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1 Recap: Optimal Policy

Optimal Backward Induction Algorithm

Q(Sv a, t) = ZS’ES k(’s? a, sl) [T(Sa a, S,) + V;&j—l(sl)]
Vi (s) = maxaea Q(s, a,1)

77 (s) = argmax,e 4 Q(s,a,t)

2 The Rocket Example: LQG Control

2.1 Problem Formulation

Rocket Control

e State space: S =R
e Action space: A =R
e Reward:

— t<T: r4(s,a,8) = —a?

— t="T: rp(s,a,s') = —p(s* — 5)? where s* is the target

Transition: S;1 = Sy + A; + U; where Uy are i.i.d. with Var(U;) = o?

Cumulated reward: Wp = — Z;l A2 — p(s* — S7)?

2.2 Solution by Backward Induction

We use backward induction:

At t="T:

At t=T—1:
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To find the optimal action, we differentiate with respect to a:

@:—p-Z(S*—s—a)(—l)—2a:2p(s*—s—a)—2a:0
oa
o ps =)
=7(s, T —1) = P

Value function at t =T — 1:

Vs, T —1)=Q(s,m"(s, T —1),T — 1)

Substituting the optimal action:

Vs, T—1)=—p (s*—s—p(s*_s)>2— ('O(S*_S)>2—p02

p+1 p+1
2 2( o* 2
* 2 p p(s _S) 2
=—p(s —s 1-—- — — po
Al ) < p+1> ES R
2 *
:—p(S*—S)2< 1 ) _102(5 _3)2_p0_2
p+1 (p+1)?

N Clet) S
p+1

2.3 Generalization by Induction

At t=T -2
Q(s,a,T —2) =E[V*(s+a+ Up_s, T —1)] — a®
P (s* = (s +a+Ur_))? - po?| —a?
p+1
:—L((s*—s—a)2+02)—p02—a2
p+1
Differentiating:
o 2
E:—LQ(s*—s—a)(—l)—%L: P (5*—3—@)—2@:0
da p+1 p+1
ia*zﬂ*(s,T—Q):M
2p+1

Value function at t =T — 2:

* 2 1

2.4 General Formula
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Theorem

LQG Solution
By induction, we can deduce the general formula:

* ols* = 5)? i | :
T = =2 O S S
Vi(s,T—k) 1+ kp ( TS R Py L

\ p(s* —s
™ (S,T—k'):(l_'_—kp)

3 General LQG Control

3.1 General Formulation

Definition

Linear Quadratic Gaussian (LQG) Control
Class of problems with:

e Linear dynamics: Siy1 = AS; + BA; + Uy
e Quadratic cost: 7(s, a, s') = —a’ Qa with Q positive definite

e Gaussian noise: U; ~ N(0,X)

| '

Example

Example: Heating

St+1 = \S; + (1 = )\)At + U

where the cost is:
W

Temperature evolves according to linear dynamics with inertia A and control (1 — A).

4 Evaluation of a Given Policy

4.1 Visit Probabilities

For a fixed policy 7 and initial state s € S:

T
:P(LH&ZUH&ZW)

for o € § is the probability of visiting state o.
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4.2 Time Spent in Each State

T
T™(s) = E™ !Z 1g,—o|S1 = s| =T7(s,1)
t=1

With the recurrence:

T™(s,t) =Y gesk(s,m(s),s")(Ly—o +T7(s',t + 1))
T (5,T) = 15—4

4.3 Avoidance Probability

A™(s) = 1— R™(s) = (ﬂ{sﬁéa}(sl_s)

is the probability of not visiting state o.

With the recurrence:

A(37 t) = ZS/GS k(sv 7T(8), S/)18'7’50 ’ A(slv t+1)
A(S,T) = ls;éa
R(s,t) =1— A(s,t)
5 Variance Computation by Backward Induction

5.1 Second-Order Moments

Var™ (W) = ET[W}] — E™[Wy]?

()

E[R%|S = s] = E(r(s,7(s), S741)*|ST = ) Z k(s,m(

s'eS

Att=T

5.2 Recurrence for Moments

mQ(S,T — 1) = E[(RT_l + RT)2|ST_1 = S]

=E[R3_, +2Rr 1Ry + R%|Sr_1 = 5]

= Z k(s,m(s),s)[r(s,m(s),s")? + 2r(s,n(s),s")E[Ry|St = '] + E[R%|St = §|]

s'eS



Reinforcement Learning - Lecture 4 ENS M2

General Recurrence

ma(s,t) = Z k(s,m(s),s)[r(s,m(s),s)? + 2r(s,m(s), s Ymi(s',t + 1) + ma(s',t + 1)]

mi(s,t) = Z k(s,m(s),s)[r(s,m(s),s") +mi(s',t+1)]
s'eS

with m(s, T+ 1) = (0,0) and:

B , r(s,m(s),s") +mq(s,t+1)
m(s,t) = Z k(s,7(s), 5) <r(s, 7(s),s")? + 2r(s, 7 (s), s’)mll(s’, t+1)+ma(s,t+ 1))

Var™(W;) = ma(s,1) — my(s,1)?

6 Distributional Evaluation

6.1 Objective

Goal
Evaluate the law of v(s,t) = law of Ry + Ry11 + - - - + Ry given Sy = s € M;(R).

v(s,T) = law of Ry = (S, m(ST), ST+1) given St = s.

In a windy environment, this equals a mixture of Dirac distributions.

v(s,t) =law of Ry + Ryy1+ -+ + Rp given Sy = s

= mixture law of (s, 7(s),s’) + Riy1+ -+ + Rp given Sp1 = 8 ~v(s,t + 1)
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