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1 Distributional Statistics Functions

1.1 General Functional

Let ψ : M1(R) → RK be defined such that:

ψ(νπ(s, t)) = ϕ(ψ(νπ(s′, t+ 1)))

We saw that this does not work directly with ψ(ν) = Var(ν) but it works with:

ψ(ν) = (E[ν],E[ν2])

Warning

Exercise
Show that it works with ψ(ν) = (E[ν],E[ν2], . . . ,E[νK ]) for any K ≥ 1.
This requires at least:

∀x ∈ R, ν, ν ′ ∈ M1(R), ψ(ν) = ψ(ν ′) ⇒ ψ(τxν) = ψ(τxν
′)

where τx is the translation operator.

2 Quantiles and Limitations

2.1 Problem with Quantiles

For quantiles, we also need:

ψ(ν1) = ψ(ν ′1) and ψ(ν2) = ψ(ν ′2) ⇒ ψ

(
1

2
(ν1 + ν2)

)
= ψ

(
1

2
(ν ′1 + ν ′2)

)
However, this is not true in general.

3 Utilities and Utility Functions

3.1 Definition of Utilities

Definition

Utility
We consider a utility: ψ(ν) = EX∼ν [f(X)]. For a utility: ψ = ψf

We have:

ψ

(∑
k

qkνk

)
= EXk∼νk,I∼q[f(XI)] =

∑
k

qkEXk∼νk [f(Xk)]

For utilities, this condition is sufficient.

We need:

∀x ∈ R, ν, ν ′ ∈ M1(R), X ∼ ν, Y ∼ ν ′,E[f(X)] = E[f(Y )] ⇒ E[f(X + x)] = E[f(Y + x)]
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3.2 Examples of Utilities

Example

Exponential Utility
f(x) = eβx:

E[eβ(X+x)] = eβxE[eβX ] = eβxE[eβY ] = E[eβ(Y+x)]

This means:
E
[
eβ(r(St,π(St),St+1)+

∑T
k=t+1 Rk)

∣∣∣St = s
]

=
∑
s′∈S

k(s, π(s), s′)eβr(s,π(s),s
′) · E

[
eβ

∑T
k=t+1 Rk

∣∣∣St+1 = s′
]

W (s, t) =
∑
s′∈S

k(s, π(s), s′)eβr(s,π(s),s
′) ·W (s′, t+ 1)

4 Risk Measures and β-Means

4.1 Definition of β-Means

Definition

β-Mean
If ν ∈ M1(R) (bounded) and β ∈ R, we define:

Uβ(ν) =
1

β
ln(EX∼ν [e

βX ])

for β ̸= 0 and U0(ν) = E(ν) for β = 0.

Tip

Properties
The function β → Uβ(ν) is increasing on R.
If P(a ≤ X ≤ b) = 1 then a ≤ Uβ(ν) ≤ b and limβ→0 Uβ(X) = E(X) = U0(X).

4.2 Special Cases

Example

Normal Distribution
If X ∼ N (µ, σ2) then:

E[eβX ] = eβµE[eβσZ ]

with Z ∼ N (0, 1), which gives:

E[eβX ] = eβµ+
β2σ2

2

Asymptotic behavior:
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• When β → +∞, Uβ(X) → sup(X)

• When β → −∞, Uβ(X) → inf(X)

5 Characterization of Translation-Invariant Utilities

5.1 General Question

Are there other utilities f such that:

∀x ∈ R,E[f(X)] = E[f(Y )] ⇒ E[f(X + x)] = E[f(Y + x)]?

5.2 Special Cases

Case K = 1:

• f = constant works

• f(x) = α+ βx works

• f(x) = Ceβx works

5.3 Complete Characterization

Theorem

Characterization Theorem
The only utilities satisfying the translation invariance condition are of the form:

f(x) = xkeβx

for 0 ≤ k ≤ K − 1 and β ∈ R.

This property is called Bellman closure.

6 Beyond Utilities: Von Neumann-Morgenstern Theorem

6.1 Stochastic Order

Assume that ν has support in [x, x̄] and that if ν1 ≤st ν2, then ψ(ν1) ≤ ψ(ν2) with ≤st a partial
order on CDFs defined as:

ν1 ≤st ν2 ⇔ ∀x ∈ R, Fν1(x) ≥ Fν2(x)
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6.2 Main Theorem

Theorem

Von Neumann-Morgenstern Theorem
Under the above assumptions, if:

ψ(ν1) = ψ(ν2) ⇒ ψ(pν1 + (1− p)ν2) = ψ(pν1 + (1− p)ν2)

then there exists a utility ψf such that:

∀ν1, ν2, ψ(ν1) ≤ ψ(ν2) ⇔ ψf (ν1) ≤ ψf (ν2)

with ψf (ν1) =
∫
f(x)dν1(x) and ψf (ν2) =

∫
f(x)dν2(x).

This condition is natural for MDPs because of the mixture law.

6.3 Proof Sketch

Proof :

By induction: if ∀i, ψ(νi) = ψ(ν ′i) then ψ(
∑k

i=1 piνi) = ψ(
∑k

i=1 piν
′
i)

Take ν =
∑
piδxi . Note that: δx ≤st ν ≤st δx̄

In particular: δx ≤st δx ≤st δx̄ ⇒ ψ(δx) ≤ ψ(δx) ≤ ψ(δx̄)

There exists f(x) ∈ [0, 1] such that:

ψ(δx) = f(x)ψ(δx̄) + (1− f(x))ψ(δx)

Define: U(ν) =
∫
f(x)dν(x)

U
(∑

piδxi

)
=
∑

f(xi)pi

7 Distributional Planning

7.1 General Problem

Planning Recap:
Q(s, a, t) =

∑
s′∈S

k(s, a, s′)[r(s, a, s′) + V ∗
s′,t+1]

V ∗
s,t = max

a∈A
Q(s, a, t)

And π∗t (s) = argmaxa∈AQ(s, a, t) allows finding an optimal policy for E[
∑T

t=1Rt|S1 = s].

Question: What else can we optimize?

max
π

E[ψ(
T∑
t=1

Rt)|S1 = s]
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7.2 Naive Distributional Planning Algorithm

Qν(s, a, t) =
∑
s′∈S

k(s, a, s′)τr(s,a,s′)ν(s
′, t+ 1)

ψ∗(s, t) = argmax
a∈A

ψ(Qν(s, a, t))

ν∗(s, t) = Qν(s, ψ
∗(s, t), t)

This is a generalization of the backward induction algorithm (we replaced E by ψ).
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