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1 Planning in discounted MDPs

1.1 Now planning

We look for an optimal policy ie: π∗ : S → A such that:

V π∗ ≥ V π ∀π

Note

The existence is not obvious at first!

Definition: Bellman operator T ∗

T ∗ : Rk → Rk

∀V ∈ Rk, (T ∗V )(s) = max
a∈A

∑
s′∈S

k(s, a, s′)[r(s, a, s′) + γV (s′)]

Proposition:

T ∗ is isotonic and a γ-contractant.
γ-contractant: |max(f)−max(g)| ≤ max(|f − g|)
Hence:

(T ∗V1)(s)− (T ∗V2)(s)

=

∣∣∣∣∣max
a

∑
s′

k(s, a, s′)[r(s, a, s′) + γV1(s
′)]−max

a

∑
s′

k(s, a, s′)[r(s, a, s′) + γV2(s
′)]

∣∣∣∣∣
≤ max

a

(∑
s′

k(s, a, s′)γ(V1(s
′)− V2(s

′))

)

≤ max
a

(∑
s′

k(s, a, s′)γmax
s′
|V1(s

′)− V2(s
′)|

)

≤ γ||V1 − V2||∞max
a

(∑
s′

k(s, a, s′)

)
⇒ ||T ∗V1 − T ∗V2||∞ ≤ γ||V1 − V2||∞

T ∗ isotonic: exercise

Consequences: T ∗ has a unique fixed point V ∗ ie: ∀V0 ∈ Rk, (T ∗)nV0 → V ∗ when n→ +∞
Theorem (Bellman optimality theorem):

V ∗ is the optimal value function ie: V ∗(s) = maxπ V
π(s). A policy such that T πV ∗ = V ∗

is an optimal policy.

Definition: Greedy Policy

For every V ∈ Rk, there exists at least one policy π such that T πV = T ∗V .
This policy is called a greedy policy with respect to V and is characterized by:

∀s ∈ S, π(s) ∈ argmax
a∈A

∑
s′∈S

k(s, a, s′)[r(s, a, s′) + γV (s′)]
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Theorem (Policy improvement lemma):

For any policy π, any greedy policy π′ with respect to V π improves on π ie: V π′ ≥ V π

Proof: T π′
V π = T ∗V π ≥ T πV π = V π (by definition of greedy policy and isotonicity of

T π)
⇒ (T π′

)2V π ≥ T π′
V π ≥ V π ⇒ · · · ⇒ (T π′

)nV π ≥ V π

When n→ +∞, (T π′
)nV π → V π′ hence V π′ ≥ V π

Warning

Proof of Bellman optimality theorem:
Let π∗ be a greedy policy with respect to V ∗.

• For any policy π, T π ≤ T ∗ hence: V π = (T π)nV π ≤ (T ∗)nV π → V ∗ hence V ∗ ≥ V π

• T π∗
V ∗ = T ∗V ∗ = V ∗ hence V π∗

= V ∗

Any finite MDP has a deterministic optimal policy.

Algorithm: Value iteration algorithm

Input: ϵ > 0 the precision parameter, V0 ∈ Rk an initial value function
Output: an ϵ-approximation of V ∗

1. V ← V0

2. while ||T ∗V − V ||∞ ≥ ϵ(1−γ)
γ do

• V ← T ∗V

3. end while

4. return T ∗V

Proof: Let Vn = (T ∗)nV0. We have:

||Vn − V ∗||∞ ≤ ||(T ∗)V ∗ − (T ∗)Vn||∞ + ||(T ∗)Vn − Vn||∞
≤ γ||V ∗ − Vn||∞ + γ||Vn − Vn−1||∞

because Vn = (T ∗)Vn−1. Hence:

||Vn − V ∗||∞ ≤
γ

1− γ
||Vn − Vn−1||∞

Now if ||Vn − Vn−1||∞ ≤ ϵ(1−γ)
γ then ||Vn − V ∗||∞ ≤ ϵ.

Proposition:

The Value iteration algorithm requires at most
log

(
M

ϵ(1−γ)

)
1−γ iterations where M = ||T ∗V0−

V0||∞.
Proof:

||Vn+1 − Vn||∞ = ||(T ∗)Vn − (T ∗)Vn−1||∞ ≤ γ||Vn − Vn−1||∞ ≤ · · · ≤ γn||T ∗V0 − V0||∞
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Hence if:

n ≥
log
(

M
ϵ(1−γ)

)
1− γ

≥
log
(

M
ϵ(1−γ)

)
− log(γ)

then γn ≤ ϵ(1−γ)
Mγ hence ||Vn+1 − Vn||∞ ≤ ϵ(1−γ)

γ

Algorithm: Policy iteration algorithm

Input: an initial policy π0
Output: π∗ an optimal policy

1. π ← π0

2. π′ ← None

3. while π ̸= π′ do

• Compute V π

• π′ ← π

• π ← a greedy policy with respect to V π

4. end while

5. return π

Properties:

The policy iteration algorithm always returns an optimal policy in at most |A||S| iterations
(one can prove that the number of iterations can be bounded by O

(
|A||S|

|S|

)
).

Lemma:

Let (Un) be the sequence of value functions generated by the Value Iteration algorithm and
(Vn) be the sequence of value functions generated by the above Policy Iteration algorithm.
If U0 = V0 then ∀n,Un ≤ Vn

Proof by induction:
Assume that Un ≤ Vn then:

Un+1 = T ∗(Un) ≤ T ∗(Vn) = T πn+1(Vn) ≤ T πn+1(Vn) = Vn+1

Algorithm 3: Linear Programming

Let α : S → R+ be a positive weight function over the states.
V ∗ is the solution of the linear program:

min
V ∈Rk

∑
s∈S

α(s)V (s)

subject to:
∀s ∈ S, a ∈ A, V (s) ≥

∑
s′∈S

k(s, a, s′)[r(s, a, s′) + γV (s′)]

Proof:

4
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By Bellman’s optimality equation T ∗(V ∗) = V ∗ thus V ∗ satisfies the constraints with
equality.
If V satisfies the constraint then let W = V − V ∗

∀s, a, W (s) ≥ γ
∑
s′

k(s, a, s′)W (s′)

⇒ If s− ∈ argminsW (s) then:

W (s−) ≥ γ
∑
s′

k(s−, a, s
′)W (s′) ≥ γW (s−)

thus W (s−) ≥ 0 and ∀s,W (s) ≥ 0 thus V ≥ V ∗

Therefore:
∑

s α(s)V (s) ≥
∑

s α(s)V
∗(s)

2 Learning in finite discounted MDPs

Definition

State-action value function (Q-function):
The state-action value function Qπ : S ×A → R of a policy π is the expected return when
first taking action a in state s, and then following policy π:

Qπ(s, a) = Eπ

[ ∞∑
t=1

γtRt | S1 = s,A1 = a

]

=
∑
s′∈S

k(s, a, s′)[r(s, a, s′) + γV π(s′)]

Remark: V π(s) = Qπ(s, π(s))

Policy improvement Lemma 2:

For any policies π, π′:

∀s ∈ S, Qπ(s, π′(s)) ≥ Qπ(s, π(s))⇒ ∀s ∈ S, V π′
(s) ≥ V π(s)

Furthermore, if one of the inequalities in the hypothesis is strict, then at least one of the
inequalities in the RHS is strict.
Proof: for all s ∈ S:

V π(s) = Qπ(s, π(s))

≤ Qπ(s, π′(s))

=
∑
s1

k(s, π′(s), s1)[r(s, π
′(s), s1) + γV π(s1)]

with V π(s1) = Qπ(s1, π(s1)) ≤ Qπ(s1, π
′(s1))

5
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⇒ V π(s) ≤
∑
s1

k(s, π′(s), s1)[r(s, π
′(s), s1)

+ γ[
∑
s2

k(s1, π
′(s1), s2)[r(s1, π

′(s1), s2) + γV π(s2)]]]

≤ · · · = V π′
(s)

with V π(s2) = Qπ(s2, π(s2)) ≤ Qπ(s2, π
′(s2))

2.1 Q-table formulation of Bellman optimality equation

A policy π is optimal iff ∀s ∈ S, π(s) ∈ argmaxa∈AQπ(s, a)
Proof: A policy π such that:

π(s) ∈ argmax
a∈A

Qπ(s, a) = argmax
a∈A

∑
s′∈S

k(s, a, s′)[r(s, a, s′) + γV π(s′)]

is a greedy policy with respect to V π and then T ∗V π = T πV π = V π hence V π = V ∗.
If ∃s0 ∈ S, a ∈ A such that Qπ(s0, π(s0)) ≤ Qπ(s0, a) then by policy improvement lemma 2,

the policy π′ defined by:

π′(s) =

{
π(s) if s ̸= s0

a if s = s0

is preferable: V π′
(s0) ≥ V π(s0)

The Q-learning Algorithm

Input:

• Q0 an initial guess for the Q-table (may be zero)

• s0 an initial state

• π a learning policy (may be greedy wrt Q)

• T the number of iterations

1. Q← Q0

2. s← s0

3. for t in 0, 1, . . . , T − 1 do

• a← Select action (π(Q, s))

• r′, s′ ← observe reward and transition from state s using action a

• Q(s, a)← Q(s, a) + αt(r
′ + γ(maxa′ Q(s′, a′))−Q(s, a))

• s← s′

4. return Q

6
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Theorem: Convergence of Q-learning

Let αt(s, a) = αt1(st,at)=(s,a)

If for all s ∈ S, a ∈ A it holds that
∑∞

t=0 αt(s, a) =∞ and
∑∞

t=0 αt(s, a)
2 <∞ then with

probability 1 the Q-learning algorithm converges to Q∗ the optimal Q-table as t→ +∞.

SARSA algorithm

Input: Same

1. Q← Q0

2. s← s0

3. a← Select action (π(Q, s))

4. for t in 0, 1, . . . , T − 1 do

• r′, s′ ← random reward and transition from s using action a

• a′ ← Select action (π(Q, s′))

• Q(s, a)← Q(s, a) + αt(r(s, a, s
′) + γQ(s′, a′)−Q(s, a))

• s← s′

• a← a′

5. end for

6. return Q

Note

Distributional policy evaluation for homework: we just need to optimize the expectation
criteria for homework.

3 Approximate dynamic programming

When the state space S is large (or continuous), we have access only to simulation and not the
exact dynamics.

We need a representation of the value function by an approximation space.
V ∗, V π : S → R
We will approximate Ṽ ∗, Ṽ π in a space S̄, a subset of RS .
Sampling error: r(s, a, s′) and k(s, a, s′) will possibly not be known exactly. Instead you

will have access to a simulation: r(s, a, s′) ∼ r̂(s, a, s′), k(s, a, s′) ∼ k̂(s, a, s′)

• Sample s ∈ S with some probability distribution µ

• Given s ∈ S, and an action a ∈ A, sample s′ according to k(s, a, s′)

Today we focus on discounted infinite horizon MDPs.

3.1 Performance loss due to Value Function Approximation

π∗(s) ∈ argmaxa∈A
∑

s′∈S k(s, a, s′)[r(s, a, s′) + γV ∗(s′)] is the optimal policy.
Now, assume that I only use V instead of V ∗:

7
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π(s) ∈ argmaxa∈A
∑

s′∈S k(s, a, s′)[r(s, a, s′) + γV (s′)] is a suboptimal policy.
How much do I lose?
When V π is the value function of policy π then:

Proposition:

||V ∗ − V π||∞ ≤
2γ

1− γ
||V ∗ − V ||∞

Proof:

||V ∗ − V π||∞ ≤ ||T ∗V ∗ − T ∗V ||∞ + ||T πV − T πV π||∞
≤ γ||V ∗ − V ||∞ + γ||V − V π||∞
= γ||V ∗ − V π||∞ + γ(||V − V ∗||∞ + ||V ∗ − V π||∞)

= 2γ||V ∗ − V ||∞ + γ||V ∗ − V π||∞

≤ 2γ

1− γ
||V ∗ − V ||∞

(where T π, T ∗ are γ-contractant)

Proposition:

There exists ϵ > 0 such that if ||V ∗ − V ||∞ ≤ ϵ then π is optimal and V π = V ∗.
Proof: Let δ = minπ:V π ̸=V ∗ ||V π−V ∗||∞. We have δ > 0 since the set of policies is finite.
Let ϵ such that 2γ

1−γ ϵ < δ. Then:

||V − V ∗||∞ ≤ ϵ⇒ ||V π − V ∗||∞ ≤ δ

hence V π = V ∗

3.2 Bellman residual minimization

Let F be a subset of RS , a function space equipped with the norm || · ||.
For a function V ∈ RS , the Bellman residual is defined as: B(V ) = ||V −T ∗V ||. The optimal

value function V ∗ satisfies T ∗V ∗ = V ∗ and hence B(V ∗) = 0. This motivates to approximate
V ∗ by infV ∈F B(V ).

Here we first consider the norm || · ||∞ and we will express the suboptimality gap ||V ∗−V ||∞
as a function of the Bellman Residual B(V ) = ||T ∗V − V ||∞.

Proposition:

For any function V ∈ RS :

1. ||V ∗ − V ||∞ ≤ 1
1−γ ||T

∗V − V ||∞

2. Let π be the greedy policy with respect to V , then:

||V ∗ − V π||∞ ≤
2

1− γ
||T ∗V − V ||∞

3. Let VBR ∈ argminV ∈F ||T ∗V − V ||∞ then:

||T ∗VBR − VBR||∞ ≤ (1 + γ) inf
V ∈F
||V ∗ − V ||∞

8
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Overall, if πBR is greedy with respect to VBR then:

||V ∗ − V πBR ||∞ ≤
2(1 + γ)

1− γ
inf
V ∈F
||V ∗ − V ||∞

Proof:

1. ||V ∗ − V ||∞ ≤ ||V ∗ − T ∗V ||∞ + ||T ∗V − V ||∞ ≤ γ||V ∗ − V ||∞ + ||T ∗V − V ||∞
Thus: (1− γ)||V ∗ − V ||∞ ≤ ||T ∗V − V ||∞

2.

||V ∗ − V π||∞ ≤ ||V ∗ − V ||∞ + ||V − V π||∞
≤ ||V − T ∗V ||∞ + ||T ∗V − V π||∞
≤ ||T ∗V − V ||∞ + γ||V − V π||∞

Thus: (1− γ)||V ∗ − V π||∞ ≤ ||T ∗V − V ||∞
And using (1) we get: ||V ∗ − V π||∞ ≤ 2

1−γ ||T
∗V − V ||∞

3. ||T ∗V − V ||∞ ≤ ||T ∗V − V ∗||∞ + ||V ∗ − V ||∞ ≤ (1 + γ)||V ∗ − V ||∞
hence: ||T ∗VBR − VBR||∞ ≤ infV ∈F ||T ∗V − V ||∞ ≤ (1 + γ)||V ∗ − V ||∞

3.3 Minimizing the Bellman residual

Let F = {fα, α ∈ Θ} be a family of functions. We want to find VBR ∈ argminV ∈F B(V ).
Minimizing B over || · ||∞ is computationally hard / impossible.
Even if we choose a distribution µ on S and minimize in || · ||µ,2 norm can be hard:

α→ B(α) = ||T ∗Vα − Vα||2µ,2 =
∫
S
(T ∗Vα(s)− Vα(s))

2dµ(s)

If it is the case we resort to stochastic gradient descent: α← α− η∇αB(α).

• We draw n states at random according to the distribution µ: s1, . . . , sn ∼ µ

• We define the empirical Bellman residual for parameter α: B̂(α) = 1
n

∑n
i=1(T

∗Vα(si) −
Vα(si))

2

• We perform a gradient descent with:

∇αB̂(α) =
2

n

n∑
i=1

(T ∗Vα(si)− Vα(si))(γP
πα − I)∇Vα(si)

where πα is a greedy policy with respect to Vα and P πα is the transition matrix under
policy πα

3.4 Approximate Value Iteration (AVI)

VI is defined by: Vk+1 = T ∗Vk.
AVI is defined by: Vk+1 = A(T ∗Vk) where A is an approximation operator, typically a

projection on a subspace F of RS . Then:

Vk+1 = arg min
V ∈F
||T ∗Vk − V ||∞

9
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Proposition:

In that case, if A = Π∞ is the projection operator in || · ||∞ then: AT ∗ is still a contraction
and the iteration Vk of AVI converge.

Warning

Problem:
Impractical in general since the projection Π∞ is hard to compute.

Proposition:

Let V K be the K-th iterate of AVI and πK be the corresponding greedy policy. Then:

||V ∗ − V πK ||∞ ≤
2γ

(1− γ)2
max
k≤K
||T ∗Vk −AT ∗Vk||∞ +

2γK+1

(1− γ)
||V ∗ − V0||∞

Proof: Let ϵ = maxk≤K ||T ∗Vk −AT ∗Vk||∞. We have:

||V ∗ − Vk+1||∞ ≤ ||T ∗V ∗ − T ∗Vk||∞ + ||T ∗Vk − Vk+1||∞
≤ γ||V ∗ − Vk||∞ + ϵ

And:

||V ∗ − Vk||∞ ≤ (1 + γ + · · ·+ γk−1)ϵ+ γk||V ∗ − V0||∞ ≤
ϵ

1− γ
+ γk||V ∗ − V0||∞

From Proposition 1: ||V ∗ − V πK ||∞ ≤ 2
1−γ ||V

∗ − VK ||∞
hence:

||V ∗ − V πK ||∞ ≤
2γ

(1− γ)2
ϵ+

2γK+1

(1− γ)
||V ∗ − V0||∞

3.5 Implementation of fitted Q-iterations

We assume that we have the generative model mentioned above:

• a sampler from distribution µ over S

• a transition sampler: St+1 | St, At

Then Q∗(s, a) =
∑

s′ k(s, a, s
′)[r(s, a, s′)+ γV ∗(s′)] is the unique fixed point of T ∗ : S ×A →

R:

T ∗Q(s, a) =
∑
s′

k(s, a, s′)[r(s, a, s′) + γmax
b

Q(s′, b)]

So the fitted Q-iteration algorithm can be written: Qk+1 = A(T ∗Qk)
Let F be a vector space over S ×A defined by a set of features ϕ1, . . . , ϕd : S ×A → R.

F =

Qα(s, a) =

d∑
j=1

αjϕj(s, a), α ∈ Rd


µ is a probability distribution over S

10
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Qk+1 = arg min
Q∈F
||T ∗Qk −Q||2µ,2

Algorithm: Fitted Q-Iteration

1. Start with Q0 : S ×A → R for example = 0

2. for k = 1, . . . ,K do

• Sample s1, . . . , sn ∼ µ and a1, . . . , an ∼ uniform over A
• Use the generative transitions to get R1, . . . , Rn and s′1, . . . , s

′
n (rewards and

next states associated to (si, ai))

• Compute an estimation T ∗Qk(si, ai) as Zi = Ri + γmaxa∈AQk(s
′
i, a)

• Compute Qk+1 by solving:

Qk+1 = arg min
Qα∈F

1

n

n∑
i=1

(Qα(si, ai)− Zi)
2

Since F is linear, this is a classical least square minimization problem.

Note

Q(s, a) = E[r(s, a, S′) + γmaxbQ(s′, b)]
If Q = Qθ then:

Qθ(s, a) = E[r(s, a, S′) + γmax
b

Qθ(s
′, b)]

We can use dynamics for many pairs:

• Si ∼ µ

• Ai ∼ uniform

• Sample S′
i as next state, Ri as reward (r(Si, Ai, S

′
i))

l(θ) =

n∑
i=1

(Qθ(Si, Ai)− (Ri + γmax
b

Qθ(S
′
i, b)))

2

Is the general iterating scheme:

• Start from Q0(s, a) = 0

• Qk+1 = Qθk+1
where θk+1 = argminθ l(θ)

Parametric form: Qθ(s, a) = ⟨ϕ(s, a), θ⟩
Where ϕ(s, a) : S ×A → Rd is a feature vector.

3.6 Non-parametric regressors

K-nearest neighbors:

• Sample s1, . . . , sn ∼ µ

• For any a ∈ A, sample S′
i,a, Ri,a next state and reward according to the dynamics

11
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• Start with Q0(s, a) = 0

• For every i:
Qk+1(si, ai) = Ri,ai + γmax

b
Qk(S

′
i,ai , b)

Where Qk(s, b) = 1
K

∑K
j=1Qk(sIj , b) where d(s, sI1(s)) < · · · < d(s, sIK(s)) are the K

nearest neighbors of s in the training set s1, . . . , sn.

3.7 Neural Network approximation

We can also try to approximate the Q-function with a Neural Network: Qθ(s, a) where θ are the
weights of the NN.

Algorithm: Deep Q-Learning

1. epochs = 1000, θ0 = random

2. for k in range(epochs):

• Sample (Si, Ai, S
′
i) (i = 1, . . . , n)

• lθ =
∑

i[Qθ(Si, Ai)− (Ri + γmaxbQθk(S
′
i, b))]

2

• θk+1 = θk − η∇θl(θk)

12
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