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oOS�[�f�Ig[�SwXEK_]^I£UVW�PRPTS8QVKbI�UVK_]zIgµE¶�·
¸�¹�¦�uºHJI�]^WRkz�»o�k�I�U®Kro�SwX�UVKMkzKMWRfg[�I£oOI�]z]^WR]^I�U_[�¼¾½r¿bÀÂÁ�p6o�k^[RI£qrf�UVSÃN�k^QMÄ�x
Sy��s_W�o�]zf�k^nEWRIÃÅJIOK
[ ¼¾½rÆ_ÀÇÁ�hwo�k^[RIvÈ6kzx
Sy��s_WToO]^f�k¡n8W�I�Å³{
[�I�ULYZS8]zf�oOWR]^I�U_nEWRk�oOSwXTU®K�k~K�WRI�XEKr[�S8X�o|]zIvUMWRPRP
SwQMKr[�Ie]É¼ ��f�Q�f�[�kzKMf8u   hZ¢�k^IeI�UVK_PTSEUMUMkzx�]zI
}wQiÊwoOI|dZ]^I�WRQ_o�hyP�h8oOkzKMfedZUVIZËM¶�Ì
§ªÍ�Î�©�¦�ËgPRQ�I�U�nEWRI|dZ]�¼ k^[RI�XEKMk¡nEWRIwu

Ï XRIeYZSw]^f�o�WR]^I|[�¼ pbqbsÐI�U®K6WRX,P
Sw]^Ä�Y�\�QMIe[�IexThwUMI�UL[�f�UMSÃN�kzQ�Ä�xTS8X�W�oO]^f�k¡nEWRI�U�hyPRP
I�]^f�I�U|·�©�¤�§z¶i¸�ÑÉÍ�Òw¦O«v[�k^UMP
S8UMf�I�U6UMf�nEWRI�X��
KMk^I�]^]zI�Y�I�XEK£UVI�]zS8XÓWRX�I°U®K�QMW�oOKMWRQ�IZI�X¥[�S8WRxR]^I���f�]^k^o�Iwu
HJ��h8nEWRIZXEWToO]^f�SyK�k^[RI�I�U®K£o�SwX�UVKMkzKMW�fZ[�¼ WRXÔ}8QMS8WRPTIZPR��S8UMPR��h�K�Iw{�[ ¼ WRX
UVW�o�QMI�IOKg[ ¼ WRXRI�x�hwUMI�hyÕ�SyK�f�Iwu�Ö�]mION�k¡U®K�I°nEW�h�K�QMI�K®Ä�P
I�Ug[�I°x�h8UVI�UvhyÕ�SyKMf�I�UZ×�]�¼ p6[�f�X�kzXRI8{�]¡h²HJÄEKMSEUVk^XRIw{�]^h²¯L�EÄ�YZk^XRI�IOK�]^h
ØtW�hyXRk^XRI8u   I�U6K�I�oi�RX�Sw]^Sw}wk^I�U_QMf�oOI�XEK�I�U_P
I�Q�YZIOKMKMI�XEKt]zI�UVf�n8W�I�X�Ù�hy}wIv[RWc}wf�XRSwYZI£[�IgPR]^W�U_I�XcPR]^W�Ub[�¼ I�UVP
\�o�I�U�uºÚbX²[�k¡UMPTSEUVI
hyk^X�UVk
[ ¼ f�XRS8QMYZI�U_x�hwUMI�U_[RIv[�SwXRX�f�I�U£×�P
SwWRQb[�SwXRX�I�Q_WRX±S8Q�[RQMIe[�Iv}8Q�hwX�[�I�WRQ�{�WRXcoi�RQ�SwYZS8UMSwYZIt�EW�YZhwkzXco�SwYZP
SwQMKMIeI�XEK�QMI
oOk^X�nEW�hyXEKMI|I�Kr[�I�W�N,oOI�X8K_o�kzX�nEW�hwXEKMI|YZkz]^]zk^SwXTU6[�Iex�hwUMI�UiÅ³u�prX�hy]^Ä�UVI�Q_oOIOKMKMI|Y�hwU�UVIe[ ¼ k^X�´�SwQ�Y�h�KMk^SwX,oOS8X�UVKMkzKMWRIe[�S8X�otWRX±[�fOÛ
KMkzK�hyX�I�U�n8W�Iw{ynEWRk�XRILP
I�W�KjÜ�KMQ�IJQ�I�]^I�¢8f�nEWRILP�hwQ�[RI�U
YZfOKM��S�[RI�U�]¡hyQ�}wI�YZI�X8KlhyWRKMSwY�hyKMk¡UVf�I�U�u�qthyX�Ulo�IOKlSwxR­®I�o³K�k~´®{�W�XRILPRQMI�YZkz\�QMI
fOK�hwPTIvo�QMWToOk¡hy]^ItI�U®K_[ ¼ k¡UVS8]zI�Q6]zI�ULxRQMk¡nEWRI�U6[�¼ k^X�´�SwQ�Y�h�K�kzS8X/d�]É¼ k^XEKMf�Q�k^I�WRQ_[�I�U_oi�RQ�SwYZS8UMSwYZI�U�u

Ý S8WRQ_oOI�]^h�{RSwX/P
I�W�KbU�¼ hyPRPRW�ÄwI�Q_UMWRQ_nEWRI�]^nEWRI�U_oOS8XRX�hyk¡U�UMhwX�oOI�UJx�kzS8]zS8}wk¡n8W�I�UL[�Ie]¡h�U®K�QMW�oOKMWRQ�Ie[ ¼ WRXRIeYZSw]^f�o�WR]zIv[�¼ pbqbs£u
p_W�XRkz¢8I�hwW£]^S�o�hy]É{ÃSwXgU�hykzKln8W�¼ I�]z]^IJI�U®Kjo�SwX�UVKMkzKMWRf�I�[RI�x�]zS�o�U�[�IJKMQ�Swk¡U
x�hwUMI�U
UMW�o�o�I�U�UVk^¢wI�U�{ÃhyPRP
I�]^f�U6¤i¸�Òw¸�·�«�PThyQioOILn8W�I�oi��h8oOWRX
oOSwYZY�hyXT[�Ir]¡hePRQ�S�[�W�o³K�kzS8X�[ ¼ WRX�[�I�UJÞwßvhwo�k^[�I�UmhwY�k^XRf�UJ[�S8XEKJUVS8XEK�oOS8X�UVKMkzKMWRf�I�Uj]^I�UmPRQ�SyKMf�kzX�I�U�{Ede]É¼ IONRoOI�P�KMk^SwX°[ ¼ WRX/oOS�[�SwX
U®K�SwPZn8W�kRoOSwYZY�hyXT[�IJ]¡hrÛ�X�[�¼ WRX�I�P�QMSwKMf�k^XRI8uÃprWgX�kz¢8I�hyWg}w]^Swx�hw]�{�I�]^]^ILUMILUVWRxº[�k^¢�k^UMI_µ8à�·
¦O«³{yUVf�n8W�I�X�o�I�U�oOS8X8K�kz}8áRI�U
[�I6oOS�[�S8X�U
oOSwYZY�hyXT[RhyXEKgd,]¡hcoOQ�f�hyKMk^SwXÔ[�I�P�QMSwKMf�k^XRI�UvnEWRkm¢8SwXEKvQMI�YZPR]zk^Qv]^I�Ug[�k~âºf�Q�I�XEK�I�Ue´�S8X�o³K�kzS8X�Ue¢�kzK�hy]^I�U£[�I�]É¼ S8QM}EhyXRk¡UMY�I8u�achyk¡U
]zI�oi�RQ�SwYZS8UMSwYZIvX�¼ I�U®K|P�hwUtP�h8UbUMI�W�]zI�Y�I�XEKtWRX�Ib­®WRNEKihyP
S8UMk~K�kzS8XÓ[�I�}w\�XRI�Ug× SwX²KMQ�SwWR¢8I£I�X8K�QMI�[�I�WRN²}w\�XRI�UtUVWTo�oOI�UMUMkz´�Ub[�I�U
PTS8QVK�kzS8X�U6[�kzKMI�Uv·
¸�·ã¤�¸�Òwäy·�Ñ�¦³«eS8WãÍ¨·TÑ»¦�Ë�µE¶O·TÍ�ÎO©�¦O«³{R[�SwXEK_]^I�U�´�S8X�o³K�kzS8X�U6UVS8XEKLI�X�oOS8QMI|Y�hy]�o�SwXRX�WRI�U�u

  SwQiUt[�Ig]¡h�QMf�PR]zk¡o�hyKMk^SwX�{
k^]�hwQMQ�k^¢wI£nEWRIZ[�I�UtYZS�[�kzÛTo�hyKMk^SwX�U|hyk^I�XEKt]zk^I�WÔ[RhyXTUr]^I�U|UMf�nEWRI�XToOI�Ut[�I�X�W�oO]^f�SwKMk¡[�I�U�u�HJI�UtYZSy�
[�k~Û
o�h�K�kzS8X�UgSwXEKgI�XG}wf�XRf�Qihy]�[�I�U�oOS8X�UVf�nEWRI�X�o�I�Uvo�h�KihwUVKMQ�SwPR�Rk¡nEWRI�Ug[RhyXTUv]^I�UgPTS8QVK�kzS8X�Ugo�S�[RhyXEKMI�U°×�nEW�hyX�[G]zI�U£YZSw]^f�o�WR]^I�U
´�hyxRQ�k^nEWRf�I�UeX�I�UVS8XEKvPR]zWTUv]^I�Uvx
SwX�XRI�U�{�k^]mÄÔh/KMSwWRKMI�U£]zI�U£oi��hwX�oOI�U|PTS8WRQgnEWRI�]^I�W�Qv´�SwXTo³KMk^SwXÔXRI�UVS8k~K£P�]zW�UgoOS8QMQ�I�oOKMI�YZI�X8K
QMI�Y�P�]zk^IgI�KtnEWRIZU�¼ I�XTUVWRk^¢wI£]^h�[�k^UMP�hwQMkzKMk^SwX²[RI£]É¼ k^X�[�k^¢�k^[�WãnEWRk�]zI�UrP
SwQMKMI/Á�U�hyW�´JnEW�hwX�[ {TKMQ�\�UbQ�hwQMI�YZI�XEK�{TWRXRI�Y�S�[�kzÛTo�h�KMk^SwX
QMI�U®K�It¢�k¡hyxR]^Ie¢wS8kzQ�ItPTSEUVkzKMk^¢wI|P
SwWRQ6]É¼ k^X�[�k^¢�k^[RW�{RIOK_P
I�Q�YZIOKrhwkzX�UMk ]É¼ f�¢wSw]^W�K�kzS8X/[�I|]É¼ I�UVP
\�o�I�ÅOu Ý hyQ_oOS8XEKMQ�Iw{R[RhwX�UL]zI�ULPTS8QVK�kzS8X�U
XRSwX�oOS�[RhwXEKMI�U�{y[�ILK�I�]^]zI�Ul¢�hyQ�k^hyKMk^SwX�U
P
SwQMKMI�XEKjYZSwk^X�Uld|oOS8X�UMf�nEWRI�XToOIw{�I�KjPTI�WR¢wI�XEKjPTI�Q�[�W�QMI�Qj[�I6}wf�XRf�Qih�K�kzS8X£I�XZ}8f�XRf�Q�hyKMk^SwX�u

ÚbX)PTI�W�K,[RSwX�ocU�¼ h�KVK�I�X�[RQMI²dåoOI²nEWRIc]^I�U�YZSw]^f�o�WR]zI�U�pbqbsæUVS8kzI�X8K/oOSwXTU®K�k~K�WRf�I�U�[�I²UMW�o�oOI�U�UMkzS8X�U°[�IÓPTS8QVK�kzS8X�U�hwW�N
PRQMS8PRQ�kzf�KMf�U|UVK�hyKMk¡U®K�k^nEWRI�Ut[Rk^UVKMk^X�o³K�I�U�u   h,UMWRk~K�I�[RIZo�I�KMION�K�I�P�QMf�UVI�X8K�IgW�XRIZY�f�KM�RS�[�IZQ�W�[�k^YZI�XEK�hwkzQ�Ig¢�k¡UMhwXEK|d�W�KMk^]^k^UMI�Qvo�I�U
[�k~âºf�Q�I�XToOI�U_PTS8WRQ_UVf�P�hyQ�I�QLP
SwQMKMk^SwX�ULo�S�[�hyXEKMI�ULIOKrprqtsÐk^XEKMI�Q�}wf�XRk¡n8W�Iwu
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UVf�n8W�I�X�o�I
Y n

1 = (Y1, . . . , Yn) ∈ En
{�S8ÿ

n
I�UVK£]zI�XRSwYgxRQ�I�[�I°X�W�o�]zf�SyKMk¡[�I�UvIOK

E = {A, C, T, G}
u�HJI�KVKMI/UVf�nEWRI�X�o�I�UMI

UVWRxº[�k^¢�k^UMIgI�X²WRX�I�hw]~K�I�Q�X�hyX�o�Ig[�I�P
SwQMKMk^SwX�UtoOS�[RhwX8K�I�UbIOK|XRSwXãoOS�[RhwX8K�I�U�u ÚbXÓhw[�YZIOKMKMQih�nEWRIg]^h�PRQ�I�YZk^\�Q�I£P
SwQMKMk^SwXcX�¼ I�UVK
­VhyY�hyk¡U�oOS�[RhwX8K�Iwu��jX�UMWRkzKMI8{lSwXåPThwU�UVI,dÓoi�ThwnEWRI,UVÄ�Y£x
Sw]^I,[ ¼ W�XRI,PTS8QVK�kzS8X�oOS�[RhwXEKMI,d²WRX�I/P
SwQMKMk^SwX�XRSwX oOS�[RhwXEKMI,hÃ¢wI�o
PRQMS8x�hyx�kz]^k~K�f

p
{�I�Kr[RhyX�U_]�¼ hyW�K�QMIeUMI�X�Ur[ ¼ W�XRIePTS8QVK�kzS8X�X�SwX±oOS�[RhwX8K�IedZWRXRIeP
SwQMKMk^SwX,oOS�[RhyXEK�I|hÃ¢8I�otPRQ�Swx�hwxRk^]zkzKMf

q
u qthyXTUL]zI�U

PTS8QVK�kzS8X�U6oOS�[RhwX8K�I�U�{�]zI�U6x�h8UVI�U
Yj

UVS8X8K_[�I�U6¢�hyQ�k^hwxR]^I�ULhy]^f�hyKMSwk^Q�I�U�k�u kÉu [ uT[�SwXEK6]^h�[Rk^UVKMQ�kzx�W�KMk^SwX,UVW�Q
E
UMI�Qih�XRSyK�f�I

µ1

uRqbhwX�U
]zI�U6PTS8QVK�kzS8X�ULXRS8X/o�S�[�hyXEKMI�U�{�]^I�ULx�h8UVI�U6UVS8XEKLk^X�[�f�PTI�XEK�hyXEK�I�ULIOK_S8XEKLW�XRIe]zS8k

µ2

UVW�Q6]�¼ I�X�UMI�YgxR]^I
E
u

�Jk^I�X,U��RQ�{�o�ItYZS�[�\�]zI|X�¼ I�UVK6P�hwU�Q�f�hy]^k¡U®K�Iw{�Y�hyk¡U�o�I�QMK�hwkzX�UL[�IeUMI�U�Qih���XRI�YZI�X8KiULUVS8X8K6W�K�kz]^k¡UVf�ULP�hyQL]^I�U�}wf�XRfOK�k^o�kzI�X�ULPTS8WRQ
]�¼ hyX�hw]zÄ�UMI/hwW�KMS8Y�h�KMk¡nEWRI�[RI�UZf�X�SwQ�Y�I�UgUMf�nEWRI�X�oOI�U�Swx�K�I�X�WRI�UgP�hwQZUMf�nEWRI�X�Ù�hw}wI/oOI�UZ[�I�QMX�kz\�QMI�UghwXRXRf�I�U,Á�¢wS8kzQ�]É¼ hwQVK�k^o�]zI,[�I
Ý kzI�QMQ�Imsrk^o�Sw]¡hwU�{   hwWRQMI�XEK��Jk^Õ�I8{��
]zS8QMI�X�oOIjacWRQMkÉ{�a²hyQ��b`_S�I�xTI��wIw{��RQihyX�Ù�Swk¡U�È6S�[�Sw]^PR�RI8{��ºu�qrW�UM�wS��j�RQ�]zk¡oi��{���I�Q�X�hwQ�[ Ý Q�WRY,{
IOK Ý ��kz]^kzP�PTI²��I�UMUMkz\�QMI�U/×ma±k^XRkzX�}G��h8oOk^]z]^W�U	��W�x�KMk^]zk¡U/HJ��QMS8Y�SEUVS8YZI/`rIOKMI�QMS8}wI�XRI�kzKMk^I�U Ï UVk^XR}¥`_k¡[R[�I�X¬achyQ��wS�¢¥a±S�[�I�]^U�{
s_W�o�]zI�k^oep6o�k^[,È6I�UVI�hyQioi��
wß�{�Þyß8ß8Þ�{EP
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Ý S8WRQ
j = 1, . . . , n

{�k^XEKMQ�S�[RWRk^UMSwXTUv]¡h±¢�hyQ�k^hwxR]zI/hy]^f�hyKMSwk^Q�I
Xj

¢Ãhw]^hwXEK
1
UMk

Yj

I�U®KZ[RhyX�UgWRXRI�PTS8QVK�kzS8XåoOS�[RhwXEKMI°I�K
2UVk^XRSwXÔ×R[RhwX�U6XRSwKMQ�IbYZS�[�\�]zIe]¡hZUVWRkzKMI

(Xj)j

´�SwQ�Y�I|WRX�Ivoi��h��¨XRIe[�IvachwQM�8S�¢
{�[�S8X8K6]¡h�YZhyKMQ�k^o�Ie[�I|KMQihyX�UMkzKMk^SwX/I�UVK|×

A =

(

1 − p p
q 1 − q

)

.
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HJSwX�[�kzKMk^SwX�XRI�]^]zI�YZI�XEK_d
Xj = xj ∈ {1, 2}

{8]^hg]^Swk [�I
Yj

I�UVK
µxj

×�]^IbP�QMS�oOI�UMUMW�U
(Xj , Yj)j

I�UVKLhwPRP
I�]^fZ¤�5Rä�6¨·
¦�Òw¦87²äyË�9w¸�:
¤�ä8¤#5�¶i¦,SwW<;*7=7÷Á�P
SwW�Q�`rk^[R[RI�XåachwQM�8S�¢Óa±S�[�I�]¡ÅOu   I�Ug¢�hyQ�k^hwxR]zI�U

Xj

{
dc¢Ãhw]zI�WRQg[�hyX�Ug]�¼ I�XTUVI�Y£xR]^I
H = {1, 2}

{�UMSwXEK
hyPRP
I�]^f�I�U°¶OÑ�ä�Ñ�«Z¤iäw¤�5R¶O«³{ P�hyQioOIZnEWRI�]�¼ ION�P
f�Q�kzYZI�XEKih�KMI�WRQ|X�¼ h�I�XÓ}8f�XRf�Q�hw]
h8o�oO\�UbnEW�¼ hyWRNc¢ÃhwQMk¡hyx�]zI�U

Yj

u È6I�Y�hwQ�nEWRS8X�UbnEWRI8{
oOSwXT[�k~K�kzS8XRXRI�]z]^I�YZI�XEKbdZ]¡h�UMWRk~K�Iv[�I�U_fOK�hyK�U_o�hwoi�Rf�U�{�]zI�U6x�hwUMI�U

Yj

UVS8XEK_kzX�[Rf�P
I�X�[RhwXEKMI�U�u�qthyX�U_]zI£o�hw[�Q�Ie[�IeXRSwKMQ�IeY�S�[�\�]zI8{
UVf�P�hyQ�I�QL]^I�U6Õ�SwXRI�U�o�S�[RhyXEKMI�ULIOK_XRS8X/o�S�[RhyXEKMI�ULQMI�¢�kzI�X8K_d�I�UVKMk^YZI�Q6]^I�U6f�K�hyK�U6o�h8oi�Rf�U

Xj

}wQiÊwoOI|hyWRN�¢�hyQ�k^hwxR]zI�U
Yj

u
��SwkzK

yn
1 ∈ En

]¡h°UVf�nEWRI�X�o�I£S8x�UVI�QM¢8f�I8u Ý S8WRQbKMQ�SwWR¢8I�Q_]¡h�P
S8UMk~K�kzS8X²[�I�Ur}w\�XRI�U�{TW�XRI£PRQ�I�YZk^\�Q�IvhyPRP�QMS�oi�RIvXTh�KMW�QMI�]z]^IvI�UVK
[�I_Q�I�oi�RI�Q�oi�RI�Ql]^heUMf�nEWRI�X�oOI_[�¼ f�K�h�KiUjo�h8oi�Rf�U

X̂n
1

§^ä6Ìº§ª©�«�Ì
Ë�¸�>iä�>�§z¦toOS8X�[�kzKMk^SwXRXRI�]z]^I�YZI�X8K�d|]^heUMf�nEWRI�X�oOI6S8x�UVI�QM¢8f�I
Y n

1

uEachyk¡U
SwX,PTI�W�KrhyWTUMUMk ÜOK�QMI|PR]^W�U_hwY£xRkzKMk^I�W�N�IOK_¢wS8WR]^Swk^QLo�SwXRXTh��¡KMQ�Ib]¡h�]zS8k�oOS8X�[�kzKMk^SwXRXRI�]z]^Ie[�I

Xn
1

UMh8oi��hyXEK
Y n

1 = yn
1

{�oy¼ I�UVKV��d���[�k^QMI
UMhÃ¢8Swk^QrhÃ¢wI�oen8W�I�]^]zIvP�QMS8x�hyxRk^]^k~K�fv]^h

j
�»\�YZIvxThwUMI£hyPRPThyQMKMk^I�XEKbd�WRX�I£P
SwQMKMk^SwXcoOS�[RhwXEKMI£o�SwYZP�KMIvKMI�X�W²[RI£]¡h°UVf�nEWRI�X�o�IeKMS8W�K

I�XEKMk^\�Q�Iwu
HJI�U6[�I�W�N�KiÊwoi�RI�U6UVI�Y£xR]^I�XEK_h�PRQMk^SwQ�k oOS8Y�P�]zI�N�I�U|×RI�X,I�â
I�K_]^h�PRQ�Swx�hwxRk^]zkzKMfe[ ¼ Swx�UMI�Q�¢wI�Q

yn
1

U�¼ f�o�QMkzK

P (Y n
1 = yn

1 ) =
∑

xn
1
∈Hn

δ2(x1)µ2 (y1)
n

∏

j=2

Axj−1,xj
µxj

(yj) .

  I/PRQMI�YZkzI�Q�P�QMS8xR]z\�YZI�Q�I�¢�k^I�XEKZd²KMQ�SwW�¢wI�QZnEWRI�]LK�I�Q�YZI/[�I,]¡hÓUMSwYZYZI/I�UVKZ]^I/PR]zWTUZ}wQihyX�[8?
WRXRI,Q�I�oi�RI�Q�oi�RI�xRQ�W�K�hw]zI
I�UVK_KMS8W�KbUMkzYZPR]^I�YZI�XEKrk^XRI�XE¢�k¡UMhw}wI�hyxR]^It[R\�UrnEWRIe]¡hZKihyk^]z]^Iv[�W±YZI�U�UMhw}wI|}wQihyXT[�k~K_W�X±PTI�W�uA@bW�hwXEKrhyW±[�I�WRN�k^\�YZIvP�QMS8xR]z\�YZIw{
kz]rUMI�YgxR]^I�K�QM\�U�[�kB��o�kz]^Ic[�I,K�QMS8WR¢wI�Q�W�XRI±f�o�QMkzKMWRQ�I,UVk^YZPR]zI±P
SwW�Q

P(Xj = 1|Y n
1 = yn

1 )
ujÖ�]6I�U®K°P
SwWRQMK�hwXEKZP
S8U�UMkzxR]^I±[�I

QMf�UVS8W�[�Q�ILKMQ�\�UjI��°o�hwo�I�YZI�XEKJo�I�UmPRQMS8xR]^\�YZI�U�{w}8Q�Ê8oOI_[ ¼ WRXRI_PThyQMKJde]É¼ hw]z}8SwQ�k~K��RYZIr[�I_�bk~K�I�Q�xRk�{EIOKL[ ¼ hyW�K�QMI_PThyQMKj]�¼ hy]^}wS8QMkzKM�RYZI
�RSwQ��LhyQi[��»�Lh8oi�E�LhyQi[ u

C DFE®ó£îHGvëe��ïi��ò,éì�æ�/�JI@ïi���L�LK/ï
  ¼ hy]^}wSwQ�kzKM�RYZI�[�I��rkzKMI�QMxRkLP
I�Q�YZIOK�{�P
SwWRQ�WRXRI/oi��h��¨XRI/[�I/a²hyQ��wS�¢Óo�hwoi�Rf�I�[�I�P�hyQihyYZ\OK�QMI�U£o�SwXRX�W�U�{
[RI�o�hw]^o�WR]^I�Q�]^h

UVWRkzKMI
x̂n

1

[�I�UJfOKih�K�U�o�h8oi�Rf�Um]^h£PR]^W�U�PRQMS8x�hyx�]zIrhÃÄEhyXEKJo�SwX�[�W�k~KLdvWRXRIbSwx�UMI�Q�¢�h�K�kzS8X
yn
1

[RSwXRXRf�Iwu�Ö�]T´�SwWRQ�XRkzKJWRX�xTS8X°ION�I�YZPR]^I
[�I6ÌºËM¸MµwËMäy¹g¹�ä�ÑÉÍ�¸�·ÓÒ�M�·
äy¹gÍ�Î�©�¦�×8S8X°W�K�kz]^k^UMIr]¡hvUMSw]^W�KMk^SwX�[�IbUMSwW�UV�»PRQMS8xR]^\�YZI�U�P
SwWRQLoOS8X�UVKMQ�WRkzQ�I6]¡h£UMSw]^W�KMk^SwX�}8]zS8x�hy]^Iwu Ý S8WRQ
x ∈ H

I�K
i
oOSwYZPRQ�k¡ULI�XEKMQ�I

1
I�K

n
{RUVS8k~K

Mj(x) = max
x

j−1

1
∈Hj−1

P

(

Xj−1

1 = xj−1

1 ∩ Xj = x ∩ Y j
1 = yj

1

)

.

�wuvÚbX,o�SwYZYZI�X�o�I|P�hyQ6Q�I�Y�hyQinEWRI�QLnEWRI
M1(x)

I�U®Kro�SwXRX�W/PTS8WRQLKMS8W�K
x
×�oy¼ I�UVK_UVk^YZPR]^I�YZI�XEK

δ2(x)µx(y1)
u

Þ�uvÚbX/P
I�WRK_I�X�UMWRkzKMIvo�hw]^o�WR]^I�Q_[�I|PRQ�S�oi�RI|I�X,PRQ�S�oi��Ib]^I�U
Mj(x)

}8Q�Ê8oOI|dg]¡h�QMI�]^hyKMk^SwX,[�I|QMf�oOWRQ�Q�I�X�o�Ig×

Mj(x
′) = max

x∈H
Mj−1(x)A(x, x′)µx′ (yj) .

ÁN��Å
p_WcoOS8WRQiU�[RIvoOIeo�hw]^o�WR]�{�S8X,}8hyQi[�ItI�X/YZf�YZSwk^QMI

πj(x
′) = arg max

x∈H

Mj−1(x)A(x, x′)µx′ (yj) .

È6I�Y�hyQinEWRI�Qgn8W�I°PTS8WRQvf�¢EkzKMI�QgnEWRI�]^I�U
Mj(x)

XRI�[�I�¢�kzI�XRXRI�XEKeK�QMS8P¥PTI�KMkzK�U£nEW�hwX�[
j
hyWR}8Y�I�XEKMIw{�SwX¥P
I�W�K£]^I�U£QMI��

XRSwQ�Y�hy]^k^UMI�Q�Á�P�hwQbI�N�I�YZPR]zI8{TI�Xc´�hwk^U�hyXEKrI�XÓUMSwQMKMI£nEWRIg]zI�WRQtUMSwYZYZI£¢�hwkz]^]zI=��Åv×
o�I�]¡h°XRI�YZS�[�k~ÛTI£P�h8Ur]^I£Q�f�UMWR]zK�h�K|[�I
]�¼ hy]^}wS8QMkzKM�RYZI8{�K�hyXEK_nEWRIeP
SwWRQ

j
ÛRN�fbK�SwW�UL]^I�U

(Mj(x))
x

UVS8XEKLYgWR]zKMk^PR]zk^f�U_P�hyQ6]¡h�Y�Ü�YZIe¢Ãhw]zI�WRQ�u

RuO�jX�Û�X�{�]¡h£UMf�nEWRI�X�oOIt[�I�UJfOKih�KiUJo�hwoi�Rf�Uj]^I�U�PR]^W�UmP�QMS8x�hyxR]^I�UmI�UVK�S8x�KMI�X�WRIrI�X°QMI�YZSwXEK�hwX8KJ]zIbK�hwxR]zI�hyW�d£]�¼ I�X�¢8I�QiU�{8}wQiÊwoOI

hyW�N/QMI�]^hyKMk^SwX�Ut×
{

x̂n = arg maxx∈H Mn(x)
{TIOK

x̂j = πj+1 (x̂j+1) .
ØtQ�Ê8oOILdto�IOKmhw]z}8SwQ�k~K��RYZIw{ÃSwX�PTI�W�KlKMQihykzKMI�QlhÃ¢wI�oQP ��������� [�I�UlUVf�nEWRI�X�o�I�Ul[�ILPR]^W�UMkzI�WRQiUloOI�XEKihyk^XRI�U�[�I6YZk^]z]^kzI�Q�Ul[RI�xThwUMI�U

I�X±nEWRI�]¡nEWRI�U6UMI�o�SwX�[�I�U�u

R DFE®ó£îHGvëe��ïi��ò,éì�TS�ëe�LU óe���WV�X1óv�
øYU1óe�
�
  ¼ hy]^}wSwQ�kzKM�RYZIr��SwQ���hwQ�[����Lhwoi���LhyQi[ {�nEWRkºhvW�XRIbo�I�QMK�hyk^XRIbP�hyQ�I�XEKMfbhÃ¢wI�o_]�¼ hy]^}wS8QMkzKM�RYZI_[�It�rkzKMI�QMx�k�{EPTI�QMYZI�K�nEW�hyXEKLdv]^WRk

[�Igo�hy]¡oOWR]^I�QbPTS8WRQrK�SwW�K
j
]^h�]^Swk�[�Ig]�¼ fOKih�Kto�hwoi�Rf

Xj

o�SwX�[�kzKMk^SwX�XRI�]^]zI�YZI�XEKtd�]É¼ Swx�UMI�Q�¢�h�KMk^SwX
Y n

1 = yn
1

u HJSwYZYZIgUMSwX±XRS8Y
]�¼ kzXT[�k^nEWRI8{Rk^]�UVIv[Rf�oOS8YZPTSEUVItI�X±[�I�W�N�f�K�hyP
I�U|×
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�wu8Z �����m!\[�����]£����^`_ S8X/o�hy]¡oOWR]^I|PTS8WRQ6KMS8W�UL]^I�U
x
[�I

H
×







Pj(x) = P

(

Xj = x|Y j
1 = yj

1

) {RIOK
Qj = P

(

Yj = yj |Y
j−1

1
= yj−1

1

)

.

HJI�]¡h�UMIv´�hykzKr´�h8oOk^]zI�YZI�XEKt[�I£´�hwÙ�SwX±kzKMf�Qih�K�kz¢8I°× [ ¼ WRXRI£PThyQMK
P1(x)

I�K
Q1

UVS8XEKrKMQ�\�UbUVk^YZPR]^I�Utd°o�hw]^o�WR]zI�Q�{TIOKe[ ¼ hyW�K�QMI
P�hyQMK_SwX,h�]zI�ULQMI�]^hyKMk^SwX�U6[�I|Q�f�o�WRQMQ�I�XToOI�×

P

(

Xj+1 = x′ ∩ Yj+1 = yj+1|Y
j

1
= yj

1

)

=
∑

x∈H

P

(

Xj = x ∩ Xj+1 = x′ ∩ Yj+1 = yj+1|Y
j

1
= yj

1

)

=
∑

x∈H

P

(

Xj = x|Y j
1 = yj

1

)

× P (Xj+1 = x′|Xj = x) × P (Yj+1 = yj+1|Xj+1 = x′) ,
ÁÉÞwÅ

IOK
P

(

Yj+1 = yj+1|Y
j
1 = yj

1

)

=
∑

x′∈H

P

(

Xj+1 = x′ ∩ Yj+1 = yj+1|Y
j
1 = yj

1

)

.
Áa
8Å

Þ�u8Z �����m!±���cbed2]£����^f_ S8X/o�hy]¡oOWR]^I|PTS8WRQLKMS8W�UL]^I�U
x
[�I

H
×

Rj(x) =
P

(

Y n
j+1 = yn

j+1|Xj = x
)

P

(

Y n
j+1

= yn
j+1

|Y j
1 = yj

1

) .

HJIZo�hy]¡oOWR]�P
I�W�KvU�¼ I�â
I�o³K�WRI�Q|P�hwQbQ�f�o�WRQMQ�I�XToOIg[RI�U�oOI�XT[RhyXEKMI8{TI�XÓPThyQMK�hyXEK|[�I
j = n

{ºUMk�]�¼ SwXÓW�KMk^]^k^UMIZ]zI�U
Qj

o�hw]^o�WR]^f�U
PRQMf�oOf�[�I�YZYZI�XEK_IOK_]^It´�hykzKrnEWRI�×

P
(

Y n
j+1 = yn

j+1|Xj = x
)

=
∑

x′∈H

P
(

Y n
j+1 = yn

j+1 ∩ Xj+1 = x′|Xj = x
)

=
∑

x′∈H

P (Xj+1 = x′|Xj = x) × P (Yj+1 = yj+1|Xj+1 = x′) × P
(

Y n
j+2 = yn

j+2|Xj+1 = x′
)

.
Ág�EÅ

Ö�]TQ�I�UVKMItUVI�WR]zI�YZI�XEK�d£QMI�YZhwQ�nEWRI�QmnEWRIr]^I�UJPRQ�Swx�hwxRk^]zkzKMf�UjQ�I�oi�RI�Q�oi�Rf�I�UjUMIb[Rf�[�WRk¡UMI�XEK�k^YZYZf�[�k¡h�K�I�YZI�XEK�[RI�UJ¢Ãhw]zI�WRQiUJhwkzX�UMk
o�hy]¡oOW�]zf�I�U�{�P�hyQ6]¡h�QMI�]^hyKMk^SwXã×

P (Xj = x|Y n
1 = yn

1 ) = Pj(x) × Rj(x).
Áah8Å

  dgI�X�o�SwQ�Iw{E]�¼ SwX�X�¼ h£P�hwU�x
I�UMSwk^X�[ ¼ WRXRItY�hwoi�Rk^XRItPRWRk¡UMU�hyXEK�IbP
SwWRQJKMQihykzKMI�Q6[�I�U�UVf�nEWRI�X�o�I�ULprqts [�ItPR]zWTUVk^I�WRQiU�YZkz]^]zk^I�QiU
¢wSwk^Q�ItYZk^]z]^k^SwX�U6[�IexThwUMI�U�u

i ����GjGv�6� ��ï�ëv�������õ�/�Lùv�6îOëeð/ðÓ�_éì�6�g���
�wu|qrk¡UMo�W�KMI�Q�]^I±YZS�[R\�]^I±PRQMS8PTSEUVf±[RhwX�U°o�I,KMION�K�IwuQ@bWRI�]z]^I�U°]zS8k^U°UMWRk^¢wI�X8K�]^I�UZKihyk^]z]^I�U�[�I�U�P
SwQMKMk^SwXTU°oOS�[RhwX8K�I�UZI�K°XRSwX

oOS�[RhyXEK�I�U�[RhyX�UJXRSwKMQ�IrYZS�[�\�]^Ilk*@bWRIb[RkzQ�It[RIr]¡hvPRQ�SwP
SwQMKMk^SwX°[�It]É¼ I�UVP�h8oOI_P�QMk¡UmPThyQ�]zI�UmP
SwQMKMk^SwX�U�oOS�[RhwXEKMI�UJ[RhyXTUJ[�I�U
UVf�n8W�I�X�o�I�U6UMWm�°UMhwY�YZI�X8K6]^SwXR}8WRI�Unk

Þ�u Ý QMS8WR¢wI�Q6]zI�ULf�}Ehy]^k~K�f�UeÁ�X�WRYZf�QMSwKMf�I�U�ÅJI�KL]^I�Urh���QMY�hyKMk^SwX�U�f�X�SwX�o�f�I�U6[�hyX�UL]^ItKMION�K�Iwu

Ruo@bWRI�]^]zIeI�U®K6]¡h�oOS8Y�P�]zI�N�kzKMfe[�I�U6hy]^}wS8QMkzKM�RYZI�UJP�QMf�UVI�X8K�f�ULk¡oOk�k
��u*��kzYgWR]^I�Q°[�I�U�UVf�n8W�I�X�o�I�U�prqts@UMWRkz¢�hwX8K�]^I,Y�S�[�\�]zI,PRQ�f�UMI�XEK�f/[RhwX�UZ]^I�K�ION�KMI8u�ÚbXAPTS8WRQMQihÓPRQMI�X�[�Q�I�PThyQZION�I�YZPR]^I

p = 1/1000
{
q = 1/300

{
µ2

WRXRkz´�SwQ�YZIeUVWRQ
E
I�K

µ1

I�UVK6[RSwXRXRf�IeP�hyQ














µ1(Yj = A) = 0.31,
µ1(Yj = C) = 0.19,
µ1(Yj = T ) = 0.27,
µ1(Yj = G) = 0.23.

h�utÖ�Y�P�]zf�Y�I�XEKMI�Ql]É¼ hy]^}wSwQ�kzKM�RYZIL[�IL�rkzKMI�Q�xRk�I�KqpÃS8W£]É¼ hw]z}8SwQ�k~K��RYZI���SwQ���hwQ�[��»�Lhwoi���LhyQi[ uq�lN�P
f�Q�kzYZI�XEK�I�QjUMWRQ�]zI�UlUVf�n8W�I�X�o�I�U
UVk^Y£WR]^f�I�U�{�I�K�¢�k¡UVW�hw]zk¡UMI�Q�]zI�UJQ�f�UMWR]zK�hyK�UtÁ�SwX�PTS8WRQ�Q�h£W�KMk^]zk¡UMI�QL]^hv´�SwX�oOKMk^SwXsrqtAuwvcxzy|{wÅOu��mUVKMk^YZI�QLION�P
f�Q�kzYZI�XEKihy]^I�YZI�XEKL]^h
PRQMS8x�hyx�kz]^k~K�f�n8W�I

X̂j

UVS8k~Kef�}Ehy]ld
xj

u�a±Ü�YZI°n8W�I�UVKMk^SwXÓhÃ¢8I�og]�¼ I�UVKMk^Y�h�K�I�WRQ
X̃j

nEWRklY�hyN�k^YZk^UMIZ]^h�¢�Q�hwk^UMI�YgxR]¡hyX�o�I�h
PTSEU®K�I�Q�kzS8QMkl×

x̃j = arg max
x∈H

P (Xj = x|Y n
1 = yn

1 ) .
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�Ru   IeÛToi��kzI�Qv¼ �LUMWRx�u Y�h�K�¼
oOS8X8K�kzI�XEK_WRX±YZSwQioOI�hwW±oOSwYZYZI�XEK�fv[�Iv]É¼ pbqbs1[�I£�Lhwo�kz]^]zk^W�U���WRx�KMk^]^k^U�{TW�XRIvx�h8o³KMf�QMk^Iv[�S8X8K_]^I
}wf�X�SwYZI°h/fOKMf�x
I�hwW�oOS8WRPãfOKMWT[�kzf8u
ØtQiÊwo�IZd/]¡h±oOS8Y�Y�hwX�[�I~}|�|u|�����Ay��0����{
¢wS8W�U|QMf�oOWRP
f�Q�I�Qe]^I�U|¢�hwQMk¡hyxR]^I�U8�²IOKj�º{
[�I�W�Nã¢wI�o³KMI�WRQiUt[RIZK�hyk^]^]zI

n = 200000
oOS8XEKMI�XThyXEKeQMI�UVP
I�oOKMk^¢wI�YZI�X8K|]¡h/UMW�o�oOI�U�UMkzS8Xã[�I�U|x�hwUMI�UZÁ�hÃ¢wI�og]^I°oOS�[Rhy}8I�×��

PTS8WRQ6pv{�ÞeP
SwWRQ_Hb{m
vP
SwWRQL¯|{0�£P
SwWRQ6ØeÅjI�KJ]¡hvQ�f�}8kzS8X°oOSwQ�Q�I�UMPTS8X�[RhyXEK�I£Á��bPTS8WRQb¼ oOS�[RhwXEK�¼^{�ÞvPTS8WRQb¼ XRS8X�oOS�[RhwX8K�¼ ÅOu
¯�I�U®K�I�Q£]^I�UvY�f�KM�RS�[�I�U£[�I�UVI�}wYZI�XEK�hyKMk^SwXÔP�hwQv]zI�U£hw]z}8SwQ�k~K��RYZI�Ue[�I°�bk~K�I�Q�xRkmI�Kg�RS8QM�LhyQi[����Lhwoi����hwQ�[�u��rk¡UMW�hy]^k^UMI�Q£IOK
oOSwYZYZI�XEK�I�Q6]^I�U6Q�f�UMWR]zK�h�KiU�Swx�K�I�X�W�U�u

� uZÁ�hÃ¢�hyX�o�f�Å Ý Q�SwP
S8UMI�Q�WRX�hw]z}8SwQ�k~K��RYZIQ�Ja$P
I�Q�YZIOKMK�hyXEKm[ ¼ I�UVKMk^YZI�Qj]^I�U�]^Swk¡Ul[ ¼ f�YZk¡UMUMkzS8X�u��jXToOSwQ�ILPR]^W�UjhÃ¢�hyX�o�f|×yI�UVKMk^YZI�Q
f�}8hw]zI�YZI�XEK6]^h�Y�h�K�QMk¡oOIe[�I|K�Q�hwX�UVkzKMk^SwX,[�I|]¡h�oi��h��¨XRIeo�h8oi�Rf�I8u

�����������! #"	$&%�����'��� #� (*),+.-0/21�-43


