
M1 – Advanced Geometry 2021-2022: TD 7

Multilinear Algebra and Differential forms

Exercise 1.

Let K be a field and V be a finite dimensional vector field over it.

1. Let n ∈ N, show that Φ :
⊗n V ∗ → (

⊗n V )∗ is an isomorphism with Φ defined by
the formula :

∀(αi)1⩽i⩽n ∈ (V ∗)n, Φ

(
n⊗

i=1

αi

)
:

n⊗
i=1

vi 7→
n∏

i=1

αi(vi).

2. Let Rn(V ) be the sub vector space of
⊗n V generated by the tensor of the form

w1 ⊗ ...⊗wi ⊗ v⊗ v⊗wi+1 ⊗ ...⊗wn−2 for the wj ’s and v in V . We recall that ΛnV
is the quotient of

⊗n V by Rn(V ) i.e. we have the short exact sequence :

0 → Rn(V ) →
⊗n V

πn
V−→ ΛnV → 0.

Dualise this sequence and determine the image of (ΛnV )∗ in (
⊗n V )∗.

3. Let Ψ : (ΛnV )∗ → ΛnV ∗ be the composition πn
V ∗◦Φ−1◦(πn

V )
∗. Show that if (e1; ...; ed)

is a basis of V and J is a subset of {1; ...; d} of n elements then Ψ((eJ)
∗) = n!(e∗)J .

4. Deduce that if K is of characteristic 0 then 1
n!Ψ is a canonical isomorphism.

Exercise 2.

1. For V a finite dimensional real vector space and p, q ∈ N, show that the natural
tensor product map

⊗p V ⊗
⊗q V →

⊗p+q V gives rise to a well defined product
∧ : ΛpV ⊗ ΛqV → Λp+qV .

2. Show that if α ∈ ΛpV ∗ and β ∈ ΛqV ∗ then for all v1, ..., vp+q ∈ V :

α ∧ β(v1, ..., vp+q) =
∑

c∈Cp,q

ε(c)α(vc(1), ..., vc(p))β(vc(p+1), ..., vc(p+q)),

for Cp,q = {c ∈ Sp+q | c|{1,...,p} and c|{p+1,...,p+q} strictly increasing}.

Exercise 3.

Let M be a n-dimensional manifold and (U ;φ) one of its charts. Let (e1; ...; en) be the
canonical basis of Rn and (e∗1; ...; e

∗
n) its dual basis.

1. Let V be an open subset of Rn show that a differential form over V is the same as a
smooth map from V to (Rn)∗.

2. Show that the space of differential forms over V is a free module of rank n over
C∞(V ;R) by exhibiting a basis.

3. Let
(

∂
∂xi

)
1⩽i⩽n

be the constant vector fields on U associated to φ. For all p ∈ U we
set (dxip)1⩽i⩽n the dual basis of

(
∂
∂xi (p)

)
1⩽i⩽n

. Show that for all 1 ⩽ i ⩽ n the map
dxi : p 7→ (p; dxip) is the pullback φ∗(e∗i ).

4. Deduce that dxi ∈ Γ(T ∗M ;U).
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5. Show that dxip is actually the differential at p of the function xi : U → R, the i-th
projection of φ.

6. Show that for all α ∈ Γ(T ∗M ;U) there exists a unique n-upple of smooth functions
on U (αi)1⩽i⩽n such that :

α =
n∑

i=1

αidx
i.

7. Deduce that for all f ∈ C∞(M ;R) the map df : M → T ∗M that associates p to
(p; dfp) is a differential form and that for all p ∈ U we have :

dfp =
n∑

i=1

∂f

∂xi
(p)dxip.

8. Show that for all p ∈ N, Γ(ΛpT ∗M ;U) is a free C∞(U)-module and exhibit a basis.

Exercise 4.

Let M be a smooth manifold. And consider the map :

Φ : Γ(T ∗M) −→ HomC∞(M)(Γ(TM); C∞(M))

α 7−→ [X 7→ [p 7→ αp(Xp)]]

1. Show that it is a well defined injective morphism of C∞(M)-modules.

2. Now we want to show that Φ is surjective. Let λ ∈ HomC∞(M)(Γ(TM); C∞(M)),
(Ui;φi)i∈I be a locally finite atlas of M , (θi)i∈I a subordinate partition of unity and
Vi = θ−1

i (R×) ⊂ Ui.

(a) For X ∈ Γ(TM ;Vi) we set λi(X) to be the function 1
θi
λ(θiX)|Vi over Vi. Show

that it is a well defined smooth function over Vi and that λi is C∞(Vi)-linear.

(b) Show that if X ∈ Γ(TM ;M) then λi(X|Vi) = λ(X)|Vi .

(c) Show that there is a form αi over Vi such that λi(X) = αi(X) for all vector
field X over Vi.

(d) Conclude.
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