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Quotient topology & some classic manifolds
Correction

Let us recall a few definitions.

Definitions.

Let X be a topological space.

e X is compact if any open cover has a finite subcover, that is:

n
V {Ui};copen subsets such that X = U U;,3i1,...,1, € I such that X = U Ui,-
i€l k=1

e Y C X is compact if it is compact for the induced topology.
e X is Hausdorff if any two distinct points have disjoint neighbourhoods:

Va,y € X,x # y,3U,, Uy, open such that x € U,y € Uy and U, NU, = @.

e X is locally compact if for any point x € X and any open neighbourhood V of z, there
exists a smaller neighbourhood of x whose closure is compact and contained in U, :

Vo € X,VV open neighb. of z,3U C Vopen with U compact,z € U C U C V.

If X is in addition Hausdorff, the following is equivalent: any point has a compact
neighbourhood.

Let us also recall a few properties of topological spaces and continuous maps.

Lemma 1. Let f: K — Y be a continuous map with K compact. Then f(K) is compact.

Proof. Suppose f(K) C |J;c; is an open cover. Then K C f~! (f(K)) C U;e; f~1(U;) is an

open cover (because f is continuous) of K, which is compact. Therefore, there exists i1, ..., i,
with K = (J_, 71 (Us;). It follows that f(K) C Uj—1 Ui, is a finite subcover, and that f(K)
is compact. O

Lemma 2. Let X be Hausdorff and K C X be compact. Then K is closed.

Proof. Let us show that the complement X \ K is open. Let x € X \ K. As X is Hausdorff,
for any y € K, one can find open neighbourhoods U, > z and V;, 3 y such that U, NV}, = @.
As K C UyeK V, and K is compact, there exists a finitly many points y1,...,y, with K C
Uj=1 Vy;- It follows that U = ();_; Uy, is an open neighbourhood of = with U C X \ K, and
X \ K is open. O

Lemma 3. Suppose X is compact and F' C X is closed, then F is compact.

Proof. Suppose F C |J;c; Ui is an open cover. Then X = FU (X \ F) = (U;¢; Ui) U (X \ F)

is an open cover of X. By compactness, there exists 41,...,4, such that we have a finite
subcover X = (U, Ui;) U (X \ F). It follows that F' C Uj=1 U;; is a finite subcover, and F
is compact. O



Exercise 1 (Quotient topology).

1. UC X/ ~isopen < p 1(U)C X is open.
2. Let f: X/ ~ — Y. Then:

f is continuous <= YU C Y open , f }(U) € X/ ~ is open
<= YU CY open,p* (f_l(U)) C X is open
< YU C Y open, (fop) ' (U) C X is open

<= f op is continuous.

3. Consider 7 # 7 € X/G and fix x € p~1({7}), y € p~1({y}). Note that for all g € X,
TFE G-y
First, X is locally compact, so that there exists x € U, C K, and y € U, C K, with U,
and U, open and K, and K, compact. Define K = K, UK,. As G ~ X is properly

discontinuous, the set
{9e G| KNgK # o}

is finite, and so is the set

{9 G|U,NgU, # }.

Call its elements g1, ..., g,. The two G-invariant open sets
U gU, and U gUy
geG geqG
may overlaps precisely because of the elements finitely many elements g1, ..., g,: indeed,

it g,h € G are such that gU, N hU, # &, then U, N (g_lh) U, # @. It follows that
KN (97'h) K # @ and thus, g"'h € {g1,...,gn}. Let us correct these overlaps.

The set X is Hausdorff, and for all j € {1,...,n}, z # g; - y; thus, there exists V; > x
and W; > g; - y open neighbourhoods with V; N W; = @. Define

V=U.n [V andW=0,n[()g'W;
j=1 j=1

By construction, V and W are open neighbourhoods of x and y respectively such that
Yge G,VNgW =g.

Denoting by vV = UgeG gV and W = UQGG gW , they are disjoint G-invariant open
subsets by construction, with x € V and y € W, so that p(‘~/) Np (W) = . But

(7)) -7 7 (7)) -7

so that p(V) and p(W) are open in X/G. It follows that they are disjoint open neigh-
bourhoods of Z and 7, and X/G is Hausdorff.



4. The action Z™ ~ R™ defined by v-x = x+wv is properly discontinuous: indeed, if K C R"
is compact with D = diam. K < 400, and if v € Z" is such that [[v|l > D +1, then
KN (K +v) =2. It follows that

veZ"| KN (K +v)#2}yCB(0,D+1)NZ"

is a discret subset of the compact B(0,D + 1) : it is therefore finite. By 3., T" is
Hausdorff.

Note that the restriction pljgqjn: [0,1]" — T" is surjective and continuous. It follows
that T™ is compact as the continuous image of a compact.

Finally, if U is open in R™, then p~! (p (U)) = Uyezn (U + v) is open as a union of open
subsets (U + v is homeomorphic to U). Therefore p is an open map.

5. In order to show that f is an homeomorphism, let us show that g = f~! is continuous.
We will use the characterisation by closed subsets: g is continuous if and only if VF C K
closed, g~ }(F) C K is closed.

Fix F' C K a closed subset. Then F' is compact as a closed subset of K compact. It
follows that g~ 1(F) = f(F) is compact as the continuous image of F' compact by f.
Now, recall that Y is Hausdorff, so that F' C Y is closed. The result follows.

A counterexample is given by id: (X, 71) — (X, 72), with X = {0,1}, 1 = P(X) and
T2 = {®7X}

6. The map f:t € R — 2™ ¢ S! is a surjective group homomorphism. Moreover, its
kernel is Z, which acts properly discontinuously on R. It thus induces a continuous
bijection

f: Tt > sh
Recall that T! is compact Hausdorff by 4., and that S' is Hausdorff as a subspace of C.
Thus, it is a homeomorphism by 5.

More generally, the exact same study with f,: R® — (Sl)n defined by f,(t1,...,t,) =
(62””51, . ,e%rt") yields a homeomorphism f,: T" — (Sl)n.

7. Apparently, we do not have any properly discontinuous action of a discrete group. We
have to find one.

Consider the inclusion map i: S* — R**1\ {0}. It is clearly continuous. Consider now
the composition

g=poi:S" — R"\ {0} — RP".
By 1., ¢ is continuous. Moreover, it is surjective as any (linear) line in R™*! intersects

S™. It follows that RP™ = ¢ (S™). The unit sphere being compact (for example, it is
bounded and closed in the finite dimensional linear space R"*1), so is RP",

Define the antipodal action {£1} ~ S™ to be k-x = kx. As {1} is finite, it is clearly a
properly discontinuous action, and by 2., the quotient S"”/{41} is Hausdorff. It is also
compact, being the image of the quotient map 7: S™ — S"/{£1}.

Notice that if x € S, then ¢~ ({g(z)}) = {#£x}, so that q descends as a quotient map

g: S"/{£1} — RP"



such that ¢ = gow. By 1., ¢ is continuous. The map ¢ is hence a continuous bijection
between S™/{+£1}, which is compact Hausdorff, and RP", which is compact. By 5., it is
a homeomorphism, and finally, RP™ is compact Hausdorff.

Let us show that p is an open map. Let U C R™*!\ {0} be an open subset. Then

p () = JrU
r#0

where rU = {rxz | * € U}. But rU is the preimage of U by the continuous map
hy: R™\ {0} — R™\ {0} defined by h,(x) = T. It follows that rU is open and therefore,
p~ 1 (p(U)) is open as a union of open subsets. Finally, p(U) is open, and p is an open
map.

Exercise 2 (The sphere).

1. The unit sphere is Hausdorff and second-countable as a subspace of R"*! which is both.
Let N =(0,...,0,1) € S" and S = (0,...,0,—1) € S™ be the north and south pole of
S™ and Uy = S" \ {N}, Us = S™\ {S}. {Un,Us} is an open cover of S™. Consider the

stereographic projections
pn: S"\{N} —R" | ps: S"\{S} — R"

(X, 1) — (X.1) —

1-t¢ 1+t

where (X, t) refers to a point of S™ seen as a subset of R™ x R.

S

Figure 1: The stereographic projection from the north pole

They are homeomorphisms: indeed, one can check that they are continuous and that
they have inverse

py 1R — S"\ {N} , ps L R" — S"\ {S}

< 2z ||x||2—1> < 2z 1- ||a:|2>
T — 5 X ? )
l)l* +17 [l=]]? + 1 l]l* + 17 [l=]]? + 1




which are continuous.

Moreover, as Uy N Ug = S™ \ {N, S}, it holds that py (Uy NUs) = ps (UnNUs) =
R™\ {0}, and the transition map py op§1 is given by

2x
pnops ' (x) =pN 2r - JelP\ _ Rl _ e
lzll?+ 17" =2 +1/) 1 Ll ]2’
ll=2+1

1is also smooth.

which is indeed smooth. Note that it is involutive so that pg o py~
It follows that {(pn,Us), (ps,Us)} is a smooth atlas. Considering the maximal atlas

containing it endows S™ with a smooth manifold structure.

2. Here is a slighlty different proof than the one given orally.

Let us show that the two stereographic projections are restrictions of two ambiant charts
in R"*!. Consider the two geometric inversions

Iy g RTIN\ANY — RN\ {N} | I 5 R™\ {S} — R™H\ {5}
r— N + QL‘NZ z— S+ QLS2
|z — Nl l =S|

They are the geomoetric inversions in the spheres of radius v/2 and centers N and S
respectively. They are two charts for R”*! and their restrictions to S™ are py and pg. It
follows that the stereographic projections py and pg are induced by ambiant charts, and
that the differentiable structure of S” induced from the ambiant space R"*! is compatible
with the atlas {(Un,pn), (Us,ps)}. They thus define the same differentiable structure
on the sphere.

Exercise 3 (Product manifolds).

First, a product of two Hausdorff (resp. second-countable) spaces is Hausdorff (resp. second-
countable), so M x N is Hausdorff (resp. second-countable). Let us find a smooth atlas on
M x N.

Let {(Ua,@a)}taea (respectively {(Vs,¥)}5cp) be the maximal smooth atlas of M™ (respec-
tively of N™). Let us show that {(Uy X V3, pq X wﬁ)}(a syeaxp is a smooth atlas of M x N.

First, for all (o, 3) € A x B, Uy x V3 is open in M x N by definition of the product topology,
and moreover:

U UaxVa=J U UaxVs

(o, B)EAX B acA BeB
=J (Vx| U W
acA BeB

:UUaxN
acA

()

=MxN



so that it is indeed an open cover.

In addition, if («, 5) € A x B, then

Vo X Pg: Uy X Vg — o (Ua) X g (Vg) C R™ x R"
(.T,y) — (@a(x)awﬁ(y))

is continuous by definition of the product topology, bijective with inverse ¢ ! x ¢B—1’ which is
also continuous. It is thus a homeomorphism.

Finally, if (a1, 51) and (a2, B2) are elements of A x B, then

(‘pal X d]ﬁl) © (90042’ ¢ﬁ2)_1 = (90041 © ‘Pc_ml) X (7/151 o @Z’E;)

is defined from @q, (Ua; NUay) X ¥g, (Va, NV3,) to @, (Uay NUay) X ¥, (V3, N V3,), is also
smooth.

Hence, M™ x N™ is a smooth manifold of dimension m + n.
Exercise 4 (The torus).

Recall that we have shown in Exercise 1.4. that p: R™ — T"™ is an open map.

1. Let us first consider the 1 dimensional case. We have an open map
p:R—T!

so that if ﬁl = (0,1) and (,Nfg = (—%, %), then Uy =p ((71> and Uy =p (ﬁz) are open in
T!. Note that

00t =p (G) p () =p (G0 T) =p ((-5.1) ) =T

so that {Uy,Us} is an open cover of T!. Consider the two maps :
p1: Uy — U, pa: Uy — Uy

defined so that ¢; (Z) is the only element of ﬁj Np~ ' ({z}). As pis an open map, ¢;
are continuous. Being (local) right inverse to p, they are homeomorphisms. Let us show
that {(Uj, wj)}je{lz} is a smooth atlas.

We have

Ulﬁng']l‘l\{O,;}, wl(UlﬂUg):((),l)\{;}, gpg(UlﬂUg):<—;,;>\{0}.

Therefore, the transition functions are:

propsts (=5,3)\ {0} — O\ {3}
r+1 ifx <0,
T if z >0,

T

and



oot ODN\{3} —  (-3.3)\{0}
T if:c<%,

T — . n
z—1 1fa;>§.

These two transition functions are both smooth. We thus have constructed a smooth
atlas on T?.

Now, for the n-dimensional case, consider the open subsets
V(il, .. .,in) S {1, 2}n7Ui1--~in = Ui1 X X Uin and fjil"'in = ﬁil X o X ﬁin,

where ﬁk and U are defined in the one dimensional case. Similarly to the one dimen-
sional case, we show that they form an open cover of T". Define the functions

©iq i Ul1ln — Ul1ln
(xla"'7xn) — (‘le(ﬂ%aﬁpzn (Tn))

Check that {(U..., <Pi1---in)}(

i1oein)E{1,2}7 is a smooth atlas on T™.

2. Check that the map f: T" — (Sl)n defined in Exercise 1.6 is smooth while seen in the
constructed charts. To see that 7_1 is smooth, use the inverse function theorem (in
charts).

Exercise 5 (The projective space).

This Exercices has not been covered in class (at least for one group). Please try to solve it by
yourself before checking the correction!

1. Recall from Exercise 1.7. that p: R"*!1\ {0} — RP" is open. Notice that the subset
Vi = {(zo,...,xn) € R™\ {0} | &; # 0} is open in R™*!\ {0}. Therefore, U; = p(V;)
is open in RIP". Define

(o, ... xn) — i(wo,...,@,...,xn).

It is clearly continuous and surjective. Moreover, we have
Vit #0,VX € Vi, ®,;(tX) = &;(X).

In fact, we have ®;(X) = ®;(Y) <= 3t #0,X =1tV (check that in that case, t = 7%).
It thus induces a continuous bijective map
(o Ui — R™
[xo: - :xp] — = (20,...,T4y...,Tn)

Z5

Let us show that ¢; is a homeomorphism : to do so, let us find a continuous inverse to
¢;. Consider

v, R™ s v
(0w Tim 1, Tig1s -y ) > (T0y -, Tim1, L, @ig1, -0 ).

Then ¥; is continuous. It follows that ¥; = p o ¥, is continuous. But ; o ¢; = idr» and
@; 0; = idy,, so that ¢;: Uy — R" is a homeomorphism.



2. First, U, Vi = R""1\ {0} so that p (U, Vi) = Ui, Ui = RP", and {Uitico,..ny 18

an open cover of RP". Moreover, if i # j, Uy NU;j = {[zo : -+ : zp] | x4, 25 # 0} and
-1 AL Ti—1 Titl i1 1 x4 Tn
Piow; (0, Tj—1, Tjt1, -, Tn) = | =5, , ey — =, —

is a rational function, and hence is smooth. It follows that {(Us, ¢i)};cqo,... 18 & smooth
atlas for RP".

We already know that RP” is Hausdorff from Exercice 1.7.

Finally, it is second-countable as the image of R"*1\ {0}, which is second-countable, by
p, which is continuous and open.

We thus have shown that RP" is a smooth manifold.

3. Let us show that p is smooth, that is, for all ¢ € {0,...,n}, the map
pi=piop:p (U) = R\ {a; = 0} = ¢;(U;) =R"

is smooth. Its expression is given by

1

i (Toy .y xn) = — (Toy ooy Tiy o o+, Tny)
Ty

which is indeed smooth as a rational function.

4. Let us show that p is a local diffeomorphism near the north pole N. Let Dy be the open
upper hemisphere of S”, that is

DN:{(xO,...,mn)ES”\a:n>0}

and consider the stereographic projection from the south pole pg (see exercise 2.). Then
ps(Dn) = Bo(1) C R™. Thus, ps|p, takes value in U,, and we can consider the compo-
sition

f=¢nopopg': By(l) — R"

which has the expression, for x = (z1,...,xy,) € Byp(1) :

f(z) ( 2z 1-— Hm”2> <[ 2z 1-— HxHT) 2z
T) = o , = : = —.
P\ U e +1) T\ JelP 1 22 +1)) T 1= el

Let us compute its differential at 0. We have, for h small enough:

F(h) = 1_2’7}1”2 — 9h(1 + o(h)) = £(0) + 2h + o(h)

So that df(0) = 2id is invertible. The inverse function Theorem then shows that f is a
local diffeomorphism near 0. This means that p is a local diffeomorphism near the north
pole N.

The exact same study near any point P € S”, considering the stereographic projection
from — P, shows that the projection p is a local diffeomorphism near P, and thus, p is a
local diffeomorphism near any point. It is then a local diffeomorphism.



5. We have the stereographic atlas for S* given by {(pn,S' \ {N}), (ps,S'\ {S})}, with

transition function
PN © p§1 : R* — R*
t o— 1

t
and the affine atlas for RP! given by {(Ug, ¢0), (U1, 1)}, with transition function

<poog01_1: R* — R*

tr—>%.

Heuristically, these two manifolds are given by the same construction : they are two
disjoint copies of R where we identify the two disjoint R* with the inverse map. This
allows us to construct a diffeomorphism. Define

f: RPY — sl
[:y] — {leogoo([:E:y]) if [z :y] € Uy
pslopi([z:y]) if[z:yl €Uy

Check that f is well-defined (that is, its two expressions on Uy NU; give the same point
in S') and that f is a diffeomorphism.



