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Deep learning: generalities

(extracted from: datasciencepr.com)

• Deep networks are composed of a stack of layers.

• Each layer is composed with linear transforms (e.g. convolution,

pooling), nonlinear transforms (i.e. activation functions).
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https://datasciencepr.com/convolutional-neural-network/


Feedforward neural network model

• Database: S =
{

(u`, z`) ∈ H × G
∣∣ ` ∈ {1, . . . , L}}

• Goal: Learn a prediction function dΘ

Θ̂ ∈ Argmin
Θ

E(Θ) :=
1

L

I∑
`=1

f
(
z`,dΘ(u`)

)
(1)

• Feedforward neural network model:

dΘ(u`) = η[K ]
(
W [K ] . . . η[1](W [1]u` + b[1]) . . .+ b[K ]

)
where for every k ∈ {1, . . . ,K},
• W [k] denotes a weight matrix,

• b[k] is a bias vector,

• η[k] is the nonlinear activation function.
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Standard activation functions

• Most basic: η = Id = prox0,

• Saturated linear activation function: η = proxιC with C = [−1, 1],

• Rectified linear unit (ReLU): η = proxιC with C = [0,+∞[,

• Parametric ReLU,

• Bent identity,

• Inverse square root,

• Unimodal sigmoid

• Elliot function

• Softmax

→ Most of activation functions are proximity operators.

→ Exhaustive list in P. L. Combettes and J.-C. Pesquet, Deep neural

network structures solving variational inequalities, Set-Valued and

Variational Analysis, vol. 28, pp. 491–518, September 2020. [PDF]
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https://pcombet.math.ncsu.edu/svva5.pdf
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• W [k] : Hk−1 → Hk denotes a bounded linear operator,

• b[k] ∈ Hk is a bias vector,

• f [k] ∈ Γ0(Hk).

→ This model allows to derive tight Lipschitz bounds for feedforward

neural networks in order to evaluate their stability.

More details in P. L. Combettes and J.-C. Pesquet, Deep neural network structures solving

variational inequalities, Set-Valued and Variat. Anal., vol. 28, pp. 491–518, 2020. [PDF]5

https://pcombet.math.ncsu.edu/svva5.pdf


Unfolded Forward-Backward

• Reminder: One iteration of Forward-Backward to solve

minimize
x

f (x) + g(x)

is, for some γ > 0, xk+1 = proxγg (xk − γ∇f (xk))

• Specific case: Considering the specific minimization problem

minimize
x

1

2
‖Ax − z‖2

2 + λ‖x‖1

the iteration are
xk+1 = proxγλ‖·‖1

(xk − γA∗Axk + γA∗z)

= proxγλ‖·‖1
((I− γA∗A)xk + γA∗z)

which can be equivalently written

xk+1 = η[k](W [k]xk + b[k]) where


W [k] = I− γA∗A
b[k] = γA∗z

η[k] = proxγλ‖·‖1
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Unfolded Condat-Vũ splitting algorithm

• Reminder: One iteration of Condat-Vũ splitting to solve

minimize
x

f (x) + g(Lx)

is, for some σ, τ > 0,

xk+1 = xk − τ∇f (xk)− τL∗yk
yk+1 = proxσg∗

(
yk + σL(2xk+1 − xk)

)

• Specific case: Considering the specific minimization problem

minimize
x

1

2
‖Ax − z‖2

2 + λ‖Lx‖1

the iteration are
xk+1 = xk − τA∗(Axk − z)− τL∗yk
yk+1 = proxσg∗

(
yk + σL(2xk+1 − xk)

)
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Unfolded Condat-Vũ splitting algorithm

• Specific case: Considering the specific minimization problem

minimize
x

1

2
‖Ax − z‖2

2 + λ‖Lx‖1

the iteration are
xk+1 = xk − τA∗(Axk − z)− τL∗yk
yk+1 = proxσg∗

(
yk + σL(2xk+1 − xk)

)
or equivalently

xk+1 = (Id− τA∗A)xk − τL∗yk + τA∗z

yk+1 = proxσ‖·‖∗
(
σL(Id− 2τA∗A)xk + (Id− 2τσLL∗)yk + 2τσLA∗z

)
.

which can be equivalently written

uk+1 = η[k](W [k]uk + b[k]) where



uk = (xk , yk )

D[k] =

(
Id − τA∗A −τL∗

σL(Id − 2τA∗A) Id − 2τσLL∗

)

b[k] =

(
τA∗z

2τσLA∗z

)

η[k] =

(
Id

proxσ‖·‖∗

)
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Unfolded Condat-Vũ splitting algorithm

• Reminder: Predictor designed from proximal algorithm

dΘ(u`) = η[K ]
(
D [K ] . . . η[1](D [1]u` + b[1]) . . .+ b[K ]

)
• Learn the parameters Θ: The parameter to learn can be the

algorithmix step-size γk but also D [k] or b[k].

• Algorithmic strategy: based on stochastic gradient descent to estimate

min
Θ

1

L

I∑
`=1

f
(
z`, dΘ(u`)

)
→ require the computation of the gradient of fΘ (backpropagation

strategy, automatic differentiation)
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Unfolded Condat-Vũ splitting algorithm

• Image restoration on MNIST database: original x̄, degraded z, restored ones by

EPLL, TV, NLTV, IRCNN, MWCC, and the proposed full DeepPDNet (K = 6).

(first row) uniform 3× 3 blur and Gaussian noise with α = 20,

(second row) uniform 5× 5 blur and Gaussian noise with α = 20,

(third row) uniform 7× 7 blur and Gaussian noise with α = 20.

→ Results extracted from M. Jiu and N. Pustelnik, A deep primal-dual proximal network

for image restoration, accepted to IEEE JSTSP, 2021. [PDF]
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https://arxiv.org/pdf/2007.00959.pdf


Unfolded Condat-Vũ splitting algorithm:

• Image restoration on MNIST database: Performance PSNR/SSIM

for different configurations.

→ Results extracted from M. Jiu and N. Pustelnik, A deep primal-dual proximal

network for image restoration, accepted to IEEE JSTSP, 2021.
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Unfolded Condat-Vũ splitting algorithm: robustness

• Image restoration on MNIST database: Robustness to additional

noise.

→ Results extracted from M. Jiu and N. Pustelnik, A deep primal-dual proximal

network for image restoration, accepted to IEEE JSTSP, 2021.
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