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Summary : We study the fluctuations around non degenerate attractors of the empirical
measure under mean field Gibbs measures. We prove that a mild change of the densities of
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1 Introduction

The fluctuations for mean field interacting particles have been widely studied ( see [3],[5],]7],
[12],[13], [19],[20] ...). The problem can be summarized as follows. Let ¥ be a Polish space
furnished with a sigma-algebra F, and P(X) be the set of probability measures on (3, F).
Let I be a function on P(X) and P be an element of P(X). We consider the Gibbs measure
PY defined by
N 1 IS N (
PY(dX) = — exp{NT( —Z VPN (X)
Z2 N -

where X = (x1,..,2y) € (X)V and with

7 = [ exp{ND(1; 3 6.)}aP=N(X),

=1

One is interested in the asymptotic properties of P& when the number N of particles goes
to infinity. In particular, one would like to understand the asymptotic behaviour of the
empirical measure
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that is its convergence ( law of large numbers ) and its fluctuations ( central limit theorem ).
The convergence of the empirical measure is now well described. If I' is for instance bounded
continuous as a function on P(X) furnished with the weak ( or the strong ) topology, it is
well known ( see [9], theorems 4.3.1 and 6.3.1 ) that the law of 4"V under P2 satisfies a large
deviation principle with good rate function

H(p) = I(u] P) = T(sx) — inf{I( |P) = T}

where I(u|P) is the relative entropy of p with respect to P

+00 otherwise.

At least in non degenerate cases, the empirical measure converges to a convex combination
of the minimizers of H. Let us assume for simplification that H achieves its minimal value
at a unique probability measure p* which is a non degenerate minimum ( that is, roughly
speaking, that H is strictly convex in a neighborhood of p* ( see theorem 1.1 for a precise
statement ) ). Then, one expects the fluctuations around p* to be Gaussian. This type
of result was indeed proven for various functions I' in [3],[5], [7], [12],[13], [20],[19]. To
our knowledge, the most general assumptions on I" can be found in [3] or [12] ( except for
dynamical densities where Z = 1 which is treated in [17]). In both articles, the authors
assume that I' is of the form

D(u) = i/vk(m, o)A (2, 7). (1)
k=2

for a finite integer number r and functions Vj, on ¥* so that there exists a compact measured
space (C,v) and a bounded continuous function g : C'x ¥ — IR so that, for any k € {1,..,r}
and any (21, ..,z;) € ¥F,

Vie(xy, ..y xp) = /g(T, x1)g(T, x)..9(T, 21 )dv(T). (2)

This assumption is crucial in [3] to map continuously P(X) furnished with the weak topology
into the Banach space B(I') = L"(v) by Ty (u)(7) = [ g(7, x)du(x) in order to use the work
of E. Bolthausen [5].

To state the result proved in [3] and [12], let us define the Hessian = of I', that is the
symmetric operator in the subspace L2(u*) = {¢ € L*(n*); [ ¢dp* = 0} of L*(u*) so that,
for any ¢ € LZ(p*) such that for € € IR small enough (1 + €¢).u* € P(X),

[} : 1 * * *
<¢,5¢ >p2, = lim o5 {T'((1 + €¢).1") + T (1 = e¢).p") — 2T (")}
The authors then proved in [3] and [12] that if ' satifies (1),

Theorem 1.1 If p* is not degenerate, that is if I — = is positive definite, for any f €
L), (1/VN)SN, f(z;) converges in law under PYN to a centered Gaussian variable with
covariance

O'(f) =< f, ([ — E)ilf >L2(pr) -



Our purpose here is to propose a method to relax the assumptions on the functions I'
for non degenerate minimizer p*. To simplify, we will assume as well that p* is the unique
minimizer of H. However, the reader can easily extend our results to the case where H has
several non degenerate minimizers but when he considers the probability P conditioned by
the event that the empirical measure remains in a small neighborhood of one minimizer (
such local central limit theorems were studied in [3] and in [12] ( see lemma 3.2) ). Indeed,
all the proofs of this type of results use first a localization around the minimizer which boils
down to consider the probability P conditioned by the event that the empirical measure
stays in a small neighborhood of p*. We will assume in the following
(HO)PY satisfies a large deviation principle with good rate function H for the strong topology.
H achieves its minimum value at a unique probability measure p*.u* is a non degenerate
minimum of H.

We will extend the study of the fluctuations for functions I' which are of the form (1) but
with more general functions V;’s ( in particular, functions which do not satisfy (2)). Then,
we will tackle the case of "analytic” functions I', that is of functions I' of type (1) but with
r = 00.

To be more precise, let us introduce a few extra definitions. Let k£ be an integer num-
ber. We will say in the sequel that a function F' on ¥* is bounded p*-canonical if it is a
bounded measurable function such that [ F(x,..,zg)dp*(z;) = 0 for any i € {1,..,k} and
any (r;);4 € X*1. Moreover, we will say that a bounded function F' on ¥ is regular if F
is a bounded measurable function such that the maps ¥% and ¥% : P(X x {—1,+1}) — IR
defined by

= /F(:L’l, . SL’k) H €; H d/,L(SL’@', €i)

i=1 =1
and

/F Ti,., T Hd,u Ti, €;)

are bounded continuous for the strong topology. Note that if F' is continuous, F' is regular
according to Lemma 7.3.12 of [9]. However, F' is also regular if it is the limit for the uniform
topology of functions of type 35, a; [T, #!(z;) for a finite integer number s and bounded
measurable functions ¢!’s. However, a bounded measurable function F can fell to be regular
( see exercise 7.3.18 in [9] ).

Let us state the main result of this paper

Theorem 1.2 Assume I' of the form

> 01
= Z E /Wk(l‘la -->$k)d(ﬂ)®k(xlv t {L'k)
k=0 """

with symmetric bounded p*-canonical functions Wy, so that
1) The Wy ’s satisfy, for some universal constant ¢ > 0 small enough and any k > 0,

[[Willoo < const.k!cF,
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2) Wy is bounded regular for k > 2,
then, if (HO) is fulfilled, the conclusions of Theorem 1.1 are valid .

As one can see, our generalization is based on some regularity properties of the function I'
rather than on some structural hypothesis of type (2). In particular, I' has to have all its
Frechet derivatives ( see section 2 for a definition ).

Remark 1.3: Note that under assumption 1) of Theorem 1.2, T" is bounded. Hence, for
the large deviation principle to hold with good rate function H, it is enough to add the
hypothesis that I is continuous for the strong topology ( see [9], theorems 4.3.1 and 6.3.1 ),
which requires some additional regularity of the W}’s, satisfied when they are for instance
continuous.

In any case, our approach is build upon the control of sufficiently good approximations
of the functions I'. Namely, if (I'.).so is a sequence of functions on ¥ converging to I'
sufficiently well for which we know that Theorem 1.1 holds, we will prove that for any
bounded continuous functions F' : IR — IR and any measurable function f : ¥ — IR in

Lg(n),
hm (\/_fol>dPF —hm hm/ ( fol>dP£. (3)

Again, if the (T';).~o satisfy (2) and approximate sufficiently well T" as € | 0, one can compute
the r.h.s. of (3) and conclude. (3) is therefore the main point in this paper. It is not a priori
clear since the error one should make by a trivial bound should be of order e®™). Its proof
is driven by the control on U-statistics developed by De La Pena [15] and Arcones-Gine [1].
The article is organized as follows.

In section 2, we develop the approximation scheme for polynomial functions I'.

In section 3, we prove the crucial estimates to control our approximations.

In section 4, we apply this strategy to analytic functions I'’s.

2 Polynomial interaction

Throughout this section, we will consider real valued functions I' on P(3) so that there
exists bounded measurable functions (Vj)r>o so that

1) = Z % /de(u)@”“

We shall often use the p*-canonical decomposition of I', that is write I' in terms of
bounded p*-canonical symmetric functions (Wy)g>o as

"1
-y [ WG
k=0 """

The main result of this section then states as follows



Theorem 2.1 Assume that Wy, is bounded regular for k > 2. Then, for any bounded con-
tinuous function f so that [ fdu* =0, (1/v/N) SN, f(x;) converges under P to a centered
Gaussian variable with covariance

O'(f) =< f, (I — E)_lf >L2(M*) .

To prove Theorem 2.1, let us first state precisely our approximation result caricatured by
(3). To this end, let us introduce the following approximation property ; we shall prove in
the appendix that any bounded measurable p*-canonical function W on ¥* satisfies

(H1) There exists a sequence W, of continuous symmetric functions on XF so that
[ W1, 2o, .., 2)dp*(z1) = 0 for any xo, .., xx € X571 and satisfying

k

lgifél (W — W) (xy, .., 7k) Uldu*(xl) = 0, (4)
lim [(W — W,)(z,z)du*(z) = 0, when k=2 (5)

el0

Moreover, W, is uniformly bounded, that is, if || ||co denotes the uniform norm,

sup ||[Wel|loo < 00
€

and, for any e >0, W is of the form

Te

k
We(xlu ) .Tk) = ZC; ngE(xZ)
=1 =1

for a finite integer number ., finite constants ¢ and bounded continuous functions g5, im-
plying that W, satisfies the hypothesis of [3] or [12] ( see ils statement at (2) ).

Hereafter, we shall fix, for k > 2, a family of functions (W¥)., approximating W
according to (H1). (W.)eso will denote in short (W?2).o. We denote T, : P(X) — IR the
map

1
D) = 5 [ Wla, y)dpu(a)du(y)
We shall see in this section that

Theorem 2.2 Under (HO) and (H1), if the Wy'’s are bounded regular, for any bounded
continuous functions F and any f € L3(u*),

: 1 L 1 X
Jlim [ F (J—N > f(xl-)> dPN = liﬁ)l }VlTrgo F <ﬁ Z;f(xi)> dpPy.

i=1



Note
D(p) = T(p) = T(p*) = DU (e — i)
= > [ Widu (6)

Since p* minimizes I(.|P) — T, it is not hard to check ( see [3], for details ) that

*

dp
dP

log = DI'[i*](0,) + const.,

where D is the Frechet derivative

DY) — ) o= i = (D((1 = 0)ps + ) — T(u*)

Hence,

&wuvzgmeNw () (X) (7)
with

Zy = [ exp{NT(i")}d(u)*N ().

To prove Theorem 2.2, we shall first consider the partition function Zy. When I' satisfies
(1), it is well known ( see [12], Theorem 1, for instance ) that

lim Zy = (det(I — =) 2. (8)

Because our assumption on W5 does not insure that = is trace class, and therefore that the
above determinant is well defined, we are not going to prove such a result here. However,
if we assume also that = is trace class, then, according to [4], tr(Z) = [ W (z, z)du(x) and
(H1) insures that lim.jo tr(Z.) = tr(Z). Thus, we could use the Lemmas below to show that
(8) holds. Instead, we are going to provide bounds on ZN in terms of determinants of the
operators Z, in Lg(u*) with kernel W, ;

< EZeh, Y > 2= /We(fﬁla56’2)¢(56’1)i/f(xz)dﬂ*(fﬁl)dﬂ*(@)

for (¢,¢) € Li(n*). Z. is trace class according to the hypothesis on W, ( see [3] ) for
every € > (. To obtain Theorems 2.1 and 2.2, we shall use some cancellation to get bounds
depending only on the regularized determinant det, defined, for any operator A on L?(u*),
by

deto(] — A) = e~ W det(I — A)

which is continuous for the Hilbert-Schmidt norm defined, for any operator A in L*(u*), by

l|Allns = y/tr(A*A).



We will then pass to the limit thanks to (H1). In fact, note that = is the operator in L3(u*)
with kernel W; so that (4) reads

lim |Z ~ s = lim tr (2 - Z)(E - 2)) = 0. (9)

Consequently, since I — = is positive definite, I — =, is also positive definite for ¢ small
enough. Also, dety(/ — =) converges towards deto(] — Z;) as € goes to zero. For the same
reasons, there exists ap > 1 so that for & < «p and € small enough, € < ¢(a), I — aZ, is
still positive definite. In particular, dety(I — a=) converges, as a | 1 and € | 0 towards
dety(I — =Z). In the following, we will fix o € (1, o) and assume € < €(q).

In view of the above considerations, the following bounds will be meaningful and useful

Lemma 2.3 a) If o > 1 is small enough, there exists () > 0 so that, for any e < e(a),

limsup Zy < (det(I — aZ,))~ % exp{= / — Wo)(z, z)dp” (z)} (10)

N—oo

b) For anyn > 0, any A > 0, and for o > 1 small enough, any € > 0 small enough (
depending on A and o )

liminf Zy > e "det(I — 6)*é e 1Ae(A/2) [ (War W)@ w)du” ( 2 det(I — aEE)*i. (11)

N—oo

More generally, if F' is a non negative continuous function and f € L2(u*), define

2= | [ F \/—Zfafz DT (),

we shall see that if

Os(f) =< fv (I - EE)_lf > L2 ()

Lemma 2.4 Let F' be a non negative continuous function and f € L3(u*),
a)If o > 1 is small enough, there ezists e(a) > 0 so that, for any € < (),

@

~ « :1;2
lim sup Z57 < ez J(WorWo)(@a)du’ (a) ! /F“(:p)e_ wehdr | . (12)
2rdet(1 )o,

N—oo - QEE

b) For any n > 0, any A > 0, and for a > 1 small enough, any € > 0 small enough (
depending on A and o )

22
liminf Zy! > e ! /F(x)e’%e(f) dx (13)
N0 V2rdet(I — Z,)o.(f)

A [ W ) @) | del(I — aZ) .



Let us first derive Theorems 2.1 and 2.2 from Lemmas 2.3 and 2.4. In fact, we need to prove
that

N ~
Ff . aN *

A = Jim [ (o= ; () TEd ()= (X) (14)
.
= lim ~L
N—oo

— 71 /F(:p)e_#md:p (15)
2no(f)

for any bounded continuous function F. Without loss of generality, we can assume F' non
negative.

By Lemma 2.3.b) and Lemma 2.4.a), we first get that for any n > 0, any A > 0, and for
a > 1 small enough, any € > 0 small enough ( so that the r.h.s. of Lemma 2.3.b) is positive

);
exp{3 J(Wa — W) (@, z)dp*(x)}

lim sup Aﬁf < . (16)
N e <M> 2 _ 6*7714+0.5Af(ngwe)(Lm)du*(x)
det-=.
/F“ e %e(f) dx
W
(H1) results with
lim / (Wa — W) (, x)dp*(z) = 0. an

Further,
det(I — aZ.)a _ dety(I — aZ)w
det(I —Z.)  dety(] — =)
It is well known ( see [18], Theorem 9.2.c)) that the regularized determinant det, is continuous

for the Hilbert-Schmidt norm || || 5. Therefore, since assumption (4) shows that =, converges
in the Hilbert-Schmidt topology to =, we deduce that

deto(I — aZ,)w _1 dety(I — aZ)a

_ ~1. 18
all 0 deto(I —5,)  al dets(I — 2) (18)

Moreover, by construction, we can find a positive constant a so that (I — Z.) > al for €
small enough. Hence the convergence of =, towards = for the HS-topology results with

limo(f) = o(f). (19)

e—0



(16), (17),(18) and (19) imply, once € | 0, that for any n > 0, any A > 0, and for a > 1
small enough,

1 >
limsup AYY < : /F e 20(f)dx . (20)
N—o0 o det(—oz)a \2 oA \/ 2mo(f
det(f—_)
Letting o [ 1, A1 0o and 7 | 0 give
limsup Ay < —— x)e 20(f)dx (21)

N—o0 \/2mo(f /F

We proceed similarly for the lower bound ; in view of Lemma 2.3.a) and 2.4.b), we find that
for any n > 0, any A > 0, and for @ > 1 small enough ( so that the r.h.s. of Lemma 2.4.b)
is positive ) , any € > 0 small enough,

lim inf AR > ez [V WO @a)du® (@) det(] - g:e)a / F(z)e 5T da (22)
N—so0 2ndet(I — Z)oe(f

—e nAJrAfWQ We)(z,z)dp* ( ||FH00
Consequently, (17),(18) and (19) imply, once € [ 0, « | 1, A1 oo and 7 | 0,

lim inf A

e W/F

which completes the proof of Theorems 2.1 and 2.2.

22
e »Ndx (23)

Hence, we need to prove Lemma 2.4. An essential and basic consideration should be made
before beginning this proof. Under our large deviation hypothesis, the probability that the
empirical measure does not belong to an open set containing p* is exponentially small.
Among the open neighborhood of p*, we shall be specially interested in those inherited from
the Banach space B, attached to the functions WP approximating Wy for k€ {1,..,r} ( see
assumption (2)). Namely, if WE(xy, .., 23) = f [T, 9% (x;, 7)dvE (), with bounded continuous
functions g¥ and a finite discrete measure v¥, setting T. : P(2) = [o<p<, L(VF) to be the

map T( ) (fgs< 7') ( )7 "7fgs< 7') ( )) and Be be the Banach space HQSkSr LOO(”?)
endowed with the norm

1f1le =22 fell ey,
k=2

we set

Bs(p*) = {n € P(X) : [|Teplle < 0}



Since the g¥(.,7) are bounded continuous, B$(u*) is an open neighborhood of u* for the
strong topology. If IE denotes the expectation under (u*)®¥, our large deviation hypothesis
implies, since B§(u*)¢ is a closed subset of P(X), that for any § > 0,

1 (N
limsup — log IE | g, NED < inf H.
Nowwot N 08 55 T Bj(r
Since H is a good rate function, it achieves its minimum value on B§(x*)¢. Thus, infpe (e H
is strictly positive since B§(u*)¢ does not contain p*. Hence, for any § > 0 and € > O there

exists a positive constant C' so that for N large enough, for any bounded measurable function
F

| E[F exp{NT(a")}] = B[ sy F exp{ NT(i")}]| < e~ V|| F|. (24)
In the following, we will therefore concentrate, for a fixed bounded continuous non negative
function F' and a measurable f € L3(u*), on

Zf\}e = ]E[ﬂBg(m)F \/—Zf ;) eXp{NF( M3

Let us turn to the proof of the Lemma

Proof of Lemma 2.4.a): According to the previous considerations, it is enough to show that
if @ > 1 is small enough, there exist e(ar) > 0 and J(«) > 0 so that, for any € < e(«) and
J < d(a),

lim sup 235 <exp{ (WamW,)(z, x)du<)}( ! ( /F%x)e#?ndx)

Nosoo \/27Tdet([ —aZ)o(f)
(25)
To prove (25), note that if v is the conjugate exponent of a, we have, by Holder’s inequality,
23 < Ln(8.0,)% Ry (7, 0% Ry (7, 0% (26)
with
In.0,) = ElilageFlom 3. £(o)" exp(NS [ Wed(i = )52 @
N\U, &, . Bé(,u, ) \/N pt 7 92 € )
. -1 .
By(r,e) = Blexp{Ny [(Wy = Wd(i")® + 2Ny 3 — [ (Wi = Whd(i)*),
k=3 "
| X
R?V(’}/, 6) = IE[HBE(M*) exp{2N7 Z g / Wekd(MN)(@k}]’
k=3 "

Let us first bound Ly (6, «, €)
Lemma 2.5 For ¢ and € < €(a) small enough,
1
V2rdet(I — aZ)o.(f)

]\}gl}x) LN<57 Q, 6) =

22
/ F*(z)e D dx.
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Proof.Following [12], Lemma 3.2, Lemma 2.5 is verified as soon as we can prove that

He(p) == I(p|p*) — %/Wed(u — )

achieves its minimum value at p* in Bs(px*) ( so that its minimum value is in fact zero ), that
p* is in fact its only minimizer in Bj§(p*) and that it is non degenerate. This last point is
already insured by hypothesis (H1) as quoted before Lemma 2.4. For the first point, notice
that, following our hypotheses, H. is a good rate function. It achieves its minimum value
and has null derivative at p*. Also, H. is strictly convex in a neighborhood of p* ( since
I — aZ, is positive definite ). Thus, if ¢ is small enough ( depending eventually on e and
a > 1), H, achieves its minimum value uniquely at p*.

Let us now consider R} (7, €) and prove

Lemma 2.6 For any real number ~y, there exists a positive €(y) so that, for any € < e(7),

limsup Ry (7, €) < exp{% /(W2 — Wo)(z, z)dp*(z)}.

N—o00

Proof.
Denote V¢ = W, — Wk and set

1

Uk(X) = ~F S Vi@, i) for k> 2,
11 <ig...<ig
and
r 1 N
Zy(X) =) 2k = 2)INF > Vi@, wiy, Ty ).
k=2 11, yip—1=1

Then,

i % / Vid(i™)®* = Z UN(X) + Zn(X).
k=2 """ k=2

Therefore, Cauchy-Schwartz inequality yields

Ry(7.6) < Elexp{ANy Y U5 ()} Elexp{4N~Zy(X) ). (28)
k=2

Let us first focus on

R (y,0) = Elexp{dNy Y U5 (X))
k=2

Applying Cauchy-Schwartz’s inequality r — 2 times, we get
1

R0 =TT Blesp{N2 50 (0} (20)

11



According to Lemma 3.2, as soon as max, [(W — W¥)2d(u*)®* is small enough ( depending
on 7 ), there exists a finite constant ¢ so that for any integer number N

Elexp{2" N1Ux(X)}] < ¢ (30)

resulting with, for € small enough and N large enough,

Ry (1,6) < c. (31)

Let us now focus on
Ry (7, €) = Elexp{2N~vZx(X)}].
This part is actually on the scale of the law of large numbers. In fact, if the (W}),>2 were

continuous, N Zy would be a bounded continuous function of the empirical measure. Hence,
the law of large numbers would imply that

Jim NZy = lim N E[Zy] = % / (W — W)z, 2)du* () as.
Thus, dominated convergence theorem would end the proof of the lemma. To avoid the
previous assumption, we shall decompose Zy in terms of U-statistics and use again our
controls on U-statistics. Indeed, denoting Vi¢(z;, .., zi,_,) (resp. Vi(xy, .., z;,_,) ) for
JVi(x,x, 2.0, 24, )dp*(z) ( resp. for the symmetric version of Vi(x;,, iy, Ziy.., Ty _,) —
Wi(24,.., ;,_,)), one checks that

NZN(X) = 5 [(We= W) m)du () + 5 [(Vi () + Vi ()i — o))

1o 1 .
_'_52 Nk;—z Z Vk: (xl'nxiz"axik,g)
k=4

11<..<lp_9
1 k-1 _ 1
+—Z—_ Z V,:(l‘l s Loy T _1)+O(—) (32)
2 k=3 Nk; ! 11<..<8g—_1 ' ’ * N

Therefore, applying Holder’s inequality with some constant a such that Na > 1, we find a
finite constant C' so that

R (1,0) < exp{ S+ [(We = Wa) () ()

1

. . . TN
< B [exp{29aN [ (V5 + V) )d(i = o) (a)} (3)
Lol - k-1 . :
x IE |exp 27@{2 = Z ViE(ziy, 2 _,) + Z =] Z Vi(ziy, i) }
k=4 11<..<ip—2 k=3 11<..<tp—_1

Since Vi¢ and Vi satisfy the hypotheses of Lemma 3.1, we see that there exists a finite

constant C' = C(7) so that the r.h.s. of (33) is bounded by e¥ for N large enough. Thus,
for large enough N, we get an upper bound of the form

12



Ry (7,6) < @ J (VWi o (34)

This gives Lemma 2.6 with (28), (29), (30) and (31). Note that in fact, since NZy is
bounded, it was enough to control the convergence in probability of NZy to get our result,
and for instance its convergence in L*((1*)®>). However, because we already have the above
controls on U-statistics, we chose to use them.
|
Finally, since the W*’s satisfies the hypotheses of [5], we can follow E. Bolthausen to
obtain

Lemma 2.7 For any real number v, any € > 0, for § > 0 small enough,
. 2 .
]%E)nm RN(’% 6) =1
Lemmas 2.5, 2.6 and 2.7 with inequality (26) give inequality (25), thus Lemma 2.4.a).

Let us now turn to the lower bound Lemma 2.4.b) and show that for any n > 0, any A > 0,
and for a > 1 small enough, any § > 0 and ¢ > 0 small enough ( depending on A and « )

= 1
liminf Z5/ > e

F(z)e =7d
N0 \/QWdet([—Ee)ae(f)/ (w)e” = (35)

A/ [ || | det(I — oF,)

To this end, let us write for any n > 0

~0,€ NT(aN
I Z ]E[ﬂBg(ﬂN)ﬂ{N\f(ﬂN)*Fe(ﬂN)\SW}Fe v )]
> e B[l un) F exp{NT(i")}] = e"||Floc B[ ay(sm exp{NT(i")}] (36)

with ~
An(6,m) = B5(i"™) N {NT(@") = Te(a™)] > n}.
Set
In(n,6,6) = e " By v F exp{NTc(i")}]
I3 (n,€,0) = e " B[l s exp{NT(a™)}].

Let us first notice that, for any positive § small enough,

1 2
T S / Fla)e =T da (37)

Jim Ty (n,€,6) = e
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according to our hypotheses and the now standard results of [3] and [12]( see [12], Lemma
3.2 for instance ). Moreover, we also find that, if & > 1 is small enough as before and letting
v be its conjugate exponent, Holder and Chebyshev inequalities yield, for any real number
A> 0,

IZ(n,€e,6) < e ™ ]E[eNaFe(ﬂN)]é ]E[eNVA(f’Fe)(ﬂN)]%. (38)

Lemma 2.5 shows that the first term in the above r.h.s is converging whereas Lemma 2.6
shows that the second term is bounded for any vA as soon as € is small enough, depending
on yA. This shows that for any o > 1 small enough and any A > 0, there exists e(a, A) > 0
so that for any € € (0, ¢(a, A)),

limsup I3(n, €,9) < e’”Ae(A/z)f(WTWJ(x’x)d“*(m)det([ — aEe)E_; (39)
N—oo

(36) and (39) give equation 35.
|

Remark 2.8: In fact, we proved that we can find a sequence of open neighborhood Bs of p*
shrinking to p* so that for any bounded continuous function F and any f € L3(u*),

(L )N g poN (X
limlim lim fB‘s (\/NZfE%))G ) - : /F(:p)e
310 pll N—oo (/5 ENTENAPEN(X))P \/2mo(f)

12
“20(N dzx.

3 Estimates

In this section, we get crucial upper bounds on exponential moments of U-statistics. These
estimates are based on the works of De La Pena [15] and Arcones-Gine [1]. We shall control
the exponential moments of

1

1<i) <..<ip<N

Without loss of generality, we will assume that W is symmetric and p*-canonical.
The next Lemma controls the exponential moments of U¥.

Lemma 3.1 Let m > 2 and W be a bounded p*-canonical on X™. There exists a universal
finite constant C' so that, for any positive real number v so that

o ((log 2)m2(ml)m1\ ™
<22 !
v < (SE

for any integer number N,

[ exp{yNUR (X) ()Y (X) < (C)

21—m
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Proof Note in short

Rn(7) == [eXp{Nm - Z Wiz, .., i)} (40)

11<..<bm

We can use the decoupling and randomization techniques proposed by De la Pena [15] to
find that the first term in the r.h.s. of (40) is bounded by

CO
VN(’Y) = E |:€Xp (Nm_l ) Z 6}1"6?;W("L‘1117 7:[?;))]

for some universal constants Cyy and Cf), independent Rademacher variables e{’s, and inde-

pendent copies #’s of the x;’s independent of the Rademacher variables. Cjy and C{, depends

on m a priori ; it is proved in the appendix that one can take Cy = 25~ and Cp=2t—m,
Recall the following result due to Borel [6] ( see also [1], Prop. 2.2 ) which yields, for any

integer number ¢ > 2 and for any sequence a;, _;, of real numbers
1
B[ Y eetai i) <(@-DFC Y @ )8 (41)
11<..<tm 11 <..<im

where equality holds if ¢ = 2. Thus, if we let
Un(X) = o€ et Wiz, al)

11 im 217 "7 im

we find, conditionning by X and using (41), that
]_ m—2 q

E(07(0)"] < (¢ = 07 (Corl Wl ()55 ) (12)

Note here that the odd moments are null. Thanks to Stirling’s formula, we see that for any

q € IN,
q
q!>(g)
—\e
1 1

so that (42) implies that for all ¢ € IN,
~m q 1,94 — 1L m=2 1
o EL(TR(0)T < (cnlWlo(Viml) (157) ") (43)

Moreover, Taylor expansion shows that for any ¢ > 0, there is a random variable §(N, ¢)
with values in [0, 1] so that

[eN]—1 B y B DN B
Wo) = Y e BT (0) "+ g BT 0)" explo(v. o (x))
[eN]—1 B 2 B DN
< 3 5 BT 0) 1+ gy BUTR0)esp{NCu | W)}
< (1= (Cor(Vm) [ W][w(20) 7))
+(eCoy(Vm!) 7| W || (2€) 5 )M exp{ N Coy| [ W || oo (m) '} (44)

15



where we have chosen in the last line € small enough so that

m—2

r(€) := eCoy(Vm!)7H|W]|so(26) T < 1.

(Note here that in the case m = 2, we have assumed r(¢) < 1 ) Now, to get rid of the last
term in the right hand side of (44), we need that

p 1= 2elog(r(€)) + Corl W] (m!) ! < 0.

Taking, for m > 3,
2

1 ( vm! >—‘2
E=—| ——— ,
2\ 2eCo||[W ||

we have that r(e) = 27! and

p:< S )m((%)ﬁuwum%wﬁ_1og2)-

2eCoy||W || (ml)m==

When p < 0, we have obtained according to (44) that

[SSEREN|

Vi) < (5 + exp{pN}) <

from which the statement of the lemma is easily clear.

We shall now control the exponential moments of U-statistics with small variance

k
o2 = /WZ(%, i) H dp*(x;,)
=1

which is, in some sense, a refinment of the previous lemma for regular functions.
Our result states as follows

Lemma 3.2 For any integer number k > 2, for any reqular function W on X*, for any real
number v, there exists o(y) > 0 so that, if o < (),

sup [ exp{3 NUS(X)}d(u)* (X)

is finite.

Proof.Note in short
Ry(7) = Elexp{yNUy(X)}]. (45)

According to De La Penia [15]( see Theorem 1 and corollary 1 ) ( see also Arcones-Gine
[1], theorem 2.1, or the appendix ), there exists universal constants C; and C] so that the
following randomization inequality holds

16



Z Eil"eikW(xil’ "L‘lk)”’]ci (46)

1<iy <..<ix<N

where the ¢; are Rademacher’s variables independent of the x;’s. Note

k!
oxn(X) = G > W (i, .x5,)%
1<i1 <. <ip <N
oy converges ()N almost surely to o according to the law of large numbers. The following

decomposition holds
Civy
E[exp{]\]’kfl | Z €y ..EikW<.§L’Z'1, l’lk)‘}]

1<i1<..<ix<N

Ciy
N;,1| Z Eil"eikW(xil’ xlk)”’]
1<i1<..<ix<N
E 2 e N TR/ VT 4
+ [eXp{ Nk71|0- Z €iy --€iy, O'N<X> |}] ( 7)

1<i) <..<ip<N

< E[1,,(x)>2 exp{

To bound the first term in the r.h.s. of (47), note that

B[y (x)>20 eXp{Nk,l Y e Wiwy, x|}

1<41 <. <ipy<N

Z eil--eikW(xil’ xlk)}]

< E[1,,(x)>2 exp{

Nk 1<i1 <.<ix<N
Chy
+ ]E[HON(X)ZQU eXp{—]\]k_1 Z Eil..EikW(l‘il, l‘lk)}]

1<41 <. <ipy<N

so that we can neglect the absolute values in the following estimates to bound the r.h.s. of
(47) since they will not depend on the sign of W.

Moreover, if B denotes the Bernoulli law, B(€) = (1/2)de=11 + (1/2)6=—1, Sanov’s the-
orem ( see [9], theorem 6.2.10 ) shows that the empirical measure (1/N) > d,, ., satisfies a
large deviation principle for the strong topology under (u* ® B)®Y with good rate function
the relative entropy I( |pu* ® B). Since we assumed W regular, ¥3, is continuous for the
strong topology, so that {ox(X) > 20} is a closed subset of P(X x {—1,+1}) furnished with
the strong topology. Also, if 1{;; is continuous, Laplace’s method ( see [9], theorem 4.3.1 )
implies

. 1 Cry
lljrgljup N log IE[1,, (x)>20 exp{m > €, €, Wiy, i)}
o0 1< <. <ip <N

17



C
< _lnf{ (NW ®B IV/W Ty, T Hdu(xlvez)

i/tmﬂ(xb.ka);{du(xheg zzijkwﬁ<xh.wa%)dgfj®k¢rb.wa%)}. (48)

To see that the infimum in the r.h.s. of (48) is negative, let us consider the function on
P(E x {-1,+1})

) = 1" @ 8) = DL [ Wear, ) [ [ s, 0

H can easily be seen to have compact level sets and to be bounded from below. Thus, it
achieves its minimum value and the minimizers verify

d,u Cl’}/ k=1 k-1
log ———(¢,x) = /Wxx,..x & || du(x;, €;) + const.
gd,u*@B( ) (k — 1 k—1 z=H1 z=H1 ( )

In particular, there exists a finite constant M (7) so that, for any minimizer p,

L
log ———||e0 < M(y).
1108 7l < M)

Together with the inequality

(x—1)* 4+ —1,

log z >
COBT = T o

we see that there exists a positive constant ¢(y) so that, for any minimizing measure p with
density f with respect to u* ® B,

Il @ B) = e(y) [ (f = 1" @ B.

On the other hand, since W is centered, Cauchy-Schwartz inequality yields

k

‘/ Wz, ..,xe) [[ & [ die(as, &)

i=1 =1

so that



Hence, for ¢ small enough, H achieves its minimal value at p* ® B. Its minimum value is
thus zero and we deduce that the infimum in (48) is strictly positive for small positive o (
but decreasing to zero with ). As a consequence,

1 C
limsup — log E[1l,,(x)>2 exp{ L

N—o0 N Nk;—l Z Eil"eikw<xi17 xlk)}] < O (49)

1<i1<..<ip<N

Finally, to bound the second term in the r.h.s. of (47), we follow Arcones-Gine to see

that w( )
- - .Til, .I‘Zk
Nk—-1 Z €iy --€iy, O'N(X)

1<i)<..<ip<N

HI < o0 (50)

as soon as \/H_lc’yya is small enough. In fact, this result in given when m = 2 in the proof
of Prop. 2.3 (c¢) of [1] and can be generalize to the case of general integer number m by using
the result from Borel [6] ( see (41)) which implies that for any ¢ € IV,

q k
Ciyo W (zi,, .. T, ) ( 1 )q <q - 1>5—1
3 e W T ) L =1\
(Nk—l Ci T (X)) < \evi Coo N

1<i)<..<ip<N

Thus, since by Cauchy-Schwartz inequality

Z P W(SL’“,J]%)
T ()

1<i)<..<ip<N

everywhere, we deduce, when e\/H_leya <1,

W(ZL‘il, I‘Zk)
"oon(X)

Ciyo
]E[exp{ Nll:il Z €y -6

1<41 <. <ipy<N

] < (1—eVE Ciyo) " +(eVE Crya)N ot N

resulting with a uniform bound when
eC”"(k!)_IH\/H_lecr <1

which is certainly fulfilled when v/&! _10170 is small enough.
(46), (49) and (50) give Lemma 2.5. [

4 Generalization : The infinitely many body setting

In this section, we wish to consider the case where I'(x) is not a polynomial function of
but can be written

T(n) = i % /Wk(xl, ) d() (e, o )

19



with p*-canonical bounded functions (Wy)x>o. I' is somehow analytic for the Frechet deriva-
tion D. Furthermore, we will assume that

(H2) There exists a finite constant C' such that for any k € IN,
Wil loo < CEFE!

where ¢ 1s a universal constant.

Proposition 4.1 Assume that (H0), (H1) and (H2) hold, and the Wy ’s bounded regular.
Then, for any bounded continuous function F and any f € Li(u*),

lim / F( f(z:)dPY —hm hm F( f(x;)) dPN
(e 3 I ey

N—oo

1 N N . .
As a consequence, 7N Sty f(z;) converges under Py towards a centered Gaussian variable
with covariance o(f).

Proof.First, let us notice that, as before, for any bounded measurable function F', the par-

tition function [ Fexp{NT(iN)}d(p*)®N is equivalent, up to an exponentially small term,
for any open neighborhood B(u*) of p* for the strong topology, to

Zn(F) = [ Moy F exp{NT () b (")

In the following, we shall be given a bounded non negative continuous function F' on IR and
f € L3(u*). Moreover, denote for a fixed m

L |
=3 g [ Wdn™*
k=2
and write

L(a") = T(pN) = T(u) = DT[N = p*) = Ton(i™) + Ry (7).
By Holder’s inequality, for any p > 1 with conjugate exponent ¢

Zu(F) < ([ ot PP osp 31 ([ exp{Va i)y ) o)
Moreover, for any n > 0,

Z (1)

v

e‘"/emm(ﬂ )HB(;L NN R (3N \<n}d( )

> e / gy T E ) q () 2N — e / N M8 R ) 2y A () 152)
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(53)

Hence,
/ Fapy = 23 ey gy
Zn (1)
with
p [ S e FP exp{NpLy (i™) bd(p)*™ | ¥
IN(F) =
(Jﬂﬂg oy exp{ N Ty (i) }d(p7)2N )
Joe (o e MBwntnRn @z )N B
N - J" ZIB( eNFm( )d(u )®N
K o= ([ esp{NaRn(@)d)*)
In view of Remark 2.8, for any m > 2, we can choose a sequence of open neighborhoods B
of {u*} so that
1 22
lim Tim Jim % = ——— [ F(a)e #mda. 54
Bl{p*} pl1 N—oo N /27T(7<f) ( ) ( )

)

Let us now consider the last term in the r.h.s. of (53). We have, according to our assumption

(H2) on the derivatives of I', for any integer number M > m
_ 5 / Wid(11)®* + 0(—
M!

k= m+1
In the following, we will choose M = M(N) so that
lim N-— —
N VT

Thus, applying Hélder’s inequality inductively, we find

/exp{Nqu(,[LN)}d(M*)®N
ff%QXme%m/m ) yatu )
But
Nq2k= m/Wk NYREY (%) &N
Ty ) Fl (1)

/exp{
Nl k 2k m
= /exp{+ Z Wi(xp,, -
: P1,-Pk
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SIS

: (/ exp{N! g2t Y Wk<xp1,..,xpk>}d<u*>®fv)

p1<..<pg

[N

1-k ok—m
: (/ R L ..,a:pu}dw*)@fv) (56)

P1s-Pk—1

According to Lemma 3.1, we know that, as long as

ﬁ(k) — q2k7m+1 (2% <(1og2)k2(k:!)k1>z) ||Wk||oo

(2e)?

stays uniformly bounded by one,

/eXp{]\/vlik‘ﬂkimle Z Wi(zp,, --vxpk)}d(ﬂ*>®N <C

P1<..<pPk
for any integer number N. But, we find universal constants A and B such that, when (H2)
is verified,

n(k) < CB(cA)*
implying that if ¢ < AL, n(k) goes to zero when k goes to infinity insuring that for sufficientl
large k’s, this bound always holds. The exponent in the second term in the r.h.s. of (56) is
uniformly bounded by

g2k k—m k

and therefore goes uniformly to zero as k goes to infinity when 2¢ < 1.

Plugging these results into (55) shows that, for any ¢, for m and N large enough,
limsup [ exp{NaRn (i)} )* < 2exp{ge(m)} (57)

where €(m) goes to zero when m goes to infinity. Note that the same bound holds if one
replaces R,, by —R,,, and therefore R, by |R,,| if the above constant 2 is replaced by 4.
Hence, for any ¢, for m and N large enough,

K% < 21 exp{e(m)}. (58)
Further, for any a > 0, Chebyshev inequality implies that

~N *
J ey Nt d () o N
—and 1[3(“*)eNFm(ﬂNHaN\RmI(ﬂN)d(lu*)@@N
f HB(ﬂ*)eNFM(ﬂN)d<M*)®N

1
—an IHB(“*)epNFm(ﬂN)d<M*>®N P 7 an‘Rm‘(ﬂN)d \QN %
¢ (f ZIB(M*)eNFm(ﬂN)d(M*)@)N)p B(u+)€ (1)

IN
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where (p, q) are conjugate exponents as above. Hence, (57) and (54) shows that for p > 1
small enough and N large enough,

J M yngin r, i)z d () N

J < 8 —an+ae(m) 59
J sy NP E)dl (=) N = (59)
Consequently, for m, ¢ and N large enough
~1
I < (e_” - 26_”6_“"”5(”)) (60)

(51), ( 53), (54), (58), ( 59) and ( 60) show that, letting first NV going, then p towards one,
m to infinity, n towards zero and B shrinking to {u*},

1 X 1 22
limsup | F(—= Y f(z;))dPY < 7/}7’(3:)@*?@)@;_
N—co VN ; r [2m0(f)
The lower bound is obtained similarly. We leave the details to the reader. [ |

5 Appendix

In the first part of this appendix, we sketch a few of the proofs of the results borrowed
from [15] and [1]. Indeed, they are very simple and give explicit bounds on the constants
encountered in this article. The main idea introduced by De la Pena is contained, as far as
we are concerned, in the following Lemma

Lemma 5.1 For any integer number m > 1, for any probability measure p on 3, for any
bounded pi-canonical function W on X™,

N
2iss <<imen WipTim) d )
e - H M(xz)
1=1

21—m

o (Je Bt f i

j=1i=1

Proof.
The idea of the proof is based on the observation that

My(W) = = xXp{¥icii<ccineny Wi, - i)}
[Ty J eXp{Zlgi1<..<im§k71 Wiy, o, @iy, y) Yu(y)

is a u®N-martingale for the filtration {o(z;,j < n),1 < n < N} with mean 1. Moreover,
Cauchy-Schwartz inequality yields
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1
2

N
/ eXrsi<ciman W) TT 4y (2,) < (/ MN(QW)d“®N)

i=1

NI

1<ii<.<im<k—1

x ( / II [ewl2 % W<xi1,..,xim_l,w}du(y)du@fv) (61)

The first term in the r.h.s. of (61) is equal to one. For the second term, we can proceed by
induction with given y’s. We then find Lemma 5.1.

The introduction of Rademacher’s variables is then classical since we have

Lemma 5.2 For any probability measure i, any measurable function W such that [ Wdu =
0, if B=(1/2)(6_1+ 641),

/ew(x)du(az) < /eﬁew(x)du(a:)dB(e).

Proof.Again the proof is straightforward since the statement is equivalent, via Taylor expan-
sion and for centered functions W, to

/ W2(x) /0 (1= e @ dtdp(a) < / W2(x) /0 1= 1) (/20 4 VIV ()

which is clear.

Therefore, applying this result to U-statistics yields

Lemma 5.3 For any integer number m > 1, for any bounded measurable function W on
8™ for any probability measure p on X, if [ W(x)du(x;) =0 fori € [1,m],

217m
3m—2

N m N
621<i1 <<im<n W(&ipy @i H d ) 2Ty, <o iy W@ ezl J
S pwy< ([ [T TT dute)
=1

j=1i=1

The proof is again straightforward since it boils down to apply Lemma 5.3 to the m x N
independent variables contained in the r.h.s. of Lemma 5.1.

Let us notice that the proof of the reverse inequality (46) is more involved and given in
[15] for general U statistics. It relies on the symmetry of the underlying functions.
Finally, let us show that

Lemma 5.4 Any bounded measurable function W satisfies (H1).
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Proof.-We give the proof in the case k = 2 to simplify the notations. The proof follows Arcones
and Gine [2] p. 660 where it is proven that any measurable function Wy € L*(u* ® p*) can
be approximated in L?(u* ® p*) by functions W, of type (2) but with bounded measurable
functions g.. To verify that this result can be strengthened into (H1), let us adapt its proof.
Without loss of generality, we can assume W, non negative, the general case follows by
considering separately the positive and the negative part of Ws. Further, by tightness of u*,
we can assume without loss of generality that X is compact. Finally, we take ||W3|| = 1 to
simplify the notations.

We shall prove that for any € > 0, we can find a continuous function Wy bounded by one
of the form Y23, c5§ ()5 (y) with continuous functions (1§);<;<sc bounded by one, a finite
integer number s¢ and with constants (¢;)1<i<sc bounded by one satisfying

it ® it () : [Wo = Wil(ey) > (¢/2)}) < (e/2)
and (o s [Wa — Wil(z,2) > (¢/2)}) < (¢/2). (62)

Clearly, (62) and the boundedness of Wy and W implies (4) and (5). Moreover, if we
consider the compact space C' = {1, .., s°} and the measure v°{i} = ¢{,then

Wi(ar,a2) = [ (@) @)dv(r)
where 1.(.) is bounded continuous for every 7. Hence, W5 satisfies the hypotheses of [3] and
[12].
To prove (62), we shall first adapt Lusin’s Theorem ( see Theorem 2.24 of [16] ) to show
that there exists, for any € > 0, a continuous function W bounded by one so that

e p({(2,y) : Walw,y) # We(x,y)}) < (¢/2)

and p({z s Wa(z, z) # Wiz, x)}) < (€/2). (63)
Thanks to Lusin’s Theorem we can construct two continuous functions h¢ on 2 and k¢ on
> so that

P @ ({(x,y) s Walz,y) # h(z,y)}) < (¢/6) and p*({z : W(z, 2) # k*(2)}) < (¢/6).
Let A = {(z,z);z € ¥} C ¥2. Since A is a compact subset of X2, Urysohn’s Lemma ( see

Lemma 2.12 in [16] ) implies that we can find a continuous function u¢ bounded by one, so
that u|ar = 1 and

p @ pt({(z,y) s u(z,y) # dalz,y)}) < (€/6).
Set
We(z,y) = u(z, y)k(z) + (1 — u(z, y)) A (z, y).
Then, W is continuous, bounded by one and
pr et ({(z,y) : Walz,y) # Wo(z,y)}) < '@ p ({(z,y) : Wa(z,y) # h(z,y)})
+ut @ ({(z,y) : x =y, Wa(z, z) # k()})
Tt @ ({(z,y) sz #y,u(z,y) #0})
< (¢/2) (64)
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Also,
pw{(x) - Walz, 2) # Wiz, 2)}) = p*({(2) - Walz, 2) # k(2)}) < (€/6)

which achieves the proof of (63).
Now, since we assumed ¥ compact, W{ is uniformly continuous. Also, for any § > 0,
if (A?2)1<i<ps is a partition of ¥ of open sets of diameter less than § ( for a metric on the

Polish space ) such that A) NAS =0 if i # j, W} (x,y) = ZZ;ZI ianfo;S WgZIA;s(:E)ZlAg(y)

converges point-wise towards W¢ as 6 | 0. Choose 6 = 6, so that || — W¢||se < (¢/2). W
is bounded by one since A2 ﬂA? = () if ¢ # j. Finally, by Urysohn’s Lemma, we approximate
1I ;5. by continuous functions ¢§ bounded by one, null outside of A?e and so that

p{z: df(x) # s (2)}) < (e/27).

In this way, we have constructed a continuous function W5 bounded by one so that Ws(x,y) =
e

ijl(ianfexAj_e W5 )o5(x)¢5(y) and satisfying

e p ({(x,y)  (Ws(z,y) — Walz,y)| > (€/2)}) < p" @ p* ({(z,y) : Wiz, y) # Wa(z,y)})
+ut @ ({(w,y) Wiz, y) — Wiz, y)| > (¢/2)})
+ut @ pr({(z,y) : Wiz, y) # Wi(x,y)})

S+ 2w (e i) # L))
: (65)

IN

IN

Similarly,
w © i ({(2) - (W, 2) — Wale, )| > (/2)}) < e

Finally, it W, is symmetric, clearly W can be chosen symmetric and therefore Ws. By
polarisation, one then obtain, if (e1,¢2) are independent Bernoulli variables P(e; = 1) =

P(EQZI)ZP(Efl:—1):P(€2:—1):1/2,

n5€

W;(xl,xg):% > inf WEE, [e162 (2165(21) + €205 (21)) (2165 (w2) + 2655(x2) ) | -
(i) =1 i <4

This is of the form announced at the beginning of the proof.

|
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