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Abstract
We show that under reasonably general assumptions, the first order asymptotics of the free
energy of matrix models are generating functions for colored planar maps. This is based on the fact
that solutions of the Schwinger-Dyson equations are, by nature, generating functions for enumera-
ting planar maps, a remark which bypasses the use of Gaussian calculus.
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1 Introduction

It has long been used in combinatorics and physics that moments of Gaussian matrices have a
valuable combinatorial interpretation. The first result in this direction is due to Wigner [31] who
proved that the trace of even moments of a N x N Hermitian matrix A with i.i.d centered entries
with covariance N~! converge as N goes to infinity towards the Catalan numbers which enumerate
non crossing partitions. If one restricts to Gaussian entries, that is matrices following the law uy
of the GUE which is the probability measure on the set Hy of N x N Hermitian matrices with
density

iy (dA) = ZL1AGHN6—%“<A2) [T dre(aiy) [ dSm(Ay),
N 1<i<j<N 1<i<j<N
it occurs that the corrections to this convergence count graphs which can be embedded on surface
of higher genus, a fact which was used by Harer and Zagier [19]. This enumerative property was
fully developed after ’t Hooft, who considered generating functions of such moments. For instance,
c.f Zvonkin [32], we have the formal expansion

1 ” —t)*
Fy(ta*) = mlog/e_mtrm )dMN(A) = ZN_QQ Z ( kv) C(k,g)

920 k>1

with
C(k,g) = Card{ maps with genus g
with & stars of valence 4}
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Here, maps are connected oriented diagrams which can be embedded into a surface of genus g
in such a way that edges do not cross and the faces of the graph (which are defined by following
the boundary of the graph) are homeomorphic to a disc. The counting is done up to equivalent
classes, i.e. up to homeomorphism. Let us stress that the above equality is only formal and should
be understood in the sense that all the derivatives at the origin on both sides of the equality match,
it means that, for all £ € N,

p 1
(—=1)*0f Fy (ta*)]1=0 = Z WC(k,g)
920

which can be proved thanks to Wick’s formula (note above that the sum is in fact finite).

Such expansions can be generalized to arbitrary polynomial functions (to enumerate maps with
vertices of different degrees) and to several-matrices integrals which allow to enumerate colored
maps. More precisely, let V be a polynomial of m non-commutative variables, V.= "" | t;(¢; + ¢})
with some monomials ¢; and real parameters ¢; (and with ¢* being the adjoint of ¢; as defined in
section 2). Then, the free energy expands formally into

1

Fy(V) = e

log/e—NtI‘(V(AL...Am))duN(Al) cdun(An) = Z %Fg(tlv ce )
920

where for g € N, F} is a generating function for the enumeration of colored maps of genus g related
to the monomials (¢;)1<i<n-

The interest in such formal expansions lies in the hope to be able to estimate the free energy
Fn(V) when N goes to infinity by probability techniques, henceforth finding formulae for the
generating functions (F}),>o. Such a strategy can only be validated if the expansion is not only
formal, i.e. that for reasonable (eventually small but non zero) parameters (¢1,---,¢,),forall £ € N
and for N large enough,

k
1 1
FN(V) = Z iyvggFg(tlv e 7tn) +0(N2k)'
9=0

This means that one can invert the limits of £ small and NV large in the expansion.

Our aim is to look beyond this formal approach and try to justify this inversion of limits.

In the case of one matrix integrals, this problem is quite well understood at any level of the
expansion and for any reasonable potentials V' (see [1] and [12] for instance).

Several matrix models are much harder. In the physics literature, the focus is mostly on a
few specific integrals; we refer the interested reader to the reviews [11, 15]. In the mathematical
literature, fewer matrix integrals could be analyzed and only their first order asymptotics could
be derived (see Mehta et al. [24, 23] and Guionnet et al. [16, 14]). Even for these last integrals,
the relation of their first order asymptotics with the related enumeration problem was not yet
established rigorously. In combinatorics, another road was opened by Bousquet-Melou and Schaeffer
[7], following the ideas of Tutte [27], to enumerate colored planar maps; instead of studying matrix
models, they used directly bijection between maps and well labeled trees.

In this paper, we shall focus on the first order asymptotics of matrix models. We shall provide
a rigorous mathematical ground to relate them with the enumeration of planar maps.

To establish such a relation, we shall study an even more interesting quantity than the free
energy, namely, the limiting empirical distribution of matrices; for Ay,---, A, € HY, it is defined



as the linear form on the set C(Xy,---,X,,) of polynomials of m non-commutative variables so
that

N 1
'uglr",Am(P) = ﬁtr(P(Alv T 7Am)) VP € (C<X17 T 7Xm>

Let ,u{}f be the probability measure on HY; given by
WY (dA, - dA,) = o~ N2FN (V) = NET(V (A1, Am)) Hd,uN(Ai)
=1

with Fx (V') as above. In the sequel, we take a potential V.= V; = >"" | t;(¢;+¢7). Then we proceed
in two steps to relate the first order asymptotic of ﬂ%,m A, under ,u]‘y to the enumeration of planar
maps.

e First, we study the solution 7 in the algebraic dual C(Xy,---, X,,)* of C(Xy, -, X,,) of the
so-called Schwinger-Dyson equations SD[V]:

Tv(()(i + ’DZV)P) =717 ® TV(DiP)

for all P € C(Xy,---,X,,) and @ € {1,---,m}. Here, D; and D; are respectively the non-
commutative derivative and the cyclic derivative with respect to the 7** variable (see paragraph
2.2). We give sufficient conditions on V so that solutions to this equation exist and are unique.

Moreover, we relate solutions to SD[V] with generating functions of planar maps. To do that,
let us associate to (X;)i1<i<m m branches of different colors, and to a monomial ¢(X) = X, --- X;,
a star with p colored branches by ordering clockwise the branches corresponding to X;,,---, X;,.
Such a star is said to be of type g. Note that it has a distinguished branch, the first one, X;,,
and its branches are oriented by the above clockwise order (one should imagine the star to be fat,
each branch made of two parallel segments which have opposite orientation, the whole orientation
being given by the clockwise order). This defines a bijection between non-commutative monomial
and oriented stars with colored branches and one distinguished branch. Alternatively, a star can be
seen as an oriented circle with colored dots and one marked dot. A planar map is a connected graph
embedded into the sphere with colored stars, each branch of each star being glued with exactly one
branch of the same color and the edges obtained in this way do not cross each other (see a more
precise description of the planar maps we enumerate in subsection 2.5).

We can now relate Schwinger Dyson’s equation and maps enumeration:

Theorem 1.1 Let R > 2, then there exists an open neighborhood U C R™ of the origin (a ball of
positive radius) such that:

— Fort € U, there exists a unique 75 € C(Xq, -+, X,,)* which is a solution to SD[V5] and such
that for all p, for all ty,--- i, in {1,---,m}, [5(X;, --- X;,)| < RP
— For all P monomial in C(Xy,---,X,,), t = m(P) is analytic on U and for all ky,--- , ky,

integers, (—1)%* 8511 . -Gtk:T;(P)h:O is the number of maps with k; stars of type q; or ¢F and

one of type P.

Hence, (71) /<. are generating states for the enumeration of colored planar maps and Schwinger
Dyson’s equations can be viewed as the generating differential equations to enumerate colored
planar maps. This is due to the fact that the action of the derivatives D; and D; on monomials,
under the above bijection between stars and monomials, produces natural operations on planar
maps.



e Then, we shall see (see section 3) that, under some appropriate assumptions on V, ;l% A

m

converges almost surely under ,u{\,f(dAl, -+ ,dA,,) towards a solution 7y to the Schwinger-Dyson
equations SD[V].

First, we show under rather general assumptions that the limit points of ﬂ%,m,Am will solve
a weak form of the Schwinger-Dyson equation (see section 3.1) which turns into its strong form if
the limit points are compactly supported, i.e have all the moments of monomial functions of degree
d bounded by R? for some finite constant R. For small t;’s, this proves that [L%““’Am converges
almost surely towards the solution of SD[V] if we know that the limit points of ﬂ§1,~~~,Am satisfy
such a bound. We then give sufficient conditions to obtain such an a priori estimate.

We consider convex potential V' (see section 3.2) for which we have:

Theorem 1.2 Let U be the set of t;’s for which V = V; is convex, then there exists € > 0 such that
Jor (ti)1<i<n € UNB(0,¢), ﬂ%7,,,714m converges in Ll(u{\,;) and almost surely to the unique solution
to SD[V4] as described in theorem 1.1

For general potential V| we obtain a similar result provided we add a cut-off (see section 3.3).

Coming back to the free energy of matrix models, we conclude (see Theorem 3.3) that when the
empirical distribution of matrices converges towards the solution to Schwinger-Dyson’s equations,
the free energy is also a generating function of the associated planar maps.

As a consequence, we can apply these results to the study of Voiculescu’s microstates entropy
(see section 4) and show that the microstates entropy can be estimated at the solutions to SD[V]
when the ¢;’s are small enough.

Finally, we compare diverse approaches to the enumeration of planar maps by either using
matrix models or combinatorics techniques.

The results of this paper are clearly known, at least at a subconscious level, by physicists, but we
could not find any proper reference on the subject. However, we want to emphasize that the use of
Schwinger Dyson’s equations is well spread in physics. This paper is rather elementary but provides
a mathematical framework to the study of matrix models and related map enumeration. We hope
it will demystify this interesting field of physics to mathematicians, or at least to probabilists. The
generalization of the techniques developed in this paper to higher order expansions is the subject
of a forthcoming article.

2 Schwinger Dyson’s equations and combinatorics

2.1 Tracial states

Let C(Xy,---,X,,) be the set of polynomial functions in m self-adjoint non-commutative va-
riables. We endow C(X1, - -, X,,) with the involution given forall z € C, all 4y, ---, 7, € {1,---,m}
and all p € N, by

(ZXVZ'l .- 'Xip)* = 2)(2'}7 .- 'AXil .

We will say that P in C(Xy,---, X,,) is self-adjoint if P* = P.
For any R > 0, completing C(X,---, X,,) for the norm

1Pllr = sup sup  [|P(ay, -+, an)|la

*_ ag,.,am €A,
A 0*-algebra a;=al,|la;]| <R
2

produces a C*-algebra C(Xy, -+, X, )r = (C(X1, -, X0, |||, *)-



We let C(X1, -+, X,,)* be the set of real linear forms on C(Xy,---,X,,) (i.e linear forms such
that 7(¢*) = 7(a)), and denote C(X1, - -+, X,,) 5 the subset of C(Xy,---, X,,,)* of continuous forms
with respect to the norm ||.||g, i.e the topological dual of C(Xy,---, X,.)R.

We let M™ be the set of laws of m bounded self-adjoint non-commutative variables, that is the
subset of elements 7 of C(Xy, -+, X,,)* such that

r(PP?) >0, 7(PQ)=71(QP) YP,Q e CXy, -, X,), 7(I)=1. (1)

It is not hard to see that for any R < co, M} = C(Xy,- -+, X)), N M™ is a compact metric space
for the weak*-topology by Banach-Alaoglu theorem. Elements of M™ = Ug>o MY are said to be
compactly supported, by analogy with the case m = 1 where they are indeed compactly supported
probability measures. A family (7;):er of elements of M for some R < oo is said to be uniformly
compactly supported.

To deal with variables which do not have all their moments, we eventually can change the set
of test functions and, following [8], consider instead of C(Xy,---,X,,) the complex vector space
CZ (C) generated by the Stieljes functionals

— m
ST™C) ={ [] (=i =) ofXp)™" 2 €C\R,af €R,pe N} (2)
1<i<p k=1

where []™ is the non-commutative product. We can give to ST™(C) an involution and a norm

||F||OO: sup sup ||F(a17"'7am)||oo
AC*—algebraai=af€A

where the supremum is taken eventually on unbounded operators affiliated with A, which turns it
into a C*-algebra. We will denote C} (R) = {G = F+ F*, F € C;(C) }. We will let MZ, be the set
of linear forms on CJ; (C) which satisfy (1) (but with functions of CJ} (C) instead of C(X1,- -, X;)).
If one equips M'%, with its weak topology, then M, is a compact metric space (see [8]).

2.2 Non-commutative derivatives

Welet D; : C(Xq, -+, X)) = C(Xq, -+, X)) @ C(Xq, -+, X,,) be the non-commutative deri-
vative with respect to X; given by the Leibnitz rule

Di(PQ)=D,Px(12Q)+ (P®1)x D;Q
for any P,@Q € C(Xy,---,X,,) and the condition
D;X; =1-;1®1.
In other words, if P is a non-commutative monomial

D;P = Z PLoP,
P=P X; P

where the sum runs over over all possible decomposition of P as P} X;P,. This definition can be
extended to CJ}(C) by keeping the above Leibnitz rule (but with P, @ in CJ}(C)) and

D;(z — Z%Xk)_l = oz — Z%Xk)_l ® (z; — Z%Xk)_l-
k=1 k=1 k=1

5



We also define the cyclic derivative D; as follows. Let m : C(X1,---, X,,) ® C(Xy, -+, X)) —
C(X1, -+, Xpm) (resp. C(C) @ CH(C) — C;(C)) be defined by m(P ® Q) = QP. Then, we set

D;=moD,.
If P is a non-commutative monomial, we have

D, P = Z PP,.

P=P X, P
2.3 Schwinger-Dyson’s equation
Let V' be self-adjoint and consider the following equation on C(Xy,---,X,,)*; we say that
T € C(Xy, -, X,)* satisfies the Schwinger-Dyson equation with potential V, denoted in short

SD[V], if and only if for all i € {1,--- ,m} and P € C(Xy,---, X,,.),

(=1, 77(D;P)=1({(D;V+X;)P) SD[V]

These equations are called Schwinger-Dyson’s equations in physics, but in free probability,
one would rather say that the conjugate variable (or alternatively the non-commutative Hilbert
transform) D*1 under 7 is equal to X; + D;V forall ¢ € {1,---,m}.

2.4 Uniqueness of the solutions to Schwinger-Dyson’s equations for small pa-
rameters

In this paper, we shall restrict ourselves to non-oscillatory integrals, that is to the case where
tr(V (X4, -+, X)) is real for any m-uple of Hermitian matrices. In other words,

tr(V (X1, X)) = te(VI(XD, -+ X)) = 42275V + V) (X1, -, X))

for any m-uple of Hermitian matrices. Thus, we shall assume that
‘/(le U 74Xm) — ‘/f()(lv e 7Xm) - th(qz(le U ’va) + qz*(le e 7Xm))
=1

where the ¢;’s are monomial functions of m non-commutative indeterminates and ¢ = ({1, - ,t,)
are real parameters.

In this paragraph, we shall consider solutions to SD[V5] which satisfy a compactness condition
that we shall discuss in the following subsections. Let B € Rt (We will always assume R > 1
without loss of generality).

(H(R))An element 7 € C(Xy, -+, X;n)* satisfies (H(R)) if and only if for all k € N,

max  |7(X;, ---X;,)| < R~

1<iy e i <m

In the sequel, we denote D the degree of V, that is the maximal degree of the ¢'s; ¢;(X) =

XJ'f "'Xj;, with, for 1 < ¢ < n, deg(q;) =: d; < D and equality holds for some .

The main result of this paragraph is

Theorem 2.1 For all T € R™, there exists A(l) = A([t|) € RT with |t| = maxi<i<,, [ti], A(|t]) goes
to infinity when |t| goes lo zero, so that for R < A(|t]), there exists al most one solution T to

SD[V;] which satisfies (H(R)).



Remark: Note here that it could be believed at first sight that the solutions to SD[V] are
not unique since they depend on the trace of high moments 7(¢;P). However, our compactness
assumption (H(R)) gives uniqueness because it forces the solution to be in a small neighborhood
of the law 79 = 6™ of m free semi-circular variables, so that perturbation analysis applies. We shall
see in Theorem 2.3 that this solution is actually the one which is related with the enumeration of
maps.
Proof.

Let us assume we have two solutions 7 and 7. Then, by the equation SD[V], for any monomial
function P of degree [ — 1, for i € {1,---,m},

(r—m)X;P)=((r =T @) (D;:P)+ (7' @ (t — 7)) (D;P) — (T — 7')(D;V P)
Hence, if we let for [ € N

Ay, Ty = sup |T(P) — 7'(P)|
monomial P of degree |

we get, since if P is of degree [ — 1,

-2

DiP =Y pi@piay,
k=0

where p};, ¢t = 1,2 are monomial of degree k or the null monomial, and D;V is a finite sum of
monomials of degree smaller than D — 1,

Ay, ) = max max {|7(X;P) — (X, P
) P of degree i-1 lgigm{l ( ) ( )}
-2 D1
<2 Z Ay(r, T RTPE 4 Ol Z Apppoi(r, )
k=0 =0

with a finite constant C' (which depends on n only). For v > 0, we set

dy(r, 7)) = Z YA (7).

1>0
Note that under (H(R)), this sum is finite for v < (R)~!. Summing the two sides of the above
inequality times v' we arrive at

D-1
dW(Tv 7—/) S 272(1 - 7R)_1dﬁ(7—7 7—/) + C|t| Z 7_p+1dW(T7 T/)‘

p=0
We finally conclude that if (R, |¢]) are small enough so that we can choose v € (0, R™!) so that

D-1
29 (1— R+ Clt) Y vt <1

p=0



then d,(7,7') = 0 and so 7 = 7/ and we have at most one solution. Taking v = (2R)~! shows that
this is possible provided
1 D-1
— +Clt 2R)P7 <1

so that when || goes to zero, we see that we need R to be smaller than A(|¢]) of order |t|_ﬁ.

2.5 Combinatorics

In this paragraph we describe the combinatorial objects we are considering. Let us associate a
colored star to any monomial. We associate to each ¢ € {1,---,m} a different color. Then, we define
a bijection between oriented branch-colored stars with a distinguished branch and non-commutative
monomials as follows. For any ¢ € {1,---,m}, we associate to X; a branch of color i. We shall say
that a star is of type ¢(Xy,---,X,,) = X, ---X;, if it is a star with [ branches which we color
clockwise ; the first branch will be of color iy, the second of color iy ... etc ... until the [** branch is
colored with color %;. Note that this star possesses a distinguished branch, the one corresponding
to X;,, and an orientation, corresponding to the clockwise order. By convention, the star of type

¢ = 1 is simply a point.

FiG. 1 — The star of type q(X) = X2 X2X{ X2

A planar map is a connected graph embedded into the sphere with colored stars, each branch
is glued with exactly one branch of the same color and the edges obtained in this way do not
cross each other. Hence, branches are thought as half edges. Maps are only considered up to an
homeomorphism of the sphere. Now we will be interested in enumerating maps with a fixed set of
stars, we define for ¢; a family of non necessarily distinct monomials and k; a family of integers:

Mo((q1, k1), (g2, k2), - -, (gn, kn)) = g{planar maps build with k; stars of type ¢;}.

We denote in short Mo (P, (g1, k1), -, (¢n, kn)) = Mo((P, 1), (q1, k1), - - -, (¢n, kr)). In that set, each
star is labeled and has a marked branch (which corresponds to its first variable) so that for example
Mo((X*,2)) = 36. Now what we are really interested in is enumerating maps with a fixed number
of stars of type ¢ or ¢* so that we define:



M((qu, k)5 ooy (ny kn)) = Z HCI];:MO((qlapl)v (45, k1 —p1)y oy (@ns ), (00 b — i)

1<p;<ki, 1=1
1<i<n

and M(P7 ((]17 kl)v ey (qn7 kn)) = M((P7 1)7 ((]17 kl)v LR (q?’“ kn))

This quantity enumerates the number of ways to build a map on stars of fixed types up to the
symmetry induced on stars by the operand .

Due to the fact that everything is labeled, we enumerate lots of very similar objects. A way to
avoid this problem is to look at the maps as they are enumerated by combinatoricians (see [7]).
The idea is to forget every label and to add a root which is defined as a star and a branch of this
star. We will say that a map is rooted at a monomial of type P if its root is of type P with the
marked branch the first one in the above construction of a star from a monomial. We can define
for P a monomial, k; a family of integers and ¢; a family of (this time) distinct monomials.

Do(P, (q1,k1), (g2, k2), .-, (gn, kn)) =14{ rooted planar maps with k; stars of type ¢
and one of type P which is the root }

and

D(Pv ((hv kl)v SRR (qnv kn)) = Z D(P, (‘hapl)v (Qﬂ ki — pl)v R (qnv kn)v (q:u by — pn))

1<p;<k;,
1<i<n

To go from these rooted maps to the previous one we only have to label each star and be careful
about the symmetry of the stars in order to specify a branch by star. More precisely, let us define
the degree of symmetry s(¢) of a monomial ¢ as follows. Let w : C(Xy, -+, X)) = C(Xq, -+, X})
be the linear function so that for all i € {1,--- ,m}, 1 <k <p

WXy Xy X)) = Xy - X, X

ip ’il

and, with w? = w o wP™!, define

s(q) = 4{0 < p < deg (¢) — 1|wP(q) = ¢}

We easily see that for all monomial P, distinct monomials ¢; (but eventually, one of them may be
equal to P), and integers k;:

M(P7 ((117 kl)v (927 k?)v L (qn7 kn))
Hﬁzlki!sf"

D(P7 (Qhkl)v(q27k2)7"'7(qn7kn)) = (3)

2.6 Graphical interpretation of Schwinger-Dyson’s equations

We shall now make an assumption on the solutions of Schwinger-Dyson’s equation SD[V;] when
the parameters belong to an open convex neighborhood of the origin, namely

(H) There exists a convex neighborhood U € R”, a finite real number R and a family {m;,t € U}
of linear forms on C(Xy,---,X,,) so that for allt in U, 15 is a solution of SD[V5] which satisfies
H(R).



Note that up to take a smaller set U, we can assume that the conclusions of Theorem 2.1 are

valid,

i.e R < A(]t]) for all ¢ € U since A(|t]) blows up as |¢| goes to zero.

The central result of this article is then

Theorem 2.2 Assume that (H) is satisfied. Then

1.

2.

For any P € C(X1, -+, X)), t €U = 1:(P) is C* at the origin in the sense that for all k =
(k1, kg, -+, kyn) € N™ there exists e(k1+ka+- - -+ky,) > 0 so that (?fll X -(?f:T;(P) exists on U, =
UNB(0,€) with B(0,€) = {t € R™: [t| < e}. We let T#(P) = (1)1 +kn gt .. 9f 1o( P)|7_g.
Then, we have for all P € C(Xy,---,X,,) and all i € {1,---,m},

= > Hcpjrp®rkaP+ ZkT 7(Digj + Dig; P) (4)
0<p, <k; j=1 1<5<n
1<j<n

where 1;(2) = 1,=; and Tz(l) = 1%:0
For any monomial P € C(Xy, -+, X)), any ky,--- , k, € N,

F(P) = M(P, (g1, k1), - -, (gn, ).

Proof.
e The smoothness of { — 77 comes as in the proof of Theorem 2.1 from Schwinger-Dyson’s

equations and induction on the degree of the test polynomial function. Denote V = V4, 7 = 77 and
take T = (L1, ,1,),0 = (¢}, ), ..,t') € U. By SD[V],

(77 = ) (Xi + DiVP) P] = (75 = 73) @ 7(DiP) + 7 @ (75 — ) (DiP) + mp[(DiVy — D:iVy) P

By our finite moment assumption, we deduce that if P is a monomial function of degree [ — 1, for

any ¢

e{l,---,m},
|7£[(Xs + DiVe) Pl — p[(Xi + D V3) Pl

-2
max J1Q] — ™~[Q Ri-2-k + t — t;- RIHD-1
ZQ monomial of degree <k| i@l = [l 1;n| |
Thus we deduce that for any p € N,
Ay(r,77) = max max |75(X;P) — 7 (X P)|
¢ P monomial of degree p—1
-2
< 2) Ay )RR Z il Arpa,a (rp ) + > |t — [ RFP

k=0 1=1 1<i<n

Now,

dW’(Ttv

let v € (0, R™') and let’s sum both sides of this inequality multiplied by 4! to obtain, with
) = El>07 Ai(rg, 7)),

dy (5, 77) < 2(1 = yR) ™'y d, (5, 7p)

+Z|tl'r‘d“d (rprp)+ (L= yR)™N > |t — | RP

=1 1<i<n

10



Since by definition A;(7g, 77) < 2R!, d (75, 77) is finite for YR < 1 we arrive at

(1=29* (1= Ry) ™" = D |y ™) dy () < (1 - Ry)™H D |t — iR
1<i<n 1<i<n

Now, for || small enough, we can find v = y(|¢]) > 0 so that

=221 = Ry)™ = Y il P >0
1<i<n

YA ) <CM Y |-t

>0 1<i<n

and so

which implies that for all [ € N

A ) <COY Dt — 1]

1<i<n

so that for any monomial function P, ¢ — m(P) is Lipschitz in U, := UNB(0, €) for € small enough.
Moreover, we have proved that there exists 7(€) =~ < oo, so that

Ai(75,7) < Cole)o(e)'[E — 7| with [ = 7] = max [t; — £]. (5)

Consequently, 77 is almost surely differentiable in U, and the derivative satisfies

Oy, m5((Xi + DiVy) Pl + mDiqr P] = 0y, 7 @ Te(Di P) + 75 ® 0y, 7¢(DiP) (6)
for almost all ¢ € U.. Since C(Xy, -+, X,;,) is countable, these equalities hold simultaneously for
all P e C(Xy,---,X,,) almost surely, let U/ be this subset of U, of full probability.

(5) implies that

max max Ay 7(P)| < Col€)no(e)
1<k<m p monomial of degree l| b TP < Co(9mole)

for all ¢ € U!. This bound in turn shows that we can redo the argument as above to see that for |¢|
small enough, ¢ — 9;, 77(P) is Lipschitz. Indeed, if we set

Ay () = Al (015, 075) = max max |0, T4 (P) — 3tk7'¥/(P)|

1<k<m p monomial of degree !
we get, for 7,1 € U/,

1) <2) Ay (k)R'7*F 4 Cole) [t — '|Ino(e) —|—Z|t A (I4d; — 1)

=1

so that we get that by summation, for ¥ < min(R™1, no(e) 1),

(1-2(1—Ry)™'y —th 7)Y DALY <42 Co(O) (1= ymo(e)THE -7
>0
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Hence, again, we can choose 7;(€) < oo big enough so that there exists C'(€) < oo so that if € is
small enough

Ar(l) < Ci(e)mu (o)t - 7).

In particular, this shows that we can extend ¢ € U! — 0, 75(P) for all monomial functions P
continuously in U, and so the equality (6) holds everywhere. Now, we can proceed by induction
to see that £ — 73(P) is C*° differentiable in a neighborhood of the origin. More precisely, for any
k= (ki,---,k,) there exists ¢ = e(ky + ky + -+~ + k,,) > 0 so that on U,,
TH(P) = (=)t gt i ry(P)
exists and furthermore satisfies the equation
X+ DVIP) = Y HCpZT—(EQ—k (DiP)+ > kiry Y ((Dig; + Dig}) P)
0<p;<k; i=1 1<5<m
1<i<n

Applying this result at the origin, we obtain the announced result.

e We now show the combinatorial interpretation of (4). It is based on the observation that the
{7*(P),k € N*} and the {M (P, (k1,q1) - - - (kn, qn), k € N*} satisfy the same inductive relations.

Let us first interpret graphically 70 = 74. 7o satisfies by definition SD[0] which is well known
to have a unique solution given by the law of m free semi-circular variables (see Voiculescu [28]).
Then, 79(X;, - - - X;,) can be computed for instance using cumulants techniques as developed by R.
Speicher [26]; it counts the number of planar maps which can be constructed from the star associated
to X;, -+ X;, by gluing together the edges of the star of the same color. A way to prove that is
to remark first that if we have a star with two branches of the same color, there is only 1 = 7%(1)
ways to glue them. We then proceed by induction over the degree of the monomial function. We let
M(P) be the number of planar maps with labeled stars with a star of type P and shall show that
it satisfies the same induction relation than 7°(P). Let i € {1,---,m} and P = X;Q. To compute
M(X;Q), we break the edge between the distinguished branch X; and the other branch of @) with
which it was glued, then erasing these two branches. Since the maps are planar, this decomposes

the planar map into two planar maps (see figure 2) corresponding respectively to the stars 1, Q2
for any possible choices of @1, @2 so that @ = Q1X;@Q2. Hence

MEXQ) = Y MQIMQ2).
Q=01X;Q2

Thus, if M(R) = 79(R) for all monomial of degree strictly smaller than P,

M(X;Q) = Z 70(Q1)70(Q2) = 70 ® T0(D:Q)
Q=0Q1XiQ2

which completes the argument since the right hand side is exactly 7o(X;@).

We now consider the general case; let us assume that for |k| < M, the graphical interpretation
has been obtained for all monomial and that for |[k| = M + 1, it has been proved for monomial
of degree smaller or equal to L. By the preceding, we can take M > 1 and L > 1 since for
all k& # 0, 7%(1) = 0. Again, we shall show that M(P, (q1,k1),"- -, (¢n, k,)) satisfies the same

induction relation than 7%(P).

12



F1G. 2 — The decomposition P(X) = X1 X2X{X2 into X1 XX, @ X} X2

Let us consider a star of type X;P (rooted at the branch X;, with its inner orientation)
with P a monomial of degree less than L and |k| = Y. k; = M + 1. Now, in order to compute
M(XiP, (q1, k1), -, (gn, kn)), we break the edge between the distinguished branch X; (which has
color 7) and the other branch with which it was glued.

The first possibility is that it was glued with an edge of the star P. Then, since the maps are
planar, this decomposes the map in two planar maps. If this branch was given by the X; so that
P = P, X, P,, one of this planar map contain the star of type P, and the other the star of type Ps,
which have also a distinguished branch and are oriented. If one of this planar map is glued with
k; stars of type ¢; or ¢; , 0 < k; < n, the other map is glued with the remaining stars, that is
k; —p; stars of type ¢; or ¢;. There are H?ﬂ C’Zj ways to choose p; among kj stars of type ¢; or ¢}
for 1 < j < n (recall here that stars are labeled). Since we do that for all (P, ;) so that P have
the above decomposition, we obtain the planar maps corresponding actually to the stars associated
with the monomials of D;P. Note that the case where one of the monomial in D;P is the monomial
1 shows up when P = X;Q or QX; for some monomial () and the weight corresponds then to the
case where we glue the first branch X; in X;P with its left or right neighbor. In this case, none of
these two branches can be glued with another star, and there is only one possibility to glue these
two branches otherwise, which corresponds to the weight 7%(1) = 1_,.

Hence, the number of planar maps corresponding to this configuration is given by

oo > I ceMP(ap), - (@ pa)) MUP, (1, k1 = 1)+ s (60 b — p2)

0<p;<k; P=P; X; P> 1<j<n
1<5<n

= > I cermer 7 mrp)

0<p;<k; 1<5<n
1<j<n
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where we finally used our induction hypothesis.

The other possibility is that this edge is glued with a star of type ¢; for some j € {1,---,n},e€
{.,*}. In this case, erasing the edge means that we destroy a star of type ¢; and replace the stars
of type X; P and ¢ glued together with a single star P glued with the star ¢; in place of X; with an
edge of color ¢ removed; if ¢; = ()1.X;()2, we replace the two stars of type X;P and ¢; by a single
one of type Q201 P (see figure 3). Since we do that with all the possible edges of color 7 in q;, we
find that we can glue all monomials appearing in D;g;, and so the corresponding weight is given

by rh=1, (Diqu) times k;, the number of ways to choose one star among k; of type ¢:.

Fic. 3 — The merging of ¢(X) = X} X3 = X1 X1 X3 and X, P into X, X3P

Hence, by induction, we proved that the number of planar maps with &; stars of type ¢; or ¢}
and one of type X;P is given by

M(XiP, 1), (g1, k1), -y (gn, b)) = Z HC}];JT?@ TE_Z_)(DZ'P) + Z kﬂj_l] (Di(g; + q;k)P)

0<p;<k; J=1 IS]Sm
1<j<m
(7)
= rF(X;P) (8)

forall @ € {1,---,m}. This shows that the graphical interpretation holds for all L and [k < M +1.
We can start the induction since we know that 7%(1) = 1z_,. This completes the proof.

a

Remarks:

1. This graphical interpretation can be sometimes simplified for particular V. For example,
consider V;, . = tA* + uB* + cAB which appears in the Ising model. First, one may notice
that this is not in the form of the theorem but we can replace tr(V') by

t
tr(5(A" + A% + 3(34 +BY ¢+ g(AB + BA))
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so that the theorem can be applied. Now, one may see that there will some redundancy in the
enumeration of maps given by this potential as for example vertices of type AB are isomorphic
to vertices of type BA. But there will be some simplification with the factors % so that finally
the theorem will give, if 7;, . is the a solution to SD[Vy y ] given by the theorem, that for
all monomial P,

(_1)m+n+ratmagag7_t7u70(P)|t=u=c=0 = MO(Pv (A47 m)v (B47 n)v (ABv T’))

2. Note that this graphical approach can be generalized to matrix models with more complex
potentials involving tensor products. For example, one can consider a potential V' which is a
sum of monomials and of tensor products of monomials:

Vi=> tilgt® - @¢ +(¢) o0 (¢))

and the associated measure with density with respect to ,u]%m given by Z;,le

Then one can write the generalized Swinger Dyson’s equation:

~NZ=d(tr)@dvy

T@T1(D;P)=1(X;P)+ Ztk7®dk(qi ® - "@DiQiP@) . ..@ql‘j
k.j

Ha) @ @Di(q))"Pe @ (¢f))

The previous results remain valid up to a graphical interpretation of the new term. For
example ¢* @ - - - @ ¢* will be a bunch of k loops, the first one containing the branches of the
star of ¢', in the clockwise order, the first of which is the marked one, the second one the
branches of ¢? ... The additional constraint being that vertices which will be placed in a loop
can not be linked to any vertices in an other loop.

2.7 Existence of an analytic solution to Schwinger-Dyson’s equation

The aim of this section is to prove that for all monomials (g;)i<;<n, there exists a convex
neighborhood of the origin (actually an open ball) and a finite constant R so that hypothesis (H)
of section 2.6 is satisfied. Moreover, we show it depends analytically on ¢ in a neighborhood of the
origin. Let V5 be as before.

Theorem 2.3 There exists an open neighborhood U C R™ of the origin (a ball of positive radius)

such that for t € U, there exists 77 € C(X1, -, X,,)* satisfying SD[V5] such that:
— 1 — 13 is analytic on U, i.e. there exists TE,E € N* in C(Xy, -, X.n)* such that for all P in
Xy, -, X)), tinU,
(=t)* %
np) =Y 1 o)
kenn 1<i<n !

and the serie converges absolutely on U.

N TE(P) = (_1)2161‘87{611 te '85:7—?(]3)'?:0 = M(P7 (qh kl)v Tty (qm kn))
~ There exists R < 0o so that for allT € U, all i;---4; € {1,---,m}!, all | € N,

|T?(Xi1 o Xlz)| < Rl'
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Remark: It will be useful to use sometimes for 77 an alternative expression related to the enume-
ration of rooted maps. Using (3), one can obtain inside the domain of convergence, for all monomial

P:
Z H D(P, (q1, k1), (g, Kn)).

Lenn 1<i<n

Proof.
If we have such a solution, it satisfies assumption (H) and by (4) if k! =[] k!,

P Di(q; + )P
-y oy Tr I, 5 Tl
0<p;<k; P=P) X; P, p: ( ! 1<j<m ( _11')'
1<3<n k;ﬁO

where the second sum runs over all monomials P, P» so that P decomposes into Py X;P,. We can

use this formula to define the 7% by induction, the graphical interpretation is directly satisfied.
We must control the growth of the 7%(P)’s. Our induction hypothesis will be that for k so that

> ki <M —1 and all monomial P, as well as for )~ k; = M and monomials P of degree smaller

than L,

T*(P)

< AL ki gdegP H Cr;Caegp

where the Cy are the Catalan’s numbers which satisfy

k
Crtt _ 1k
Cra1 =Y CoCrop, Co=1, o < 4k VI k e N. (9)
Here, deg P denotes the degree of the monomial P and we can assume B > 2 without loss of
generality. Our induction is trivially true for £ = 0 and all L since 7% = 0™ is the law of m free

semi-circular variables which are uniformly bounded by 2 so that

|T0(P)| S 2degP

Moreover, it is satisfied for all k and L = 0 since then Tz(l)_z 17_,- Let us assume that it is true
for all k such that > k; < M —1 and all monomials, and for & such that )~ k; = M and monomials
P of degree less than L for some L > 0. Then

k n
TH(X;P) Z ki pdegP—1
T < § AE ‘B HCpJCk]—pJCdegPlcdeng
) 0<p;<k; P=P, X;P, i=1
1<3<n
kj—1 degP+d 1
+2 E AE HC Bestrdean = CdegP-I—deqql 1
1<I<n

‘ _ 4n 21< o Bdegqj—24degq]—2
< AL ki gdegP+1 HckicdegP—l—l (ﬁ 4 p&lsis S

where we used (9) in the last line. It is now sufficient to choose A and B such that

4n 221§]§n Bdegqj —24degqj—2
Bt

<1
A =
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(for instance B = 27t! and A = 4nBP~24P~2) to verify the induction hypothesis works for
polynomials of all degrees (all L’s).
Then

- > I5

keNn
is well defined for |¢| < (4A)~1. Moreover, for all monomial P,

(P < H (4t;A)5i (4B)TesP < H (1 — 4At;)~" (4B)de9F
kENnZ 1 =1

so that for small ¢, 7; has an uniformly bounded support.

O

Hence, we see that the enumeration of planar maps could be reduced to the study of Schwinger-
Dyson’s equations SD[V]. For instance, the asymptotics of such enumeration can be obtained by
studying the optimal domain in which the solutions are analytic. Matrix models can be useful to
study also the solution, e.g. we shall deduce from this approach that the solutions to SD[V] are
tracial states (the positivity condition being unclear a priori).

3 Existence of tracial states solutions to Schwinger-Dyson’s equa-
tions from matrix models

We let V = V4 be a polynomial function as before, and consider
zy = /e_Ntr(V(Al""’Am)),uN(dAl)---,uN(dAm)
and pf) the associated Gibbs measure

W (AL, dAy) = (Z0) 7 e NIV A Ay (44 -y (dA ).

This is well defined provided that we assume that the monomials of highest degree in V; are
sufficiently large to make Z{y finite. We shall assume for instance that

ViX)= ) tl@X)+agX)+ Y uX2, (10)
1<zi<n n+1<i<n+m

with D even and monomial functions ¢; of degree less or equal than D — 1 and ¢; > 0 for ¢ €

{n+1,---,n+m}. We shall see in the last paragraph of this section that such assumption can be
removed provided a cut-off is added.
The empirical distribution of m matrices A = (Ay,---, A,,) € H} is defined as the element of

MG, such that
R . 1
NK(F) = Ngl,...,Am (F) = ﬁtr(F(Ah T 7Am))

for all F' € CJ}(C). Note that the empirical distribution could be defined as well as an element of
M but since the random matrices (Ay,---, A;,) under H{Y have a priori no uniformly bounded
spectral radius, the topology of weak convergence would not be suitable then.
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We shall see that if we know that a limit point of ﬂK under u{\f are compactly supported, then it
satisfies SD[V]. In a second part, we shall give examples of potential V' for which this assumption is
satisfied. Finally, we discuss localized matrix integrals and show that bounded solutions to SD[V]
for small potentials can always be constructed by localized matrix integrals.

3.1 Limit points of empirical distribution of matrices following matrix models
satisfy the SD[V] equations

We claim that

Theorem 3.1 Assume (10). Then
1. There exists M < oo so that

limsup @, ... 4, (XP) <M

N—oo
,ug almost surely for all i € {1,---,m}.
2. The limit points of ﬂ%’m A for the CI7 (C)-topology satisfy the ‘weak’ Schwinger-Dyson equa-

lion
TT(D;F)=71((D;V+ X;)F) (WSD)[V]
for all F € C}(C).

Note here that (D;V + X;)F does not belong to C;(C) so that it is not clear what (WSD)[V]
means a priori. We define it by the following; there exists a sequence V? ¢ CZ%(C) so that

lim max  sup T(|DZ’V§ -DV-X;|) =
§—0 1§Z§m 'T(XLD)SM

from which, since any F' € C}(C) is uniformly bounded,

lim max  sup |T(FDZ'V§) - 7(F(D:V + X;))| =0
§—0 1S2Sm T(XID)SM

is well defined.
Proof.
e The first point is trivial since by Jensen’s inequality,

ZY > exp{—N? /—tr H dun(A;)} > exp{cN?}
1<i<m
for some ¢ > —oo, where the last inequality comes from the fact that (see [28])
li —t /(A d (Y
im r(} 1<11 un(A;) =™ (V) < o0

where o™ is the law of m free semi-circular variables.
Now, observe that by Holder’s inequality,

AN (:)] < max. il (| X171 + 1)
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so that we deduce

V ) > Z 2+n:uA - C(z)ﬂKOA”D_I) - C(Z))

with a finite constant ¢(Z). Since ¢;4,, > 0, we conclude that @} (V) > m|t|M/2 when
maxi<i<m iy (AP) > M for M large enough. Thus

h (m A (AP) > M) < e MM mtlmel” (11)

goes to zero exponentially fast when M > The claim follows by Borel-Cantelli’s lemma.

Itl

e We proceed as in [9], following a common idea in physics, which is to make, in ZV, the change
of variables X; — X; + N7'F(X) for a given ¢ € {1,---,m} and F € C%(R). Noticing that the
Jacobian for this change of variable is

]| = eNAKOAK(DiF)+0(1)
we get that

/e(NﬂXWX(De‘F)—N2ﬂﬁ(N_lXz‘F(X)+V(X¢+N_1F(X))—V(Xz‘))Mf‘y(dA) =0(1)

from which we deduce that

/ (NEX DAY (D) =N?aY (N"UXF )4V (Xt N FED VX)) 4N (4A) = O(1).
maxl<z<m MA(AD) M

Hence, we conclude by Chebychev inequality and (11) that for M big enough, any § > 0, there
exists nn > 0, so that if we denote

B = i) @ (X (DiF) = N (N XF(X) + VX, + NUF(X)) - V(X))
then

f ({max AXCEP) < by {IEN| £8)) 21— .

Moreover,

i} (V(Xi+ NTUF(X) = V(X)) = N7Hi (DiVF) + Ry

with a rest Ry of order N2 maxi<i<m ﬂX(XZ-D_Q) which we can neglect on
maxi<i<m fily (AP) < M. This shows, by Borel-Cantelli’s Lemma, that for all F € C%3(R),

AA © BR (DiF) — iy (X;F + DV F)

goes to zero almost surely. This result extends to F' € CJ;(C) since it can always be decomposed
into the sum of two elements of C7(R). Moreover, if we let A5 = A;(1 + €A?)~! = A;(v/-1+
VeEA)TH =/ =1+/eA) 7L € CZL(C) then again by Holder’s 1nequahty T(|D;V (A;) =D,V (AS)]) goes
to zero uniformly on max<i<m 7(AP) < M. This shows that g — p((D;V + X;)F) is continuous for
the weak C7 (C)-topology on {u(AP) < M} for any F € C7(C). Therefore, since M% is compact,

we conclude that any limit point of K satisfies

T@T(DiF) = T(()(Z'—I—'DZ'V)F)
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We therefore have the
Corollary 3.2 Assume that there exists a limil point Ty of ﬂﬁ under ,u{\,f which is compactly
supported. Then, it satisfies Schwinger-Dyson’s equation SD[V].
Proof.

The proof is straightforward since if 7y is compactly supported it is equivalent to say that 7y
satisfies WSD[V] or SD[V] since C}(C) is dense in the set of polynomial functions (approximate
the A;’s by the A?’s defined in the previous proof).

a

Let us also give the final argument to deduce convergence of the free energy from the previous
considerations.

Theorem 3.3 1. Assume that ﬂX converges in M almost surely or in expeclation under
,u% towards 75 solution to SD[V;] for t in a convex neighborhood U of the origin. Assume

g1t (1N (1X,|") is uniformly bounded for

(t1, - ytke1, S, tkt1, -y tn) € U and N large enough for some | strictly greater than the
degree of V;. Then,

furthermore that max, ,u%ly.

ZN
Vi

N -2
FYp=N"log | —x
V(tly“' 1,0ty tn)

converges as N goes to infinily lowards a limit Fy . Moreover,

tg
_ *
FV?,k = _/0 T(tl,"'7tk—1757tk+17"'7tn) (Qk + qk)dS

If furthermore 77 is uniformly compactly supported in U, we deduce that t — Fy. is C* in a
netghborhood of the origin and (_1)21%3511 - 07" Fy k|5 is the number of planar maps with
pi stars of type q; or ¢ when p, > 1.

2. Assume that for t in a open convexr neighborhood U of the origin the limil points of ﬂK
under u{\,; are uniformly compactly supported. Assume further that max, |u]‘>;(ﬂﬁ(|Xp|l))| is

uniformly bounded (independently of t € U) for N large enough and some [ strictly larger
than the degree of V5. Then, [LK converges ,u{\,i_-almost surely towards t; described in Theorem

2.8 fort € UN B(0,¢€) for some € > 0 small enough and for t € U N B(0,¢),
N __ -2 N
FV? =N log(ZV?)
converges as N goes to infinity towards

(=ti)"
FV?: Z H ki' M((qlakl)v'” 7(qn7kn))'

FENP\(0,..,0) 1<i<n '

Note above that the last serie as a positive radius of convergence according to Theorems 2.2
and 2.3. This emphasizes that the possible divergence of F{)t_f does not survive the large N limit.
Proof.

e By differentiating N2 log Z{}; with respect to ¢ we obtain that
Do, N~ log Z{ = — it (iR (ax + 47))-
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But, under assumption, (i} (¢x + ¢}))nen converges almost surely and is uniformly integrable so
that u]&;(ﬂﬁ(qk—}—q@) is a uniformly bounded sequence which converges as N goes to infinity towards
m5(qr + ¢;) for t € U. Integrating with respect to ¢ yields the convergence with Fy as above by
dominated convergence theorem. The last part of the first point theorem is a direct consequence of
Theorem 2.2.

e By Corollary 3.2 and Theorem 2.1, we see that our hypothesis implies that for ¢ € UNB(0, €) for
some € > 0, the limit points of ﬂK are unique and given by 7;. Hence, ﬂK converges in Mg, almost
surely towards ;. Since we assumed our family uniformly integrable, we deduce that u{}f?(ﬂﬁ(qﬁ—ql*))

converges as N goes to infinity towards r7(¢; + ¢;) for all I € {1,---,n} and we see as above that
forallie {1,--- ,n—1},
N
1 ZV(O,..,O,ti..tn)
— log
N? zy

converges as [N goes to infinity towards a limit

t;
Fyi = —/ 7(07...70757““7...775”)((]2' + ¢} )ds.
0

Hence, since we know that Fy, =0,

N—oo N—oo N2 ZN
V(o,..,o,ti_l_l o)

. 1 N “ . 1 Z{GZO,..,O,tiutn) \
lim mlogZV? = Z lim —k)g

n

t;
= - Z/ T(O,"',O,S,fﬂ.l,"',tn)(qi + q’L*)dS
0

=1

_ - (_tj)kj (_ti)kﬁl (0,0,0,ki,+ kn) (1. *

i=1 k.. kn€Nn—ii41<j<n

where we used in the last line Theorem 2.3. Noting that 7(%0kikn) (g 4 ¢*) is the number of
planar maps with k; stars of type g; or ¢7 for j > i+1 and k;+1 stars of type g; or ¢; , we conclude
the proof.

a

We shall in the next section provide a generic example where the assumption of the second
point of Theorem 3.3 is satisfied (in fact, a slightly different version since we do not prove that the
almost sure limit points of ﬂﬁ satisfy our compactness assumption, but their average do, which
still guarantees the result).

3.2 Convex interaction models

Let us assume that we consider a matrix model with potential V such that

m

&N, 1 (Ap(if)) € RN)™ 5 te(V(Ay, -+, Ay)) — gztr(Az) (12)
k=1
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is convex in all dimensions for some a < 1, i.e the Hessian of ob]‘\,]

, is non negative for all N € N.
An example is V of the form

V(A -, Ay) = Zti(z&ix‘lk)m
k=1

i=1
with non-negative ¢;’s, integers p;’s and real a’s. Indeed, by Klein’s lemma (c.f. [18]), since z —
(>~ apxy)?i is convex,
A — tl‘(z OziAZ')Qpi

is also convex (Here A, by an abuse of notations, denotes the entries of the m-uple of matrices
A= (Alv"' 7Am))

Then, we shall prove that
Theorem 3.4 Let V be a self-adjoint polynomial function which satisfies (12). Then

— There exists Ry < oo so that

lim sup pff (A (A7) < (Rv)"

N—oo

for alln € N and i € {1,---,m}. Here, Ry is uniformly bounded by some Ry; when the
quantities (a,V (0,0, ..,0), (D;V(0,0,..,0))1<i<m) are bounded by M.

~ ul[a&] is tight and its limit points satisfy SD[V].

- Take V. =V; =" tiq; and let U, be the set of t;’s for which Vi satisfies (12) for a given
a < 1. For € > 0 small enough, when (t;)1<i<n € Uy N B(0,€), iy converges in L*(ud) and
almost surely to the unique solution to SD[V].

— Assume that U, contains U1<i<,{(0,..,0,t;,..,t,),0 < t; <6} for § small enough. Then, for
¢ > 0 small enough, for T € U N B(0,¢),

FY = N~%log(Z{))

converges as N goes to infinity towards

(=ti)"
FV?: Z H k! M((Qly’ﬁ)f” 7((]n7kn))'

keN™\(0,..,0) 1<i<n

Remark : Observe that our hypothesis is verified for all quadratic interaction models such as the
Ising model, the ¢-Potts model ... etc ... as soon as the self potential of each matrix is convex.

Proof.

We can assume without loss of generality that ¢ = 0 since otherwise we just make a shift on
the covariance of the matrices under py. The idea is to use Brascamp-Lieb inequality (c.f Harge
[20] for recent improvements) which shows that since

f(A) = e~ NIV (Ar, Am)

is log-concave, for all convex function g on (R)mN2

w¥ota =) = [oa-wLEHINED <« [oa) [laavta) 9
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with

M = / Adudy.
Here A denotes the set of entries of the matrices (Ay,---,A,,). Let us apply (13) with g(A) =
tr(A;") which is convex by Klein’s lemma. Hence,
v (tr((Ax = E[AR])™)) < pn (tr(A%)) (14)

where E[A;](ij) = pd¥ (Ax(ij)) for 1 < 4,5 < N. By Soshnikov, Theorem 2 p.17 in [25], there exists
a finite constant C' so that for all p < /N,

p (tr(A%F)) < CN4P.

In particular,

lim sup 22 [%tr((Ak _E[A]))] < 47, (15)

N—oo

Also, by Chebychev’s inequality we find that if ||A||., denotes the spectral radius of A, for all
k€ {17 Ty m}

19 ([| Ak — E[A]llso > 3) < ) (tr((Ax — E[Ag])*" > 3%°) < CN@%

for all p < /N. Taking p = v/N, we deduce by Borel Cantelli’s lemma that

limsup ||Ar — E[Ak]|]lco <3 aus. (16)

N—oo

We now control E[A;] uniformly. Since the law of Ay is invariant by the action of the unitary
group, we deduce that for all unitary matrix U,

E[Ax] = E[UA U] = UE[AL)U™ = BA] = ) (i (Xe))1. (17)

We now bound ud (2 (X;)) independently of N. Since V is convex, there are real numbers
(Yi)1<i<m and ¢ > —o0, 73 = D;V(0,---,0) and ¢ = V(0,---,0) so that for all N € N and all
matrices (Ay, -+, An) € HY,

tr(V(Ar, -, Am)) > 1) 7idi + o).

=1

By Jensen’s inequality, we know that Z]‘\; > e~ for some d < oo and so Chebychev’s inequality
implies that for all y > 0, all A > 0,

i (AN (X > ) < eIV [N ER M) T] gy ()
=1

+/e—Nzﬁlmtr(Ai)—N/\tr(Ak)HdMN(AZ_)]
=1
9eld=ON?=2yN? 2 5,y 22+ 2 (i +0)?

IN
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Optimizing with respect to A shows that there exists A < oo so that

N2

~ 2__
mY (X (X5)| > y) < AN 5

and so

A (X4)]) = / WY (1Y (X)) 2 ) dy < VA + / ~E -1 gy < 8V

N
py (
y24\/z

where we assumed N large enough in the last line. Hence, we have proved that

lim sup |y (L4 (X))| < 8VA. (18)
N
Plugging this result in (15) and (17) we obtain for all p > 1:

fmsup [ (D)) < 2~ i sup i [ote(Ax — e [A0]))

N—oo N—oo 4
1
+22 im sup () (01 Ax])?)
N—oo N

< 2%TIgp 4 9T (8VA)P < RYY

with Ry = 4(1 + 8//A). To prove the convergence of u]\/,[ﬂA] remember that X [aX] is tight for
the CZ}(C)-topology. To study its limit point, recall [ ze™* /2f Jdz = [ f'(x _z2/2dx so that, for
P e C}(O),

1 1 , _
/ﬁtr(AkP)dm‘G(A) = 572 :/aAk(ij)(Pe N5 T duen (A
i

= 2N2 E / E QQH 77

P=QXrR

—NZ Z tlZQPinthih duy (A)

(=1 =QXyR h=1
1 1
= /<N2 (tr @ tr)(DP) — ﬁtr(DkVP)) dud (A)

which yields
[ G (X D) P) = i © i (D4P)) diy(A) = 0

Now, by convexity of V we have concentration of ﬂK under ,uX, (since log-Sobolev inequality is satis-
fied uniformly, according to Bakry-Emery criterion, and that Herbst’s argument therefore applies,
see [2], sections 6 and 7): for all Lipschitz function f on the entries

52

i (A IF(A) = ()] > 8) < e PV
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where || f||z is the Lipschitz constant of f. Since for P € C%(C), A — X (P) is Lipschitz with
constant of order N~1 (see [17]), we conclude that since D;P € C%(C) @CZ% (C), for all P € C7(C),

i | [ @ A (DLP (4) - i) © ik GRI(DP)| =

N—oo

Thus
lim sup (19 (AX (X + DV P)) — i [3X] © pf [AX](D:P)) = 0

If 7 is a limit point of uf[i}y] for the weak C(C)-topology, we can use the previous moment
estimates to show that even though Xy + D4V is a polynomial function, udY (i ((Xx + DxV)P))
converges along subsequences towards 7((Xy, 4+ Dy V)P)), and of course pf [a}] @ ud [al](DyP)
converges towards 7@ 7(DyP). Hence, we get that the limit points of udY [#})] satisfy the WSD[V].
By the previous moment estimate, this limit points are compactly supported, hence they satisfy
SD[V]. Similarly, by Corollary 3.2, 4} is almost surely tight and its limit points satisfy SD[V]
according to (16) and (18).

When V = V;, observe that R; is uniformly bounded when [¢t| < M since V4(0,---,0) and
(DiV4(0, -+ ,0))1<i<m depends continuously on £. Thus, the first point of the theorem shows that
the limit points of u%[ﬂﬁ] are uniformly compactly supported. Hence, since also we have seen that

they satisfy SD[V4], for ¢ small enough, ﬂﬁ converges in expectation (and therefore almost surely
by concentration), to the unique solution to SD[V;]. The last point is now a direct consequence of
Theorem 3.3.

a

Hence, we see here that convex potentials have uniformly compactly supported limit distribu-
tions so that we can apply the whole machinery. We strongly believe that this property extends to
much more general potentials. However, we shall see in the next section that we can localize the
integral to make sure that all limit points are uniformly compactly supported and still keep the
enumerative property, hence bypassing the issue of compactness.

3.3 The uses of diverging integrals

In the domain of matrix models, diverging integrals are often considered. For instance, if one
wants to consider triangulations, one would like to study the integral

Zn(ta®) = [ NIy ()

which is clearly infinite if ¢ is real. The same kind of problem arises in many other models (c.f.
the dually weighted graph model [21]). However, we shall see below that at least as far as planar
maps are concerned, we can localize the integrals to make sense of it, while keeping its enumerative
property. Namely, let V5 = )" ¢;¢; and let us consider the localized matrix integrals given, for L < oo,

by
v IAllest M1

and the associated Gibbs measure
M{\];L(dA) — (Z‘]/\';L)_11||A||OOSL€_Ntr(V?(A)) Hd,uN(A
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Here, ||Al[c = maxi<i<m ||Ail|o and [|A;]|o denotes the spectral radius of the matrix A;.
We shall prove that

Theorem 3.5 There exists g > 0 so thal for € < ¢g, there exists Lo(e) and L(e), L(e) going lo
infinity and Lo(€) going to 2 as € goes to zero, so that fort € B(0,¢€), for all L € [Lo(€), L(€)],

im — N.L _ (=ta)"
ngnooﬁlogZ’; - Z H il M((q1, k1), (qny ki)
FEN™\(0,..,0) 1<i<n

Moreover, under ,u]‘y_’L, ﬂﬁ converges almost surely towards t; described in Theorem 2.3.
t

This shows that, up to localization, the first order asymptotics of matrix models give the right
enumeration for any polynomials. The diverging integrals often considered in physics should be
therefore thought to be conveniently localized to keep their combinatorial virtue, and are then as
good as others. In view of Lemma 3.6, this localization procedure should not damage the rest of the
large N expansion neither. Note that when m = 1, the localization amounts to restrict the integral
in the domain of strict convexity of the potential, henceforth again avoiding all issues of escaping

eigenvalues.
Proof.

The proof is very close to that of Theorem 3.1 except that we have to be careful to make
perturbations which do not change the constraint ||A||., < L. Let ¢ € {1,---,m} and consider

the perturbation A; — A; + N71h(A;) and A; — A; for j # ¢ with a compactly supported
function h which vanishes on [—R, R]°. Then for L > R, for sufficiently large N, and ||A;|| < L,
I|A; + N71h(Ai)|lc < L so that we see that the limit points of 44 under the localized Gibbs

measure u]‘Y’L satisfy for ¢ € {1,---,m},

1 © u(Dh(X0)) = (DY + Xo)h(X,)). (19)

These limit points are also laws of operators bounded by L, but we shall see that in fact this bound
can be improved to become independent of L for good L’s. We fix a limit point g below; u is a
tracial state. We proceed as before by taking h(z) = P(¢r(z)) with a polynomial test function P
and ¢p a smooth cutoff function with uniformly bounded derivative (say by 2). Then,

1 ® p(Dih(X;)) = p @ p(DiP(or(Xy)) X ¢R(Xi) @ 1)
so that if P(z) = 2?F+1,
@ p(Dih(Xy))| < 2 i_k; (| or(X)P) p(|or(X0)|PP).
Hence, we get, for i € {1,---,m}, -
p(Xipp(Xi) ) < 2i};u(léR(Xi)Ip)u(léR(Xf)l%‘p) + [¢] éu(IDiqj(X)|I¢R(Xi)|2’““)

Note that we can bound above the last term by Hélder’s inequality so that

> ulIDig; (X)]6r(XI*) < € max {u(1X; 4407, u(11))
i=0 ==
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where we assumed |¢gr(z)| < |z|. Taking ¢r(z) = = when |z| < R/2 and ¢r(z) = 0 when |z| > R,
¢r linear in between, we can now use monotone convergence theorem (letting R going to infinity)
to obtain

k+1 k— 2k D+2k—
max u(X;] <221r<r;eg;ru [X517) max (| XG1777) + Cltl max (u(XF) + (1 X1P47)

Noting that u(|X;|P+#=1) < LP=1u(]X;|?*) since under p the operators are uniformly bounded
by L, we can improve this uniform bound as follows. We make the induction hypothesis that

By = Xk < Ak
k= max p(1X;1F) < Cy

for k < 2r, with C}, the Catalan numbers and some R > 1. Then, by Hélder’s inequality,
2r42 - r
(Bgy41) 241 < Bapyg < 205, 11 AY + Ct|(1+ LP7H) A¥ Cy,.
We can assume without loss of generality that By,+1 > 1 so that we get

Biry2 V Byrpr < Copp1 A (2471 4 C|t|LD)

and so we can continue our induction if L is not too large (L at most of order (2C|t|) D) so that
there is A > 0 so that 247" 4+ C|¢|L” < 1. Hence all limit points are non-commutative laws of
operators with norms uniformly bounded by 44 < L. Thus if R > 4A we conclude by (19) that all
limit points satisfy SD[V;]. Moreover, Theorem 2.1 and 2.3 apply to show that there is a unique
solution to this equation which are laws of operators bounded by R (provided R, and so L, is neither
too big (L < O(|t|=P™"), for uniqueness), nor too small (L > Lo(|t|) > Lo(0) = 2 for existence).
Note here that Lo(]¢]) is the smallest real number such that |7 P)| < L0(|t|)d69 for all monomial
P, which converges to 2 as t goes to zero by Theorem 2.3. Hence, ,uA has a unique limit point, 77,
and thus converges towards it.

The formula of the free energy is then derived as in Theorem 3.3 since L is fixed independently
of ¢ small enough.

a

Let us remark that if we define, following Voiculescu [29], a microstates I'(, n, N, €) for p € ./\/lgm),
n € N, N € N, € >0, as the set of matrices Ay, .., A, of H’ such that

|;L(XZ'1..XZ'p) — tr(Ail--Aip)l <€ (20)

N
forany 1 < p <m, iy,..,1, € {1,..,m}?, then we have
Lemma 3.6 For all 6 > 0 small enough, for L € [Lo(8),L(d)], V = V; and |t| < 4,

lim

log / NIV @A) gy (A - dpn (A
N-ooo N2 [|A]|oo<L (A1) (An)

e—NtT(V(A))duN(Al) e 'dNN(Am)

1
= lim lim —log
e=0m =00 Nvoo N= Dy n, N )] A0S L

= lim lim LQ log/ e_Ntr(V(A))d,uN(Al) cdpn (Ay)
N (v ,n,Ne)

e—=0,n—00 N—oo
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Proof.

The first equality is a direct consequence of the previous theorem since it is equivalent to the
fact that MQ;L(F(TV, n, N, €)) goes to one. The second comes from the fact that for n greater than
the degree of V,

1 ,
lim  lim —log / e~ NIV Gpn (Aq) -+ - dpn (A
N (v m,N,) || Ao <L

e—0,n—00 N—oo |

. . 1 m
=—-mv(V)+ lim lim Wlogu]‘% (C(rv,n, Nye) N ||Alloo < L)

e—0,n—00 N—oo |/

, o1 m
=—-mv(V)+ lim lim WIOgN}% (U(rv,n, N, €))

e—0,n—00 N—oo |/

where we used in the last equality the result of [3], which hold when 7y is the law of bounded
operators with norms strictly smaller than L (see the last remark in [3]).

O
Therefore, the localization should not affect the full expansion of the integral since second order
asymptotics are usually obtained first by a localization on microstates in order to use precise Laplace
method’s.

As a corollary, we also deduce that for all Vi with ¢ small enough, the limits of empirical
distributions of matrices given by localized matrix models provide solutions of SD[V4]. Since these
limits have to be tracial states, we deduce that when there is a unique solution it has to be a tracial
state. Thus,

Corollary 3.7 The compactly supported solutions of SD[V3] are tracial states when t is sufficiently
small.

Note that if (F;)i<;<m is the conjugate variable of a tracial state, Voiculescu [30] have shown that
P, =D;P for 1 < i < m and some polynomial P. This fact should be compared with our graphical
interpretation which works only because P; is a cyclic derivative.

4 Applications to free entropy

Let us recall that Voiculescu’s microstates entropy is defined, for 7 € Ug Mg, by

1
x(r)= lim limsup — log u%™ (I'(r,n, N, e) N||A]]oo < L)

e—=0,n—co E\TQ
T oo N—oo

with I'(7, n, €, N') the microstates defined in (20). Note that the original definition of Voiculescu is
not with respect to the Gaussian measure, but with respect to the Lebesgue measure. However,
both definitions only differ by a quadratic term (see [9]). It is an (important) open problem whether
in general one can replace the limsup by a liminf in the definition of y. However, from the previous
considerations, we can see the following

Theorem 4.1 Let n € N and (Qi)lgign be monomials in m non-commutative variables X =
(X1, Xom). Let VRI(X) = 37 ti(q:(X) 4+ ¢7(X)). By Theorem 2.3, we know that there exists
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€ > 0 so that for |t| < €, there exists a unique compactly supported solution 5 to SD[V;]. Then,
also for |t] < e,

: NP | m
x(rg) = _lim _liminf < log ui™ (I(mz, n, N, ) N {[|Alleo < L3).

e=0,n—c0 N

L—oco
Moreover,
7
v == 3 TI (k=1 Mlar ), (g o).
EEN™\(0,--,0)i=1 " j=1

Remark: In particular, we see as could be expected that x(73) > —oo and so all the solutions
to Schwinger-Dyson’s equations for small parameters are laws of von Neumann algebras which are
isomorphic to the free group factor.

Proof.
In fact,
x(m) = lim lim sup 5 log/ eNtr(‘%(A))_Ntr(V?(A))du]%m(A)
TLART Nooeo NV F(wNe)n{nAHOOSL}

= n(V)+ _lim hmsup e log/ e~ Nir(vy(A ))du@m( A)
e=>0n—o0  nr T (rgm,N,e)n{||A||co <L}

L—oco

7(V5) + F;

IN

where the last inequality holds with

F; = hm lim sup
L—=oo Noo 1

log/ e—NtI‘(V;( ))dul}?m(A)
[[A oo <L/
for L' chosen as in Lemma 3.6. On the other hand,

1
HL})%OO lim inf m1oguj®vm (D(m5,n, Ny e) N [|A|oo < L)

e=0,n—=c0 N0 2
L—oco

= (V) + lim liminf Llog/ E_Ntr(v?(A))dﬂj%m(A)
T (7mgm,N,e)N{||A||co<L

= (V5 +F+ lim lim 1nf —log ,uV L (F(Tg, n, N, €))

e—=0,n—00 N—
= (Ve + Fy

where we used in the last term Theorem 3.5 which implies

lim “V (F(Tg,n,N, €)=1

N—oo

for all € > 0,7 € N. Thus, we see that y is equal to its liminf definition and moreover
x(rg) = m(Vy) + Fy.

29



Now, by Theorems 3.5 and 2.3,

Fy

I
o~~~
Eal
.-:—/
o
o~~~
—_
(X
—
e
z
S
:-\
[
3
el
S
S
S

whereas

n iy k;
7—?(‘/{) :th Z H %M((qlvkl)v 7(qi—lvki—l)v(qivki‘l'1)7(‘]i+17ki+1)7"' 7((]n7kn))
i=1  kjEN, 1<j<n 7

1<j<n

from which the formula for x(73) is easily derived.

5 Applications to the combinatorics of planar maps

For the sake of completeness, we summarize in this last section, the results of a few papers
devoted to the enumeration of planar maps, either by a combinatorial approach or by a matrix
model approach.

5.1 The one matrix case

We now consider the simpler case m = 1 where we only have one matrix. Let V;(A4) = E?:Dl t; Al
with t3p > 0 a polynomial potential with an even leading power. Then it has been proven in [4]
Theorem 5.2 that the empirical measure satisfies a large deviation principle:

Theorem 5.1 Let

100 = [ (5 +vi)) dute) - [ [rogls ~ lduto)auts)

and
Ip)=J(p) — inf J(v
(1) = J (1) Janl) (v)
then the sequence of empirical measure i satisfies a large deviation principle in the scale N? with
good rate function I. Moreover, the minimum of I is reached at a unique probability measure p; so

that
2

X
5 T Vi(z) — 2/10g ly — z|dpz(y) = Cs, pra.s.

with a finite constant C%, and where the left hand side dominates the right hand side on the whole
real line.

One can notice that differentiating in z the last equation, we recover the Schwinger Dyson’s
equation. It is not sufficient in general to determine the solution uniquely; one need the inequality
on the whole real line to fix the support of the solution.

These questions have also been investigated with the method of orthogonal polynomials which
give a rather sharp description of the limit measure and emphasizes a structure similar to the
semi-circular law. More precisely Theorem 3.1 in [12] gives:
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Theorem 5.2 There exists t > 0 and v > 0 such that if for all v, |t;| < t and tap > v, opts
then pz is absolutely continuous with density U5 of the form:

Wr(z) = 510V~ ) - B)h()

with

) Vi) ds
M) = /C(Z,R) (s—a)(s—b)s—=

where R is such that a,b € C(z, R). Besides, the boundaries a and b can be find by the equations:

G G B
o Vis—a)b—s)
b sVZ(s)

ds =27
Y/ ey e

We now look at combinatorics of the Schwinger-Dyson’s equation with one variable, for V;(z) =
E?:Dl t;z*. Remember that from Theorem 2.3, p; can be seen as the generating function of graphs
counted by the numbers of stars of valence i:

2D (—t;)k _
i) = 3 [T Mol(P) A k) bsican).

kp, kop ENi=1

Hence, Theorem 5.2 allows to estimate the numbers of one color planar maps. A more direct
combinatorial approach can be developed by considering for instance the dual of those graphs. The
dual of a graph is simply obtained by replacing each face by a star and each edge by a transverse
edge which link the two stars which come from the face adjacent to the edge. In that operation
each star is replaced by a face of the same valence. As we work on the sphere we can decide that
the face which comes from the star X7 is the external face.

So uz(XP*1) is also the generating function of connected planar graphs with an external face of
valence p+ 1 and enumerated by the number of faces of a given valence. Those objects are classical
ones in combinatorics and we can follow [27] to find an equation on these generating functions.
The idea is to try to cut the first edge of the external face, then two cases may occur: either the
graph is disconnected and we obtain two graphs or it isn’t disconnected and the external face has
grown. This two cases corresponds in the dual graph to the fact that the first branch of the root is
a loop or not which is exactly what we use to build our combinatorial interpretation so that we can
retrieve the Schwinger Dyson’s equation from this fact. Just by using the equation given by this
decomposition and some algebraic tools, combinatoricians have solved some models. For example
[5] gives an equation on the generating function M (u,v) of maps whose internal faces have degree
living in a fixed set D C N and enumerated by their number of edges and the degree of the external
face. To translate this in our framework, one can consider for a finite D with an even maximal
element,

V(X)) = tgX?
deD
Then under this potential, for small ¢, the limit measure p; will satisfy our combinatorial interpre-

tation. Then
M(U, ’U) = Z'u(—u
peEN

(X)o?

e

)dGD
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Now Theorem 1 of [5] states:

Theorem 5.3 For a serie F(2) = 3, a;2" we will note [2']F(z) the i'" coefficient a;. Then there
exisls a unique power serie R salisfying

R=1-4Ryv — 4Ryv*

with
Ri= 23 [v")(R?) and Ry = gzm(zﬁ) +u— 3R
€D €D

The number m,, of maps with n edges such that every degree of internal face lies in D is then

(Ra(u) + Ba(w)®) (Ra(w) + 9B (v)?)
(n+ 1)u?

m, = [u"]

The techniques to prove these results are most often purely algebraic. The main difference in
nature than we could meet between the approaches by matrix models or by combinatorics to these
enumerations is that the first provides for free additional structure; it shows that these enumerations
can be expressed in terms of a probability measure p;. This point generalizes to any number of
colors where the enumeration can be expressed in terms of tracial states. One may hope that this
positivity condition could help in solving these combinatorial problems.

5.2 Ising model on random graphs

This model is defined by m = 2 and
V(A,B) = Viging(A, B) = —cAB + Vi (A) 4+ V5 (B).

In the sequel, we denote in short A for X; and B for X5. It is clear that for |¢|] < 1, V is a
convex potential as defined in (12) if V;,V; are convex (write —24AB = (A — B)? — A? — B? or
2AB = (A+ B)? — A? — B? to see that up to a quadratic term 27| A% + 271|c|B?, V is convex)
Hence we deduce from Theorem 3.4 that

Corollary 5.4 Force R and V;(z) = E]-Dzl téij, i=1,2, set Vi (A, B) = —cAB+Vi(A)+V2(B).
Let, for 6 >0, Us = n; ;{0 < t; <é8}yn{le| < 1—=46}. Then, for § > 0 small enough and (t,c) € Us,
ud (i) converges towards the solution p7. of SD[V;.] as N goes to infinity. Moreover

(=ti)k o , .
:uf,c(P) = Z H k‘i' ﬁMO((Pv 1)7(A2]7k]1')1§j§D7(B2]7k]2')1§j§D7(ABvr))v
i !

ken2D 27]
reN

and

_ _ (=) o 4 .
F(t,c) - F(t,0) = Z H ﬁ, ﬁMo((AQJ, kjl‘)1§j§D7 (32‘77 k?)1§j§D7 (AB,r)).
— ]- .

-1k
keND 1,7
r>1
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Remark: Note that we took potentials V; and V5 as polynomials with even powers to guarantee
our convexity relation but this condition could easily been relaxed by taking more sophisticated
domains than Us in which the polynomials would remain convex.

Proof.

This result is a consequence of Theorem 2.2, 3.4 and 3.3. Note here that the control on
1Y (N~ttr(AB)) assumed in Theorem 3.3 is satisfied due to Theorem 3.4 which provides a uni-
form bound when |¢| < & for £ < 1.

O

According to the graphical interpretation, the limiting measure is linked to planar maps with
stars whose type are the monomial of Vi, V5 and stars of type AB. Those maps are very close from
Ising configuration on planar graphs except that two stars of type AB can be linked together. For

integers (ké)ie{A,B},lgigDa define

I({k;}, r,P) =4{ planar maps with k; stars of color ¢ and degree 2j,
one star of type P (if P # 0) and r stars of type AB
such that there’s no link between any of the r AB-stars. }

and its rooted counterpart:

j({k;}, r,P) =4{ rooted planar maps with k; stars of color ¢ and degree 27,
one star of type P wich is the root and r stars of type AB
such that there’s no link between any of the r AB-stars. }

There’s a relation between these quantities similar to (3):
T({ki},r, P) = T ({ki}, r, P)riL; k21 (25) (21)
We can now relate these numbers to our limit measure:

Proposition 5.5 Let uz . be as in 5.4, then on its radius of convergence,

1\ L i\
i} _ i R B ¢ i
Nt,c(P) - (1 _ CQ) Z H k“ ((1 _ Cg)j) T!I({k]}vrv P)
k;GN2D 1,7 J
reN

and

1 1 i ko

Le)— F(i,0)= R O B O
Pl -FERO=1—5 > Iz ((1 - 02)]-) Y 0)
k;eN,ZE{l,Q},JE{l,D}J’Zl VA

Proof.

First we define a projection 7 from rooted maps to rooted Ising graph such that if M is a map
7(M) is obtained by deleting pairs of AB stars which are glued. We now apply Corollary 5.4, and
translate its result in term of rooted diagrams using (3):
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N?,C(P) = E , | |(—2jt§)k;CTDO(P7 (AQj,k})lgngy (Bijk?)lgjgm (AB,r))
*ereD 4j
reN

All the maps M appearing in that sum are such that 7(M) is an Ising graph rooted at a star of
type P. For a fixed Ising graph G we must find the contribution in that sum of 7<7!>(G). But we
can construct every graph in that set by adding pairs of stars AB on the edges of G'. The numbers
of edges of G is e = % +22 2]1@; so that to get the whole contribution of #<7>(G) we have
to multiply the contribution of G by

. 1
Z CQZatz(l_@)

a1, 2o g EN

degP )
2 +Em 2]k;

In that sum, a; stands for the number of pairs of AB stars added on the i edge. Summing on
every graphs, we obtain:

deg P 9 K -
= (=) X H( R ) T ({EY.r,P)

reNeD 1.5
reN

and the result follows by using (21).
The second point can be proven by proceeding in the same way.

O

In the rest of this section, we compare a few different approaches to solve the enumeration
problem of the Ising model. In short, let us emphasize that, for the time being, combinatorial and
orthogonal polynomials approaches give the more complete and explicit results. However, these
techniques are still limited to very few models. The Schwinger-Dyson’s equation or the large devia-
tion approaches can be developed for a much wider range of models (such as ¢-Potts, induced QCD
etc). However, it seems to us that these arguments still need some mathematical efforts to provide
as transparent and powerful results (namely for the first a mathematical study of the so-called
master-loop equations, and for the second a clear understanding of the relations between complex
Burgers equations and the master-loop equations). A striking difference between the combinatorial
and the matrix model approaches seems to reside in the fact that matrix models provide for free
information on the structure of the generating function of the number of planar maps, for instance
as the Stieljes transform of a probability measure with connected support.

5.2.1 Orthogonal polynomial approach

Here we take V; = V, = (g/4)2*. By using orthogonal polynomials techniques, it was proved
by Mehta [23] that the corresponding free energy F) . satisfies

cT

STl

1
Fye—Foec= /0 (1—2)[log f(z) — log

with f(z) = f; . solution to the algebraic equation
g - 1
f@){(1- sz(ﬂﬁ)) 2B+ 12¢° P (2) - 6% =
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and the root to be taken equals 27 cz(1 — ¢*)~! when g = 0.
Starting from there, a simpler expression as been derived in [6] (equation (16), (17) with h =

z/g):

1 h2(z) z—1 z+1
F,.. = =-Inh 2 —(32*—322+1
! Inhz)+ = (2(32—1)3 Co ot oA ))
1 3
_ 201 _ .2 z 2y, 2
h<2)(32—1+c(1 z))+21n(1 z)—}—4

with
(1-32)?

T 1= 2(1-32)2(1- 322
Hence, by the preceding, Mehta’s result gives a formula for the generating function of J in the
quadrangulation case. However, it does not a priori gives the limiting spectral measures of the
matrices. Moreover, this strategy could be only developed completely and rigorously for the Ising
model and the matrix coupled in chain model [10].

h(z)

(22)

5.3 Direct combinatorial approach

We can also relate this result to the work of Bousquet-Melou and Schaeffer [7]. Their approach
is purely combinatorial; they use bijection with well labeled trees (whose generating functions are
well understood) to obtain algebraic equations for the generating functions of the Ising model. Let
I(X,Y,u) be the generating function of the Ising model on quasi-tetravalent graphs, (i.e. tetravalent
graphs except for the root which is bivalent and black) where X (resp. Y) counts the black (resp.
white) tetravalent stars and u the bicolored edges:

I(X,Y,u)= >0 en XY u"3{ quasi-tetravalent maps with m tetravalent black stars,

n tetravalent white stars and r bi-colored edges}.

If P(z,y,u) is the solution to the algebraic equation:

P(1+43zP)(1+ 3yP)
u?(1 — 9zyP?)?

P=1+3zyP’ + (23)

Then, by [7], Proposition 1 p.4, I can be written in function of P(z,y,u) with z = X (u — %)2 and
y=Y(u—1)?as

u

_ P(1—=32zP —2zP* — 62yP?)  yu ?P3(1+ 3z2P)?
I(X,Y,u)=(1—u"?) (2P’ -
(XY u)= (1) (x + 1 —9zyP? (1—9zyP?)3

On the other hand, according to Proposition 5.5,if V = tA*+uB*—cAB and p . is the associated
limit measure then on its domain of convergence,

I(‘X7 Y, u) = (1 - u2)“X(l—uQ)—Q,Y(l—qﬁ)—Q,U(AQ)'
If we make the following change of variable in (23):

—z

. . — 2 —
T=y= SCQh(Z/S)’P c“h(z/3),u=c

35



then we find (22). Hence, a combinatorial approach can be developed to solve the problem of
the enumeration of planar maps of the Ising model, a strategy which requires some combinatorial
insight. The next approach we present, developed in particular by Staudacher, Kazakov and Eynard,
is a direct analysis of the SD[V] equations. It is a purely analytical and rather robust strategy.

5.4 Direct study of the SD[Viy,,] equations

Here, the analysis is based on Theorem 3.4 which asserts that if Vi, V5, are convex, for small
parameters, ﬂgB converges almost surely towards the solution pz . of SD[VEC] which is a generating
function for the enumeration of maps. Hereafter we take ¢ = 1 up to a rescaling 7 = \/cz, § = \/cz,
Vi(z) = Vi(z), uz(P(A, X3)) = uil(P(\/E_lA, Ve ' X3)). Following Eynard [13], we shall analyze
the solutions of the Schwinger Dyson’s equation. Observe that the following considerations hold for
any range of parameters, not only small parameters. For large parameters, we do not know that
the Schwinger Dyson’s equation has a unique solution but we still know that any limit point of the
empirical measure of the random matrices still satisfies it. In the next section, we shall see that
for the Ising model and any range of parameters, there is a unique such limit point, and it will
therefore enjoy the properties described below. We here summarize the main result, as found in
Eynard [13]. Let gz be a solution of SD[Vrgn,]

pi((Wi(A) = B)P) = iz @ pz(D4P),
pe((Ws(B) — A)P) = iz ® p(DpP),

with Dy (resp. Dp) the non-commutative derivative with respect to A (resp. B) py4 (resp. up) and
Wi(z) = 2?/2 + V;(2). Now, let pu4 (resp. ug) be the spectral measure of the matrix A (resp. B)
then we shall obtain an algebraic equation for Hp4(z) (resp. Hppg(z)) the Stieljes transform of the
limiting measure p4 (resp. ug) given, for z € C\R by:

HHA(f):H?(x_lA):/xiyd“A(y)

Property 5.6 Let for z,y € C\R, Y (2) = Hua(z) — Wi(z) and X (y) = Hppg(z) — W(z). Then,
there exists a polynomial function

d—1
E(z,y) = Z a;j(t)z'y’
7,7=1
so that for all z,y € C\R

E(X(y),y)=0  FE(z,Y(z))=0.

In particular, pg and pp are absolutely continuous with respect to Lebesgue measure, with Hilbert
transform Hpa and Hup so that Y (x) = Hpa(z) — W{(z) satisfies the same algebraic equation
with z € R.

Proof.
Note that since we know that py is compactly supported, we can take in SD[V}g,,] Stieljes
functions instead of polynomials P since the latest are dense by Weirstrass theorem.
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We take P = P(A) = (z — A)~! in the second equation in SD[V},,] to obtain:

e (2B = -1t etpae)

Then we use this in the first equation written with

1 (Wily) - Wi(B))

ER R P R TR
to get after some calculation
Ulz,y)(y =Y (x)) = (Y(2) - Wi(z))(z - W3(y)) + 1 - Q(z,y) (24)
where
_ 1 Wily) = Wi(B)
v = (Gl Gy )
and

(W) = W(A) Wily) — W(B)
Q@””‘W( (c—A) v =B) )'

To obtain our algebraic equation, we simply define
Ble,y) = (Y(2) - Wi(2))(z - W)(1)) + 1 - Qlz,y)
and we obtain the famous “Master-loop equation”
E(z,Y(z))=0

by taking y = Y(z) in (24). In a symmetric way, we can show that if X (y) = Hug(z) — Wj(y) then
we also have F(X (y),y) = 0. Note that E is a polynomial function. Hence, this shows that Y (z),
X (y) and so the generating functions Hu4(z) and Hpp(y) are solution to an algebraic equation.
However, this equation still contains a certain numbers of unknown; {yz(A?B?), p < deg(V1)—2,¢ <
deg(V3) — 2}. It is argued in physics that when ¢ is small, the supports of g4 and g should be
connected and therefore (z,Y (z)) and (X(y),y) should then be genus zero curves. Then, these
unknowns should be determined by the asymptotic behavior of X (y) and Y (z) at infinity

L1+ 0(1)).

1 ,
X(y) = Ws(y) - ,(1te), Y(e)= Wi(z) - —
Note in passing that, as solutions of an algebraic equation, Hpus and Hppg(z) extends conti-
nuously (but in general not differentially) to the real line (eventually as an extended complex
number). As a consequence, p4 and pp have densities with respect to the Lebesgue measure, as
the limits of the imaginary part of the Stieljes transform on the real line.

a
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5.5 Large deviations approach

A large deviation approach was developed in [16], see also Matytsin [22]. Again, we take ¢ = 1
up to rescaling and denote W;(z) = 2%/2 + V;(z) for ¢ = 1,2. The main advantage of this strategy
is to be valid in the whole range of the parameters. Otherwise, it should provide the same type of
information than in the previous paragraph. Namely,

Property 5.7 For any polynomials Vi, Vs, going to infinity faster than z2, ﬂ%B converges almost
surely towards pz ; = piz which is uniquely defined by the Schwinger-Dyson’s equations

pz @ pp(DaP) = pz(Wi(A) = B)P),  pz ® pg(DpP) = pr(W5(B) — A)P) (25)

and by the fact that pz|a and pz|p (which are the limits of iy and iy respectively) are the unique
minimizers of

SV () = pua (W) + s (W) — 271 / [ 1ogla = sldu’ @)du ()

1 mt 2 ! 3
-2- log |z — y|du® (z)du®( 2 })nrfb dafdt + 3/ pe(z) dadt}

where the inf is taken over m,p so that u(dz) = pt(af)dx € P(R), po(z € .) = pa(z € ),
p(z €.) =pp(x€.), and

The infimum in (p.,m.) is taken along the solution to a complex Burgers equation; let Q = {z €
R,t € (0,1) : ps(z) > 0} and define on Q ui(z) = pi(z)~tmy(z) and fi(z) = u(x) + imps(x). Then
on €2,

Oufe(z) + fi(2)0ufe(z) = 0

Moreover, with pus = pzla and pp = pz|B, for pa-almost all ©
Wi(e) - uole) = Hpale), paas, Wie)+w(e)=Hps(e), pmas  (26)

In comparison with the previous statements, we note that the above results hold for all ¢ and V7, V5,
and not only for small parameters.

Proof.

Most of the proof is contained in [16] where the convergence of ﬂg, ﬂg towards the unique
minimizers of SY1'¥2 was proved (see Theorem 3.3 in [16]), as well as the fact that the limit is
compactly supported and that p; satisfies (25) but for P € CJ}(R) (see section 3.2.1, p. 555 and
558, in [16]). It clearly extends to polynomial functions since py is compactly supported as its
marginals are. The only point we stress here is that this imply that u; is also uniquely determined.
Indeed, by proceeding by induction over the degree in B of a monomial function P, we see that

T(BP) = -1 @ T(D4P) + 1(W{(A)P)

defines uniquely all the moments 7(P(A, B)) from those of 7(Q)(A)). Note here that this is specific
to the interaction under consideration; in general the solutions of SD[V] is not determined by their
restriction to one variable.

a
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Using for instance the fact that if we let g;(z) = tfi(z) + =, the Wronskian of (f, ¢) is null, we
find that on each connected component of €2, there exists an analytic function F so that

tfi(z) + o = F(fi(z)).

In a small parameter region, it should easily be arguable that €2 is connected, as it is when the
parameters are null (where the solution at time ¢ can be seen to be a semi-circular variable with
variance 1 — ¢ + t%). According to the previous section, we know that f; extends continuously to
t =0 and ¢t =1 since p4 and up have densities which yields

z=F(fo(z)) fily)+y=F(fi(y)) (27)

for all z in the support of 4 and all y in the support of ug. Noting that fo(z) = W{(2) -~ Hua(z) =
~Y (z), filz) = —=Wi(z)+ Hup(z) = —X (2) it is tempting to hope that (27) yields the same result
that Property 5.6, namely that (Y (z),z) and (y, X (y)) satisfy the same algebraic equation. Our
knowledge of this field is much too limited to unable us to get this conclusion.
Acknowledgments: We are extremely grateful to B. Eynard and G. Schaeffer for many comments
which helped us to compare the different mathematical approaches to the enumeration of planar
maps. We also thank A. Okounkov for many useful discussions.
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