also define the ¢ — 1 Potts model on random graphs described by
the Gibbs measure

y‘gotts (dA17 R qu)

q
_ 1 HeN’I‘r(AlAi)—NTr(Pi(Ai))dA‘efNTr(Pl(A1))dA1'
Z]Pyotts =2 '

The limiting spectral measures of (A, ..., A,) were first discussed in [80].
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e As a straightforward generalization, one can consider matrices coupled in
chain following S. Chadha, G. Mahoux and M. Mehta [60] given by
/Lé\;min (dAla ooy qu)
1 q
= % H eNTr(Ai—1 Ai)=NTe(Pi(A) g A o= NT(PL(AL) g A

chain j—9

q can eventually go to infinity as in [147].

The first-order asymptotics of these models can be studied thanks to the
control of spherical integrals obtained in the last chapter.

Theorem 15.1. Assume that P;(z) > c;z* + d; with ¢; > 0 and some finite
constants d;. Hereafter, 8 = 1 (resp. 3 = 2, resp. § = 4) when dA denotes
the Lebesgue measure on Sy (resp. Hy, resp. Hy with N even). Then, with

Cc = ianEP(R) Iﬂ (l/),

Flsing = ngnoo N2 log ZIsnLg
— —inf {M(P) (@) = 1) - 5500 - 550 | - 2e15.)
Fpotts = 1 N2 IOg ZPotts

NIQ

= —inf{Z/%( i) Zf(ﬁ) (11, pi) Z }—QC (15.2)
i=1 i=1

Forain = hm —logZ

chain

q

= —inf {Z wi(P;) — ZI(B)(/% 15 14i)
i=1

=2

MIQ

i }—q0153)

Remark 6. (1) The above theorem actually extends to polynomial functions
going to infinity like 22. However, the case of quadratic polynomials is trivial
since it boils down to the Gaussian case and therefore the next interesting case
is the quartic polynomial as above. Moreover, Theorem 15.2 fails in the case
where P, @ go to infinity only like z2. However, all our proofs would extend
easily for any continuous functions P/s such that P;(x) > al|z|**€ + b with
some a > 0 and € > 0.

(2) Note that we did not assume here that potentials are small perturba-
tions of the Gaussian potential as in Part III.

(3)The above free energies are not very explicit and not easy to analyze.
To give a taste of the kind of information we have been able to establish so
far, we state below a result about the Ising model.
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Proof of Theorem 15.1. It is enough to notice that, when diagonalizing the
matrices A;’s, the interaction in the models under consideration is expressed in
terms of spherical integrals since, under dA, A = UD oU*, with D, diagonal,
U independent from D4 following the Haar measure on U(N) when 8 = 2
and O(N) when § =1, so that

E[eNTHAB) | \i (4), ... A\ (B),1<i<N]= I](Vﬁ)(AN,BN).

Laplace’s (or saddle point) method then gives the result (up to the bound-
edness of the matrices A;’s in the spherical integrals,that can be obtained by
approximation). We shall not detail it here and refer the reader to [101]. O

We shall then study the variational problems for the above energies; in-
deed, by standard large deviation considerations, it is clear that the spectral
measures of the matrices (A;)1<;<q will concentrate on the set of the minimiz-
ers defining the free energies, and in particular converge to these minimizers
when they are unique. We prove in [101] the following for the Ising model.

Theorem 15.2. Assume Pi(x) > azx* +b, Py(x) > az* +b for some positive
constant a. Then:

(0) The infimum in Freng is achieved at a unique couple (pa,pun) of
probability measures.

(1) (La,Lp) converges almost surely to (pa, up)-

(2) (na,pup) are compactly supported with finite non-commutative entropy

() = [ [ogle ~ yldu(e)duto).
(3) There exists a couple (pA—B, uA~B) of measurable functions on R x
(0,1) such that pf~B(x)dx is a probability measure on R for all t € (0,1)
and (pa, pg, pA~ B, uA=B) are characterized uniquely as the minimizer of a
strictly convex function under a linear constraint.

In particular, (pA~8,uA=B) are solution of the Euler equation for isen-
tropic flow with negative pressure p(p) = —%2;)3 such that, for all (x,t) in the
interior of 2 = {(x,t) € R x [0,1]; pA~B () # 0},

(ot 0ot <

2 15.4
(A= Pup=F) 1 0, (pA—B(up=B) — = (pp=Byry =g 15

with the probability measure p{—B (x)dx weakly converging to pa(dx) (resp.

up(dz)) ast goes to zero (resp. one). Moreover, we have
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For the other models, uniqueness of the minimizers is not always clear.
For instance, we obtain uniqueness of the minimizers for the g-Potts models
only for ¢ < 2, whereas it is also expected for ¢ = 3 (when the potential is
convex, uniqueness is, however, always true, see [106]). For the description of
these minimizers, I refer the reader to [101].
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15.1 Enumeration of maps from matrix models

As we have seen in Part I1I, the enumeration of maps with one color is related
with matrix integrals of the form

ZtN — /e_NTr(Vt(X))dMN(X)

with Vg = Yo, t;x* a polynomial function depending on parameters t =
(t1,--+ ,tn). When n is even and ¢, > 0, the above matrix integral is finite
and we can apply the results of Theorem 10.1 to see that

Jim oz = sup){ [ [1oete = viauterntn) - [ Vet -

HEP(R

By Lemma 10.2, there is a unique optimizer u¢ to the above supremum and
it is characterized by the fact that there exists a constant £ such that

L= —2/log |z — yldue (y) + Vi(z) + =2 pg as. (15.5)

2 pg everywhere.  (15.6)

N = N~

(< —2/10g|a: —yldus(y) + Vi(x) +

The large deviation principle of Theorem 10.1 as well as the uniqueness of the
minimizers assert that under the Gibbs measure

A (X) = (2) e VIO N (x)

Ly converges almost surely towards py. Assume now that there exists ¢ > 0
such that V4 is c-convex. Then, if the parameters (¢;)1<;<n are small enough,
Theorem 8.4 and Corollary 8.6 assert that the limit py is also a generating
function for planar maps;

()"
palet) = 3 [T

keNm 4=1

with My (2P) the number of planar maps with k; stars of type z* and one star
of type xP.

Let us show how to deduce formulae for My (zP) when V;(z) = tz* from
the above large deviation result, i.e., count quadrangulations and recover the
result of Tutte [194] from the matrix-model approach. The analysis below is
inspired from [32]. As can be guessed, formulae become more complicated as
V& becomes more complex (see [72] for a more general treatment).

To find an explicit formula for p¢ from (15.5) and (15.6), let us observe first
that differentiating (15.5) (or using directly the Schwinger—Dyson’s equation)
and integrating with respect to (z — x) ~tdu¢(z) gives
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Gue(2)? = —4t(ay + 2%) — 1 + 42°Gue(2) + 2Gue(2)

with Gug(z) = [(z — ) 'due(x), 2 € C\R and o, = [ 2?dpe(z). Solving this
equation yields

1
Gui(z) = 3 (47523 42 — /(4123 + 2)2 — 4(4t(ay + 22) + 1))
where we have chosen the solution so that Gug(z) ~ 27! as |z| — oco. The
square root is chosen as the analytic continuation in C\R™ of the square root
on RT. Recall that if p. is the Cauchy law with parameter ¢ > 0, for z € R,

~3(Gula+i0) = [ g dinly) = mp s )

Hence, if —3(Gpue(z + i€)) converges as € decreases towards zero, its limit is
the density of u¢. Thus, we in fact have

% = —% leig)l% (\/(4t(33 +i€)3 + (z +i€))2 — 4(4t(oy + (x + i€)2) + 1)) .

To analyze this limit, we write
(423 + 2)? — 4(4t(as + 2%) + 1) = (41)2(2% — a1) (2% — a2) (2% — a3)

for some a1, a2,a3 € C. Note that since Gy is analytic on C\R, either we
have a double root and a real non-negative root, or three real non-negative
roots. We now argue that when V; is convex, a; = az and a3 € RT. In fact,
the function

fz):= —2/log 2 — y|due (y) + Ve(z) + %xQ

is strictly convex on R\support(ut) and it is continuous at the boundaries
of the support of uy since puy as a bounded density. Since f equals ¢ on the
support of u¢ and is greater or equal to £ outside, we deduce that if there is a
hole in the support of pt, f must also be constant equal to ¢ on this hole. This
contradicts the strict convexity of f outside the support. Hence, the support
S of py must be an interval and Gug must be analytic outside S. Thus, we
must have a; = az :=b € Rand a3 := a € RT and S = [—+/a, ++/a]. Plugging
back this equality gives the system of equations

1 9 1 1 9 19
a—|—2b:—§, —2ba+b :E_¥7 4t“ab :—(4t01t+1)7
which has a unique solution (a,b) € Rt x R, which in turn prescribes oy
uniquely. Thus, we now have

d —
%(x) = Ct]_[_\/a,\/a] (xz — b) a — fE2

ct_l:/ (xQ—b)\/a,—xQda::ﬂ- [E—b}.
[—Va,va]

2911
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In particular, this expression allows us to write all moments of ¢ in terms of
Catalan numbers since

va
/x2pdut(x) = ct/ 2% (2? — b)\/a — 22dx

-V
4 P 2 _blz*Pdo(x
= @ /[ax ba*P do ()
4 p
= m(a/‘l) [aCpi1 — bCy]

where we finally used Property 1.11. Thus, we have found exact formulae for
M((a*, k), (2P,1)).

Remark. Note that the connectivity argument for the support of the opti-
mizing measure is valid for any c-convex potential, ¢ > 0. It was shown in
[72] that the optimal measure has always the form, in the small-parameters

region,
dug(x) = ch(z)\/(x — a1)(az — x)dx

with h a polynomial. However, as the degree of V; grows, the equations for
the parameters of h become more and more complicated.

15.2 Enumeration of colored maps from matrix models

In the context of colored maps, exact computations are much more scarce.
However, for the Ising model, some results can again be obtained (it corre-
sponds to maps with colored vertices of a given degree, say p, corresponding
to monomials Vi(A) = AP and Va(B) = BP) that can be glued together
by a bi-colored straight line (corresponding to the monomial AB). For the
Ising model with quartic polynomial (the case p = 4), M. Mehta [152] ob-
tained an explicit expression for the free energy corresponding to the potential
V (A, B) = Vising(A,B) = —cAB + Vi (A) + Va(B) when Vi = Vo = (g/4)x*.
The corresponding results for the enumeration of colored quadrangulation was
recently recovered by M. Bousquet-Melou and G. Scheaffer. Let us emphasize
that there is a general approach also based on Schwinger—Dyson equations
that should allow us to understand these results, see B. Eynard [87]. The
remark is that by the Schwinger-Dyson equation we know that the limiting
state u¢ satisfies

1t (Wi (A) — B)P) = g ® 1t (94 P),

e (W3(B) — A)P) = pg ® 1t (Op P).
Taking P = P(A) = (x — A)~! in the second equation and P(A, B) =

(z_lA) (Wé(%’;:‘g)é(B)) we find that if
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E(x,y) = (y — Wi(z))(x = W3(y)) + 1 — Q(z,y)

with

(W)~ W) Wat) WD)
o) = (G ).

E(z,Wi(z) — Gua(x)) =0

where Gua(r) = pg((x — A)~'). Hence, as for one-matrix models, Gua is
solution to an algebraic equation, with some unknown coefficients yu(A*B7)
with 4, j smaller are equal to the degree of W] (resp. W3) minus one. The large
deviations theorem 15.1 should now show us (but we have not yet been able
to prove it) that for small enough parameters, the support of p4 and up are
connected. Connectivity of the support was in fact proved by using dynamics
in a general convex potential setting, including the Ising model, in [106]. This
information should also prescribe uniquely the solution.

Bibliographical notes. The question of enumerating maps was first tack-
led by Tutte [194, 193, 192] who enumerated rooted planar triangulations and
quadrangulations (see, e.g., E. Bender and E. Canfield [29] for generaliza-
tions). In general, the equations obtained by Tutte’s approach are not exactly
solvable; their analysis was the subject of subsequent developments (see [97]).
Because this last problem is in general difficult, a bijective approach was de-
veloped after the work of Cori and Vauquelin [69] and Schaeffer’s thesis (see
e.g [176]). It was shown that planar triangulations and quadrangulations can
be encoded by labeled trees, which are much easier to count. This idea proved
to be very fruitful in many respects and was generalized in many ways [24, 46].
It allows us not only to study the number of maps but also part of their ge-
ometry; P. Chassaing and G. Schaeffer [62] could prove that the diameter of
uniformly distributed quadrangulations with n vertices behaves like ni. This
in particular allowed a limiting object for random planar maps to be defined
[135, 144]. Such results seem out of reach of random-matrix techniques. The
case of planar bi-colored maps related to the so-called Ising model on ran-
dom planar graphs could also be studied [44]. However, there are still many
several-colors problems that could be solved by using random matrices but not
on a direct combinatorial approach, see e.g the Potts model [80], the dually
weighted graph model [124, 102].



Part VI
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Free probability is a probability theory for non-commutative variables. In this
field, random variables are usually bounded operators on a Hilbert space. The
law of a self-adjoint operator T' is given as the evaluation (({,T7"())n>0 of
its moments in the direction of a fixed vector ¢ of this Hilbert space. Large
N x N matrices can be seen to fit in this framework as bounded operators
on the Hilbert space CV equipped for instance with the Euclidean scalar
product. We will see in fact that free probability is the right framework to
consider random matrices as their size goes to infinity.

For the sake of completeness, but actually not needed for our purpose,
we shall recall some notions of operator algebras. We shall then describe
free probability as a probability theory on non-commutative functionals (a
point of view that forgets the space of realizations of the laws) equipped with
the notion of freeness that generalizes the idea of independence to this non-
commutative setting. We will then focus on large random matrices and show
that their asymptotics are related with freeness. In particular, independent
Wigner’s matrices converge to free semi-circular operators and the Hermitian
Brownian motion converges to the free Brownian motion. Conversely, large
random matrices can be seen as an approximation to a large class of (and
maybe all) operators. In particular, ideas from classical probability, once ap-
plied to large random matrices, can be imported to operator algebra theory
via such an approximating scheme. In this part, we shall emphasize the uses
of stochastic dynamics, as applied to the Hermitian and the free Brownian
motions, to obtain large deviations estimates and study free entropies.
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Free probability setting

16.1 A few notions about algebras and tracial states

Definition 16.1. A C*-algebra (A, *) is a complex algebra equipped with an
involution * and a norm ||.||4 such that A is complete for the norm | - || a
and, for any X,Y € A,

XY N4 < IXNa YLy 11X a4 = 1X]las (XX 4= X%

X € A is self-adjoint iff X* = X. Ay, denote the set of self-adjoint elements
of A. A C*-algebra (A, x) is unital if it contains a neutral element I.

A can always be realized as a sub-C*-algebra of the space B(H ) of bounded
linear operators on a Hilbert space H. For instance, if A is a unital C*-algebra
furnished with a positive linear form 7, one can always construct such a Hilbert
space H by completing and separating L?(7) (this is the Gelfand-Neumark—
Segal construction, see [186, Theorem 2.2.1]). We shall restrict ourselves to
this case in the sequel and denote by H a Hilbert space equipped with a scalar
product (.,.)p such that A C B(H).

Definition 16.2. If A is a sub-C*-algebra of B(H), A is a von Neumann
algebra iff it is closed for the weak topology, genmerated by the semi-norms

{pen(X) =(XEm)u,E,ne Hy.

Let us notice that by definition, a von Neumann algebra contains only
bounded operators. The theory nevertheless allows us to consider unbounded
operators thanks to the notion of affiliated operators. A densely defined self-
adjoint operator X on H is said to be affiliated to A iff for any Borel function
f on the spectrum of X, f(X) € A (see [167, p.164]). Here, f(X) is well
defined for any operator X as the operator with the same eigenvectors as X
and eigenvalues given by the image of those of X by the map f. Murray and
von Neumann have proved that if X and Y are affiliated with A, aX 4 bY is
also affiliated with A for any a,b € C.
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A state 7 on a unital von Neumann algebra (A, *) is a linear form on A
such that 7(As,) C R and:
1. Positivity 7(AA*) >0, for any A € A.
2. Total mass 7(I) = 1.

A tracial state satisfies the additional hypothesis:

3. Traciality 7(AB) = 7(BA) for any A, B € A.

The couple (A, 7) of a von Neumann algebra equipped with a state 7 is
called a W*- probability space.

Exercise 16.3. 1. Letn € N, and consider A = M, (C) as the set of bounded
linear operators on C™. For any v € C", (v,v)cn = Y iy |vil? = [[v]|E&. =
L,
To(M) = (v, Mv)cn

is a state. There is a unique tracial state on M, (C) that is the normalized
trace

1 1 &
(M) == M.
nr( ) n;

2. Let (X, X,du) be a classical probability space. Then A = L*>®(X, X, du)
equipped with the expectation 7(f) = [ fdu is a (non-)commutative proba-
bility space. Here, L™ (X, X, dp) is identified with the set of bounded linear
operators on the Hilbert space H obtained by separating L*(X, X, du) (by
the equivalence relation f ~ g iff u((f — g)?) = 0). The identification
follows from the multiplication operator M(f)g = fg. Observe that A is
weakly closed for the semi-norms ({f,.g)u, f,g € L*(1)) as L>=(X, X, dp)
is the dual of LY (X, X, du).

3. Let G be a discrete group, and (ep)nec be a basis of (2(G). Let A(h)e, =
eng. Then, we take A to be the von Neumann algebra generated by the
linear span of MNG). The (tracial) state is the linear form such that
T(A(g)) = lg=c (e = neutral element).

We refer to [200] for further examples and details.

The notion of law 7x, . x, of m operators (Xi,...,X,,) in a W*-
probability space (A, 7) is simply given by the restriction of the trace 7 to the
algebra generated by (X1, ..., X,,), that is by the values

TXl,...,Xm(P) = T(P(Xl,...,Xm)), Pe (C<X1,Xm>

where C(X7,...X,,) denotes the set of polynomial functions of m non-
commutative variables.
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16.2 Space of laws of m non-commutative self-adjoint
variables

Following the above description, laws of m non-commutative self-adjoint vari-
ables can be seen as elements of the set M (™ of linear forms 7 on the set
of polynomial functions of m non-commutative variables C(X1,...X,,) fur-
nished with the involution

(Xiy Xip - X5,)" = X5, .

infl :
and such that:

1. Positivity 7(PP*) >0, for any P € C(X1,... Xnm),
2. Traciality 7(PQ) = 7(QP) for any P,Q € C(X4,...Xn),
3. Total mass 7(I) = 1.

This point of view is identical to the previous one. Indeed, by the Gelfand—
Neumark-Segal construction, being given p € M ™), we can construct a W*-
probability space (A, 7) and operators (X7, ..., X,,) such that

B=TX o X (16.1)

This construction can be summarized as follows. Consider the bilinear form
on C(X7i,...X,,)? given by

<P7Q>T = T(PQ*)
We let H be the Hilbert space obtained as follows. We set

12(r) = C(xr, . xy

1
to be the completion of C(X71,...X,,) for the norm ||.||; = (.,.)2. We then
separate L?(7) by taking the quotient by the left ideal

L, ={F e I*r): ||F||. = 0}.

Then H = L?(7)/L, is a Hilbert space with scalar product {(.,.),. The non-
commutative polynomials C(X7,...X,,) act by left multiplication on L?(7)
and we can consider the completion of these multiplication operators for the
semi-norms {(P,.Q)y; P,Q € L?(7)}, which forms a von Neumann algebra A
equipped with a tracial state 7 satisfying (16.1). In this sense, we can think
about A as the set of bounded measurable functions L*°(7). The topology
under consideration is usually in free probability the C{X71, ... X,,)-* topology
that is {7xp . xn fnen converges to 7x, . x,, iff for every P € C(Xy,... Xp),

.....

lirn TX{l,uwX,’;”L (P) = ’7'_)(1’”,7)(m (P)

n—oo
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If (X7,..., X )nen are non-commutative variables whose law TXp,..,Xn CON-
verges to Tx,, .. x,., then we shall also say that (X7,..., X} )nen converges
in law (or in distribution) to (X7i,..., X,).

Such a topology is reasonable when one deals with uniformly bounded
non-commutative variables. In fact, if we consider for R € RT,

M = e M (XY < RP, WpeN, 1<i<m},

then M%n), equipped with this C(X7, ... X,,)-* topology, is a Polish space (i.e
a complete metric space). In fact, M%n) is compact by the Banach—Alaoglu
theorem. A distance is for instance given by

Apv) = Y e n(Pa) — v(P)

n>0

where {P,}nen is a dense sequence of polynomials with operator norm
bounded by one when evaluated at any set of self-adjoint operators with op-
erator norms bounded by R.

This notion is the generalization of laws of m real-valued variables bounded
by a given finite constant R, in which case the C(X1, ... X,,)-* topology driven
by polynomial functions is the same as the standard weak topology. Actually,
it is not hard to check that Mg) = P(|—R, R]). However, it may be useful to
consider more general topologies, compatible with the existence of unbounded
operators, as might be encountered for instance when considering the devi-
ations of large random matrices. One way to do that is to change the set
of test functions (as one does in the case m = 1 where bounded continuous
test functions are often chosen to define the standard weak topology). In [55],
the set of test functions was chosen to be the complex vector space CCZ; (C)
generated by the Stieltjes functionals

— m -1
ST™(C) = H <z1 - ZO&“M) ; 2z €C\R,af €QneN
1<i<n k=1

(16.2)
where [[~ denotes the non-commutative product. It can be checked easily
that, with such type of test functions, M (™ is again a Polish space.

A particular important example of non-commutative laws is given by the
empirical distribution of matrices.

Definition 16.4. Let N € N and consider m Hermitian matrices AY,---,
AN € HR with spectral radius ||AN||oo < R, 1 <i < m. Then, the empirical
distribution of the matrices (AY ..., AN) is given by

) m

1
Ly an(P):= ~ (P(AY,...,AD)), VPeC(Xy, - Xp).
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Exercise 16.5. Show that L 4~
commutative laws. Moreover, if (AN ..., AN)nen is a sequence such that

AN 15 an element of the set M%n) of non-

.....

ax(P) =7(P), VP eC(X1, - Xp),

~~~~~~

show that T € ./\/l%n).
It is actually a long-standing question posed by A. Connes to know whether
all 7 € MU can be approzimated in such a way. In the case m = 1, the

question amounts to asking if for all u € P([—R, R]), there exists a sequence
(AN, A\ ven such that

1
This is well known to be true by the Birkhoff’s theorem (which is based on
the Krein—-Milman theorem), but still an open question when m > 2.

Bibliographical Notes. Introductory notes to free probability can be
found in [200, 203, 118, 202]. Basics on operator algebra theory are taken
from [167, 83].
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Freeness

In this chapter we first define freeness as a non-commutative analog of in-
dependence. We then show how independent matrices, as their size goes to
infinity, converge to free variables.

17.1 Definition of freeness

Free probability is not only a theory of probability for non-commutative vari-
ables; it contains also the central notion of freeness, that is, the analog of
independence in standard probability.

Definition 17.1. The variables (X1,...,Xm) and (Y1,...,Y,) are said to be
free iff for any (P;, Qi)1<i<p € (C{(X1,..., Xpm) x C(X1,...,Xn))",

| I PXes o X)Qi(Ya, ., Ya) | =0 (17.1)

1<i<p
as soon as
F(P(X1, o X)) =0, 7(Qi(Yi,....Y,)) =0, Vie{l,...p}

More generally, let (A, ¢) be a non-commutative probability space and consider
unital subalgebras Ay, ..., Ay C A. Then, Aq,..., Ay are free if and only if
for any (a1,...,a,) € A, a; € Ay,

¢(a[l...an) :0
as soon as i; # ij41 for 1 <j<n-—1and ¢(a;) =0 forallie {1,...,n—1}.

Observe that the assumption that 7(Q,(Y1,...,Ys)) = 0 can be removed by
linearity.
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Remark 17.2. (1) The notion of freeness defines uniquely the law of
{X1,. ., X, Y1,..., Y0}

once the laws of (X1,...,Xm) and (Y1,...,Y,) are given (in fact, check that
every expectation of any polynomial is given uniquely by induction over the
degree of this polynomial).

(2) If X and Y are free variables with joint law 7, and P,Q € C(X)
such that 7(P(X)) = 0 and 7(Q(Y)) = 0, it is clear that 7(P(X)Q(Y)) =0
as it should for independent variables, but also T(P(X)Q(Y)P(X)Q(Y)) =0
which is very different from what happens with usual independent commutative
variables where p(P(X)Q(Y)P(X)Q(Y)) = u(P(X)2Q(Y)?) > 0.

(8)The above notion of freeness is related with the usual notion of freeness
in groups as follows. Let (x1,...,Tm,Y1,---,Yn) be elements of a group. Then,
(X1,...,Tm) 48 said to be free from (yi,...,yn) if any non-trivial words in
these elements is not the neutral element of the group, i.e., that for every
monomials Py,..., P, € C(X1,..., X)) and Q1,...,Qr € C(Xy,..., X,),
P (2)Q1(y)Pa(z) - - Qr(y) is not the neutral element as soon as the Qi(y)
and the P;(x) are not the neutral element. If we consider, following example
16.3.3), the map that is one on trivial words and zero otherwise and extend
it by linearity to polynomials, we see that this defines a tracial state on the
operators of left multiplication by the elements of the group and that the two
notions of freeness coincide.

(4) We shall see below that examples of free variables naturally show up
when considering random matrices with size going to infinity.

17.2 Asymptotic freeness

Definition 17.3. Let (X{,..., X N)n>o0 and (Y, ..., Y,N)N>0 be two fam-
ilies of N x N random Hermitian matrices on a probability space ({2, P).
(XN, XN s and (Y], ..., Y,N)Nso are asymptotically free almost surely
(respectively in expectation) iff Ly~ xn yn, . yn(Q) (respectively

E[Lx~ ..xxy vy~ ..y~(Q)]) converges for all polynomial @ to 7(Q) and T sat-

isfies (17.1).
We claim that:

Lemma 17.4. Let (X{,..., XN)nen be m independent matrices taken from
the GUE. Then, (X,..., XN nen and (XY)yen are asymptotically free
almost surely (and in expectation).

Proof. By Theorem 8.4 with V' =0, Lyy . x~ converges almost surely and in
expectation as N goes to infinity. Moreover, the limit satisfies the Schwinger—
Dyson equation SD|0]

T(X;P) =17 ®71(0; P).
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We check by induction over the degree of P that SD[0] implies (17.1). Indeed,
(17.1) is true if the total degree of R = [[ PiQ; is one by definition. Let us
assume this relation is true for any monomial R = [[ P;Q; of degree less
than k with 7(P;(X1,...,X;m—1)) = 0 and 7(Q; (X)) = 0 except possibly
for the first P;. If now R’ = X, R for some ¢ < m — 1, the Schwinger-Dyson
equation SD[0] gives

T(R)= Y 7(R)7(Ry)

R=R1X;R>

where R; and Ry are polynomials of degree less than k so that all monomials in
Ry are centered, except possibly the first one. Thus, 7(R2) = 0 by induction
unless Ry = 1 in which case 7(R;) vanishes since by traciality it can be
written as 7(P{R}) with R} an alternated product of centered monomials.
Hence, 7(R’) = 0. We can prove similarly that 7(X,, [[ Q;P;) vanishes.
This proves the induction. O

We next show that Lemma 17.4 can be generalized to laws that are invari-
ant by multiplication by unitary matrices. Assume that the algebra generated
by (AN, AN)n>o is closed under the involution * and that the operator
norm of the matrix A% is bounded independently of N. Finally, suppose that

Jm Ty g =
Let U, ..., UXY be m independent unitary matrices, independent of the Aﬁv’s,
following the Haar measure on U (V). Then:

Theorem 17.5. {AN}1<i<pm and {UY, (UN) "' i<i<m are asymptotically free
almost surely and in expectation. Moreover, the variables {U}N, (UN) "' i<i<m
are asymptotically free almost surely with limit law T such that T(U]") = 1,—¢

for alln € Z. In particular, (UiAiUfl)lgigm are free variables under 7.

Exercise 17.6. FExtend the theorem to the case where the Haar measure on
U(N) is replaced by the Haar measure on O(N) Hint: extend the proof below.

The proof we shall provide here follows the change of variable trick that
we used to analyze matrix models. It can be found in [199] (and is taken, in
the form below, from a work with B. Collins and E. Maurel Segala [66]).

Proof. 1. Corresponding Schwinger—Dyson equation. We denote by m the
Haar measure on Y (N). By definition, m y is invariant under left multipli-
cation by a unitary matrix. In particular, if P € C(A;,U;, U; 1,1 < i < m),
we have for all kl € {1,..., N},

at/(P(Ai,etBiUi,U;‘e*tBi))kl dmy(Uy)---dmy(Uy) =0

for any antihermitian matrices B; (B} = —B;). Taking B; null except for
1 =19 and B;, null except at the entries ¢gr and rq, we find that
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/[aiop]kr,ql(Au Ui, Ui )dmn (Ur) - - - dmy (Up) = 0

with 0; the derivative that obeys Leibniz’s rule

so that
8¢Uj = lj:in ® 1, 61U; = —lj:il X U; (173)

and [A ® Blgrq := AgrBg. Taking k = r and ¢ = [ and summing over
r,q gives

E L~y un Ny 1<icm ® Lany un vy 1<i<m (0iP)| = 0.

Observe that Ly~ y~ (y~)« 1<i<m (£) is a Lipschitz function of the unitary
matrices {U}, (UN)*}1<i<p, with uniformly bounded constant since we
assumed that the AN’s are uniformly bounded for the operator norm.

Thus, we can use the concentration result of Theorem 6.16 to deduce that
for all P € C(A;,U;, U1, 1 <i <m)

A}EDOOE[LA§V7U5V7(U5V)*,1gigm] QE[Lay y~ Ny 1<i<m](0:P) = 0. (17.4)
Observe that E[L,~ yn~ (y~)1<i<m) can be identified with the non-
commutative law of self-adjoint variables E[L v v~ wn 1<i<pm] Where
VN = UN + (UN)* and WY = (UYN — (UYN)*)/v/—1 up to an obvious
change of variables. If A denotes a uniform bound on the spectral ra-
dius of the {A) }1<i<m, E[Lax v~ wn 1<i<n) belongs to the compact set

MSC;). Thus, we can consider limit points of E[L 4~ v~ yw~ j<icp], and
therefore of E[L g~ y~ (yNy« 1<i<pm]- If 7 is such a limit point, we deduce
from (17.4) that it must satisfy the Schwinger—Dyson equation

T ®7(9;P) =0 (17.5)

for alli € {1,...,m} and P € C{4,;,U,, U[l, 1 < ¢ < m). Note here that
we can bypass the concentration argument by using the change of vari-
able trick that shows that the above equation is satisfied almost surely
asymptotically (see [66]).

Uniqueness of the solution to (17.5).

Let T be a tracial solution to (17.5) and P be a monomial. Note that
if P depends only on the A4;’s, 7(P) = u(P) is uniquely determined. If
P belongs to C(A;,U;,U; 1 <i <m)\C(4;,1 <i <m), we can always
write 7(P) = 7(QU;) or 7(P) = 7(U; Q) for some monomial Q. Let us
consider the first case (the second can then be deduced from the fact that

7(U;7'Q) = 7(Q*U;)). Then, we have
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and so (17.5) gives

T(QU;) = -7 7(0;Q x 1 Uy)

== Z T(Q1Ui)7(Q2U;) + Z T(Q1)7(Q2)
Q=Q1U;Q2 Q=Q1UQ2

where we used 7(U; 'QaU;) = 7(Q2) by traciality. Each term in the
above right-hand side is the expectation under 7 of a polynomial of de-
gree strictly smaller in U; and Ui_1 than QU;. Hence, this relation defines
uniquely 7 by induction.

. The solution is the law of free variables. It is enough to show by the previ-
ous point that if the algebra generated by {U;, U[l, 1 <i < m}isfree from
the Als, then the corresponding tracial state on C(A;, U;, U{l, 1<i<m)
satisfies (17.5). So take P = UﬁlBl'-~UZ;”Bp with some Bpy’s in the
algebra generated by (A4;,1 < i < m). We wish to show that for all
ie{l,...,m},

JI u(&P) =0.

By linearity, it is enough to prove this equality when p(B;) = 0 for all j.
Using repeatedly (17.2) and (17.3), we find that

Ny
oP= Y > U"Bi- B U @U" 'B---U"B,

kiig=1,mn>0 =1

nk—l
— > D UMBi- B U QUM B U B,

kitp=1,n<0 =0

Taking the expectation on both sides, since u(U}) = 0 and u(B;) = 0
for all ¢ # 0 and j, we see that freeness implies that the right-hand side
vanishes (recall here that in the definition of freeness, two consecutive
elements have to be in free algebras but the first and the last element
can be in the same algebra). Thus, p ® p(0;P) vanishes, which proves the
claim.

The last point of the theorem is a direct consequence of the asymptotic
freeness of the algebra which implies that for all B; € C(4;,1 <i <m)
such that u(B;) = 7(U;B;U; ) =0

7(B1U;, BoU; ' Bs -+~ U ) = 0

and therefore (UN AN (UN)~1)1<;<m are asymptotically free.
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17.3 The combinatorics of freeness

It is a natural question to wonder, if a, b are two free bounded variables in a
non-commutative probability space, what is the law of their sum a + b or of
their product ab. The study of this question is the object of this section. We
restrict ourselves to bounded variables.

17.3.1 Free cumulants

In practice, the notion of cumulants often appears to be easier to work with
to compute laws than the direct use of (17.1). We recall below the definition
of free cumulants that is based on non-crossing partitions.

Definition 17.7. ¢ A partition of a the set S :={1,...,n} is a decomposi-
tion
W:{Vl,...,‘/r}

of S into disjoint and non empty sets V;.

o The set of all partitions of S is denoted by P(S), and for short by P(n) if
S:={1,...,n}.

o The V;,1 < i < r, are called the blocks of the partition and we say that
p ~x q if p,q belong to the same block of the partition .

The central result of this section is that freeness is related with non-crossing
partitions:

Definition 17.8. ¢ A partition m of {1,...,n} is said to be crossing if there
erists 1 < p1 < q1 < p2 < g2 < n with

P1 ~r P2 Pr Q1 ~r G2

It is non- crossing otherwise.
The set of non-crossing partitions of {1,...,n} is denoted by NC(n).
We let < be the partial order on NC(n); if m,n7’ € NC(n), = < ' iff
every block of  is included into a block of ©'. For this partial order, Oy, :=
{(1),...,(n)} (resp. 1 := {(1,...,n)}) is the“smallest” (resp. “largest”)
element of NC(n).

o We write NC(S1) = NC(S2) iff S1 and Sz have the same number of
elements.

A pictural description of non-crossing versus crossing partitions was given
in Figure 1.4. In practice, the following recursive definition of non-crossing
partition shall be used.

Property 17.9. A partition m of S = {1,...,n} is non-crossing iff there is at
least one block V' of 7 that is an interval (i.e., of the form {p,p+1,...,p+q}
for some ¢ > 0 and 1 < p < p+q < n) and the restriction of m to S\V is
NON-Crossing.
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Proof. If 7 is non-crossing, we consider the block V' that contains 1. If it is
an interval, we are done, and otherwise we consider a block S” in S\V that is
contained in between the first and the last elements of V' (here, elements of a
block are ordered) and whose first element is the smaller between the possible
choices of S’. Since the restriction of 7 to this block is non-crossing, we can
reiterate this procedure. Since the cardinality of elements of S’ is strictly less
than the cardinality of S, the iteration of this decomposition will lead us to a
block W of the partition that is of the form {p,p+1,...,p + ¢} with ¢ > 0.
Moreover, the restriction of 7w to S\W is non-crossing. Reciprocally, since the
restriction of 7 to an interval is non-crossing and we assumed 7 non-crossing
once restricted to S\V, 7 is non-crossing. ad

Definition 17.10. Let (A, ¢) be a non-commutative probability space. The
free cumulants are defined as a collection of multi-linear functionals

kn: A" - C (neN)

by the following system of equations:

olay - -ay) = Z kr(at,...,an)
)

TeENC(n
with, if 7 = (Va,..., V;) with V; = {vi, - ,...,vlii}forlgigr,
kr(ay, ... an) = ki (@, a0 ki (a2, a2 ) ki (aops . aop ).
1 2 s

Observe that the above system of equations is implicit but defines uniquely
the cumulants k,, since

kn(at,...,an) =¢(ar---an) — Z kre(ai,...,an)
neli(li(n)

where the last term in the right-hand side only depends on (k;,I < n —1).
This last definition of k,, also shows its existence by induction over n (remark
that k. is multilinear).

Example 17.11. ¢ n =1, k1(a1) = ¢(a1).
o n=2, ¢(araz) = k2(a1,az) + k1(a1)ki(az) and so

ko(ay,az) = ¢(araz) — ¢(a1)o(az).
e n =3,

k3(a1,az,a3) = ¢(arazaz) — ¢(a1)d(azas) — ¢(aiaz)d(az)
— ¢(araz)d(as) + 2¢(a1)p(az)p(as).
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We now turn to the description of freeness in terms of cumulants.

Theorem 17.12. Let (A, ¢) be a non-commutative probability space and con-
sider unital subalgebras Ay, ..., Am C A. Then, Ay,..., A, are free if and
only if for all n > 2 and for all a; € Aj;y with 1 < j(1),...,5(n) <m,

kn(at,...,an) =0 if there exists 1 < I,k < n with j(I) # j(k). (17.6)

Observe here that the description of freeness by cumulants does not require
any centering of the variables; all the questions of centering concern only the
cumulant k1. In fact, we have:

Property 17.13. Let (A, $) be a non-commutative probability space and
ai,...,a, be elements of A. Assume n > 2. If there is ¢ € {1,...,n} so
that a; = 1, then

kn(a1,...,a,) =0.

As a consequence, for n > 2, any ay,...,a, € A,
kn(ala ey an) = kn(al - ¢(a1)7 as — (b(a?)a ey A — (b(an))

Proof. We prove this result by induction over n > 2. First, for n = 2 we
have, since k1(a) = ¢(a)

p(araz) = k2(a1,az2) + ¢(a1)d(az)

and so if a1 = 1, we deduce, since ¢(1) = 1, that

(]5(0,2) = (b(].ag) = kg(al, ag) + ¢(a2) = kg(al, ag) =0.

The same argument holds when as = 1. Let us assume that for p < n — 1,
kp(a1,...,ap) = 0 if one of the a, is the neutral element. Consider the step n
with a; = 1. Then

dlar - an) =kn(ar,...,an) + Z kre(ai,...,an) (17.7)

rENC(n)
1y

where by our induction hypothesis all the partitions 7 in the above sum where
the element ¢ is not a block of the partition do not contribute. But then

Z kﬂ(al,...,an): Z kﬂ(a,l,...,ai_l,ai_,_l,...,an)

TENC(n) TENC(n—1)
1y

= ¢(ar - Ai_1aip1 - an) = dlar - an)

which proves k,(a1,...,a,) = 0 with (17.7). O
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Proof of Theorem 17.12. Assume that the cumulants vanish when evalu-
ated at elements of different algebras Ay, ..., A, and consider, for a; € Aj;),

$((a1 — P(ar)) -+ (an — dlan))) = > kelar,...,an).
)

TeNC(n

By our hypothesis, k; vanishes as soon as a block of 7w contains p,q €
{1,...,n} so that j(p) # j(q). Therefore, if we assume j(p) # j(p+1), we see
that the contribution in the above sum comes from partitions © whose blocks
cannot contain two nearest neighbors {p, p+1}. By Property 17.9, this implies
that m contains an interval of the form V = {p}. But then k. also vanishes
since k1 = 0 by centering of the variables. Therefore, if for 1 < p < n -1

J(p) #jp+1), we get
#((a1 — ¢(a1)) -+ (an — d(an))) =0,

that is ¢ satisfies (17.1).

Reciprocally, let us assume that ¢ satisfies (17.1). We prove that (17.6)
is satisfied by induction over n. It is clear for n = 2 since then we saw that
ka(ar,a2) = ¢d(araz) — ¢(a1)g(as). Let us assume it is true for p < n — 1,
n > 3.

We first prove that k,(a1,...,a,) = 0 when a; € Aj;,1 < i < n
with j(i) # j(i +1) for all 1 < 4 < n — 1. Indeed, for any 7 € NC(n),
m # 1p, kr will vanish as soon as it contains two nearest neighbors by
our induction hypothesis. But again by property 17.9, this implies that
7 contains a singleton. Thus kr(a1 — ¢(a1),...,an — &(a,)) = 0 since
k1(a; — ¢(a;)) = 0 and since also ¢p((a1 —¢(a1)) - - - (an — ¢(an)) vanish, we de-
duce that ky (a1 —¢(a1), ..., an—d(ayn)) vanishes. Since k,, does not depend on

the centering by the previous property, we have shown that k,,(a1,...,a,) =0
when j(i) #j(i+ 1) forall 1 <i<n-—1, j(n) # j(1).
To prove that k,(ai,...,a,) vanishes as soon as a couple of a;’s belong

to different subalgebras, we shall show how to come back to the situation of
alternating moments by the next lemma.

Lemma 17.14. Consider n > 2, a1,...,a, € A and 1 <p <n—1. Then,

knfl(ala <oy Op—1,ApQp41, Qp42, - - - an)
=kn(a1, - ap, Gpy1,...,an)
+ E kr(ar,...,ap, apyi, ..., an)
TENC(n)

fr=2,ptrp+1

where im = 2 means that ™ has exactly two blocks.

We complete the proof of the theorem before proving the lemma. We have
a; € Ajqy with some j(1) # j(p). If j(p) # j(p+1) forall 1 <p <n —1 then
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we are done by the previous consideration. Otherwise, there is a p so that
jp) =j(p+1). We can then use Lemma 17.14 to reduce the number of vari-
ables. By our induction hypothesis kn_1(a1,- - ,@p—1,0paps1,aps2,. .., 0n)
vanishes, but also kr(a1,...,ap, apt1,...,0yn) since m decomposes into two
blocks of size strictly smaller than n, one of which containing an element of
a subalgebra free with A;(,y. Therefore, k, (a1, --ap,apt1,...,a,) vanishes
and the theorem is proved. ]

Proof of Lemma 17.14. Again, we prove it by induction over n. For n = 2,
the equality reads

ki(aiaz2) = ka(a1,az) + ki(a1)ki(a2) € ka(ai,a2) = ¢p(ara2) — ¢(ar)p(az)

that we have already seen. We thus assume the equality true for p < n —1 for
some n > 3. For m € NC(n), let us denote by m|,=,+1 the partition obtained
by identifying p and p+ 1, namely if 7 = {V4,..., V. } withp e V;,p+1 €V,

Tlp=p+1 = {V1,..., V; UVI\{p+1},...,V;.}.

Note that 7|p=p+1 € NC(n —1). In terms of such a partition, the equality of
the lemma can be restated as

k1, c(a1,...,apQps1, ..., 0n) = E kr(Q1, ..., Qp, Qpt1,-.-,an)
TENC(n)
Tlp=p+1=1ln—1

Since we assumed that this equality is true for [ < n, we deduce that for any
o € NC(n —1), 0 # 1,1 so that the block containing apap4+1 has length
strictly smaller than n — 1,

kv(a’la"'va’pa’p-‘rlv"'aa’n): E kﬂ'(alv"'aapva’p-‘rlv"'aan)'
*ENC(n)
Tlp=p+1=7

Therefore, we have

k1, . (a1,...,6p—1, QpGpt1,Qpt2,s .., 0n)
=¢(ay - ap) — Z ko(ai,...,apapt1,...,an)
oceNC(n—1)
o£lp

=¢(ar---ap) — Z Z kr(a1,...,Gp, Qpt1,y ..., 0n)

cENC(n—1) =ENC(n)
oFlp_1  Tlp=pt1=0

Z ko(ai,...,an) — Z kr(at,...,an)

c€NC(n) TeENC(n)
Tlp=p+1#Lln—1

= Z ko(ay,...,an)

cENC(n)
lp=p+1=1n—1
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which proves the claim. O

Bibliographical notes. This section followed quite closely R. Speicher
[185]. Note that in classical probability, camulants play also a similar role but
then partition can be crossing (e.g., Shiryaev [178, p. 290]).

We next exhibit a consequence of free independence, namely free harmonic
analysis. The problem of interest is to determine the law of a+b when a, b are
free. Since the law of (a,b) with a,b free is uniquely determined by the laws
te of a and py of b, the law of their sum is a function of u, and u; denoted
by ua,ub. There are several approaches to the problem; we shall present
the combinatorial approach based on free cumulants and refer the interested
reader to [159] for more details.

17.3.2 Free additive convolution

Definition 17.15. Let a,b be two operators in a non-commutative probability
space (A, P) with law g, py Tespectively. If a,b are free, the law of a + b is

denoted by ,uaub.

We write for short k,(a) = ky(a,...,a) as the nth cumulant of the variable
a.

Lemma 17.16. Let a,b be two bounded operators in a non-commutative prob-
ability space (A, @). If a and b are free, for alln > 1

Fn(a + b) = En(a) + k(D).

Proof. The result is obvious for n = 1 by linearity of k. Moreover, for all
n > 2, by multilinearity of the cumulants,

kn(a+b) = > kn(era+ (1 —e)b,....ena+ (1 - €)b) = kn(a) + kn(D)
Ei:(),l
where the second line is a direct consequence of Theorem 17.12. a

As a consequence, let us define the following generating function of cumu-
lants:

Definition 17.17. For a bounded operator a the formal power series

R.(2) = Z knt1(a)z™

n>0

is called the R-transform of the law i, of the operator a. We also write R, :=
R, since R only depends on the law .

Then, the R-transform is to free probability what the log-Fourier transform
is to classical probability in the sense that it is linear for free convolution.
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Corollary 17.18. Let a,b be two bounded operators in a non-commutative
probability space (A, ). If a and b are free,

Riytpv=Ro+ Ry & Ruaub = Rua + Rub'

We next provide a more tractable definition of the R-transform in terms of
the Cauchy transform. Suppose that p : C[X] — C is a distribution with all
moments. Then we may define G, as the formal series

Gu(z) = Z p(X™)z= (17.8)
n>0

Let K, (z) be the formal inverse of G, i.e., G,,(K,(z)) = z. The formal power
series expansion of K, is

1 oo
K, (z) = 2 + Z Cp2" L.
n=1

Then, we shall prove the following:

Lemma 17.19. Let pu be a compactly supported probability measure. For all
n €N, Cp = kyy1. Therefore, R, (z) = K,(z) —1/z.

Proof. To prove this lemma, we compare the generating function of the cu-
mulants as the formal power series

Co(z) =1+ Z kn(a)z"
n=1
and the generating function of the moments as the formal power series
M,(z) =1+ Z mp(a)z™
n=1
with my,(a) := p(a™). Then, we shall prove that
Cu(zMy(2)) = Ma(2). (17.9)
The rest of the proof is pure algebra since
Go(2) = G, (2) = 27 " Mu(271), Ra(2) = 271 (Cu(2) — 1)
then gives Cy(Gq4(2)) = 2G4(z) and so by composition by K,

2R (2) + 1 = Cu(2) = 2K4(2).

This equality is formal and only proves k1 = C,. We thus need to derive
(17.9). To do so, we show that
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my(a) = Z Z ks(a)mg, (a)---my, (a). (17.10)

s=1 i1,..., ig€{0,1-- ,n—s}
i1+ Fis=n—s

Once (17.10) holds, (17.9) follows readily since

M, (z) =1+ Z 2"mp(a)
n=1
=142 S k@zm @ m (0)2
n=1s=1 i1,...,is€{0,1-- ,n—s}

i14-Fis=n—s

=14+ ki(2)z* <Z zimi(a)> = Co(2My(2)).
s=1 1=0

To prove (17.10), recall that by definition of the cumulants,

my(a) = Z kr(a).

TeNC(n)

Let 1 = {Vi1,...,V.} € NC(n) be given, and let us fix its first block
Vi = (L,vg,...,vs) with s = |V4| € {1,...,n}. Being given Vi, since 7 is
non-crossing, we see that for any I € {2,...,r}, there exists k € {1,...,s} so
that the elements of V; lies between vy and vgy1. Here vs11 = n + 1 by con-
vention. This means that m decomposes into V; and at most s other partitions

71,...,7Ts. Therefore
kr = ksks, - kx,.

If we denote by i, the number of elements in 7g, we thus have proved that

Y okia) Y kala)---ka(a)

FRLENC(iy),
i1+ tis=n—s

= Z ks (a’) Z miy (CL) IR (a’)

i14-Fis=n—s
i, >0

mp(a)

where we used again the relation between cumulants and moments. The proof

is thus complete. a
Example 17.20. Let v, = o(x)dx be the standard semicircle, and note
that Gy, (z2) = =8, (2). We saw in Corollary 1.12 that G,,(1/y/z) =

(1 — 1 —42)/2y/z. Thus, G, (z) = (2222 —4)/2, and the correct choice
of the branch of the square-root, dictated by the fact that Sz > 0 implies
SGy, (2) < 0, leads to the formula
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Thus,

Ky, (2) — VK7, (2) — 4

2

with solution K, (z) = z~1 + z. In particular, the R-transform of the semi-
circle is the linear function z, and summing two (freely independent) semi-
circles yields again a semicircle with a different variance. Indeed, repeating
the computation above, the R-transform of a semicircle with support [—a, &
(or equivalently with covariance o/2) is oz/2. Note here that the linear-
ity of the R-transform is equivalent to k,(a) = 0 except if n = 2, and
ko(a) = /2 = ¢(a?).

Exercise 17.21. Let i = £(641 + 6_1). Then, G,(2) = (22 — 1)1z and

V1+422 -1
2z '

z =

Ru(z) =

Show that ,u is absolutely continuous with respect to the Lebesque measure
and with density const./v/4 — x2.

Bibliographical notes. In these notes, we only considered the R-transform
as formal series. It is, however, possible to see it as an analytic function once
restricted to an appropriate subset of the complex plane. The study of multi-
plicative convolution can be performed similarly, see, e.g., [159]. This section
closely follows the lecture notes of Roland Speicher [185]. Lots of refinements
of the relation between free cumulants and freeness can be found for instance
in the book by Nica and Speicher [159]. Here, we only considered free convolu-
tion of bounded operators; the generalization holds for unbounded operators
and can be found in [30]. Our last example is a particularly simple example
of infinite divisibility; the theory of free infinite divisibility parallels the clas-
sical one (in particular, a Levy—Khitchine formula does exist to characterize
them) (see cf. [30],[20]). Related with free convolution come natural questions
such as the regularizing effect of free convolution. A detailed study of free
convolution by a semi-circular variable was done by P. Biane [34].
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Free entropy

Free entropy was defined by Voiculescu as a generalization of classical entropy
to the non-commutative context. There are several definitions of free entropy;
we shall concentrate on two of them. The first is the so-called microstates
entropy that measures a volume of matrices with empirical distribution ap-
proximating a given law. The second, called the microstates-free entropy, is
defined via a non-commutative version of Fisher information. The classical
analog of these definitions is, on one hand, the definition of the entropy of a
measure /. as the volume of points whose empirical distribution approximates
t, and, on the other hand, the well-known entropy [ Z_Z log ‘;—gd;v. In this clas-
sical setting, Sanov’s theorem shows that these two entropies are equal. The
free analog statement is still open but we shall give in this section bounds to
compare the microstates and the microstates-free entropies. The ideas come
from [55, 56, 37] but we shall try to simplify the proof to hopefully make it
more accessible to non-probabilists (the original proof uses Malliavin calculus
but we shall here give an elementary version of the few properties of Malli-
avin calculus we need). In the following, we consider only laws of self-adjoint
variables (i.e., Af = A; for 1 <i < m). We do not lose generality since any
operator can be decomposed as the sum of two self-adjoint operators.

Definition 18.1. Let 1 € M™. Let R€ R*, ¢ > 0 and k, N € N. We then
define the microstate

I'n(t;e,k,R) ={A1,....,Ap, € HY : | Ailloc < R,

LAy, (X - X)) —7(Xgy - X
for alli; € {1,...,m},p < k}.

) <e

ip —

We then define the microstates entropy of T) by

: . 1 m
x(7) = hnolLsup lim sup N2 log 3™ (I'y (73 €,k, L)) .
Thn ™ Nmoee
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Remark 18.2. ¢ Voiculescu’s original definition Xoriginal of the entropy
consists in taking the Lebesque measure over HY} rather than the Gaussian
measure ﬂ%m, However, both definitions are equivalent up to a quadratic
weight since as soon as k > 2, the Gaussian weight is almost constant on
a small microstate. Hence, we have (see [56])

1 m
x(1) = Xom'gmal(T) 3 7(X7) —me
i=1

with

: 1 —NTyr(A? 1 2

c= A}Enoo mlog/HN e 2144 = Mesg]iaR) {E(,u) - §u(x )} .

e [t was proved by Belinschi and Bercovici [23] that in the definition of X,
one does not need to take L going to infinity but rather any L fized greater
than R if T € M. For the same reason, x can be defined as the asymptotic
volume of I'n(T; €, k,00).

o The classical analog is, if v is the standard Gaussian law, to take a prob-
ability measure p on R and define, if d is a distance on P(R) compatible
with the weak topology,

€—00 N—

N
1 1
— 1 ; QN
S(p) = lim sup lim sup NE log v (d(N ;:1 Oy 1) < e) .

the main difference is here that we take bounded continuous test functions,
instead of polynomials, and so do not need the cutoff N;{||Aillcc < L}. We
shall later on also adopt this point of view in the proofs, to avoid dealing
with the cutoff.

e It is an open problem whether one can replace the limsup by a liminf in
the definition of x without changing its value. This question can be seen to
be equivalent to the convergence of N2 log fHAiHOOSR eTr@Tr(V)d,u%m as N

goes to infinity for any polynomial V in C(X4,..., Xm>®2 and all R € RT
large enough (see Property 18.3).

Hereafter, when no confusion is possible, LN will write for short L Ar,e A,
with Aq,..., A,, generic Hermitian N x N matrices.
There is a dual definition to the microstates entropy x, namely:

Property 18.3. Let F € C(X1,..., X)) ® C(X1,...,Xm) and define, for
L € R*, its Legendre transform by

. 1 27 N o N m
Ap(F) :h]{]nsupmlog/ VLT BLTE) g S
—oo lAilloo <L

Then, if T € M} is such that x(1) > —oo, for any L > R,
x(1) = i%f{—T RT(F)+ AL(F)}.



18 Free entropy 265
Proof. Clearly, for all F € C(X1,..., X)) @ C(Xy,..., Xn),

®m (I'n(7;€,k,L))
271 N N 27 N N
—,UN (1FN(T€kL) N2LNQLN(F)-N2LNgQL (F))

5 21 N N
S e_N (T®T(F)+§(F75))M%m (1FN(T;€7]<;7L)€N L7 QL (F)) (18.1)

< efNQ(T®T(F)+6(F7E))M%m (1maxi||Ai||oo§LeN2LN®LN(F)) (182)

where we assumed in (18.1) that & is larger than the degree of all monomials
in F so that §(F,¢) goes to zero with e. Taking the logarithm and the large
N limit and then the small € limit (together with the remark of Belinschi and
Bercovici) we conclude that for L sufficiently large,

xX(1) < =7 7(F) + AL(F),

which gives the upper bound by optimizing over F. For the lower bound,
remark that we basically need to show that the inequalities in (18.1) and
(18.2) are almost equalities on the large deviation scale for some F. The
candidate for F' will be given as a multiple of

k m
F::Zm—i—l Z X, —1(X, - X3,))
(=1 1 yeeyio=1
@ (X - Xi, — 7(Xa, -+ X3,))

so that

k m

1@ u(F Zm+1 Z (M(Xu'-'Xu)—T(Xn---XQ))Q,
=1 i1,..0p=1

Note that for matrices bounded by L, Ay,..., Ay € I'n(7,¢,k, L) if
0<La, 4, ®La, _a,(F)<(m+1)7F

so that for all L > 0, if we set Fiy := LY @ LY(F),

hrrolhmsup e log/LN (I'n(T;€,k,L))
> hlrglhmsup — logu ™ (max;||Ailloo < L, Fn <€).
€ N—o00

But, since Fy > 0, for any v > 0,
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N2
pS™ (max; || Aillco < L, Fy <€) > ™ (1maxi”AiHm§L,FN§ee L FN)

_ . ®m —~vN2?F @m —~yNZ2F,
= Uy (1maxi|\AiHm§Le K N)—NN (1maxi|\Ai|\m§L,FN>ee TN

= Iy —I%

For the first term, for any €, k" and L we have

1 2 1§ (Ui e ™) 2 N OO G (I (rid K, L),

Therefore, for L large enough (but finite according to [23])
limsup — log I, > x(7) > —oc.
N—o00 N
On the other hand, 1%, < e~ 7Ne g negligible with respect to I if ye > —x(7).
Thus, we conclude by (18.3) that

hmhmsup N2 log u§™ (I'zv (T3 €, k, L)) > limsup — log I, = A (—+F)

N—o0 N—oo NQ
(18.4)
and therefore that, with G = —~vF,
hlmhmsup N 1og,uN (I'n(t;6,k, L)) > -7 7(G) + AL(G)
N—oo
> i%f{—T QT(F)+ AL(F)}.
We finally take the limit k, L going to infinity to conclude. O

Remark 18.4. In the classical case, it is enough to take a linear function of
LY. This in particular implies that the rate function (corresponding to —x) is
convez. This cannot be the case in the non-commutative case since Voiculescu
(see [198]) proved that if x(11) > —o0 and x(12) > —o0, x(am + (1 —a)2) =
—oo for all a €]0,1[.

Let us now introduce the microstates-free entropy. Its definition is based
on the notion of free Fisher information which is given, for a tracial state 7,
by

—22 sup {T®T(aip)—%T(P2)}

7 PEC(X1,...Xpm)

with 0; the non-commutative derivative defined in section 7.2.2. Then, we
define the microstates-free entropy x* by

* 1 ! *
X"(1) = _5/0 PHT t(l—t)S)dt

with S an m-dimensional semicircular law, free from X.
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Theorem 18.5. There exists x** < 0 so that for all T € M,

X(7) < x(7) < x*(7).

Remark 18.6. Many questions around microstates-free entropy remain open
and important. It would be very interesting to show that the limsup in its
definition can be replaced by liminf. The two bounds above still hold in fact
if we perform this change. It would be great to prove that x = x* at least on
X < 00. It is not clear at all that x** = x* in general (since this amounts to
saying that any law can be achieved (at least approximatively) as the marginal
at time one of a very smooth process) but should be expected for instance for
laws such as those encountered in Part III).

The idea is to try to compute the Legendre transforms Ao (F) for F in
C{Xq,... ,Xm>®2. However, this is not easy directly. We shall follow a stan-
dard path of thoughts in large deviation theory and consider the problem in
a bigger space; namely instead of random Wigner matrices, we shall consider
Hermitian Brownian motions (which, at time one, have the same law than
Gaussian Wigner matrices) and generalize the ideas of Part V to the multi-
matrix setting. We then study the deviations of the empirical distributions of
m independent Hermitian Brownian motions. It is simply defined as a linear
form on the set of polynomials of the indeterminates (XZJJ ,1 < j < n) for
any choices of times (¢;,1 < j < n). It might be possible to argue that we
can use the polynomial topology, but it is in fact easier to use a topology of
bounded functions at this point, since it is easier for us to estimate Laplace
transforms without cutoff, a cutoff that is necessary in general to insure that
the polynomial topology is good. The space of test functions we shall use is
the set of Stieltjes functionals as introduced in (16.2). To go from processes
with continuous-time parameters to finite-time marginals, a standard way is
to consider continuous processes and to make sure that large deviations hold
in this space of continuous processes. A final point is that changing the topol-
ogy (from polynomials to Stieltjes functionals) does not change the entropy of
laws in M7, as was proved in Lemma 7.1 of [37]. We next describe the setting
of continuous processes and show how Laplace transforms of time marginals
can be computed.

1. Space of laws of continuous processes. We let F be the space of functions
on processes indexed by ¢ € [0, 1] such that F' € F iff there exists n € N,
t1,. .o tn € 10,1 i1,..., i, € {1,...,m}™ and S € ST"(C) such that

F(XY. . X™) =T(X, ..., Xim).

ST"(C) contains the multiplicative neutral element 1 for all n € N and is
equipped with the involution

*

i m i m
II G=> aixn™] = ] &G-D_efxi)!
1<i<p k=1 p<i<l k=1
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and so F is equipped with its natural extension.
We let MP be the subset of linear forms 7 on F such that

T(FG)=71(GF) 7(FF*)>0 7(1)=1.

We endow M? with its weak topology. M is a metric space; a distance
can for instance be given in the spirit of Levy’s distance

d(r,v) = 3 g 7 (Pe) — (o)

k>0

with P a countable family of uniformly bounded functions dense in F
(for instance by restricting the parameters o] to take rational values, as
well as the complex parameters). ‘

Note that if we restrict 7 € M¥ to F = (z — >1" | 0y X{’) " with some
fixed a; but varying z, then this retriction is a linear form on the set
of functionals (z — .)~',z € C\R. By the GNS construction, since 7 is
a tracial state, Y = 7" | o; X{' can be seen as the law of a self-adjoint
operator on a C*-algebra. Therefore, 7|y can be seen as a positive measure
on the real line (by Riesz’s theorem). Since we also have 7(1) = 1, 7|y
is a probability measure on the real line, it is the spectral measure of Y.
Note in particular that for every 7 € MF, any z € C\R and o;; € R

n —1
(- 5)
=1

T

oo

oy o
n -1 n -1 an

— 1 _ v i 5 _ Y Ji

—nh_{go (| | 2 E a; X} z E a; X} )
i=1 i=1

<

S(2)I

Hence, by non-commutative Holder inequality Theorem 19.5, for all 7 €
MP all z; € C\R, all of € R,

— m
_ 1

T e e s 1 ey
1<i<p k=1 1<i<p ¢

We let ML be the set of laws of continuous processes, i.e., the set of
7 € MFP such that forall, n € N, iy, ...,i, € {1,...,m}*and T € ST"(C)
such that ‘ ‘

tiyeeostn €10,1]" — 7 (T(X[, ..., X))

is continuous. Note that for all n € N, ST™(C) is countable, and therefore
by the Arzela—Ascoli theorem, compact subsets of ML are for example
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P . 7, Ty, 7,Tp p
0”20 mPZO {T € Mc . sup maxi1,~~~,in|ft1,...,tn - 51,...7sn| S en
[ti—si|<np

with £ = 7 (Tu(X}, ..., X;")), {Tu}nen is some sequence that is
dense in the countable space U,>0ST™(C), and €?, goes to zero as p goes
to infinity for all n while n; > 0.

We let LY be the element of M? given, for F' € F, by
1
LE(F) = x Te(F(HL, ..., HY)

with Hy,..., H¥ m independent Hermitian Brownian motions (and de-
note Py the law of one Hermitian Brownian motion).
. Exponential tightness. We next prove:

Lemma 18.7. For all L € R, there exists a compact set K(L) of MF
such that

1
lim sup N2 log P (LE € IC(L)C) < —L.

N —o0

Proof. Note that for all 7 € ST™(C), all T € M?T,
T (T(XD, .. X)) — 7 (T(X2, ..., X))
no ol
= Z/ daT(aiT(aXtill +(1- a)X;}, ceey
j=1""
aXjr+ (1= ) XEHX, — XY))da
n 1 v ‘
= Z/ T(ajT(Oélel +(1-a)Xg,. ..,
=170
aXjr+ (1 - a)XEHXy - XY))da
= Z/ T(DjT(aXZ; +(1-a)X, ...,
j=1"0
aXir+ (1= a)Xi) x (X)) = X)) da

with 0; (resp. D;) the non-commutative derivative (resp. cyclic derivative)
with respect to the jth variable (see Section 7.2.2). Now, DjT(othil1 +
(1—a)Xi,.. .,ozXZ: + (1 — @)X belongs to F for any a € [0,1] and
is therefore uniformly bounded (independently of o and 7). Thus, there
exists a finite constant ¢, that depends only on T such that

I (DX, X)) =7 (T(XE, X)) | < e (X — X)),
=1
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By the characterization of the compact sets of MZ | it is therefore enough
to show that for all L > 0 and € > 0, there exists 7 > 0 such that

1
Py | sup —Tr((Hn(t) — Hy(s)?) > e | <e VL.
0LaZich

But

1
Py sup —Tr((Hn(t) — HN(S))2) > ¢
i)

2 1
< W®N sup m Z ((BU (t) — Bij(s))2) > €
dd Y acigeN
< e_NzeAW(exsupo‘;gthq (Bi (0= Bi; (5))* N?

where W is the Wiener law. Using the fact (see [137, theorem 4.1]) that
there exists o > 0 such that

W(ea67% SUP|;_s|<s |B(t)—B(3)|) < 00

we see that we can take above \ = an*% to conclude that if 677’% > L,

1
Py sup —Tr((Hy(t) — Hy(s))?) > €] < e~ NI (L+C)
[t—s|<n
0<s<i<1

for some finite constant C. O

3. Statement of the large deviation result for processes. According to Lemma
18.7, the rate function for a large deviation principle for the law of LK
under PY™ has to be infinite outside M. For 7 € ML, we let 7 be

the law of (X!, + S , 0, € {1,...,m},0 < s < t) with X with

law 7, and S an m-dimensional free Brownian motion, free with X. For

F(X' .., X™) =T (X, — X4g,--- Xy, — Xy,_,) € F with T € STP™(C),

0<tyg<ty- <ty <1landse]|0,1], we let

p
DF(X',.., X™) = Lt ) DiT
=1

where D; is the cyclic gradient with respect to the ith variable (it is m
dimensional). Finally, for 7 € M we let 7(.|B5) be the L?(7) projection
over the algebra B, generated by the set Fy of functions of F that only
depend on X, u < s:
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7(r(P|Bs)Q) = 7(PQ) VP e F,VQ € Fs.
Then we have

Theorem 18.8. a) The law of LY, under Pﬁz,’m satisfies a large deviation

upper bound for the weak F-topology in the scale N? with good rate
function

I(7) = sup sup {Tt(F)—TO(F)—%/O T[|TS(D5F|BS)|2]ds}.

tel0,1] FeF

b) If I(1) < oo, there exists a map s — K € L*(Fs, 7)™ such that
i infper [ 7[|7(DsF|Bs) — K||?]ds = 0.
ii. For any P € F any t € [0, 1]

t
Tt (F) :TO(F)+/ 7(75(DsF|Bs).K)ds. (18.5)
0
Moreover, we then have

1
1) =5 [ rlE.IPas

¢) When the infimum in b. i) above is achieved (i.e., there exists F' € F
such that Ky = 7%(DsF|Bs)), T is uniquely determined by (18.5) and
18 the strong solution of the free stochastic differential equation

dX, = dS, + K,(X)dt.

d) If T is such that the infimum in b.i) above is achieved, the large devi-
ation lower bound is also given by I(7), i.e

1
lim inf Jim inf = log P{™ (d(LK,7) <€) > —I(7)

e—=0 N-—ooo
where d is a Levy distance compatible with the weak F-topology.
If we now use the contraction principle we deduce:

Corollary 18.9. The law of LV = Ly~ 1,y ) under PX™ satisfies a
large deviation upper bound with rate function

X (1) = —inf{1(7)37’\x117...,xr = p}
and a large deviation lower bound with rate function

x(p) = =inf{I(1);7lx1, . xp = s

T 18 such that the infimum in b. i) is achieved }
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To complete the proof and identify x* with Voiculescu’s original definition,
one can use an abstract argument (cf. [56]) to see that the infimum has
to be taken at the law of the free Brownian bridge:

X:—X
dX; =dS; +

dt.
t—1

Taking the previsible representation of the above process, we get that
Ky = 7(£=X|X;) =t71X, — J™ with J™ the conjuguate variable of the
law of Xy = tX + /t(1 — t)S. Plugging this result into the definition of I
shows that y* is indeed the integral of the free Fisher information along
free Brownian motion paths.

Large deviation upper bound. In the classical case where one considers large
deviations for the empirical measure N ! Zfil (533’%[071], that are solved
by Sanov’s theorem, it can be seen that deviations (i.e., deviations with
finite rate function) occur only along laws that are absolutely continuous
with respect to Wiener law. By Girsanov’s theorem, one knows that such
laws are obtained as weak solutions of the SDE

dX; = dBy + b(t, (Xs)s<t)dt

for some drift b. These heuristics will extend, as we shall see, to the non-
commutative case (once one defines the right notion of weak solution to the
SDE). We now compute a few Laplace transforms of quantities depending
on a finite number of time marginals under LY. We shall give a pedestrian
way to understand the Clark—Ocone formula used in [37].

o First, let 0 = tg <ty < t,—1 < t, = 1 and let us consider T} €
ST*(C)** for k € {0,...,n—1},43 € {1,...,m}. Then, if we denote Ayt =
tp+1 — tk, AkH}V = H]l\/(tk“’l) — H}v(tk) and A Hy = (AkH]l\/)lgigma

n—1 m

Ay = E{exp{NZZ

k=0 i=1

Tr (Tg(AlHN,z < k) AR HY — %T,ﬁ(AlHN,l < k)mkt) }}

/H dAkHN

27TAk
N i i 2
o {2 (0t a1 < )
ik
. (18.6)

where we have used that since the above centering of the Gaussian vari-
ables only depends on the past, it can be considered as constant and
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therefore does not change the integral. Putting Ap X* = X®(try1)— X (tx)
and

n—1 m

N=33 ( (Tk (AX,1 < B)ApXF — lTk(AlX I < k) )Akt»

k=0 i=1

we deduce that
E[eN /LN = Ay = 1.

Hence, this simple computation already shows that considering processes
allows us to compute the Laplace transforms E[e™ °f (LE)] for all functions
f as above.

However, the above computation is not sufficient to get a good upper
bound since for instance it does not allow to compute the Laplace trans-
form of L ((AxX")?). To do such a computation, we shall need infinites-
imal calculus. Note that the upper bound that one would obtain by us-
ing only the previous functionals would allow to show already that the
laws with finite entropy are such that there exists a drift K so that
dX;— K (X})dt are the increments of a martingale. We could not, however,
deduce that it has to be a free Brownian motion without using differential
calculus (instead of finite variations).

e The idea to compute more general Laplace transforms is to generalize
(18.6) by constructing more martingales. Indeed, the fact that Ax(T,t)
equals one can be seen as a consequence of the fact that

n—1 m

t—exp{N*Y Z(L§ (T,g‘(AlX,l < k)ALX?
k=0 i=1

1 .
- STHAX L < k)QA’,;t))}
is a martingale for the canonical filtration of the underlying Brownian
motions if Ap X* 1= X} .\, — X}, rp and Aft = tgpy1 At —t At A simple
way to construct martingales is simply to consider

MF =E[Te(F(HY,...,HN))|F]

with F' € F (and F the canonical filtration of Brownian motion) and the
associated exponential martingale

N2

Bl = exp {NMtF — 7<MF>t} .

Then, since F' € F is uniformly bounded, E} is a martingale imply-
ing that E[Ef] = E[El] = 1. Now, we can always write, with HY =
(HY ..., Hy),

E[Te(F(HY))|F] = Eg[Te(F(HY (s At) + HY (s — 1))o<s<1)]
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with HY a Hermitian Brownian motion, independent from H N Taking
F(X)=T(X}!,...,X{") and applying Itd’s calculus, one finds that

t
ME — MF +/ T (E [DF(HY (s A ) + BV (1~ 9))ozoca] dHY)
0

Indeed, when one performs Itd’s calculus on HN(s) + HN(t — s) the
infinitesimal generator appears twice; once from H N(s) and once from
HN(t — s) and the two contributions cancel. This shows that

M7y =5 [T (IBglDF G (s 10+ V(s = Dhozoc]?) ds

It was proved in [37] that for all ¢ € [0, 1],
Gp(Ly) = E[NT'Te(F(H™))|7] — E[N ™' Te(F(H™Y))]

_%/0 Tr (HEI:I[DSF(HN(S/\t)+ﬁN(S—t))OSSS1]”2) ds

is a continuous function of LE (actually of its resctriction to B; measurable
functions). Furthermore, as LY goes to 7, G% (LK) goes to

Gt.(r) = (F) — °(F) — %/0 (7% (DsF|Bs)|?]ds.

Therefore, since E[eN CrERN)] = 1, we readily get the large deviation
upper bound by taking a distance d compatible with our topology and

picking an € > 0 to get

P (d(LR,7) <€)
— pem (1d (LB 7)< eN%G}(LE%G}(LE)))
NoT) <€

< €—N2G;(7)+N2R(E)P%m (1d

< 67N2G%(T)+N2N(E)P%m (6N2(G;(L§)))

— e—NzG}(T)+N2n(e)

where k(€) goes to zero with e. We finally can take the logarithm, divide
by N2, let N going to infinity, € to zero and finally optimize over F to
conclude.

o Uniqueness of the solutions with smooth drift. The second point of
Theorem 18.8 is a consequence of Riesz’s theorem. Moreover, taking
F = (X: — X,)G(X) with G Bs measurable, we deduce that
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t
T <(Xt — X5 —/ Kudu) G(X)) =0.

t
Ht:Xt_XO_/ Kudu
0

Hence

is a free martingale. To show that it is a free Brownian motion, we use
a free version of Paul Lévy’s well-known theorem on the characterization
of Brownian motion as the unique martingale with continuous paths and
square bracket equal to ¢, and that may be of independent interest (see
[37, theorem 6.2])

Lemma 18.10. Let (Bs;s € [0,1]) be an increasing family of von Neu-
mann subalgebras, in a non-commutative probability space (A, 1), and let

(Zs=(ZY,...,2™);5 €]0,1])

be an m-tuple of self-adjoint processes adapted to (Bs; s € [0,1]), such that
Z is bounded, Zy = 0, and for all s <t one has:

(a) T(Z:|Bs) = Zs.

(b) 7(|Zs — Zs|*) < K(t — 5)? for some constant K.

(c) For any l,p € {1,...,m}, and all A, B € B, one has

T(AZ!BZP) = 7(AZ.BZP) + 1,(t — s)7(A)T(B) + o(t — s),

then Z is a free Brownian motion, i.e., for all s < t the elements Z! —
ZL1 e {1,...,m} are free with Bs, and have a semi-circular distribution
of covariance (t — s)I,.

Proof. Because of the invariance of the conditions under time translation,
it is enough to prove that Z; — Zj is free with By, and of semi-circular
distribution with covariance tI,,,. We can assume that Zy; = 0, and one
has for any 41,...4, € {1,...,m},

(2. Z) = T(Z3 + (20 = Z2)) .. (Z + (2 = Z0)).

From condition (a) we get 7(Z! — Z!|Bs) = 0, and expanding the above
product using (b) and (c) gives

r(Z ... Zm) — (20 ... 2
=(t—s) > >z zbozir Lzl

0<k+p<n—21ir=ip
T(Zi41 L Z&PN) +oo(t — s)
where we have used non-commutative Holder’s inequality in order to

bound the terms containing at least three (Z} — Z1) factors. It follows
that the quantities 7(Z;* ... Z{™) satisfy a system of differential equations
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whose initial conditions are known. It is easy to see that this system has
a unique solution, resulting in the observation that there exists at most
one process (in distribution) satisfying (a), (b) and (c).

Since the free m-dimensional Brownian motion also satisfies (a), (b) and
(c), we conclude that Z; — Zj is a free Brownian motion. For the freeness
property with respect to By, we consider a quantity of the form

(A ZP A ZP . AL Zm)

that again satisfies the same differential equation as when Z; is a free
Brownian motion free with Bg. a

In order to apply Theorem 18.10 to the process Y we have to check the
three conditions. First we apply (18.5) to P = (X} — X)Qs, where Q; €
Bs N F. Although P does not belong to F one can again check that it is a
limit of a sequence of P, in F, such that V4P, converges to V4P, so there
is no problem in applying formula (18.5). One has VEP = Okt lyefs,n@s +
W where 7%(W|Bs) = 0. We thus find that for all Qs € B, one has

(X = X3)Qs)

1
— (X! - XHQ.) + / (FT(X] — XD)Q]1Bu) Ko du

=7 (/:QSK;du)

from which we get that condition (a) is satisfied by X; — fot Kds.

We now apply (18.5) to P = (X} — X!)* (the same remark as above
applies). Since 7 (X} — X1)*) = 2(t—5)%, VE[(X! - XD = 0 for u ¢ [s,1]
and V(X! — X)*] = 463(X}) — X!)3 for u € [s,1], one has

T((Xf = X)) =2(t - 5)* + /t T(7F(4(X] = X3)’|Bu) K )du

Since K7 is uniformly bounded in norm, using Holder’s inequality and
Gronwall lemma, we get the bound (b).

Condition (c¢) can be checked in a similar way as condition (a).

We conclude that X is solution to the stochastic differential equation

t
Xt:St+/ KSdS
0

with K¢ = 7(VsK|Bs). Observing that for K € Fioap X — K (X) is
uniformly Lipschitz, e.g., there exists a finite constant C' such that for all
s €10,1],

[[Ks(X) — Ks(Y)|[oo < Ciifs’ [[Xu = Yulloos
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we can use the usual Gronwall argument to prove the uniqueness of the
solution to this equation, establishing the uniqueness of .
e Large deviation lower bound. If T is the law of the solution of

dXt = dSt + Tt (DtK|Bt)dt
for some K € F, we know that the unique strong solution of
dX}N = dHYN + 71 (DK|F)(XN)dt

will converge weakly to 7. Moreover, this law is absolutely continuous with
respect to the law of the m-dimensional Hermitian Brownian motion H™V
with density (see, e.g., (18.6))

dn = exp {N2 (LE(K) —o(K)— % /1 Lg(Dtmft)?dt) } :

0

Since Gk (LK) = N~ 2logdy is a continuous function of L, we get the
desired lower bound by the following chain of inequalities:

P (d(LR, 7) <€)
— pem (1d(LP < eN?(G}((LE)fG}((LE)))
nNoT) <€

> e—NQG}{ (T)—Nzn(e)P%m (

> 1d(L§,T><E€N2(G}‘(L§‘”)

= 67N2G}<(T)7N2”(E)P%m (d(LE, T) < e)

— e—NQG}((T)—Nzn(E) > €—N2[(T)—N2rc(e)

with k(€) going to zero as € goes to zero.

Bibliographical notes. A very nice introductory review on free entropy
was written by Voiculescu [201]. The results of this section were proved in
[37]. They were used in relation with the entropy dimension in [68, 156]. The
problem of proving that in the definition of entropy one can replace the lim
sup by a lim inf is still open, as well as the equality with the microstates-free
free entropy.






Part VII

Appendix






19

Basics of matrices

19.1 Weyl’s and Lidskii’s inequalities

Theorem 19.1 (Weyl). Denote A\1(C) < Xo(C) < -+ < An(C) the (real)
eigenvalues of an N x N Hermitian matriz C. Let A, B be N x N Hermitian
matrices. Then, for any j € {1,...,N},

Aj(A) + M (B) < A(A+ B) < )\i(A)+ An(B).
In particular, )
I\ (A+ B) — X;(4)] < (Tx(B?)? . (19.1)

Theorem 19.2 (Courant—Fischer).

Let A € HE\?) with ordered eigenvalues A\ (A) < -+ < Any(A). For k €
{1,...,N},

. z* Az
A (4) = min MaX ,.0.accN .
wi,...,wn_ECN zlwywyn_p LET
15--yWN—k 15 WN_k

Proof. We can without loss of generality assume that A is diagonal up to
rotate the vectors wq,...,wn_x Then

N
¥ Ax 9
Max ,o.ecN —— = MAX |, ,—1.0ecN Xi(A) |z
xzlwy,..., WN L T zlwy,..., WN L i=1
N
2
Zma‘XH:c||2:1,:c€’CN,zj:0,j§k E )\1(A)|331|
xlwqy,..., WN L i=1
> A (4)

and equality holds when w; = uny_;41 is the eigenvector corresponding to
the eigenvalue Ay_;1+1(A). Taking the minimum over the vectors w; thus
completes the proof. O
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Proof of Wey!’s inequalities Theorem 19.1. Let (u1,...,un—;) be the
eigenvectors of the N — j largest eigenvalues of A. Then, by Theorem 19.2,

*
. z*(A+ B)x
A(A+B) = min MAX  ,0.0ccN A+ B
wl,...,'UJN_jGCN rluy,..., UN T*r
x*(A+ B)x
< max ..o zecN "
zlug,..., uN_j T T
< ¥ Ax n *Bx
max N max.
= #0,2€C x#0
mful,..m.,uN x*x a *

Replacing A, B by —A, —B we obtain the second inequality.
O

Theorem 19.3 (Lidskii). Let A € 'HE\%), n € {+1,—1} and 2 € CN. We
order the eigenvalues of A+ nzz* in increasing order. Then

Me(A+1n22") < App1(A) < Ao (A + nzz™).

Proof. Using the Courant—Fischer theorem one gets for k > 2,

x*(A+nzz*)x

A(A+nzz*) = min mMax ;.o zecN
Wi, wN R ECN @ lwy, Wy x*x
. * Az
> min max  ,zo,zecN *
wy,..., wy R ECN zlzwy,...,wy_p L L
. ¥ Ax
> min max  ,ozecN ¥
W, WN — 1 ECN zlwy,..., wN_ g1 LT
= A—1(4).

Replacing A’ = A +nzz*, and n by —n we also have proved A\ (A" — nzz*) >
Ap(A7), Le, A (A) > A1 (A + nzz™). O

One also has [33, Proposiion 28.2]:
Theorem 19.4 (Léwner). Let A, F € HE\?).

N N
S IMA+E) = XA <) M(E)?. (19.2)
k=1 k=1
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19.2 Non-commutative Holder inequality

The following can be found in [158].
Theorem 19.5 (Nelson). For any Pi,...,P, € C(X1,...,X,,), any matri-

ces A = (A1,...,Ay) in My any p1,...,pq € [0,1]9 so thath{l =1,

q
| Tr(PL(A)--- HTr |P(A)|%)] 7

with |P| = v PP*. This non-commutative Holder inequality extends when Tr
1s replaced by any tracial states.






20

Basics of probability theory

20.1 Basic notions of large deviations

This appendix recalls basic definitions and main results of large deviations
theory. We refer the reader to [75] and [74] for a full treatment.

In what follows, X will be assumed to be a Polish space (that is a com-
plete separable metric space). We recall that a function f : X — R is lower
semicontinuous if the level sets {z : f(x) < C} are closed for any constant C'

Definition 20.1. A sequence (un)nen of probability measures on X satisfies
a large deviation principle with speed an (going to infinity with N ) and rate
function I iff

I:X — [0,00] is lower semicontinuous. (20.1)
1
For any open set O C X, liminf — log un(O) > —inf I. (20.2)
N—oco an o
1
For any closed set ' C X, limsup — log un(F') < —inf I. (20.3)
N—oco AN F

When it is clear from the context, we omit the reference to the speed or rate
function and simply say that the sequence {pn} satisfies the LDP. Also, if zx
are X-valued random variables distributed according to puy, we say that the
sequence {xy} satisfies the LDP if the sequence {uy} satisfies the LDP.

Definition 20.2. A sequence (un)nen of probability measures on X satisfies
a weak large deviation principle if (20.1) and (20.2) hold, and in addition
(20.3) holds for all compact sets F C X.

The proof of a large deviation principle often proceeds first by the proof of
a weak large deviation principle, in conjuction with the so-called exponential
tightness property.

Definition 20.3. a. A sequence (un)nen of probability measures on X is
exponentially tight iff there exists a sequence (KL)ren of compact sets such
that
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. . 1 .
lim sup lim sup — log un (Kf) = —o0.
L—oo N—oo AN
b. A rate function I is good if the level sets {x € X : I(x) < M} are compact
for all M > 0.

The interest in these concepts lies in the following;:

Theorem 20.4. a. ([74, Lemma 1.2.18]) If{un} satisfies the weak LDP and
it is exponentially tight, then it satisfies the full LDP, and the rate function I
s good.

b. ([74, Exercise 4.1.10]) If {un} satisfies the upper bound (20.3) with a good
rate function I, then it is exponentially tight.

A weak large deviation principle is itself equivalent to the estimation of the
probability of deviations towards small balls:

Theorem 20.5. [74, Theorem 4.1.11] Let A be a base of the topology of X .
For every A € A, define

1
L4 = —liminf —1 A
A fminf - og pn (A)

and

I(z)= sup La.
AcA:zeA

Suppose that for all x € X,
) 1
I(x) = sup —limsup — log un(4) ¢ .
AcA:zeA N—oo AN
Then, un satisfies a weak large deviation principle with rate function I.
Let d be the metric in X, and set B(z,d) = {y € X : d(y,x) < 0}.
Corollary 20.6. Assume that for all x € X
. . 1
—I(z) := limsup lim sup — log un (B(z,0))
5—0 N—oo AN
1
= liminf lim inf — 1 B(x,9)).
iminflim inf - og un (B(z,6))
Then, un satisfies a weak large deviation principles with rate function I.

From a given large deviation principle one can deduce large deviation princi-
ple for other sequences of probability measures by using either the so-called
contraction principle or Laplace’s method.
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Theorem 20.7 (Contraction principle). [74, Theorem 4.2.1] Assume that
the sequence of probability measures (un)nen on X satisfies a large deviation
principle with good rate function I. Then, for any function F : X — Y with
values in a Polish space Y which is continuous, the image (Fiun)nen €
M1 (Y)Y defined as Fiun(A) = pun (F71(A)) also satisfies a large deviation
principle with the same speed and rate function given for any y € Y by

J(y) = inf{I(z) : F(z) = y}.

Theorem 20.8 (Varadhan’s lemma). [7}, Theorem 4.3.1] Assume that
(un)Nen satisfies a large deviation principle with good rate function I. Let
F: X — R be a bounded continuous function. Then,

1
lim — log/e“NF(w)d,uN(x) = sup{F(z) — I(z)}.
N—oo anN reX

Moreover, the sequence
1

vaide) = [eNFW dpn (y) e dpn(x) € My(X)

satisfies a large deviation principle with good rate function

J(z) = I(x) = F(z) - Egg{F(y) —I(y)}-

Large deviation principles are quite robust to exponential equivalence that we
now define.

Definition 20.9. Let (X, d) be a metric space. Let (un)nen and (in)nen be
two sequences of probability measures on X. (un)nen and (in)nen are said
to be exponentially equivalent if there exists probability spaces (12, By, Pn) and
two families of random variables Zy, Zy on 2 with values in X with joint
distribution Py and marginals py and fiy respectively so that for each § > 0

limsupPN (d(ZN, ZN) > 5) = —0Q.

N—oo

‘We then have:

Lemma 20.10. [74, Theorem 4.2.13] If a large deviation principle for uy
holds with good rate function I and fiy is exponentially equivalent to up,
then a iy satisfies a large deviation principle with the same rate function I.

P(X) possesses a useful criterion for compactness.

Theorem 20.11 (Prohorov). Let X be Polish, and let I' C P(X). Then I’
1s compact iff I is tight.

Since P(X) is Polish, convergence may be decided by sequences.
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20.2 Basics of stochastic calculus

Definition 20.12 ([122], [168]). Let (£2,F) be a measurable space.

A filtration F¢,t > 0 is a non-decreasing family of sub-o-fields of F.
A random time T is a stopping time of the filtration Fy,t > 0 if the event
{T <t} belongs to the o-field F; for all t > 0.

o A process Xy, t > 0 is adapted to the filtration Fy,t > 0 if for allt > 0 X,
1s an Fi-measurable random variable.

o Let {X;, Fi,t > 0} be an adapted process so that E[|X:|]] < oo for all
t > 0. The process { X, Fe,t > 0} is said to be a martingale if for every
0<s<t< o0,

E[X:|Fs] = Xs.

o Let {Xy,Fi,t >0} be a martingale so that E[X}?] < oo for all t > 0. The
martingale bracket (or the quadratic variation) (X) of X is the unique
adapted increasing process so that X2—(X) is a martingale for the filtration

F.

Let {X;, Fi,t > 0} be a real-valued adapted process and let B be a Brow-
nian motion. Assume that F fOT XZ2dt] < oo. Then,

n—1

T
/ XydBy := lim > Xri(Braty — Bre)
0 n—oo e n n n

exists, the convergence hold in L? and the limit does not depend on the above
choice of the discretization of [0,T] (see [122, section 3]). The limit is called
a stochastic integral.

One can therefore consider the problem of finding solutions to the integral
equation

t t
X, =Xo+ / o(X,)dB, + / b(X,)ds (20.4)
0 0

with a given Xy, ¢ and b some functions on R", and B a n-dimensional
Brownian motion. This can be written under the differential form

dX, = 0(X,)dB, + b(X,)ds. (20.5)

There are at least two notions of solutions; the strong solutions and the weak
solutions.

Definition 20.13. [122, Definition 2.1] A strong solution of the stochastic
differential equation (20.5) on the given probability space (£2,F) and with
respect to the fized Brownian motion B and initial condition € is a process
{X¢,t > 0} with continuous sample paths so that
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1. X is adapted to the filtration F given by

Gt = 0(Bs,s < t;Xp),N ={N C 2,3G € G, with N C G, P(G) = 0},
ft:O'(gt UN)

2. P(Xo=¢)=1.
3. P(fot(|bi(Xs)| + 104 (Xs)|?)ds < o00) =1 for all i, < n.
4. (20.4) holds almost surely.

Definition 20.14. [122, Definition 3.1] A weak solution of the stochastic dif-
ferential equation (20.5) is a triple (X, B) and (2, F,P) so that (£2,F,P)
is a probability space equipped with a filtration F, X is a continuous adapted
process and B an n-dimensional Brownian motion. X satisfies (3) and (4) in
Definition 20.13.

There are also two notions of uniqueness:

Definition 20.15. [122, Definition 3.4/

o We say that strong uniqueness holds if two solutions with common prob-
ability space, common Brownian motion B and common initial condition
are almost surely equal at all times.

o We say that weak uniqueness, or uniqueness in the sense of probability,
holds if any two weak solutions have the same law.

Theorem 20.16. [122, Theorems 2.5 and 2.9]
Suppose that b and o satisfy

16(t, 2) = (8, Y)|| + lo(t, ) — o(t,y)]| < Kz =y,
Io(t, 2)I1* + llo (¢, 2)]* < K2(1+ |||,

for some finite constant K independent of t and ||.|| the Euclidean norm on
R™, then there exists a unique strong solution to (20.5). Moreover, it satisfies

T
E%|wmeM<m

for all T > 0.

Theorem 20.17. [122, Proposition 3.10]
Any two weak solutions (X, B, 2!, F, P");_12 of (20.5) so that

T
HAM@MWM<m

for all T < 0o and i = 1,2 have the same law.
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Theorem 20.18 (It6 (1944), Kunita—Watanabe (1967)). [122, p. 149]
Let f : R — R be a function of class C? and let X = {X;, F1;0 <t < oo}
be a continuous semi-martingale with decomposition

Xy =Xo+ M, + A

where M is a local martingale and A the difference of continuous, adapted,
non-decreasing processes. Then, almost surely,

F(X0) = F(Xo) + /0 J(X.)dM, + /0 F(X,)dA,

1 2
+§/ J"(Xs)d <M >,, 0<t<oo.
0

We shall use the following well known results on martingales.

Theorem 20.19 (Burkholder—Davis—Gundy’s inequality). [122, p.
166] Let (My,t > 0) be a continuous local martingale with bracket (Ay,t > 0).
There exists universal constants A\, Ay, so that for all m € N

A B(AT) < E(sup M?™) < A, B(AT).
t<T

Theorem 20.20 (Novikov (1972)). [122, p. 199] Let { X, Fi,t > 0} be an
adapted process with values in R* such that

E[e% Jo Ei=1(Xf)2dt] < oo

for all T € RY. Then, if {Wy, Ft,t > 0} is a d dimensional Brownian motion,

t 1 /tl )
M; = exp {/ Xy .dW,, — 3 / Z(X;)Qdu
0 0 =1

is a Fi-martingale.

Theorem 20.21 (Girsanov (1960)). [122, p. 191] Let {X, Fi,t > 0} be
an adapted process with values in R? such that

Ele2 Jo Tia(X)d) o o

Then, if {Wi, Fe, P,0 <t < T} is a d dimensional Brownian motion,
t
Wy :W;’-/ Xids,0<t<T
0

18 a d-dimensional Brownian under the probability measure

_ T 1 T
P = exp{/ Xy.dW,, — 5/ Z(XZ)Qdu}P.
0 0 =1
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Theorem 20.22. [122, p. 14] Let {X:,F:,0 < t < oo} be a submartingale
whose every path is right-continuous. Then for any T > 0, for any A > 0

AP(sup X, > \) < B[X7].

0<t<r
We shall use the following consequence:

Corollary 20.23. Let { Xy, Fi,t > 0} be an adapted process with values in R?

such that
T T d )
| =[Sy
i=1

is uniformly bounded by Ar. Let {Wy, F,t > 0} be a d-dimensional Brownian

motion. Then for any L > 0,
t
P ( sup / Xy.dW,
0<t<T |Jo

Proof. We denote in short Y; = fot X,.dW,, and write for A > 0,

2
> L) < 9 ZAr

P( sup |Y¢| > A) < P( sup et > e)‘A) + P( sup e Mt > e)‘A)
0<t<T 0<t<T 0<t<T

A2t 2 224
S P sup e)\Yt_T 0 HXuH du 2 e)\A— 2T
0<t<T

2 2 A2a
+P Sup e—A}/t—% fo HXuH du Z e)‘A_ 2 L .
0<t<T

2
By Theorem 20.20, M; = e A=A [ X 2du ig o non-negative martingale.
Thus, By Chebychev’s inequality and Doob’s inequality

X2Ap A2Ap

P( sup M, > e M2 ) < e Mt E[M7]
0<t<T

A2a

Optimizing with respect to A completes the proof. a

Theorem 20.24 (Rebolledo’s Theorem). Let n € N, and let My be a
sequence of continuous centered martingales with values in R™ with bracket
(My) converging pointwise (i.e., for all t > 0) in L' towards a continuous
deterministic function ¢(t). Then, for anyT > 0, (Mn(t),t € [0,T]) converges
in law as a continuous process from [0, T] into R™ towards a Gaussian process
G with covariance

E[G(s)G()] = ¢(t A s).
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20.3 Proof of (2.3)

Put

l
V(il, cee 7il) = [[ii]ﬁzl]é‘:l , I = U {]} X {17 R k}v A= [{Z’gwifwrl}](i,n)el'
j=1

We visualize A as a left-justified table of [ rows. Let G’ = (V’, E’) be any
spanning forest in G(i!,...,i'), with ¢ connected components. Since every
connected component of G’ is a tree, we have

V| =V =c+|E]. (20.6)

Now let X = {Xin}(i,n)er be a table of the same “shape” as A, but with all
entries equal either to 0 or 1. We call X an edge-bounding table under the
following conditions:

For all (i,n) € I, if X;,, =1, then A;, € E'.
For each e € E’ there exists distinct (i1,711), (42, n2) € I such that X;,,,, =
Xizng =1 and Ai17’b1 = Aigng = €.

e Foreache € F' and index i € {1,...,5}, if e appears in the ith row of A
then there exists (i,n) € I such that A;, = e and X;,, = 1.

For any edge-bounding table X the corresponding quantity %E(m)e 1 Xin
bounds |E’| by the second required property. At least one edge-bounding table
exists, namely the table with a 1 in position (i,n) for each (i,n) € I such that
Ain € E' and 0’s elsewhere. Now let X be an edge-bounding table such that
for some index ig all the entries of X in the igth row are equal to 1. Then the
graph G(ip) is a tree (since all edges of G(ip) could be kept in G’), and hence
every entry in the igth row of A appears there an even number of times and a
fortiori at least twice. Now choose (ig,ng) € I such that A;,n, € E’ appears
in another row than ig. Let Y be the table obtained by replacing the entry 1 of
X in position (ig,ng) by the entry 0. Then Y is again an edge-bounding table.
Proceeding in this way we can find an edge-bounding table with 0 appearing
at least once in every row, and hence we have |E’| < [m%] = A=l Together
with (20.6) and the definition of I, this completes the proof.
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