
M1 – Advanced Geometry 2021-2022: TD 6

Vector fields, derivations, tangent distributions,
Frobenius Theorem

Exercise 1.

Let X and Y be vector fields on a manifold M and write in some local coordinates

X =
n∑

i=1

Xi ∂

∂xi
Y =

n∑
j=1

Y j ∂

∂xj

Show that

[X,Y ] =
n∑

i=1

 n∑
j=1

Xj ∂Y
i

∂xj
− Y j ∂X

i

∂xj

 ∂

∂xi

Exercise 2.

Let X be a vector field on the manifold M . Suppose that for all vector fields Y it holds
that [X,Y ] = 0.

1. Show that ∀f ∈ C∞(M), X · f = 0.

2. Deduce that X = 0.

Exercise 3.

Let f : Mm → Nn be a smooth submersion. We set K(f) = {X ∈ Γ(TM) | X · f = 0}

1. Show that K(f) is stable under the Lie bracket.

2. Determine the integral submanifolds of K(f).

Exercise 4.

Let X = ∂
∂x − y

∂
∂z and Y = ∂

∂y be two vector fields on R3.

1. Show that at each point p ∈ R3, {X(p), Y (p)} is linearly independant.

2. Compute [X,Y ]. Is the spanned distribution integrable?

3. Recover the result withouth using of Frobenius Theorem.

Exercise 5.

Consider the two following vector fields X = x ∂
∂x + y ∂

∂y and Y = x ∂
∂y − y

∂
∂x on R2.

1. Compute [X,Y ]. Are there coordinates (s, t) on some neighbourhood of (1, 0) ∈ R2

such that X = ∂
∂s and Y = ∂

∂t?

2. Compute the flows of X and Y .

3. Build explicit coordinates (s, t) on some neighbourhood of (1, 0) ∈ R2 such that
X = ∂

∂s and Y = ∂
∂t .

Exercise 6.

Let M be a manifold and let X and Y be two vector fields on M . Let (ϕt) and (ψs) be
the local 1-parameter groups of diffeomorphisms generated by X and Y respectively.

1. Show that [X,Y ] = limt→0
(dϕ−t)◦Y ◦ϕt−Y

t = limt→0
Y−dϕt◦Y ◦ϕ−t

t .

2. Show that [X,Y ] = 0 if and only if for all (t, s) such that it is defined, ϕt◦ψs = ψs◦ϕt.
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