
Concentration of measure in probability  
and high-dimensional statistical learning 

Guillaume Aubrun, Aurélien Garivier, Rémi Gribonval  

remi.gribonval@inria.fr
 

http://perso.ens-lyon.fr/remi.gribonval 

mailto:remi.gribonval@inria.fr
mailto:remi.gribonval@inria.fr
http://perso.ens-lyon.fr/remi.gribonval
http://perso.ens-lyon.fr/remi.gribonval


R. GRIBONVAL - CONCENTRATION OF MEASURE AND HIGH-DIMENSIONAL LEARNING

Last week - CS only 
• Deviations for the averages of random variables 

✓ Weak law of large numbers  
✓ Central limit theorem 
✓ Markov, Chebyshev, Hoeffding’s inequality 
✓ Chernoff’s bounding technique 

• Conditional expectation and martingales 
✓ Reminders on measure theory 
✓ Martingales and stopping times 
✓ Doob’s maximal inequality 
✓ Azuma-Hoeffding’s inequality 

✦ application to missing mass estimation: to be continued by A. Garivier
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M2 Maths Avancées: 
see A. Garivier’s course



R. GRIBONVAL - CONCENTRATION OF MEASURE AND HIGH-DIMENSIONAL LEARNING

This week

• Bounded difference (McDiarmid’s) inequality 

• The PAC framework for statistical learning 

• Sub-Gaussianity / sub-exponential variables
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McDiarmid’s inequality



R. GRIBONVAL - CONCENTRATION OF MEASURE AND HIGH-DIMENSIONAL LEARNING

Motivation

• Concentration of the empirical mean 
✓ n i.i.d. samples  

✓ empirical mean 

✓ (under assumptions) concentration around

5
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Motivation

• Concentration of the empirical mean 
✓ n i.i.d. samples  

✓ empirical mean 

✓ (under assumptions) concentration around

• Going further 
✓ What if samples not identically distributed ? 
✓ What about other functions of the samples ?
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McDiarmid’s inequality 
aka bounded difference inequality

• Theorem (McDiarmid’s inequality)
✓ Consider independent random variables                          

and                     
✓ Assume that 
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McDiarmid’s inequality 
aka bounded difference inequality

• Theorem (McDiarmid’s inequality)
✓ Consider independent random variables                          

and                     
✓ Assume that 

✓ Then, for each t>0
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Proof sketch & examples

• Proof sketch 
✓ build a martingale  

✓ use Azuma’s inequality (cf last course by A. Garivier) 

• Details  
✓ Probability & Computing section 12.5  

✦ (the name « McDiarmid » does not appear) 
✓ Foundations of Machine Learning, Annex D 

• Home practice: sanity check  
✓ retrieve Hoeffding’s inequality using 
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General information

Webpage with information and resources:

https://perso.ens-lyon.fr/aurelien.garivier/www.math.univ-

toulouse.fr/ agarivie/concentration.html

References for this lecture:

Probability Essentials / L’essentiel des probabilités

by J. Jacod and P. Protter

Probability and Computing

by M. Mitzenmacher and E. Upfal
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• Goal 
✦ use training data to infer parameters     to achieve a certain task 

✦ avoid overfitting: ensure generalization to unseen data of similar type 

• Training collection = large point cloud 
✦ signals, images, … 
✦ feature vectors, labels, …  

• Examples of tasks & parameters 

High dimensional statistical learning

Compressive Gaussian Mixture Estimation
Anthony Bourrier12, Rémi Gribonval2, Patrick Pérez1
1 Technicolor, 975 Avenue des Champs Blancs, 35576 Cesson Sévigné, France

firstname.lastname@technicolor.com
2 INRIA Rennes - Bretagne Atlantique, Campus de Beaulieu, 35042 Rennes, France

firstname.lastname@inria.fr

Motivation

Goal: Infer parameters ✓ from n-dimensional data X = {x1, . . . ,xN}. This
typically requires extensive access to the data. Proposed method: Infer
from a sketch of the data ) memory and privacy savings.

n x1 . . . xN

Learning set
(size Nn)

Â
=) m ẑ

Database sketch
(size m)

L
=) K ✓

Learned parameters
(size K)

Figure 1: Illustration of the proposed sketching framework. A is a sketch-
ing operator, L is a learning method from the sketch.

Model and problem statement

Application to mixture of isotropic Gaussians in Rn:

fµ / exp
�
�kx� µk22/(2�2)

�
. (1)

Data X = {xj}Nj=1 ⇠
i.i.d.

p =
Pk

s=1↵sfµs
with:

•weights ↵1, . . . ,↵k (positive, sum to one)
•means µ1, . . . ,µk 2 Rn.

Sketch = Fourier samplings at different frequencies: (Af )l = f̂ (!l).
Empirical version: (Â(X ))l =

1
N

PN
j=1 exp(�ih!l,xji) ⇡ (Ap)l.

We want to infer the mixture parameters from ẑ = Â(X ).
Problem casted as:

p̂ = argmin
q2⌃k

kẑ�Aqk22, (2)

where ⌃k = mixtures of k isotropic Gaussians with positive weights.
Standard CS Our problem

Signal x 2 Rn f 2 L1(Rn)

Dimension n Infinite
Sparsity k k

Dictionary {e1, . . . , en} F = {fµ,µ 2 Rn}
Measurements x 7! ha,xi f 7!

R
Rn f (x)e�ih!,xidx

Algorithm

Current estimate p̂ with weights {↵̂s}ks=1 and support �̂ = {µ̂s}ks=1.
Residual r̂ = ẑ�Ap̂.
1. Searching new support functions:

Search for ”good components to add” to the support
) Local minima of µ 7! �hAfµ, r̂i, added to the support �̂.
New support �̂0.

2. k-term thresholding:
Projection of ẑ onto �̂0 with positivity constraints on coefficients:

argmin
�2RK

+

||ẑ�U�||22, (3)

with U = [µ̂1, . . . , µ̂K].
k highest coefficients and corresponding support are kept
! new support �̂ and coefficients ↵̂1, . . . , ↵̂k.

3. Final ”shift”:
Gradient descent algorithm on the objective function, with initialization at
the current support and coefficients.

First step Second step Third step

Figure 2: Algorithm illustration in dimension n = 1 for k = 3 Gaus-
sians. Top: Iteration 1. Bottom: Iteration 2. Blue curve=true mixture,
Red curve=reconstructed mixture, Green curve=gradient function. Green
Dots=Candidate Centroids, Red Dots=Reconstructed Centroids.

Experimental results

Data setup: � = 1, (↵1, . . . ,↵k) drawn uniformly on the simplex.
Entries of µ1, . . . ,µk ⇠

i.i.d.
N (0, 1).

Algorithm heuristics:
•Frequencies drawn i.i.d. from N (0, Id).

•New support function search (step 1) initialized as ru, where r uniformly

drawn in

0,max

x2X
||x||2

�
and u uniformly drawn on B2(0, 1).

Comparison between:
•Our method: Sketch is computed on-the-fly and data is discarded.

•EM: Data is stored to allow the standard optimization steps to be per-
formed.

Quality measures: KL Divergence and Hellinger distance.

N
Compressed EM

KL div. Hell. Mem. KL div. Hell. Mem.
103 0.68± 0.28 0.06± 0.01 0.6 0.68± 0.44 0.07± 0.03 0.24
104 0.24± 0.31 0.02± 0.02 0.6 0.19± 0.21 0.01± 0.02 2.4
105 0.13± 0.15 0.01± 0.02 0.6 0.13± 0.21 0.01± 0.02 24

Table 1: Comparison between our method and an EM algorithm. n =
20, k = 10,m = 1000.
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Figure 3: Left: Example of data and sketch for n = 2. Right: Reconstruc-
tion quality for n = 10.
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Database sketch
(size m)

L
=) K ✓

Learned parameters
(size K)

Figure 1: Illustration of the proposed sketching framework. A is a sketch-
ing operator, L is a learning method from the sketch.

Model and problem statement

Application to mixture of isotropic Gaussians in Rn:

fµ / exp
�
�kx� µk22/(2�2)

�
. (1)

Data X = {xj}Nj=1 ⇠
i.i.d.

p =
Pk

s=1↵sfµs
with:

•weights ↵1, . . . ,↵k (positive, sum to one)
•means µ1, . . . ,µk 2 Rn.

Sketch = Fourier samplings at different frequencies: (Af )l = f̂ (!l).
Empirical version: (Â(X ))l =
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Vocabulary - binary classification 

• Training samples & labels

10

xi 2 X , 1  i  n
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zi = (xi, yi) 2 Z = X ⇥ {0, 1}
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H ⇢ {0, 1}X = {h : X ! {0, 1}}

<latexit sha1_base64="R7dmler/WnQv/1whqOal8+TkqwU="></latexit>

Vocabulary - binary classification 

• Training samples & labels

• Hypothesis class: family of classifiers

✓ typically a parametric family 

10
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H ⇢ {0, 1}X = {h : X ! {0, 1}}

<latexit sha1_base64="R7dmler/WnQv/1whqOal8+TkqwU="></latexit>

Vocabulary - binary classification 

• Training samples & labels

• Hypothesis class: family of classifiers

✓ typically a parametric family 

• Loss function 

✓   Scalar                = relevance of hypothesis h for sample z (smaller=better)
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Also with more « abstract »  

sample space (measurable space)  

hypothesis class        

Z
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generic framework 
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Unsupervised learning examples

• Principal Component Analysis 

• Maximum likelihood density fitting 
parametric density modeling 

• K-means clustering
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zi = xi 2 Rd

<latexit sha1_base64="A7GSqDyhD6yv4zCZ+ELeCRGliRU="></latexit>

H = {h subsp. of Rd, dim(h) = k}

<latexit sha1_base64="Y/dPSafizynUumbKlLRMAsjqjgs="></latexit>

H = {h = {c1, . . . , ck}, cj 2 Rd
}

<latexit sha1_base64="a3qAOsvP4HKvI8yyyTHDoQKyiV0="></latexit>

`(z, h) = dist2(z, h) = kz � Phzk2

<latexit sha1_base64="VYHSNhJbYj2c5o2H9SezTBFDaWY="></latexit>

`(z, h) = dist2(z, h) = min
j

kz � cjk2

<latexit sha1_base64="K1k94sIXFakc4BznxwKejgykK1M="></latexit>

`(z, h) = � log ph(z)

<latexit sha1_base64="RlK4Fc8yyYq0ZJ5UFsGHfLax+VY="></latexit>

{ph(x), h 2 H}

<latexit sha1_base64="525DfsjgvOizHBdOwFy0r5LWc2U="></latexit>
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Motivation

Goal: Infer parameters ✓ from n-dimensional data X = {x1, . . . ,xN}. This
typically requires extensive access to the data. Proposed method: Infer
from a sketch of the data ) memory and privacy savings.
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Figure 1: Illustration of the proposed sketching framework. A is a sketch-
ing operator, L is a learning method from the sketch.

Model and problem statement

Application to mixture of isotropic Gaussians in Rn:

fµ / exp
�
�kx� µk22/(2�2)

�
. (1)

Data X = {xj}Nj=1 ⇠
i.i.d.

p =
Pk

s=1↵sfµs
with:

•weights ↵1, . . . ,↵k (positive, sum to one)
•means µ1, . . . ,µk 2 Rn.

Sketch = Fourier samplings at different frequencies: (Af )l = f̂ (!l).
Empirical version: (Â(X ))l =

1
N

PN
j=1 exp(�ih!l,xji) ⇡ (Ap)l.

We want to infer the mixture parameters from ẑ = Â(X ).
Problem casted as:

p̂ = argmin
q2⌃k

kẑ�Aqk22, (2)

where ⌃k = mixtures of k isotropic Gaussians with positive weights.
Standard CS Our problem

Signal x 2 Rn f 2 L1(Rn)

Dimension n Infinite
Sparsity k k

Dictionary {e1, . . . , en} F = {fµ,µ 2 Rn}
Measurements x 7! ha,xi f 7!

R
Rn f (x)e�ih!,xidx

Algorithm

Current estimate p̂ with weights {↵̂s}ks=1 and support �̂ = {µ̂s}ks=1.
Residual r̂ = ẑ�Ap̂.
1. Searching new support functions:

Search for ”good components to add” to the support
) Local minima of µ 7! �hAfµ, r̂i, added to the support �̂.
New support �̂0.

2. k-term thresholding:
Projection of ẑ onto �̂0 with positivity constraints on coefficients:

argmin
�2RK

+

||ẑ�U�||22, (3)

with U = [µ̂1, . . . , µ̂K].
k highest coefficients and corresponding support are kept
! new support �̂ and coefficients ↵̂1, . . . , ↵̂k.

3. Final ”shift”:
Gradient descent algorithm on the objective function, with initialization at
the current support and coefficients.

First step Second step Third step

Figure 2: Algorithm illustration in dimension n = 1 for k = 3 Gaus-
sians. Top: Iteration 1. Bottom: Iteration 2. Blue curve=true mixture,
Red curve=reconstructed mixture, Green curve=gradient function. Green
Dots=Candidate Centroids, Red Dots=Reconstructed Centroids.

Experimental results

Data setup: � = 1, (↵1, . . . ,↵k) drawn uniformly on the simplex.
Entries of µ1, . . . ,µk ⇠

i.i.d.
N (0, 1).

Algorithm heuristics:
•Frequencies drawn i.i.d. from N (0, Id).

•New support function search (step 1) initialized as ru, where r uniformly

drawn in

0,max

x2X
||x||2

�
and u uniformly drawn on B2(0, 1).

Comparison between:
•Our method: Sketch is computed on-the-fly and data is discarded.

•EM: Data is stored to allow the standard optimization steps to be per-
formed.

Quality measures: KL Divergence and Hellinger distance.

N
Compressed EM

KL div. Hell. Mem. KL div. Hell. Mem.
103 0.68± 0.28 0.06± 0.01 0.6 0.68± 0.44 0.07± 0.03 0.24
104 0.24± 0.31 0.02± 0.02 0.6 0.19± 0.21 0.01± 0.02 2.4
105 0.13± 0.15 0.01± 0.02 0.6 0.13± 0.21 0.01± 0.02 24

Table 1: Comparison between our method and an EM algorithm. n =
20, k = 10,m = 1000.

−4 −2 0 2 4 6 8

−4

−2

0

2

4

6

Â
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Figure 3: Left: Example of data and sketch for n = 2. Right: Reconstruc-
tion quality for n = 10.
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Problem casted as:

p̂ = argmin
q2⌃k
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Empirical distribution - empirical risk

• Empirical distribution of the training set 

• Empirical risk 
✓ smaller = better 

• … only measures relevance of h for training samples, what 
about generalization to other samples ? 
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Notion of generalization - « true » risk

• Standard model: training set = n i.i.d. samples 
from an unknown but fixed probability distribution
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Learning algorithms

• « Learning algorithm »:

✓ input: a training set 

✓ output: an hypothesis

14
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ĥ = A(Sn)

<latexit sha1_base64="jES4YYilx9pAcmbW/SAtJkZZkAA="></latexit>

Sn = (z1, . . . , zn)

<latexit sha1_base64="/nHlUVVAke99n3Z0xoPamB6QbaQ="></latexit>

An : Zn
! H, n � 1

<latexit sha1_base64="/orqqbTB2fdBNv20X/rOe+LGlDA="></latexit>



R. GRIBONVAL - CONCENTRATION OF MEASURE AND HIGH-DIMENSIONAL LEARNING

Learning algorithms

• « Learning algorithm »:

✓ input: a training set 

✓ output: an hypothesis

✓ More precisely
✦ Sequence of algorithms
✦ Deterministic or randomized

• Comput. tractability ? Statistical guarantees?
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ĥ = A(Sn)

<latexit sha1_base64="jES4YYilx9pAcmbW/SAtJkZZkAA="></latexit>

Sn = (z1, . . . , zn)

<latexit sha1_base64="/nHlUVVAke99n3Z0xoPamB6QbaQ="></latexit>

An : Zn
! H, n � 1

<latexit sha1_base64="/orqqbTB2fdBNv20X/rOe+LGlDA="></latexit>



R. GRIBONVAL - CONCENTRATION OF MEASURE AND HIGH-DIMENSIONAL LEARNING

Examples ?

15
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Learning principle vs learning algorithm

• Empirical risk minimization (ERM) 

✓ is the minimum achieved ? 
✓ can it be computed in polynomial time ?

16
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Statistical guarantees: objectives

• Goal: control the risk 
✓ with hypothesis defined by a learning algorithm (or principle)

17
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• PAC bounds: in probability or in expectation

✓ given a task (=loss+hypothesis class), bounds depend on 
✦ algorithm/principle  
✦ and data distribution

Probably Approximately Correct guarantees

19
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• PAC bounds: in probability or in expectation

✓ given a task (=loss+hypothesis class), bounds depend on 
✦ algorithm/principle  
✦ and data distribution

• Agnostic PAC bounds: when no assumption 
needed on data distribution

• Notion of sample complexity (sharp or not)

Probably Approximately Correct guarantees
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Agnostic PAC bounds for empirical 
risk minimization
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Case study  / exercice

• « Application » scenario 
✓ several vendors provide a spam detection tool 
✓ training set: mails correctly labeled as spam / non-spam 
✓ approach: select the tool with the least error 
✓ goal: predict how accurate it will be   

• Exercice 
✓ formalize the problem  
✓ propose PAC bounds

21
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• Empirical risk minimization 

• Use Hoeffding’s inequality and the union bound 

Reminders and hints

23

HIGH DIMENSIONAL STATISTICAL LEARNING 5

3. Lecture 3: PAC with ERM

3.1. PAC bounds when A is Empirical Risk minimization (ERM). As a proxy for
the true risk R(h) = EZ⇠P`(Z, h) we consider the empirical risk

R̂n(h) :=
1
n

nX

i=1

`(zi, h).

A generic approach is to consider as a learning “algorithm”

ĥn = argmin
h2H

R̂n(h)

�! sometimes there truely is an algorithm to solve this. Sometimes there are algorithmic
heuristics. Or finite precision solutions (stochastic gradient, etc.).

3.1.1. Behaviour of R̂n(h) for a given h. It is a random variable. What is its expectation
? Its deviation from the expectation for large n ? For finite n ?

3.1.2. Behaviour of R̂n(h) over a finite hypothesis class H. �! MAKE A DRAWING

3.1.3. Agnostic PAC bounds for ERM with a bounded loss and a finite hypothesis class.
Two main assumptions:

• The hypothesis class H is finite with ]H = |H| < 1 elements
• The loss functions `(·, h), h 2 H are bounded.

[Example: bandits in a casino. ?]

Exercise 4. Example: binary linear classification, with a finite set of classifiers hj 1 

j  |H|, and the 0/1 loss.

• write the hypothesis class, the loss
• can you spell out the learning algorithm ?
• what is the computational complexity of the learning algorithm ?
• for a given h, what is the statistical behavior of R̂n(h) when n is large ?
• can you quantify this for any n using a concentration inequality ?

P (|??�??| > t)  ⇢(n, t)

• �! MAKE A DRAWING
• can you control the probability that maxh2H |R̂n(h)�R(h)| � t?
• give an order of magnitude of n such that this probability is below �

Tools:

• Hoe↵ding [rappel: e�2nt2/(b�a)2 ]
• Union bound [rappel: P ([iEi) 

P
i P (Ei)]
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