ON CLASSICAL ANALOGUES OF FREE ENTROPY DIMENSION.
A. GUIONNET* AND D. SHLYAKHTENKO**

ABSTRACT. We define a classical probability analog of Voiculescu’s free entropy dimension
that we shall call the classical probability entropy dimension. We show that the classical
probability entropy dimension is related with diverse other notions of dimension. First, it
equals the fractal dimension. Second, if one extends Bochner’s inequalities to a measure by
requiring that microstates around this measure asymptotically satisfy the classical Bochner’s
inequalities, then we show that the classical probability entropy dimension controls the
rate of increase of optimal constants in Bochner’s inequality for a measure regularized by
convolution with the Gaussian law as the regularization is removed. We introduce a free
analogue of the Bochner inequality and study the related free entropy dimension quantity.
We show that it is greater or equal to the non-microstates free entropy dimension.

1. INTRODUCTION.

In [11], using his notion of free entropy x, Voiculescu introduced the free entropy dimension
of a non-commutative law. If Xy,..., X,, € (M, 1) are self-adjoint non-commutative random
variables in a tracial W*-probability space, then

Xt ..., X!
0(Xy,...,X,) =n+limsup XXy, X
P | log t|

where X; = X; +tS; and Sy, ..., 5, form a free semicircular family, free from X, ..., X,,.
Voiculescu’s motivation was to introduce a kind of asymptotic Minkowski content of matricial
microstate spaces associated to the joint law of Xi,...,X,,. Indeed, for a variation of the
definition of free entropy dimension, K. Jung has proved a formula that involves asymptotic
packing numbers [7]. Moreover, he proved (again, for a version of the definition above), that
one obtains the same number whether one uses semicircular perturbations or some other
perturbation X; = X, +tY;, where Y7,...,Y, are some n-tuple, free from X;,..., X, and
having finite free entropy.

The free entropy dimension is a remarkable quantity, with unexpected connections to
other branches of mathematics. For example, if X;,..., X, generate the group algebra of a
discrete group T', §(X71, ..., X,,) is related by an inequality to the L?-Betti numbers of the
group I' (this is based on a number of results, see [5, 8]). Unfortunately, the exact values of
free entropy dimension are known in only a few cases. For example, in the case of a single
variable X with law given by a probability measure pon R, 6(p) =1 — 3", p({t})*.

One of the most important questions surrounding d is the question of its invariance under
various functional calculi. It is hoped that §(Xy,..., X,) =d§(Y1,...,Y,) if Xi,..., X, and
Yi,...,Y,, generate the same von Neumann algebra (i.e., are “non-commutative measurable
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functions of each other”). However, the question is open even if it is asked for continuous
functions (that is, assuming that the C*-algebras generated by Xi,..., X, and Y7,...,Y,,
are the same). What is known, for a version of the definition of free entropy dimension, is
that its value is preserved under algebraic changes of generators. Solving these problems
would be of great interest to von Neumann algebra theory.

In the first part of the present paper, we turn to look at the classical analog of free entropy
dimension. Given a probability measure p on R™ (which can be though of as the law of n real
random variables X, ..., X,,), we consider the measure p; = p* vy, where v, is the Gaussian

law .
Hd:v] o t2 oz © _2_,522:6]2>de3

Thus g, is the law of X7, ..., X} with X} = X; +1Gj, and Gy, ..., G, independent Gaussian
random variables, independent from X5, ..., X,,. We then set

H
d.(p) = n — liminf (’ut),
t—0 |logt|

where for a non negative Lebesgue absolutely-continuous measure p(x)dz,

H(p(a)dz) = / p(z) log p(x)d.

(The change of sign here is due to the fact that H(u;) € (—oo, +00] behaves as the analog
of —y, since the free entropy x is valued in [—o0, +00)).

The main result of this paper relates J.(u) with a kind of average fractal dimension of
the measure p. In particular, we prove that 0.(u) remains the same if p is replaced by a
push-forward by a Lipschitz function. However, the value of d.(x) may change if we push
forward p by a continuous or measurable function.

We also prove a number of technical properties of .. Among the ones of independent
interest is the fact that (in the case that limsup in its definition is a limit) J. is affine:
0c(>° ajpy) = > a;d.(p15) in the case that p; are probability measures and o; > 0, > ay; = 1.

The second part of the paper relates the rate of increase of optimal constants in Bochner’s
inequality with entropy dimension. We say that a probability measure ;o satisfies Bochner’s
inequality with constant (n, K(n)) € (R*)2 if for all smooth f,

(1) u(Ta(f, f)) = M((Af) ) = K(n)u(T(f, f)),

where I'(f, f) and I's(f, f) are the carré du champ and carré du champ itéré, respectively.
Intuitively, one should think of n as the dimension of the support of ;x and K as an estimate
for the smallest eigenvalue of the Ricci curvature of the support in the sense that if yu = d,,
we recover the classical Bochner inequality at the point x, with n the dimension of the
manifold where z lives and —K(n) a lower bound on the Ricci curvature (cf. e.g. [1, 2]).
The definition is actually obtained by considering the microstates I'y(p, €) := {1, -+ ,any €
RN : d(N"' SN 8., 1) < €}, viewing it as a submanifold of RN with some dimension [nNV]
and Ricci curvature bounded below by —K(n). Letting then N going to infinity gives (1).
We now replace p with . = p* v, and study the functions € — K(n,e) > 0 for which the
inequality

(2) pe(la(f, f)) = Na((Af) ) = K(n,&)pue(U(f, f))
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is satisfied for all smooth f and a given n > 0. We then set

K(y,n)d
6" = 1 — inf(lim inf w

1
e—0 |loge| +n,

where the inf is taken over all n > 0 and functions K (n,e) for which (2) holds. We prove
that with this definition, = = §...

In the third and final part of the paper, we study the free non-commutative analog of the
inequality (2) and the related free entropy dimension quantity, which we show to be less
than or equal to the non-microstates free entropy dimension.

2. EQUIVALENT DEFINITIONS OF J,.

The main result of this section is that one can replace in the definition of J.(u) the
convolution with the Gaussian measure by convolution with dilations of any other probability
measure v that has finite entropy. We first consider some properties of d., which are of
independent interest. Throughout this section, it will be convenient to assume that v is
a finite positive measure, but to drop the assumption that its total mass is 1. We will
also denote by D, : R — R the dilation map = — tx. For simplicity of notation, we give all
statements and proofs for a measure on R. However, these go through unaltered for measures
on R™. Also, all liminf could be replaced by lim sup if one would prefer to define J, with a
lim sup.

Lemma 2.1. (a) Let v be a Lebesque absolutely continuous finite measure on R, vy = D} (v)
(where Dy is the map x +— tx is a dilation). Then for any probability measure j and any
constant a > 0 we have
H H
lim inf 7(04”) = aliminf (1)
t—0  logt t—0 | logt|

(b) Let v be a non negative Lebesgue absolutely continuous measure for which v(R) = 6 < oo.
Let p be a probability measure on R and denote vy = D} (v) and py = p*vy. Let pi(x) be the
density of ji;.

If
(3) /log(l + |z|)dv(z) < 0o, and /log(l + |z|)dp(z) < oo,
then
H
0 < liminf ()
t—0 | 10gt|
On the other hand, if H(v) < oo, then
lim inf Hpm) < lim sup ) <9
t—0 | logt| —o | logt]
(Here and below H(q = [q(z)logq(z)dx for any non-negative measurable function

q, even if q(x)dx is not a pmbabzlzty measure)

Proof. (a) follows from the formula H(au) = aH () + u(R) log o and the fact that pu(R) =
v(R) is independent of ¢ € R.
(b)We may assume without loss of generality that 6 = 1 by a rescaling up to using (a).
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For the first inequality, recall that for any probability measure v, any non negative function
f, Jensen’s inequality implies that

/f )log f(z)dv(z /f )dv(z log(/f )dv(x )

Therefore, if we let v(dx) = p(x)dx be a probability measure absolutely continuous with
respect to the Lebesgue measure, we can write

= MOM x)axr (0) Xz xI)ax (0] Xz xIr)ax
an) = [ L8 tox Lo + [togpla) (@t > [logple)fa)a

if [ f(x)dz =1. We can for instance take p(z) = to obtain the lower bound

B
H(f(z)dx) > —log2 — 2/10g(1 + |z|) f(z)dx
for all f > 0 so that [ f(x)dz = 1.

Now, since v is absolutely continuous with respect to Lebesgue measure, so is the measure
wi(dx) = fi(z)dz. Applying the above to f;, we deduce

i) = ~log2~2 [ log(1 + Jal)dyufa)
> log2 -2 / log(1 + |2} (1 + tly])dpu(x)d(y)

> —log?2— 2/log(1 + |z])dp(x) — 2/10g(1+ ly)dv(y)

where the last bound holds for ¢ < 1. Hence, when (3) is satisfied, H (1) is bounded below
independently of ¢t < 1, which gives the desired lower bound.

We next prove the upper bound. By the entropy power inequality (see e.g. [10]), we have
that

exp(—2H (u)) exp(—2H (p)) + exp(—2H (1))
exp(—2H (1))

= exp(—2H(v) + 2logt).

>
>

Thus
H(p) < H(v) —logt
so that
lim sup H{w) < lim sup M =1
i—0 [logt] = im0 | log ¢|
as claimed. 0

Lemma 2.2. Letn € N and p =Y, j1; for some non negative measures (p;, 1 <i <n) so
that p;(R) = a; > 0, Y7 a; = 1. Let v be a probability measure on R so that H(v) < oo.
Then
. JH(pxr) 1 .
(4) llIgl()Ilf Togt] hrtlllonf TTog ] Z a; H(a; " p; * v).
Note that since H(v) is assumed finite, H(a; 'u; * v,) < |logt| by the previous Lemma
and so the sum in the right hand side of (4) is well defined.
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Proof. Since v is absolutely continuous with respect to Lebesgue measure with density p, so

is p * vy and
du *x v 1 x—y
i) = L0 = 3 (5 )du(y)-

We assume first that n = 2 and denote in short p;(z) = a; 'p,,(z) for i = 1,2, so that
[ pi(x)dz = 1. Then the density of p* 14 is given by > a;p;(x ) and hence

H(pxvy) = /Zaipi(:p) logZajpj(x) dx = Zai/pi(:p) log(z a;pj(x))dx

As a consequence,

2
H(,u*yt)—ZaHa L * V) Z%/Pz log( J ]]ZJS ))derZailogai.
sz i=1

Then for each 1 = 1,2

a;p;(z)
Za’jpj /azpz )_1+ o~

a;pi(z)

where in the last term i, j € {1, 2} and i # j.
Since for y > 0, 0 < log(1l +y) < y and since p,(x), p;(x) > 0, we conclude that

0 < log (1 n ajpj(x)) < ajpj@).

a;pi(z) a;pi ()

Hence

2
0< H(px*w) — ZaiH(ai_l,ui * 1) < Z/ajpj(:c)d:c + Zailogai <1+ Zai log a;.
i=1 j

If p=>" p for n > 2, we first apply the above bound with i} = py, ph = >0, i and
ay = ay, ay = Y i ,a;, and then proceed by induction, replacing p by (320, a;) "t >0, wi.
We get in this way

n

0< H(pxu) — ZaiH(aZIui xv) <n—1+ Zailogai.
i=1 i=1
lim H(px ) — 300 il (a; i = 1)
t—0 | log ]
which implies the claim. O

Thus

=0,

We have as an immediate corollary a somewhat surprising property of d.:

Corollary 2.3. Assume that p; are probability measures for which limsup in the definition
of 6. is a limit. Then the map p — .(p) is affine: if a; >0, Y a; =1, then §.(> ajp;) =
> 0c(pg)-

Note that this property is very particular to the commutative case. Indeed, recall that the
formula for the free entropy dimension of a single variable with law p can be equivalently

written as
p)=1=> puxp({(tt)})

teR



ON CLASSICAL ANALOGUES OF FREE ENTROPY DIMENSION. 6

so that d(u) is quadratic in p. By the Cauchy-Schwartz inequality, d(> ", @) > > i | a;:0(p;)
but equality can hold only if for all £ € R, p;({t}) does not depend on i € {1,--- ,n}.

Lemma 2.4. Let forn € N, v =" v so that vD(R) = a;. Assume that H(a;'v?) is
finite for all i. Then

.. H(M*Vt) i ()
1151L1()11fm_ |logt|zaz a; L x ).

Proof. The proof is very similar to that of Lemma 2.2 and we first assume n = 2. We let
v = D7 where D, : R — R is the map D,(z) = tz. We have:

prve= prv = aia; ).

Thus if we set
pi(x) = d(a; 'y ") /da
then the density of p * 14 is given by > a;p;(x) and hence

H(pxv) = /Z a;p;(x) log Z a;p;(x) do = Z a; /pz(:c) log(z a;p;(x))dx
i j i j
Hence, we deduce as in the proof of Lemma 2.2 that
0< H(pxv) — ZaiH(pi(:p)dx) < Z/ajpj(x)dx + Z ajloga; <1+ Zaj loga;.
J
Thus

L H (s ) — Y auH (pi(x)d)
t—0 | log t|

=0,
which implies the claim. O

Corollary 2.5. Given v(dz) = f(x)dx, with v(R) = 1 and H(v) < oo, set v, = D;(v)
where Dy : R — R, given by Dy(x) = tx. Let u be a probability measure on R . Then
given € > 0 there exists M sufficiently large so that if we denote by v™ the measure
v([—M, M) v|_mmg, v = Di(v™) and by pa the measure py = p[—M, M| gl = ar vy,
then

lim inf M — lim inf M

<e.
t—0  |logt| t—0 | log t|

Proof. This follows from first decomposing v as p|—asn + f|[-am,nm¢, so that Lemma 2.2
shows that

H H
lim inf Hipxn) w([—M, M]) lim inf Hlpar = )
=0 |logt| =0 | log t|
H(u([—M, M) u|— c
< (=M, M) Timsup LN, Hl)gt‘f“ MMIE V) AL, M)
t—0 0

where the last inequality is due to Lemma 2.1.(b) since v(R) = 1.
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We next decompose v as v|_az,a + V|[—m,me and apply Lemma 2.4. Since H(v) is finite,

also H(v|—a,n) and H (V|- pa,ne) are finite and so

H H M
lim inf 7(MM * 1) —v([—M, M]) lim inf —(NM i)
t0 | log t| t—0 | log t|

H(uli_ D*
< v([-M, M]°) limsup (k= azny * Df (var)

< v([=M, M]%)
again by Lemma 2.1(b). Since

(=M, MYy ([—M, M]) — 1) hmme) < (=M, M) + (=M, M]?)

t—0 ‘ ]ogt‘
the proof is complete if we take M big enough so that 2(u([—M, M|*)+v([-M, M]°)) <e. O

Lemma 2.6. Assume that v(dz) = f(z)dx with suppf = E a bounded subset of R, and that
for some constant C > ¢ >0, |f — C| < e on E. Let V'(dx) = Cxgdx and set v, = Df(v),
v, = Df(V'). Assume furthermore that the support of p is a bounded subset of R. Then

/
ming LH*v) L H (k)
t—0 | log t| t—0 | log t|

eA(E).

Proof. Recall that

Using the fact that u is a probability measure, we have:

o) = )| < [ oxelt™ o~ 9) dnly) = Spi(o)

In particular, we have that

pe(x) -1
pi(x) 1‘ =Ce
Thus
[ mognads = [ pa)ogsita)ds — [ pioyios i Ha,
implies

| [ ) logp(a)ds — [ pi(o)logpi(a)do] < max| log(1:£ C ) = £(C ')

with f(C~'e) — 0 as C~'e — 0. Hence
[H(pxvy) = H(pxw)| < | /(pt@) — pj(x)) log pj(x)dz| + f(Ce)

< %/pi(x)llogpé(af)lda:+f(0‘1€)-
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It follows that
£ .. [ vi(x)|log p)(x)|dx
5 < — limsu

(5) =0T Tog 1]

Now, let Ay = {z : 0 < pj(x) < 1} C tE + suppu. Then logp,(x) > 0 for x ¢ A, and
log p)(z) <0 for © € A;. Therefore,

/ pL(2)) log pl(x)|dx = / pl() log pl (x)dz — 2 / pL(2) log pl(x)d.

1

/
g LHFv) L H (k)
t—0 | log t| t—0 | log t|

Since for y € [0, 1], the function ylogy is bounded from below by —e™' and from above by
0, we get that for v € Ay, 0 < —pl(z)logpj(x) < e !. Since A; C E + suppu for t < 1, the
Lebesgue measure A(A;) is bounded uniformly in ¢. Thus, we find that

)| 1 d )1
e Jpi@)logpj(@)lde L p(e) log pi(z)
t—0 | logt| t—>0 | log t| t—0 | log t|

But since H(v') = CA(E)log C is finite, we can use Lemma 2.1 to conclude that the right
hand side above is bounded by CA(E), the mass of v. Hence, we have proved with (5) that

liminf —/——~ L U
t—0 | log t| t—0 | log t|

n

Theorem 2.7. Let v be an arbitrary probability measure with H(v) finite. Assume that u
is a probability measure, and assume that 1 and v satisfy (3).Then if we denote by D] the
push-forward of a measure by the dilation x — tx, we have that

lim inf H(px Di(v)) _ lim inf (1 Df (x[0.17))
=0 | log | t=0 | log t|

In particular, the limit is independent of the measure v.

H(pxDj (v))
| log ¢|
by more than £/2, that u and v are supported on bounded sets. In particular, v is Lebesgue
absolutely continuous with density ¢(z) € L*(R) with E = suppq a subset of finite Lebesgue
measure. Given € > 0 we may find a subset £y C R and a constant M so that gq(z) < M
on Ey and v(Ey)™' < 1—¢/8. By Corollary 2.5 we may replace v by v(Ey) 'v|g, without
st
v is now a bounded function on the support of v, we may find a finite collection of disjoint
subsets E; C Ey and constants C; with the property that on each E \p] o < 5/)\(E)8
and that C; is the average value of f on Ej; (in particular, > C; )\ ff dr = 1).
According to Lemma 2.6 we may replace on each E; v|p, with xg, at a penalty of at most
eA(E;)/8. Hence we may replace v with the probability measure »  C;xE; at a penalty of

at most (eA(E)/8) - > A(E;) < /8. By Lemma 2.4 it follows that

. JHpxw) H(p* Di(Cyxr,))
liminf —— = liminf
t=0  |logt| =0 | log |

Proof. Fix ¢ > 0. By Corollary 2.5, we may assume, without changing lim inf, .o

affecting the value of lim inf;_,o y more than /4. Next, since the density p(z) of

Finally, by Lebesgue almost everywhere differentiability theorem, we may find, for each
E; disjoint intervals I{J), .. I(]) of rational length with the property that E; and Ukl(j)
differ by at most A\(Ej) - /8. Applymg once again Lemma 2.2 and Lemma 2.4, we conclude
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that we may assume at a further penalty of £/8 that v = Y  K,yg, where E, are a finite
collection of intervals. Up to subdivision, we may assume that all the F, have the same
Lebesgue measure (or length). We conclude that

lim inf LA * )
t—0  |logt|

H(p* D (xe,))
| log |

= liItn ionf K, + o(e),
where K, is a family of non negative real numbers so that > K. \(E.) = 1 and E, are
intervals.

Since H(q(x)dx) = H(q(x —y)dx), we may replace any interval E,. in the previous formula
by a shifted interval E; + k; for any constant k;. Hence, since all the £, have the same
length, H(u* Df(xg,)) does not depend on r and so we have

H 1 H Dy
lim inf Hlpxm) = lim inf (o x Di (X))
=0 [logt| =0 A(Ey)  [logt]
here F; is an interval with right hand point at the origin. Note that F; could be chosen as
small as wished and so letting € going to zero we have

+ o(e),

H H DX
lim inf M = lim lim inf (je £ X[0, })
t—0  |logt| al0 -0 allogt|
H(pxv)

This shows in particular that lim inf;_, does not depend on the probability measure

| log |
v with finite entropy and so we also have

H H D*
i ing Exve) o H (ke Dixpo)
=0 [logt| i—0 | log {|

3. 0. AND FRACTAL DIMENSION.

If 4 is a probability measure on R, one can consider the (lower) point wise dimension of

1%
f*(z) = liminf —,u[x —tzt]
t—0 logt
This function quantifies the logarithmic rate of growth of the measures of ¢-balls around x
and hence is a kind of local fractal dimension of u. For example, certain Cantor-Lebesgue
measures
1

1 1
p=g0a o) x5 +da)xge+dne) s, 0<A<L/2

satisfy f# = a = —log, A on the Cantor set supporting i and f* = 0 outside of it. We show
that J. is very close to the average value (computed with respect to p) of the function f#,
apart from the question of exchanging integration against p and the limit lim inf, .

Theorem 3.1. Let i be a probability measure on R, and let

() —logulz —t/2,x +t/2]
e [log ]

Then
5.(0) = limsup [ di(w)dn(y)

t—0
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Proof. By Theorem 2.7 we may write

s H ()
de(p) =1— hI&l()ﬂfW

where v, = Dy X[-1/2,1/9 = %X[,t/u/g]. Let pi(x) be the density of p:

pele) = (% Dixioapaa)(w) = alle — /2,7 +1/2)

Now,

H(p) = / pi(a) log pu()de

1
=[] pxruaermte = pidu) ogp(a)da

1
= [ i@ ognie + y)doduty)

Since py(z +y) = tplz+y—t/2,x+y+t/2 and [y +z— /2, y+x+1t/2] C [y —t,y+1] as
long as —t/2 < x < t/2, we find that for |z| < ¢/2, p(z +y) < Tuly — ¢,y + . Thus

1 1
H(p) < / / TX(-t/2/2) (@) log Zpuly — &,y + 4] dedu(y)

1 1
= /;x[t/zt/z](x)daf /10g ;u[y—t,yﬂ]dﬂ(y)

1 1
= /10g2—tu[y—t,y+t]du(y)+/10g2dﬂ(y) Z/logQ—tu[y—t,ert] + log 2

(since p is a probability measure). It follows that
liminf ——= < limin

fflog thly — /2,y +1/2dply) _ i 108 P ()du(y)
t—0 |logt| = t=0 | log t| =0 | log t|

H ()

Let now 6 > 0 and set C = 1+ 9. Let v/ = X[-C/2,C/2] V=V — X[-1/2,1/2]- Let
wy = px DF(V), wuf = px Df(V"). Thus p), = pe + pf . Let pi(z), p/(x) be the densities of u;
and pf, respectively. Then we have:

[ ozsi@de - [ ospionde = [ nio)ios Sae

_ Mg P + Pl (@)
B /pt( )log pe() I

— /pt(x) log(1 + py (z)/pi(z))d.

Since 0 < log(1 + z) < z for z > 0, we conclude that

0 < [ pulx)log(1 +pj () /pi(x))dx

pe(2)p} () /pe(z) d

pl(a)de = 1(R) = 5.

IN
—— —
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It follows that
©) [ naossitaris ~ [ meyiogmoyis| <
Now, p,(z) = tulr — Ct/2,x + Ct/2]. If |z| < t/2, then [y — 6t/2,y + 6t/2] C [y +z —

Ct/2,y+ x + Ct/2]. Thus p,(z +y) > tuly — 6t/2,y + 0t/2] as long as |z| < t/2. It follows
that

1 /
[r@oss@ie = [[ 1 vmm@) ogie+y) duty)s
1 1
> / / TX=e/22 () log —uly — 6t/2,y + 0t /2] du(y)de
1
= /log Thly = 0t/2,y + /2] duly)

(7) = /log %u[y —0t/2,y + 6t/2] du(y) + logd.

Thus, first by (6) and then (7) we obtain

H(Mt) 1 fpt 10gpt )d

lim inf
=0 [logt| R | log t|
log =-uly — 6t/2, ot/2] d 1 d
> tim g 41085 0/ y 4 0t/ dply) - [1og pu(y)du(y)
Py | log t| -0 | log t
where we finally made the change of variable ¢ = 0t. Combining this with the previous

estimate proves that

—1 .
de(pp) = 1—liminf Jlogt™ ulw —t/2,x + /2] dp(z)

t—0 | log t|
_ 1—liminf/ logpule —t/2,x +t/2] —logt ()
=0 | log | | log |
= limsup/dt(a:)d,u(:c).
t—

t

Corollary 3.2. Assume that j is a probability measure, which is dimension reqular; i.e.,
there exists some p-measurable function a(x) and strictly positive constants C, ¢, and ty so
that for any x in the support of u and all 0 <t <ty one has

(8) ct®® < plz —t/2,x + /2] < 1@,
Then 0.(p) = [ a(z)du(x).

Note that in all the previous results, we could have change the lim inf into a limsup and
vice versa. Under the hypotheses of the Corollary we would thus obtain

. H () . H () /
=1 - liminf =1-1 = du(x).
Oc (1) ik Py s a(z)dp(x)
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Proof. We find that
logpulz —t/2, 2 +1/2]

do(z) =
o flog1

satisfies the inequalities

logt+1 logt + log C

a(z)logt + logc < —dy(x) < a(z)logt + log ’

| log ¢| | log ¢

so that for t < 1,
a(z) — 28 5 4(2) > alz) — BC
| log | | log |

Integrating these inequalities against du(x), passing to the limit as ¢ — 0 and using Theorem
3.1, we obtain that d.(u) = [ a(x)du(z). O

Example 3.3. (i) Let 0 < a < 1 and let p, be the Cantor-Lebesgue measure given by

1
o = 5(571 + 1) *

Then p, satisfies (8) with a(z) = « for all x in the support of .. Thus 0.(u.) = a.

(ii) Let p = dp be a delta measure at 0. Then (8) is satisfied with a = 0 on the support of
w. Hence 6.(p) = 0.

(iii) Let u be Lebesgue absolutely continuous with density p(x). Then p = py + ui;
where fiyy = f|{ap@)<my.  Furthermore, py(R) — 0 as M — oo. Thus by Lemma
(2.1), limps o0 6c(p1i;) = 0 and hence by Lemma 6.(p) = limps oo 0c(ptnr) + 0c(py) =
limps o0 0c(far). Since H(pp) < oo, we have that for all ¢ > 0, H(upy *xv) < H(uy)
for any v and so 6.(par) = 1. Thus 0.(p) = 1.

1
(5)\4—(5,)\)*5(5)\24—5_)\2)*'-' A=2"¢

DO | —

It is curious to note that one has a classical analog of the connection between free entropy
dimension and group cohomology. In the classical case, the L? Betti numbers are replaced
with ordinary Betti numbers and the statement greatly trivializes:

Theorem 3.4. Let I" be a finitely generated discrete abelian group with generators vy, ..., Vn.
Identify CI' C Loo(f, i), where p is a Haar measure of ', normalized to have measure 1 at
each connected component off‘. Let v be the law of the 2n-tuple X1, ..., Xon, Xor = Y +vk_1,
Xop1 = —i(ye — . '). Then

Sc(v) = dimg H'(T; C)

Proof. Let I' =T1'1 @ I'y, where I'; is a finite group of order [ and I's is a free abelian group
on p generators. Then [ = I'; x T?, where T denotes the unit circle in the complex plane.
Since p is the Haar measure on [, it is dimension regular of dimension p. Hence d.(v) = Ip.

On the other hand, H(I';C) = H'(I'; C?) = C” and thus also has dimension Ip. O

4. 6. VIA FISHER INFORMATION AND A NOTION OF RICCI CURVATURE.

In this section, we relate . with quantities related with differential calculus. Let us remark,
in the spirit of Voiculescu [12], that we can express . via the asymptotics of the associated
Fisher information. To that end, recall that for a probability measure u(dz) = p(z)dz
absolutely continuous with respect to Lebesgue measure, the Fisher information is given by

F(y) = / (0, log p(x))*p(x) .
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dvs —

Note that if us = pu * vs with v, the centered Gaussian law with covariance s, since 0 I

1(%=)" 9,H (pus) = —3 F () from which one sees that the entropy H and the Fisher inform-

ation F' are related by

H(p) — H(uy) = / Fp)ds.

Taking 1 = u; gives, since H(u1) which is always bounded, that
1
f F(us)ds
. _ . . ti
9) de(p) =1 1121L1(]nf Tot
Observe that if ps is the density of p,

9, log p, () = %E[gm N

when ¢ is a standard Gaussian variable independent from X with law p. This shows by
Cauchy-Schwartz inequality that

(10) 0 < F(us) <

| =

and so proves again that 0 < 6.(u) < 1. Moreover, (9) already reveals that d.(u) is related
with the behaviour of the Fisher information of u; for small ¢ and in fact, with the way that
1 approaches p as t goes to zero. Let us give some heuristics by assuming that we have the
stronger statement that

t

Flji) 1o (1+0(1)

and show that this entails that the convergence of u; towards p is at least of order v/ (1 — 6.(u))t.
In fact, Fisher’s information can be equivalently defined by

e L (B
F(u) =2 fp{ﬂt(Af) Qﬂt((f) )} fp 1 ((F)2)

where the supremum is taken over all twice differentiable functions f (and is achieved here
at logpy). Consequently, we find that for all twice differentiable function f,

(1e(AF))? < F(ua)lf']%-

As a consequence,

(f) —ulf) < / Bupal f)lds
= 3/ m(apias

< e [0 owas

< oo v/ (1 = de(p))t(1 + o(1)).
Extending this inequality to all Lispchitz functions gives a bound on the Duddley distance
between pu; and y;

d(pe, ) := sup e (f) — ()] < /(1 = de(p))t(1 + o(1)).

f Lipschitz with norm<1
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We believe that the relation between the short time asymptotics of p; and d. should be deeper
that this result even though we could not prove it here. However, we shall prove here another
definition for é. which is closely related with Bochner’s inequality, a classical tool to estimate
the short time asymptotics of the heat kernel in a compact Riemaniann manifold. We shall
restrict ourselves here to measures on R but could as well consider measures on a compact
Riemaniann manifold with Ricci curvature bounded below (eventually by a negative real
number). To make this generalization more transparent, we denote A the Laplace Baltrami
operator on R (i.e the second spatial derivative). We let ' be the carré du champ given by

[(7.0) = 5 (A(fg) ~ fAg — gAf)

and I'y be the carré du champ itéré

La(f, ) = 5 (AT(f, ) = 2D(F, Af)
In the case where M = R, we simply have

L(f. f)=(f)% Taolf. f) = (")

Note that in the case of a connected Riemanian manifold with metric g, Laplace Baltrami
operator A and gradient V, the same definitions hold and give

U(f, 1) = 9(V I,V ), Ta(f, f) = (Hessf, Hess f), + Ric(V f, V f)

with Ric the Ricci tensor. Bochner’s (or curvature-dimension) inequality C'D(n, K) states
that

La(f, £)(x) = H(AF() — KT(F, f)(x)

for all smooth function f and at all points x of the manifold. n corresponds to the dimension
of the manifold whereas the best constant —K corresponds to the smallest eigenvalue of the
Ricci tensor. It is well known (see Bakry and Ledoux [2], Bakry and Qian [1] etc) that the
coefficient n governs the short time scaling of the heat kernel (as ¢~2). Here n > 0 and K is
a real number which we will assume finite for a while. In the real one dimensional case, we
clearly have K = 0 and n = 1, but the constant n of course is universal and does not depend
on any measure. We next define the measure-dependent Bochner inequality as follows.

Notation 4.1. We write u. = P. % u, where P, is the Gaussian measure of variance e.

Definition 4.2. We say that a probability measure p on R satisfies Bochner’s inequality
with constants CDy, (K, n) if there exists 6 > 0 so that for all 0 < € < ¢, all smooth functions

f
Po s u(Ta(f, £)) > ~[Pos (AP~ K(€,n) P » T ().

In the sequel, it will appear that interesting cases appear when the constant K (n,€') may
blow up with ¢, reason why K will be later some non negative arbitrary function. n is some
positive real number.

Remark. Note here that assuming that Bochner’s inequality is true in expectation would
lead to the stronger definition

P plTalf, £)) 2 = Po s pl(AJV) = K (¢ )P 5 wlT(F. ).



ON CLASSICAL ANALOGUES OF FREE ENTROPY DIMENSION. 15

However, the idea is that what we want is that the points belonging to the microstates

1
Fspi=A{x1,-,an: d(NZchi,u) <0}

approximately satisfy Bochner’s inequality when IV goes to infinity and e goes to zero. Apply-
ing the classical Bochner’s inequality to functions of the form F(xy,--- ,zy) = N7 f(z;+
€g;) for independent standard Gaussian variables (g1, -+, gn), € > 0 and letting N go to in-
finity gives our actual definition of measure-dependent Bochner’s inequality. Hence, roughly
speaking, (n,—K(e,n)) represent the dimension and the smallest eigenvalue of the Ricci
tensor of a manifold where the entries (z14+/€g1, - -+ , £y ++/€gn) live when the (z1,- -, zy)
belong to I's,, for ¢ arbitrarily small.

Based on measure-dependent Bochner’s inequalities we shall now define a new entropy
dimension

Definition 4.3. Let p be a probability measure on R. We define the C'D- dimension as
1
0= 1= TP 5
Above, the infimum is taken over all couple (n, K(.,n)) such that u satisfies CDy,(n, K).
We now prove that 67 equals d.. We first prove that
Lemma 4.4. For any probability measure 1 on R,
09 (p) < bu(p).

Proof. Note that for d = 1, (Af)? = T's(f, f) but that the following argument will generalize
to dimension d by Cauchy-Schwartz inequality which gives dls(f, f) > (Af)2. Integrating
with respect to p implies that for all € > 0

(AN < uel(AF)?] < pelTa(f, )]
On the other hand, with p. the density of u. with respect to Lebesgue measure,

p))’
pel((log pe)')?]
,UE[F1<f f)]F<,u6)

I
—
IS
/-:

—

Q
UQ
m

e (AS)]

IN
=
m
—
/‘\
s
N~—
[\o}
N

Therefore, for all « € [0, 1], we have
AP < apdDa(f, ]+ (1= ) F(uudTa(f, )
and so p satisfies C'D,,(n, K) with n = « and
K(e,n) =n" (1 —n) F(u)
for all o € [0,1]. Then,

1 1
lim inf(log 61)1/ K(y,n)dy < (1 —n)n"'lim iglf(log 61)1/ F(py)dy,

e—0

and so

n<d

65 (p) > 1—inf[n + (1 —n) hmlonf(loge )_1/ F(uy)dy] = d.(1)
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where we used (loge1)~! fel F(py)dy < d =1 by (10) to say that the infimum is taken at
n=0. U
Proposition 4.5. If a probability measure . on R satisfies CD, (K, n), then

e—0

1 1
lim inf (log e_l)_1/ F(py)dy < lim ionf[(log e_l)_l/ K(y,n)dy + 1]n.
As an immediate corollary of Proposition 4.5 we have

Theorem 4.6. For any probability measure p on R,

89(1) = d(p)

Whereas it can be easily seen that the characteristic (n, —K) of a manifold are invariant by
Lipschitz map (simply by taking local quadratic functions), invariance is not so transparent
for measure-dependent Bochner’s inequality and we could not prove interesting invariance
property of 65. However, the above theorem and section 5 show that 6" is invariant under
Lipschitz maps.

Proof. Let us first put pu. = P. * u with € > 0 and write

F() = 250p{ Py i(Af) = 5P+ (D)}

Now, let for x € [0,0], ¢(x) = P, * pue(C(Ps_of, Ps_.f)). Differentiating with respect to x,
we find that

¢'(x) = Ppxpc(To(Po—of, Ps—of))
> %[Px k(AP )P — K (2 + e,n) Py # j1o(T(Py o f, Pyof)

- %((#GAP(S]C)Q) - K(l‘ t6 n)gb(x)

where we used the fact that P, is a semigroup which commutes with the Laplacian. Also,

we have used our measure-dependent Bochner’s inequality with f — Ps_,f and € =z + €.
1

We set L(x) = els K@My Integrating = € [0, 6], we deduce that

Le+d) 1

2 * L(e+9)
o an)? |

—2d
o Lieta)

(11)  Psxp(L(f, f) = wu(T(Psf, Psf))

We thus obtain that for all a € [0, 1],

Fss) < 2s{anARf) = (P PP P LS

L(e)

T R i e A

2n (e + x)
5 L(e) n
N = ey 0

The optimum with respect to a is taken at
n

L(e) 0 L(e+9) ’
sy Jo Tiarm e (pe) +

a =
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We conclude

L(e)
nz F(pe
(13) Flpiess) < L 4
IN 0 _L(o) dxF(pe) +n
L(e+x)

_ ° L(e)
= n&;[log(/o md$F(Me)+”)]-

Integrating with respect to § € [0, 1 — €] thus gives

nl/ F(u,)dr < log(nl/ %dxF(ue)—i-l)
'L

< log(n! _1/ %derl)

where we used again €F'(u.) < 1 by (10). Consequently

1 1
n~!'lim iglf(log e)! / F(p,)dr < lim iglf(log et log(nleld/ %dm +1)
€— € €— € x

" L(e)
IR ~1y-1 -1
= llreril()rlf(loge )~ log(e /6 L(x)dz)

Now,

1
/ ﬂd:c < el Kwymn)dy
e L(z)

and so we arrive at

1
(14) nlliminf(logel)I/ F(ug)de < 1+hm1nf (loge™* /Ky,

e—0

which is the desired inequality. U

We finally give a lower bound of 6 in the spirit of [9]. To do this, let us defined, for a
C’(R,R) function g,

Fy(1) = 25p(u(9sf) - SuTu(7, )

Proposition 4.7. For any probability measure 1 on R,
0e(p) = 67(p) > 1 — inf p[(1— h)?
heF,

with }:u the set of continuous functions so that

1
ligninf(loch_l)_l/ Fr(pg)dz = 0.
— 00 5

This lower bound has the advantage to give a more intuitive picture of the dimension;
for instance, if 1 has a smooth density such that the gradient of its logarithm is uniformly
bounded, on a subset A of M, we take h = 1 in some interior set A° of A, |h| <1 and h =0
outside A. It is easy to see that Fj,(p) < oo and so h € F,. Thus, we get

0% (1) = 6 (n) = p(A).

Note however that such a lower bound is already contained in Theorem 3.1.
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Proof. (of Proposition 4.7). We take h € F,,. We can assume without loss of generality that
p[(1 — h)?] # 0 since otherwise the bound is trivial (h being equal to one almost surely, and
hence Fj, = F implying that 6, = 6° = d). We now write

= )+ (1= WAS)

Now,
[e(Tnf)]? < Fulp)ue(T(f, £))
whereas
(L =MANP < pe((1=h)*)u((Af)?)
< pe((L = 1)) [pe(T2(f, f)) + Kdpe(T1(f, f))]
Using that for all a > 0, for all z,y € R, (x +y)* < (1 + a)z® + (1 + a~')y? we thus derive

the inequality

(AN < (14 ) Fu(p)pe(T(f, 1)) + (1 + a7 (1 = 1)) pe(T2(f, £)) + Kpe(T1(f, )]
that is the C'D,,(n, K) inequality with
n=n(e) = (1+a Hu((1—=h)?),K(e,n)=n"[1+a)Fplu)+(1+a K]
Since h is continuous, p((1 — h)?) converges towards p((1 — h)?) # 0 and since
lim inf (log e1)~1 f: Fy(py)dz goes to zero ,

hmmf (loge™? / K(z,n)dzx = 0.

Thus, 62(u) > 1 —inf,(1 4+ o H)u((1 - p((1 — h)?) and optimizing over h € F,
yields the desired estimate. D

5. LIPSCHITZ INVARIANCE.
Our main result is that ¢, is invariant under push-forwards by bi-Lipschitz maps:

Theorem 5.1. Let f : R — R be bi-Lipschitz, i.e., we assume that for some m, M > 0 and
all x,y € R,

mlz —y| <[f(z) = fy)l < Mz —yl.
Let n = f*u be the push-forward of p. Then d.(pu) = d.(n).

Proof. For any y = f(x),
nly —t/2,y +t/2) = p(f 'y —t/2,y +1/2]) > plz —t/(2M),z + t/(2M)].
It follows that

/log%n[y—t/lyﬁ/?]dn(y) > /loglu[f‘l(y)—t/(2M),f‘1(y)+t/(2M)]d77(y)

t
_ /1og %u[:p —t/2M), z + t/(2M)]du(z)

1
_ /log il = 1/(2M). -+ 1] (2M)Jdp(x) ~ log M.
Using Theorem 2.7 we conclude that
0c(1) < 0e(p)-
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Replacing f by its inverse yields the reverse inequality. O

It should be noted that one cannot expect much more invariance for ¢. than is given by
Theorem 5.1. Indeed, Cantor sets in R can be made homeomorphic in a way that distorts
their fractal dimensions.

6. NON-COMMUTATIVE BOCHNER'S INEQUALITY

In this last section, we generalize the notion of measure-dependent Bochner’s inequality of
section 4. To this end, we first define the appropriate notions of carré du champ and carré
du champ itéré.

6.1. Carré du champ. We recall first that the carré du champ and the carré du champ
itéré in R™ are given, for f : R® — C by

D(f. f) =Y _10:f1% Talfif) =D 100,00, f1
i=1 i,j=1

In the case of m Hermitian matrices Xy with complex entries xfj, 1<i1<jJ<N,1<k<m,

A=2 i Z Oy Ot + i Z Ot Oas

k=1 1<i<j<N k=1 1<i<N

and so, if f,¢g: R2™N* _, C, we set

Ti(f9) =2 0 fOn g+ > 0 fOud

k=1 i<j k=1 i<j
and
El=1 ij ml

Again, to define the notion of carré du champ and carré du champ itéré for tracial states, the
idea is that if we consider f((z* )Effg?gv) = F(X) = tr(P(Xy, -+, X,,)) when iV (Q) :=

ml
N=4%r(Q(X1, -+, X)) goes to 7(Q) for all polynomial @ and some non-commutative law
7. We denote * the involution

(2Xiy - X)) = 2X5, - Xy

for any i; € {1,--- ,m}. Since tr(P) = tr(P*), applying the above recipe we find,
M (PQ) = Z Z Ot (tr(P(X1, -+, Xpu)))Oat (61(Q7 (X1, -+, Xo))
~ Nlégwkmxnijwk@(m*]ﬂ
~ zijltrZDkP<X><Dk@<x>>*>
~ Y T(DP(X)(DQ(X))") == TT(P,Q)

k
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where we have denoted Dy, the cyclic derivative on polynomial, given by Dy P = > ,_ pux, p, 2P
if P is a monomial (and extending by linearity to all polynomial then) and noticed, as can
be readily checked on monomials, that (D, P)* = Dy P*. Similarly,

T ZZZ@W Ox, (tr(P(X1, -, Xon))) Ot Dy, (t1(Q7 (X, -+, X))

kllzj

= N2 Z [0 0 Dy Pi1p4)i5(01 0 D@ 81gp) i

k=1

Q

Z TR 7((0 0 DQ)* %0y 0 DpP) :=T3(P,Q)

k=1
where 0y denotes the non-commutative derivative with respect to the variable X (0P =
> p—px,p, 11 ® P for a monomial P), A® B§C = ACB, (A® B)" = B*® A" and A® B«
A'® B'= BA' ® AB’. 1, is the matrix with zeroes except in kl. Hence, we define

Definition 6.1. For any non-commutative law 7 of m self-adjoint variables, we define its
non-commutative carré du champ to be the bilinear function on C(Xy, -+, X,,) so that for

any P,Q € C(Xy, -, Xm),
I'(P,Q) = ZT (D;P(D;Q)*)
=1

and its non-commutative carré du champ itéré to be the bilinear function on C(Xjy,---, X,,)
so that for any P,Q € C(Xy,---, X,),

I3(P,Q) =Y _ 7&7((0 0 DyQ)* %0 0 DyP).
k=1

We also denote in short

I'T(P,Q)=<P,Q>,,.
Observe that the above notation makes sense since I'7 are positive bilinear forms. This is
obvious for I']. For I'], one needs to observe that if 7 is a tracial state, P,Q — 7 ® 7(PxQ*)
is non negative. But if P = > «o;A; ® B;,

T(P*P*) = a;a;7(AA;)7(B;Bjx) > 0
since the matrices (T(AZ'A;))Z‘J, (7(B;iB;))s,; are non-negative.

Further, when the Laplacian A = Y~ 9, dz» on the entries acts on F(X};) = f(X1,- -+, Xm),
ij ij
we get if

DzE (8k®1+1®6k)08k

1
2
and

M(A® B (C)=B® AC
and

=> T®IMoJ;
k



ON CLASSICAL ANALOGUES OF FREE ENTROPY DIMENSION. 21

that
AF =L,f
when the law of X approximate 7. If ' = N~ 1tr(P), we get
AF ~ 7(L,P).
Note here that
(L, P) = i T ® 7(0; 0 D; P)
i=1

as can be readily checked by taking P to be a monomial. Let S = (S, ---,5™) be a free

Brownian motion, free with X = (X' .- X™) with law 7, and ¢ a tracial state on a von
Neumann algebra containing S and X. We then have

P(X+5,)=P(X)+ /t Ly, s, (P)(X + S5)ds + /t Zm: O, P(X + S,)4dS:

0 =1

where the last term is a martingale. We denote 7; the distribution of (X'+S}, -, X™4S5/m).

6.2. Non-commutative Bochner’s inequality. We recall that Bochner’s inequality reads
in the classical context as

S|+

F2(f7f)2 (Af)z_KF1<f7f)

for some fixed constants n > 0, K € R. Remark that n is of the order of the dimension,
so of order N? in the context of matrices, so we let A" = n/N? and apply this inequality to
F = tr(P) we get if i¥ ~ 7, as N goes to infinity,

1
< P,P>,5> N[T(JLTP)]? —~K<PP>,,.

Therefore,

Definition 6.2. We shall say that a non-commutative law 7 satisfies a CD,, (K, N') inequality
iff for all € small enough,

L L PP~ KW, 6) < PP >,

< P,P>, 5>
672 N’

for any polynomial function P.

We can therefore define

Definition 6.3.
6B (r) =m — inf (KWN) + )N

7 satisfies CDm (KC,N)

where

/C(N)—hmmf (loge™* / KW, y)dy
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We next want to compare this definition of a non-commutative dimension with already
existing entropy dimension. We recall that in the non-commutative setting, Voiculescu [13]
defined the following notion of Fisher entropy and related entropy dimension. For a tracial
state 7, we define its Fisher information by

(1) = Z sup {r@7(0;(P+ P*)) —7(PP")}
— PeC(X1 - Xm)

= sup {ZT® (P + ) — ZT(PiPi*)}

PeC(X =1

Then, as in (9), the microstates-free free entropy dimension is given by

. o ftl O*(74)ds

(15) 0*(u) =m — hItrilonf ot

Here, we shall consider a variant of 6* based on the following definition of Fisher information
as found in [3]:

d* (1) = sup 7 ® 7(0;(D; P + D; P*)) 7(D;PD;P*)}
0= )= 2
and -
_ d*(7,5)d
6% () :m—liminfift (7:)ds
t—0 | log t|

Observe that ®* < ®* and so 6*(7) > 0*(7). Equality is achieved if the conjugate variables
belong to the cyclic gradient space, which appears to be often (if not always) the case (see
Voiculescu [13] and Cabanal Duvillard-Guionnet [4]). This is the case, in particular, if we
are dealing with the law 7 of a single variable (i.e., m = 1).

In the sequel, we shall as well denote (J*)1<;<, for the projection of the conjugate variable
on the cyclic gradient space, i.e

7(0; 0 D;P) = 7(J'D;P)

for all polynomials P.
We next prove

Proposition 6.4.

In particular,
0°(r) = 8"() = 8(7)

where §(7) denotes the microstates entropy dimension.

Proof. Let us first remark that by definition

7(LP)=> 7®7(00DP) =Y 7(JD:P)
i=1 =1

and therefore

(L P)[ < @(u)T](P, P).



ON CLASSICAL ANALOGUES OF FREE ENTROPY DIMENSION. 23

On the other hand .
(L) <m> |7 @7(d; 0 DiP)|”

i=1
with

|7 ®@7(9; 0 D;P)|> <7 ®7(d; 0 D; P % (9; o D; P)*)
by Cauchy-Schwartz inequality, which holds because of the positivity of the positive bilinear
form P,Q — 7 ® 7(9; o D;P x (9; o D; P)*). Hence, for any « € [0, 1]

I7(L,P)]? < mal}(P,P)+ (1 —a)®(r){(P,P).
This proves that Bochner’s inequality is satisfied with N = ma and K(N,¢e) = (1 —
N/m)® (1 )N~ from which we get

f: (I)*(TS)

m— 5D(7') = inf{N(1+KWN))} < ér[%]f’m}{/\/Jr (1 —N/m)liminf Toge] ds} =m —0*(7)

N

% € [0, m] which holds since ®*(7,) < s~ 1.

For the other inequality, let X be an m-tuple of random variables having the law 7,
obtained as free convolution of the law 7 with the semicircular law of variance e. Let
0 <z < ¢ and let Ss_, be an m-tuple of semicircular variables of variance § — z, free from
X. Denote by 7(:|X) the conditional expectation onto the algebra generated by X. We then
introduce, in the spirit of the proof in the classical case, the function

where we used that

¢(r) = ZTere (I1Ds7(P(X + S5-0)| X)?)

(note that 7(P(X + S5_.)|X) is a polynomial in X and hence is in the domain of D;).
We have

gb,(x) - Z Ta+te (]LTI+€
i=1

Ts+e

Dir(P(X + S5_2)| X))

where we used the fact that the law of X +Ss_, under 7, is the law of X +Ss_, + Sy, with
S a free Brownian motion independent from S, X, which has the same law 75, of X + Sjs...
Now, let us compute L, , (PQ) for polynomials P,Q. L. . is a second order differential
operator; it will either act on P, or (), or both;

Lr.. (PQ) =L, (P)Q+ PL.  (Q) + R(P,Q).
To compute R(P, Q) note that this contribution comes from
AZPQ)—A{(P)x1®10Q -PR1®1x AXQ) = 0 PxOrQ
with A® B¥A'®@ B'= A® BA'® B’. Note that
MA@ BxA'® B')=BA' @ AB =A@ BxA'® B
Therefore

ZTers (R(DiT(P(X + S5-2)|X), Dit(P(X + S5-2)]X)))

= I (r(P(X 4 85-0)|X), 7(P(X + S5-0)| X))
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Finally, it is easy to see that
L, (Dim(P(X 4 S5-3)| X)) = Dit(Lyy, . P(X + S5-2)|X)
so that we have proved according to (16) that

¢'(z) = Ty (7(P(X + 55-2)|1X))
1 T
(17) > gplTerelln (T(P(X + S50)| X)) = KTT(7(P(X + 85-)1X))
We can now proceed exactly in the lines of the proof of Proposition 6.4 to conclude that
&*(7.) satisfies the bound

Tx+e

N-LEE G+ (Te)

L(e+9)

f5 L(Lej)x)dxé* )+ N

(18) o*(7.)

with L(y) = ey K@M o Yofore. The rest of the proof is exactly as in the classical case. [

Corollary 6.5. If T is the law of a single variable (i.e., m = 1) then

(r) = F(r) = 8(r) = 1 =T & 7(xa)
where xa 45 the characteristic function of the diagonal A C R? and we identify T with a
measure on R.

Proposition 6.6. Let X = (X1,...,X,,) have the given law 7 , M = W*(Xy,..., X,,) and
let G = (Gij) € Mpxm(L*(M&M?)) be a fized matriz. Let ®g be the Fisher information
defined by

PeC(X1,,Xm) i=1

oc=  sup {> 7@7(07(D;P+ DiP*) = > 7(D:PD;P")}
i=1

where OY(X;) = Gij. Then

0°(r) = 07(r) = m(1 - inf 7(1-G)*)

with F, the set of G € My xm(L2(MRM?®)) so that (loge 1)1 fel dt®%(11) goes to zero.

The proof is exactly the same as the previous one except that the use of Bochner inequality
is simply replaced by the fact that any measure satisfies CD,,(m,0) as we have seen in the
proof of the previous theorem.
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