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1. Introduction
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In these lecture notes, we wish to show how classical ideas and tools from statistical mechanics
can be used in the framework of random matrices. The lecture that is more specific to random
matrices is Lecture 2 where we show how the eigenvalues of complex Gaussian matrices have a
determinantal law and where we relate their statistics with Fredholm determinants. The other
lectures are based on the following ideas from probability and statistical mechanics;

e In Lecture 1, we use the method of moments to show the convergence of the spectral
measure of random matrices. This type of techniques is quite popular in random matrices
theory since random matrices are often modeled through their entries, the joint law of the
eigenvalues being in general not explicit (whereas a moment under the spectral measure
of a matrix is the trace of a power of the matrix, and therefore an explicit function of the
entries). We shall show some generalizations of these techniques.

e In Lecture 3, we use concentration theory to obtain concentration inequalities for
matrix quantities such as the spectral measure or the largest eigenvalue.

e In Lecture 4, we study natural Gibbs measures for random matrices. These Gibbs
measures can be seen as small perturbations of the law of independent Gaussian matrices.
Because we are typically in a “high temperature regime”, uniqueness of saddle points and
concentration inequalities will be the key tools of the proofs.

e In Lecture 5, we shall use dynamics to improve the results of the last section and
obtain non-perturbative results, as well as study the previous saddle points. This analysis
takes place in the natural ’limiting setting’ of large random matrices provided by free
probability; we, however, reduced the ’free’ part of the theory to its minimum in these
notes.

Even though the ideas and techniques developed in these notes are often borrowed from stan-
dard probability or statistical mechanics, the motivations behind the results we shall obtain are
quite specific. In the next section, we shall review some of the typical motivations and questions
in the field.

2. Motivations

Large random matrices have been studied since the thirties when Wishart [105] considered them
to analyze some statistical problems. Since then, random matrices appeared in various fields of
mathematics. Let us briefly summarize some of them and the mathematical questions they raised.

(1) Large random matrices and statistics: In 1928, Wishart [105] considered matrices of
the form YN = XNM(XN.My* with an N x M matrix XV>™ with random entries. Typ-
ically, the matrix X is made of independent equidistributed vectors {X?!,.-. XN}
in CM with covariance matrix X, (X);; = E[X}X]] for 1 <4,j < M. Such random vec-
tors naturally appear in multivariate analysis context where X"V is a data matrix the
column vectors of which represent an observation of a vector in CM. In such a setup, one
would like to find the effective dimension of the system, that is the smallest dimension
with which one can encode all the variations of the data. Such a principal components
analysis is based on the study of the eigenvalues and eigenvectors of the covariance ma-
trix YN-M A central question in this domain is also to estimate the matrix ¥ from the
observation of XVM™ . When M is much smaller than N, it is rather clear that ¥ can
well be estimated by the empirical sums f]ij = N~1 Ef\il Xfo according to the law
of large numbers. Moreover, the eigenvalues of the random matrix XM have a few
large eigenvalues and many small ones, suggesting that the variations of the data takes
mainly place in the eigenspace corresponding to these few large eigenvalues (see below
the figure, kindly provided by N. El Karoui, representing the eigenvalues of Y~™ when
XN:M ig Gaussian with covariance matrix ). It used to be reasonable to assume that
N/M was large. However, the case where N/M is of order one is nowadays commonly
considered; it corresponds to the cases where either the number of observations is rather
small or when the dimension of the observation is very large. In this case, the picture is
much less transparent and the above estimator 3 is biased. Moreover, the spectrum is
much more continuous (see the figure below, provided by N. El Karoui) and analysis in
principal components need deeper thoughts.
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Tests can for instance be done by observing the k largest eigenvalues, to decide
whether the distribution of the eigenvalues can resemble the distribution of the eigenvalues
of a matrix Y™ with the X"™ (i5) independent equidistributed Gaussian variables, see
[67] (corresponding to ¥ being a multiple of the identity). Hence, the study of the local
properties of the spectrum as well as the related eigenvectors is particularly interesting
(see [39, 99] and references therein).

Similar questions on random matrices arise in finance to model portfolio optimization
(see e.g. the work of Bouchaud et al [86]). In the same spirit, random matrices appear in
problems related with telecommunications and more precisely with the analysis of cellular
phones data where a very large number of customers have to be treated simultaneously.
The problem is to retrieve the signal from a noised observation, often assuming that the
observation is a linear function of the signal (see [99] and references therein).

The smallest eigenvalue of YV'M is as well of great interest, for instance because
when it is sufficiently apart from the origin, the spectral measure (or Brown measure)
of XN:M is then intimately related with the moments of XV a fact that was used in
[8, 95] to prove its convergence to the circular law.

In this setting, the main questions concern local properties of the spectrum (such
as the study of the large N, M behavior of the spectral radius of Y™ see [67], of its
smallest eigenvalue [8, 95], the asymptotic behavior of the k largest eigenvalues etc),
or the form of the eigenvectors of Y™™ but also macroscopic questions concerning the
estimation of X.

Large random matrices and quantum mechanics: Wigner, in 1951 [104], suggested
to approximate the Hamiltonians of highly excited nuclei by large random matrices. The
basic idea is that there are so many phenomena going on in such systems that they can
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not be analyzed exactly and only a statistical approach becomes reasonable. The random
matrices should be chosen as randomly as possible within the known physical restrictions
of the model. For instance, Wigner considered Hermitian (since the Hamiltonian has
to be Hermitian) matrices with i.i.d entries (modulo the symmetry constraint). In the
case where the system is invariant by time inversion, one can consider real symmetric
matrices etc... As Dyson pointed out, the general idea is to choose the most random
model within the imposed symmetries and to check if the theoretical predictions agree
with the experiment, a disagreement pointing out that an important symmetry of the
problem has been neglected.

It turned out that experiments agreed exceptionally well with these models ; for
instance, it was shown that the energy states of the atom of hydrogen submitted to
a strong magnetic field can be compared with the eigenvalues of a symmetric matrix
with i.i.d Gaussian entries (the so-called GOE). The book [47] summarizes a few similar
experiments as well as the history of random matrices in quantum mechanics.

In quantum mechanics, the eigenvalues of the Hamiltonian represent the energy states
of the system. It is therefore important to study, following Wigner, the spectral distri-
bution of the random matrix under study, but even more important, is its spacing distri-
bution which represents the energy gaps. Such questions were addressed in the reference
book of M.L. Mehta [79]. In the last fifteen years, a rigorous treatment of these questions
was given around the work of C. Tracy et H. Widom [97, 96] . It is also important to
make sure that the results obtained do not depend on the details of the large random
matrix models such as the law of the entries ; this important field of investigation is
often referred to as universality. An important effort of investigation was made in the
last ten years in this direction for instance in [91, 64, 98, 81]... For instance, it is now
known [88] that a real symmetric matrix with independent equidistributed entries with
36" moment finite has a largest eigenvalue with Tracy-Widom fluctuations whereas if
these entries have not a finite fourth moments, the largest eigenvalue does not converge
anymore to the edge of the limiting spectral measure and has a Frechet limit distribution
[93, 6]. It is conjectured that this behaviour really only depends on the existence of the
moment of order four.

Large random matrices and Riemann Zeta function: The Riemann Zeta function
is given by

((s)=> n"
n=1

with Re(s) > 1 and can be analytically continued to the complex plane. The study of
the zeroes of this function in the strip 0 < Re(s) < 1 furnishes one of the most famous
open problems. It is well known that ¢ has trivial zeroes at —2, —4, —6.... and that its
zeroes are distributed symmetrically with respect to the line Re(s) = 27!, The Riemann
conjecture is that all the non trivial zeroes are located on this line. It was suggested by
Hilbert and Polya that these zeroes might be related to the eigenvalues of a Hermitian
operator, a fact that would immediately imply that they are aligned. To comfort this
idea, H. Montgomery (1972), assuming the Riemann conjecture, studied the number
of zeroes of the zeta function in Re(s) = 27! up to a distance T of the real axis. His
result suggests a striking similarity with corresponding statistics of the distribution of the
eigenvalues of random Hermitian or unitary matrices when T is large (in fact the spacing
distribution seems to be given by a determinantal law with Sine kernel, as is the case for
the eigenvalues of Wigner matrices in the bulk). Since then, an extensive literature was
devoted to understand this relation (see e.g. [70]). It was in particular discovered by
Keating et al [71] that moments of characteristic polynomials of random matrices play
a key role in predicting the asymptotic behavior of moments of L. functions computed
to a height T on the critical line, as T goes to infinity. This discovery introduces the
idea that not only the zeroes of the zeta functions should be related with the eigenvalues
of a random matrix, but the functions themselves behave like random (characteristic)
polynomials. In a similar spirit, it was shown that (pseudo)moments of the characteristic
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polynomial of unitary matrices is related with (pseudo)moments of the Riemann zeta
functions and the enumeration of (pseudo)magic squares [32, 33].

In somewhat the same direction, there is numerical evidence that the eigenvalues

distribution of large Wigner matrices is also related with the large eigenvalues of the
Laplacian in some bounded domain such as the cardioid. This is related to quantum
chaos since these eigenvalues describe the long time behavior of the classical ray dynamics
in this domain (i.e the billiard dynamics).
Large random matrices and free probability: Free probability is a probability theory
in a non-commutative framework. Probability measures are replaced by tracial states on
von Neumann algebras. Free probability also contains the central notion of freeness
which can be seen as a non-commutative analogue of the notion of independence. At the
algebraic level, it can be related with the usual notion of freeness for groups. This is
why free probability could be well suited to solve important questions in von Neumann
algebras, such as the question of isomorphism between free group factors. Even though
this goal is not yet achieved, let us quote a few results on von Neumann algebras that
were proved thanks to free probability machinery [44, 45, 102].

In the 1990’s, Voiculescu [101] proved that large random matrices are asymptotically
free as their size goes to infinity. Hence, large random matrices became a source for
constructing many non-commutative laws, with nice properties with respect to freeness.
Thus, free probability can be considered as the natural asymptotic framework to consider
large random matrices as their size goes to infinity. Conversely, if one believes that any
tracial state could be approximated by the empirical distribution of large matrices (a
notion that we shall define more precisely later), which would answer to a well known
question of A. Connes in the affirmative, then any tracial state could be obtained as such
a limit.

In this context, one often studies the asymptotic behavior of traces of polynomial

functions of several random matrices with size going to infinity, trying to deduce from
this limit either intuition or results concerning tracial states. For instance, free probability
and large random matrices can be used to construct counter examples to some operator
algebra questions [58].
Combinatorics, enumeration of maps and matrix models: It is well known that
the evaluation of the expectation of traces of random matrices possesses a combinatorial
nature. For instance, if one considers an N x N symmetric or Hermitian matrix Xy with
i.i.d centered entries with covariance N~!, Wigner’s theorem asserts that E[N ~'Tr(XX)]
converges toward 0 if p is odd and toward the Catalan number C% if p is even. C), is the
number of non crossing partitions of {1,---,2p} and arises very often in combinatorics.
This idea was pushed forward by J. Harer and D. Zagier [60] who computed exactly
moments of the trace of X% to enumerate maps with given number of vertices and genus,
and then in the seminal article of Kontsevich [73].

This approach of combinatorial problems by using large random matrices is inherited
from theoretical physics and takes its inspiration in the seminal work of 't Hooft [94]. In
this article, 't Hooft showed that Gauge theory with local Gauge group U(N) simplifies in
the limit N going to infinity. More precisely, such a theory is often described in quantum
field theory by some integral over complicated spaces such as connections (integrals that
rarely make proper mathematical sense). It is then customary in quantum field theory to
give a meaning to these integrals by performing a formal expansion of all terms that are
not quadratic in order to obtain integrals under a Gaussian law. Because of Wick calculus,
or equivalently Feynman diagrams, Gaussian expectation can in general be written as a
generating function of some graphs (see Lecture 4). 't Hooft discussion shows that if the
original system is invariant under the action of U(N) with N as large as wished, then
such expansion should only depend on planar graphs. Each correction to this infinite N
limit should depend of graphs with a given genus.

This point of view was specified in [26] to the case where the integral is perfectly well
defined as an integral over complex Gaussian Wigner matrices (whose law is invariant
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under the action of the unitary group); they considered matrix integrals such as
Zn(P) = E[eNTPXy . X))

with a polynomial function P and independent copies X4 of an N x N matrix Xy
with complex Gaussian entries and law invariant under the action of the unitary group
(in fact they considered the special case where k = 1 and P is a quartic polynomial).
Then, one can see that if P = Y t;¢; with some (complex) parameters ¢; and some
monomials ¢;, log Zn(P) expands formally (as a function of the parameters ¢;) and in
fact the coefficients of this formal expansion enumerate certain maps. The formal proof
follows from Feynmann diagrams expansion. This relation is nicely summarized in an
article by A. Zvonkin [107] and we shall describe it more precisely in Lecture 4. One-
matrix integrals can be used to enumerate various maps of arbitrary genus, and several
matrix integrals can serve to consider the case where the edges of these maps are colored,
i.e can take different states. For example, two-matrix integrals can therefore serve to
define an Ising model on random graphs.

Matrix models were also used in physics to construct string theory models. According
to the last remark, since string theory concerns maps with arbitrary genus, matrix models
have to be considered at criticality and with temperature parameters well tuned with the
dimension in order to have any relevance in this domain (the so-called double scaling
limit).

This subject had also a great revival in connection with Gromov-Witten invariants.
In fact, some of these invariants were shown to be connected with matrix integrals, for
instance in the seminal work of Kontsevich [73] who proved that some generating function
of some intersection numbers of stable classes of the moduli space of algebraic curves is
given by a matrix integral as above. According to Witten, such relations should hold in
a much larger generality (we refer also to works of Marino, Vafa, Dijkgraaf etc). In con-
nection with this approach, A. Okounkov and coauthors proved that a discrete analogue
of matrix models, provided for instance by tiling models, are related with some other
Gromov-Witten invariants.

In this domain, one tries to estimate integrals such as Zx(P), and, more precisely,
to obtain the full expansion of log Zn(P) in terms of the dimension. This follows on the
formal level by Feynman diagrams techniques. A large dimension expansion (meaning
where issues on the convergence of series are addressed) was obtained rigorously for one-
matrix models by use of Riemann-Hilbert problem techniques by J. Mc Laughlin and N.
Ercolani [40] and for several-matrix models by E. Maurel Segala and myself. We shall
review this topic in Lecture 4.

Another interest in the relation between random matrices and the enumeration of
interesting combinatorial objects comes from numbers theory. This is one of the moti-
vations of the article of Diaconis and Gamburd [36] relating the enumeration of magic
squares and moments of the secular coefficients of a matrix following the Haar measure
on the unitary group (see [32]).

Another question is to use the representation of the combinatorial problem in terms

of matrix models to actually solve or analyze this problem. First order asymptotics for
a few several-matrix models could be obtained by orthogonal polynomial methods by M.
L. Mehta [79, 30] and by large deviations techniques in [48]. We shall discuss this issue
in Lecture 4. The physics literature on the subject is much more consistent as can be
seen on the arxiv (see work by B. Eynard, P. Di Francesco, V. Kazakov, I. Kostov, M.
Staudacher, P. Zinn Justi, J.B Zuber etc).
Large random matrices, random partitions and determinantal laws: The laws
of the eigenvalues of complex Gaussian matrices have a determinantal form [79], i.e.,
the law of the eigenvalues (A1, -+, An) of a Wigner matrix with complex Gaussian en-
tries (also called the GUE) is absolutely continuous with respect to Lebesgue measure
and the interaction between the eigenvalues described by the square of a Vandermonde
determinant A.

Because A is a determinant, specific techniques can be used to study for instance the
law of the top eigenvalue or the spacing distribution in the bulk or next to the top (cf. [96],
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and Lecture 2). Such laws appear actually in diverse contexts such as random partitions
[80, 21], tilling problems [66], longest increasing subsequence [9, 65], directed polymers
and the totally asymmetric simple exclusion process [63]. Extension of this connection
allowed recently to study the totally asymmetric exclusion process with various initial
conditions [20, 19]. These relations are often based on bijections with pairs of Young
tableaux. Recently, it was shown [84] that the zeroes of random analytic functions also
have a determinantal form. More examples will be given in Y. Peres course.

In fact, determinantal laws appear naturally when non-intersecting paths are in-
volved. Indeed, following [69](see also Gessel-Viennot in a discrete setting [46]), if kp
is the transition probability of a homogeneous continuous Markov process, and P the
distribution of N independent copies XV = (x1(t),--- ,xn(t)) of this process, then for
any X = (xo, -, on), 01 <Ta < - <N, Y = (Yo, ,yn), 1 < y2 < - < Yn,

P(XN(O) = X, XN(T) = Y|Vt 2 0,$1(t) S l‘g(t) S ,TN(t))

with

Ca) " = [ det ((br(oi,) iy ) do

155N

This might provide an additional motivation to study determinantal laws.
In this set of problems, one often meets the problem of analyzing the asymptotics of
the largest particles and/or spacing distribution.

3. The different scales; typical results

As we have seen in the previous section, according to the different settings, one can be interested
to study the spectrum of random matrices at different scales. In what follows (A < Ag--- < Ay)
denotes the N eigenvalues of a Hermitian random matrix X%.

3.1. Macroscopic regime
A typical question is to study empirical quantities in the eigenvalues such as the spectral measure

1 N
LN = NZ(S)W
=1

If X% is a Wigner matrix, that is a symmetric or Hermitian matrix such that Xg =y;/ V/'N for
i < j, with (ys5,7 < j) an infinite triangular array of independent equidistributed random variables
with law 1, we shall see in section 1 the following result due to Wigner [104]. If u(z?) = 1, Ly
converges almost surely towards ¢ the semi-circular law

1
o(dzx) = ;1[_2)2] V4 — 2?de.

Convergence of a probability measure in these lecture notes will always be understood in the sense
of weak convergence, that is u, converges towards u iff p,(f) converges to u(f) for all bounded
continuous functions.

Such a theorem can be refined in many ways; by proving a central limit limit theorem (see e.g.
[62, 4]), concentration inequalities (see Lecture 3) or a large deviation principle (see [10]). Such
results have been proved under more and more restrictive hypothesis; central limit theorem requires
a finite fourth moment for p (see e.g. [4, 89]), concentration inequalities need sub-Gaussian, sub
-exponential or compactly supported laws p and the large deviation result has only been proved for
Gaussian laws, based on an explicit formula for the joint law of the eigenvalues which only exists
in this case (see Lecture 2).

This theorem can be generalized also to other random matrices or to more general observ-
ables. For instance, if one considers Wishart matrices YV'M = XNM(XN.M)* and denotes Ly
the empirical measure of the eigenvalues of Y™ if the entries of XV™ are independent and



ALICE GUIONNET, RANDOM MATRICES 13

equidistributed, it is well known (see e.g. [76, 7]) that Ly converges, if M/N goes to y € [0,1], to
the Marchenko-Pastur law

7Ty 2$y7r\/ Yy — :E - Y- 1)21[(1—ﬁ)2,(1+\/§)2]d17'
Other random matrices appear in different context; band matrices where the entries are inde-
pendent but their covariance depends on the indices, sparse matrices where entries may be zero
with some probability, circular matrices X>» where all the entries are independent (leading to a
complex spectrum)(see [8]).

My point of view, borrowed from free probability, is that such questions can very often be
rephrased in terms of the Wigner matrices X" provided we consider it jointly with some other
matrices. Namely, instead of considering only the spectral measure of a matrix, it is natural to
consider it together with a bunch say (AN,1 < i < m) of deterministic matrices and to wonder
when +Tr(P(DN,1 < i < m,X")) converges as N goes to infinity for some polynomial P in
these matrices. One can recover like this most classical ensembles quoted above. For instance, take
DY (ij) = li—jli<[an] to be the projection on the first [@N] indices. Then, with 1 denoting the
identity matrix

N N~ N N Ny N AN 0 XN=laN][aN]
ZV = DNXN(1 - DY) + (1 - DM)XV DY =

(XN—[aN],[aN])* 0
with XN-[aNLeN] the corner (XN)lgig[aN},[aNngjgN of the matrix X*~. Then,

ZN 9 XNf[aN],[aN](XNf[ocN],[aN])* 0

( ) - < 0 (XN—[ozN],[ozN])*XN—[aN],[aN] >

has the eigenvalues of the Wishart matrix XV~ [NLaN(x N=[eNLaNy* with multiplicity 2 plus
N —2[aN] null eigenvalues (if & > 1/2 so that N — [aN] < [a@N] ). Many other classical ensembles
can be derived in this way. Adopting this point of view is often fruitful because it allows to
decipher some general structure such as freeness (see Lectures 1 and 5) which at the end simplifies
the analysis of the convergence of moments for instance. The backdraw is that you consider
more general objects than the empirical measure of the eigenvalues (which eventually converges
towards a probability measure), namely the trace of polynomials in random matrices, which possibly
converges towards a linear functional on polynomials, called a tracial state. Analysis of such objects
may then require free probability tools.

Exercise 0.1. The idea of this exercise is to see that also band matrices can often be decomposed
as functions of a Wigner matri:c and diagonal matrices.

Take o(x,y) := [ fs(z dp(s) for some probability measure p on a probability space (2, P)
and bounded contmuous functzons (fsys € Q) on [0,1]. Show that the band matriz with en-
tries U(N, A‘,)Xij can be written as [ DNXNDNdp(s) with DY the diagonal matriz with entries
(fs(%),1 <i < N) on the diagonal.

3.2. Microscopic regime

At the opposite, one would like to study what happens at a very microscopic regime, for instance
study the consecutive spacing distribution A; := A;41 — A;. This can be done for instance when
the matrix X is a Gaussian complex Wigner matrix. Then, as we already noticed, the joint law
of the eigenvalue is a determinantal law

AP\, An) = Zy' A)2e™ F XA T dxs

with A()A) the Vandermonde determinant. Then, it was proved [96] that the spacing distribution
around the origin converges to the Sine kernel law, i.e., that for any compact set A

(2) lim PINA\N ¢ Aji=1,... N =1+ i (-1 f fA deth . 1sin(wi—x;) H

N—oo L,j=1 7 T;—x;
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A similar result holds for the spacing distribution inside the bulk (namely around any point within
(—2,2)). The picture changes at the boundary where one gets

. . s (_1)k t' t’
lim PN2/3()\f-v—2)¢[t,t’],l=17"'aN]=1+Z A

k
k
i 2 det A (z;, ;) H dz;

3,j=1

j=1
with A the Airy kernel defined by
Ai(2) A (y) — A (x) Ai(y)

r—=y

A(‘Tv y) =

if A7 denotes the Airy function.

We shall show the general structure of the proof of this sort of analysis in part 2 via Fredholm
determinants (see also the more recent process approach discussed by Ramirez, Rider and Virag
(87]).

3.3. Mesoscopic regime

It is also natural to wonder what happens in the intermediate scales, for instance how many
eigenvalues fall into a set Ay = [N™%, N~?}] for o € (0,1). Based also on the determinantal
structure of the law it is possible to show that if a < 0 < b,

Z?Ll Iyveay — E[Zﬁl 1)\1'EAN]
T
21 2

E {(Ef\il Inean — E[Ez]\il 1>\i€AN]) }

converges in law towards a standard Gaussian variable as N goes to infinity.

We shall not discuss this scaling at all in these notes (such a result can be derived by determi-
nantal law analysis).

Acknowledgments: I am particularly grateful to UC Berkeley, and in particular to D.
Voiculescu and V. Jones, who welcomed me during spring 2007 when I wrote these lecture notes.
My visit was supported in part by funds from NSF Grants DMS-0405778, DMS-0605166 and DMS-
0079945. T also wishes to thank S. Sheflield and T. Spencer for inviting me to give these lectures.
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Wigner matrices and moments estimates
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In this lecture, we shall analyse moments of large random matrices and describe the fine
combinatorics needed to evaluate them. This analysis will be used to study the spectral measure
and the largest eigenvalue of Wigner’s matrices.

1. Wigner’s theorem

We consider in this section an N x N matrix X~ with real or complex entries such that
(Xf}(, 1<:1<5< N) are independent and XN s self-adjoint; Xf}] = Xj\zf We assume further
that

EXN] =0, lim max |[NE[|XN[*]-1|=0.
K N—o0 1<4,j<N K
We shall show that the eigenvalues (A1, -+, Ay) of X¥ satisfy the almost sure convergence

1
®) i,y 3700 = [ 1(@yiote)

=
where f is a bounded continuous function or a polynomial function, when the entries have some
finite moments properties. ¢ is the semi-circular law

1
o(dx) = %\/4 — 221 ) <odu.

We shall prove this convergence for polynomial functions and rely on the fact that for all k € N,
[ a¥do(z) is null when k is odd and given by the Catalan number Cy/> when k is even. Deducing
(3) from convergence of moments is done in section 1.5.

1.4. Wigner’s theorem
In this section, we use the same notation for complex and for real entries since both cases will be
treated at once and yield the same result. The aim of this section is to prove

Theorem 1.1. [Wigner’s theorem [104]] Assume that for all k € N,

(4) By :=sup  sup IE[|\/NX£§|]“] < 0.
NeNije{1,--- ,N}2

Then

K

lim i{kQXNﬁ)z

0 if ks odd,
N—oco N

Cr  otherwise,
2

where the convergence holds in expectation and almost surely. (Cy)r>0 are the Catalan numbers;

ck—@.

k+1
The Catalan number C} will appear here as the number of non-crossing pair partitions of 2k
elements. Namely, recall that a partition of the (ordered) set S :={1,---,n} is a decomposition

7T-:{‘/17"' 7Vr}

such that V;NV; =0 if i # j and UV; = S. The V;,1 < i < r are called the blocks of the partition
and we say that p ~, ¢ if p,q belong to the same block of the partition 7. A partition is said to
be a pair partition if each of its block has exactly two elements. A partition 7 of {1,--- ,n} is said
to be crossing if there exist 1 < p; < ¢1 < p2 < g2 < n with

D1~ P2 Pr Q1 ~r G2

It is non-crossing otherwise. We give as an exercise to the reader to prove that Cy as given in the
theorem is exactly the number of non-crossing pair partitions of {1,2, .-, 2k}.

Proof. We start the proof by showing the convergence in expectation, for which the strategy
is simply to expand the trace over the matrix in terms of its entries. We then use some (easy)
combinatorics on trees to find out the main contributing term in this expansion. The almost sure
convergence is obtained by estimating the covariance of the considered random variables.
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FEzxpanding the expectation.
Setting YV = vV NXV, we have
1 al i
E |:NTI‘ ((XN>k):| - Z N_E_lED/ﬁlé}/lélé o }/Zkzl]

i1y ,ip=1

where Y;;,1 < i,j < N, denote the entries of YV (which may eventually depend on N).
We denote i = (i1, ,ix) and set

P(l) = E[Yviliznzis o 'Y;kil]'

By (4) and Holder’s inequality, P(i) is bounded by By, independently of i and N. Since
the random variables (Y;;,7 < j) are independent and centered, P(i) equals zero unless
for any pair (ip,ip+1), p € {1,--- ,k}, there exists I # p such that (ip,ip+1) = (i1,%41)
or (i;4+1,1;). Here, we used the convention ixy; = i1. To find more precisely which set of
indices contributes to the first order in the right hand side of (5), we next provide some
combinatorial insight into the sum over the indices.

Connected graphs and trees.

V(i) = {i1, - ,ix} will be called the vertices. An edge is a pair (i,7) with 4,j €
{1,---, N}2. At this point, edges are directed in the sense that we distinguish (4, j) from
(j,i) when j # i and we shall precise later when we consider undirected edges. We denote
by E(i) the collection of the k edges (e,)h_; = (ip,ipt1)p_; -

We consider the graph G(i) = (V (i), E(i)). G(i) is connected since there exists an
edge between any two consecutive vertices. Note that G(i) may contain loops (i.e., cycles,
for instance edges of type (i,¢)) and multiple undirected edges.

The skeleton G(i) of G(i) is the graph G(i) = (V(l),E(l)) where vertices in V(i)
appears only once, ec}ges in E(i) are undirected and appear at most once.

In other words, G(i) is the graph G(i) where multiplicities and orientation have been
erased. It is connected, as is G(i).

FIGURE 1. Figure of G(i) (in dash) versus G(i) (in bold), |E(i)| = 9,|V(i)| =9

We now state and prove a well known inequality concerning undirected connected
graphs G = (V, E). If we let, for a discrete finite set A, |A| be the number of its distinct
elements, we have the following inequality

V| < |E|+1.

Let us prove this inequality as well as the fact that equality implies that G is a tree.
This relation is straightforward when |V| = 1 and can be proved by induction as follows.
Assume |V| = n and consider one vertex v of V. This vertex is contained in [ > 1 edges of
E that we denote (e1, - ,e;). The graph G then decomposes into (v, e1,--- ,¢;) and r <1
undirected connected graphs (G1,---,G,). We denote G; = (V;,Ej) for j € {1,---,r}.
We have

T T

VI=1=>"1Vjl. [El-1=)IEl

j=1 j=1
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Applying the induction hypothesis to the graphs (G,)1< <, gives
Vi-1 < > (IEj|+1)
i=1

|E|+r—1<|E]

which proves (6). In the case where |V| = |E|+1, we claim that G is a tree, namely does
not have loop. In fact, for the equality to hold, we need to have equalities when performing
the previous decomposition of the graph, a decomposition that can be reproduced until
all vertices have been considered. If the graph contains a loop, the first time that we erase
a vertex of this loop when performing this decomposition, we will create one connected
component less than the number of edges we erased and so a strict inequality occurs in
the right hand side of (7) (i.e., r <1).
Convergence in expectation.

Since we noticed that P(i) equals zero unless each edge in E(i) is repeated at list
twice, we have that

P - . k
[B@) < 27EWD)] = 3,

and so by (6) applied to the skeleton G(i) we find

- k

V) <[]+ 1
where [z] is the integer part of 2. Thus, since the indices are chosen in {1,--- , N}, there
are at most N121+! indices that contribute to the sum (5) and so we have

1
‘E[NEY«XNﬁﬂ’ < BNIE-3,

where we used (4). In particular, if k is odd,

1
lim E|=Tr (XM)")| = 0.
Jim | (061
If k is even, the only indices that will contribute to the first order asymptotics in the sum
are those such that

~ k
i==-+1
VOl =5 +1,

since the other indices will be such that [V (i)| < % and so will contribute at most by a
term N3 ByN~3~' = O(N~!). By the previous considerations, when [V (i)| = £ + 1, we
have that

(a) G(i) is a tree,

(b) |EG)| =27 EG)| = % and so each edge in E(i) appears exactly twice.
We can explore G(i) by following the path P of edges i1 — i2 — i3+ — i — 41. Since
G(i) is a tree, G(i) appears as a fat tree where each edge of G(i) is repeated exactly
twice. We then see that each pair of directed edges corresponding to the same undirected
edge in E(i) is of the form {(ip,ips1), (ips1,7p)} (since otherwise the path of edges has
to form a loop to return to 4o). Therefore, for these indices, P(i) = [[.c 5 E[[VNXN|?
converges uniformly to one by hypothesis.

Finally, observe that G(i) gives a pair partition of the edges of the path P (since each
undirected edges have to appear exactly twice) and that this partition is non crossing (as
can be seen by unfolding the path keeping track of the pairing between edges by drawing
an arc between paired edges). Therefore we have proved

1
lim E [N’I‘r ((XN)k)] = #{ non-crossing pair partitions of k edges }.

N —o0
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(4) Almost sure convergence.
To prove the almost sure convergence, we estimate the variance and then use Borel
Cantelli’s lemma. The variance is given by

1 2 1 2
Var(X)) = B | (1 ()| B | g ()
1 N
= > [P(i,i") — P(i)P(1')]
i1y iy =1
i, i =1
with
P(i,i) = E[Yi,i, Yigis - - Yipis Yiray - Yirig ).

We denote G(i,i’) the graph with vertices V(i,i") = {i1, - ,ik,4}, -, } and edges
E@1,1) = {(ipip+1)1<p<k, (i ip1)1<p<k - For i,i’ to contribute to the sum, G(i,i')
must be connected. Indeed, if E(i) N E@{i’) =0, P(i,i’) = P(i)P(i’). Moreover, as before,
each edge must appear at least twice to give a non zero contribution so that |E(i, )| < k.
Therefore, we are in the same situation as before, and if G(i,1) = (V(i,1'), E(i, ")) denotes
the skeleton of G(i,1’), we have the relation

(8) VG, 1) < |EG,i)|+1<k+1.

This already shows that the variance is at most of order N~! (since P(i,i’) — P(i)P(i’) is
bounded uniformly, independently of (i,i’) and N), but we need a slightly better bound
to prove the almost sure convergence. To improve our bound let us show that the case
where |V (i,1')| = |E(i,')]+1 = k41 can not occur. In this case, we have seen that G(i, i)
must be a tree since then equality holds in (8). Also, |E(i,i’)| = k implies that each edge
appears with multiplicity exactly equals to 2. For any contributing set of indices 1i,1/,
G(i,i')NG(i) and G(i,i) N G(i’) must share at least one edge (i.e., one edge must appear
with multiplicity one in each of this subgraph) since otherwise P(i,i’) = P(i)P(i’). This
is a contradiction. Indeed, if we explore G(i,1') by following the path i; — iy — - — iy,
we see that either each (non-oriented) visited edge appears twice, which is impossible if
G(i,i') N G(i) and G(i,i') N G(i’) share one edge, or it this path makes a loop, which is
also impossible since G(i,i’) is a tree. Therefore, we conclude that for all contributing
indices,
V(1) <k

which implies

Var((XV)*) < puN 2

with pi a uniform bound on P(i,i') — P(i)P(i’). Applying Chebychev’s inequality gives
for any § > 0

1 Nk 1 Nk Pk
P(‘NTr((X ) )—]E{NTr((X )| >6 < SNz
and so Borel-Cantelli’s lemma implies
1

T ()~ B 5 ()| =0 s

lim

The proof of the theorem is complete.

Exercise 1.2. Take for L € N, XX the N x N self-adjoint matriz such that

XE = (20) 21y <. Xy
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with (X;5,1 <4 < j < N) independent centered random variables having all moments finite and
E[XZQJ] = 1. The purpose of this exercise is to show that for all k € N,

lim lim E[%T&((XN’L)’“)] = Cy/2

L—oo N—oo
with Cy null if x is not integer. Moreover, if L(N) € N is a sequence going to infinity with N so
that L(N)/N goes to zero, prove that

) 1 N,L(N)\k\] _
Jim BLCT(XMH)8] = G
If L(N) = [aN], one can also prove the convergence of the moments of XN-L(N) - Show that this
limit can not be given by the Catalan numbers Cy o by considering the case k = 2.

Hint: Show that for k > 2

1 _ _
E[NTT((XN’L)]C)] = (2L)7"? > E[X(x)s, - X)) +O(NTH).
lig—[51I<L,
lipy1—ip|<L,p>2
Then prove that the contributing indices to the above sum correspond to the case where G(0, s, -, if)
is a tree with k/2 vertices and show that being given a tree there are approzimately (2L)§ possible

choices of indices ig,- - ,i.

1.5. To learn more

1.5.1. Catalan numbers. We can also define the Catalan numbers as the number of (oriented)
rooted trees. Actually, Catalan numbers count many other combinatorial objects, such as non-
crossing partitions or Dick paths. We shall see that they also give the moments of the semi-circular
law.

Let us recall that a graph is given by a set of vertices (or nodes) V' = {i1,--- ,ix} and a set of
edges (e;)ier. An edge is a couple e = (ij,,ij,) for some j1,j2 € {1, ,k}?. An edge is directed if
(i1,12) and (ig,41) are distinct when 41 # i2, which amounts to write edges as directed arrows. It is
undirected otherwise. A cycle (or loop) is a collection of distinct undirected edges e; = (v4, vit1),
1 <7 < p such that v; = v, for some p > 1.

A tree is a connected graph with no loops (or cycles).

We will say that a tree is oriented if it is drawn (or embedded) into the plane; it then inherits
the orientation of the plane. A tree is rooted if we specify one oriented edge, called the root. Note
that if each edge of an oriented tree is seen as a double (or fat) edge, the connected path drawn
from these double edges surrounding the tree inherits the orientation of the plane (see Figure 2).
A root on this oriented tree then specifies a starting point in this path.

FIGURE 2. Embedding rooted trees into the plane

Definition 1.3. We denote C}, the number of rooted oriented trees with k edges.
Exercise 1.4. Show that Co =2 and C3 =5 by drawing the corresponding graphs.

Exercise 1.5. A Dick path of length 2n is a path starting and ending at the origin, with increments
+1 or —1, and that stays above the non negative real axis. Prove that there exists a bijection between
the set of rooted oriented trees with n edges and the set of Dick paths of length 2n.

Hint: Define the walk as the walk around the tree of Figure 2, count +1 when you arrive to an
edge that was not wisited, —1 otherwise
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The following property of the Catalan numbers will be useful later

Property 1.6. The standard semicircle law is given by

1
o(dz) = %\/4 — 221, <odx.

Then for all k > 0,
mop = Ck.

A proof can be given following the exercises below.

Exercise 1.7. Show that with the convention Cy =1, for all k > 1

k-1
(9) Cr = Cpi11Cl
1=0
Exercise 1.8. For all k>0, C;, < 2% and
2k
o — k
A

Count Dick paths or use the induction relation of (9) to compute the generating function S(z) =
ano Z"Cy

Exercise 1.9. Prove Property 1.6 by deriving an explicit formula for the my,’s.

1.5.2. Weak convergence of the spectral measure. We now consider weak convergence of the spectral
measure rather than convergence in moments and then weaken the hypothesis on the entries.

Theorem 1.10. Let (\;)1<i<n be the N (real) eigenvalues of X and define

1 N
LxN = Nzlé)\l

to be the spectral measure of XN. Lxn~ belongs to the set P(R) of probability measures on R.
Assume that (4) holds for all k € N. Then, for any bounded continuous function f,

lim /f(x)dLXN(:C)z/f(:v)da(:v) a.s.

N —o0

Proof. By Weierstrass’ theorem, we can find for any B > 2 and § > 0, a polynomial Ps such
that gs := f — P5 satisfies

sup |gs(z)| < 6.
|z|<B

Using the previous convergence in moments, one shows that for any ¢ € N,

1| gs@)dlxn (@) <C /

ol | (1+|z[P)dLx~ (z) < CB7P~2 / [1+ 2Pt D)dLxn (2)
z|>B z|>B

is as small as wished when N goes to infinity and B > 2 since the right hand side is then bounded
by B~P~2422(P+at+1) (since o is supported in [—2,2]) that goes to zero as p goes to infinity. Con-
sequently,

} [ @it @) - ote)

< Upg(x)d(LXN (z) —a(@)‘

(10) O+

/ (f - Py)(@)dLxn ()
|z|>B

goes to zero as IN goes to infinity. O
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1.5.3. Relaxation over the number of finite moments. In this section, we relax the assumptions on
the moments of the entries while keeping the hypothesis that (X )1<1< j<n are independent. The
generalization of Wigner’s theorem to possibly mildly dependent entrles can be found for instance
in [24]. A nice, simple, but finally optimal way to relax the assumption that the entries of v NXV
possess all their moments, relies on the following observation.

Lemma 1.11. Let A, B be N x N Hermitian matrices, with eigenvalues A1 (A) > A2(A) > ... >
AN(A) and A\ (B) > X2(B) > ... > An(B). Then,

Z IXi(A (B)]? < Tr(A — B)?.

The proof is left to the reader; an idea is to observe that this inequality means that the
maximum over matrices A, B with a given spectrum of the right hand side is achieved when the two
matrices have the same basis of eigenvectors and more precisely the k-th eigenvector correspond
to the k-th largest eigenvalues of the matrices. This fact can be shown by induction over the
dimension N of the matrices (see [13, 3]).

Corollary 1.12. Assume that {\/NXZ,Z < j} are independent, equidistributed with law p such
that p(x) = 0, pu(x?) = 1. Then, for any bounded continuous function f

Nlim /f )dLxn (x /f )do(xz) a.s.

The proof is left to the reader; it amounts to approximate the original matrix v NX~ by a
matrix v/ NY® with bounded entries in such a way that %Tr(XN —YM)? goes to zero as N goes
to infinity and then use Lemma 1.11.

Remark. When the entries are not equidistributed, the convergence in probability can be proved
when {\/_ X” ,i < j} are uniformly integrable. The almost sure convergence can be proved when
moments of order four are uniformly bounded for instance.

Remark Let us remark that if v/ N X% (ij) has no moments of order 2, then the theorem is not
valid anymore (see the heuristics of Cizeau-Bouchaud [31] and rigorous studies in [106, 11] ). Even
though under some assumptions the spectral measure of the matrix XV, once properly normalized,
converges, its limit is not the semicircle law but a heavy tailed law with unbounded support.
1.5.4. Relazxation of the hypothesis on the centering of the entries. A last generalization concerns
the hypothesis on the mean of the variables v N XZ-];] which, as we shall see, is irrelevant in the
statement of Corollary 1.12. More precisely, we shall prove that (proof originated from [57])

Lemma 1.13. Let XY Y~ be N x N Hermitian matrices for N € N such that Y~ has rank r(N).
Assume that N='r(N) converges to zero as N goes to infinity. Then, for any bounded continuous
function f with compact support,

limsup| [ f(x)dLx~ vy~ (z /f YdLxn~ (z)] = 0.
N—o00

Proof. We first prove the statement for bounded increasing functions. To this end, we shall
first prove that for any Hermitian matrix Z"V, any e € CV, A € R, and for any bounded measurable
increasing function f,

1) [ 1@atas) - [ 1@tz s @) < 5

We denote A < AY - < AN (resp. nl¥ <nd¥ ... < k) the eigenvalues of ZV (resp. ZN + Aee*).
By the following theorem due to Lidskii

Theorem 1.14. [Lidskii] Let A € 'Hg\%) and z € CN. We order the eigenvalues of AT zz* in
increasing order. Then

t o« + o«
(A~ 22%) < Mg1(A4) < Apga(A - 227).

As a consequence, the eigenvalues \; and 7; are interlaced;

N N N N N
AU ST S A5 S Aoy Sy



ALICE GUIONNET, RANDOM MATRICES 23

m <A < <y S Ay

=+ = 23]
Therefore, if f is an increasing function,
al 1 al 2
Zf O < 370 + ke < 3 S0 + 21l
— i=2 i=1
but also
N N N N
SO = LN+ D FON) = FOY) + D F ) = SO = F ) + D F ()
i=1 i=2 i=2 i=1

These two bounds prove (11). We leave the reader extend this result from Y~ = \ee* with rank
1 to YV with rank r(NV).
O
By Corollary 1.12 and Lemma 1.13, we find that

Corollary 1.15. Assume that the matrix (E[Xg])lgi,jSN has rank r(N) so that N='r(N) goes

to zero as N goes to infinity, and that the variables \/N(XZJ;[ — IE[XZJ;[]) satisfy the hypotheses of
Corollary 1.12 and have covariance 1. Then, for any bounded continuous function f,

A}im f(x)dLxn (x /f Ydo(x) a.s.

This result holds in particular if E[Xf}[] = oV is independent of i,j € {1,---, N}2, in which case
r(N) = 1. It extends to the case where E[ng] = a1, +yN1iz; with yV going to zero as N goes
to infinity.

The last comment is simply due to the fact that [ f(z)d(Lx~y — Lx~_,~; goes to zero by
Lemma 1.11 when y”V goes to zero.

2. Words in several independent Wigner matrices

In this section, we consider m independent Wigner N x N matrices {X"¥,1 < ¢ < m} with real or
complex entries. In other words, the XV¢ are self-adjoint random matrices with independent entries

(Xf}f e, 1<i<j <N ) above the diagonal that are centered and with variance one. Moreover, the

(Xf}f e, 1<i1<j <N ) are independent. We shall generalize Theorem 1.17 to the case where
1<e<m

one considers words in several matrices, that is show that N ~!Tr (XN’&XN’Z2 . -XN’é’“) converges

for all choices of ¢; € {1,--- ,m} and give a combinatorial interpretation of the limit. We generalize

Theorem 1.1 to the context of several matrices as a first step towards part 4. Let us first describe

the combinatorial objects that we shall need.

2.6. Partitions of colored elements

Because we now have m different matrices, the partitions that will naturally show up are partitions
of elements with m different colors; in the following, each £ € {1,--- ,m} will be assigned a color,
said ’color £’. Also, because matrices do not commute, the order of the elements is important. This
leads us to the following definition.

Definition 1.16. Let q(X1, -+, Xm) = X, Xo, -+ Xp, be a monomial in m non-commutative
indeterminates.

We define the set S(q) associated with q as the set of k colored points on the real line so that
the first point has color {1, the second one has color £s till the last one that has color {y,.

NP(q) is the set of non-crossing pair partitions of S(q) such that two points of S(q) can not

be in the same block if they have different colors.

k

Note that S defines a bijection between non-commutative monomials and set of colored points
on the real line (i.e., ordered set of points).
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2.7. Voiculescu’s theorem
The aim of this section is to prove that if {XV* 1 < ¢ < m} are m independent Wigner matrices
such that

EX=0v1<ij<N,1<f<m, lim max [NE[X‘]-1=0
N—oo 1<i,j<N

Theorem 1.17. [Voiculescu [101]] Assume that for all k € N,

(12) Bk = sup sup sup EH\/NXZ)ZVC] < Q.
1<4<m NeNije{l, - ,N}2

Then, for any £; € {1,--- ,m},1 < j <k,
i T (XX X = ™ (X, Xy )

where the convergence holds in expectation and almost surely. o™ (Xy, -+ Xy, ) is the number
INP(Xy, -+ Xo,)| of non-crossing pair partitions of S(Xe, -+ Xo,).

Remark 1.18. ¢™, once extended by linearity to all polynomials, is called the law of m free
semi-circular variables.

Proof. The proof is very close to that of Theorem 1.1 and is left to the reader. The only point is
to notice that the main contribution is again given by indices described by non-crossing partitions
but that now these partitions come with a weight given by a product of covariances that vanishes
when edges of different colors have been paired.

Exercise 1.19. The next exercise concerns a special case of what is called ’Asymptotic freeness’
and was proved in greater generality by D. Voiculescu.

Let (Xf}’, 1 <i < j < N) be independent real variables and consider XV the self-adjoint matriz
with this entries. Assume

EXN =0 E[(VNX))?=1 Vi<j
Assume that for all k € N,
(13) By =sup  sup IE[|\/NX£§|]“] < 0

NeNije{l,-,N}2
Let DN be a deterministic diagonal matriz such that
]svue%nztl%ﬂDm < 00 A}gnoo %Tr((DN)k) =my, for all k € N
Show that
(1) X

lim E[NTr(DN(XN)k)] = Cijom

N—o0

(2) Prove that
1
Jim B[ Tr((DY)! (XY (D)2 (X))
= Cry /2C% p2(miy 415 — muy 105 ) + Ciy ) 7270, 10
(3) (more difficult)Prove in general that

Bl T (0 - F oM ) ()P - BT

(0 o) () - BT )

N N
goes to zero as N goes to infinity for any integer numbers Iy, -+ ,lp, ki, -+, kp.
Hint: FExpand the trace in terms of a weighted sum over the indices and show that the main
contribution comes from indices whose associated graph is a tree. Conditioning on the tree, average
out the quantities in the D and conclude (be careful that the DN ’s can come with the same indices
but show then that the main contribution comes from independent entries of the (X™)E)’s because
of the tree structure).
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3. Estimates on the largest eigenvalue of Wigner matrices

In this section, we derive estimates on the largest eigenvalue of a Wigner matrix with real entries
}/,L. .
VN

with (Y;;,1 < i < j < N) independent equidistributed centered random variables with marginal
distribution P. The idea is to improve the moments estimates of the previous section.

We shall assume that P is a symmetric law (see the recent article [82] for a relaxation of this
hypothesis);

N _

P(-Ye.)=PY €.).
We take the normalization E[Y?] = 1. Further we make the common assumption that there exists
a finite constant ¢ such that for all k € N,

E[Y?¥] < (ck)*.
We follow the article of S. Sinal and A. Soshnikov [90] to prove the following result :
Theorem 1.20. /[S. Sinai - A. Soshnikov [90]] For all € > 0, all N € N, there exists a finite

function o(s, N) such that limy_ SUP o v d-e o(s,N) =0 and
N\2s N22S
(14) E[Te((XT)™)] = == {1+ ofs, N)).

In particular, for all € > 0, if we let Amaz(XYN) denote the spectral radius of X¥,
Jim P([JAmaz(XN) =2| > €) =0.

A previous result of the same nature (but under weaker hypothesis (the symmetry hypothesis
of the distribution of the entries being removed) under which the moments estimate (14) holds for
a smaller range of s), was proved by Komlés and Fiiredi [43]. A later result of Soshnikov [92]
improves the range of s under which (14) holds to s of order less than n%, a result that captures
the fluctuations of Amax(X?). We emphasize here that the proof below heavily depends on the
assumption that the distribution of the entries is symmetric.

Proof. Let us first derive the convergence in probability from the moment estimates. First, note
that

Pmax(XV) <2 —¢) < P(/f(x)dLXN =0)

for all functions f supported on |2 — €, 0o[. Taking f bounded continuous. null on | — 00,2 — €] and
strictly positive in [2 — €/2,2], we see that P([ f(z)dLx~ = 0) goes to zero by Theorem 1.10. For
the upper bound on Amax(X?), we shall use Chebychev’s inequality and the moment estimates
(14) as follows.

1
———E[Amax(X")*] <
(2 + 6)25 [ rnax( ) ] =

N22s

(2 +€)2V/ms3

1

P(/\maX(XN) >2+¢) m

IN

E[Tr((X™))]
(14 o(s,N))

where the right hand side goes to zero with N when s = N¢ for some € > 0.

The proof of (14) is based on the expansion of the moments as in the proof of Theorem 1.1
and a good control on the graphs given by the indices that contribute to the resulting sum. The
main point is to show that when s is much smaller than v/N, these graphs are still trees. The
interested reader can find the proof in the original article or in [49]. O
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In this lecture, we shall consider the case where the entries of the matrix X~+# are real or
complex Gaussian variables. Moreover, since the results will depend upon the fact that the entries
are real or complex, we now make the difference in the notations. We consider N x N self-adjoint
random matrices with entries

(5 1)3 5
X}i\lfﬁzgkl"f'l(ﬁ )Gk l<k<i<N, X;?;i’ﬁZ\/%gkk, LchenN

VB

where the (gri, Gri, k& < 1) are independent equidistributed centered Gaussian variables with vari-
ance 1. (XM:2/N € N) is commonly referred to as the Gaussian Unitary Ensemble (GUE) and
(XML N € N) as the Gaussian Orthogonal Ensemble (GOE) since they can be characterized
by the fact that their laws are invariant under the action of the unitary and orthogonal group

respectively (see [79]). We denote P](Vﬁ ) the law of X8,

The goal of this lecture will be to show that

- the law of the eigenvalues of the (GUE) is a determinantal law,

- the eigenvalues statistics are described by a Fredholm determinant,

- this description permits to derive the asymptotics of local statistics (see (2) and (3)).

Note here that the eigenvalues are not normalized and so the previous lecture implies that
+ Efil 8, xn.0, converges as N goes to infinity (here (A\;(X™#),1 <i < N) denotes the eigen-

Vo
values of the matrix XV#). We denote PJ(Vﬁ) the law of XN:8, Hg\?) denotes the set of symmetric
(resp. Hermitian) matrices when 8 =1 (resp. 8 = 2).

The content of this lecture is borrowed from a book in progress with G. Anderson and O.
Zeitouni [3]. We shall only sketch here the arguments and refer the interested reader to this book
for details.

1. Joint law of the eigenvalues

Lemma 2.1. Let X € HE\?) be random with law PJ(VB). The joint distribution of the eigenvalues
M(X) < < AN(X), has density with respect to Lebesque measure proportional to

N
2
(15) lo<i<an H |I1 - xj|ﬁ H e Pmi/A,
1<i<j<N i=1

We denote P](VB) the unordered law of the eigenvalues;

/f({xi}lﬁiSN)dP](\?)(Ila"' LIN) = % Z /f({/\a(z')(X)}lsigN)sz(vm(X)

" oeSy
with Sy the set of permutations of {1,---  N}.

We shall not prove in details this lemma here but emphasize the ideas of a proof in the case
B = 1. It is simply to write the decomposition X = UDU*, with the eigenvalues matrix D that is
diagonal and with real entries, and with eigenvectors matrix U (that is a unitary matrix). Suppose
this map was a bijection (which it is not, at least at the matrices that do not possess all distinct
eigenvalues) and that one can parametrize the orthonormal basis of eigenvectors by SN(N —1)/2
parameters in a smooth way (which one cannot in general). Then, it is easy to deduce from the
formula X = UDU™ that the Jacobian of this change of variables will depend polynomially on
the entries of D and will be of degree BN(N — 1)/2 in these variables. Since the bijection must
break down when D;; = Dj; for some i # j, the Jacobian must vanish on that set. When g =1,
this imposes that the polynomial must be proportional to [[; <i<j< n(zi — ;). Further degree and
symmetry considerations allow to generalize this to 8 = 2. We refer the reader to [3] for a full
proof, which shows that the set of matrices for which the above manipulations are not permitted
has Lebesgue measure zero.
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2. Joint law of the eigenvalues and determinantal law

We now restrict our attention to the case 8 = 2 and show that the law P ) is a determinantal law.

More precisely, we let ’P ) be the distribution of p unordered eigenvalues of the GUE; 73( v is the
probability measure on RP so that for any f € Cy(RP),

/f(917 59;D)d (2) (917 ; /f 017 (2)(915"' 79N)

2.8. Hermite polynomials

We now introduce the Hermite polynomials and associated normalized harmonic oscillator wave-
function.

Definition 2.2.
a) The nt" Hermite polynomial hy, () is defined as
2,5 d” 2
hn = (—1)"e® /2 Y -z /2'
() = (1) /2 e
b) The n'" normalized harmonic oscillator wave-function is the function
e~ /4, (z)

V27 n!

For our needs, the most important property of the harmonic oscillator wave-function are their
orthogonality relations

that we leave as an exercise.

1/)71(517) =

2.9. Determinantal structure
We are finally ready to describe the determinantal structure of 731521)\,.

Lemma 2.3. For any p < N, the law 731()_2])\, is absolutely continuous with respect to Lebesque
measure, with density

—_ |
p§723\[(917 e 7917) = M dlét K(N)(ekael)u

N!' k=1
where
N-1
(17) KM (z,y) =Y ¢l
k=0

PROOF. Lemma 2.1 shows that p;(f,?v exists and equals, if z; = 6; for i < p and (; for i > p, to

(18) o0 0)=Cxy [ ] P He‘*/z II

1<i<j<N i=p+1

for some constant C,,. The fundamental remark is that this density depends on the Vandermonde
determinant

(19) H (xj —xy) = det ! det hj_q(x;)

b i,j=1 i,j=1
1<i<j<N
where we used in the last equality that the Hermite polynomials are monic.
We first consider the case p = N. Then,
2 N

N
(20) pg\?,)N(ela e aeN) = C'N,N <i(}‘e—tl hJ1(91)> H€793/2

i=1

. N 2
= CN,N (.detl ’lﬁj_l(ei)) = CNN det K( )(6‘“6‘ )
1,]=

1,5=1
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where in the last equality we used the formula det(AB) = det(A) det(B). Here,

N-1

ON,N = H (\/%k!)ON,N

k=0

is given by the inverse of

/(det T > Hd9

/1/&”) 1(00) Y (i)—1(0:)dO

(TO'

D lo—er = N!

o0’

For p < N, using (18) and (19), we find that for some constant C’Nﬂp, with z; = 6; if i < p and (;
otherwise,

p23\](917"' ,9;0) :ON,p/( det 1/}j 1 5171 H dcz

_pJ,»l
= éN,p /H 1%(;) 1 LL'] "/JT LL'] H dCz
O’TGSN i=p+1
Therefore, letting S(p, v) denote those bijections 7,0 of {1,---,p} into {r1, -+ ,vp}, we get

2
pz()}\](ela T 7917)

C~1N.,p Z Z E(U)E(T)Hd}o' (i)— 1( )1/}7' (i)— 1( )

1<v1<...<vp <N o,7€8(p,v)

Cnp > (det Yy, —1(0 ))2 ;

1<v1<..<vp <N

(21)

where in the first equality we used the orthogonality of the family {¢,} to conclude that the
contribution comes only from permutations of Sy so that 7(i) = o(i) for ¢ > p, and we put

{Vlu T 7V;D} = {T(1)7 T 7T(p)} = {0(1)7 T 7U(p)}
We next need the following generalization of the formula det(AB) = det(A) det(B) given by
the Cauchy-Binet Theorem:;

Theorem 2.4 (Cauchy-Binet Theorem). Suppose A is an m by k matriz, B a k by n matriz, C =
AB, and, with r < min{m, k,n}, set I = {iy,...,ir} C{1,...,m}, J={j1,...,4r} C{1,...,n}.
Then, letting K, denote all subsets of {1,...,k} of cardinality r,

(22) detC])JZ Z detALKdetBKJ.
Kek, i

Using this theorem with A = B* and A; j = v, 1(0;), we get from (21) that

p;ffl)\/'(olva ) CNp det( ( )(QZ,QJ»

i,j=1
To compute C'Nm, note that by integrating both sides of (21), we obtain
~ 2 ~
(23) 1=Cnyp > / <det Py, —1(0 )) by ---db, = Cn, > oo
1< <..<yp <N 1< <..<vp<N

so that Cy,, = (N — p)!/N\. O
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3. Determinantal structure and Fredholm determinants

Now we arrive at the main point, on which the study of the local properties of the GUE is based.

Lemma 2.5. For any measurable subset A of R,

(24) 2)(ﬂfvl{/\ € A}) —1+Z o / / det KM (x5, 25) Hd%
e A

¢ t,J=1

The last expression appearing in (24) is a Fredholm determinant.
Proof. By using in the first equality Lemmas 2.3, and the orthogonality relations of the harmonic
functions in the second equality, we have

P\ €Ai=1,....N] = %/ ~-~/(_]2[1_gt11/)i(:1:j))2Hd:ci
A BI=
1
= ¥ / /det (i(x5) Hl/fz Lo (i) )d;

UESN
1
= ﬁ Z/ /Az(}etO a(])))Hd}z(Ia(z))dIz
ocESN
= /A.../Azget (¥i(x;)) H (i) [ [ dw:

N—-1 _
= et [ = @ (55— [ won)

N
— —_1)* e v (). (2)dx )
et (f o)

7,j=1
0<r; <<y <N-1
Therefore,
(25) PN e Ai=1,...,N]
N
=1+ (_l)k/ / > <det1/) T ) Hd:c
o k' c c 1.77 Vi J !
k=1 : A® o< <. < <N—1
N k
Pt k! e Ac Bj=1 ;
e (=DF ()
(26) _1—|—Z 7 e Aczc}eth (@i, x; Hdzl,

where we used the Cauchy-Binet Theorem 2.4 and the last step is trivial since the determinant

detﬁj:1 KW)(z;,2;) has to vanish identically for k > N because the rank of {K™)(z;, zi) iy

is at most N (for instance because {K ™) (x;, a:j)}ﬁjzl can be seen as the product of two N x k
matrices). O

4. Fredholm determinant and asymptotics

Let us denote, for a Borel set A and a symmetric function K on R x R, the Fredholm determinant
A(A Z / / det K(zi, ;) Hd%
k=1 AbI=l =1

Then, we claim (and leave as an exercise, see below) that

Lemma 2.6. For any compact set A, if K, is a sequence that converges uniformly towards K on
A as n goes to infinity, A(A, K,) converges towards A(A, K).
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As a consequence, if we take A = N ~2B with a compact set B, we see that the spacing
distribution in the bulk announced in (2) is a consequence of the (uniform on compact) convergence

(N)(_ L) sin(z — y)

(27) lim —K .
VTR R VR T e
Similarly, if we take A = 2+ N~3[t,#], we find that the probability (3) that there is no eigenvalue

in A can be obtained from the asymptotics

lim — KM (2VN + 172\/— N+ Yy Ai(x)Ai' (y) — A’ (x) Ai(y)

N—co N Ns T —y

if A7 denotes the Airy function.
Such asymptotics are obtained thanks to the formula (left as an exercise)

SN @) YN-1(y) = Yna(@)Yn (y)

r—y
and the associated asymptotics of the harmonic functions ¥ and ¥x_1. We propose below to
derive the asymptotics (27) as an exercise. The limit at the edge and the Airy kernel is a more
challenging exercise that requires saddle point analysis that we did not dare to leave as an exercise.
The interested reader can find a full treatment in [3].

(28) KM (z,y) =

Exercise 2.7. (Proof of Lemma 2.6) Let A be a compact subset of R and denote |K|a =
SUP (5 y)eaxa | K (2, y)| < oo. Let K; be functions on A x A.
-Prove that for any z;,y; € A, any n € N,

<n"/? H [Kifla-

(29) ’ det Ki(xi,y,)
=1

Hint: use Hadamard inequality: For any column vectors vy, ..., v, of length n with complex entries,
it holds that

n
det[ V1 ... Up } SH\/ﬁiT’l}i
i=1
-Prove that for any x;,y; € A,

n n
det Ki(zi,y;) — det Ka(wi,y;)
1,7=1 1,7=1

< 2| Ky — Kol a - max(||Kyla, [[Koll4)"
-Conclude that K — A(A, K) is Lipschitz for || - ||a on the set of functions {K : | K||la < M}.
Exercise 2.8. (Proof of (28)) Prove that

. _ @by (y) —hy—i(@)hn (y)
kzﬂﬂhk(w)hk(y)—\/ﬁ - N(Nl—l)!(xN—;) -

Hint - Multiply both sides by (x — y)F(z,y) and integrate with respect to x,y on both sides.

- To prove the equalz’ty of the two sides for F(x,y) = hy(x)h(y), show that hp+1( x) = zhy(z) —
W (), W, (x) = phy_1(x), [ fhi(x)dz =0 for all polynomial f of degree < k, [ hy(x)hy(x )e’éd:c =
V2rlg—pk!.

-Conclude.

Exercise 2.9. (Proof of (27)) It is enough to obtain the asymptotics of ¥, (t) := Nidj,,(LN) for
v — N finite. The goal of this exercise is to show that

. 1 TV
ngnoo U,(t) = NG cos(t — 7)

-Prove that

o)1/4 3 t2/(4N) N 1/4+v/2 _
\Ify(t) — ( 7T) C ,N€ /(56752/2)N671£t€v7Nd§
v
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22 . 2
with C,,,, = i¥\/n/(2n). Hint: observe that ONe= = = 9 fezfme’%df.
-Use Laplace method (observe here that the complex part is of order one and so the integral
will concentrate on the optimizers of |€|e=€"/2).

Exercise 2.10. Let X%* be a random walk starting at X3* = 2k such that AX2* = Xﬁlj_l — X2k
are independent equidistributed Bernoulli variables, equal to +1 with probability p and —1 with
probability 1 —p. We let K be the associated transition kernel (Kr(z,y) = P(Xr =yNXo =y)).
We consider N random walks X%7 1<Ek<N.
Show that for any sequence x1 < xo2--- < TN,

PU{XZF =2;V1 <k < N}N X2 < X290 <n < T, Vk) = det(Kr(2k, 21)x.1)
Hint: Expand the right hand side has a sum over permutations and paths. Show that intersecting

paths have a null contribution (use the fact that paths that cross intersect and that intersecting
paths come by pairs, with final data exchanged by a permutation)(i.e., the reflexion principle).
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Concentration inequalities came up to be a very powerful tool in probability theory. They
provide a general framework to control the probability of deviations of smooth functions of random
variables from their mean or their median. We begin this section by providing some general
framework where concentration inequalities can be obtained. We first consider the case where the
underlying measure satisfies a log-Sobolev inequality; we show how to prove this inequality in a
simple context and then how it implies concentration inequalities. We then review a few other
contexts where concentration inequalities hold. To apply these techniques to random matrices, we
show that certain functions of the eigenvalues of matrices, such as [ f(z)dLx~ (z) = & Tr(f(XY))
with f Lipschitz, are smooth functions of the entries of the matrix so that concentration inequalities
hold as soon as the joint law of the entries satisfies one of the conditions seen in the first two
sections of this lecture. As a consequence, we will see that if the entries of XV satisfy a log-
Sobolev inequality, Z} := N([ f(z)dLx~ (x) — E[[ f(z)dLx~ (z)]) has a sub-Gaussian tail for all
N and for all Lipschitz function f. Another useful a priori control is provided by Brascamp-Lieb
inequalities; we shall apply them in the context of random matrices at the end of this lecture.
The interest of such inequalities is that they provide bounds on probabilities of deviations from
the mean that do not depend on the dimension. They can be used to show laws of large numbers
(reducing the proof of the almost sure convergence to the prove of the convergence in expectation)
or to ease the proof of central limit theorems (since it implies that Z fcv has a sub-Gaussian tail
independent of N, and thus provides tightness arguments for free). '

In this section, we denote by (:,-) the Euclidean scalar product on R™ (or CM), (z,y) =
Zi]\il xy; ((x,y) = Zf\il z;y}), and by || - ||2 the associated norm ||z|[3 := (z, z).

1. Concentration inequalities and logarithmic Sobolev inequalities

We first derive concentration inequalities based on the logarithmic Sobolev inequality and then
give some generic and classical examples of laws that satisfy this inequality.

1.10. Concentration inequalities for laws that satisfy logarithmic Sobolev inequalities
Throughout this section an integer number N will be fixed.

Definition 3.1. A probability measure P on RY is said to satisfy the logarithmic Sobolev inequality
(LSI) with constant ¢ if, for any differentiable function f: RN — R,

2
(30) /f2]0g ffdeg 2C/||Vf”%dp

Here, |V £ =32 (90, /)

The interest in the logarithmic Sobolev inequality, in the context of concentration inequalities,
lies in the following argument, that among other things, shows that LSI implies sub-Gaussian tails.
This fact and a general study of logarithmic Sobolev inequalities may be found in [54] or [74]. The
Gaussian law, and any probability measure v absolutely continuous with respect to the Lebesgue
measure satisfying the Bobkov and Gétze [18] condition (including v(dz) = Z~ e~ !*1"dx for o > 2,
where Z = [ e"c”'adx), as well as any distribution absolutely continuous with respect to such laws
possessing a bounded above and below density, satisfies the LSI [74], [54, Property 4.6].

Lemma 3.2 (Herbst). Assume that P satisfies the LSI on R with constant c. Let G be a Lipschitz
function on RN | with Lipschitz constant |G|z. Then, for all X € R, we have

(31) Ep[eA(G*EP(G))] < ec)\2|G|2£/2,
and so for all § >0
(82) P(|G — Ep(G)| > 6) < 2% /2IGlz,

Proof of Lemma 3.2. Note first that (32) follows from (31). Indeed, by Chebychev’s inequality,
for any A > 0,

P(|G—EpG|>6) < e MEp[rE-Erd]
< efAJ(EP[eA(GfEPG)] _i_EP[efA(GprG)])
< 264564@\2&2/2'
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Optimizing with respect to A (by taking A = 6/c|G|%) yields the bound (32).
Turning to the proof of (31), we assume that G is a bounded differentiable function such that

N
HIVGI[3lloo = sup D (9s,G(2))* < oc.
z€RN ;7

We leave the generalization to the reader (see also [3] or [5]). Define
X\ = longe2’\(G_EPG) .

Then, taking f = eNE~Fr&) in (30), some algebra reveals that for A > 0,

d (X, )

Now, because G — Ep(G) is centered,

X
i 22X
Ao0E A

and hence integrating with respect to A yields Xy < 2¢||||[VG|[3||ocA?, first for A > 0 and then for
any A € R by considering the function —G instead of G. This completes the proof of (31) in case
G is bounded and differentiable. 0

1.11. A few laws that satisfy a log-Sobolev inequality
In the sequel, we shall be interested in laws of variables that are either independent or in interaction
via a potential. We shall give sufficient conditions to ensure that a log-Sobolev inequality is satisfied.

e Laws of independent variables.
One of the most important properties of the log-Sobolev inequality is the product
property (we leave again the proof as an exercise)

Lemma 3.3. Let (u;)i=12 be two probability measures on RN and RM respectively,
satisfying the logarithmic Sobolev inequalities with coefficients (¢;)i=1,2. Then, the product
probability measure gy @ pz on RMHN satisfies the logarithmic Sobolev inequality with
coefficient max(cy, c2).

Consequently, if u is a probability measure on RM satisfying a logarithmic Sobolev
inequality with a coefficient ¢ < oo, then the product probability measure p®™ satisfies the
logarithmic Sobolev inequality with the same coefficient ¢ for any integer number n.

e Log-Sobolev inequalities for variables in conver interaction.

We follow below [5] chapter 5 and [54] chapter 4, which we recommend for more
details. Let dz denote the Lebesgue measure on R and ® be a smooth function (at least
twice continuously differentiable) from RY into R going to infinity fast enough so that
the probability measure

1
po(dz) == 7

eicb(xl""’mN)d:cl cday

is well defined. Then, Bakry and Emery showed that if ® is strictly convex, pue satisfies
a log-Sobolev inequality. Namely,

Theorem 3.4. Let I denote the identity in the space of N x N matrices. If for all
r € RY,

—_

Hess(®)(x) = ((02,0.,®)(x)) > -1

1<ij<N = ¢

in the sense of the partial order on self-adjoint operators, then (BE) is satisfied and pe
satisfies the logarithmic Sobolev inequality with constant c.

In particular, if p is the law of N independent Gaussian variables with covariance
bounded above by c, then u satisfies the logarithmic Sobolev inequality with constant c.
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1.12. Local concentration inequalities

In many instances we shall encounter later, we will need to control the concentration of functions
that are only locally Lipschitz, for instance polynomial functions. To this end we state (and prove)
the following lemma. Let (X, d) be a metric space and set for f: X — R

[f (=) = f)
= sup —————"—.
|f|£ m,yer d(l’, y)
Denote, for a subset B of X, d(x, B) = infyep d(z,y). Then
Lemma 3.5. Assume that a probability measure p on (X,d) satisfies a concentration inequality;

for all 6 >0, for all f: X — R,

L)

p(lf = n(f)] = 8) < e 9T
for some increasing function g on RT. Let B be a subset of X and let f : B — R such that
|f(x) — f(y)l
fIB = sup L2220
| |£ r,yeB d(x,y)
is finite. Then, with () = 1 (Lp-(sup,c | £ ()| + |f|Bd(z, B))), we have

—g(ﬁ)

p{|f —u(f1p)| > 6 +6(f)}NB) <e

Proof. It is enough to define a Lipschitz function f on X, whose Lipschitz constant | f |z is
bounded above by |f|Z and so that f = f on B. We just set

flz) = ;telg{f(y) —|fIZd(z,y)}.

Note that, if z € B, since f(y) — f(z) — | f|Zd(z,y) < 0, the above supremum is taken at y = z
and f(z) = f(z). Applying the concentration inequality to f yields the result (the constant 6(f)

accounts for the centering with respect to u(f) rather than u(f1p)). O

Exercise 3.6. The goal of this exercise is to obtain a concentration of measure inequality under a
measure . on RN that satisfies the spectral gap inequality

1
W) = ) < (9 113)
for all differentiable function f.
(1) Take u(t) = p(e!S=rUDY with a bounded differentiable function f. Show that

2
u(2t) < u(®)? + — |1V I3 ]ocu(2t).
Conclude that for t* = m/2||[|V f]13] co»

u(2t) < 2u(t)?.
Iterating, deduce that for this same t,

= 11,
u(2t) <[] - s =K
=0

(2) Deduce that
plf = p(f)] > 6) < 2K e To7TaT=

Show that in particular u must have sub-exponential tail.
(3) Show that if p satisfies a LSI with constant ¢ then p satisfies a spectral gap inequality
with constant m = 1/c. Hint: take f = 1+ €g in the LSI with € going to zero.

Exercise 3.7. The goal of this exercise is to obtain a concentration of measure inequality under
a measure pu on RN that has only a second moment. We take P a measure on R™ such that
L :=max; [(z; — [ 2;dP)*dP. Show that for any Lipschitz function f: R" — R,

EI(f ~ B(F)?*) < LY [0.f]%
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Apply this result with f(z1,- -+, 2,) = = 30| f(a;) for f Lipschitz.
Hint: Write the martingale decomposition f —E[f] = > | (E[f|Fi] — E[f|Fi-1]) with F; the
o algebra generated by (z1,--- ,x;) and observe that E[(E[f|Fi] — E[f|Fi-1])?] < L||0:.f||%.

2. Smoothness and convexity of the eigenvalues of a matrix and of traces of matrices

We shall not follow [55] where smoothness and convexity were mainly proved by hand for smooth
functions of the empirical measure and for the largest eigenvalue. We will rather, as in [3], rely on
Weyl and Lidskii inequalities that we now recall. We recall that we will denote, for B € My (C),

IB||2 its Euclidean norm;
1

N 2
IBll2:= [ Y Bi;I?

i,j=1

Theorem 3.8 (Lidskii). Let A € HE\?) and z € CN. We order the eigenvalues of AT zz* in
increasing order. Then

+ o« t
Ai(A - 22%) < Mg1(A4) < Apga (A 227).

Theorem 3.9 (Weyl). Let A, E € 'Hg\?). Then,

N

N
(33) S TM(A+E) = M(A)F <D M(B)?
k=1

k=1
We denote A\1(A) < X2(A) < -+ < An(A) the eigenvalues of A € Hg\?). Then for oll k €

{1,---,N},
[Ak(A+ E) = A (A)] < B2

In other words, for all k € {1,--- N},
(Aiji<igjen € CVNFI2 — 3, (A)
is Lipschitz with constant one. The same holds for the spectral radius Amax(A) = maxi<;<n|A;(A)].
From Theorem 3.9, we deduce the following.
Lemma 3.10. For all Lipschitz functions [ with Lipschitz constant |f|z, the function
N
(Aijhzicjen € CNVTVZ 3 7 F(A(A))
k=1

is Lipschitz with respect to the Euclidean norm with a constant bounded above by vV N|f|z. When
f is continuously differentiable we have

N
lim e~ (Zf (Ar(A +€B)) — ka(Ak(A))> = Tr(f'(A)B).

Proof. The first inequality is a direct consequence of Theorem 3.9 and entails the same control
on Amax(A). For the second we only need to use Cauchy—Schwarz’s inequality;

Zf (A+B))| < IfngIA Ai(A +B)|
< \/_|f|c<2|>\ (A+B)|>
< VNIflclBll2

where we used Theorem 3.9 in the last line. For the last point, we check it for f(x) = 2* where
the result is clear since

(34) Tr((A + eB)¥) = Tr(A*) + ek Tr(A*'B) + O(¢?)
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and complete the argument by density of the polynomials. O

We can think of Zi\il Ff(Ai(A)) as Tr(f(A)). Then, the second part of the previous Lemma
can be extended to several matrices as follows.

Lemma 3.11. Let P be a polynomial in m-non commutative indeterminates. For 1 < i < m, we
denote D; the cyclic derivative with respect to the i variable given, if P is a monomial, by

DiP(X1,-, Xpm) = Y, Pa(Xu,o, X)) Pr(X, -, Xon)
P=P; X; P,
where the sum runs over all decompositions of P into P, X; P> for some monomials P, and P>. D;
is extended linearly to polynomials. Then, for all (A1, -+, Ay,) and (B1,--- ,By,) € Hg\%),

lim e ' (Tr(P(AL 4+ €By,--- A, +€eBp)) — Tr(P(AL, - ,Ap)))

= Tr(D;P(Ay,-- ,An)B;).
i=1
In particular, if (A1,-- -, Ay belong to the subset AN} of elements of HE\?) with spectral radius
bounded by M < oo,

(Ar)if)rzizyen € CNVEDM2 AL HE N AN — Tr(P(Ad, -+, A))

<m

is Lipschitz with a Lipschitz norm bounded by v/ NC(P, M) for a constant C(P, M) that depends
only on M and P. If P is a monomial of degree d, one can take C(P,M) = dM?~*.

Proof. We can assume without loss of generality that P is a monomial. The first equality is
due to the simple expansion

Tr(P(A1 4+ €By, -, Ay +€By)) — Tr(P(Aq1, - ,Ap))

=e> Y Tr(Pi(Ar ,Ap)BiPa(Ar, - Ap)) +O(E)
i=1 P=P1 X; P,
together with the trace property Tr(AB) = Tr(BA).

For the estimate on the Lipschitz norm, observe that if P is a monomial containing d; times
the letter X, Z:ll d; = d and D;P is the sum of exactly d; monomials of degree d — 1. Hence,
D;P(Ay,---,A,,) has spectral radius bounded by d;M?~! when (Ay,---,A,,) are Hermitian
matrices in Aﬁ. Hence, by Cauchy-Schwarz’s inequality, we obtain

|Zm:Tf(DiP(A1,--- , Am)Bi)| (i Tr(|DiP(Ay, - 7Am)|2)> (i TY(B?)>

i=1 i=1

1
m 2
(N > d§M2<d1>> (

i=1

SR (z nms)
=1

IN

IN

IN

Exercise 3.12. Prove that when m =1, D1 P(x) = P'(x).
We now prove the following result originally due to Klein

Lemma 3.13 (Klein’s lemma). Let f : R — R be a convez function. Then, if A is the N x N
Hermitian matriz with entries (A;j)1<i<j<n on and above the diagonal,

N
Ui (Aghicicjen € CY =3 f(M(A))

i=1
is convex. Moreover, if f is twice continuously differentiable with f"(x) > ¢ for all x, 1 is twice
continuously differentiable with Hessian bounded below by cl.
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Proof. We give a proof below, that also provides a lower bound of the Hessian of ¢¢. The
smoothness of ¢ is clear when f is a polynomial since then 1;((A4;j)1<i<j<n) is a polynomial
function in the entries. Let us compute its second derivative when f(z) = 2P. Expanding (34) one
step further gives

p—1
Tr((A+eB)f) = Tr(AF)+ed> Tr(A*BAP~'7F)
k=0
+e& > Tr(AFBA'BAPT2TR) 4 O()
0<k+I<p—2
2
(35) = T4+ @Tr(4"'B)+ Tp Y Tr(A'BAIB) 4 O(E).

0<I<p—2

A compact way to write this formula is by defining, for two real numbers z, y,
f'(@) = f'(y)

r—y
and setting for a matrix A with eigenvalues \;(A) and eigenvector e;, 1 <i < N,

gr(@,y) =

N
9r(A,A) = > gr(Ni(A), N (A))eie; @ eje.

i,j=1

Since ggr (z,y) = pi;é x"yP~17" the last term in the r.h.s. of (35) reads

(36) p Y Tr(A'BAP>7'B)=(g.»(A,A),B®B)
0<i<p—1
where for B, C, D, E e MN(C), <B X C, D ® E> = <B, D>2<C7 E>2 with <B, D>2 = ij:l BZJD”

In particular, (e;e] @ ejef, B® B) = | < ¢;, Be; > |* with < u, Bv >= vajzl u;0;B;;. By (35)
and (36), for any Hermitian matrix X,

Hess(Tr(AP))[X, X] = (gr(AA), X ®X)

N
= ) g (A An(A)] < e, Xeg > 2

rym=1

Now g¢;(A, A) makes sense for any twice continuously differentiable function f and by density of
the polynomials in the set of twice continuously differentiable function f, we can conclude that
Yy is twice continuously differentiable too. Moreover, for any twice continuously differentiable
function f,

N
Hess(Tr(f(A)))[X, X] = Z 95 (A), A (A))] < e, Xegm > |2

rm=1

Since gy > ¢ when f” > ¢ we finally have proved
Hess(Tr(f(A)))[X,X] > cTr(XX*).

The proof is thus complete. 0
Let us also notice that

Lemma 3.14. Assume A\ (A) < Aa(A)--- < An(A). The functions
AcH? 5 A(A) and A e HY — Ay (A)

are convex. For any norm || | on Mg\z{); (Aij)i<ij<n — ||A] is convex.
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Proof. The first result is clear since we have already seen that Ay (A +B) < Any(A)+ Ay (B).
Since for @ € R, A\;(aA) = aX;(A), we conclude that A — An(A) is convex. The same result
holds for A; (by changing the sign A — —A). The convexity of (4;;)1<ij<n — ||A[ is due to the
definition of the norm. O

3. Concentration inequalities for random matrices

3.13. Concentration inequalities for the eigenvalues of random matrices
We consider a Hermitian random matrix A" whose real or complex entries have joint law . We
can now state the following theorems.

Theorem 3.15. Suppose there exists ¢ > 0 so that either

o (H1) there exists a strictly conver twice continuously differentiable function V : R — R,

V"(z) > 1 >0, so that

MN(dAN) _ J;le—NTr(V(AN))dAN
with dAN = [licicjen AR(Ai) [1i<icj< v dS(Asj) for complex entries or dAN = [licicjon dAij
for real entries.

o (H2) AN = XN /\/N with (Xf}’, 1 <i < j < N) independent, Xf}’ with law ,ug, that are
probability measures on C or on R, all of them satisfying the log Sobolev inequality with constant
c < o0o. Then:

(1) For any Lipschitz function f on R, for any § > 0,
1 252
PN (ILan (f) = pV [Lan ()] 2 8) < 2e *I7E
(2) For any k€ {1,---,N},

N (e (AN) = 1N (A(AN))] > 6) < 2e- 3 N0”,

The same bound holds for the spectral radius Amax(AN).

In particular, these results hold when the X;; are independent Gaussian variables with bounded
above variances.

Note that the same result holds when the entries of X are real.

Proof of Theorem 3.15. For (H1), the assumption V"' (z) > % implies, by Lemma 3.13, that
AN — NTr(V(AN)) is twice continuously differentiable with Hessian bounded below by &. The
second case uses the product property of Lemma 3.3 which implies that ®;<; ,ug satisfies the log
Sobolev inequality with constant ¢. Hence the law pV of A = X/v/N satisfies the log Sobolev
inequality with constant ¢/N.

Thus, to complete the proof of the first result of the theorem, we only need to recall that by
Lemma 3.10, G(A}},1 <i <j < N) = Tr(f(A")) is Lipschitz with constant bounded by VN|flz
whereas Aﬁ, 1<i<j <N — A(A)is Lipschitz with constant one. For the second, we use Lemma
3.14. O

Exercise 3.16. State the concentration result when the ug only satisfy Poincaré inequality.

Exercise 3.17. If A is not Hermitian but have all entries with a joint law of type u™ as above,
show that the law of the spectral radius of A concentrates.

Observe that the speed of the concentration we obtained for Tr(f(X%)) is optimal (since it
agrees with the speed of the central limit theorem). It is also optimal in view of the large deviation
principle [10] which proves that indeed deviations probabilities are of order e~V . However, it does
not capture the true scale of the fluctuations of Apax(A™) that are of order N -3, Improvements
of concentration inequalities in that direction were obtained by M. Ledoux [75].

We emphasize that Theorem 3.15 applies also when the variance of XZ-J;-[ depends on 4, j. For
instance, it includes the case where Xij}f = af}( Yzév with Ylév iid. with law P satisfying the log-
Sobolev inequality and a;; uniformly bounded (since if P satisfies the log-Sobolev inequality with
constant ¢, the law of az under P satisfies it also with a constant bounded by a?c).
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3.14. Concentration inequalities for traces of several random matrices
The previous Theorems also extend to the setting of several random matrices. If we wish to consider
polynomial functions of these matrices, we can use local concentration results (see Lemma 3.5). We
do not need to assume the random matrices independent if they interact via a convex potential.

Let V' be a polynomial in m non-commutative indeterminates. Assume that for any N € N,

2
(bg : ((Ak;)l])lékgi ,Al, v ,Am S Hg\l) — TI‘V(Al, v ,Am)

is real valued and convex. Let ¢ be a positive real.

1 _ymy
dpy P (A, Ap) = N € NIV A AmD gl (Ay) - dpd P (Ar)

N
with pl¥*# the law of a N x N Wigner matrix with complex (8 = 2) or real (8 = 1) Gaussian
entries with covariance 1/cN, that is the law of the self-adjoint N x N matrix A with entries with
law

1 c
1N2(dA) = Z_CG*TN Y= 1Al H dRA;; H RV
N

i<j 1<j
and 1
pNIdA) = e S 45 T, T[ s,
N i<j 1<j

We then have the following corollary.

Corollary 3.18. Let ug’ﬁ be as above. Then
(1) For any Lipschitz function f of the entries of the matrices A;;1 < i < m, for any § > 0,

_ _Necé
Hg’ﬁ(lf - ug’ﬁ(f)l > §) < 2e 2,

et e a positive real, denote = i € ; NAX] <i<m Amax(4i) < an e
2) Let M b itive real, d AN, = {A; e HY cicmAmax(Ai) < M} and P b
a monomial of degree d € N. Then, for any § >0

T ({|TY(P({Xi}1§i§m)) — iy P (Tr(P({X}1<i<m) 1an )| > 6 4+ 6(M, N)} AJA\Q)
< 9¢" AT
with
5(M, N) < My ((1 + d||A||2)1(A%)C) .

Proof. By our assumption, the law MJ‘\/[’B of the entries of (X1, -+, X,,) is absolutly continuous
with respect to Lebesgue measure. The Hessian of the logarithm of the density is bounded above by
—Ncl. Hence, by Corollary 3.4, ug’ﬁ satisfies a log Sobolev inequality with constant 1/N¢ and thus
by Lemma 3.2 we find that ,ug’ﬁ satisfies the first statement of the Corollary. We finally conclude
by using Lemma 3.5 and the fact that X;,---, X,,, — Tr(P(X1, -+, X)) is locally Lipschitz by
Lemma 3.11. g

4. Brascamp-Lieb inequalities; Applications to random matrices

We introduce Brascamp-Lieb inequalities and show how they can be used to obtain a priori controls
for random matrices quantities such as the spectral radius. Such controls will be particularly useful
in the next lecture.

4.15. Brascamp-Lieb inequalities
The Brascamp-Lieb inequalities we shall be interested in allow to compare the expectation of
convex functions under a Gaussian law and under a law with a log-concave density with respect to
this Gaussian law. It states as follows.

Theorem 3.19. [Brascamp-Lieb[25], Hargé [61], Theorem 1.1]Let n € N. Let g be a convex
function on R™ and f a log-concave function on R™. Let v be a Gaussian measure on R™. We
suppose that all the following integrals are well defined, then:

/g(w+l—m)%§/gdv
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where

l‘/"”d%m / fffdv

This theorem was proved by Brascamp and Lieb [25] (Theorem 7, g(z) = |x1|*), by Caffarelli
[29] (Corollary 6, g(z) = g(z1)) and then for a general convex function g by Hargé [61].

4.16. Applications of Brascamp-Lieb inequalities to random matrices

We apply now Brascamp-Lieb inequalities to the setting of random matrices. To this end, we must
restrict ourselves to random matrices with entries following a law that is absolutely continuous
with respect to Lebesgue measure and with strictly log-concave density. We restrict ourselves to
the case of m N x N Hermitian (or symmetric) random matrices with entries following the law

1
N7 - LR m 9 El
dpry, ﬁ(Alv v Ap) = Z—‘J/ve NV {4z, 4 ))dﬂivﬁ(Al) ‘ "dﬂévﬁ(Am)
with pl¥*# the law of a N x N Wigner matrix with complex (3 = 2) or real (8 = 1) Gaussian
entries with covariance 1/c¢N. We assume that V' is convex in the sense that for any N € N,

{R(Ar)ijr 1 < J,S(Ak)ijr it < Jhi<w<m — Tr(V(AL, -+, Ap))
is real valued and convex.
This hypothesis covers the case where V(Ay, -+, Ap) = ZZ L Vi(Xoih, abAj) when o are

J
real variables and V; are convex functions on R by Klein’s Lemma 3.13.
Theorem 3.19 implies that for all convex function g on (R)#mNN=1)/2+mN

@) ot -yl ?(a) < [ g(a) [ au(a
i=1

where M = [ Aduj”(A) is the m-tuple of deterministic matrices (My)i; = [(Ag)ijdun” (A).
In (37), g(A) is a shorthand for a function of the (real and imaginary parts of the) entries of the
matrices A = (A1, ,4n).

By different choices of the function g we shall now obtain some a priori bounds on the random
matrices (A1, -+, Ap) with law pl¥+?

Lemma 3.20. For ¢ > 0, there exists Co = Cy(c,V(0),D;V(0),¢(V),d) finite such that for all
i€{l,---,m}, alln € N,

1
limsup pd) (<=Tr(X2")) < CP.
N N

Moreover, Cy depends continuously on V(0), D;V(0), o, (V(%, e X—\/’g) and in particular is uni-
formly bounded when these quantities are.

Note that this lemma shows that, for ¢ € {1,--- ,m}, the spectral measure of A; is asymptot-
ically contained in the compact set [—/Co, v/Co|. 0y, is the law of m semi-circular variables as
already met in Theorem 1.17. Observe that since for any monomial ¢ = Ay, -+ A, 0™ (q(X//¢))
is bounded by (2/4/c)¥, Um(V(%, I f 2 ) is finite for all polynomial V' (and locally bounded in
the parameters of V).

Proof. Let k be in {1, ,m}. As A — Tr(A}9) is convex by Klein’s lemma 3.13, Brascamp-Lieb

inequality (37) implies that

(38) ST (A = M) < p (L Tr( A0 ) = P (L, (2*)

(5
where M), = pif(Ay) stands for the matrix with entries [(Ag);jdud) (dA). Thus, since
plNB(La, (1)) converges by Wigner theorem 1.1 towards ¢2¢Cyy < (¢714)%¢ with Oy, the Cata-
lan number, we only need to control My := ug (Ag). First observe that for all k& the law of Ay is
invariant under the multiplication by unitary matrices so that for all unitary matrices U,

(39) My =l [Ad] = Ul [AU* = My = uff (- Tr(A)

Let us bound pf) (& Tr(Ay)). Jensen’s inequality implies

Z}éze*NZ“?’B(%“(V”
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and so

R | v . Ng, L
1}\1711_,125 N2 log Zy, > — limsup p,, (NTr(V)).

N —o0

According to Theorem 1.17, plN+# (%Tr(V)) converges as N goes to infinity for any polynomial
function V. Thus, for N sufficiently large, if C(V') = 2|6™(q(X/+/))], Z]‘\/,Ze*N2C(V).
We now use the convexity of V', to find that for all N,

Tr (V(A)) >Tr(V(0) + iDiV(O)A )

with D; the cyclic derivative introduced in Lemma 3.11. By Chebychev’s inequality, we therefore
obtain, for all A > 0,

Y (T, (2)] > 9) < (S THAR) 2 ) + (- TH(A) 2 )

N2 (C(V)=V(0)=Ay) (Miv’ﬁ( —NTx(Z7, Ds V(O)Ai—)\Ak)) N,B(e—NTr(Z;’;lDiV(O)Ai-i-)\Ak)))

+p

NP (CO)=V(O0) ) 2 T s, THDV(0)) ((2ETH((DRV (0)=2)%) | (B TH((DRV (0)43)))

Optimizing with respect to A shows that there exists B = B(V)

2

2(:
1l ([La, (2)|>y) < BN~ 575w

so that for IV large enough,

WL @) = [ ¥ (L, @)z dy
(40) < 4\/c—1B+/ e WP 12) g < VB T
y>4ve 1B
This completes the proof with (38). O

Let us derive some other useful properties due to Brascamp-Lieb inequality. We first obtain an
estimate on the spectral radius A A), defined as the maximum of the spectral radius of Ay,. ..,
Ay, under the law pdY.

max(

Lemma 3.21. Under the same hypothesis than in the previous lemma, there exists a = a(c) > 0
and Moy = My(V') < 0o such that for all M>M, and all integer N,

(A,

max

(A) > M) < e oMV,
Moreover, Mo(V') is uniformly bounded when V(0), D;V(0) and ¢(V) are.

Proof. Since the spectral radius AY, (A) is a convex function of the entries, we can apply
Brascamp-Lieb inequality (37) and Theorem 3.15 (applied with a quadratic potential V') to obtain
an exponential bound on \Y, (A—M) with M = E[A]. But, by (39) and (40), AY, . (M) is bounded
independently of N and therefore, A (A) € [\, (A) — |/\de( My AN (A) + AN (M)]] also
satisfies an exponential bound. O

Lemma 3.22. If ¢ > 0, € €]0, 5[, then there exists C = C(c,€) < oo such that for all d < Nz€,

v (A (A1) < C

Note that this control could be generalized to d < N?/3~¢. by using the refinements obtained
by Soshnikov, Theorem 2 p.17 in [92] but we shall not need it here.
Proof. Since A — )\maX(A) is convex, we can again use Brascamp-Lieb inequalities as well as the
uniform bound on M = u{Y(A) to conclude with Theorem 1.20. O
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4.17. Coupling concentration inequalities and Brascamp-Lieb inequalities
We next turn to concentration inequalities for trace of polynomials on the set

AN = {A e HP : AN, (A) = maxi<icm (AN, (4)) < M} € RN,

We let 5
5N(P) = T‘Y(P(Alv T 7Am)) - /Lg (TT(P(Alv T vAm))) :
Then, we have the following by Corollary 3.18.

Lemma 3.23. For all N in N, all M > 0, there exists a finite constant C(P, M) and e(P, M, N)
such that for any e > 0,

~ ce2
uy ({|5N(P)|Ze (P, M,N)} N Aﬁ) < e~ T
If P is a monomial of degree d we can choose
C(P,M) < d*M?1@=D
and there exists Mo < 0o so that for M > My, all € €]0, %[, and all monomial P of degree smaller
than N1/2—¢,
e(P,M,N) < 3dN(CM)IHle=2NM

with C' the constant of Lemma 3.22.

For later purposes, we give a control on the variance of L, that can be easily derived from the
previous lemma and the estimate on uiy ((A3})¢) given in Lemma 3.21.
Lemma 3.24. For any ¢ > 0 and € €]0, 1[, there ezists B, C, My > 0 such that for all t € B, ,
all M>My, and monomial P of degree less than N%’e,

(41) udy ((SN(P))2) < BO(P,M) + C*'N4e~

aMN
2

Moreover, the constants C, My, B depend continuously on V(0), D;V(0) and c¢(V').

Exercise 3.25. The goal of this exercise is to give a new proof of Wigner’s theorem in the case
where the entries are independent Gaussian variables, by using concentration inequalities. This
can be viewed as a warm up towards the next lecture. So we let Xn be a N x N symmetric
matriz such that Xn(ij),i < j are i.i.d N(0,1/N) (real centered gaussian with covariance 1/N ) and
Xn(ii),1 < i < N are independent, independent from Xn(ij),i < j and N(0,2/N) distributed.

(1) Show that for every differentiable function f that goes to infinity more slowly than eNé,
oo 2 oo 22
/ zf(x)e N T da :Nﬁl/ fl(x)e VT da.

This is also known as Stein ’s Lemma.
(2) Show that for every z € CT = {2z : 3(z) > 0}, any indices i, j, k,1
Ox,; [(z = Xn) " = [(2 = Xn) M A (2 = Xv) i
with A;j the matriz with null entries except at (ij) and (ji) where the entries equal one.
(3) Let z € Ct ={z:3(z) > 0}. Show that
XN 1

]E[Tr(z 0. )] = NIE[Tr((z — XN) HTr((z — Xn) Y + Tr((z — Xn)72))
Hint: Write X
E[Te( =) = iZjE[Xw)[(z —Xn) i

apply Stein’s Lemma and the previous formula.
(4) Using

L )= N E[mr(—Y
zZ — XN n z — XN

E[Tx( )]

deduce that

1 1
zE[—Tr(Z X

=1+ E[(5Tr((z — Xn) ™)) + 3 TH((z — X))
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(11)
(12)
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Let z with positive imaginary part. Deduce from the fact that X is symmetric that
Te((2 — Xn) %) < N/[S2|?

and that X (ij),1 <i<j < N — Tr((z — Xn)~!) is Lipschitz. Deduce by concentration

inequalities that

constant

N[S(z)]*

Show that {E[(xTr((z — Xn)™"))], N € N} is a tight sequence and that its limit points

G(z) satisfy

Bl Tx((= — Xo) ™))~ El(5Tr(z — Xn) )P <

2G(2) =1+ G(2)%
Arguing that G(z) must be small for Sz large, prove that

G(z) = %(z — V22 —4).
The rest of the exercise shows that this is sufficient to show that the empirical measure
Lx, converges almost surely and in expectation, that the Stieljes transform of the limit
is given by G(z) and that it is indeed the semi-circular law.
We first show that for all z € C*, Gn(z) := E[(5Tr((z — Xn)™1))] converges towards
G(z) as above. Show by Arzela-Ascoli theorem that for any ¢ > 0, {z : Sz > € —
GnN(2)}nen are tight as a sequence of bounded continuous functions. Consider a limit
point. Arque that it is analytic (observe that the Gy are analytic and uniformly bounded)
and so uniquely defined by the previous point. Conclude.
Show that

G(z)z/ ! do(x)

z—x
with o the semi-circle distribution with covariance one.

Use Cauchy formula to show that for any analytic function f in a strip ({z : |Sz| < €})
around the real line which goes to zero at infinity,

tin B[ f(e)dLy (2)) = [ fdola).

N —o0

Hint: Cauchy formula says that f(z) = 71 fw(:t —y)" Y f(y)dy for a contour v included
in the strip of analyticity of f so that x belongs to the interior of the set delimited by .
Conclude by density that the same convergence holds for any bounded continuous function
that vanishes outside a compact.

Ezxtend the previous result to all bounded continuous functions.

Use concentration inequalities to obtain almost sure convergence of Lx, .
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In this lecture, we shall be interested in laws of interacting matrices of the form

1 _nmy
Ay (X1, Xom) 1= v ° NTe(V (X XD gy N (X)) - dpN (Xon)
14

where Z‘J/V is the normalizing constant

2 = [V X g () ¥ (X)

and V is a polynomial in m non-commutative indeterminates;
n
V(Xla e aXm) = thql(Xla e 7Xm)
i=1

with ¢; non-commutative monomials;

G( X, Xn) = Xjio - X1

for some jF € {1,---,m}, r; > 1. Moreover, du™ (X) denotes the standard law of the GUE, i.e
under du¥(X), X is a N x N Hermitian matrix such that

ki + 10k
V2N

with independent centered standard Gaussian variables (gxi, gri)k<i- In other words

_ _Nmy(x?2
d,uN(X):ZNll)(GHsz)e 2O T arv(xy) [ (X))
1<i<j<N 1<i<j<N

X =Xy = k<, X ==

Let us denote C(X7, -+, X,,) the set of polynomials in m non-commutative indeterminates and,
for P € C(X1, -, Xm),

LY (P) = Ly, (P) = S TE(P(X1, o, X))

When V is null, we have seen in Lecture 2 that for all P € C(Xy,---, X,,), LV (P) converges
as N goes to infinity. Moreover the limit o™ (P) is such that if P is a monomial, ¢ (P) is the
number of non crossing partitions of a set of points with m colors, or equivalently the number of
planar map with one star of type P. In this part, we shall generalize such a type of result to the
case where V is not null but ‘small’ and ‘nice’ in a sense to precise.

This lecture is motivated by the work of Brézin, Itzykson, Parisi and Zuber [26] and large
developments that occurred thereafter in theoretical physics [35]. They in fact noticed that if

V = >, tiq; with fixed monomials ¢; of m non-commutative indeterminates, and if we see
ZY = Z{ as a function of t = (1, ,t,)
(42) log 2 := ) N*72Fy (t)
920
where

k —t)ki
Fy(t) := > H( kZ') My ((gi, ki)1<i<r)
k1, ,kn €NF\{0,--- ,0} i=1

is a generating of integer numbers M,((¢;, k;)1<i<k) that count certain graphs called maps. A
map is a connected oriented diagram that is embedded into a surface. Its genus ¢ is by definition
the genus of a surface in which it can be embedded in such a way that edges do not cross and the
faces of the graph (that are defined by following the boundary of the graph) are homeomorphic
to a disc. The vertices of the maps we shall consider will have the structure of a star; a star of
type ¢, for some monomial ¢ = Xy, --- Xy, , is a vertex with valence deg(q) and oriented colored
half-edges with one marked half edge of color ¢1, the second of color /5 etc until the last one
of color £y. Mgy((qi, ki)1<i<k) is then the number of maps with k; stars of type ¢;, 1 < i < n.
Observe that a star of type ¢ is in bijection with the set S(gq) of ordered colored points introduced
in Definition 1.16. When V # 0, the numbers of interest will depend on several such sets that
will have matching among each other (the total graph being connected). To describe this global
picture, it is thus prettier to draw the set S(q) as ordered dots on a circle or, as we do here, as end
points of half-edges of a vertex.
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The equality (42) obtained by ’t Hooft [94] (in a more general context) and then by Brezin,
Parisi, Itzykson and Zuber [26] was only formal, i.e means that all the derivatives on both sides
of the equality coincide at t = 0. This result can then be deduced from Wick formula which gives
the expression of arbitrary moments of Gaussian variables (see section 2).

Adding to V' a term tq for some monomial ¢ and identifying the first order derivative with
respect to t at t = 0 we derive from (42)

L

R k . k.
(13) W@ =Y 8 Y [T M ki, (0.),

920 k1, kneNki=1

Expansions such as (42) and (43) where first introduced by ’t Hooft [94] to compute integrals such
as the one in the left hand side of (43). When a few years later, Brezin, Parisi, Itzykson and
Zuber [26] specialized the work of 't Hooft to matrix integrals as in (43) they already study the the
natural reverse question of computing the numbers M, ((¢;, ki)1<i<k) by studying the associated
integrals over matrices encountered a large success in theoretical physics (see e.g. the review papers
[35]). In the course of doing so, one would like for instance to compute limy_, o, N ~2log Z¥ and
claim that this limit has to be equal to Fy(t). There is here the belief that one can interchange
derivatives and limit, a claim that we shall study in this lecture.

In fact, the formal limit can be straightened into a large N expansion in the sense that for all
integer number n, for sufficiently small ¢;’s , (43) can be turned into the large N expansion

(44) WY B (P)] = 3 o (P) 4+ o(N ")
p=0

where 0} (¢q) = D kg oee e ENF Hle (7;,)k M ((gi, ki)1<i<k, (g, 1)) for monomial functions gq.

This requires of course that V satisfies some additional hypothesis, for instance insuring that
Z); is finite. A natural hypothesis is to assume that Tr(V(Xj,---, X)) is a convex function of
the entries. Such an assumption can be relaxed by adding a cutoff to the integral but we shall not
consider this issue in these notes.

Observe that (44) can be compared to cluster type expansion; recall for instance that Dobrushin
[87] proved that if we consider the Ising model V(s) = 37, sis; with 7, j in some box A, s; €
{+1, -1}, and ¢ &~ j meaning that ¢ and j are nearest neighbours on the lattice,

Zﬁ - log Z PV )
s;={+1,—-1}

iEA
expands analytically as a function of 8 in the vicinity of the origin. Moreover, the radius of
convergence does not depend on A. The main difference with (44) is that in the case of large
random matrices, the expansion is analytic with a radius of convergence that does not depend on
N only if we cut the expansion at some n (in particular the full series diverges in general).

(44)’s type of expansion have been first derived in the context of one matrix in [2, 1, 40]. The
methods however used orthogonal polynomials techniques, which are not available in general in the
context of several matrices. For several matrices, it was proved in the series of papers [50, 52, 77|
(the expansion up to n = 0 being derived in [50], up to n = 1 in [52] and the full expansion in
[77]). This lecture summarizes the results from [50] that concerns only the first order expansion.

1. Combinatorics of maps and non-commutative polynomials

In this section, we introduce the set up of this lecture, namely non-commutative polynomials and
non-commutative laws such as the ’empirical distribution’ of matrices Ay, --- , A,, simply given as
the complex valued linear functional on the set of polynomials which associates to a polynomial
the normalized trace of the polynomial evaluated at Ay,--- , A,;,. We will then describe precisely
the combinatorial objects related with matrix integrals. Introducing the bijection between non-
commutative monomials and graphical objects such as ’stars’ or ordered sets of colored point, we
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will show how natural operations such as derivatives on monomials have their graphical interpre-
tation. This will be our basis to show that some differential equations for non-commutative laws
can be interpreted in terms of induction relations for map enumeration.

1.18. Non-commutative polynomials

We denote by C(X1,- -+, X,,) the set of complex polynomials in the non-commutative unknowns
X1,...,X,. Let x denote the linear involution such that for all complex z and all monomials
(45) (ZX“ . --Xip)* :EXip . le

We will say that a polynomial P is self-adjoint if P = P* and denote C(X71,- -+, X,,)sq the set of
self-adjoint elements of C(Xy, -+, Xp).
The potential V' will be later on assumed to be self-adjoint. This means that

n n_ n q]_’_qj n C\ q,_q;f
j= j= J=

J=1

Note that the parameters (t; = R(¢;)+iS(¢;),1 < j < n) may a priori be complex. This hypothesis
guarantees that Tr(V(A)) is real for all A = (Ay, -+, Ap,) in the set Hg\?) of N x N Hermitian
matrices.

In the sequel, the monomials (g;)1<i<n will be fixed and we will consider V = V; = Z?:l tiq;
as the parameters ¢; vary in such a way that V stays self-adjoint.
1.18.1. Conwvexity. We shall assume also that V satisfies some convexity property. Namely, we will
say that V is convex if V' is self-adjoint and for any N € N

oy (Hg\%))m ~RN'm R
(Ala"' ;Am) I Tr(V(Ala 7Am))
is a convex function of the entries of the Hermitian matrices Ay, --- , Ap,.

While it may not be the optimal hypothesis, convexity provides many simple arguments. Note
that as we add a Gaussian potential % >, X2 to V we can relax the hypothesis a little.

Definition 4.1. We say that V is c-convex if ¢ > 0 and V + 1;‘2 Y1t X2 is convex. In other
words, the Hessian of

oy (RN — R
(R(Ak(ig)), S(AR G ZEEE Ny — Tr(V(Ar,- Ag) + 52500, A2)

is non-negative. Here, for k € {1,--- ,m}, Ay is the Hermitian matriz with entries \/ﬁil(Ak (pg)+
iAk(qp)) above the diagonal and A;; on the diagonal.

An example is

V= ZH (Z O%Ak> + Z Br1AkA;
=1

k=1

with convex real polynomials P; in one unknown, real parameters o}, and, for alll, >, |B,.|<(1—c).
This is due to Klein’s Lemma 3.13.

Note that when V is c-convex, ufY has a log-concave density with respect to Lebesgue measure
so that many results from the previous lecture will apply, in particular concentration inequalities
and Brascamp-Lieb inequalities.

In the rest of this lecture, we shall assume that V is c-convex for some ¢ > 0 fixed. Arbitrary
potentials could be considered as far as first order asymptotics are considered in [51], at the price of
adding a cutoff. In fact, adding a cutoff and choosing the parameters ¢;’s small enough (depending
possibly on this cutoff), forces the interaction to be convex so that most of the machinery we are
going to describe will apply also in this context. We choose here to restrict ourselves to convex
potentials. Since V' = V4 with t varying but fixed monomials, we will let U. = {t : V; is c-convex} C
Ccn.
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1.18.2. Non-commutative derivatives. First, for 1<i<m, let us define the non-commutative deriva-
tives 0; with respect to the variable X;. They are linear maps from C(Xi,---,X,,) to
C(Xy, , Xm)®? given by the Leibniz rule

0;PQ=0;Px(1®Q)+ (P®1)x0Q
and 9;X; = 1,_;1®1. Here, x is the multiplication on C(X7,- - , X,,)®% PQQxR®S = PRRQS.
So, for a monomial P, the following holds
%P= > R®S
P=RX;S

where the sum runs over all possible monomials R, .S so that P decomposes into RX;S.

Exercise 4.2. Show that when m =1,

k—1
Xt = X o X1,
j=0
Identifying C[X]| ® C[X] with C[X,Y] we thus have
_ P(X) - PY)
HP(X,Y) = ==

Notice that 0; arises naturally when considering derivatives of polynomials in matrices since
for any N x N Hermitian matrices (X1, -+, X,,), any polynomial P, P(Xy,---,X,,) isan N x N
matrix and for any indices p € {1,--- ,m}, i,5.k, £ € {1,--- | N}

Ox, (i) (P(X1, -+ s Xon) ke = [Op Plrjiie

where (A ® B)kj)ig = Ap;Bis.

We can iterate the non-commutative derivatives; for instance

0 C(Xy, o Xom) = CX1, - Xin) @ CLX1, o, Xin) @ CX1, o+, Xom)
is given for a monomial function P by
R#P=2 Y ReS®Q.
P=RX,;SX;Q

We denote by #: C(X71,- -+, Xpn)®2x C(X1, -+, Xpn) — C(X1, -+, X;n,) the map PQQ#R = PRQ
and generalize this notation to PRQ®RE(S,V) = PSQV R. So 9; PR corresponds to the derivative
of P with respect to X; in the direction R, and similarly 271[D? P4(R, S) + D?P#(S, R)] the second
derivative of P with respect to X; in the directions R, S.

We also define the so-called cyclic derivative D;. If m is the map m(A® B) = BA, let us define
D; = mo 9;. For a monomial P, D; P can be expressed as

D;P = Z SR.

P=RX;S
Note that we have for any N x N Hermitian matrices (Xi,---,X,,), any polynomial P,
P(Xy, -+ ,Xy;) is an N x N matrix and for any indices p € {1,--- ,m}, i,5.k, £ € {1,--- ,N}
(46) Ox, (i) Tr(P(X1, -+, X)) = [DpPli;

as was already noticed in Lemma 3.11.

Exercise 4.3. Show that when m =1, D1 P = P’.

1.18.3. Non-commutative laws. For (Ay,---, An) € (Hﬁ))m, let us define the linear form L 4, ... 4,
from C(Xy, -+, X,,) into C by

m

1
Laya,(P)= NTf(P(Ala“' JAm))

where Tr is the standard trace Tr(A) = Efvzl Ao When the matrices Ay, ---, A, are generic

and distributed according to piY, we will drop the subscripts Aj, -+ , A,, and write in short LY =
La,, ... A, We denote

LY (P) := ) [V (P)].
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LY, LY will be seen as elements of the algebraic dual C(X1,--- , X,,)* of C(X1,--- , X,,,) equipped
with the involution *; we shall call in these notes non-commutative laws elements of
C(X1, -, X,)*; this is a very weak point of view that, however, is sufficient for our purpose.
The name ‘law’ at least is justified when m = 1, in which case L4 = L4 is the spectral measure of
the matrix A, and hence a probability measure on R, whereas the non-commutativity is clear when
m > 2. There are much deeper reasons for this name when considering C*-algebras and positivity,
and we refer the reader to [103] or [3]. C(Xy, -, X,,)* is equipped with its weak topology.

Definition 4.4. A sequence (un)nen in C(Xy, -+, X;n)* converges weakly towards p €
C(X1, -, Xpm)* iff for any P € C{X1,--- , X)),

Jim g1, (P) = p(P).

The following two lemmas are trivial; I however remind them to the reader to possibly reduce
uneasiness related with the non-commutative setting.

Lemma 4.5. Let C(ly, - ,4;),4; € {1,--- ,m},r €N, be finite non-negative constants and
KCO)={peC{X, -, Xn)" |u(Xe, - X )| < Cly,-+- , €)Y €4{1,--- ;m},r € N}

Then, any sequence (fin)nen n K(C) is sequentially compact, i.e. has a subsequence (fip(n))nen
that converges weakly.

Proof. Since p,(Xy, --- Xy,.) € C is uniformly bounded, it has converging subsequences. By a
diagonalization procedure, since the set of monomials is countable, we can ensure that for a subse-
quence (¢(n),n € N), the terms pig(n) (Xe, -+ Xy, ), £ € {1,--- ,m},r € N converge simultaneously.
The limit defines an element of C(X1, -, X,,,)* by linearity. O

Corollary 4.6. Let C(ly,--- ,4.),4; € {1,--- ,m},r € N, be finite non negative constants and
(tn)nen a sequence in K(C) that has a unique limit point. Then (un)nen converges towards this
limit point.

Proof. Otherwise we could choose a subsequence that stays at positive distance of this limit
point, but extracting again a converging subsequence gives a contradiction. Note as well that any
limit point will belong automatically to C(X7, -+, X;n)*. O

Remark 4.7. The laws LY, LY are more than only linear forms on C(X1,---, X,n); they satisfy
also the properties that define tracial states, namely

w(PP*) 20, p(PQ)=pn(@QP),pu1)=1
for all polynomial functions P,Q. Since these conditions are closed for the weak topology, we
see that any limit point of I:N,I_;iv will as well satisfy these properties. A linear functional on
C(X1, -+, X)) that satisfies such conditions are called tracial states. This leads to the notion
of C*-algebras and representations of the laws as moments of non-commutative operators on a
C*-algebras. We however do not want to detail this point in these notes.

1.19. Maps and polynomials

In this section, we complete section 2.6 to describe the graphs that shall be enumerated by matrix
models. Let ¢(X1, -, Xm) = X¢, X, -+ X¢, be a monomial in m non-commutative indetermi-
nates.

A star of type ¢ is a vertex equipped with k colored half-edges, one marked half-edge and an
orientation such that the marked half-edge is of color ¢, the second (following the orientation) of
color /5 etc until the last half-edge of color £;. Maps are obtained by gluing half-edges pairwise.
This graph can be embedded into a surface in a unique way (up to homeomorphisms of the graphs)
so that the orientation of the stars agree with the orientation of the surface and the faces are
homeomorphICC to discs. The genus of a map is the genus of the surface in which it is embedded.

Hereafter monomials (¢;)1<i<n Will be fixed and we will denote in short, for k = (k1,--- , ky,),

M = card{ maps with genus g
and k; stars of type ¢;,1 <1i <n}
and for a monomial P
M (P) = card{ maps with genus g
k; stars of type ¢;, 1 <1i <n and one of type P}
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2. Formal expansion of matrix integrals

The expansion obtained by Brezin, Itzykson, Parisi and Zuber [26] is based on Feynmann diagrams,
or equivalently on Wick Formula that states as follows.

Lemma 4.8. Let (Gy,- - ,Gay) be a Gaussian vector such that E[G;] = 0 fori € {1,---,2n}.Then,
E[Gy -+ Gan] = > 11 E[G,Gy/]

mePP(2n) vy block of «,
b<b’/

where the sum runs over all pair-partitions of the ordered set {1,---,2n}.

We leave the proof of this formula as an exercise; a proof is based on the fact that E[G*"] = 2n/!!
for any standard Gaussian G and that linear combinations of Gaussian variables is Gaussian.

We now consider moments of traces of Gaussian Wigner’s matrices. Since we shall consider
the moments of products of several traces, we shall now use the language of stars. Let us recall
that a star of type ¢(X) = Xy, - - Xy, is a vertex equipped with & colored half-edges, one marked
half-edge and an orientation such that the marked half-edge is of color ¢1, the second (following
the orientation) of color ¢5 etc till the last half-edge of color £;. The graphs we shall enumerate
will be obtained by gluing pairwise the half-edges.

Definition 4.9. Let r,m € N. Let q1,--- ,q, be r monomials in m non-commutative indetermi-
nates. A map with a star of type q; fori € {1,--- ,r} is a connected oriented graph with r vertices
so that

(1) for 1 < i < r, one of the vertices has degree deg(q;), and this vertex is equipped with
the structure of a star of type q; (i.e. with the corresponding colored half-edges and
orientation).

(2) The half-edges of the stars are glued pair-wise and two half-edges can be glued iff they
have the same color and the same orientation; thus edges have only one color and only
one orientation.

Because of the imposed agreement in the orientation of the stars, each edge is oriented in
agreement with the orientation at the vertex; if we follow the orientation from one edge, we end up
making a cycle. The surface inside this cyclic curve is homeomorphic to a disk and called a face.
The genus g of a map is such that 2 — 2g is the number of vertices, plus the number of edges minus
the number of faces. Equivalently, we can draw the map on a surface of genus ¢ in such a way that
edges do not cross, faces are homeomorphic to a disk and the orientation of the stars agrees with
the orientation of the surface.

We shall soon encounter the question of counting the number of maps with given numbers
of stars of a given type and a given genus. In this counting, stars will be labeled and therefore,
since stars are oriented and rooted, all half-edges of the stars are labeled. Thus, two maps will be
considered to be the same only if they were constructed by matching (or gluing) half-edges with
the same labels.

There is a dual way to consider maps; we can replace a star of type ¢(X) = X;, --- X;, by a
polygon (of type q) with p faces, a boundary edge of the polygon replacing an edge of the star and
taking the same color as the edge, and a marked boundary edge and an orientation. A map is then
a tiling of a surface (with the same genus as the map) by polygons of type g1, - , ¢ with colored
sides, only sides of the same color being matched together.

Example 4.10. A triangulation (resp. a quadrangulation) of a surface of genus g by F faces
(the number of triangles, resp. squares) is equivalent to a map of genus g with F stars of type
q(X) = X? (resp. q(X) = X*).
We will denote for k = (kyi,- - , kn),
Mg((¢gi, ki), 1 < i <n) = card{ maps with genus g
and k; stars of type ¢;,1 <i < n}.
In this section we shall first encounter possibly non-connected graphs; these graphs will then

be (finite) union of maps. We denote by Gy c((gi, ki), 1 < i < n) the set of graphs that can be
described as a union of ¢ maps, the total set of stars to construct these maps being k; stars of type
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¢i, 1 <i <n and the genus of each connected components summing up to g. When counting these
graphs we will also assume that all half-edges are labeled.
We now argue that

Lemma 4.11. Let q1,- -+ , g, be monomials. Then,
ST X (X) i (X) = 3 37 335 H G (a1 1.1 < < )
i=1 geN c>1

Here 8{Gy.c((gi,1),1 < i <n} is the number of different graphs (up to homeomorphism) of the set
Gg.c((gi,1),1 < i <mn). In particular, ${Go((q,1))} equals 0., (q) as found by Voiculescu, Theorem
1.17.

As a warm up, let us show that

Lemma 4.12. Let q be a monomial. Then,

/N_ITF(Q(Xla o, Xm))dpn (Xa) -+ dpn (Xon)

=3 o HG((a. 1)}

geN
Proof. As usual we expend the trace and write, if ¢(X1, -+, Xm) = X, - - Xj,.,
(47) [ X (X) i ()

> /Xal r1re) -+ X, (rir1)dpn (X1) - - dpn (Xon)

1Tk

(48) = Z Z H E[Xj, (rorw+1)Xj, (rores1)]-

1,,Tk T€PP(k) (wv) block of «
w<y

Note that [T ' plock of » ElXju (rwrw+1)Xj, (rures1)] is either zero or N~F/2_ Tt is not zero only
w<v

when j, = j, and 1741 = Typ17p for all the blocks (v, w) of w. Hence, if we represent g by the
star of type ¢, we see that all the graph where the half-edges of the star are glued pairwise and
colorwise will give a contribution. But how many indices will give the same graph ? To represent
the indices on the star, we fatten the half-edges as double half-edges. Thinking that each random
variable sits at the end of the half-edges, we can associate to each side of the fat half-edge one of
the indices of the entry (see Figure 1). When the fattened half-edges meet at the vertex, observe
that each side of the fattened half-edges meets one side of an adjacent half-edge on which sits the
same index. Hence, we can say that the index stays constant over the broken line made of the
union of the two sides of the fattened half-edges.

$r 1 $r 2%

$_1$ w2

$r 4% $r 3%

$r 4% $r 3%
FIGURE 1. Star of type X* with prescribed indices

When gluing pairwise the fattened half-edges we see that the condition 7yry41 = Ty+17
means that the indices are the same in each side of the half-edge and hence stay constant on the
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resulting edge. The connected lines made with the sides of the fattened edges can be seen to be
the boundaries of the faces of the corresponding graphs. Therefore we have exactly N possible
choices of indices for a graph with F' faces. These graphs are otherwise connected, with one star
of type ¢. (48) thus shows that

/ﬂ (X1, s X)) (X1) -+ dpne (Xom)

= Z i ﬂ{connected graphs with one star of type ¢ and F faces}
920

Recalling that 2 — 2g = F + § vertices — ff edges = F' + 1 — k/2 completes the proof. O

Remark 4.13. Above it is important to take puy to be the law of the GUE (and not GOE for in-
stance) to insure that B[ X (i) X (ji)] = 1/N but E[X (ij)?] = 0. The GOE leads to the enumeration
of other combinatorial objects (and in particular an expansion in N~ rather than N~2).

Proof of Lemma 4.11. We let ¢;(X1, -+, X)) = Xy X As usual, we expand the
traces; '

S TIVTra(1s X (560) - (O
=N" Z El [T Xe(ifi5) X )

11 ik 1<k<'n,
dy
1<k<n

"y Y 2
11,~«~,i§ wePP(3"d;)
1<k<n”

where in the last line we used Wick formula, 7 is a pair partition of the edges

{(i%, % )1<j<an—1, (@5 ,iF),1 < k < n} and Z(m,i) is the product of the covariances over the
corresponding blocks of the partltlon A pictorial way to represent this sum over PP(>d;) is to
represent X (ikdk) .- Xlk (ik zl) by its associated star of type g, for 1 < k < n. Note that in the

counting this star will be labeled (here by the number k). A partition 7 is represented by a pairwise
gluing of the half-edges of the stars. Z(w), as the product of the covariance, is null unless each
pairwise gluing is done in such a way that the indices written at the end of the glued half-edges
coincides and the number of the variable (or color of the half-edges) coincide. Otherwise, each
covariance being equal to N~!, Z(m,i) = N~ 2i-1ki/2 Note also that once the gluing is done, by
construction the indices are fixed on the boundary of each face of the graph (this is due to the fact
that F[X;; Xy is null unless kl = ji). Hence, there are exactly NI possible choices of indices for a
given graph, if F' is the number of faces of this graph (note here that if the graph is disconnected,
we count the number of faces of each connected parts, including their external faces and sum the
resulting numbers over all connected components). Thus,

TN ot = XS wEae
il mEPP(T di) F>0GeGr((gi,1),1<i<n)
l<k<n

where G denotes the union of connected maps with a total number of faces equal to F. Note
that for a connected graph, 2 — 2g = F — fledges — ffvertices. Because the total number of edges of
the graphs is fedges = Y. | d;/2 and the total number of vertices is fvertices = n. We see that if
gi, 1 <14 < ¢ are the genus of each connected component of our graph, we must have

20—2igi:F—idi/2—n.
i=1 i=1

This completes the proof. O
We then claim that we find (42), namely
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Lemma 4.14. Let q1,--- ,q, be monomials. Then,

log </ iz tiNTr(gi (X, ’X’”))d,uN(Xl) . duN(Xm))

(19) Y Y M Mk 1 <i<n

920 ki, ,kn€ENi=1

where the equality means that derivatives of all orders at t; = 0,1 < i < n, match.

Note here that the sum in the right hand side is not absolutely converging (in fact the left
hand side is in general infinite if the ¢;’s do not have the appropriate signs). However, we shall see
in the next sections that if we stop the expansion at g < G < oo (but keep the summation over all
k;’s) the expansion is absolutely converging for sufficiently small ¢;’s.

Note as well that the right hand side of (49) is a generating function of numbers of connected

objects; this is a rather well known trick in combinatorics that the logarithm of generating function
of disconnected labeled objects gives rise to generating function of connected labeled objects. We
do not wish to precise this statement here but the reader will check that the proof below is robust
and only based on the relation (51) giving the number of disconnected graphs in terms of their
connected subsets.
Proof of Lemma 4.14. The idea is to develop the exponential. Again, this has no meaning in
terms of convergent series (and so we do not try to justify uses of Fubini’s theorem etc) but can be
made rigorous by the fact that we only wish to identify the derivatives at ¢ = 0 (and so the formal
expansion is only a way to compute these derivatives). So, we find that

I .- /ezzgltim(%(xlw-»Xm>>dUN(X1) e dpn (Xom)
t ki, .. tn kn n ;
-y LiTJ¥_/HWﬂ@@WMKWWWM&%dWMM
K1, kn€N ke kot i=1
(tl)kl e tn :
(50) = Z M—ZZ 29— zcﬁ{ gel(@i ki), 1 <i<mn)}
ket sor Fon €N L 9>0 >0

where we finally used Lemma 4.11. Note that the case ¢ = 0 is non empty only when all the k;’s
are null, and the resulting contribution is one. Now, we relate 8{Gy .((¢;, ki), 1 < i < n)} with
the number of maps. Since graphs in Gg.((¢;, ki),1 <1 < n) can be decomposed into a union of
disconnected maps, ${Gy c((gi, ki), 1 < i <mn)} is related with the ways to distribute the stars and
the genus among the ¢ maps, and the number of each of these maps. More precisely, we have (since
all stars are labeled)

(51) HGy.e((gi ki), 1 <1 <n)}
_ 9!
o Z gllgcl Z Hlll lC'HM quz 1<Z<n)
51 9i=9 ZC lj Ky 1= 1 2
9i20 1<]<n

Plugging this expression into (50) we get

tz )
L = Z ¢! ZN2q2 Z H [ qz,lz),lglgn)
>0 g>0 Ap>0i=1
tz )
= exp ZNQ‘I 2 Z H I g((gi, 1), 1 <i<mn)
g>0 lp>0i=1 ¥
which completes the proof. O

The goal of the next sections is to justify that this equality does not only hold formally but
as a large N expansion. Instead of using Wick formula, we shall base our analysis on differential
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calculus and its relations with Gaussian calculus (note here that Wick formula might also have
been proved by use of differential calculus). The point here will be that we can design a natural
asymptotic framework for differential calculus, that will then encode the combinatorics of the first
order term term in 't Hooft expansion, that is planar maps. To make this statement clear, we shall
see that a nice set up is when the potential V' = > ¢;q; possesses some convexity property.

Exercise 4.15.

(1)

We let Gy be a N x N matriz with independent centered compler Gaussian entries with
covariance N=1. We denote G’y its adjoint; G (ij) = Gn(ji). So E[Gn(ij)Gn (k)] =
lij=ik/N. Show that for any m,p € N,

1 1
El5 T (((G™(GE™)))] = > ~z7 O, 9)
920
with C(m,p,g) the number of connected graphs that can be embedded into a surface of
genus g (or higher) with
e one vertex with 2mp half-edges with two colors (later referred as blue and red) , one
distinguished half-edge and one orientation. We label the half-edges by one for the
marked edge and proceed following the orientation by labeling by 2 the second half-
edge etc The half-edges corresponding to the labels {k+2ml,1 <k <m,0 <1l <p-—1}
will be blue, the other half-edges red.
o The half-edges can be glued (or matched) two by two iff they have different colors.
{C(m,p,0),m > 0,p >0} are called the Fuss Catalan numbers.
Take Gur,n to be an N x M matriz with independent equidistributed centered complex
Gaussian entries with variance 1/N. Show that for all integer number p,

B T(Cn G =Y > (GO W(FLpg)
920" 0<Fi<p+3-2g

with W(f,p,g) the number of connected graphs that can be embedded into a surface of

genus g (or higher) with

o one vertex with 2p half-edges with two colors (later blue and red) , one distinguished
half-edge and one orientation. We label the half edges by one for the marked edge
and proceed following the orientation by labeling by 2 the second half-edge etc The
odd half-edges will be blue, the other half-edges red.

o The half-edges can be glued (or matched) two by two iff they have different colors.

o [f we draw the half-edge number k as a segment at position wk/p, we say that a face
is gray if it contains the interior of the angle 2m(1 4 2k)/2p,27(2 + 2k)/2p in the
vicinity of the origin, for some k < p — 1. The number of Gray faces of the graph is
f-

Conclude that if M/N converges to some o € [0,1], the spectral measure of GNGly
converges in moments; i.e

mp(@) = Jim B[ T(GrG)P)

and give a formula for my(«)

GnGy is called a Wishart matriz and the limit law with moments my(a) is known
as the Pastur-Marchenko law.

Show that when o = 1, it corresponds to the law of x® under o the semi-circular
law,i.e

my(1) = /:1:2de(:1:)

3. First order expansion for the free energy

At the end of this lecture (see Theorem 4.24) we will have proved that Lemma 4.14 holds as a first
order limit, i.e.

1 .
]\}Tloomlog/GZizl ENTr (g (X XD g (X)) - - dpoy (Xom)
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- Z H ™ Mo((gi, ki), 1 <i<n)

kl,"',kneN"\{O,“'70}7::1 v

provided the parameters t;’s are such that the polynomial V' = Y t;q; is ‘strictly convex’ and
‘sufficiently small’. To prove this result we first show that, under the same assumptions, LY (q) =
u% tog NV ~ITr(q)) converges as N goes to infinity towards a limit that is as well related with map
enumeration (see Theorem 4.19).

The central tool in our asymptotic analysis will be the so-called Schwinger-Dyson’s (or Master
loops) equations. They are simple emanation of the integration by parts formula (or, somewhat
equivalently, of the symmetry of the Laplacian in L?(dx)). These equations will be shown to pass
to the large IV limit and be then given as some asymptotic differential equation for the limit points
of LY. These equations will in turn uniquely determine these limit points in some small range of
the parameters and show that the limit points have to be given as some generating function of
maps.

3.20. Finite dimensional Schwinger-Dyson’s equations
Property 4.16. For all P € C(X1,--- , Xp,), alli € {1,--- ,m},

uti (BY @ BV (0,P)) = i, (LY (X + Dii)P)) - FSD[Vy]

Proof. A simple integration by part shows that for any differentiable function f on R such

1'2 . .
that fe~N"z goes to zero at infinity,
Nz Nz
N/f(x):z:ei Tdr = /j”(:z:)ei T dz.
Such a result generalizes to complex Gaussian by the remark that

2 | 2 2 2

Nz +iy)e VTN = (9, +i0,)e NN

<

_nle® L
= —817@6 NZ-—N=5 .

As a consequence, applying such a remark to the entries of a Gaussian random matrix, we obtain
for any differentiable function f of the entries, all 7,5 € {1,--- ,N}? all 7 € {1,---,m},

N/Al(rs)f(Ak(ij), 1<, <N, 1<k<m)dun(A1) - -dun(An) =

/ Oonsiom f(AR(if), 1 < 6,5 < N1 < k < m)dun (A1) - dpny (An).

Using repeatedly this equality and section 1.18.2, we arrive at at

N
1 1 _
/NTY(AkP)dHJ\\/[(A) = 3N2 E /8Ak(ji)(P6 NTF(V));@'HCWN(AZ-)

ij=1

/ (%m @ Tr) (8 P) — %TT(D/@VP)) dpsy (A)

which yields

(52) / (IZN((Xk +DV)P) -1V @ ﬁN(akP)) Ay (A) = 0.
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3.21. Tightness and limiting Schwinger-Dyson’s equations
We say that 7 € C(X7y,---, X,,)* satisfies the Schwinger-Dyson equation with potential V', denoted

in short SD[V], if and only if for all i € {1,--- ,m} and P € C(Xy, -+, X,,),
TI)=1, 7&7(0;P)=7((D;V+ X;)P) SD[V].
We shall now prove that SD[V] describes the asymptotic FSD[V] equations.

Property 4.17. Assume that Vi is c-convex. Then, (LN, N € N) is tight. Its limit points satisfy
SD[V;] and

(53) 17(Xe, -+ Xe, )| < Mg
forall ty,--- ¢, € N, all r € N, with an My that only depends on c.
Proof. By Lemma 3.21, we find that for all ¢1,--- ,£,,
LY (Xey - Xe )| < s, (Amaa (A)]7)

/ rxr_lugt(P\maw(Aﬂ > x)dr
0

< My —I—/ ra” " temNT gy
Mo
(54) = Mj+ (aN)fT/ re" le %dx
0
Hence, with the notations of Lemma 4.6, LYY € K(C) with Clly,-,¢.) =

My +ra™" fooo " te=*dz. (LY, N € N) is therefore tight. Let us consider now its limit points;
let 7 be such a limit point. By (54),

(55) I7(Xe, -+ Xe, )| < M.
Moreover, by concentration inequalities (see Lemma 3.24), we find that
Jim | [iX oY@ ) - [Ladae [Xad@ier) -o

so that Property 4.16 results with
(56) limsup |Ly ((X; + D;Vi)P)) — LY @ LY (9 P)| = 0.

N —o0

Hence, (52) shows that

(57) T((Xy + DpV)P) =7 Q 7(O P).

O
3.21.1. Uniqueness of the solutions to Schwinger-Dyson’s equations for small parameters. Let R €
R* (we will always assume R > 1 in the sequel). We set
(CS(R))An element T € C(X1, -+ , X;n)* satisfies (CS(R)) if and only if for all k € N,

max<i, . iy <m|T(Xi, -+ X5, )| < RE.

As we have seen in Property 4.17, the limit points of LY satisfy (CS(Mp)). In the sequel, we
denote D the degree of V, that is the maximal degree of the ¢}s; ¢;(X) = Xji -+ X with, for
1 <14 <n,deg(q;) =: d; <D and equality holds for some i.

The main result of this paragraph is

Theorem 4.18. For all R > 1, there exists € > 0 so that for [t| = maxi<;<n|t:| < €, there exists
at most one solution Ty to SD[V4] that satisfies (CS(R)).
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Proof. Let us assume we have two solutions 7 and 7/. Then, by the equation SD[V], for any
monomial function P of degree l — 1, for i € {1,--- ,m},
(1= X:P)=((r—7)@7)(0P)+ (7' @ (r — 7))(0:P) — (r — 7')(D;VP)
Hence, if we let for [ € N
AT, T') = sup |7(P) — 7'(P)]
monomial P of degree 1

we get, since if P is of degree | — 1, 0; P = 22;20 p,lC ®pl2_2_k where p};, i = 1,2 are monomial of
degree k or the null monomial, and D,V is a finite sum of monomials of degree smaller than D — 1,

A[(T, 7'/) = maxP Of degree lilmaxlgigm{h(XiP) — T/(XZP)H

1—2 D-1
< 22 Ap(r,7)RT2F L Ot Z Apypi(r,7")
k=0 p=0

with a finite constant C' (that depends on n only). For v > 0, we set d,(7,7") = > ;5 YA (T, 7).
Note that under (CS(R)), this sum is finite for v < (R)™!. Summing the two sides of the above
inequality times 7' we arrive at

D-1

dy(r,7') < 292(1 = yR)ldy (7, 7') + Clt| D v 7Py (7, 7).

p=0
We finally conclude that if (R,|t|) are small enough so that we can choose v € (0, R~1) so that
2v2(1 —yR)™t + C|t] 25:—01 7Pt < 1 then d,(,7") = 0 and so 7 = 7/ and we have at most one
solution. Taking v = (2R)~! shows that this is possible provided 4 + C|t| 25;01(2}%)1’_1 <1so

that when |t| goes to zero, we see that we need R to be at most of order |t|_ﬁ. O

3.22. Convergence of the empirical distribution
We are now in position to state the main result of this part;

Theorem 4.19. For all ¢ > 0, there exists n > 0 and My € RT (given in Lemma 3.21) so that
for all t € U.N B, LN (resp. LY ) converges almost surely (resp. everywhere) towards the unique
solution of SD[V4] such that

7(Xey - X, )| < Mg
for all choices of b1, , ;.

Proof. By Property 4.17, the limit points of LY satisfy CS(My) and SD[V;]. Since My does
not depend on t, we can apply Theorem 4.18 to see that if t is small enough, there is only one
such limit point. Thus, by Corollary 4.6 we can conclude that (LY, N € N) converges towards this
limit point. From Lemma 3.24, we have that

u (LY = LY)(P)?) < BO(P,M)N =2 + C*NZemMN/2
insuring by Borel-Cantelli’s lemma that LY also converges almost surely to 7. O

Exercise 4.20. The exercise generalizes the previous approach to unitary matrices following the
Haar measure on the unitary group (without interaction to simplify) to recover asymptotic freeness (
proved first in [101] by moments techniques). Let (AY -+ AN)N>o be a family of N x N (eventually
random) matrices. Assume that the algebra generated by (AN .-  AN)nN>o is closed under the
involution = and that the operator norm of the A% is bounded independently of N. Finally, suppose
that

. FN
lim LA{V,~~,A£){ = L.

N—o0
Let UYN,--- JUN be m independent unitary matrices, independent of the A% ’s, following the Haar
measure on U(N). Then LY 1 given by

AN UL (UG~
) 1 D
LZ?,U};,,(U}'\,)*I(P) = NTr(P(AivaUNv (UN) 1))

converges as N goes towards infinity. Moreover the limit T is described uniquely as
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e T restricted to polynomials in the A;’s equal w. For all polynomials and all i
TRT(0;P)=0
with 0; the derivative that obeys the Leibniz rule
0i(PQ)=0,Px1®Q+P®1x0Q
and so that
0 Ak =000 9U;=1;U;®1, U] =-1;m1xU;.

Hint : Use the invariance of the Haar measure by multiplication by unitaries (in particular
by etBi with B; a matriz with null entries everywhere except at some kl and Ik where it is
equal to +1 and —1 respectively) to prove that ETr®@Tr[(0;P)] = 0. Then use concentration
under the Haar measure to find that the limit points satisfy the above equations. Finally,
prove the uniqueness of the solutions to such equations.

o The law 7 is as well described as the law which, once restricted to polynomials in the A;’s,
is equal to p, and once restricted to monomials in the U’s, vanishes unless the monomial
is a constant, and such that

T(PL(A)Q1(U)P(A)---Qr(U)) =0

for all polynomials Py,---, P in the A;’s such that p(P;) = 0 and all polynomials
Q1, - ,Qp in the U's such that 7(Q;(P)) = 0.
One says that the U’s and the A’s are free under T when they satisfy the above equality.
Hint: Show that such a law satisfy the previous equations.

3.23. Combinatorial interpretation of the limit
In this part, we are going to identify the unique solution 7 of Theorem 4.18 as a generating function
for planar maps. Namely, we let for k = (k1,--- ,k,) € N® and P a monomial in C(X7y,---, X},

My (P) = card{ planar maps with k; labeled stars of type ¢; for 1 <i <n
and one of type P}.
This definition extends to P € C(Xy,---,X,,) by linearity. Then, we shall prove that

Theorem 4.21.

(1) The family {Mx(P),k € C(X1, -+ ,Xm), P € C(Xy,---,Xm)} satisfies the induction
relation: for alli € {1,--- ,m}, all P € C(X1, -, X), allk € N,

(58) Mi(X:P)= > J[CHMp® M p(0P)+ > kjMic1,([Dig;]P)
09)]5:]- j=1 1<j<n

where 1;(i) = 1i—; and My(1) = 1z_,.
C(Xy, -, X)), PeC{Xq, -+, Xm)}

(2) There exists A, B finite constants so that for all k € N", all monomial P €
(C<X1, . 7Xm>,

(58) defines uniquely the family { My (P),k €

(59) My (P)| < KIAZ =1 ks pdeg(P)

with k! := [}, k;!.
(3) For t in B(A)—l,

o (=t)M
Me(P)= > TI o Mi(P)
keN” i=1
is absolutely convergent. For t small enough, My is the unique solution of SD[V;] that
satisfies CS(B).

By Theorem 4.18 and Theorem 4.19, we therefore readily obtain that
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Corollary 4.22. For all ¢ > 0, there exists n > 0 so that for t € U. N By, LY converges almost
surely and in expectation towards

n(P) = Mu(P) = 3 T[S M(p)

keN™ i=1

Let us remark that by definition of I:N, for all P,@Q in C{X1, -, Xm),

LYpPPy >0 LYPQ)=LYQP).
These conditions are closed for the weak topology and hence we find that

Corollary 4.23. There exists n > 0 (n > (4A)™!) so that for t € B,, My is a linear form on
C(X1, -+, Xmn) such that for all P,Q

My(PP*) >0 My(PQ) = My(QP) My(1)=1.

Remark. This means that My is a tracial state. The traciality property can easily be derived
by symmetry properties of the maps. However, I do not know any other way (and in particular
any combinatorial way) to prove the positivity property My(PP*) > 0, except by using matrix
models. This property will be seen to be useful to actually solve the combinatorial problem (i.e.
find an explicit formula for My).

Proof of Theorem 4.21.

(1) Proof of the induction relation (58).
e We first check them for k =0 = (0,---,0). By convention, there is one planar map
with a single vertex, so Mg(1) = 1. We now check that

Mo(XiP) = Mo® Mo(0:P) = > Mo(p1)Mol(ps)

P=p1X;p2

But in any planar map with only one star of type X; P, the half-edge corresponding
to X; has to be glued with another half-edge of P. If X; is glued with the half-
edge X; coming from the decomposition P = p; X;p2, the map is then split into two
(independent) planar maps with stars p; and ps respectively (note here that p; and
p2 inherits the structure of stars since they inherit the orientation from P as well as
a marked half-edge corresponding to the first neighbour of the glued X;.)

e We now proceed by induction over k and the degree of P; we assume that (58) is true
for > k; < M and all monomials, and for > k; = M + 1 when deg(P) < L. Note
that My(1) = 0 for |k| > 1 since we can not glue a vertex with no half-edges with
any star. Hence, this induction can be started with L = 0. Now, consider R = X; P
with P of degree less than L and the set of planar maps with a star of type X; P and
k; stars of type ¢;, 1 < j <mn, with |k| = > k; = M + 1. Then,

o either the half-edge corresponding to X; is glued with an half-edge of P, say to
the half-edge corresponding to the decomposition P = p; X;p2; we then can use the
argument as above ; the map M is cut into two disjoint planar maps M; (containing
the star p1) and My (resp. p2), the stars of type ¢; being distributed either in one
or the other of these two planar maps; there will be r; < k; stars of type ¢; in M,
the rest in My. Since all stars all labeled, there will be [] C,:: ways to assign these
stars in My and M.

Hence, the total number of planar maps with a star of type X; P and k; stars of type
@i, such that the marked half-edge of X;P is glued with an half-edge of P is

(60) S Y T ChiMe(pr) Mic—+(p2)

P=p1X;pp 0<r;<k; i=1
! 1<i<n

¢ Or the half-edge corresponding to X; is glued with an half-edge of another star,
say q;; let’s say with the edge coming from the decomposition of ¢; into g; = qjl»Xiqu.
Then, once we are giving this gluing of the two edges, we can replace the two stars
X;P and qjl-Xiqu- glued by their X; by the star qu-qjl-P.
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We have k; ways to choose the star of type ¢; and the total number of such maps is

Z kjMy—1,(q;q; P)
aj=q; X4}

Summing over j, we obtain by linearity of My

(61) Zk Mic-1,([Dig;P)

(60) and (61) give (58). Moreover, it is clear that (58) defines uniquely Mg (P) by

induction.
(2) The proof of (59) now follows by induction from the previous induction relations, see e.g.
(51, 49). O

3.24. Convergence of the free energy
Theorem 4.24. Let ¢ > 0. Then, for n small enough, for all t € B, NU,,

Vt

N—o0 N2 ZN -
keN™\(0,..,0) 1<i<n

Moreover, the limit depends analytically on t in a neighborhood of the origin.

Proof. We may assume without loss of generality that ¢ € (0,1]. We then let, for a € [0, 1],
Vot = aVi. Vit is c-convex. Set

Fn(a) = 5 log AGH

N
Then,

1. Zy N [+
N7 los 7 = F() Yo W F (@ - NVM (LN(Vt) da.
By Theorem 4.19, we know that for all « (smce Vat is c-convex for all « € [0, 1]),
Jim gl (V) = (V)

whereas by (54), we know that u%t (]c_, N(Vt) stays uniformly bounded. Therefore, a simple use of

dominated convergence theorem shows that

1 z !
(62) lim — log =N = —/ Tat (Vi )d t; / Tat(q:)d
N—ooo N2 ZR/ o Z
Now, observe that by Corollary 4.22,

7t(q:)

>

keNn 1<5<n

_(i)tl

keN?\{0,--,0} 1<j<n

so that (62) results with

1 Z\ !
lim — 1 = — [ 04 d
N N2 B 7Y, /0 > S v

keN™\{0,-- o} 1<J<n

keN™\{0,---,0} 1<j<n
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4. Discussion

In the first part, we discuss, following [26], how to compute exactly the generating function of
quadrangulation from the matrix models approach. In the second part, we underline some open
problems.

4.25. Exact computation of the generating function of planar maps
Let us consider the case where m = 1 and

apd (X) = (25) e VRO N (x)

Assume now that there exists ¢ > 0 such that V; is c-convex. Then, Theorem 4.19 and Corollary
4.22 assert that the limit uq is also a generating function for planar maps;

()M
o) = 3 T2 atuor

keNm =1

with My (2?) the number of planar maps with k; stars of type x* and one star of type x?.

Let us show how to deduce formulae for My (zP) when Vi(z) = ta? from the above large
deviation result, i.e count quadrangulations and recover the result of Tutte [100] from matrix
models approach. The analysis below is inspired from [12]. As can be guessed, formulae become
more complicated as Vi becomes more complex (see [34] for a more general treatment)

To find an explicit formula for p¢ from the Schwinger-Dyson’s equation SD[V;], take P(z) =
(z — )1 to obtain

Gue(2)? = —4t(a; + 2%) — 1 + 4t23Gue(2) + 2Gue(2)
with Gug(z) = [(z — 2) " 'dug(z), z € C\R and oy = [ 2?dps(z). Solving this equation yields

Gui(z) = % (4tz3 42—/ (4t23 + 2)2 — 4(4t(ay + 22) + 1))

where we have chosen the solution so that Gy (2) &~ 271 as |z| — oo. The square root is chosen as
the analytic continuation in C\R™ of the square root on R™. Recall that if p. is the Cauchy law
with parameter € > 0, for x € R,

3(Guslo+ie) = |

€
mdut (y) = mpe * pe(z).

Hence, if S(Gut(z + i€)) converges as € decreases towards zero, its limit is the density of ut. Thus,
we in fact have

% - _% fm S (\/(4t(:v +i€)3 + (z +i€))? — 4(4t (o + (z +i€)?) + 1)) ,

To analyse this limit, we write,
(4t23 + 2)% — 4(4t(as + 2%) + 1) = (48)% (2% — a1)(2? — a2) (2% — a3).

for some aq,az2,a3 € C. Note that since Gug is analytic on C\R, either we have a double root and
a real non negative root, or three real non negative roots. We now argue that when V; is convex,
a1 = ay and a3 € R*. In fact, the function

fx) = —2/1og|x — yldue(y) + Vi(z) + %xQ

is strictly convex on R\support(u¢) and it is continuous at the boundaries of the support of 4 as
a bounded density. By large deviation analysis and the study of the critical points of the resulting
rate function(see e.g. [10]), it is well known that py is such that

f(z) = £ on the support of ug, f(x) > € outside.

Thus, we deduce that if there is a hole in the support of u¢, f must also be constant equal to ¢
on this hole. This contradicts the strict convexity of f outside the support. Hence, we must have
b=a; =az € R and a = a3 € RT. Plugging back this equality give a and b.
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Remark Note that the connectivity argument for the support of the optimizing measure is
valid for any c-convex potential, ¢ > 0. It was shown in [34] that the optimal measure has always
the form, in the small parameters region,

dug(x) = ch(z)v/ (x — a1)(az — z)dx

with i a polynomial. However, as the degree of Vi grows, the equations for the parameters of h
become more and more complex.

4.26. Discussion and open problems

e In this lecture we have shown that

Jim g [ (P)] = o (P)

Lemma 5.7 when V is a sufficiently small convex potential. This in particular entails that

1
Fy = lim —log / NIV X0 XD g (X ) - e (X

exists.

It is a natural question to wonder how much this type of results generalize to non-perturbative
situations (that is general potential V).

In the next lecture, we shall rapidly describe the dynamical approach that allows to generalize
the convergence and many results such as the analyticity of the limit Fy as a function of the
parameters of the potential to the setting of a convex potential V.

In the case of one matrix m = 1, the knowledge of the joint law of the eigenvalues given by
Theorem 2.1 allows to prove by large deviation techniques (see [10]) that Fy exists and is given
by

Fy = —wt{ [ V@)du(o) — [ [ 1ol = yldute)duo)) +c

where the infimum is taken over all probablhty measure g on R and c is some universal constant.

However, it is not known in a more general context whether Fy exists. In [15], a related result
concerning Voiculescu’s free entropy allows only to give lower and upper bounds on the number
Fy.

e In a similar spirit, it is not known whether any non-commutative law can be approximated

with laws of the form Ly, ... 4,,. Namely, being given 7 € C(X;,--- , X,,)*, can we find a sequence
AN ... AN of (possibly random) matrices such that for any polynomial P,
]\}lm Lav ... an(P)=7(P).

In the case m = 1, this is the famous Birkhoff theorem that asserts that for any probability measure
won R, there exists a sequence of real numbers ()\N -+, AN such that

J&EHOONZ‘W =

The question is still open when m > 2 and was posed in his PhD thesis by A. Connes.
e There is no large deviation results for the spectral measure of a Wigner matrix with entries
that are not Gaussian.
e In [56], large deviations techniques where used to obtain the asymptotics of
1 «
lim - log/eNTr(AUBU )dU

N—o00

when U denotes the Haar measure and A, B two diagonal matrices with converging spectral distri-
bution. Such an asymptotic allows to show that Fy exists for potentials V' of two indeterminates
when there is at most one term that depends on both indeterminates and it is quadratic (or of the
form X7 X3 for some p,q € N).

The central tool was to use the Hermitian Brownian motion (see next part) (A + H™(t),t €
[0,1]) and study the process of its spectral distribution. Because the eigenvalues of this process are
solution to (67), they can be viewed as a N dimensional Brownian motion with trajectories that
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are conditioned not to collide. This makes a connection with the results of [72] since tilling with
rhombi can be seen to be in bijection with random walks that do not intersect.

One can wonder if there would be a general approach to large deviations for the empirical
measures of particles under such a conditioning.

e Among the matrix models with several matrices, only very few could be solved even on a
physical basis.

Among the models that could be solved, let us cite the Ising model that corresponds to

V(X1, Xo) = BX1Xa 4 gX{ + gX3.

We refer here to the work of Mehta [78], as well as Boulatov and Kazakov [22] and more recently
Eynard [41, 42](see as well a mathematical review of these results in [50] and the large deviation
approach in [48]). Similar results were found by Bousquet-Mélou and Scheaffer [23] by a combina-
torial approach. This approach is completely different and based on bijections with trees; it allows
to get more precise geometrical information such as the typical diameter of the maps.

However, matrix models approach allowed to study more diverse models so far (such as the
g-Potts model for instance). The advantage of this approach is that it allows the use of matrix
tricks that may have no counterpart in combinatorics. In particular, it gives the interpretation of
the generating function for amps in terms of moments of a probability measure (or a tracial state
in the colored setting). The limit so far is that only models where the Cauchy-Stieljes transform
of some limiting spectral distribution satisfies some algebraic equation could be solved explicitly.

The next lecture takes a completely different route by trying to get less exact and more quali-
tative results by constructing the limiting objects by dynamics.



5

Random matrices and dynamics
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Processes can be used to obtain non-perturbative results. In [27, 28, 15, 56|, processes were
the key to obtain large deviation estimates for Gaussian matrices. In this lecture, we want to show
how they can help to extend the results of the previous lecture, and in particular to weaken the
hypothesis on the potential V. This lecture summarizes a recent article with D. Shlyakhtenko [53].

In the previous lecture, we have seen that as IV goes to infinity, if V' = V4 is ‘convex and small’.

(63) lim pyf [Ly(P)] = 7v(P)

N—o0
where Ty (:= 7¢) is a non commutative law, that is a linear functional on the space of polynomials
in m-non commutative variables (see section 1.18.3). 7y was as well characterized (see section
3.22) as the unique solution to the so-called Schwinger-Dyson equation

(64) v @1y (0;P) = v ((X; + D;V)P)

satisfying a bound such as |1y (X, --- X;,)| < RP for all i; € {1,---,m}. Then, in section 3.23,
Ty (P) was identified with the generating function My (:= My) for the enumeration of the associ-
ated maps because it satisfies the same equation under the same type of constraints.

We provide yet here another type of characterization of the law 7, as the invariant measure
of a stochastic process (and then as a long time limit of this process). This idea is quite reminis-
cent to Monte Carlo approximation; we shall see in the second part of this lecture that such an
approximation has a few nice consequences.

The idea is that for fixed N, uf is a Gibbs measure that is the invariant measure of dy-
namics such as Langevin dynamics. It turns out that the process, say (Xn(t),t > 0), given by
Langevin dynamics converges (in the sense of moments of time marginals) towards a limiting pro-
cess (X (t),t > 0) as N goes to infinity. Note here that (Xx(¢),t > 0) was denoting a matrix-valued
process (in fact each time marginal is a m tuple of N x N Hermitian matrices) and so the limit
(X (t),t > 0) is some operator-valued process. Such a process is naturally defined in the free
probability setting. In these lecture notes, I will not try to introduce precisely the setting of free
probability (the definition of non-commutative laws given in section 1.18.3 being sufficient to our
purpose) nor to give detailed proofs but rather invoke the analogy with the classical probability set-
ting. Indeed, arguments are similar, even though the objects are now non-commutative. We hope
however this will motivate the reader to learn more about free probability, see [103, 14, 16, 3, 49].

Roughly speaking one can hope that, at least for good potentials V', the process X (¢) will
converge in law as ¢ goes to infinity towards 7y, so that the following diagram is commutative;

LXN(t) —t—oo—

i i
N — N —
! !

LX) —t—oo— TV

We shall show that this diagram holds true when V + %Z X? satisfies some convexity property
(in fact local convexity is enough, but we shall restrict ourselves to strict convexity in these notes),
and then deduce some properties of 7y from this construction (in particular the fact that any
polynomial in (X7,---,X,,) will have a connected support, a result that generalizes the one di-
mensional situation that we examined in section 4.25). Thus, processes allow to obtain (63) without
the assumption that the potentials are small perturbation of quadratic potentials, provided they
stay strictly convex (and even to locally convex potential up to add an appropriate cutoff to ug ).
We shall see that they can be used to generalize other results, such as the convergence in oper-
ator norms. However, the techniques used here are heavily dependent upon the convexity of the
interaction.

1. Free Brownian motions and related stochastic differential calculus

We introduce the free Brownian motion and related stochastic differential calculus as a limit of the
Hermitian Brownian motion that is simply a Hermitian matrix with Brownian motions entries.
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1.27. Hermitian Brownian motion
We let {(By;(t))i>0, (Bij(t))i>0,7 < j} be independent Brownian motions, and set HY : R* — Hg\%)
to be the Hermitian-matrix valued process given by
1 .
Hﬁ(t) = \/ﬁ (Bkz(t) + ’LBkg(t))

for k < ¢, HY(t) = H)(t) when ¢ < k and H}Y,(t) = \/—%Bkk(t) when k = /4.

1.28. Classical Itd’s calculus
In this section, we recall the basic results on classical Itd’s calculus that we shall need.

Theorem 5.1 (It6, Kunita-Watanabe). [68, pg. 149] Let B = {B;, F;0 < t < oo} be a n-
dimensional Brownian motion. Let k : R™ — R"™ be a bounded Lipschitz function. Then,

(1) There exists a unique strong solution X; to
t
X, =Xy + By — / k(X;)ds
0

starting from a given initial condition Xo = Z.
(2) For any function f:R™ — R of class C?, almost-surely,

FX0) = F(Xo) + /0 Vf(X,)-(dB, — k(X.)ds)

t
—i—%/ Af(Xs)ds, 0<t<oo
0
with v =Y 1 uv; and Af =31 92 f.

Remark 5.2. Note that one way to prove the first point is to see Xy, t € [0,T)], as the unique fized
point of ® : C([0,T],R™) — C(]0,T],R™) given by

Pp,x,(X)(t) = Xo+ Bt — /O k(X,)dt.

This shows in particular that X is a continuous function of {Xo + Bs,s <t} for any t > 0.
In relation with the second point we find that

Theorem 5.3. Let W : R®™ — R be a bounded twice continuously differentiable function and
consider the unique strong solution to

t
1
X, =Xo+ By — / 5 VIV (X.)ds.
0

Then, the law
1
dﬂn(xlv e ,In) = 2_67W(Il7m7mn)d$1 te d-r'n,

is an invariant measure of the process X; (i.e the law of Xy is pu™ for all t > 0 if the law of X is
u").

Note that Theorem 5.1 easily shows that 0, F(f(X;)) = 0 at t = 0 when X, has law u™, but
showing that in fact pu"(f(X:)) = p"(f(Xo)) for all ¢ > 0 requires more thoughts around the
domain of the generator (see the Hille-Yoshida Theorem).

1.29. Ité’s calculus and Random matrices
As we said earlier, we would like to construct dynamics whose invariant measure is given by the
matrix model of the previous part;

1 N1y
dug(Xh-“ X)) = Z_Ne NTr(V(X1, ’Xm))d,UN(Xl)"'dUN(Xm>

v
for a self-adjoint potential V. Recall that dun(X,,) is just the Gaussian law on the entries and
so is absolutely continuous with respect to Lebesgue measure and so we can construct, if V is
sufficiently smooth, invariant dynamics as in Theorem 5.3, i.e dynamics on each entries of the
random matrices X1, --- , X,, € H(N) with invariant measure ug .
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Recall (see paragraph 1.18.2) that for each i € {1,---,m} and each k,¢ € {1,--- , N},
Ox;, Tr(P(X1, -+, Xim)) = (DiP)ke.

Hence, we can write the dynamics of Theorem 5.3 in a matricial way as

. 1 .
(65) X = dH = S(DVX e X0+ Xt

with HtN ’i, 1 < ¢ < m m independent Hermitian Brownian motions. We denote in short W =
1\ 2
V+ 2 Zi:l X7

Lemma 5.4. Take V to be a polynomial, denote W =V + % > X2 and assume that
G: X1, X € (H)™ = Te(W)

is strictly convex (i.e the Hessian of ¢ is bounded below by cI for some ¢ > 0). Then, for any
integer number N,

(1) There exists a unique strong solution XN to (65) for all times. Moreover, X" is Her-
mitian for alli € {1,--- ,m} and t > 0.

(2) ug is an invariant measure for this process.

(3) The law of XN = (XN, 1 <i < m) converges towards ud, as t goes to infinity, indepen-
dently of the initial data.

Proof. The first part of the lemma is a direct consequence of the previous section except for
the fact that V, as a polynomial, is a priori unbounded (as well as its derivatives). Convexity
however insures the existence and uniqueness of a solution, together with the fact that the solution
will remain finite almost surely. Moreover, since we assume TrV convex, it is in particular real
valued and therefore TrV = TrV*. Differentiating both sides of this equality shows that (see (46))
(D;V)* = D;V* = D;Vfor all i € {1,---,m}. Therefore, taking the adjoint of both sides of (65)
we find that (XV)* is as well solution of (46) and thus X~ = (X™)* by uniqueness.

Moreover, ug is an invariant measure by Theorem 5.3. To prove the convergence in law of
XN we simply take two solutions XN and X} starting from two initial data X' and X} and
constructed with the same Hermitian Brownian motion. Then, we get that

A= X = (D (X))~ D (X)) di.

Therefore, because by convexity

SN - N (DY) - DIV (R)) = 3 (XN - &
i=1 1=1
in the sense of self-adjoint operators (here X.Y = XY* + Y X*), we find that
di(XtN’i - X2 < —ci(XtN"i — X2t
i=1 i=1
and therefore
B PO DG
i=1 1=1

Thus, X}V will not depend much of its initial law provided it has a finite operator norm, that

is finite entries. We can now take Xév with law pdY (recall that by Brascamp Lieb inequalities

Lemma 3.20 the operator norm of X is then well controlled) to deduce that the law of the entries

of (XN",1 < i < m) will converge to pdY, whatever is the initial condition with finite operator

norm. 0
We have as well the following application of It6’s calculus.

Lemma 5.5. Let P be a polynomial in m non-commutative variables. Let XN be the process
considered in Lemma 5.4 and denote W =V + % S X2, Then,
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t m ) 1
P = PO+ [ S P e — S Dav (can + 3 [ LY PO
; 0
with LN =" I ® (& Tr) AN 4f
AN’i :Mo@io&
where M(A® B® C) = AC ® B. As a consequence,

%T& (P(XM)) = %T& / Z —Tr(D;P(X]N)(dH" — %DiW(XtN)dt)
(66) +% /t LY P(XN)dt
0

with LY =" (5 Tr) @ (5 Tr)d; o D;.

The proof of the first point is a direct consequence of Theorem 5.1 with f(X}N) = P(X}N)xe
for all k,¢ € {1,---,N} and is left to the reader. The second equality is obtained by taking the
trace of the first.

Note that when m = 1, the previous Lemma can be simplified by diagonalizing the matrices
XNt >0 In that case, if we put LN =3 sz\il 0xv () to be the spectral measure of XN
we have %Tr( ) [ P(z YdLYN (z). Another way to derive Lemma 5.5 is then to use the
representation of the dynamics of the elgenvalues (AN(#),1 < i < N) as solution of a stochastic
differential system. In fact, Dyson [38] showed that

67 dXy (t Wi+ — — W/ (Xy(t))dt

(7 N0 = i+ 3 s WOk

with initial condition Ay (0), the eigenvalues of Z and (W1,--- W) a N-dimensional Brownian
motion.

Exercise 5.6. We leave the reader to check that 1t6’s calculus implies that M} = [ P(z)dL} —

[ P(z)dL — fot fw#u %)dLN( VALY (y)ds is a local martingale (as in (66)).

1.30. The free Brownian motion
1.30.1. Law of the free Brownian motion. The free Brownian motion can be thought as the large
N limit of the Hermitian Brownian motion, in the sense of weak convergence. In fact, by Theorem
1.17, any moment of the increments of an Hermitian Brownian motion converges when N goes to
infinity; for any ¢t; < --- < t,,, any polynomial function P of m non-commutative variables,
1
Jim BT (PO Y HY Y - HY )
:Um[P(\/HXl,\/tQ—thQ,"’ y tm_tmlem))]-
As in the classical setting, we can also gives sense of o, with m = oo (i.e construct the joint law
of an infinite number of free semi-circular) and then construct the law ¢ of a continuous process
(St,t > 0), such that for all m € N, all polynomials P, all times t1 < to < -+ < &y,

¢(P(St178t2 - Stla e aStm - Stm,l)) = Um[P(\/EXla V to — thQ; Tty tm — tmlem)]-
¢ is here seen as a linear form on the set C of cylinder functions of the form
F(S) = P(Stlastw e 7Stm)

for some choice of t; < --- < t,;,, m € N and polynomials P
To give a sense to the continuity of the process, we need to have some notion of positivity and
norms. To this end, note that as the o,,,’s, ¢ is a tracial state in the sense that

(FF*) 20, p(FG) = ¢(GF) and ¢(1) =

for any F,G € C. Here * is the involution as defined in (45) ((2St, --- St,,)* = 2S¢, - -+ S, for all
choices of (t1,--- ,t) and all m € N).
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The positivity property ¢(FF*) > 0 allows to think of ¢ as an expectation, and to endow C
with useful notions such as a semi-norm or a partial order. Indeed,

N
| F||oo := sup ¢((FF*)") 2
n>0

defines a semi-norm on the vector space C and ¢ is continuous with respect to this semi-norm
(|¢p(P)| < || Pl|so for all P € C) Moreover, we can define an order on C by P > 0 iff P is self-adjoint,
P = P*, and ¢(QPQ*) > 0 for any Q € C.

The continuity of (S¢,t > 0) is insured by the fact (deduced from the definition of o,,,) that
for all s < t,all m €N,

(St = So)*™] < (4t — 9))"

which insures that ||.S; — Ss||eo < 24/t — s].

1.30.2. Realization of the free Brownian motion. In the previous subsection, we described the law
of the free Brownian motion. However, as probabilists, we like to think about random variables.
Usually, random variables are thought as measurable functions X from a probability space (€2, P)
into the space of values of X, say R. If X is bounded, X is just some element of L*>(2, P).

A similar concern exists in free probability and the generalization goes as follows. The idea is
to think of L>(, P) as a space of functions that acts by left multiplication on L?(Q, P); i.e we
identify the function f € L*°(f2, P) with the operator 7y : L*(Q, P) — L?(2, P) that associates
to g € L*(Q, P), m¢(g) = fg. The interests in L?(Q, P) is that it can be equipped with a scalar
product (g, h) := [ ghdP and we can construct a Hilbert space H by separating L?(€2, P) (i.e. by
taking the quotient of L2(€2, P) by the ideal {g :< g,g >= 0}) so that ||g|l2 := (g,¢)? is a norm
on H. Then, m can be seen as an element of the space B(H) of bounded operators on H for the
norm

Ims(g)lc = sup 172
ger llgll2
The same construction can be generalized to the non-commutative setting; P is then replaced by
the tracial state ¢, and the scalar product by (P, Q) := ¢(PQ™*) (note here that the positivity of
¢ is crucial). A Hilbert space H is obtained by completing and separating L%(¢) (the closure of
polynomials by the norm induced by (x,*)) and random variables are interpreted as elements of
the space B(H) of bounded operators on H (in fact as left multiplication operators as above). ¢
is then a linear form on B(H) and the operator norm on B(H) is nothing but

*\N\ 5
| P||loo == sup ¢((PP*)")2r.
n>0

This is the so-called Gelfand-Neimark-Segal construction (see [83] for details)

Thus, (S, ¢ > 0) can be thought as a continuous (for || - || ) process with values in B(H), the
space of bounded operators on a Hilbert space H.
1.30.3. Free Brownian motion and freeness. (Si,t > 0) is called the free Brownian motion. The
word freeness is used to say that increments are not independent as for the classical Brownian
motion but free in the following sense. Freeness means (see also exercise 4.20) that if X = S; — S,
for any polynomials Py, - - - , P, and any elements Ay, - - - , Ay in the algebra generated by (S, u < s)
(or equivalently the cylinder functions that only depends on (S,,u < s)),

P((Pr(X) = o(P1(X))) (A1 — ¢(A1)) (P2(X) — ¢(P(X))) -+ - (Ax — ¢(Ax))) = 0.

Note here that this relation determines uniquely the joint law of (X, (S, v < s)) from the moments
of X and (Sy,u < s) respectively; in other words, as in the classical case, the law of free (resp.
independent) variables is uniquely determined by its marginals.

Therefore, we shall thereafter consider ¢ as a linear form on some bigger space than C. In tune
with the previous section, we shall denote this space B(H).

As a remark, note that the word ‘freeness’ emphasizes the relation with the usual notion of
freeness in groups; indeed, if ¢, evaluated at a monomial, is one if the monomial is the neutral
element and zero otherwise, we see that the above relation exactly means that non trivial words
in X and the A;’s can not be the neutral element; i.e they are free in the usual sense.
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1.31. Free stochastic calculus

Free stochastic integrals with respect to the Free Brownian motion can be build exactly as in the
classical case; we consider for a continuous adapted (i.e Y; depends only on Ss,s < t for all ¢)
process Y : RT — B(H) the sums I(¢t) = > 1 | Y;, (S, — Si,_,) and prove that they converge in
L?(¢), when the sequence t = (0 =ty < --- < t, = t)’s is such that sup|t; — t;_1| goes to zero.
Moreover, the limit does not depend on the choice of the t;’s. The limit is then denoted fot Y,dS;.
It shares many properties with its classical analogues. In particular it is a martingale with respect
to the filtration of the free Brownian motion.

A property, that is in fact specific to the non-commutative setting, is that a Burkholder-Davis
inequality for integrals with respect to free Brownian motion holds for the L? norm even with
p = oo(see Theorem 3.2.1 of [89]). More precisely, the following estimate holds for any adapted
process Yy

(68)

3 | vias:
i=170

This result is related with the fact that .S; is uniformly bounded (on the contrary to the standard
Brownian motion).

=1

<2V/2 </OS [ Z(Yti)2||oodt> .

1.32. Stochastic differential calculus

The same construction holds to construct m free Brownian motions Sf,t > 0,1 <i<m as the
weak limit of HtN’i,t > 0,1 < i < m, where HV* 1 < i < m are m independent Hermitian
Brownian motions.

Since (Si,t > 0) can be thought as the limit of the Hermitian Brownian motion and, by
construction, solutions to stochastic differential equations are continuous functions of the Hermitian
Brownian motion, it is no surprise that the theory of stochastic differential equations passes to the
large N limit. Let us state the results;

Lemma 5.7. Let W =V + %EX} be a strictly convez self-adjoint polynomial, i.e there exists
¢ > 0 such that for any m-tuples X = (X1, -+, X;n) andY = (Y1,--- ,Yy,) of self-adjoint operators
in C

D (DW(X) = DW(Y)(X; = V) > e (X, —Yy)%
i=1 i=1

Then,
(1) Let Xo be a m-tuple of self-adjoint variables in B(H). There exists a unique solution to

. . S L
XZ:X8+S§—§/0DiW(Xs)ds,lgigm

Moreover for each t > 0, X; is a m-tuple of self-adjoint operators.
(2) There exists B(c) < M(c) < oo such that, for any Xo,

limsup || X{|lo < B(c), sup || Xefloo < max{M(c), | Xolloc}
t—o00 t>0
where || - ||loo is the operator norm given by
a1
1K |0 = sup $((X)*") 2
n>0

(3) The following analogue of Itd’s calculus holds for any polynomial of m non-commutative
variables

SPOX)) = 6P (X)) + 5 [ 3 (6000050 DP(X.) = 6(DP(X DI (X)) ds.

(4) The distribution of X; converges weakly as t > 0, independently of Xo € B(H). The limit
T 1s invariant and satisfies for any polynomial P

(69) TR T(i ;0 D;P) = () D;P.D;W).

=1 7
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Reciprocally, any non-commutative measure (i.e. linear form on C(Xy,- -, X,,) such
that |7(X;, --- Xi,)| < R for some R and all £) satisfying this equation for all polynomial
P is invariant. Hence, there exists a unique such measure. There exists a unique solution
Tv to the Schwinger-Dyson equation (64); v = T.

The proof of the first point copies the classical proof; during a short time before the X
eventually explode, D;W is uniformly Lipschitz (for the operator norm) and so the usual Picard
type argument applies to construct the solution (i.e we let ¢(S, X); = Xo+S; — 3 fot D;W(X;)ds
and show that this application is a contraction (at least on processes bounded by some threshold)).
We then show that its unique fixed point is bounded uniformly because of (68) in the following
lines; we let Y.X = > (XY + X'Y") and find

dX,. X, = —%(DW(Xt)—DW(O)).(Xt)dt—%DW(O).Xtdt—i—Xt.dSt

1
< _gXt,Xtdt + 5, DW(0).DW (0)dt + X,.dS,
&

Thus, we find that 4; = || X;.X;||e is bounded by

. 1 R L
A < e*onJr%DW(O).DW(O)H*EH/ €% X,.dSu | oo
0
t 1 t t u %
< e*aA0+2—DW(0).DW(0)+e*z2\/§ </ ecAudu)
c 0

from which it is easy to deduce that A; stays uniformly bounded by some constant that only
depends on ¢ and DW (0).DW (0). This allows to show the second point of the theorem and thus
complete the proof of the first. 1t6’s calculus formula can be derived as in the classical case or, at
least intuitively, as a large N limit of (66). By the condition that a stationary distribution satisfies
O d(P(X4))|t=0 = 0 we deduce the fourth point. We can finally copy the proof of Lemma 5.4 to
obtain the uniform-time convergence of the process, and obtain

(70) 1X7 = X7 Mloo < €71 Z = 2|0

when X7 starts from the initial condition Z. This entails the uniqueness of the laws satisfying
(69) and therefore uniqueness of the solution to Schwinger-Dyson equation with potential W (that
imposes stronger conditions).

Remark 5.8. Observe that because of the Burkholder Davis Gundy inequality in L>°, the process
stays uniformly bounded by M(c); hence, as long as we do not start our process with initial data’s
says larger than 2By(c), we need only to assume that V is strictly convex when applied to operators
bounded by M(c). This allows to weaken our hypothesis to a ’locally convex hypothesis’ and thus
include any small perturbation of a quadratic potential.

2. Consequences

In this section we summarize a few applications of Lemma 5.7 valid in the case of a convex potential;
first we study the resulting properties of the invariant measure 7 = 7 of Lemma 5.7, then the large
N limit of pf) (I: ~) and finally the analyticity of 7y as a function of the parameters of the potential
V', i.e we discuss the absence of phase transition in the domain of convexity of the potential.

2.33. Approximation by a continuous function of the free Brownian motion
Taking Z with law 7 the invariant measure and Z’ = 0, we deduce from (70) that since X has
law 7 as well, we can approximate the law 7 by X?, with ¢ large. We now claim that

Lemma 5.9. For any t > 0, there exists a sequence ¥y, of continuous functions (for the uniform
operator norm ||Y.||L, = sup,<; ||Yslloo) such that
1
”wn,t(s) - XE”OO < E

Therefore, for any e > 0, there exists a continuous (for || - |2) function . of the free Brownian
motion, there exists Z with law T, such that
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12 = ¢e(S)ll < e

Proof. Indeed, as in Remark 5.2, we can see (X, s < T'), the solution of the free SDE as in
Lemma 5.7, as the unique fixed point of

(X)) = S, — /0 %DW(Xt)dt

with k& = %DW on variables bounded by some M larger than the uniform bound M (c) on X,
but extended outside of this set so that k is uniformly Lipschitz. Therefore, we can approximate
X (t) by ®%(0)(¢) uniformly on ¢t < T. ®%(0)(¢), as integrals of polynomials in S, is a continuous
function of Ss, s < T (because the later are uniformly bounded; ||S || < 24/u). O

This result has at least two nice consequences. The first is really due to a non-commutative
phenomenon; there is no operator that is a continuous function of the free Brownian motion that
can have a disconnected spectrum. Thus we have

Lemma 5.10. Assume that W =V + $ 3" X2 is strictly convez and let (X1, , Xm) be non-
commutative variables with law Tv.  Then, for any polynomial function P, the operator
P(Xy,---,Xm) in B(H) has a connected spectrum.

Proof.Let us summarize the arguments for the motivated reader, even though they are less
classical in probability. In fact, the algebra of operators constructed as polynomials of the free
Brownian motion, or as approximations of such operators for the operator norm, is projectionless,
i.e we cannot build a non trivial projection with such elements (that is P such that P? = P and
#(P) € (0,1)) (see [85] (see also [58] for a random matrix proof)). This implies in particular that
the spectrum of any self-adjoint element A of this family (defined as the support of the probability
measure given by pa(P) = ¢(P(A)) for any polynomial P) has to be connected since otherwise
we can build a non trivial projection (basically the projection on the eigenspace of one connected
component). Thus, for any € > 0, 1. of Lemma 5.9 must have a continuous spectrum. This makes
impossible that Z has a disconnected support since if its spectrum had a hole of width §, . should
also have a hole in its spectrum for e < 1/40. 0

Remark 5.11. Note that the proof above is very different from that given in section 4.25 that was
based on the statement of a large deviation principle and the analysis of the resulting rate function.
Such an approach is not yet available in the multi-matriz case, as stressed in section 4.26.

The second application concerns the extension of a result of Haagerup and Thorbjornsen [59]
where it was proved that if X7V, .-, XY are m independent matrices following the GUE,

Jim [P XN loe = [P(X, -, Xon) oo 2.

with (X1,---, Xy,) m free semi-circular variables. We can extend this result to the case where the
m-tuple (X{¥,- -+, XN) has law pfY (and (X1,---,X,,) has law 7) by writing that (X{V, -, X2)
and (X1,---,X,,) are approximately some nice polynomials in the increments of the Hermitian

Brownian motions (respectively the free Brownian motion) and use at this level Haagerup and
Thorbjornsen result [59]. We thus prove that

Lemma 5.12 ([53], Lemma 6.1). Let (X{',...,X2) be a m-tuple of matrices with law pl} and
assume that V + % > X2 is strictly convex. Let Ty be the unique invariant measure Ty of Lemma
5.7 and (X1,...,Xm) with law 7v. Then, for any polynomial function P,

Jim IP(XN, ., X)) oo = IP(X1, .oy Xon) |loo 5.

2.34. Convergence of the matrix model

We can generalize Theorem 4.19 concerning the convergence of the empirical distribution of matri-
ces following u{\/[ as well as Theorem 4.24 to any convex potential V. Indeed, by Lemma 4.17, all
limit points of i) (I; ~) satisfy the Schwinger-Dyson equation and are bounded laws. Therefore,
Lemma 5.7 insuring the uniqueness of such solutions, shows that ug (f; ~) has a unique limit point
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and thus converges toward 7. The result for the free energy is then a trivial consequence. Thus,
we have for any convex potential V'

1 Zy

2.35. Analyticity of the limit as a function of the parameters of the potential
A last consequence of Lemma 5.7 is to see that, for any polynomial P, 7 (P) depends analytically
upon the parameters of V' within the set where V' stays convex. More precisely

Lemma 5.13. Let V = Vg = > | Biq; be a polynomial, where 3 = (03;)1<i<n are (complez)
parameters and (¢;)1<i<n are monomials. For ¢ > 0 let T'(c) C C™ be the interior of the subset of
parameters 3 = (Bi)1<i<n for which V is c-convex. Let 15 = Ty, be the unique stationary measure
of Lemma 5.7. Then for any polynomial P € C(X1,--- ,Xm), the map § € T(c) — 73(P) is
analytic. As a consequence, 8 € T'(c) — Fy(V3) is analytic.

By Lemma 4.24, for sufficiently small §s,

Fo(Vp) =

keN?\(0,..,0) 1<i<n

Hence, the above Lemma shows that this generating function extends analytically on 7'(¢). The
proof of the Lemma goes as follows. We denote X; B the process of Lemma 5.7 build with the

potential V3. We then prove that there exists a family X (kl’ k"), k; € N1 < i < n of operator-

valued processes such that for n € C", |8 — 7| := max1<l<n|6i — ;| small enough,
(71) X{?:X{’Jr > H X k)

,,,,, kp€enNm 1=1

Z ki>1

The variables Xt(k1 """ k"),ki € N,1 < ¢ < n are just obtained as solution of some stochastic
differential system obtained by differentiating (5.7) with respect to the g;’s. Moreover, Xt(k1 """ n)
are processes such that there exists a constant C' that only depends on ¢ and the degree of V' so

that
(72) sup HX(kl ----- kn)”OO < CE ki

and hence the right hand side of (71) converges in norm for any 7 so that |n — 8] < 1/C. Fi-

nally the distribution of (Xt(k1 """ k")>k i converges (in the sense of finite marginals, i.e.,
1 n €N

t(kl""’k”)) ) towards the law of

on polynomials involving only a finite number of the (X
E1yeeoskp €NP

)k . as t goes to infinity. We do not detail the proof of the facts above but just
1,--,kn EN?

underline that it is based on the uniform boundedness of Xtﬁ . They allow us, by letting ¢ going to
infinity, to prove that for n C B(3, &) NT(c),

X" = X8+ Z H X (k1yskin)

with X7 with law Ty, and operators (X ktseeskn) gy oo K, € N™) uniformly bounded by C. We
thus get the analyticity. Moreover, when 3 = 0, the X (kl """ kn) can be explicitly constructed via
the free Brownian motion, thus giving a ’free probabilist’ representation of the laws v, = Mpg.

3. Discussion

e Uniqueness of the solution to the Schwinger-Dyson equation is not true in general as
well as convergence of the dynamics to a solution is not true in general (see [17], section
7.1). The situation is even more dramatic than in the classical case since, because of the
boundedness of S, the process may not be able to quit a well of the potential W inside
which it started (with probability one).
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The study of a low temperature phase should be doable. Dembo, Maurel Segala and
myself started the analysis of the static case but not of the associated dynamics.

In this paragraph, we have constructed via a free Brownian motion the solution 7, that,
as we have seen, is related with the enumeration of maps. Can this be useful to understand
better the enumeration question? Note (see section 4.25) that in the case m = 1, the
fact that 7, was a probability measure with connected support allowed to get a priori an
explicit formula for My, .

In the same vain, one can wonder how critical exponents (that govern the polynomial
decay of the numbers Mo((ki,q:),1 <4 < n)) could be detected by our dynamics. Note
here that they are related with the analyticity (or absence of analyticity) of 7 (P).

The fact that 7y is a state (i.e that 7y (PP*) > 0 for all polynomials) is a triviality from
the random matrices points of view. However, when thought as the same property for
the associated enumeration of graphs, it becomes much less transparent. Could there be
a combinatorial explanation why 7y is a state? This question also applies for one matrix
when we wonder why 7y is a probability measure.

In classical statistical mechanics, it is known, for instance in spin glasses, that the dy-
namics may have a phase transition before the statics do. Could this happen here?
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