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1 Recap: Optimal Policy

Example

Optimal Backward Induction Algorithm
Q(s, a, t) =

∑
s′∈S k(s, a, s′)[r(s, a, s′) + V ∗

t+1(s
′)]

V ∗
t (s) = maxa∈AQ(s, a, t)

π∗
t (s) = argmaxa∈AQ(s, a, t)

2 The Rocket Example: LQG Control

2.1 Problem Formulation

Example

Rocket Control

• State space: S = R

• Action space: A = R

• Reward:

– t < T : rt(s, a, s
′) = −a2

– t = T : rT (s, a, s
′) = −ρ(s∗ − s)2 where s∗ is the target

• Transition: St+1 = St +At + Ut where Ut are i.i.d. with Var(Ut) = σ2

• Cumulated reward: WT = −
∑T−1

t=1 A2
t − ρ(s∗ − ST )

2

2.2 Solution by Backward Induction

We use backward induction:

At t = T :
V ∗(s, T ) = −ρ(s∗ − s)2

At t = T − 1:
Q(s, a, T − 1) = −ρE[(s∗ − (s+ a+ UT−1))

2]− a2

= −ρE[(s∗ − s− a− UT−1)
2]− a2

= −ρ((s∗ − s− a)2 + E[U2
T−1])− a2

= −ρ((s∗ − s− a)2 + σ2)− a2
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To find the optimal action, we differentiate with respect to a:

∂Q

∂a
= −ρ · 2(s∗ − s− a)(−1)− 2a = 2ρ(s∗ − s− a)− 2a = 0

⇒ π∗(s, T − 1) =
ρ(s∗ − s)

ρ+ 1

Value function at t = T − 1:

V ∗(s, T − 1) = Q(s, π∗(s, T − 1), T − 1)

Substituting the optimal action:

V ∗(s, T − 1) = −ρ

(
s∗ − s− ρ(s∗ − s)

ρ+ 1

)2

−
(
ρ(s∗ − s)

ρ+ 1

)2

− ρσ2

= −ρ(s∗ − s)2
(
1− ρ

ρ+ 1

)2

− ρ2(s∗ − s)2

(ρ+ 1)2
− ρσ2

= −ρ(s∗ − s)2
(

1

ρ+ 1

)2

− ρ2(s∗ − s)2

(ρ+ 1)2
− ρσ2

= −ρ(s∗ − s)2

ρ+ 1
− ρσ2

2.3 Generalization by Induction

At t = T − 2:
Q(s, a, T − 2) = E[V ∗(s+ a+ UT−2, T − 1)]− a2

= E
[
− ρ

ρ+ 1
(s∗ − (s+ a+ UT−2))

2 − ρσ2

]
− a2

= − ρ

ρ+ 1
((s∗ − s− a)2 + σ2)− ρσ2 − a2

Differentiating:

∂Q

∂a
= − ρ

ρ+ 1
· 2(s∗ − s− a)(−1)− 2a =

2ρ

ρ+ 1
(s∗ − s− a)− 2a = 0

⇒ a∗ = π∗(s, T − 2) =
ρ(s∗ − s)

2ρ+ 1

Value function at t = T − 2:

V ∗(s, T − 2) = −ρ(s∗ − s)2

1 + 2ρ
−
(
1 +

1

ρ+ 1

)
ρσ2

2.4 General Formula
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Theorem

LQG Solution
By induction, we can deduce the general formula:

V ∗(s, T − k) = −ρ(s∗ − s)2

1 + kρ
−
(
1 +

1

ρ+ 1
+ · · ·+ 1

(ρ+ 1)k−1

)
ρσ2

π∗(s, T − k) =
ρ(s∗ − s)

1 + kρ

3 General LQG Control

3.1 General Formulation

Definition

Linear Quadratic Gaussian (LQG) Control
Class of problems with:

• Linear dynamics: St+1 = ASt +BAt + Ut

• Quadratic cost: r(s, a, s′) = −aTQa with Q positive definite

• Gaussian noise: Ut ∼ N (0,Σ)

Example

Example: Heating

St+1 = λSt + (1− λ)At + Ut

where the cost is:

−ρ(ST − s∗)2 −
T−1∑
t=1

A2
t

Temperature evolves according to linear dynamics with inertia λ and control (1− λ).

4 Evaluation of a Given Policy

4.1 Visit Probabilities

For a fixed policy π and initial state s ∈ S:

Rπ
s = P

(
T⋃
t=1

{St = σ}
∣∣∣S1 = s

)

for σ ∈ S is the probability of visiting state σ.
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4.2 Time Spent in Each State

T π(s) = Eπ

[
T∑
t=1

1St=σ

∣∣∣S1 = s

]
= T π(s, 1)

With the recurrence:{
T π(s, t) =

∑
s′∈S k(s, π(s), s′)(1s′=σ + T π(s′, t+ 1))

T π(s, T ) = 1s=σ

4.3 Avoidance Probability

Aπ(s) = 1−Rπ(s) = P

(
T⋂
t=1

{St ̸= σ}
∣∣∣S1 = s

)

is the probability of not visiting state σ.

With the recurrence:{
A(s, t) =

∑
s′∈S k(s, π(s), s′)1s′ ̸=σ ·A(s′, t+ 1)

A(s, T ) = 1s ̸=σ

R(s, t) = 1−A(s, t)

5 Variance Computation by Backward Induction

5.1 Second-Order Moments

Varπ(Wt) = Eπ[W 2
t ]− Eπ[Wt]

2

W 2
t =

(
T∑

k=1

Rk

)2

At t = T :

E[R2
T |ST = s] = E(r(s, π(s), ST+1)

2|ST = s) =
∑
s′∈S

k(s, π(s), s′)r(s, π(s), s′)2

5.2 Recurrence for Moments

m2(s, T − 1) = E[(RT−1 +RT )
2|ST−1 = s]

= E[R2
T−1 + 2RT−1RT +R2

T |ST−1 = s]

=
∑
s′∈S

k(s, π(s), s′)[r(s, π(s), s′)2 + 2r(s, π(s), s′)E[RT |ST = s′] + E[R2
T |ST = s′]]
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Definition

General Recurrence

m2(s, t) =
∑
s′∈S

k(s, π(s), s′)[r(s, π(s), s′)2 + 2r(s, π(s), s′)m1(s
′, t+ 1) +m2(s

′, t+ 1)]

m1(s, t) =
∑
s′∈S

k(s, π(s), s′)[r(s, π(s), s′) +m1(s
′, t+ 1)]

with m(s, T + 1) = (0, 0) and:

m(s, t) =
∑
s′∈S

k(s, π(s), s′)

(
r(s, π(s), s′) +m1(s

′, t+ 1)
r(s, π(s), s′)2 + 2r(s, π(s), s′)m1(s

′, t+ 1) +m2(s
′, t+ 1)

)

Varπ(Wt) = m2(s, 1)−m1(s, 1)
2

6 Distributional Evaluation

6.1 Objective

Note

Goal
Evaluate the law of ν(s, t) = law of Rt +Rt+1 + · · ·+RT given St = s ∈ M1(R).

ν(s, T ) = law of RT = r(ST , π(ST ), ST+1) given ST = s.

In a windy environment, this equals a mixture of Dirac distributions.

ν(s, t) = law of Rt +Rt+1 + · · ·+RT given St = s

= mixture law of r(s, π(s), s′) +Rt+1 + · · ·+RT given St+1 = s′ ∼ ν(s′, t+ 1)
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