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Abstract

We define a new diffusive matrix model converging towards the S-Dyson Brownian
motion for all § € [0, 2] that provides an explicit construction of S-ensembles of random
matrices that is invariant under the orthogonal/unitary group. We also describe the
eigenvector dynamics of the limiting matrix process; we show that when g8 < 1 and that
two eigenvalues collide, the eigenvectors of these two colliding eigenvalues fluctuate
very fast and take the uniform measure on the orthocomplement of the eigenvectors
of the remaining eigenvalues.
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1 Introduction

It is well known that the law of the eigenvalues of the classical Gaussian matrix ensembles
are given by a Gibbs measure of a Coulomb gas interaction with inverse temperature g = 1
(resp. 2, resp. 4) in the symmetric (resp. Hermitian, resp. symplectic) cases;
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Such measures are associated with symmetric Langevin dynamics, the so-called Dyson
Brownian motion, which describe the random motion of the eigenvalues of a symmetric
(resp. Hermitian, resp. symplectic) Brownian motion. They are given by the stochastic
differential system

1
dXi(t) = dbi(t) — \i(t)dt + @Z NOESWE dt (1.1)
JFi
with iid Brownian motions (b;). These laws and dynamics have been intensively studied,
and both local and global behaviours of these eigenvalues have been analyzed precisely,
starting from the reference book of Mehta [9].

More recently, the generalization of these distributions and dynamics to all 8 > 0, the
so-called -ensembles, was considered. As for § = 1, 2,4, the Langevin dynamics converge
to their unique invariant Gibbs measure Pg as times goes to infinity. Indeed, the stochastic
differential system under study is a set of Brownian motions in interaction according to a
strictly convex potential. Thus, one can then show by a standard coupling argument that
two solutions driven by the same Brownian motion but with different initial data will soon
be very close to each others. This entails the uniqueness of the invariant measure as well
as the convergence to this Gibbs measure. It turns out that the case 5 € [0,1) and the
case 3 € [1,00) are quite different, as in the first case the eigenvalues process can cross
whereas in the second the repulsion is strong enough so that the eigenvalues do not collide
with probability one in finite time. However, the diffusion was shown to be well defined,
even for 5 < 1, by Cépa and Lépingle [4], at list once reordered.

The goal of this article is to provide a natural interpretation of S-ensembles in terms of
random matrices for 8 € [0,2]. Dumitriu and Edelman [6] already proposed a tridiagonal
matrix with eigenvalues distributed according to the S-ensembles. However, this tridiag-
onal matrix lacks the invariant property of the classical ensembles. Our construction has
this property and moreover is constructive as it is based on a dynamical scheme. It was
proposed by JP Bouchaud, and this article provides rigorous proofs of the results stated
in [1]. The idea is to interpolate between the Dyson Brownian motion and the standard
Brownian motion by throwing a coin at every infinitesimal time step to decide whether
our matrix will evolve according to a Hermitian Brownian motion (with probability p)
or will keep the same eigenvectors but has eigenvalues diffusing according to a Brownian
motion. When the size of the infinitesimal time steps goes to zero, we will prove that the
dynamics of the eigenvalues of this matrix valued process converges towards the S-Dyson
Brownian motion with 5 = 2p. The same construction with a symmetric Brownian motion
leads to the same limit with 5 = p. This result is more precisely stated in Theorem
We shall not consider the extension to the symplectic Brownian motion in this paper, but



it is clear that the same result holds with § = 4p. Our construction can be extended to
other matrix models such as Wishart matrices, Circular and Ginibre Gaussian Ensembles
and will lead to similar results.

We thus deduce from our construction that S-ensembles can be interpreted as an in-
terpolation between free convolution (obtained by adding a Hermitian Brownian motion)
and standard convolution (arising when the eigenvalues evolve following standard Brow-
nian motions). It is natural to wonder whether a notion of S-convolution could be more
generally defined.

Moreover we shall study the eigenvectors of our matrix-valued process. In the case
where 8 > 1, their dynamics is well known and is similar to the dynamics of the eigen-
vectors of the Hermitian or Symplectic Brownian motions, see e.g. [2]. When 8 < 1 the
question is to determine what happens at a collision. It turns out that when we approach
a collision, the eigenvectors of the non-colliding eigenvalues converge to some orthogonal
family B of d — 2 vectors whereas the eigenvectors of the colliding eigenvalues oscillate
very fast and take the uniform distribution on the ortho-complement of B, see Proposition
2.0l

2 Statement of the results

Let ”Hg be the space of d x d symmetric (respectively Hermitian) matrices if 5 = 1 (resp.
g = 2) and (95 be the space of d x d orthogonal (respectively unitary) matrices if § = 1
(resp. 5 = 2).

We consider the matrix-valued process defined as follows. Let v be a positive real
number and MOB € ’Hdﬁ with distinct eigenvalues Ay < A9 < -+ < Ag. For each n € N, we
let (€} )ken be a sequence of i.i.d {0, 1}-valued Bernoulli variables with mean p in the sense
that

Pleg =1 =p=1—Ple; =0].

Furthermore, for ¢t > 0, we set €} := e[’;t].

In the following, the process (H®(t)); > o will denote a symmetric Brownian motion,
i.e. a process with values in the set of d x d symmetric matrices (respectively Hermitian if

B = 2) with entries H, B( t),t > 0,7 < j constructed via independent real valued Brownian
motions (BZJ,BZJ, 1< j <d) by
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Definition 2.1. For each n € N, we define a diffusive matriz process (Mg(t))t >0 such
that Mﬁ(O) = MOB and fort >0
AMP (t) = —yMP(t)dt + *dHP + (1 — €})dY, (2.2)

n

where (Htﬁ)t >0 is a d x d symmetric (resp. Hermitian) as defined in (2.1) whereas

dy; = v”}: < >dB’



with i.i.d Brownian motions (B});>o and where x™([nt]/n) is the spectral projector as-
sociated to the i-th eigenvalue \i([nt]/n) of the matriz M} ([nt]/n) if the eigenvalues are
numbered as A\i([nt]/n) < Aa([nt]/n) < -+ < Ag([nt]/n) (we shall see that the above is
possible as the eigenvalues are almost surely distinct at the given times {k/n,k € N}).

As for all ¢, the matrix Mg (t) is in the space H° , we know that it can be decomposed
as

M(t) = OF (DAL (H0L (1)

where Ag(t) is the diagonal matrix whose diagonal is the vector of the ordered eigenvalues
of Mf (t) and where of (t) is in the space (’)5 for all t € R4. We also introduce a matrix
OP(0) to be the initial orthogonal matrix (resp. unitary if 3 = 2) such that MOB (t) =
08 (0)AgOP(0)" where Ag := diag(A1, ..., Aq)-

The evolution of the eigenvalues of M}/ (t) during the time interval [k/n; (k + 1)/n]
is given by independent Brownian motions if €} = 0 and by Dyson Brownian motions if
€ = 1.

The eigenvectors of My (t) do not evolve on intervals [k/n; (k + 1)/n] such that e =0
and evolve with the classical diffusion of the eigenvectors of Dyson Brownian motions if
ep =1 (see [2] for a review on Dyson Brownian motion).

Our main theorems describe the asymptotic properties of the ordered eigenvalues of
the matrix M (t) denoted in the following as

(AT () SAZ(1) < -+ < Aq(D)) (2.3)

and also those of the matrix Of (t) defined above, as n goes to infinity.

Let (bi)¢ 0,7 € {1,...,d} be a family of independent Brownian motions on R. Recall
that Cépa and Lépingle showed in [4] the uniqueness and existence of the strong solution
to the stochastic differential system

, 1
dXi(t) = —y\i(t)dt 2db; ————dt 2.4

starting from A(0) = (A1 < A2 < -+ < \y) and such that for all £ > 0
A(t) < Ao(t) < -+ < N\g(t)  as. (2.5)
For the scaling limit of the ordered eigenvalues, we shall prove that

Theorem 2.2. Let Moﬁ be a symmetric (resp. Hermitian) matriz if 8 =1 (resp. f =2)
with distinct eigenvalues A\1 < Ag < -+- < A\g and (Mff(t))tzo be the matriz process defined
in Definition[2]. Let AT (t) < ... < X(t) be the ordered eigenvalues of the matriz M5 ().
Let also (A1(t),..., Aq(t))t > 0 be the unique strong solution of (24l with initial conditions
int=0 given by (A1, A2, ..., A\g).

Then, for any T < oo, the process (N}(t),..., \j(t))icpo,r] converges in law as n goes
to infinity towards the process (A1(t), ..., Aa(t))iepo,r] in the space of continuous functions
C([0,T],R%) embedded with the uniform topology.



In the case where Sp > 1, the eigenvalues almost never collide and we will see (see
section [6.]) in this case that it is easy to construct a coupling of A and A" so that A"
almost surely converges towards .

We shall also describe the scaling limit of the matrix O% (t) (the columns of Of (t) are
the eigenvectors of M} (t)) when n tends to infinity, at least until the first collision time for
the eigenvalues, i.e. until the time 7 defined as T3 := inf{t > 0: 3i € {2,...,d}, \i(t) =
Ai—1(t)}.

Let wiﬁj(t),l < i < j < d be a family of real or complex (whether 5 = 1 or 2)

standard Brownian motions (i.e. w?j(t) = Bj;(t) + vV=1(8 — 1)B};(t) where the B};, B},
are standard Brownian motions on R), independent of the family of Brownian motions
(b)) >0, € {1,...,d}. For i < j, set in addition wﬁ-(t) = u’)l-ﬁj(t) and define the skew
Hermitian matrix (i.e. such that R® = —(R?)*) by setting for i # 7,

dwy (t)

dRiBj(t) = IROESVOk

RJ(0)=0.

Then, with X\;(¢),0 < t < T1,i € {1,...,d} being the solution of (Z4]) until its first
collision time, there exists a unique strong solution (O®(t))o < ¢ < 1, to the stochastic dif-
ferential equation

dO°(t) = \/pO° ()dR’ () — LO°(Hd((R®)", RY), (2.6)

This solution exists and is unique since it is a linear equation in Of and R” is a well
defined martingale at least until time 7). It can be shown as in [2, Lemma 4.3.4] that
OB(t) is indeed an orthogonal (resp. unitary if = 2) matrix for all ¢ € [0; Ty].

We mention at this point that the matrix o (t) is not uniquely defined, even when
we impose the diagonal matrix to have a non-decreasing diagonal A} (t) < ... < A\, (%).
Indeed, the matrix Og (t) can be replaced, for example, by —Og (t) (other possible matrices
exist). The following proposition overcomes this difficulty.

Define T;,(1) to be the first collision time of the process (A7 (¢),..., A5(t)).

Proposition 2.3. There ezists a continuous process (Oh(t))o < ¢ < T, N (95 with a uniquely
defined law and such that for each t € [0;T,(1)], we have

O (M) ALMOS (1) "= M (1),

where AB(t) is the diagonal matriz of the ordered (as in (23)) eigenvalues of M (t).

Proposition 23] is proved in Section [7l We are now ready to state our main result for
the convergence in law of the matrix O (t).

Theorem 2.4. Let n and T be positive real numbers. Then, conditionally on the sigma-
algebra generated by (A7(s),...,Aj(s)),

0 < s <Ty AT, the matriz process (Oﬁ(t))o <t < (Ti—p)aT introduced in Proposition
converges in law in the space of continuous functions C([0; T],Og) towards the unique
solution of the stochastic differential equation (2.6]).



Theorem [2.4] gives a convergence result as n goes to infinity for the eigenvectors of
the matrix process (M} (t)) but only until the first collision time 73. If pB > 1, the result
is complete as one can show (see [2] and section [6.1]) that the process (Ai(t),...,Aq(t))
is a non colliding process (i.e. almost surely 77 = oo). However, if pg < 1, it would be
interesting to have a convergence on all compact sets [0; 7] even after collisions occurred.
Our next results describe the behavior of the columns of the matrix O(t) denoted as
(@1(75), R ,¢d(t)) when t — 17 with ¢t < T7.

We first need to describe the behavior of the eigenvalues (A(t),...,Aq(t)) in the left
vicinity of 17 .

Proposition 2.5. If pf < 1 then almost surely T1 < oo and there exists a unique index
i* € {2,...,d} such that \i«(T1) = Ni=—1(T1). While we have, for all t > 0 and almost
surely,

/t ds < +00
0 (Nir = Air21)(s) ’

the following divergence occurs almost surely

h ds
/0 O — M 1)2(s) +00. (2.7)

The first part of Proposition [2.5]is proved in subsections 3.1l and B.2] the last statement
is proved in [l Hence equality (2.7]) implies the existence of diverging integrals in the SDE
([26]). Because of this singularity, we will show

Proposition 2.6. Conditionally on (A1(t),..., a(t)),0 <t < Ty, we have:

1. For all j # i*,1* — 1, the eigenvector ¢;(t) for the eigenvalue \;(t) converges almost
surely to a vector demnoted <;~5j as t grows to T1. The family {qz~5j,j #i*,1" — 1} is an
orthonormal family of R (respectively C?) if B = 1 (resp. B = 2). We denote by
V' the corresponding generated subspace and by W its two dimensional orthogonal
complementary in R? (resp. C?).

2. The family {¢(t), di—1(t)} converges weakly to the uniform law on the orthonormal
basis of W as t grows to 1.

The paper is organized as follows. In Section Bl we review and establish some new
properties for the limiting eigenvalues process (A1(t),. .., Aq(t)) defined in [24] that will be
useful later in our proof of Theorems and 2.4 We also introduce, in subsection B3.4]
a process with fewer collisions that approximates the limiting eigenvalue process. In fact
this gives a new construction of the limiting eigenvalues process already constructed in
[4], perhaps simpler and more intuitive using only standard It6’s calculus. We give some
useful estimates on the processes of eigenvalues and matrix entries of M}P in Section @ In
Section [5] we prove the almost sure convergence of the process (A7,..., ) to the limiting
eigenvalues process (A1, ..., A\g) until the first hitting time of two particles with a coupling
argument. In Section [6] we finish the proof of Theorem by approximating in the same
way the process (A},...,\}) with the same idea of separating the particles which collide
by a distance § > 0. At this point, it suffices to apply that the result of Section B to show
that the two approximating processes are close in the large n limit. In Section [, we prove
Theorem [2.4] the last statement of Proposition and Propositions [2.3] and



3 Properties of the limiting eigenvalues process

In this section we shall study the unique strong solution of (24]) introduced by Cépa and
Lépingle in [4]. We first derive some boundedness and smoothness properties. In view of
proving the convergence of A" towards this process, and in particular to deal with possible
collisions, we construct it for p8 < 1 as the limit of a process which is defined similarly
except when two particles hit, when we separate them by a (small) positive distance, see
Definition

3.1 Regularity properties of the limiting process

Lemma 3.1. Let A = (M < A2 < -+ < Ag). Then there exists a unique strong solution
of 24)). Moreover, it satisfies

e For all T < oo, there exists o, My > 0 finite so that for M > My

P [max sup |[A\i(t)] = M] < e~ (M=Mo)* (3.1)
1<i<dggt<T

o Forall T < oo, alli,je{l,...,d}, i # 7,

E[/OTWW} < 00.

Furthermore, there exists a, My > 0 finite so that for M > My and i # j, we have

P [/T L > M] < e—Of(M—Mo)2
o i(s) = XN(s)] ~ h '

Proof. The existence and unicity of the strong solution is [4, Proposition 3.2].

For the first point, we choose a twice continuously differentiable symmetric function
¢, increasing on RT, which approximates smoothly |z| in the neighborhood of the origin
so that ¢(0) = 0, z¢'(x) > 0, |¢/(z)| < ¢ and |¢"(z)] < ¢, whereas |¢(z)| > |z| x |z| A1
(take e.g ¢(x) = 22(1 + 2%)~1/2) to obtain by Itd’s Lemma

d(p(Ni(t)) = —yNi(E)d (Ni(t))dt + V28 (Ni(t))dbi

at .
—l—pﬁ;(ﬁ W + ¢"(Ni(t))dt.

For all ¢, we have \;(t)¢/'(\;(t)) = 0, and also

Cb/)\zt Cb/ Cb/ dld—1 "
ZZA M) - Ly s D Ay gy,

=1 j#i =1 j#i

We deduce from the above arguments that there exists C' > 0 such that

d
S 6(x fz/¢ db’+0t+z¢
i=1



By usual martingales inequality, as ¢’ is uniformly bounded we know that, see e.g. [2]
Corollary H.13],

2

sup |Z/ & () dn(1) [ M] < o)

0<t<T i—1

and therefore using the fact that |p(x)| > |z| x |x| A 1, we deduce the first point with
My =%, ¢(\)|+CT and o = 1/2CT.
For the second point, we first remark as in the proof of [4, Lemma 3.5] that for all

1< d
pp / < pp /
Z | Aa(t) — A;(t) |
=pBY /
j<d
T
= X\(T) — Xq(0) — V203 + 7/ Aa(t)dt .
0
so that the first point gives the claim fo j = d. We then continue recursively. O

3.2 Estimates on collisions

To obtain regularity estimates on the process A, we need to control the probability that
more than two particles are close together. We shall prove, building on an idea from Cépa
and Lépingle [5], that

Lemma 3.2. Forr >3 and I C {1,...,d} with |I| =r, set

SE=D ((t) = X(1)*.

ijel

We let, for e >0,

= inf{t >0: |1}|11n SE<el

Then, for any T > 0 and n > 0, for any r > 3 there exists €, > 0 which only depends
on {SE,|I| > 3} so that
P(rl <T)<n.

Proof. The proof is done by induction over r and we start with the case r = d,
I'={1,...,d}. Then, S verifies the following SDE (see e.g. [5, Theorem 1]):

dS; = —27S,dt + 4Vd\/S,dB; + adt

where f3; is a a standard brownian motion and a = 2d(d — 1)(2 + pd). The square root of
pi := +/S; verifies the SDE
dt

dpr = —ypedt + 2V/d dB; + (5 —2d)— o



In particular, one can check that, if a =2 — %% =2 — (d — 1)(1 + pBd/2)
dp? = —arypldt + 2V d ap~Ldg,.

Thus, as a < 0 for d > 3, for any € > 0, p?A_Tb is bounded so that fo p?A_TlddBS is a martingale
and therefore

T
ElpFpral < PG —ay /0 E[pfrraldt

By Gronwall’s lemma, since sup;, E[pf‘ATd] is finite, we deduce that

E[ (e ] < a(l 1 ) —oryT+ /38
— —)e —.
d] = Lo an ay

As a consequence, since a < 0, we have

1 (0%
B(re < T) < BIS] ) = Bl ] < 051 - e 428

We can take € small enough to obtain the claim for r = d.

We next assume that we have proved the claim for v > r + 1 and choose €,41 so that
the probability that the hitting time is smaller than T is smaller than 7/2. We can choose I
to be connected without loss of generality as the A’ are ordered. We let R = min{7/, Tg’:fl}
when 7/ is the first time where S’ reaches . Again following [5], we have

TAR
log Star = logS§— 29T +4V2 Z / ' )\71)\]6()0"){
7361 5
TAR A Ak (1) 1 1
9 — d
TAR d
+4r[(r — 1)(% +1) —2] /0 S_§ (3.2)

Note that My = 4v/2 37, je; fMR Mdb] is a martingale with bracket A; = 16r fMR gg .
For r > 3, 4r[(r — 1)(rpB/2 + 1) — 2] 2 2ppB > 0 and therefore we deduce

S
TAR )\ (t) 1 1

NO-—NO Mo —n

EllogSiag] > log 5§ — 29T + 28pE [ /0

+E QﬁpZZ/

Jkel 1g1

For j,k € I, we cut the last integral over times

1 1 1
Qjp={t<TAR: %/\ (t) — N(t) e (t) — N (2) Ss_f}




so that

TAR dt

) (1) i | [TAR gt
Z/ 2 i e e = ) % 2 | 5!

J.kel ¢I

This term will therefore be compensated by the third term in (3:2)). For the remaining
term, if [ ¢ I is such that min;er [N — A;| < minjer [Ax — ;| for all k ¢ I then if ¢ € ij
and i* € I is so that min;ey |A; — Ni| = [\ — \ix|, we get

d—r 1
> —

(N(t) = A= ())? — 8}

and therefore on 77 tll > ¢,

Era1 < 87+ Y _(N(1) = N(1)? < 8]+ 2r(Nin(t) — M(1)? + 28] < (B+2r(d —1))S] .

jel

As a consequence, we have the bound for all j,k € [, allt € Q¢ ,t < R,

J:k?

MO > s> - ErmE— Ve

which entails the existence of a finite constant ¢ so that

i () 1 1
]%I%;/ [A»(t) — () () — Az(t)]dt
7’+ iel %;/ ) ’

Using Lemma [3.1] we hence conclude that there exists a universal finite constant ¢ de-
pending only on T so that

C/

VEr+1 .

E[log Stz] = log S — 29T —
On the other hand, we have
E[log S%.p] < P(r! < T)log(e) + E[ sup log S/]

0<t<T

where the last term is bounded above by (B.I). We deduce that

log S{| ' c 29T
Pl <T) < | U + + .
(<D< |log(e)| ~ Errillog(e)]  [log(e) | ~ |log(e) |

We finally choose & small enough so that the right hand side is smaller than 7/2 to
conclude. O

We next show that not only collisions of three particles are rare but also two collisions
of different particles rarely happen around the same time.

10



Lemma 3.3. For all i, such that 1 +1 < j, set
7 = inf{t 2 0 (A(t) — Xi—1 (1)) + (A (1) = A1 (1)? < €'

Then, for any T > 0 and n > 0, there exists € such that

€

P [7’7 < T] <n.
Proof. Using It6’s formula, it is easy to see that

d (N —Xic1)? + (A — Aj21)?) =8(1 + pB)dt
— 2y [(N — Nic1)® + (N — Aj1)?] de

+%@UM—M4WM—%F%HM—M4WM—%f5

(N — Xi1) /\ — )\J 1)
— 2pB + dt.
k;g_:“ (Ai — Ap)(Nic1 — Ag) k;g% — M) (Xj—1 — Ag)

Set Xy == (Ni(t) — Ni—1(t))? + (A;(t) — Aj—1(t))? and note that the quadratic variation of

][t(Ai-—-Ai_l)(dbg-— dbiY) 4 (Aj — Nj_1)(dbl — dbi)
0 VXs

is 2t. Thus there exists a standard Brownian motion B so that

dX; = 8(1 + pB)dt — 2y Xdt + 4+/ X,dB;

(A = Ai1)? (A — Aj-1)?
— 2pp E + E dt .
ptins Qi = AR i = k) 2 (A = Ak)(Ag-1 = Aw)

Note that, by the previous Lemma [3.2] we can choose € such that

Pl < T) < 2

: (3.3)

Moreover, for all + < 72 such that X; < £/4, we have for all k # i —

(A = ) (Ao — Ap)(t) = %-

The same property holds for j. To finish the proof, we will use the fact that the sum in
the last term is bounded for all ¢ < 7'53 such that X; < /4. We thus need to introduce the
process Y; defined by V; = min(Xy, ). Let us set f(z) := min(z,e/4)7P?. Note that f is
a convex function Ry — Ry and that the left-hand derivative of f is given by

fl(a) = —pBr P M, < 2y
Its second derivative in the sense of distributions is the positive measure

—pB-1 pB(pB+1)
f//(dﬂf) pB ( ) 5% + T 1{90 <<} dx.

11



Thus, by Ité-Tanaka formula, see e.g. [8, Theorem 6.22], we have

t
Y;—pﬁ — Y'O—PB _ pﬁ/ Xs_pﬁ_ll{Xs < %}dXs

pi-1 ipBB+Y)
<p5< > Lf‘(X)JF/O iz Li(X)dz ),
where L7 (X) is the local time of X in x. By definition we have
e t
[P D 0 = [Py ax X,
0 0

P82 ph+2 Xs <

and thus, we obtain

t _pB—1
Y, =y / Lix, <5y (pﬁvY;”Bdt +4y, " 2st> (3.4)
0

2 2 ¢ —pB—1 ((Ai—)\i—l)(s))2
Ay /0 g [ Z L= AE (et = 2)()

ke
(A —)\j—l)(S))2 1, e\—ps-1 <
NG e m(s))] Losends 400 (g) B0,

The definition of local time implies that, almost surely, L¥(X) < ¢. We thus deduce from

(B.4) that
B_
E[Y‘pﬁ.. ]gyo‘pﬁJr%pﬁ( v T+C/ [Y pﬁ}

T/\Tg AT

with C' = (pBy + 4p*B%(d — 1)%). Gronwall’s Lemma implies that

B_
—pB B
E [YTMSMJ < (Y + pﬁ ( ) T> exp(CT). (3.5)
If ¢/ < /4, equation (3.3]) implies that
(") PPP [Tg <TA 7'53] < Yo_pﬁ exp(CT), (3.6)
Taking &’ small enough gives the result with ([33]). O

As a direct consequence, we deduce the uniqueness of the ¢* of Proposition

Lemma 3.4. With the same notations as in the previous Lemma [3.3, we have almost

surely

in = 4o0.
(ki< ©

In particular, this gives the unicity of the i* in Proposition [2.0
Proof. 1t is enough to write that for all € > 0

P<kf}f<fo <T> <d2{maX]P’( <TAT>+]P>(T§§T)}

and deduce from Lemmas [3.3] and that the right hand side is as small as wished when
€ goes to zero.
O
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3.3 Smoothness properties of the limiting process

Lemma 3.5. We have the following smoothness properties:

e For all T < co and € > 0, there exists C,c, c finite positive constants so that for all
8,m positive real numbers so that n < (€2 A de) we have

C
Plmax  sup  N(9) - N0 28] < (g )
1<i<d s<t<(s+n)AT3 !
0<t<T

e For all T < co and € > 0, there exists C,c, c finite positive constants so that for all
8,m positive real numbers so that n < ¢ (€2 A de) we have

P |max  sup / > 5| < ¢ (e—064/2n I 6—054/,7) ‘
Z#] s<t<(s+n)/\7’ ‘)\ )’ n
0t T

Proof. Let us first fix s € [0,7] and set I = {i € {2,...,d} : | \i(s) — Ni—1(s)| < &/3}
and note that on the event {s < 72}, the connected subsets of I contain at most one
element. Let 7. = inf{t > s : infg7 [\;(t) — Ni—1(f)] < /4}. The continuity of the \;
implies that T, is almost surely strictly positive.

Ifi ¢ TU{I — 1}, then we have, for t € [s; (s + 1) A 72 A TL]

At) — /|>\ (w)ldus + V3D — b’|+p5/ )R w1

J#Z Al
fy/ i)l + V2JBE — b + 4pB(d — 1)1

Using (3.1)) and [2, Corollary H.13], it is easy to deduce that there exists a constant ¢ > 0
such that for n < §/(8pB(d — 1))
52
P| max sup IAi(t) — Ni(s)] = 0| <cde 7. (3.7)
iEIV{I =1} tes;(s+n)ATBATL]

Now, if ¢ € I, with the same argument as for (3.7 (the drift term in the SDE satisfied by
Ai + Aj—1 is also bounded), we can show that there exists a constant ¢ > 0 such that

2
P sup (A +Xi—1) () — (N + A1) (s)] = 6] < ce™ . (3.8)
te(s;(s+m)AT3ATE]
On the other hand, the process z;(t) := (A; — \i—1)(t) verifies
da? (t) = 4(1 + pB)dt — ’yxz( )dt + 2 () (db}, — dby ™)

i(t) = Aica (1))’
o k;ﬁjz:m Ai(t) = Ae(t))(Ai-1(t) — Ak(t)) dt.

13



The denominator in the last term of the above r.h.s is bounded below on the interval
t € [s;(s+n) AT AT by 2pB(d — 2)% Thus, using again ([B.I)) and [2, Corollary H.13],
we can show that for 0 > ¢en/e,

Pl sw e -] > Ve SP| s [ad) - a(s)] 2 6] <o
tE[S;(S-I—??)/\Tg/\Ts} t€[3§(3+7’1)/\7’53/\T5]

where the first inequality is due to the fact that x; is non-negative. Using (B.8)) and (3.3
gives for n < de/c

4
P| max sup Ai(t) = Xi(s)| = 0] < 2ede "% .
€TV =1} te[s;(s4n) AT3AT)
Thus, with (3.7), we deduce that for n < de/c
54
P | max sup INi(t) — Ni(s)] = 8| < 2cde “2n .
vootes;(s+n)ATIATE]
In particular, there exists ¢ > 0 so that if €2 > ¢n,
dedT
P[T. < (s+n)A78] <P|max  sup INi(t) — Nils)| = Be/12| < "8 et/
v s<t<(s+n)ATeATS

which is as small as wished provided n is chosen small enough. This allows to remove the
stopping time and get for any fixed s < T, and § > cn/e

Plmax  sup  [N(t) — Ai(s)| = 8| < 2ede™ /2 4 2dce =/
ts<t<(s+m)ATE

The uniform estimate on s is obtained as usual by taking s in a grid with mesh 7/2 up to
divise § by two and to multiply the probability by 27'/n. Thus we find constant ¢, ¢/, and
C so that if n < ¢(e? A de) we have

cT /
P {max sup  |N(t) —Ni(s)| 20| < — (6_664/277 +e ¢ 54/’7) .
g s§t§(3+n)AT§ 77
0<s,t<T

The second control is a direct consequence of the first as we can first consider the cas
j = d to deduce that for i < d

t du
’/S m’ < Aa(t) = Aa(s)| + \/ilbd(t) — ba(s)]

where the right hand side is continuous. We then consider recursively the other indices. [
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3.4 Approximation by less colliding processes

When pS > 1, it is well known [2, Lemma 4.3.3] that the process A has almost surely
no collision. In this case, the singularity of the drift which defines the SDE is not really
important as it is almost always avoided. In the case pS < 1, we know that collisions
occur and in fact can occur as much as for a Bessel process with small parameter. The
singularity of the drift becomes important, in particular when we will show the convergence
in law of the process of the eigenvalues A" towards A. To this end, we show that A can be
approximated by a process which does not spend too much time in collisions.
For § > 0, we define a new process (A (t)); > o as follows.

Definition 3.6. Let Ty :=inf{t > 0 : 3i # j, \j(t) = \;j(t)} and for allt < T}, set \o(t) :=
Ai(t). For t > Ti, we define the process recursively by setting for all £ > 2,)\;5(Tl§) =
N(TP—) + 10 and for t > TP, the process N(t) is defined up to time T5§+1 = inf{t > T} :
Ji # j,N0(t) = )\g(t)} as the unique strong solution of the system

- dt
AN} () = =X} (1)t + V2db +pB Y (3.10)

The main result of this section is that

Theorem 3.7. Construct the process A with the same Brownian motion b. Then, for any
time T >0, any & € (0,pB/4)

lim P Ni(t) =N (@) <65 =1.
i (e, g e 01 <
The theorem is a direct consequence of the following lemma and proposition.

Lemma 3.8. Let § > 0. Construct the process A with the same Brownian motion b than
X, There exists a constant ¢ > 0 such that, almost surely, for all ¢ € N

max  sup |AJ(t) — \i(t)] < ol
Isisdocr<ry

To finish the proof it is enough to show that T, lfs goes to infinity for ¢ < 1/§. This is
the content of the next proposition.

Proposition 3.9. Let T < 00, 0 < £ < pB/4 and L = [1/6'¢]. Then the probability
P [TiS < T] vanishes when & goes to zero.

Proof of Lemma B.8. We proceed by induction over £ to show that, for each £,

p 1/2
sup <Z(Af - )\i)2(t)) < ol

0<t<T) \i=1

with ¢ = (X%, 42 = d(d + 1)(2d + 1)/6)*.
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e We treat the case £ = 1. By definition of the processes, A’ = X on [O,Tf ). At time
t = T?, the separation procedure implies that

d d

SO0 = A)2T) = SN = )T ) +i8)? = 262

i=1 i=1

The property is true for £ = 1.

e Suppose it is true for ¢. For ¢t € [T Ty Jrl) since A% and A are driven by the same
Brownian motion, we get

d

d
dy (A1) = M) = =27 ) (A (1) = Xi(1)) dt
i=1

=1
d 1 1
298D (AHE) — Ai(t)) (ch(t) N0 N Aj(t)> ar-

=1 j#i

Observe that

1 1
ZZ o (Aé( )= N(t)  Nilt) - )\j(t)) (3.11)

i=1 j#i
_ly M) = X3(t) — (Ni(t) — Aj(t ! !
—§;§( 2( )_ j( )_( 2()_ J( ))) )\?(t)—)\g(t) B )\i(t)—)\j(t)

—_

[\

d 2 1
=3 L2 (M0 =30~ 0= 30)

<

@)

as the (\;)1<i<q and the ()\ )i<i<a are ordered. Thus,

d

d
sup > (M) - <D (T = X (T))* (3.12)
te[T? g+1) =1 =1

In addition, because of the separation procedure at time Tg ' 1, we have

d 1/2 d ) 1/2
(Z(Af - )\,-)Q(Tfﬂ)) = (Z (¥ = 20)(@s-) +40) )

i=1 =1
d 1/2

< (Z(Af - AMT?H—)) +8c < 8(L+1)e,
i=1

where we used the induction hypothesis in the last line. The proof is thus complete.

O
Proof of Proposition 3.9l In the case p > 1, it is well known [2], p. 252] that T} is
almost surely infinite and therefore the proposition is trivial. We hence restrict ourselves
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to pB < 1. Let n > 0. Let us define the stopping times
730 .= inf{t > 0: |I}|1in StI’é <e},
=3

2,6 ._ o § N N2 (\0_ 0 2
720 =inf{t > 0: | i d(()‘i = AT (A = A5)0)() < e},

where Stm = Ei,jel()‘? - )\?)Q(t). Set also 79 := 729 A 72 We know from Lemmas
and [3.3] that we can choose £ small enough so that

P [7'5’8 AT < T] <.

The number ¢ being fixed, it is then straightforward to see from Lemma [3.8 that there
exists dg small enough so that for all § < dp, we have

€

P[T5<T:| <.

Now, we have

P <T| <n+P

L
€ .6 5
6 Z 1{Tl§+1_Tl§ > 65} < T, T& 2 TL
/=1

We need to show that the second term goes to 0 when 6 — 0. Let {F;}+>0 be the filtration
of the driving Brownian motion. We will prove in Lemma [B.12] there exists a constant
¢ > 0 such that, on the event {70 > T?}, almost surely

L
Yp [TfH T8> 5| fTés} > e PHE
/=1

In the following, we suppose that ¢ is small enough so that ¢ P8¢ > §7PA+2 and
08T — §PB+E L — PP+ For such 6, we have

L
— 1 5
R
(=1

L

5 5 —pBH2E. 6 < b

g]P’[Zl{Tgﬂ—TgMé}—P[TZH—TZ 255\7‘}5] < -0 > Ty
=1

<r|

L
< NP [TfH Yy B P Tg]
(=1

> 5—175-1—25;7-;5 > Tg

L
5 5

> Ly, —1p 506y — P [Tz+1 —T) > & | }—T;}

=1

where we used the Tchebychev inequality in the last line. Using Lemma B.I0, we get that
there exists a constant C' > 0 such that

< € 6B [ s0-pB)(1-271) (v gpB—4¢

L
— 0 9
Yt mas <5TAE > T
{=1
which goes to 0 when § goes to 0. The proposition is proved. O
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Lemma 3.10. Let & € (0;2). Then there exists a constant C > 0 such that, almost surely,
on ; 7'5‘S = Tg

P [5€ <TS, —T7 | .FTé;] < Ost-PA-2719) (3.13)
Proof. We know that there are no multiple collisions nor simultaneous collisions (be-
cause of Lemmas and [B.3) and therefore we can denote by i the unique element such

that XO(T9—) = A0_,(T?—) and (X} — A ;)(T7) = 5. We have by Ttd’s formula
A = N1 (1) = —y(N] = AL1)(B)de + v2(db; — dby ) (3.14)

dt (N =X )()

0 2, DT R00E - 3

i i—1

+ 2pB dt.

Let us define the Bessel like process (X;): >0 by Xo =0 and for t > 0,
dt
X
Using the comparison theorem for SDE [8, Proposition 2.18] (note that the drifts are
smooth before T5§+1 — Tf), we know that for all ¢ € [0, T5§+1 — Tlfs), we have almost surely

dX; = V2(db} db 5t )+ 2pB

T+t Tt (3.15)

(A = A_D(T) +1) < X;. (3.16)

Let us define T := inf{t > 0 : X; = 0}. It is clear that almost surely T£5+1 — TP < T%.
We thus have on 70 > T9

P [55 TP —T7 | ng] <P [T}S( > 55] .

We finally conclude using a classical result for Bessel process, see e.g. [?, (13)]; the density
with respect to the Lebesgue measure on R of the law of the random variable T)‘;( is

1-pB
) 1 1<52> 2 52
p(s :f— —_— e 2t .
p(%)t 2t

Hence we deduce that for £ < 2 there exists a constant ¢ > 0 such that

P {Tg( > 55] < cs(1-PA1-2718)

O
For time ¢ € [0; 7], we define the random set

Ii={i€{2,...,d} : |]\] = X_,|(t) < VE/3). (3.17)

Note that, on the event  := {Tg > T}, for each t < T, the set I; contains at most one
element. For each ¢ € {1,...,L}, and i € {1,...,d}, we define the stopping times

t9(v/2/3) == inf{t > T} : min |\ — \0_,|(t) > V//3},
J

£3(i, VE/6) = inf{t > 77 s min XS — Ay |(6) < VE/6}
JF

If i denotes the unique index such that \J(T0—) = \i—1(7?—), note that if 79 < 72 then
minjz; A} — X [(T7) > vE/3.
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Lemma 3.11. If T) < 70 and if i denotes the (unique) index such that N (T9—) =
)\f_l(TlfS—) , then there exists a constant ¢ > 0 and 6o > 0 such that for all § < &g, we have

8" P0 <P (1] (VE/3) AT, VE/6) < Th | P | (3.18)

Proof. Note that i is the unique element of the set [Tg defined by BI7) for which
N =X [(T))=6.Fora=1-pBandte [Tf7Tf+1) we have by Itd’s formula

d(A] = A1) (1) = =y — ALy (t)dt (3.19)
(A = A1) ()

N O, D0

a(X) = X)) (E) V2(dby —dby™h) — Bp Y

k#i,i—1

For t € [TY,77], we deduce that

d(A] = X_1)* () = a(A) = A (1) V2(dby — dbyt) — ¢ (A) — ALy)* (8)dt

where ¢ = a’y—l—ﬂp(d 2)36/¢. Let Tz be the first time after 7)) so that A2 —\0~! reaches
k < 4. Then, as fo e (A = X0 )" H(t) V2(dbi — dbi™t) is a martingale, we find that

E[(\ = X)) (1 (VE/3) A B VEI6) AT | Fpo| > 0%exp (<¢/T). (3.20)

Before time #3(i,/2/6), ()\g — Ag_l)(t) can not cancel if j # i. Therefore we can choose k
small enough so that the last inequality implies

1 (0%
E [()\6 1) (8 (VE/3) N6 VE6)) Lt (yemni (i) < T, ) \ng] > 50%exp (=d'T).

which can be rewriten using the fact that |A\? — A0_,|(tJ(\/2/3) A #2(4,1/2/6)) < /3, as
follows

P [0VE3) AL VED) < Th | 7y 207 (2) exnl<T).

The lemma follows with ¢ = (%)O‘ exp(—c' T). O

Lemma 3.12. Let £, T > 0. There exists a constant ¢ > 0 and §y > 0 so that if § < b,
on TP < TONT,
P [55 ST, —T7 | }'Tés] > c51P8 (3.21)

Proof.We assume in the sequel that § < 1. The proof is based on Lemma BTl It
implies

P [55 ST 17 | ]:Tf}

P[1(VE/3) AT, VE/6) < T3 68 < Ty =T < 1| Fy| -
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By Lemma B.IT] we deduce that
P [55 <TP, —TP<1| ng]
>t PP P [ti(\/g/?)) AE(i,VE)6) S TP ST+ 1,65 > T, — 17 | ng] .
But
P {t?(\/g/?’) NI, VE/6) S TPy ST+ L;Tphy — 17 < 6° | ng]
<P [H(VE/3) < AT+ LTH, — 8(VE/3) < 6 | Fry]
+P [0, V/E/6) < HH(VE/3): 86, VE/6) — TP < ¢ | Foy | -
Let us handle the first term of the previous right hand side

P [tg(\/g/?)) ST AT+ 1) T — t9(VE/3) < & ftg(\/g/?,)}

3
<P [mas sup X() = XEVE > L | Py
I 8(E[3) < 5 < ((VE/3) 46 (VE/IA(T+1)
C€2
< Cexp(——¢)

where we used Lemma for the last line (actually the proof since we used the estimate
for a fixed s). For the second term, the idea is similar

B[R0, VE/6) < (VE/3): B (i, VE/6) = TP < 6¢ | Fry

<P |max sup X () = N(T)| > 2 |
I T8 < s < (TP +6€)NE (i /2 /6)A(T+1) 12 :
2
ce
< CeXp(—é—g) ;

by Lemma As for all £ > 0, exp(—65C/4) < 678 for small enough 4, the proof is
complete. O

4 Properties of the eigenvalues of M/

In this section, we will study the regularity and boudedness properties of the eigenvalues
of Mﬁ .

Definition 4.1. Let Moﬁ be a symmetric (resp. Hermitian) matriz if 5 =1 (resp. 5 =2)
with distinct eigenvalues Ay < Ay < -+ < Ag and (M (t))¢ = o be the matriz process defined

in Definition[2.1l. For allt > 0, the ordered eigenvalues of the matrix Mﬁ(t) will be denoted
by AT(t) < A5(t) < ... < AL(P).

The following proposition characterizes the evolution of the process A" (t) until its first
collision time.
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Proposition 4.2. Let (A7(t),...,\}(t)) be the process defined in Definition [{.1 and
set Tp(1) == inf{t > 0 : i # j,A}(t) = A}(t)}. Then, almost surely, the process
(AT(2),..., AI(t)) verifies for every k € N, the following strict inequality

N2 (k/n) < AB(k/n) < -+ < A%(k/n). (4.1)

In addition, there exist a sequence of Bernoulli random variables (€} )ren with mean p and a
sequence of independent (standard) Brownian motions (b); > o, i € {1,...,d} also indepen-
dent of the Bernoulli random variables (€})ken such that, the process (AT(t),..., A (t)): >0
is the re-ordering of the process (i (t), ..., 1l (t)): >0 defined fort >0 by

. En
i (t) = =y (t) dt + v/2db, + Y ———
o 1t (t) My (t)

dt. (4.2)

with initial conditions in t = 0 given by (u7(0),...,15(0)) = (A1,...,Aqg). In particular,
up to time T, (1), the process A" verifies

NP (t) = —yAP(t) dt + V2db, + B> = dt .

4
Remark here that we use the property that €} = (¢)2.

Proof. Let us show first that for each k& € N such that k/n < T,(1), we have almost
surely the strict inequality (4.1]). We will proceed by induction over k. Note that under
our assumptions, it is true for kK = 0. Suppose it is true at rank k£ and let us show it is
then true at rank k + 1. From Definition 211 if the eigenvalues of M} (k/n) are denoted as
Al (k/n) < --- < XJ(k/n), then, depending on the value of the Bernoulli random variable
€y, the dynamic for ¢ € [k/n; (k + 1)/n] is

o if € = 1, the process (A7(t),...,A;(t)) follows the Dyson Brownian motion with
initial conditions (A} (k/n),...,Aj(k/n)) (see [2, Theorem 4.3.2]); More precisely,
we have for ¢ € [k/n; (k+1)/n)

- dt
AN (t) = —y A (t) dt 2dW —_—.
j#i ot J
where the (W}); > 0,7 € {1,...,d} are independent Brownian motions. In particular,

this process is non-colliding in the sense that the A(¢) will almost surely remain
strictly ordered for all ¢ € [k/n;(k + 1)/n) (see [2, Theorem 4.3.2]). Thus, we will
almost surely have A7 ((k+1)/n) <--- < Aj((k+1)/n).

e on the other hand, if €} = 0, we need to define a new process (uf(t),. .., uj(t)) of in-
dependent Ornstein-Uhlenbeck processes with initial conditions (A} (k/n), ..., A} (k/n));
More precisely, the evolution for ¢ € [k/n; (k + 1)/n| is given by

Ay (t) = —yul(t)dt + v/2dB] (4.3)

where the Brownian motions B? are the ones of Definition 2.1l Note that, before time
T, (1), the two processes A" and p™ coincide. In this case, the pf'(t) can cross and the
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ordering can be broken in the interval [k/n; (k + 1)/n]. However, if crossing for the
process u" happen before time t = (k+41)/n still we know that eY +0/m 2 ((k+41)/n)
are almost surely distinct. The re-ordering of the uf* thus always gives A\ ((k+1)/n) <
< A((k+1)/n)a.s.

The induction is complete and proves equality (1) for all £ € N. We deduce from the
above arguments that for k such that k/n < T,,(1), the evolution of \"(t) for t € [k/n; (k+
1)/n ANTy(1)) is

AN} (1) = —yA7(8) dt + V(AW + (1= e)dB) + 8 dt .

¢
2N - 30
with initial conditions in t = k/n given by (A7 (k/n),...,Xj(k/n)). Let us define the pro-
cess b® for t > 0 by b = fot(e?dWsi + (1 — €?)dB!). Using the fact that the Brownian
motions (W) >o0,i € {1,...,d} are mutually independent and independent of the Brow-
nian motions (B});> 0,4 € {1,...,d} (also mutually independent), it is straightforward
to check that the processes (bi)¢>o0,7 € {1,...,d} are mutually independent Brownian
motions. It is also easy to see that, for all s,t € [k/n;(k + 1)/n], the random variables
(Wi — Wi+ (1 — e})(Bf — B!) and € are independent. Therefore, we deduce that the
brownian motions (b%): > o,7 € {1,...,d} are independent of the sequence (€})xen- O
The following regularity properties will be useful later on.

Lemma 4.3. Let T < co. Then there exist constants C, Ag, c,c’,a > 0 which depend only
on T,d such that for alln € N, all A > Ay and all e >0

P| max sup |MP(t);| > A| < Cexp(—aA?), (4.4)
1<ij<dogetgT
P | max sup | MP(t)i; — MP(s)i| > | < ¢ exp(—i) . (4.5)
1<ij<do<si<r, " d o
t—s| < 6

Proof. Using [t6’s formula, we can check that

s i=1

t d
EEMP(t) — e MP(s) = / eV’ (e?stB +(1— e?)ﬁZx?([n—j)dB;> .

Let us set Ap(s,t) = eMP(t) — e?*M(s). The entries of Ay(s,.) are martingales
with respect to the filtration of the Brownian motions conditionally to the Bernoulli
random variables (€})ren (this is due to the independence between the Brownian mo-

tions (B}); > o, (Htﬁ (17))t > 0,1 < i,j < d and the sequence of Bernoulli random variables
(€2)ken- Using the fact that |x7'([ns]/n);| < 1 for all ¢, j, we can check that there exists a
constant C(d,T") which does not depend on n such that for all n € N

[{(An(s, )iz, Anls, )t < C(T,d)[t — s|.
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Let A > 0, using [2] corollary H.13|, we have
P| max su MP (1)) > A]
L sw @A)

<frmxp[sw WWMﬂw—M$m>A—mww¢@ﬁ@
1<i,j<d 0<t<T 2,7

— & P s 8,001 > 4 mox 7G|

1<ij<d |ogtgT 1,7
A —max; ; | MP (i, §)])?
< d? ! b 00 : 4.6
eXp( C(d,T)T (46)

Similarly, for any given s € [0,7], for ¢ > 0, using [2, Corollary H.13], we have, for each
entry ij and for every § > 0:

2
P TMP() — €M (s))is| > 2| < dPexp [ —omm |-
llgggdte[g&ﬂ!(e n(t) = €My (s))ij| > exp | —555

and therefore there exists a positive constant ¢ so that

P| max sup |(eﬁ’tM5(t) — eﬁ/sMg(s))iﬂ > €
1<4,5<dogst<T,
<o

[t—s

[27/6)+1
< vt A 18 Y8/ 2 1B ..
< Q. Plmax osup (M) = € M0/2))] > /2
P =8| < 5/2
2T g2
2
<d7?“p<z%>

O

Lemma 4.4. Let T < oo. Then there ewist constants C', Ag,c, ", o, eg > 0 which depend
only on T,d such that for all n € N, all A > Ay and all e >0

P| max sup |[\'(¢)] > A| < Cexp(—aA?), (4.7)
I<i<dogegT
! 62
P| max sup [AP(t) = A'(s)| >e| < 5 exp(—%) . (4.8)
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Proof. This lemma, is a consequence of Lemma (4.3l and the inequalities

1
2
max A% () — A <§ AV (E) = A |>

1/2
= Z ‘Mﬁ ( )w’z (4.9)
i,j=1
< d max \MB() — M} (5)]
1<4,5<

where, for the second inequality, we used [2, lemma 2.1.19] and the fact that the A} are
ordered. O

5 Convergence of the law of the eigenvalues till the first
hitting time

Proposition 5.1. Take A\(0) = (A1 < A2 < --- < Ag). Construct p", strong solution of
[#2), with the same Brownian motion than A, strong solution of (2.4)), both starting from
A(0). A" equals p™ till T,,(1). For all T > 0, we have the following almost sure convergence

R T U

As a consequence, if we let Ty = inf{t > 0,3i # j, \i(t) = A;(t)}, we have almost surely
Ty < liminf 7,,(1) .
We point out that this convergence does not happen on a trivial interval since we have

Remark 5.2. For any n > 0, there exists 7(n) > 0 so that

lim P[T,(1) > 7(n)] > 1 -1,

n—o0

Proof of Remark [5.2. By the same arguments developed in (£9), we find that

P |sup max |[A!(t)e™ — X\(0)] > e] < P [sup ltr((M™(t)e? — My)?)| > €
t<T1l<i<d t<T

€2

< @2 S
s devl-5mrmT)

But since also the A} are uniformly bounded with high probability, we can choose for any
7n > 0 the parameter T small enough so that

P | max sup [A'(t) = Ai(0)] =2 min A —Aia|/3] <

1<Z<dt<T 1<i<d

This implies that P(7,(1) <T) <. O
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Proof of Proposition [5.3] Using It6’s formula, we can compute

d
Z = —27/ Z (A (s (s))?ds (5.1)

=1

By the same argument as in ([3.I1]) the second term in the right hand side is non positive.
Thus using equations [5.1] we find for ¢t < T5,(1)

d (s) 8)
Z)\n 25/ (e —p ZZ)\ ) ) ds := Ry(t).

i=1 i=1 j#i

We next prove that
lim sup  Ry(t) =0 a.s. (5.2)

N0 <t < TATS

Write R, (t) as R, (t) = P,(t) + Qn(t) where

t 4 A ([ns]/n) — Ni(s)
Pn(t) dS,
/ -F ; eAROEPHE)
t d AM(s) — A ([ns]/n)
Qn(t) 2 ds .
/ P 2 NGB = M)

We first handle the convergence of @, (t). Set 1 = {Sup\s f51/n MAX1<i<d IAR(£) =N (s)| < n~1/2Fe),

On the event 1, we have

@n(®) \<n‘”2+€ZZ/ &1

=1 j#i

Following (4.9]), we know that
2e

P(Q]) <ce™ ™

We thus deduce from Lemma [3.1] that

P [sup |Qn(t)| > 5} {ZZ/ ol > 5n1/26] + P[]

t<T =1 j#i
82 pl—2e

2e

< ce +ce "

Hence, Borel Cantelli’s Lemma insures the almost sure convergence of ), to zero. We now

turn to the convergence of P,(t). Let n > 0 small and write

d(d—1)
2

Pu(t) = /0 (e — p)ds + P(t)
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with

S R Ans) /) — X (sl )
P = [ -p Y T

The process fg (e —p)ds is a martingale and by Azuma-Hoeffding inequality, for any § > 0

¢ 5°n
P <max[ (e} —p)ds| > (5> < 2exp(—7).
0

t<T
We now use the independence between the brownian motions (bi)o<;<7,i = 1,...,d and
the Bernoulli random variables €,k = 1,..., [nT]. Conditionally on the (bj)o <:<7,% =
1,...,d, the processes \;(t),i = 1,...,d are deterministic and the process P, is a martin-

gale with respect to the filtration of the €. We let

k+1/m A1 ([ns /n) A3 ([ns]/n)

ZZ/ Ai(s) = Aj(s)

=1 j<i

By Lemma and Lemma 4] the set

Q={ sup |Ap|<n'/5}
E<nTAT3
has probability larger than 1 — o—cn/16
that for all A > 0,

. Moreover, by martingale property it is easy to see

AP (k/n)—3X2 55— (A

E[lge Pm <1,

Taking A\ = n'/1% since on Q, —n'/16|4A7| + n!/8|A7[2/2 < 0, Tchebychev’s inequality
yields
(Tn]

P {|Palk/n AT 20 00 AR+ )} nQ | <e!
(=0

nl/16

As by Lemma 3.1 Z[Tn] |A}| is bounded by n!/32 with probability greater than 1 —

we conclude that
1/32

P (yﬁn(k/n AT3)| > n—1/32> < e

The uniform estimate is obtained easily by controlling the increments of P, in between
the times k/n,k < [nT] by supy<[,7] |A)| which we have already bounded.
O

6 Proof of Theorem [2.2l

6.1 Non colliding case pg > 1

It is straightforward to deduce Theorem when pfS > 1. Indeed if Bp > 1 we know that
there are no collisions for the limiting process and more precisely, see e.g [2 p. 252],

P(r2 < T) < e(Ao)T/|log €|
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with some finite constant ¢()\g) which only depends on the spacings of the eigenvalues at
the initial time. This implies in particular that

lim lim P(T'<T)=0

e—0n—o0

from which we easily deduce Theorem from Proposition 5.1

6.2 Colliding case pfs < 1

We now define the process (A?’(S(t))t > o which will depend on the sequence (T} )¢en defined
in Definition To unify notations, set 7¢ := T} and T2(1) := Tp,(1).

Definition 6.1. Fort < T?, set )\?’6(15) := AP(t). For time t > T, we define the process
recursively by setting for each € > 1, X" (T0) = A" (T9—) + 6 for all i € {1,...,d}
and for t > Tlfs, the process )\?’6 1s defined up to time T5§+1 by ordering the process
(W), . .. ,ug’é(t))Tés <t<Tp,, Which is defined for t > T} as

€'

Al (1) =~y (t) dt + V2db + BY — dt . (6.1)

) 75
i i (t) — N? (t)

with initial conditions in t =T} given by (A?’é(Tf), . ,)\Z’é(Tés)).

Lemma 6.2. LetT < co and § > 0. We have the following convergence in probability, for
all ¢ € N,

lim mex, s ) - N0

In particular, for every £, if T;f is the first collision time for \™° after Tf_l,
TOAT < lminf TS (AT a.s.

Proof Again, we prove this Lemma by induction over /.

e We begin with the case ¢ = 1. Proposition [5.1] yields that the random variable
maxi < i < dSUPy < ¢ < 7, (a7 |Ai(t) — AT (t)] = 0 converges to 0 in probability as by Lemma
B2 P(r3 > T) goes to one as ¢ vanishes. Since we have the almost sure inequality
Tf < liminf Tg (1), the continuity of the A;,1 < i < d, the regularity property of the
A given by Lemma [4.4] Lemma and Proposition 5.1}, we can check that since before

TSNS = X and A7 = A2 i TO(1) < TP AT,

max  sup M) = APO()] (6.2)
Isisdpsqy <t<TdAT
< max  osup  {IAT(E) = AMTI)| + () - MR (6.3)

Isisdqsay <t<TdAT
+IAM(T (1) = (T3 (1)

goes to zero in probability, when n goes to infinity.
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e Suppose the property is true for £ and let us show that it is then true for ¢ 4 1.
By the same argument as in the proof of Proposition b1l we can show that, for all ¢ €
[T9; T3 (¢ + 1) ATP, ], we have

d ns 152 wi N\
;(A AZ) (t) < Z(A Az) (17) (6.4)

The same proof as in Proposition (.11 shows that, if 2 £ is the stopping time T? for the
process \(t),t > Tf,

t d n,0 s) — (58
nh_)ngo sup /5(6? - D) Z Z );%i))f);"((s))ds =0 a.s. (6.5)

[T TS (UAVATY, A2 7T, i=1 j£i
Thus, because of (6.4]), the following convergence in holds

lim max sup A = M) =0 a.s. (6.6)
T He[THTI(+)ATY, A3
Because of (6.6), we have T{,; A3 < liminf,, oo T (€4 1) AT3. Since the probability that
73 is larger than T goes to one as € vanishes, we can show as in (6.2 (note that Lemma

4] Lemma [3.5 and Proposition B.1l extend to {\™°, A, ¢ > T91) that in probability,
t oAt ‘

lim max sup INO(t) — Ml’é(t” = 0.
noelsisdrser) <t< Ty, ' '
The property at rank ¢ + 1 is established. The Lemma is proved. O

Lemma 6.3. There exists a constant ¢ > 0 such that for all L € N, we have the following
almost sure estimate

max  sup |)\?’5(t) —Aj()| <dLVe.

Isisdoci<Ts?

Proof. Note that the estimate is striaghtforward on [0, T¢]. We then proceed by induc-
tion on the time intervals [7), 77 '+1] as in the proof of Lemma [3.8 until the first collision
time

ty = inf{t = TP : 30, AP(E) = NPy (£) or NP0 (8) = A7 (1)}

We next claim that, at a given time, almost surely the eigenvalues A" are different.
Indeed, this is clear if the eigenvalues follows Brownian motion and even more when they
follow Dyson Brownian motion. Moreover the probability that more than two eigenvalues
collide at some time vanishes. Indeed, this can only happen if the eigenvalues follow the
Brownian motion. But the probability that 3 Brownian motions collide vanishes and hence
the result.
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Hence, there are almost surely at most two eigenvalues which can collide. Hence,
let i(t;) be the unique integer in {1,...,d} such that A(¢1) = A ,(t1) (respectively
AT (1) = A?’(S(tl)) and let 71 = ([nt1] 4+ 1)/n. Notice that, for t € [[nt1]/n; ([nt1] +1)/n),
we necessarily have €' = 0. Let u?’é and ' for ¢ € {1,...,d} be the processes such that
for t € [t1;71]

Ay (t) = oy (t)dt + /2
dp(t) = —yuf (t)dt + v/2db,
with initial conditions at ¢t = t; respectively given by pu™°(t;) = A\™(t1) and p™(t;) =

A"(t1). We know that the )\?’6, respectively the A7, are just a re-ordering of the processes
0 and 1

i

By definition, for t € [t1; 7], we find that :

6 (= 8
(" = i) () = e () — ) (t).
As a consequence, we deduce that
d d
é 6
> = < 2 OFT =)
j=1 J=1

Moreover, as the A’s are ordered but the set of the values of the A’s and the u’s are the
same, using for instance [2, lemma 2.1.19], we have that

d d
SS05 A0 € D205 -0,

Jj=1 Jj=

[y

Gathering the above inequalities, we have shown that

d

d
sup Z()\?é A7)? Z )\"6 YA(TP).
tE[OJ‘l] j=1 j=1

We can continue inductively until we reach the time Tf ', to finish the proof.

7 Asymptotic properties of the eigenvectors

Recall that w ,i < j are real (respectively complex) standard Brownian motions if § =1

wP

(resp. B = 2) Wlth quadratic variation St and that we also set for ¢ < j, w i = E)g In

addition we also defined the skew Hermitian matrix R® = —(R”)* by setting for i < 7,

dw? (1)
B 1j
0 = S0 xy

J

B(0) —

Proof of Proposition
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It is classical to check that the unique strong solution of the stochastic differential
equation

403(1) = FOLAR’ (1) — L O ()a((R), R, (7.1)

with initial condition Of (0) := O(0) (defined at the end of Section [I)), is in the space (95
for all time ¢ (see e.g. [2, Lemma 4.3.4]) and is such that, with A% (t) being the diagonal
matrix of the ordered (as in (Z3)) eigenvalues of Mp(t), we have

O ()AL (MO (1) "= ME(t) .

The law of the continuous process Og is uniquely determined as the unique strong solution

of ([TI). O
One can thus define the eigenvectors of M} (t), denoted as ¢!'(t), so that they satisfy
the stochastic differential system

dw.ﬂ.(t) €r B
dgp(t) = Y e 7 () — = 0 nz 4 (1) (7.2)
250" 2w - )
where wfj,i < j is a family of i.i.d. Brownian motions (on R if g = 1, C if g = 2),

independent of the eigenvalues A7, 1 <14 < d.

Proof of Theorem

This proof is classical and uses the theory of stability for stochastic differential equa-
tions.

For n > 0 fixed, we deduce from Proposition (1] and Lemma that the process
(AT(t),..., AJ(t)) converges almost surely in the space of continuous functions C([0; (17 —
n) A T],R?) (respectively C%) if 3 = 1 (resp. 8 = 2) endowed with the uniform norm
towards (A1(t), ..., Aa(t))o < ¢ < (1,—n)aT Where the \;’s are the unique strong solutions of
24) (with the same Brownian motions b") and where T} is the first collision time of the
Ai, 1 <7 < d. In the sequel we will work conditionally to the (A7, \;)’s satisfying the above
convergence.

Define for i # j the processes wg" by setting

wg"(t) :/0 e?dwiﬁj(s). (7.3)

Note that the quadratic variation of this continuous martingale converges almost surely
towards pt so that by Rebolledo’s theorem (w?j’",z’ < j) converges towards (\/Towg,z < J).

Moreover, if T7 is the first time at which two eigenvalues are at distance less than e, the
drift coefficients being bounded, we see, with a proof similar to the proof of Proposition

BTl that for ¢ £ 5
tATY en
/ n Sn 2 dS
o (AT =A7)%(s)

converges towards p f(f/\Tf (Ai(s) — Aj(s))~2ds uniformly almost surely. Since T converges
towards T} as e goes to zero, the convergence holds till (77 —n) AT for any n > 0.
Gathering the above arguments, the result follows from [7, Theorem 6.9, p. 578]. [
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We now turn to the analysis of the behavior of the columns ¢;(t) of the matrix O”(t)
when t—T} with t < T}. Those vectors ¢;(t) form an orthonormal basis of R? (respectively
C%) if B =1 (resp. f = 2) and it is easy to check that they verify the following stochastic
differential system

dqsi(t):;ﬁdw 2#3 ot 0

In the following of this section, we will denote by i* the unique (because of Lemma
[B4)) index such that A\« (T1) = A\i=—1(T1).

The main issue we meet at this point in the presence of collisions (that will occur if
ppB < 1; see [4]) lies in the divergence of the integral 27] that we now prove.

We now describe the behavior of the d — 2 vectors ¢;(t),j # ¢*,7* — 1 just before the
first collision time T;.

Proof of the first statement of Proposition

We will denote by ¢;¢(t) the (-th entry of the d-dimensional vector ¢;(t). For 0 <t < T,
we have

P B
dg (t) % ", dw]k( Jon(t) = 5 kZ# gttt (7.5)

We recall from section that there are no multiple collisions nor two collisions at the
same time for the system (A1 (t), A2(t), ..., Aa(t))o <+ <y verifying (Z4]), and therefore we
may assume without loss of generality that for j # i*,i* — 1, every diffusions and drift
terms of (7.0 remains almost surely bounded for ¢ € [0; T3]. To prove the lemma, we just
need to prove that almost surely

lim  sup 65(0) — 65(s)]> = 0.

The drift terms appearing in (Z.) are obvious to deal with since 1/(A; — A)(t) is bounded
in the vicinity of 7 and that |¢;e(t)| < 1 for all ¢ < T'. For the diffusion terms, we have
for every £ € {1,...,d} and for every s € [0;717] the following estimate

>
defk(u)%e(uﬂ > S eXp(_wp(d — 17;M(T1 - 3))’

P| sup |
s < t<Ty S k‘;ﬁ] >\.7 ('LL) - Ak‘ ('LL)

where M = sup;¢(o,7,) Maxy; (/\JTM Using the Borel-Cantelli Lemma, we deduce the

result. O
For § > 0, we want to define a process (¢1(t), p2(t), ..., ¢a(t))r —s < t<7, that will be a
good approximation of the process (¢1(t), ¢2(t), ..., ¢a(t))r,—s < t<7, on the time interval

[T} — 6;T1]. Hence for j # i*,i* — 1, we set qﬁj( ) = qﬁj (the vectors do not depend of time).
It remains to define the evolution for (¢;-_1(t), ¢~ (t)) that will depend of time ¢. N

Let V' be the (d—2)-dimensional subspace spanned by the orthonormal family {¢;; j #
i*,i* —1} and W its orthogonal complement in R?. Let us define the “diffusive orthonormal
basis” in the space W that will describe the evolution of the two vectors (¢=—1(t), ¢i=(t))
on the interval [T7 — 0;T1] (up to the initial conditions at time ¢t = T; — ¢ we will explicit
later).

31



Lemma 7.1. Let § > 0 and (u,v) an orthonormal basis of the two-dimensional subspace
W. We consider the following stochastic differential system

() = Syl () Gea) = B G0, (76)
s (0) = =y e O 80 = B e e @

with initial conditions (¢ _1(Ty — &), b= (Ty — 8)) = (u, v).

This stochastic differential system has a unique strong solution defined on the interval
[Ty — 0;T1) such that for each t € [Th — 6;T1), {pi=—1(t), i (t)} is an orthonormal basis
of W.

Proof. For all e > 0, the function ¢ — 1/(X\* — A\i=_1)(¢) is bounded on the interval
[Ty — 0; Y] and therefore there is a unique strong solution to the stochastic differential
system ([.6)) till the time 7§ where |Aj — A\j=_1| < € as it is driven by bounded linear drifts.
As Tt grows to T} the proof is complete.

To show that for all ¢ € [T1 — 6;T}) the family {¢s_1(t), & (t)} is an orthonormal
basis of W, we proceed along the same line as in the proof of [2, Lemma 4.3.4]. O

In the following lemma, we show that we can choose a constant d > 0 small enough and
an initial condition (u,v) € W such that the processes (¢1(t),. .., ¢1(t))ieim —s;my) defined
by Lemma [Tl is indeed a good approximation of the process (¢1(t), ..., ¢a(t))cir —5:1))-
The advantage of the process (gz~51 (t),... ,q~51 (t))te[r,—s;my) 1s that it is simpler to study in
the vicinity of 77 (see Lemma [T.3] below).

Lemma 7.2. Let n > 0 and x > 0. Then there exists an orthonormal basis (u,v) of W
and 6 > 0 small enough such that if we denote by (¢pi—1(t), Pix (t))ieir—s:my) the unique
strong solution of the stochastic differential system (L8] with initial conditions given in

to="T1 — 0 by (i=—1(t0), &= (to)) = (u,v), we have

P (t sup [|i- () — Gix (D13 + [|ds=—1() — di- 1 (D13 > 77) < k.
S

[to;T1)
Proof. Using Itd’s formula, we find] for all ¢ [to; T1),
l|6i=(£) — i ()13 + = —1.() — Gie—1(B)[[3 = llax (t0) — wll3 + [[ps=—1(t0) — v[[3

e VP BN s). bu(s
2, L T e gl ()

As for i € {i*,i* — 1} and j & {i*,i* — 1} the terms 1/(\; — A\;)%(t) have almost surely
a finite integral with respect to Lebesgue measure on the interval [to; T7) (in fact those
terms are almost surely bounded as the corresponding particles remain at finite distance),
the quadratic variation of the last term is of order ¢ and therefore is smaller than 7/2 with
probability greater that 1 — x for § small enough.

'Note that all the diverging terms in T3 cancel in this expression.
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It remains to check that we can choose (u,v) an orthonormal basis of W and § > 0
such that

b (Ty — &) — wlf3 + ||ps=—1 (T2 — 6) — v||5 < m/2. (7.8)

This is a straightforward: Indeed we can approximate the ¢;(7h —0) for j & {i*,7* — 1} by

the 5]- because of the first point of Proposition 2.6, thus we can choose two vectors {u, v}

in the two dimensional space W so that (7.8)) holds. This completes the proof. O

We now turn to the study of the couple (¢;-_1(t), ¢ (t)) for t € [Ty — 6;T1) and in
particular when ¢t — T7,¢ < T7. A crucial point is equation 2.7l which we now prove.
[t6’s Formula gives for ¢t < T}

dbi* — dbi* 1
Aix — Xi=—1)(s)

I = Xoa)(t) = (=1+ 280+ [ V3

t ds t 2ds
o Z_ (Air = Aj)(Ai=—1 = Aj)(s) _/0 (Air = Ai—1)(s)

If we suppose that fOTl dt/(Ni+ — Xi=—1)%(t) < +o0 and since T} < 72 for some € > 0 small
enough, we obtain a contradiction letting ¢ — T7: under this assumption, the right hand
side tends to —oo whereas the left hand side is almost surely bounded in this limit. O
The next Lemmal[7:3]shows that the orthonormal basis (¢i_1(t), ¢i= (t)) of the subspace
W is in fact uniformly distributed in the set of all orthonormal basis of W in the limit
t— Tyt <T.
_ As W is two dimensional, up to a change basis, we can suppose that the two vectors
¢i—1(t) and ¢« (t) are two dimensional (we just study the evolution of their coordinates
in an orthonormal basis of W). Let us define the two by two matrix ¢(t) whose first line
is the vector ¢;+(t) and second line is the vector ¢;«_1(t):

gy Gir (t)
o) = | ~ .
=g
Lemma 7.3. The matrix gz~5(t) converges in law when t — T1,t < 11 to the Haar probability
measure on the orthogonal group (respectively unitary group if § =2.)

Proof. To simplify notations, we do the proof in the case g = 1.
Set tg :=T1 — ¢ and define for ¢ € [0;0) the function

to+t ds
0= [ e

and denote by ¢! its functional inverse. We now proceed to a change of time by setting
for t € [0;0)

Ui (8) = G (071 (1), thie—1(8) = Gira (071 (8).

As ¢1(t) = 400 when t — 6,¢ < § (because of ([2.7)), the two by two matrix ¥(t) whose
first line is ;+« (t) and second line is 9);« (t):

D) lei*(t)
vl = <¢i*—1(t))
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is now defined for all ¢ € Ry and verifies the following stochastic differential equation

4 = VpAD() aB, — 2 5(r) ar. (7.9)

where B is a standard Brownian motion on R and where A is the two by two matrix

defined by
0 1
().
Note in particular that A% = —1.

It is clear that there is pathwise uniqueness in the stochastic differential equation (7.9)
(it is linear in v). Therefore to solve entirely this equation, we just need to exhibit one
solution. Using It6’s Formula, one can check that the solution is

(t) = exp (VP A By) (0)

[ cos(y/pBy)  sin(y/pBi)\ ~
n <— sin(,/pBy) cos(\/ﬁBt)> v (0).

Note that for all t € R, the matrix ”(Z(t) is indeed in the space of orthogonal matrices.
But (cos(y/pB;),sin(,/pB;)) converges in law as time goes to infinity towards the law

of (6,1 — 62) with @ uniformly distributed on [—1, 1] and e = +1 with probability 1/2,

from which the result follows. O

Lemmas and [7.3] give the second statement of Proposition
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