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Abstract

We estimate the asymptotics of spherical integrals of real symmetric or Hermitian
matrices when the rank of one matrix is much smaller than its dimension. We show
that it is given in terms of the R-transform of the spectral measure of the full rank
matrix and give a new proof of the fact that the R-transform is additive under free
convolution. These asymptotics also extend to the case where one matrix has rank
one but complex eigenvalue.
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1 Introduction
1.1 General framework and statement of the results

In this article, we consider the spherical integrals

19Dy, Ex) = /exp{Ntr(UDNU*EN)}dm?V(U),
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where m%g) denote the Haar measure on the orthogonal group Oy when g = 1 and on the

unitary group Uy when 5 = 2, and Dy, Ey are N x N matrices that we can assume diagonal
without loss of generality. Such integrals are often called, in the physics literature, Itzykson-
Zuber or Harich-Chandra integrals. We do not consider the case f = 4 mostly to lighten the
notations.

The interest for these objects goes back in particular to the work of Harish-Chandra ([13],
[14]) who intended to define a notion of Fourier transform on Lie algebras. They have been
then extensively studied in the framework of so-called matrix models that are related to
the problem of enumerating maps (after [15], it has been developed in physics for example
in [26], [18] or [20], in mathematics in [5] or [10]; a very nice introduction to these links is
provided in [27]). The asymptotics of the spherical integrals needed to solve matrix models
were investigated in [12]. More precisely, when Dy, Ex have N distinct real eigenvalues
(0:(Dn), Mi(En))1<i<n and the spectral measures fify - = 3 0g,(py) and fiy, = % > Ox,(Ey)
converge respectively to pup and pg, it is proved in Theorem 1.1 of [12] that

i 1
]\}gr})oﬁloglj(f)(DN,EN) = Iup, pe) (1)

exists under some technical assumptions and a (complicated) formula for this limit is given.

In this paper, we investigate different asymptotics of the spherical integrals, namely the case
where one of the matrix, say Dy, has rank much smaller than N.

Such asymptotics were also already used in physics (see [19], where they consider replicated
spin glasses, the number of replica being there the rank of Dy) or stated for instance in
[5], section 1, as a formal limit (the spherical integral being seen as a series in 6 when
Dy = diag(6,0,--- ,0) whose coefficients are converging as N goes to infinity). However, to
our knowledge, there is no rigorous derivation of this limit available in the literature. We
here study this problem by use of large deviations techniques. The proofs are however rather
different from those of [12] ; they rely on large deviations for Gaussian variables and not on
their Brownian motion interpretation and stochastic analysis as in [12].

Before stating our results, we now introduce some notations and make a few remarks.
Let Dy = diag(#,0,---,0) have rank one so that

10D, Ex) = 100, Ex) = [ ™R amQ (), ()
Note that in general, in the case § = 1, we will omit the superscript (/) in all these notations.

We make the following hypothesis :



Hypothesis 1

(1) /lgN converges weakly towards a compactly supported measure [ig.
(2) Amin(En) = minjcicny Mi(En) and Max(En) = maxic;<ny Mi(En) converge respectively
to Amin and Amax which are finite.

Note that under Hypothesis 1, the support of g, which we shall denote supp(ug), is included
into [Amin, Amax|-

Let us denote, for a probability measure pp, its Hilbert transform by H,,, :

Hyp : Ip =R\ supp(up) — R (3)

It is easily seen (c.f subsection 1.2 for details) that H,, : I — H,,(Ig) is invertible, with
inverse denoted K. For z € H,,(Ig), we set R, (z) = K,,(2) — 2! to be the so-called
R-transform of pg. In the case of the spectral measure ﬂgN of En, we denote by Hp,, its
Hilbert transform given by Hg, (z) = ~tr(z — Ex) ™' = £ SN (z — \(En)) L

The central result of this paper can be stated as follows :

Theorem 2 Let § =1 or 2. If we assume that Hypothesis 1.1 is satified and that there is
€ > 0 such that

1B oo = max{|Amaz(Ex)], [Amin(Ex)|} = O (N37¢), (4)

then for 6 small enough so that there exists n > 0 so that

20

E € U ﬂ HEN([)‘HHH(EN) -1, Amax(EN) + 7]]0), (5)
No>0 N>Ng

I9(9) := lim ilogﬂﬁ)(e Ey) = b / "R (v)dv (6)
He " NS N N AT 2 /o wE :

Under Hypothesis 1.2, (4) is obviously satisfied and (5) is equivalent to

20
cH

F UE ([/\mzrw /\max]c>-
This result is proved in section 2 and appears in a way as a by-product of Lemma 14. It

raises several remarks and generalisations that we shall investigate in this paper.
Note that in Theorems 3, 4 and 5 hereafter we consider the case § = 1, which requires



simpler notations but every statement could be extended to the case f = 2. The main dif-
ference to extend these theorems to the case f = 2 is that, following Fact 8, it requires to
deal with twice as much Gaussian variables, and hence to consider covariance matrices with
twice bigger dimension (the difficulty lying then in showing that these matrices are positive
definite).

The first question we can ask is how to precise the convergence (6). Indeed, in the full
rank asymptotics, in particular in the framework of [12], the second order term has not yet
been rigorously derived. In our case, if d is the Dudley distance between measures (which is
compatible with the weak topology) given by

d(p,v) :sup{]/fdu—/fdu

() - )
A7) ana |72

<17w¢y}, )

we have

Theorem 3 Assume Hypothesis 1 and

-1

(i, ) = o (VN ).
Let 0 be such that 20 € H,,, ([AMmin, Amaz]©)-

o If up is not a Dirac measure at a single point, then, with v = R,,,(20),

lim e—N(ev—ﬁ ZL 10g(1—20/\¢(EN)+29v))]N(e’ EN) _ ﬁ

N—o0 \/?7

1
th 7 = | dup(N).
v (K, (2) 3y e
o If ug =9, for some e € R,

lim 6_N061N<0, EN> =1.

N—oo

This theorem gives the second order term for the convergence given in Theorem 2 above.
Indeed, with 20 € H,,,,([Mnins Amaz]€), under Hypothesis 1.2, there exists (c.f. (14) for details)
n(#) > 0 so that for N large enough

1 —=20)\(EN) + 20v > n(0).

Therefore, there exists a finite constant C'(6) < (n(f)~! + |log(n(#))|) such that for N
sufficiently large

N
L > log(1 — 20X(Ey) + 26v) — 1/log(1 — 20\ 4 20v)dpp(N)
N & 2

1 N
< C(9>d <N Z 5>\i(EN)’ ME) )

i=1



where d is the Dudley distance.
Moreover, with v = R,,,,(260), it is easy to see that

1 1 20
v — 5/1og(1 — 20\ + 200)dpg(N) = 5/ Ry (u)du,
0

showing how Theorem 3 relates with Theorem 2.

Another remark is that Theorem 2 can be seen as giving an interpretation of the primitive
of the R-transform R,,,, as a Laplace transform of (UEyU™);; for large N and for compactly
supported probability measures pig.

A natural question is to wonder whether it can be extended to the case where 6 is complex,
to get an analogy with the Fourier transform that seems to have originally motivated Harish-
Chandra. In the case of the different asymptotics studied in [12], this question is open : in
physics, formal analytic extensions of the formula obtained for Hermitian matrices to any
matrices are commonly used, but S. Zelditch [25] found that such an extension could be
false by exhibiting counter-examples. In the context of the asymptotics we consider here, we
shall however see that this extension is valid for |f| small enough. Note that, as far as g is
compactly supported, R, can be extended analytically at least in a complex neighborhood
of the origin (see Proposition 13 for further details).

Theorem 4 Take = 1 and assume that (En)nen is a uniformly bounded sequence of
matrices satisfying Hypothesis 1.1 where ug is not a Dirac mass.

Assume furthermore that d(jiy, , pg) = O(Wfl), where d is the Dudley distance defined by
(7).

Then, there exists an r > 0 such that, for any 6 € C, such that || < r,

1 1
lim - log I (6, Ex) = 0v(6) - - / log(1 + 200(0) — 20\ dus(\),

N—oo

where log(.) is the main branch of the logarithm in C and v(0) = R,,,(20).

Note that the case ug = 9. is trivial if we assume additionnally Hypothesis 1.2 with Ay,
and Apax the edges of the support of ug since then max;<;<n |\; — €| goes to zero with N
which entails

) 1
J\}l_r}f;oﬁlogIN(G,EN) = fe
for all 6 in C.

The proof of Theorem 4 will be more involved than the real case treated in sections 2 and
3 and the difficulty lies of course in the fact that the integral is now oscillatory, forcing us
to control more precisely the deviations in order to make sure that the term of order one in
the large NV expansion does not vanish. This is the object of section 4.



Once the view of spherical integrals as Fourier transforms has been justified by the extension
to the complex plane, a second natural question is to wonder whether we can use it to
see that the R-transform is additive under free convolution. Let us make some reminder
about free probability : in this set up, the notion of freeness replaces the standard notion of
independence and the R-transform is analogous to the logarithm of the Fourier transform
of a measure. Now, it is well known that the log-Laplace (or Fourier) transform is additive
under convolution i.e. for any probability measures p, v on R (say compactly supported to
simplify), any A € R, (or C)

log/e)‘xdu * pu(x) = log/emd,u(x) + log/e)‘xdu(a:).

Moreover, this property, if it holds for A’s in a neighbourhood of the origin, characterizes
uniquely the convolution. Similarly, if we denote pH v the free convolution of two compactly
supported probability measures on R, it is uniquely described by the fact that

Rum(N) = R,(N) + Ru(N)

for sufficiently small A\’s. Theorem 2 provides an interpretation of this result. Indeed, Voiculescu
[24] proved that if Ay, By are two diagonal matrices with spectral measures converging to-
wards 4 and pp respectively, with uniformly bounded spectral radius, then the spectral
measure of Ay + UByU* converges, if U follows mg\%), towards pa B pp. This result extends
naturally to the case where U follows mg\l,) (see [6] Theorem 5.2 for instance). Therefore, it
is natural to expect the following result :

Theorem 5 Let f = 1, (An, Bn)nen be a sequence of uniformly bounded real diagonal

matrices and Vi following mg\l,).

(1) Then

1 1
Jim (N log I (0, A + VwBaVz) — [ - log In(0, Ay + vNBNvagp(vN)) — 0 as.
— 00
(8)
(2) If additionnally the spectral measures of Ay and By converge respectively to pia and pp

fast enough (i.e. such that d(fiay,pa) + d(iipy, ) = o(ﬁ_l)) and pa and pp are
not Dirac masses at a point, then, for any 6 small enough,

1 . o1 o1
A}gréoﬁlogIN(Q,ANjLVNBNVN) = ]\}LI%ONIOgIN(Q’AN) +]\}1£IC1>ON10g[N(9, By) a(.s.)
9

Then the additivity of the R-transform (cf. Corollary 22) is a direct consequence of this
result together with the continuity of the spherical integrals with respect to the empirical
measure of the full rank matrix (which will be shown in Lemma 14).

Note that the case where 4 or pup are Dirac masses is trivial if we assume that the edges of
the spectrum of Ay or By converge towards this point. The general case could be handled



as well but, since it has no motivation for the R-transform (for which we can always assume
that the above condition holds, see Corollary 22), we shall not detail it. Section 6 will be
devoted to the proof of this theorem which decomposes mainly in two steps : to get the
first point, we establish a result of concentration under mg\l,) that will give us (8); then to
prove the second point once we have the first one it is enough to consider the expectation of
% log In(0, Ay + VN By V3) and if one assumes that

lim jlv / (log / 69N<UANU*+UVNBNVW>Hdmgy(U)) dmiy (V)

_ Nhféo 1 log//eHN(UANU*JrUVNBNV;,U*)Hdmg\lf)(U)dmg\lf)(v) (10)
the equality (9) follows from the observation that the right hand side equals N~ log Iy (6, Ax)+
N1 IOg ]N(Q, BN)

Note that equation (10) is rather typical to what should be expected for disordered parti-
cles systems in the high temperature regime and indeed our proof follows some very smart
ideas of Talagrand that he developed in the context of Sherrington-Kirkpatrick model of spin
glasses at high temperature (see [22]). This proof is however rather technical because the
required control on the L? norm of the partition function is based on the study of second
order corrections of replicated systems which generalizes Theorem 3.

The next question, that we will actually tackle in section 5, deals with the understanding of
the limit (6) for all the values of . We find the following result

Theorem 6 Let 5 =1 or 2. Assume ﬂgN satisfy Hypothesis 1.
If we let Hyin, := lim H,,,(2) and Hyep = B\m H,,(z), then

ZT min

N—oo

1 2 2
lim < log 100, Ex) = 19(0) = 6v(0) — ’g / log (1 + Bev(e) - 59A> dpp ()

with

2 : 20
R,uE (BG) Zf Hmzn < B < Hmar
_ B ip20
U(0> - )\ma:c Y] [/ f > Hmaa}
B8 - p 20
)\min 92> Zfﬁ < Hmzn
Note here that the values of A\, and \,,., do affect the value of the limit of spherical
integrals in the asymptotics we consider here, contrarily to what happens in the full rank
asymptotics considered in [12].

As a consequence of Theorem 6, we can see that there are two phase transitions at H,,q./3/2



and H,,;, /2 which are of second order in general (the second derivatives of I, (6) being
discontinuous at these points, except when ApaxH},, (Amax) = 1 (or similar equation with
Amin instead of Apax), in which case the transition is of order 3). These transitions can in
fact be characterized by the asymptotic behaviour of (UFExU*);; under the Gibbs measure

8,0 _ 1 NO(UENU*)11 (8)
duy (U) [J(\?)(e’ EN)e dmy’ (U).
For 6 € [M, Mr, (UENU*)y; saturates and converges pih’-almost surely towards
Amaz — 2% (resp. Amin — 2%) Hence, up to a small component of norm of order 6!, with high
probability, the first column vector U; of U will align on the eigenvector corresponding to
either the smallest or the largest eigenvalue of Ey, whereas for smaller 0’s, U; will prefer to
charge all the eigenspaces of Fy.

Another natural question is to wonder what happens when Dy has not rank one but rank
negligible compared to N. It is not very hard to see that in the case where all the eigenvalues
of Dy are small enough (namely when they all lie inside H,,, ([Amnin, Amaz])), we find that
the spherical integral approximately factorizes into a product of integrals of rank one. More
precisely,

Theorem 7 Let 3 = 1 or 2. Let Dy = diag(0y, ..., 03 (x), 0. .,0) with M(N) which is

o(N2¢) for some € > 0. Assume that fig, fulfills Hypotheszs 1.1, that ||Ex||e = o(N27%)
for some € > 0 and that there exists Ng € N and n > 0 such that, for all N > Ny and i from

1 to M(N), 2 ([/\mm(EN) - )‘mam(EN) + n]c)'

1 M)
Then, if ——— M) Z (59N converges weakly to pp,

(8) _
exists and 1s given by
M(N)
N
(D) = lim Mi Z 196! /[ 9 (0)dpup (0 (11)

This will be shown at the end of section 2, the proof being very similar to the case of rank
one. It relies mainly on Fact 8 hereafter and comes from the fact that in such asymptotics
the M(N) first column vectors of an orthogonal or unitary matrix distributed according to
the Haar measure behave approximately like independent vectors uniformly distributed on
the sphere. This can be compared with the very old result of E. Borel [4] which says that
one entry of an orthogonal matrix distributed according to the Haar measure behaves like
a Gaussian variable. That kind of considerations finds continuation for example in a recent



work of A. D’Aristotile, P. Diaconis and C. M. Newman [7] where they consider a number of
element of the orthogonal group going to infinity not too fast with N. In the same direction,
one can also mention the recent work of T. Jiang [16] where he shows that the entries of
the first O(N/log N) columns of an Haar distributed unitary matrix can be simultaneously
approximated by independent standard normal variables.

Note that P. Sniady and one of the author could prove by different techniques that the
asymptotics we are talking about extend to M (N) = o(N).

Of course we would like to generalize also the full asymptotics we've got in Theorem 6 to the
set up of finite rank i.e. in particular consider the case where some (a o(N) number) of the
eigenvalues of Ey could converge away from the support. It seems to involve not only the
deviations of \,,.; but those of the first M ones when the rank is M. As it becomes rather
complicate and as the proof is already rather involved in rank one, we postpone this issue
to further research.

To finish this introduction, we also want to mention that the results we’ve just presented
give (maybe) less obvious relations between the R-transform and Schur functions or vicious
walkers.

Indeed, if s, denotes the Schur function associated with a Young tableau A (cf. [21] for more
details), then, it can be checked (cf. [11] for instance) that

s\(M) = I <logM, ;f) A <]i[> W

with [; = A+ N —i, 1 <i < N and A(M) = [[,;(M; — M;) when M = diag(My,--- , My).
Thus, our results also give the asymptotics of Schur functions when N~1§ N-1(\i+N—i) COn-
verges towards some compactly supported probability measure . For instance, Theorem 2
implies that for 6 small enough

9
]\}im Jblog (H(Nl()\j —j=N+i) e 1, 1)) = / R, (u)dutlog(O(e’ — 1)71).
oo i>j 0

Such asymptotics should be more directly related with the combinatorics of the symmetric
group and more precisely with non-crossing partitions which play a key role in free convolu-
tion.

On the other hand, it is also known that spherical integrals are related with the density
kernel of vicious walkers, that is Brownian motions conditionned to avoid each others, either
by using the fact that the eigenvalues of the Hermitian Brownian motion are described by
such vicious walkers (more commonly named in this context Dyson’s Brownian motions) or
by applying directly the result of Karlin-McGregor [17]. Hence, the study of the asymptotics
of spherical integrals we are considering allows to estimate this density kernel when N —1 vi-
cious walkers start at the origin, the last one starting at 6 and at time one reach (z1,...,2y)
whose empirical distribution approximates a given compactly supported probability measure.



1.2 Preliminary properties and notations

Before going into the proofs themselves, we gather here some material and notations that
will be useful throughout the paper.

1.2.0.1 GGaussian representation of Haar measure

In the different cases we will develop, the first step will be always the same : we will represent
the column vectors of unitary or orthogonal matrices distributed according to Haar measure
via Gaussian vectors. To be more precise, we recall the following fact :

Fact 8 Let k < N be fixed.

e Orthogonal case.

Let U = (u4)1<ij<n be a random orthogonal matriz distributed according to mg\lf), the Haar
measure on O. Denote by (u”)),<;<n the column vectors of U.

Let (g, ..., g®) be k independent standard Gaussian vectors in RN and let (g, ..., §")
the vectors obtained from (g(l), ..., g®) by the standard Schmidt orthogonalisation procedure.
Then it is well known that

(u(l)a7u(k))w< ‘?(1) [ ?(k) >7
1] Al

where ||.|| denotes the Euclidean norm in RN and the equality ~ means that the two k x N-
matrices have the same law.

e Unitary case.

With the same notations, let U be distributed according to mg\?), the Haar measure on Uy . Let
(g R, g E gL gD be 2k independent standard Gaussian vectors in RN and let
(GW,...,G®) be the k vectors obtained from (gMWF 4 igW I gWLR 4 jgLI) by the
standard Schmidt orthogonalisation procedure with respect to the usual scalar product in CN.
Then we get that

where ||.|| denotes the usual norm in CN.

Note that heuristically, the above representation in terms of Gaussian vectors allows us to
understand why the limit in the finite rank case behaves as a sum of functions of each of
the eigenvalues of Dy. Indeed, in high dimension, we know that a bunch of k (independent
of the dimension) Gaussian vectors are almost orthogonal one from another so that the or-
thogonalisation procedure let them almost independent.



1.2.0.2 Some properties of the Hilbert and the R-transforms of a compactly
supported probability measure on R

Let Amin(E) and Apax(E) be the edges of the support of pg. For all Apin < A (F) and
Amax = Amax(E), let us denote by H,,i, := liAm H,,.(z) and H,,o, = lim H,,(2), where

ZT min ZxLAmaz
H,, was defined in (3).
We sum up the properties of H,, that will be useful for us in the following

Property 9 :

(1) H,, is decreasing and positive on {z > Apnay} and decreasing and negative on {z <
(2) Therefore, Hypp exists in R* U{—o0} and Hpqe, exists in R U {+o00}.

(3) H,, is bijective from I = R\[Amin, Amax] onto its image I' :=|Hpin,, Hpao[\{0}.

(4) H,, is analytic on I and its derivative never cancels on I.

The third point of the property above allows the following
Definition 10 :
(1) K,, is defined on I' as the functional inverse of H,,

(2) I' does not contain 0 so that, on I', we can define R, given by R, (V) = K., (7) —
for any v € I'.

[

~

We will need to consider the inverse @),,,, of R,,,. To define it properly, we have to look more
carefully at the properties of R,,,. We have :

Property 11 :

(1) K,, and R,, are analytic (and in particular continuously differentiable) on I'.
(2) R,, is increasing and its derivative never cancels.

(3) lim Rup(7) = lim Rup(1)=m = [ Mus(}).

1 1
(4) R, is bijective from I' onto its image 1" := :|>\mz'n —

T Amaz — T \{m} so that

we can define its inverse @, from 1" to I'. Moreover, Q,, is differentiable on 1".

The proof of these properties is easy and left to the reader.

The following property deals with the behaviour of these functions on the complex plane.
A proof of it can be found for example in [23]. We first extend the definition of the Hilbert

11



transform, that we denote again H,, by

H,, : C\supp(upg) — C (12)

1
dps(\N).

Property 12 :

(1) There exists a neighbourhood A of oo such that H,, is bijective from A into H,,(A),
which is a neighbourhood of 0.

(2) We denote by Kfﬁg its functional inverse on H, (A) and Rff; is given by Rff;(y) =
K©(y) - % for any v € H,,(A) (that does not contain 0).

E

(3) Rng) is analytic and coincides with R, on I' N H,,,(A). Therefore, we denote it again
R,..

Note that throughout the paper, we will denote A; := X\;(Ey), 6; := 0;(Dy) (and even 6 will
denote 0, (Dy) in the case of rank one) and and we recall that Hg, denotes the Hilbert trans-

1
form of iy and is given, for x € [min \;(Ey), max \;(En)|, by Hg, (z) = Ntr(a: — Ex) L

We now state the following property, which will be useful in the proof of Theorem 4 :

Proposition 13 If (Ey)yen is uniformly bounded and satisfying Hypothesis 1.1, there exists
r > 0 such that, for any 0 € C such that |0| < r, there is a solution of

1

Hp, (29 + UN(9)> — 20,

such that vy (0) o R, (20).

Proof of Proposition 13 : Let Ay be a neighbourhood of oo on which Hp, is in-
vertible (Ay can be given as {z/|z| > Ry}, for some Ry). For any n > 0, we denote
by A% = {z € Ayx/d(z, A%) = n}. Let 6 be such that there exists n > 0 such that
20 € Unys0 Nvsny Hey (AY), we take vy () the unique solution in A% — (20)! of

1

Since, for all A € Uny=0Nnsn, Supp(ﬂgN), the application z — (2 — A\)~! is continuous
bounded on Up, o Nysn, AN, under Hypothesis 1.1, vy (6) converges to R, (26).

Furthermore, the fact that (Ey)yen is uniformly bounded ensures that we can choose the
An’s such that there exists r > 0 such that Uy, o Nysn, Hey (AY) D {0/160] < 7} [

12



2 Proof of Theorems 2, 7 and related results

Before going into more details, let us state and prove a lemma which deals with the continuity
of Iy and its limit. We state here a trivial continuity in the finite rank matrix but also a
weaker continuity result in the spectral measure of the diverging rank matrix, on which the
proof of Theorem 2 is based.

Lemma 14 (1) For any N € N, any sequence of matrices (En)nen with spectral radius
|EN||oo uniformly bounded by ||E||s, any Hermitian matrices (Dy, Dy)yen,

1 3 )
~ log 1P (Dy, Ex) — + log 1) (Dy, EN)‘ < ||E||sotr| Dy — Dy

(2) Let Dy = diag (0,0,---,0). Assume that there is a positive n and a finite integer Ny
such that for N > NO 2—; € Hp,([Amin(EN) — 1, Amax(EN) + 1]¢). We let vy be the
unique solution in —B(20)™" + [Auin(Ex) — 1, Amax(En) + 1] of the equation

g B
—H =1. 1
26" \ 29 TN (13)

Then, vy € [Amin(EN), Amax(EN)] and for any ¢ € (0, %), there exists a finite constant
C(n,C) depending only on n and ¢ such that for all N > Ny

1 20 20 1
10w 1870.83) — oy + 0 5w (14w~ )| < 0. Ol

2N ¢ 6] B

(8) Let Dy = diag(6,0,--- ,0). Let Ex, Ex be two matrices such that

where d is the Dudley distance on P(R) and so that both Ey and Ey satisfy (4).
Let n > 0. Assume that there exists Ng < 0o so that for N > Ny, 2—; € Hi, ([Min(En) —

7, Amax (EN) + 1)) N HEN([)\min(EN) — 1, Amax(En) +1]°). Then, there exists a function
g(6,m) (independent of N ) going to zero with § for any n and such that for all N > Ny

1 1 -
108 1N (D Ey) — 57 log I (D, Ex)| < 9(6.1)

Note that the third point is analogous to the continuity statement obtained in the case
where Dy has also rank N in [12], Lemma 5.1. However, let us mention again that there is
an important difference here which lies in the fact that the smallest and largest eigenvalues
play quite an important role. In fact, it can be seen (see Theorem 6) that if we let one
eigenvalue be much larger than the support of the limiting spectral distribution, then the

13



limit of the spherical integral will change dramatically. However, Lemma 14.3 shows that
this limit will not depend on these escaping eigenvalues provided || is smaller than some
critical value 0y(Amin, Amax) (= min(|HpminB/2|, |Hmaz5/2])).

Before going into the proof of Lemma 14, let us show that Theorem 2 is a direct consequence
of its second point.

Proof of Theorem 2 : Since we assumed that, for N large enough, 2057 € Hg,, ([Amin(En)—
7, Amax(En) +1]¢), we can find a vy satisfying (13). Note that vy is unique by strict mono-
tonicity of Hg, on | — 00, Amin(En) — n[, where it is negative, and on [Apax(EN) + 1, 00,
where it is positive. Therefore,

(20)_1 + UN S [)\mln(EN) - 777 AmaX(EiN) + 77]C

ensures that

20 20 2/
1— 20+ Zoy > 22
gt gN T g

so that, because of the uniform continuity of Hg, on [Amin(En) — n, )\maX(EN) +n]°, as /lgN

(14)
converges to (g, vy converges to v the solution of H, (29 + v) = /3 9 and

20 2«9 20 20
h_I)n N210g<1+ﬁv1\;— ) /1g<1+v—ﬁ)\>d,u];()\)
Furthermore, the computation of the derivative of 6 — 6v — 5 5 Ilog (1 + %91) — 2—;>\) dup(N),
with this particular v = R, (2057") allows us to get the explicit expression

20 20 7
HU—g/log <1+Bv_5/\> dug( ):g/oﬂ R, (u)du

Therefore, Hypothesis (4) together with Lemma 14.2 finishes the proof of (6).

Now the last point is to check that under Hypothesis 1, the assumption of Lemma 14.2 is
equivalent to 20/5 € H,,, ([Amin; Amax|)-

Let us first observe that H,,, ([Amin, Amax|®) = Up=0 Hup ([Amin — 7, Amax +1]¢) and that, under
Hypothesis 1,

H,uE([)\mln 277a >\max + 277 C U ﬂ HEN min EN) mn, )\max(EN) + 77]6)7
No>0 N>Ng

since, for any A € Un,soNnsn, SUPP(fif, ), the application z — (z — X\)~' is continuous
bounded on [Amin — 27, Amax +27]¢. Therefore, 20/8 € H, . ([Amin, Amax]®) implies the assump-
tion of Lemma 14.2.

Conversely, we get by the same arguments that

U m HEN min EN) - 2777 )\max(EN) + 277] ) C HME([Amin -, >\max + n]c)v

No>0 N>Ng
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what completes the proof. [ |
2.1  Proof of Lemma 14

e The first point is trivial since the matrix U is unitary or orthogonal and hence bounded.
e Let us consider the second point. We now stick to the case f = 1 and will summarize
at the end of the proof the changes to perform for the case 8 = 2. We can assume that
the {\(En), -+, Anv(EN)} is not reduced to a single point {e} since otherwise the result
is straightforward. We write in short I (0, Ex) = ](\})(DN, EyN). The ideas of the proof are
very close to usual large deviations techniques, and in fact in some sense simpler because
strong concentration arguments are available for free (cf. (15)). Following Fact 8, we can
write, with (A, -+, Ay) the eigenvalues of Fy,

N oXig?
In(0,Ey) =E [exp {N@‘NlH

2

i=1Yi
where the g¢;’s are i.i.d standard Gaussian variables. Now, writing the Gaussian vector
(g1, -..,9n) in its polar decomposition, we realize of course that the spherical integral does

not depend on its radius r = ||g|| which follows the law

pn(dr) == Z3 N te 2 dr,
with Zy the appropriate normalizing constant.
The idea of the proof is now that r will of course concentrate around /NN so that we are
reduced to study the numerator and to make the adequate change of variable so that it
concentrates around vy. For k£ < 1/2, there exists a finite constant C'(x) such that

2
71N172N

— - 1‘ > N"‘) < C(k)e 1 : (15)

r
PN(

N

Such an estimate can be readily obtained by applying standard precise Laplace method to
the law py of (N — 2)~!72 which is given by
N—-2

pn(de) = Zytls0e™ 2 {@dx

with f(r) = 2 — logz. Indeed, f achieves its minimal value at = = 1 so that for any € > 0,
there exists c(e) > 0 such that Zypn (|7 — 1| > €) < e N, Now, o, = inf{f"(z),|z — 1| <
€} > 0 so that Taylor expansion results with

ZNﬁN(’x - 1‘ > Nﬁﬂ) < @’C(E)N +/ 6f¥g€y2dy < e,%Nl—zn
y=N—"

where the last inequality holds for N large enough. A lower bound on Zy is obtained similarly
by considering &, = sup{f” (z), |z — 1| < ¢} > 0 showing that Zy > é(e)\/Nfl. We conclude

15



by noticing that o, goes to one as € goes to zero. Note that such a result can also be seen as
a direct consequence of section 3.7 in [8].

From this, if we introduce the event Ay (k) := {‘% — 1’ < N‘“} , it is not hard to see that
for any x < 5 and for N large enough (such that 1 — C(/@)e’iNl_zﬁ > 0), we have

Iy, FE
1< ~ (0, N%:N —— < 3(k, )
f— i9;
= [t e { V0% 25
where §(k, N) = W. Therefore,

Vg H
Zz lgl
o N N
<Ok, N)eNeerN “O1EN lloo o) [1AN(H) exp {QZ \ig? — vQngH (16)

i=1 =1

In(0, Ex) <d(k, N)E llAN( exp {N@

for any v € R. Now,

-1

E [um exp {GZ Aig? — vHngH 11 M 200 — zmi] Py(An(k)  (17)

i=1 i=1

with Py the probability measure on RV given by

PN(dgla .- dgN

N
H [\/1 + 20v — 20\, eé(”%”w)‘i)g?dgi]

which is well defined provided we choose v so that
1+20v—20)\;, >0 Vifrom1to N. (18)

Thus, for any such v’s, we get from (16) and (17), that for any x = % —( with ( >0 and N
large enough, since Py(An(k)) <1,

N 1
In(0,En) < H [\/l + 20v — 29)\1} eNOvENT= 10v] NT=X16] | Enlloo (19)

We similarly obtain the lower bound

N -1
In(0,Ey) > e NOU=N'=5[0|( Ex|loo+|v]) H [\/1 + 200 — 29)\1} Pn(An(k))
i=1

16



Now, we show that we can choose v wisely so that for N > N(k),

1
Py(An(r)) = Px(INTlgIF =1l < N77) > 5. (20)
This will finish to prove, with this choice of v, that
1 1-k N -1
In(0, Ex) > 5eMm =N 0+ TT W 1+ 200 — 20, (21)

=1

yielding the desired lower bound.
We know that Py is a product measure under which

are i.i.d standard Gaussian variables. Let us now choose v = vy in —(20)~! + A (En) —
n, )\max(EN) + 77]0 Satisfying

1 20 1 al §12 _ 1 —1 _
B {NHQH ] =k [N; [+ 200y — 207, | 2675 (@) +ov) =1 (@)

We recall from (14) that 1 — 20\; + 20vy > 2|0|n > 0 so that all our computations are
validated by this final choice.

With this choice of vy, we have

I S <7
P I\ T N2 & (14 200y — 200,)2 S NO2p2
so that by Chebychev’s inequality

2
—1 2 —K 2k—1
PR(IN Il =11 > N7 < e,

which is smaller than 27! for sufficiently large N since 2x < 1, resulting with (20).
Finally, since by definition

1 ¥ 1

_ Z -1

N 1-— 2‘9)\1 + 2¢9UN

i=1

with (A;)1<i<ny which do not all take the same value, there exists ¢ and j so that
—20)\; + 20vy > 0, —29>\j + 20vy < 0

so that vy € [Amin(EN), Amax(En)]. Thus, (21) together with (19) give the second point of
the lemma for § = 1.

17



In the case where 3 = 2, the g? have to be replaced everywhere by ¢? + §? with independent
Gaussian variables (g;, §;)1<i<n. This time, we can concentrate

L= L5 g+ Ly

around 2. Everything then follows by dividing ¢ by two and noticing that we will get the
same Gaussian integrals squared.

e The last point is an easy consequence of the second since, for any A € Uy, >0 Ny>n, (supp(/lgN)
N supp(ﬂgN)), the application z — (2 — X\)~! is continuous bounded (with norm depending

on 1) on Uny>o Nvs g [Amin(EN) = 17, Amax (En) + 0)°.

2.2 Generalisation of the method to the multi-dimensional case

In the sequel, we want to apply the strategy we used above to show Theorem 7, that is
to say study the behaviour of the spherical integrals as the rank of Dy remains negligible
compared to v/ N. In this case and if all the eigenvalues of Dy are small enough, we show that
it behaves like a product, namely that we have the equality (11). To lighten the notations,
we let 0; := 0N for all i < M(N).

We will rely again on Fact 8 and write in the case 5 =1,

M N\ ~Z(m) 2
Iy(Dy, Ey) = E |exp {N 3 emm , (23)
m=1

Yit(g )
where the expectation is taken under the standard Gaussian measure and the vectors (§1), ..., g™))
are obtained from the Gaussian vectors (g™, ..., g™)) by a standard Schmidt orthogonali-

sation procedure.
This means that there exists a lower triangular matrix A = (A;;)1<ij<m such that for any
integer m between 1 and M,

m—1
g = ¢m 4 Z Amjg(J)
j=1
and the A;;’s are solutions of the following system : for all p from 1 to m — 1,

m—1
(g(m)7g(p)) + Z Amj<g(j),g(p)> =0, (24)

j=1

18



with (.,.) the usual scalar product in RY.

Therefore, if we denote, for ¢ and 7 between 1 and M, with ¢ < j,
X e g gy
N N Y
and N
., 1 -
v = LS a
=1

then, for each m from 1 to M, there exists a rational function F,, : R™(™+1) — R such that

M (g™
~ (52 = Fn((X¥, Y )1<icjcm) (25)
1=1\J1

. . m(m+1)
and a rational function G,, : R > 5 R such that

1 ol ~(m i
N S G = Gal(XiD1<i<sam)- (26)
i=1
We now adopt the following system of coordinates in RM¥ : ry, agl), . ,ag\l,)_l are the polar
coordinates of gV, 7y := ||g?||, B is the angle between g™ and ¢®, P ,045\2,)_2 are the
angles needed to spot g® on the cone of angle #; around gV, then r3 := ||g®®|, 3% the
angle between ¢® and ¢ (i = 1, 2) and o{¥, ..., a?, the angles needed to spot ¢® on

the intersection of the two cones...etc...

Then observe that F,,((X¥, Y )i<icjem) depends only on the a’s (because the ng;“ do)

whereas G, ((X¥)1<i<jem) depends on the r’s and the 8’s. Therefore, if we consider the
event

By(r) = {¥, |Xh-1|<N™ Vi#j |XF|<N},
then, as in the case of rank one, we can write that
IN(Dy, Ey) < B [Lpy e O8] 4 P(By (5)°) Iy (Dy, Ey). (27)

Now we claim that, for N large enough, for any x > 0, there exists an a > 0 such that
P(Bn(k)¢) < C'(k)e N, (28)

Indeed, as in (15),

P(By(r)°) <§P (Jxi =1 > N7) + f P(|xx]> N

=1

¢ /i)Me*iNl_% + CQ(/Q)MZe*%Nl_M’

/N

19



what gives immediately (28).
Now, as far as k < %, (27) together with (28) give

In(Dy, Ey)

E [1on g0 P08 77)]

1< < 1+ €(N, k),

with €(NV, k) going to zero.

We now want to expand Fj; on By (k) as we did in the previous subsection.
As the A;;’s satisfy the linear system (24), we can write the Cramer’s formulas corresponding
to it and get

o det(RR) 1 <ricion

v det (X ) 1<ricio1’

where

— XN if | = j.
Now, we look at the denominator and can show that

i—1
det(X]Ii/l)lnggi_l >1- Z(MN—H)S >

s=1

Y

N | —

where the last inequality holds for N large enough as far as M = o(IN*).
We now go to the numerator : expanding over the jth column, we get this time that

i—1
det(RN)1<kiciot S N7+ (M — 1)N 2> (MN")* < eN™*,

s=1

where again the last equality holds as far as M = o(N*) and c is a fixed constant.
From the two last inequalities, we have that, on By(k), sup,; [Ay| < /N7".
From that we can easily deduce that, for any m less than M, we have

1 m=l . .
< 5 2 MAuAud (g, g < NTMENTR 4 M) < N7

i,j=1

(m) _ <m>H2

L.
Ng g

From these estimations and (23), for any vjv , we get the following upper bound :

M
In(Dy, En) < (1 +€(k,N)) exp{NZijév}
j=1

1 N S())2 _ N1 N (#0))2
1 M No N 2ie1 )‘i(gz’ ) - sz':1<gi )
st L exp s N0 e ) (L 10
L+ = (IGO0 — 901R) + (ElgO] — 1)

20



< (14 €(k, N)) exp{Nil@ij}

I SN (0NN ()2 x
E |1pye | exp sz)\i(gi ) —v; 93’2(% ) [1—}—04]\7 ]
Jj=1 i=1 i=1
M
< (1 + e(k, N))exp{NZijjN}exp{Csup 160;1(|| Enlloo + sup |UJN|)MN1_“}
j=1

E

M N A 2 N A 2
[Tow {0 £0)" - 26} |
j=1 i=1 i=1

where C' is again a fixed constant.

From the hypotheses of Theorem 7, we know that there exists an N such that 20; ¢
Hey (Main(Ex) — 0, Amax(Ex) + 1)), from which we can easily deduce that [26;] < n~'.
Moreover, as in the proof of Lemma 14.2, |[v)| < || Ex||o is uniformly bounded. Therefore,
we get

) 1
lljf\?jolipmlog In(Dn, En) < /IuE<9)dMD(9)-

We also get a similar lower bound and conclude similarly to the preceding subsection by
considering the shifted probability measure Pﬁ,l """ bur — ®j]‘/i1P§; where

. R
PY(dg,. ... dgy) = =1 \/1 + 200N — 20, e 2020 202097 g,
V2T =1
This concludes the proof of Theorem 7. [ |

3 Central limit theorem in the case of rank one

Under the hypotheses of Theorem 2, vy (defined by (13)) is converging to v = R, (%9) and

we established that the spherical integral is converging to fv — g J 10g(1 + 2—;2} - %A) dug(N).
In the case where the fluctuations of the eigenvalues do not interfere, we can get sharper
estimates, given, in the case f = 1, by Theorem 3. This section is devoted to its proof,

7N<6RuE (20)— 5 > log(1+20 Ry, (20)—20; )

namely the study of the behaviour of e ) In(0, Ey).

Proof of Theorem 3

e We first treat the non degenerate case g # 0.
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Let us first make an important remark : the hypothesis that d(i, , ur) = o(V'N _1) has the

two following consequences :
1

v —on| = o(VN ) (29)
and  lim VN(Hg, — H,,)(K,,(20)) = 0. (30)

N—o00
Indeed, since 20 € H,,([Amin, Amaz]®), there is an n > 0, such that, for N large enough,
20 € Hg, ([Min(En) — 0, Amax(En) +1]°). Therefore, as for any A which is in supp(iy, ) for
N large enough, z — (z — A)~! is uniformly bounded and Lipschitz on Ny n,[Amin(Ex) —
1, Amax(En)+1]¢, we get directly (29), and also (30) as we know that K, (20) € [Anin, Amas]-

For v = R, (20), we set
1 X, 1 X,
== c—1 dn=|=) Ng —v].
TN <N ;gz > anda yn (sz:l g; ’U)

Let us also define for € > 0

v+
ex ON dP i ),
p{ 7N+1}i:]_[1 (9:)

with P the standard Gaussian probability measure on R. We claim that, for any ¢ > 0, for
N large enough,

150, E) = |

I’YN‘<67|'AYN|<€

In(0, Ex) — I5(0, Ex)| < e “In(0, Ey). (31)
Indeed, consider
N 2 N
0 21 Aig;
py(dg) = —————exp HN} dP(g;).
w(d9) In(0, Ex) { Y g Z:H1 (99

(31) is equivalent to

e N (32)

N | —

1 - A~
iy (vl 2 ) < ge™ and ufy (| 2 €) <

The first inequality is trivial since by (15), for k < %,

2

0 &\ _ L_ K _%N172n
HN(|'7N|ZN )_pN<N 1‘2N )Se -

To show the second point, following the proof of Lemma 14, we find a finite constant C'(k)
so that
. KN1-F - .
1% (Al > €) < C(k)e“WN T PlIENl= py (14| > €)
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where under Py the g¢; are independent centered Gaussian variable with covariance (1 —
20); + 20vy)~!. Hence

Py (|An] > €) = P®N <| Z 1— 20\, +29vN g U| - 6) ‘

Let us denote Ey = ¢y, (Ey) with gbv(x) = z(1 — 20z + 20v)~'. Then, the spectral mea-
sure of Ey _converges towards 5 == ¢,fup since vy converges towards v (see (29)). More-
over )\mm(EN) and )\max(EN) converge. Hence, we can apply Proposition 18 to obtain a
large deviation principle for the law of & >V | Xi(En)g2 under P2N with good rate function
L(z) = inf, K(u, 2) = $h.(K,,,(Q,,(2))). Following the proof of Lemma 21, L has a unique
minimizer which is

A
=R, . (0) = /—d A)=w.
0=y (0) = | T 5y agy e = v
As a consequence, for € > 0, there exists d(¢) > 0 so that for N large enough

1 A
<’]\7Z§;1—29)\z—|—29111\7gZ v €)=°
This completes the proof of (32).
We now deal with I (0, Ey). We use th i L et = g et that
e now deal wi : . We use the expansion =1- o get tha
N N P 1+ TN 1+ g

. N
—v .
exp {—QN’YNW} exp{ON (9n —vyw)} [T dP(gs).

i=1

I5(0, Bx) = & [

[vwvI<e A I<e

We note that

N _
exp{ON (A — v7v) H dP(g) =TI {\/1 + 200 — 29&} I dP.(a:)
=1 i

with P; the centered Gaussian probability measure

1
dP,(x) = /(27) (1 + 200 — 20),) exp {—2(1 + 200 — 29&-):52} da.

We have that

and we know that K,,(20) € [Amin, Amax|® . Further, arguing as in (14), we find, for any
given 6 > 0, a constant 7y > 0 such that

inf (14 20v —20)\;) > ny

1<i<N
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insuring that the P; are well defined. Therefore,
150, By = N0 =% [ 108(20(K0(260)-2))diveyy (3)

& N
exp {—QN’YNMV} H dP;(g;) (34)
i=1

/|w|<em<e v+ 1

Now, under [V, dP;(g:), (\/ Nyn, VN fAyN) converges in law towards a centered two-dimensional
Gaussian variables (I'y,I's) as soon as their covariances converge. We investigate this con-
vergence.

Hereafter, we shall write g; = (1 + 20(v — \;))"2§; with standard independent Gaussian

variables g;. Then,

LUt SR SR |
N &~ 1+200—20) @ 20 N HEINTHE

E((VN7y)?) = NE

i=1

where we used that

2 = H,, (K,,(20)) = [ me , (35)

and (33). Equation (30) implies

2 R e BT
i B = i N8| (2 i)

i=1

g 2
T Nt N A (1 + 200 — 20,)2

1=

1 1
- 272/ (K, (20) = 22 e = gm0

where the above convergence holds since K, (20) lies outside [Amin, Amax] and therefore
outside the support of ug.

Similar computations give that under the same hypotheses,

Jin BR800 = 55 [ =)

and that

Jim E(VNinvNyy) = 222/ (KME<22> e
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Therefore, provided that the Gaussian integral is well defined, we find that
(0, Ex) = N0 IO NG [ (gl — va)}ar (e, )1+ of1), (30

with T' a centered Gaussian measure on R? with covariance matrix

R L J (K eV [ gy dne(N)

2
251 (K oz i) fmziz_wdw()\)
where we used the notation K, := K, (29).

Following [3], we know that there is one step needed to justify this derivation, namely to
check that the Gaussian integration in (36) is non-degenerate. If we set D := 40%detR, then,
using the relation (35), one finds that D = Z — 462, and that the Gaussian integral in (36)

equals
\/_/exp ( Z wazxj> dxdxs ,

1] 1
where the matrix K equals

2 (Kpu —L)D
K =0 ot + R = 20" fmdu};(k) S e | (Ku;*/\)ZdNE<)\) + %

10 D= (KHE)\—)\)Qd:LLE()‘) +£ J mdﬂfz()\)

(37)
Our task is to verify that K is positive definite. It is enough to check that K7; > 0 and
det K > 0. Re-expressing K11, one finds that

262 ) 1 ) 1
Kll :f <1 — 49K,UE + KMEZ - g(Z - 49 ) <KNE — 26))

26? 1\? A
_D<<K"E_20> Z*w”)

But Schwarz’s inequality applied to (35) yields that Z > 462 as soon as g is not degenerate,
implying that
1 2

Kip > (K#E—%) Z>0,

as needed. Turning to the evaluation of the determinant, note that
46* A
detK = —Z7
¢ (492

2 —1>>O,

where the last inequality is again due to (35). The proof is complete as our limit is given by
det(K)~Y/2 det(R)~'/2.
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e Let us finally consider the case up = d.. In this case, H, () = (x —e)™' and K, (z) =
x7 1 +e, v = e (note also that Z in Theorem 3.1 is equal to 46%). We can follow the previous
proof but then

dim E[(VN (3 —vw))?] = 0.
From here, we argue again using [3| that

lim E[1},,<, 679(1+’7N)71\/N7N\/N(&N*U7N)] -1

Nooo [9n—vyNn|<e

which completes the proof of Theorem 3.

4 Extension of the results to the complex plane

In this section, we would like to extend the results of section 2 to the case where 6 is complex,
that is to show Theorem 4.

As in the real case, we first would like to write that

9 EN H[/GXP{QNZZ 1)\ngz . 724; z}Hdgla (38)
z 1(191 i=1 i
1

ith ¢ —
with G 1+ 200 — 207,

for v such that R(¢;) >0, Viwith 1 <i< N.

This is a direct consequence of the following lemma

Lemma 15 For any function f : CN — C which is invariant by x — —z, analytic outside
0 and bounded on {z = x + iy € C/|y| <z} and for any ({1, .. .,Cn) such that R() > 0
for any i from 1 to N, we have that

N
1 N 2
jN::/f(gly-“;gN)eiﬁZi:lg" Hdgz
=1

N . N
- H\/a/f(\/agla--., CNgN)e_%Zi:ICigi Hdgi’
=1 i=1

with /- is the principal branch of the square root in C.

Proof of Lemma 15:
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We denote by r; the modulus of (; and «; its phase ((; = r;e%).

As f is bounded on R, dominated convergence gives that

jN = lim

N
—IN g2 A
Rsoods0 /[_R7R]N\[_E7E]N f(g1,- . gn)e 2 &z 21_[1 dg;.

Thanks to invariance of f by z — —x, we also have that

N
N 2
Iy = lim 2N/[R}N f(gl,...,gN)e_%Zizlgi Hdgi.
& i=1

R—00,e—0

For each j between 1 and N and R € R™, we define the following segments in C :
Cfé,e = {Teio;j;e <r< R} ,
and the following arc of circles

Dg = {eem;O <a< O;j} and D%, = {Rei"‘;O <a< O;j},

so that, for each j ) e, R] run from € to R followed by Df{% run counterclockwise, followed by

C}.. run from Re'3 to e’ followed by D! run clockwise form a closed path.
Therefore, if we let

iz C—C
x = f(x,x9,...,2N),

then for any (zs,...,2y5) € CN7', & = f#"N(z)e~3*" is analytic inside the contour
e, R|UD% UC%L.UDI!, so that Cauchy’s theorem implies
R~ VYR e y

/[R} f1g27”"gN(91)€7%g%dgl = /cl f{lz,--wgzv(gl)e,%g%dgl

R,e
A

_142 —1g?
fe o (g dg + [ (g g,

1
R

If we denote by

N
JJlV,R = / e—%zizzgf/ fg2IN (gl)e—%g?dgl ...dgn,
[€7R}N—1 D

1
R

we have that
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o]
|J11V Rl :/[ N1 / ’ f(gh s ;gN)eié 25\7:2 ngeiéRQ COS(2ul)dU1d92 Ce dgN
’ e, RIN-1.J0

<3 % R o)

As cos(ay) > 0, we have that for any e, ]%im |Jx gl = 0.
—00 ’

In the same way, if we let

2

N
Lve= /[ RIN-1 €_§Ziz2gi/ F29N (g1)e 2% dgy . . g,

then we have that
—N O
|L}V,e’ < Hf”OO 2m 6?7
. 1 o
so that lli% |Ly.| = 0.

By doing the same computation for each variable, we get that

R—00,e—0 R—00,e—0 cl
i=1"R,e

1 N o o N . 1 N o N
lim /[ RN f(glw'ng)e_EZi:lgi Hdgl - lim /HN f(glu"'7gN)e_§Zi:1gi Hdgz
€ =1 =1

The last step is to make the change of variable in R which consist in letting g; = /7;g; to
get the result announced in the lemma 15 and therefore the formula (38).

We now go back to the proof of Theorem 4 and proceed as in section 2. We let
1Y 1 Y
IN = N ZQQ? —1land gy := N Z )\z'CiQZ‘Q - U(e)a
i=1 i=1

with v(0) = R,,,,(26), which, for |f| small enough, is well defined and such that R¢; > 0, by
virtue of Property 12 and Proposition 13.

Therefore, we find that

N s ) N N
IN<9, EN) = H \/a eN‘% / exp {NH/VN(;}’:J_VVNWN) } e 2 Zi:l 9; H dg“ (39)
=1 i=1

which is almost similar to what we got in (34) except that in the complex plane this is not

so easy to “localize” the integral around 0 as we did before.

g (W(O) v — )
L +9n

1YV 2 N
e 2 2ui=1Y H dg; exists and

Our goal is now to show that lim [ exp (N
N—00 i1

is not null.
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Denote vy = ul¥ + iud — 1 and 4y = vI¥ + ivd —v(0), and let

X = @ ol o) = Xo = ([ @i @ ). [ G @ 0)) - Xo
with d:&N = % Z'fil 5)\1',5]1'7
G = R((L+20(0)8 — 200)7Y), G(A) = S((1+ 20(6)0 — 200) 1),
G3(A) = RO +20(0)0 — 200)71), C(N) = S(M1 +20(0)0 — 200)71)
and Xy = (1,0,R(v(0)),(v(0))).
Then, we easily see as in [2] (cf Lemma 4.1 therein) that the law of X~ under [[¥, v27 e~ 3% dg;

satisfies a large deviation principle on R* with rate function

A*(X) = sup {<YX+X0 /log (1= 2(C(), Y>)duE()\)},

Y eRr4
—2(¢(\),Y)y>0ug Q.S.

with (, ) the usual scalar product on R*.
We denote

FXN) o g2 =) o evy i Yy
L+N
with F} and F, respectively the real and imaginary part of F. With these notations, our
problem boils down to show that E[eNFX™)] converges towards a non-zero limit. Following

[1], we know that it is enough for us to check that

(1) there is a vector X* so that F'(X*) =0 and

) . 1 NF(XN) 1 NF (XM} —
A}gnoo Nhﬁm(><> (N logEle | — N logE[l|XN_X*K%e ]> = 0.
To prove this, the main part of the work will be to show that
a) X* is the unique minimizer of A* — F; (This indeed entails that the expectation can
be localized in a small ball around X*), and then we will check that
b) X* is a not degenerate minimizer i.e the Hessian of A* — F} is positive definite at X*

(As shown in [3], this will allow us to take this small ball of radius of order v N 71).
(2) X* is also a critical point of F;. This second point allows to see that there is no fast
oscillations which reduces the first order of the integral.

e Proof of the first point : To prove a), let us notice that by our choice of v(6) (see
Proposition 13), A* is minimum at the origin and that the differential of F} at the origin is
null. Hence, the origin is a critical point of F; — A* (where this function is null) and we shall
now prove that it is the unique one when |6| is small enough.

For that, we adopt the strategy used in [2] and consider the joint deviations of the law
of (XN, iN). A slight generalization of Lemma 4.1 therein shows that it satisfies a large

29



deviations principle on R* x P(R) with good rate function

T, ) = Tl @ P) 7 (X 4 Xo = [ C0adu(n))
with I(.].) the usual relative entropy, P a standard Gaussian measure and

7(X) = sup {{a, X)},

a€Dy

where Dy = {a € R* : 1-2(r,((\)) = 0 pg a.s. }. From that and the contraction principle
we have that

I(X) = A (X) — F1(X)
= inf sup {I(MWE@P) (X + Xo — /C Ye2du(\, z), a) — Fl(X)}.

HEPR) q:1-2(a,,¢(M\)) >0 pp a.s.

(40)
If we set .
1 (da, dX) = 7 ~2(1=20C0.00% g gy (N
then
Il = Iulise @ P) — (o, [ CO)a?du(h, ) — 5 [[Toa(1 = 2(C(3), 0} ds().
Thus,

100 = int sup () + (X + Xo,0) + 5 [ log(1 = 20(3), a))dps(3) — Fi (X))

HEP(R) «

Observe that the supremum in A*(X) is achieved at some Y since Y — — [log(l —
2(C(N), Y))dug()) is lower semicontinuous and {Y € R* : 1 —2(C(\),Y) > 0 pugp as. }
is compact when ug is not a Dirac mass. Indeed, from the definition of v(f), we find that
e (G(A) > 0) > 0 as well as pp(G(A) < 0) >0 for 1 <7 <4 from which the compactness
follows. Moreover Y satisfies

Gi(A)
1—-2<((\),YX

Consequently,

N(X) = B(X) = [(X) > inf {I(uli?™) + A (X) = R (X))

Since I(p|p¥™) 2 0, we deduce that the infimum in p is taken at g = p¥" . We also check
that [C(\)22dpY” (N, z) = X 4+ X, due to (41). Hence, going back to (40), we find that
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I(X) =Z(pY") with

Z(n) = (s @ P) — F ( [ CO)aPdio, ) = Xo ).

We next show that Z has a unique minimizer for # small enough, and this minimizer satisfies
[ ¢ N)x2du(z, \) = X,. If the infimum is actually reached at a point p* such that F is
regular enough at the vicinity of [ ((\)z?du*(x, \) — X, then this saddle point satisfy the
equation .
_ L bR covmdute ) - Xo)[c (Va2 - ba?

dp(z, \) = 7 / 27 dzdpp (). (42)
Before going on the proof, let us justify that it is indeed the case. Note first that as € goes
to zero, v(0) goes to m = [ Adug(\) and R[(1 + 20v — 201)~'] is bounded below by say 27!
Consequently, Ryy +1 > 27!+ 327 g2 The rate function for the deviations of the latest is
x —log x — 1 which goes to infinity as = goes to zero as log 2 ~!. Therefore, for § small enough,

A*(X) > log(2X,)™!

Since F;(X) is locally bounded , we deduce that the infimum has to be taken on X; > ¢ for
some fixed € > 0. In particular, F7 is C* on this set and equation (42) is well defined.

We now want to use this saddlepoint equation to show uniqueness. Suppose that there are
two minimizers p and v satisfying (42). Then

A= | [ Catdula ) — [COdule, )] < ACH sup [ 1G] (dp(e, ) + dv(a 1)),

as we have that y — DF)(y)[z] is Lipschitz, with Lipschitz norm of order C6|||x|. We have
now to show that for # small enough, these covariances are uniformly bounded. This can
be done using some arguments very similar to the ones we gave above to justify that the
critical points are such that X; > e. We let it to the reader. For 6 small enough, we obtain
a contraction so that A = 0, which entails also ¢ = v. It is easy to check that p such that
[ ¢ N)x2du(z, \) = X, is always a solution to (42), and hence the unique one when @ is small
enough. Observe now that by (42), this minimizer is of the form p* = pu® = uYX*, so that
X* = [((N)x2dp® (x,\) — Xy = 0 minimizes indeed I and is actually its unique minimizer.

This concludes the proof of point a), which was the hard part of the work.

As we announced at the beginning and following [1], we now have to show b), that is to say
to check that this minimizer is non-degenerate. To see that, remark that the second order
derivative of F} at the origin is simply

DR[0T, V) = ROU U — V) < CPI(UE + V) = 18] (Z X?) (43)
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with U = X1 + iXQ, V= X3 + ZX4
On the other side, observe that, as d(iy, ,pe) = O(Wfl), the covariance matrix of
VNN, (3(0) M), o, (3(6)) o) converges as N goes to infinity towards a 4 x 4 matrix

K () which is positive definite. Now, remark that v(0) = R,,,(20) implies that R(0)(3(0)) 'S (v(6))

converges as |0| goes to zero, from which we argue that K(0) is positive definite and bounded.
By continuity in 6 of K(#) we deduce that K(0) < CI for some C' > 0 and 6 small enough.
and the limiting covariances v N(ul, ud, oY, v))(which are also given by the second order

derivatives of A*) converges towards a matrix K’(6) such that
DPAT0J(X, X) = (X, K'(0)7'X) > C7H(XT + X5 + (3(0))7° X5 + (3(0)) " X7)
and hence, this together with (43) gives that, for |0] small enough, 3 D*A*[0] — D*F[0] > 0.

e Proof of the second point : To get Theorem 4, the last step is now to establish the
second point, namely to check that 0 is also a critical point for F,, which is straightforward
computation since F' behaves in the neighborhood of the origin as a sum of monomials of
degree 2 in X.

5 Full asymptotics in the real rank one case

The goal of this section is to establish the convergence and to find an explicit expression for
I

“E
satisfy the hypothesis of Theorem 2. This corresponds to show Theorem 6 (in the case § = 1
to avoid heavy notations).

To simplify a bit further the notations (and without loss of generality as we can see that if
we make a shift of all the \;’s by a constant C', the limit of the integral again exists and is
shifted by C'), we suppose that A\jin = —Anae-

1
0) = A}im N log In(0, Ex) as far as Ey satisfies Hypothesis 1 but 6 do not necessarily
—00

1Y 1 Y
5.1 Large deviations bounds for | — ng, -~ Z Aig:
N = N

1
We denote by uy := — z:gZ and vy : =¥ Z N\ig?.
i=1
We intend to get the followmg result

32



Proposition 16 The joint law i of (uy,vn) under the standard N -dimensional Gaussian
measure satisfies the following large deviations principle :

(1) for all closed set F of R?,

1
limsup — log AN (F) < — inf k(u,v),
N%oopN sH ( ) (u,v)eF ( )

(2) for all open set G of R?,

. 1 ~N .
— > —
h]\rfn inf N log i (G) > (u’lgfeGk(u,v),

where the rate function k is given by

k(u,v) = sup [ﬁu +&v+ ! /log(l — 26 =28 N)dup(N)|, (44)
D 2

2 )\max} .

The proof of Proposition 16 can be decomposed into two steps. We first consider the
log-Laplace transform of the law of (uy, vy) under the standard Gaussian measure on RY
namely, for = = (£,¢') € R?,

1—2¢
28

with D = {(f,f') € R?;

1 -
A]\[(E) = N log E [6N<:7 (UN,UN))}

—an Lica log(1 — 26 = 2¢'\), if for all i, 1 — 26 —2¢'A; > 0

+00, otherwise.

Therefore, according to the hypotheses of Theorem 6, we have that Ay converges to a
function A given by

_1 _ _ / N
AE) = 5 [log(1 —2¢ —28'N)dug(N), if Z €D,

400, otherwise.

It is not hard to see that 0 is in the interior of D and therefore Gértner-Ellis theorem (see
Theorem 2.3.6 in [8]) gives the upper bound 16.1 and the following lower bound : for all
open set G of R, X

l{/\frnﬁloréf N log IaN(G) Z - (u,vi)relgl"l]: k(u’ /U)’
where F is the set of all exposed points for k.
Now, to conclude the proof of Proposition 16, we have to show the following lemma :
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Lemma 17 FEvery point (u,v) such that k(u,v) < oo is exposed for k, with k the rate
function introduced in equation (44), that is to say, for all (u,v) € R?, there exists (Iy,15) €
R? such that for all (u/,v") # (u,v),

hu' 4 10" — k(u',v") > Liu+ v — k(u, v).

The proof of this lemma will be the main object of the next section.

5.2 All points are exposed for k : proof of Lemma 17

We will first establish

Proposition 18 If we denote by K the function defined on R* by K(u,z) = k(u,zu) , by
D = {(u,2z) € R*/u > 0,|z| < Mnaz} and if, for z such that |z| < M\ we define on I the

—A
function h, given by h,(k) = /log % dug(X), if we denote by hZ,;, = limg_x,,.. h.(K)

and h, ., = limy, .. h.(k), then k can be expressed as follows :
he(Kup(Qug(2))) if z €17,
h? if z € I,
t(u—logu—1) +5¢ " d !
’C(U,Z) - hfmn ZfZ S [27
0 if z=m,
+00 if (u,2) # D',
1 1 ,
where 11 : = | Aoz — T )\maw{ and Iy == ]—/\max, —Anaz — 7| and we recall * that
K, is the inverse of the Hilbert transform H,, of ug whereasméjlw 1s the inverse of its

R-transform R, and I" is the image of R,,,,.
Proof of Proposition 18:

(1) The first step is to show that

K(u,z) = %(U —logu —1) + %Sup|,{|>>\maz [h.(K)] VO, if (u,2) €D, )

400, otherwise.

2 For further details, see Properties 9 and 11 and Definition 10.
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We can easily check on equation (44) that K(u, z) = 400 outside D'.
Let now (u, z) be in D'.
— 2

2/¢'|

We consider the case where &' # 0 and denote by k := and o := sgn({’).

It is not hard to see that
D={(k,|{],0); o€ {=141}, [£| >0, k> Anas} -

With these notations,

1 1
ol o+ (5= sle )t S 1oa(2l€) + 5 [ log(s — oA dn(3)].

k(u,v) = sup
D

We are seeking for || that maximises the rate function. We consider the function
g:x— (ov— ku)x + §log(2x) on RY.

As we can easily check, if u > < Aaz, on D we have that (ov — ku) <

0 so that ¢ has a unique maximum, reached at x = , which is equal to

2(ku — ov)

1
5 (log(ku — ov) — 1) . Therefore

K(u,z) = ;(u—logu—l)jL sup (/log (K_U)\> d,uE()\)> :

a_il JK> Amaz

Furthermore, for any z in [—Apaz, Amaz), We have that
K4+ A —K— A
log [ Z2) dup(\) ) = / 1 dis(\
S (/ og (,HZ) 115 ( )) s ( og (_K — > 11 ( ))
= sup (/ 10g< >dﬂE()‘)>
H<_>\ma:¢c

what concludes the proof of formula (45) in the case where £ # 0 .
Otherwise, for &' =0,

K(u,z) = Sup §u + flog(l - 25)] ;(u —logu — 1),
€<

so that (45) is proved.
We now turn to the study of the supremum of h, on {x € R/|x| > Az}

The first remark is that, for any value of z € [— A0z, Amaz], the function h, is analytic
on [—Apazs Amaz]€, in particular differentiable and its derivative is given, for any y €

[_)\maxa )\mam]ca by
1

— (46)

W(y) = Hup(y) —
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We will study the supremum of h, for the different values of z.

We want to show that if z € I”, the supremum of h, is reached at kg = K, (Qu. (%))
e The first point is to show that in the case z € I”, there is a unique ko where A/,
cancels. Indeed :

1

Ko — 2

h/(lio) =0« HME("{O) =

This implies that € I so that, by definition of K

BE>

Rg — =

ROZKME( ! >a (47)

Rg — %

1
which gives that R, () = z.
Rog — %

We know (by point 4. of Property 11) that R,, is bijective on I’, so that, if z € I”,
there exists a unique o € I’ such that z = R, ().

But the function z is also bijective from R\ {z} to R* so, as I’ does not

contain 0, there exists a unique ky # z such that a = and by (47), ko is in [
Rg — %

and can be expressed as kg = K, (Qu.(2)).

e We now want to show that the maximum of h, is actually reached at xy. We claim
the following fact :
Lemma 19 We recall that hZ ;, = lim.4_
Then h* has one of the following behaviour on I :
e if Ko > Az, D is decreasing from O to hZ,, on | — 00, —Apazl, it is increasing from

hZ 0w t0 ho(Ko) on | Amaz, ko] and then decreasing from h,(kg) to 0 on |kg, +00],

o if Ko < —Apaz, . 18 increasing from 0 to h,(kg) on | — 00, ko] then decreasing from
h.(ko) to hZ,;, on ko, —Amaz|, it is increasing from hZ,,, to 0 on |Amaz, +00.
Proof of lemma 19:

We treat in details the case kg > Apaz, the other one being very similar. We recall from

Property 11 that I” is the image of R, .

h.(k) and hZ,,, = lim, ... h.(K).

max max

If Ko > Amaz, B, does not cancel on | — 0o, —Ajez[. We have to determine its sign :

o if H,;, =—00,as z€ ", lim > —o0 so that lim,_,_y, . hl(k) = —00 <0,
k—=—Amaz K — 2

e similarly if H,,;, € R, as z € I”, by property 11,

1 1
> _/\maac - 7:Hmm —— <0
: Hmin _Amax -z
= lim Al(k) <0,
K——Amaz

so that in both case R/, is negative on the whole interval | — 0o, — A4z [. Furthermore, it
is not hard to see that lim,_, . h,(k) = 0 so that h, is decreasing from 0 to h?

min*
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On the other side, we want to find the sign of A’ on |Ape, +00] knowing that it
cancels at kg.
As above, we show that lim,_,, .. 7% (k) > 0 and we deduce from that and the continuity
of 1), that it is positive till xg. Furthermore, h, is also twice differentiable at xy and

h! (ko) = _/(Féoi)\)zduEO\) + (nol_ 2)2

< ([ )+ s <0

where we used Cauchy-Schwarz inequality and the definition of xy. Therefore A/, is nega-
tive for k > Ko and the fact that lim,_, o h,(x) = 0 concludes the proof of Lemma 19. i

We now go back to the second step of the proof of Proposition 18. From Lemma
19, we can see that in both case, the maximum of h, is taken at ko and that this
maximum is positive, so that

K(u, 2) ;(u “logu—1) + ;hz(KﬂE(Q“E(z))), it (48)

The next point is look at h, when z is in [} = ])\max — ﬁ, Armax [

In this case there is no solution to h’(ko) = 0 so that the point is to determine the sign
of b, on the intervals | — 00, = Az and |\ ez, +00[.

1
Note that I; is non-empty if and only if H,,,, < +00. If so, as z > A\jae — T we

have that lim,_,, .. h.(k) < 0 and h, is decreasing from hZ, . to 0 on |\, +00[.

We also have that h/, is negative on | — 00, —Ajuez[. Moreover,

max

L 1 _ L
— — T = -1
y < y )\max + Hpaz y )\ma:r: + f XmalszduE()\)
1 1

g Yy — )\max + f()\maz - >\)d/,LE(>\) - f(y — )\)duE()\) > HHE(y)a

where we used Jensen’s inequality, first with the concavity of x i on R* and then
with the convexity of x — % on R*.

This implies that A/ is negative on | — 00, —Aj4e[ S0 that the maximum of h, is hZ,
and it is again positive, which concludes this second case.

The case z € I, = }—)\max, —Mmaz — %{ is very similar to the case of I; and we let it
to the reader.
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(5) The last point to check is when z = m.
In this case,

1 1

1) = | =% = TSm0y

By Jensen’s inequality again, this is positive if y > A4, and negative for y < — A\ a0z
so that the supremum of h,, is 0.

This concludes the proof of Proposition 18 and we are now ready to complete the proof of
Lemma 17.

As k(u,v) < oo implies that u is positive, we can make the change of variable z = u/v and
it is enough to check that I is strictly convex.

e On RS x [”, K is analytic and as

oK 2

1 0°K
g(u, z) = iQNE(Z)’ so that w(u,z) =

1

LR R (49)
2R, (Qu(2))

the Hessian (which is diagonal) is positive so that it is strictly convex and therefore each
point of this domain is exposed.
e Suppose now that z € I; or I,. We treat in details the case of I, that of I, being very

similar.
We recall that on R} x I,

1 1
K(u,z) = i(u —logu —1) — 5 log(Amaz — 2) + C,

with C' a constant (which is the limit of [log(k — A)dugp(\) as k decreases to Apaz) SO
that it is obviously strictly convex.

e The last point is to check that \qe — ﬁ (and similarly — 00 — %) are also exposed.
From (49), we can check that
oK oK
lim —(u,z) = lim —(u, 2) = Hpaz-
2 Amaz— i 02 Mmaz— i 02

Therefore, Lemma 17 gives us Proposition 16, that is a full large deviations principle for the

joint law of (% S g, % > )\igf) and allow us to perform a Laplace method.
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5.3  Laplace method and existence of the limit

Lemma 20 For any 0 € R, if K is the function introduced in Proposition 18, we have

1,,(0) =sup(0z — K(u, 2)).

U,z

is almost

v
Proof of Lemma 20: We have that uy is almost surely positive and that il

Un
surely less than A, so that we can rewrite

In(0, Ey) =E [eNHf (%)] ,

with
f:R? —R

v
w’?

” < )\maw
(u,v) — '
—o0, otherwise.

We first notice that f is lower semi-continuous so that the lower bound in Varadhan’s lemma
(cf lemma 4.3.4 in [8]) gives that

hrn 1nfﬁ log In(6, E) = sup {9 — k(u, v)} (50)

On the other side, f is bounded above but not upper semi-continuous so to get the limsup,
we rewrite, for any € > 0,

In(0, Ey) = E [Nty o [ 4 R [N even, ]

so that

1 1
lim sup N log In(0, Ey) = max {lim sup logE {eNef(“N’”N)luNx} ,

N—oo N—o0

- N@fu UN)
hmsuleogE{ NoUN 1uN<E}}.

N—o0

But, as f is bounded between —\,,,., and A4z,

1
lim sup N logE [ Nof(un, ”N)luNge} < |0 maz| + lim sup N log P(uy < €)

N—oo

1
< |0 maz| — <1 — log ) — —00
el0
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so that, for € small enough,

1 1
lim sup N log In(0, Ey) = limsup N log E eNef(“N’”N)luNx} .

N—oo N—oo
Now f is continuous on D' N {u > €} and by Varadhan’s lemma again (cf lemma 4.3.5 in

8]), we get

1
limsup — log In (6, Ex) < sup sup [HU — k(u,v)
Nooo IN >0 D'n{u>e} L U

< sup [Gv — k(u, v)} )
D L ou

This together with (50) gives that

[HE (0) = sup

v
9; — k(u,v)

= sup [z — K(u, 2)],

as was announced in Lemma 20. [ |

5.4  End of the proof : getting an explicit expression for I,

We now go back to the proof of Theorem 6 and, in view of Lemma 20 and Proposition
18, we denote by

G(O) = sup [0 = 2. (s (Qus(2))]

zel”

1 1
G1(0) :=sup {92 — himm} ,  Go(0) :=sup [92 - hfnm] :
zely 2 z€Iy 2
We first remark that ir>1£(u —logu —1) =0.
The most part of the work for this last step will rely on proving

Lemma 21 With the notations introduced above, we have3

18 Ry (u)du, if20 €1’
G(Q) = 8 (_/\max - Hl ) - %flog(Hmm(_/\maa: - A))dME(/\)ﬁ7 Zf 2‘9 < Hmm

min

0 (Amas — 77— ) — 3 J108(Homar Aoz — M)dpup(N)*,  if 20 > Hypgr,

ma

3 f = —o0 if Hpin = —o0 and otherwise these expressions are well defined in virtue of the fact that
1 1
1
/ Xdu()\) < 400 = —/ log Adp(A) < 400,
0 0
x = —00 if Hp,qr = +00 and otherwise these expressions are well defined for the same reason.
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&(6) 0 (Amaz — 35) — 3 108(20(Amaz — \))dpe (V)" if 20 > Hypon
1 pu—
0 (Amaz — 70— ) = 3 108(Hmar (Amaz — N)dpe(N)*, if 20 < Hypa,
6o(6) 0 (= Amaz — 35) — 5 J108(20(=Amax — N))dpp(N)?, if 20 < Hypin
2 pu—
0 (~Amaz = 77-—) = 3 J108(Honin(—Amaz — N)dpp(\)¥, if 20 > Hyn.

Proof of Lemma 21 :

e We first study G. This is finding the supremum of jy(2) := 0z — 1h.(K,,(Qu,(2))) on I'.
From Definition 10 and Property 11, we have that jy is differentiable on I’ and an easy
computation gives

Jz) = 520~ Quy (=),

e If 20 € I, the unique 2y such that jy(zo) = 0 is given by 2o = R, (20).
From point 2 of Property 11, we know that R, is increasing on I’ and so is its inverse
Quy on I
Therefore jj is decreasing and jy is increasing from lim,_, .. jo(2) to jo(20) and then
decreasing so that its maximum is reached at zj.
This gives that if 20 €] Hynin, Hmaz[\{0},

G(9) = ; <29RME(20) ~ log(20) — / log (K, (26) — )\)duE(A)> .

As |K,,(20)| > Apaa, G is analytic on I’ and the calculation of its derivative gives G'(6) =
RME (2‘9)
As limy_,o G(0) = 0, we have
9 1 /26
G(0) = / By (2u)du = / Ry, (u)du.
0 0

o If Hyp;n > —o0 and 20 < H,,;,, the equation jj(zo) = 0 has no solution, we want to
determine the sign of jj on I’
For all z € I”, Q,,(%) € I’ so that Q. () > Hp, and therefore jy(z) < 0.
Jo is decreasing on I” and lim,4,,- jo(z) = lim,|,,+ jo(2) so that the supremum is reached

at the left boundary — .z — of I"” and is equal to

Hmin

1
Hmin

0 (“Mmar = 1) = 5 108 (i (A = N (V).

o If H,,. < +oo, a similar treatment in the case 20 > H,,,, concludes the proof of G.

41



e We now consider GG;. We recall that, if H,,,, < 400,

Gl(e)zig}?{ez—/l < :_ )dum)}

We denote by I(z) :== 0z — = /1 ( e : ) dpgp(X) is analytic and derivable and I'(z) =
1 1 m(l([
b= 5 )\max -

e If 20 > H,,,, then there exists a unique z; = A0z — such that I'(z;) = 0 and it is easy

to see that the maximum of [ is reached at z; then

26’

1 1
G1(0) = 0 (Am - 20) -5 / 108(20(Aae — A))dpin(N).
o If 20 < H,,.., ' is negative on I; and the left boundary A\nee — ﬁ on I; and

1

Gl(e) — 0 (Amam - %

) — ;/log(Hmax()\mm —A))dpg(N).

This concludes the proof of Gj.
e The case (G5 is very similar and this concludes the proof of Lemma 21. [ |

By virtue of Lemmata 20 and 21 and Proposition 18, to finish the proof of Theorem 6, we
have now

(1) to compare G|y, Gy and G to get I, 1.
Since hm Jo(z) = G1(0) and 111{m Jo(z) = G2(0) whereas G(6) = sup,cp/[jo(2)], we

ma:l: min

get that 1 ppll’ = G‘p.
(2) lf Hmax < —|—OO, to compare G‘{29>Hmw}, G1|{29>Hnmz} and G2|{29>Hmm} to get IMEH{26>Hma:c}'
By studying the function v — —— — 3 log x, which reaches its maximum at 6, we can
x
easily deduce that G 20> H,pw) < G1[{26>Humas}-
Moreover G1|{29> Human} 0d Go{20>H,.0,} are the limits of jg respectively at A\00 —
and — Aoz —

_1
Hma,:c

and we know that in the case 260 > H,,,., jg is increasing. This gives

Hmzn
G2120> Hmaw} < G1/{20>Hpmao}-
In this case we conclude that the maximum is given by G126~ Hypas) -

(3) Arguing similarly, we can see that in the case where 20 < H,,;, the maximum is given
by Goj{20<Hpnin}
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To conclude the proof of Theorem 6, we use the continuity of 7, with respect to 6 given by

the first point of Lemma 14 to specify its value at —\az, —Amaz — ﬁ? Amaz — 77— and

Amax . I

6 Asymptotic independence and free convolution

In this section, we want to prove Theorem 5, that is to say concentration and decorrelation
properties for the spherical integrals.

We recall first that as an immediate Corollary of Theorem 5, we get that

Corollary 22 For 0 sufficiently small

R#BEHMA (6) = RMA (0) + RMB (9)7
where B denotes the free convolution of measures.

Proof. In fact, being given pa, pup, we take Aj(A) (resp. A\;(B)) to be the lower edge of the
support of p4 (resp. pp) and then set for i > 2

?

> N}’ A\i(B) = inf {x > Nio1(A) : pup([M(B),z]) > ! }

A(A) = inf {2 Aa(4) : pa(Dhi(4),2)) -
It is easily seen that with this choice, Ay = diag(\;(A)) and By = diag(\;(B)) satisfy
Hypothesis 1. Since p 4 and pp are compactly supported, Ay and By have uniformly bounded
spectral radius and so does Ay + UByU*. Hence, for 6 small enough, Ay, By and Ay +
UBNU* satisfy the hypotheses of Theorem 2 (recall that Ay and UByU™* are asymptotically

free (c.f Theorem 5.2 in [6]) so that ify ,;p, 1+ converges towards ppHia). Moreover, we can
check that d(iY , pa) < 2||An|lee N " and similarly for pup so that d(4fy , pa)+d(4g, , 1B) =

-1
o(v/N ).

Thus, combining Theorem 5.2 and Theorem 2 imply

26 26 26
[ Ry )do = [ Ry @)do+ [ R, (0)dv.
Differentiating with respect to 8 gives Corollary 22.

Since the R-transform is analytic in a neighbourhood of the origin, this entails the famous
additivity property of the R-transform. So, Theorem 5 provides a new proof of this property,
independent of cumulant techniques.
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As announced in the introduction, the first step will be to use a result of concentration for
orthogonal matrices.

6.1 Concentration of measure for orthogonal matrices

In this section, we prove the first point of Theorem 5 that relies on the following lemma,
which is a direct consequence of a theorem due to Gromov and Milman [9]

Lemma 23 [Gromov-Milman, [9], p. 844 and 846] Let M](Vl) denote the Haar measure on
the special orthogonal group SO(N). There exists a positive constant ¢ > 0, independent of
N, such that for any function F' : SO(N) — R so that there is a real ||F||z such that, for
any U,U" € SO(N)

=1

|F(U) = F(U’ HFHc(Z\um U) ,

then, for any e > 0,

Proof of lemma 23 :

In [9], the authors prove such a lemma using the fact that the Ricci curvature of SO(N)
is of order* N , and their result holds when F is Lipschitz with respect to the standard
bivariant metric which measures the length of the geodesic in SO(NV) between two elements
U, U" € SO(N). This distance is of course greater than the length of the geodesic in the
whole space of matrices, given by the Euclidean distance, so that Lemma 23 is a direct
consequence of [9]. [

To get 5.1, we now apply our result with F' given by F(Uy) = %log In(O, ANy + UyBUY).
To get (8), we have to check that this F' satisfies the hypotheses of Lemma 23. i.e. that F is
Lipschitz.

We have, for any matrices W, W in My := {W e My (C); WIW* < 1},

4 In [9], it is reported that the Ricci curvature is given by N/4 whereas J.C Sikorav and Y. Ollivier
reported to us that it is in fact (N —2)/2.
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<20][Blle sup (v, |W — W[u)

llvl]=1

N 3
< 20]|B|s0 (Z |w;; —U%'P) :

ij=1

1 1 ~ ~
N 10g ]N(H, AN + WBNW*) — N 10g ]N(H, AN + WBNW*)

Moreover, if T is for example the transformation changing the first column vector U; of the
matrix U into —Uy, O(N) = SO(N) U T(SO(N)). Note that

1 1
F(TU) = Nlog [N<(9,AN + (TUN)BN(TUN)*) = Nlog ]N(Q,T*ANT + UNBN(UN)*)

Now, if we set Ey = Ay + UyvBU} and EY = T*ANT + Uy BUj;, we easily see that

N 1 2||Alloo
d(jigy, i) < NtﬂEfv — En| < N

Hence, Lemma 14.3 implies that

o= sup |F(U)—-F(TU)—0as N — o0

U€SO(N)
Since
1 1
F(U)dm®(U) = = FU)aM O f/ FTUYaM (U
Ly FOUMP@) =5 [ F@MY W) +5 [ FTUME D),

we deduce that

FU)dmy(U) = [ FU)My(U)| < d.
o OB = [ FO)030)] < 3y
Thus, Lemma 23 implies that for e > 0
MY (‘F(U) - /O ( )F(U)dmgy(U) > e+5N> < eeNIFIIEe (51)
N

and similarly for F(TU) so that

what gives Theorem 5.1. [ |
6.2 FExchanging integration with the logarithm

We are now seeking to establish the second point of Theorem 5. By Jensen’s inequality,
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E[log IN(Q, AN + VNBN(VN)*)] < log E[[N(Q, AN + VNBN(VN)*)]

so that we only need here to prove the converse inequality.
The whole idea to get it is contained in the following

Lemma 24 For any uniformly bounded sequence of matrices (An, By)nen and 6 small
enough, there exists a finite constant C(A, B,0) such that for N large enough

E[In(0, An + Vw By (Vin)")] _
E[In(0, Ax + Va By (Vi) )2

C(6, A, B)

Let us conclude the proof of Theorem 5.2 before proving this lemma.
Hereafter, € > 0 is fixed. We introduce the event
1
A= {]N(Q, Ay +VaBy(Vi)") > 5Bl (0, Ax + VNBN(VN)*)]}
Following [22], we have, if Iy := Iy(0, Ay + VN Bn(Vy)*) that

E[ly) = E[Iy1a] + ElIy14] < SE[Iy] + E[I3]3P(A)?

N —

so that

1

wa s <

Furthermore, let

1 1
= ~logE {IN(Q, Ay + Vi By (V)

1
= y — 7 Ellog I (0, Ax + VivBx (Viv)")]

We can assume that ¢ > dy (0n being given in (51)) since otherwise we are done. We then
get by (51) that for any ¢t > dy and N large enough,

1 1
P(A) < JP(N log In(0, Ay + UBNU*) — mY) (N log Iy (6, Ay + UBNU*)) > t)
< e—CN(t—dN)2

with ¢ = ¢(2]0]||B||s) 2. As a consequence,

1

! log(4C(A, B, 9))) ’

4C(A, B,0) ~
Hence, since dy goes to zero with NV,

1
—cN(t—6x)2 that t <6 <
e , SO tha <Oy + N
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]\}I_I};O <N IOg]E [2]]\[(0, AN + VNBN(VN) ) - NE[lOg ]N<07 AN + VNBN(VN) )]) =0
which completes the proof of Theorem 5.2. [ |
We go back to the proof of Lemma 24. Observe first that

Ly(0,A,B) :=E[Ix(0, Ay + VyBy(Vy)*)?]
_ /GGN((UAU*)U+(L7AU*)11+(UVNB(UVN)*)11+(UVNB(UVN)*)11)dm(l)(U)dmg\lf)(ﬁ)dm%)(vjv)

_ / ON((UAU*)11+(UAT*)11+(VBV*)11+({0U*VBV*UT*) “)dm(l)(V)dm%)(U)dmg\l,)(U)

where we used that mg\l,) is invariant by the action of the orthogonal group. We shall now

prove that Ly (6, A, B) factorizes. The proof requires sharp estimates of spherical integrals.
We already got the kind of estimates we need in section 3. The ideas here will be very similar
although the calculations will be more involved.

To rewrite Ly(0, A, B) in a more proper way, the key observation is that, if we consider the
column vector W := (V*UU*); then (Vi, W) = (Uy, Uy) so that we have the decomposition

W = (Uy, U)Vi + (1 — (U1, T0)2)3 Vs

with (V1, V4) orthogonal and distributed uniformly on the sphere.
Therefore,

Ly(6, A, B)=E [exp{NO(F\" + F;Y + F}Y + F + FV)}]

with
FN=(U, AU)
FY = (U, AU)
FY = (14 (U,U)*)(V4, BWA)
FY =201 —[(U,0)” >§<U U)(V1, BVa)
FY=(1-(U,U)*/(Va, BV4)

where U, U are two independent vectors following the uniform law on the sphere of radius
VN in RY and V;, V, are the two first column vectors of a matrix V following m%), U,U
and V' being independent.
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We now adopt the same strategy as in section 3 to show that the F;’s will become asymp-
totically independent (or negligible). More precisely, we use again Fact 8 and recall that we

g0 gD ® G w9999
N 7 7 T I AR 70 el
where g'(l), g?, ¢® and ¢™ are 4 i.i.d standard Gaussian vectors. We now set for i = 1,2, 3,4,
with )\gz) the eigenvalues of A for i =1 or 2 and of B for i =3 or 4, v; = R,,,(20) for i =1
or 2, v; = R, ,(20) for i =3 or 4,

can write U =

JREARS ~ 1 &0, a
0N = 5 207 =1 and V7 = 53N

=1
Moreover, we let for ¢ = 1 or 2,

< 1 X (o , . 1N .
N (%) (2i—1) (29) N (26—1) (29)

j=1 j=1

Under the Gaussian measure, all these quantities are going to zero almost surely and we
can localize Ly as we made it in section 2, that is to say restrict the integration to the
event Ay 1= {UlN, VN, WN, ZN are O(N’%J”“)}, for any k > 0. We then express the F;’s as
function of these variables and on A’y we expand them till o(N~1). For example, on Ay,

AR SN FINY L IN(UN L FIN -1
Fl—UN_’_l—Ul‘{‘(Vl nUy) = Ui (Vg Uy ) +o(N7)
i

and all the calculations go the same way so that we get that the full second order in Y, F; is

4
=N — Y ON (T - wON) + 22 - ZEOW - 2mZY 2 + 22
=1

Now, as before, we consider the shifted probability measure Py (which contains all the first
order term above) under which (g<i>)i:1,.,,,4 defined by gj(.") = \/1 + 20v; — 2«9)\§-i)g§i) are 1.i.d
standard Gaussiar} vectors.

Under Py, the (UiN VN )i<i<a are still independent with the same law than for the one

1
dimensional case. Moreover, we see that for i = 1,2,3,4, j =1, 2,

lim NE[UNZN] =0, lim NE[UNW]N]=o0.
N—o0

N—oo

Similarly, (ZlN , WiN )i—12 are asymptotically uncorrelated. Moreover, with p11 = p4 and po =
UB,
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J}EnooNE[WiNZAfV]:/ (H%éi — i@
Jim NE[())= [ i+ 292 — (@)
Jm NE(ZP)= | (o)

Thus, with G = 0v; — 5% 2 log(1 — 29)\? + 20v;) and if the Gaussian integral is well
defined, we have

2NGY +2NGY

e
LN(G’ A7 B) B det(KA) det(KB)

/exp{Q@(ﬁl Sy — 20902051 + 2090(25)2} [ AP, 2)(1 + o(1))

i=1,2

with P, the law of two Gaussian variables with covariance matrix

1 x
B _ ([ wmmr (@) | i ()
2 . "
| e i) | sty i)

and K4 and Kp as defined in (37) if we replace ppg therein respectively by pa or ug.
We now integrate on the variables (29, ws) so that the Gaussian computation gives

eQNG{V+2NG§V , 1 )
Ln(6,4,B) = S/ex 0%(e, K5'e)22}d Py (1, 101) (1 + o1
w ) det(K ) det(Kp)? p{0°( B €)21 FdPy (21, 1)( (1))

with e = (—wy, 1). To show that the remaining integral is finite it is enough to check that
—20%(e, Kg'e) + varz; > 0,

at least for # small enough. But we can check that 62(e, K3z'e) ~ 0%y, with 0y = [ 22dup(v)
whereas the variance of Z; is of order 1.

This finishes to prove that for sufficiently small 8’s there exists a finite constant C'(, A, B)
such that

2NGY +2NGY
Ln(0,A,B) = et (K1) det(KB)O(e’A’ B)(1+ o(1))
Since on the other hand we have seen in section 3 that
In(, A) = ﬂu +0(1)) and Iy (0, B) = Lgla +o(1)),
det K42 det Kp2
we have proved Lemma 24. [ |
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