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This week

• Bounded difference (McDiarmid’s) inequality 

• The PAC framework for statistical learning 

• Agnostic PAC bounds for ERM 

• Sub-Gaussianity / sub-exponential variables
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Agnostic PAC bounds for empirical 
risk minimization
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• Goal: establish PAC bounds: 

✓ given a task (=loss+hypothesis class), bounds depend on 
✦ algorithm/principle  
✦ and data distribution

• Agnostic PAC bounds: when no assumption 
needed on data distribution

Probably Approximately Correct guarantees
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• Goal: establish PAC bounds: 

✓ given a task (=loss+hypothesis class), bounds depend on 
✦ algorithm/principle  
✦ and data distribution

• Agnostic PAC bounds: when no assumption 
needed on data distribution

• Notion of sample complexity (sharp or not)

Probably Approximately Correct guarantees
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Case study  / exercice

• « Application » scenario 
✓ several vendors provide a spam detection tool 
✓ training set: mails correctly labeled as spam / non-spam 
✓ approach: select the tool with the least error 
✓ goal: predict how accurate it will be   

• Exercice 
✓ formalize the problem  
✓ propose PAC bounds
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``Formalization’’ (last time)

• Sample space: {all possible mails} 

• Hypothesis class: finite set of binary (SPAM / NOT 
SPAM) classifiers provided by all vendors 

• Loss: binary (0 if correct, 1 if erroneous) 

• Training set: some collection of labeled mails 

• Learning algorithm: select spam detector with 
smallest (empirical) average loss 
✓ average loss= empirical risk 
✓ empirical risk minimization
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• Empirical risk minimization 

• Use Hoeffding’s inequality and the union bound 

Reminders and hints
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3. Lecture 3: PAC with ERM

3.1. PAC bounds when A is Empirical Risk minimization (ERM). As a proxy for
the true risk R(h) = EZ⇠P`(Z, h) we consider the empirical risk

R̂n(h) :=
1
n

nX

i=1

`(zi, h).

A generic approach is to consider as a learning “algorithm”

ĥn = argmin
h2H

R̂n(h)

�! sometimes there truely is an algorithm to solve this. Sometimes there are algorithmic
heuristics. Or finite precision solutions (stochastic gradient, etc.).

3.1.1. Behaviour of R̂n(h) for a given h. It is a random variable. What is its expectation
? Its deviation from the expectation for large n ? For finite n ?

3.1.2. Behaviour of R̂n(h) over a finite hypothesis class H. �! MAKE A DRAWING

3.1.3. Agnostic PAC bounds for ERM with a bounded loss and a finite hypothesis class.
Two main assumptions:

• The hypothesis class H is finite with ]H = |H| < 1 elements
• The loss functions `(·, h), h 2 H are bounded.

[Example: bandits in a casino. ?]

Exercise 4. Example: binary linear classification, with a finite set of classifiers hj 1 

j  |H|, and the 0/1 loss.

• write the hypothesis class, the loss
• can you spell out the learning algorithm ?
• what is the computational complexity of the learning algorithm ?
• for a given h, what is the statistical behavior of R̂n(h) when n is large ?
• can you quantify this for any n using a concentration inequality ?

P (|??�??| > t)  ⇢(n, t)

• �! MAKE A DRAWING
• can you control the probability that maxh2H |R̂n(h)�R(h)| � t?
• give an order of magnitude of n such that this probability is below �

Tools:

• Hoe↵ding [rappel: e�2nt2/(b�a)2 ]
• Union bound [rappel: P ([iEi) 

P
i P (Ei)]
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Behaviour of the empirical risk

• Given a fixed hypothesis h 
✓ Empirical risk = empirical average over n (i.i.d.) samples 

✓ Expectation = true risk 

✓ Bounded (binary) loss: can use Hoeffding’s inequality

 P (|X̄n � µ| > t)  2e
� 2nt2

(b�a)2
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Xi = `((xi, yi), h) 2 {0, 1}
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How to handle multiple hypotheses ?

• If I know that h1 is best: 
✓ except with probability at most              it holds that 

• If I don’t know which is best 
✓ except with probability at most              it holds that 

✓ except with probability at most              it holds that 

✓ … 
✓ except with probability at most                   it holds that 
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WHITEBOARD
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Agnostic PAC bounds for ERM learning with 
finite bounded class

12
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4. Lecture 4: PAC Bounds for ERM with infinite hypothesis class

insert here part on hypotheses, bias / variance tradeo↵s

Summary: ERM with bounded loss 0  `(z, h)  B and finite hypothesis class

• Agnostic uniform convergence: for any n, t > 0 and P
P (max

h2H
|R̂n(h)�R(h)| � t)  2|H| · e�2nt2/B2

.

• Agnostic PAC bound: for any n, ✏ > 0 and P

P (R(ĥn)�R(h⇤) � ✏)  2|H| · e�
n✏2

2B2

• Agnostic (upper bound on) sample complexity: precision ✏, probability level �,
as soon as

n �
2B2

✏2
· (log 2|H|+ log 2/�) .

Exercise 5 (Unsupervised clustering with k-means, with bounded training samples). Con-
sider data distributed in [0, 1]d and candidate cluster centers on a finite grid of step size
1/m (think 1/m = 2�64 for 64-bit representation of real numbers).

• what is the loss function ?
• what is the hypothesis class, what is its size ? is it finite ?
• is the loss function bounded ? if yes what is the bound ?
• spell out a uniform convergence result
• what PAC bound do you get ?
• how does the bound depend on m when m goes to infinity ?

4.1. Agnostic PAC bounds for ERM: bounded loss, infinite hypothesis class?
�! Still with a bounded loss function.

Example 4. |H0| = 2; H contains 10100 or infinitely many (near) identical copies of H0.
�! DRAWING

Idea: exploit the fact that R(h) and R(h0) are “close” if h and h0 are “close”.

Definition 1 (Lipschitz loss with respect to a distance on H: ). Given a distance d(h, h0)
on H, the loss is L-Lipschitz if for all z,h,h0

|`(z, h)� `(z, h0)|  L · d(h, h0).

In other words if for all h, h0

k`(·, h)� `(·, h0)k1  L · d(h, h0).

Exercise 6. The following properties are equivalent
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Agnostic PAC bounds for ERM learning with 
finite bounded class
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P (R(ĥn)�R(h⇤) � ✏)  2|H| · e�
n✏2

2B2

• Agnostic (upper bound on) sample complexity: precision ✏, probability level �,
as soon as

n �
2B2

✏2
· (log 2|H|+ log 2/�) .

Exercise 5 (Unsupervised clustering with k-means, with bounded training samples). Con-
sider data distributed in [0, 1]d and candidate cluster centers on a finite grid of step size
1/m (think 1/m = 2�64 for 64-bit representation of real numbers).

• what is the loss function ?
• what is the hypothesis class, what is its size ? is it finite ?
• is the loss function bounded ? if yes what is the bound ?
• spell out a uniform convergence result
• what PAC bound do you get ?
• how does the bound depend on m when m goes to infinity ?

4.1. Agnostic PAC bounds for ERM: bounded loss, infinite hypothesis class?
�! Still with a bounded loss function.

Example 4. |H0| = 2; H contains 10100 or infinitely many (near) identical copies of H0.
�! DRAWING

Idea: exploit the fact that R(h) and R(h0) are “close” if h and h0 are “close”.

Definition 1 (Lipschitz loss with respect to a distance on H: ). Given a distance d(h, h0)
on H, the loss is L-Lipschitz if for all z,h,h0

|`(z, h)� `(z, h0)|  L · d(h, h0).

In other words if for all h, h0

k`(·, h)� `(·, h0)k1  L · d(h, h0).

Exercise 6. The following properties are equivalent

sharpness? lower-bounds, information theory (with A. Garivier) 
unbounded loss? sub-gaussiannity (next) 
infinite hypothesis class? VC-dim (with A. Garivier)



R. GRIBONVAL - CONCENTRATION OF MEASURE AND HIGH-DIMENSIONAL LEARNING - 

Sub-gaussian random variables
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Reminders of Lecture 1

• Markov’s inequality 

• Chebyshev’s inequality 

• Chernoff’s bound 

14

if Z � 0 then : P(Z > t)  E[Z]

t
, 8t > 0
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P(|Z � E[Z]| > t)  Var[Z]

t2
, 8t > 0
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, 8t,� > 0
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Bounding the moment generating function

• Case of bounded variables 
✓ Hoeffding’s lemma, assuming 

✓ worst-case over all bounded variables  
✓ what if  

✦ we have more information (e.g. controlled variance) ? 
✦ unbounded variables ? 

• Observation: controlling the moment generating 
function is enough to get Hoeffding’s inequality 

15
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5. Lecture 5: Concentration of sub-Gaussian and sub-exponential random
variables

5.1. Reminders of lecture 1. Markov’s inequality: Z � 0

P(Z > t) 
E(Z)

t
, 8t > 0.

Chebyshev’s inequality: Var(Z) < 1

P(|Z � E(Z)| > t) 
Var(Z)

t2
, 8t > 0.

Cherno↵ bound (due to Herman Rubin)

P(Z > t) 
E(e�Z)
e�t

, 8t,� > 0.

Case of a bounded variable a  Z  b, µ := E(Z) TO CHECK

E(e�(Z�µ))  e�
2(b�a)2/8, 8� > 0.

By symmetry (Z 0 = �Z) also valid for � < 0, hence for � 2 R.
�! Hoe↵ding for bounded variables

5.2. Concentration of sub-Gaussian random variables.

Definition 3 (Sub-gaussian random variable). Z with mean µ is sub-Gaussian if there
exists � � 0 such that

(4) E(e�(Z�µ))  e�
2�2/2, 8�2 R

For any such variable

P(Z � µ > t)  e�
t2

2�2 , 8t > 0(5)

P(Z � µ < �t)  e�
t2

2�2 , 8t > 0(6)

P(|Z � µ| > t)  2e�
t2

2�2 , 8t > 0.(7)

Proof. �! EXERCICE Using Cherno↵’s method Step 1. Cherno↵ bound

P(Z � µ > t)  e
�2�2

2 ��t, 8�, t > 0

Step 2. Optimization

min
�>0

n
�2�2

2 � �t
o

Step 3. Repeat with Z 0 := �Z. ⇤
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Beyond bounded variables: 
sub-Gaussianity (scalar variables)

• Definition:  
✓ a centered random variable Z  is sub-Gaussian with 

parameter                if 

✓ a random variable X that admits an expectation is sub-
Gaussian if                      is  sub-Gaussian 

• Property: if X is sub-Gaussian with parameter         
then for each t>0 

16

E[e�Z ]  e�
2�2/2, 8�2 R
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Sub-gaussianity 
Examples & counter-examples (1)

• Gaussian variables: if                  then 

17
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Hoe↵ding’s bound for sub-Gaussian random variables
Xi independent sub-Gaussian with means µi and parameters �i. Denote µ := 1

n

Pn
i=1 µi

and �2 = 1
n

Pn
i=1 �

2
i . The empirical average X̄n = 1

n

Pn
i=1Xi satisfies

P(X̄n � µ > t)  e�2nt2/�2

P(X̄n � µ < �t)  e�2nt2/�2

P(|X̄n � µ| > t)  2e�2nt2/�2

Proof. �! EXERCICE: Hint: show that X̄n is sub-Gaussian.

E(e�(X̄n�µ)) = E(
nY

i=1

e
�
n (Xi�µi)) =

nY

i=1

E(e
�
n (Xi�µi)) 

nY

i=1

e
�2�2

i
2n2 = e

�2�2

2n

⇤

Additivity property of sub-Gaussian random variables: ifXi are independent
sub-Gaussian with parameters �i and �i 2 R then

Pn
i=1 �iXi is sub-Gaussian with

parameter
qP

i �
2
i�

2
i .

Example 5. Z ⇠ N (µ,�2) a Gaussian random variable, �! ADMIS

E(e�Z) = e�µ+�2�2/2.

Exercise 9. Consider Z a Rademacher random variable, i.e. P (Z = +1) = P (Z = �1) =
1/2. Show that Z is sub-Gaussian. What is its sub-Gaussian parameter � ?

E(e�Z) = 1
2(e

� + e��) =

Hint: develop into a power series and use that
P

1

k=0 �
2k/(2k)!  1 +

P
1

k=1(�
2)k/[2kk!] =

e�
2/2. TO CHECK Could also be obtained with inequality for bounded variables a = �1 

Z  b = 1, e�
2(b�a)2/2, weaker bound � = b� a = 2.

�! proving that a random variable is sub-Gaussian (or sub-exponential, see next) is
often done by controlling power series through the control of higher order moments.

Example 6 (Counter-example). X ⇠ N(0, 1), Z = X2. �! ADMIS
For � < 1/2

E(e�(Z�1)) =
e��

p
1� 2�

.

The expectation if infinite for � > 1/2.
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E(e�Z) = 1
2(e

� + e��) =

Hint: develop into a power series and use that
P

1

k=0 �
2k/(2k)!  1 +

P
1

k=1(�
2)k/[2kk!] =

e�
2/2. TO CHECK Could also be obtained with inequality for bounded variables a = �1 

Z  b = 1, e�
2(b�a)2/2, weaker bound � = b� a = 2.

�! proving that a random variable is sub-Gaussian (or sub-exponential, see next) is
often done by controlling power series through the control of higher order moments.

Example 6 (Counter-example). X ⇠ N(0, 1), Z = X2. �! ADMIS
For � < 1/2

E(e�(Z�1)) =
e��

p
1� 2�

.

The expectation if infinite for � > 1/2.



R. GRIBONVAL - CONCENTRATION OF MEASURE AND HIGH-DIMENSIONAL LEARNING

EXERCISE: Rademacher variables

18
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EXERCISE: Rademacher variables

• Hints:  
✓ develop moment generating function into power series  
✓ use that

19

(2k)! � 2kk!

<latexit sha1_base64="fKJ/0D6SvyrJJaCIrsOfLUEIVRU="></latexit>
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
1X

k=0

�2k

2kk!

<latexit sha1_base64="PWPpgKZOkjWUHhN5IdW7HXpaYeo="></latexit>

E[e�Z ] = 1

2

�
e� + e��

�
= cosh� =

1X

k=0

�2k

(2k)!

<latexit sha1_base64="0X3IU0SZdY0lfmK22lY7X9h7Zg8="></latexit>

= e�
2/2

<latexit sha1_base64="vuhYtrydUiD0bAoqGmtyiiJRZ8s="></latexit>

�2 = 1

<latexit sha1_base64="TGcRNRLuLSK27UFqDn7piaevHOY="></latexit>
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• Chi-square variables 

✦ see e.g. Foundations of Machine Learning (C.14) 

• Do we loose all concentration properties ? 
✓ upcoming: notion of sub-exponential random variables 
✓ application: Johnson-Lindenstrauss lemma

Sub-gaussianity 
Examples & counter-examples (2)

21

X ⇠ N (0, 1), Z = X2

<latexit sha1_base64="mdGHDi26F7tRj6JY1YKfOFZPQEY="></latexit>

E[e�(Z�1)] =

(
1p

1�2�
� 2 [0, 1/2)

+1 � � 1/2

<latexit sha1_base64="P6GLGLHZ4t7zSoSxSyKMju45BXk="></latexit>
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Sub-exponential random variables
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sub-Gaussian vs sub-exponential

• Definition:  
✓ a centered random variable Z  is sub-Gaussian with 

parameter                if 

✓ a random variable X that admits an expectation is sub-
Gaussian if                      is  sub-Gaussian 

23

E[e�Z ]  e�
2�2/2, 8�2 R

<latexit sha1_base64="GTUU3QF9QLtFt00113/66gzGiqU="></latexit>

� > 0

<latexit sha1_base64="kdocSeq0pt/tEWRqGAwxfdZ+LJ8="></latexit>

X � E[X]

<latexit sha1_base64="dYT8wpeh5lYjNRLOxrG/tWS/vgk="></latexit>
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sub-Gaussian vs sub-exponential

• Definition:  
✓ a centered random variable Z  is sub-Gaussian with 

parameter                if 

✓ a random variable X that admits an expectation is sub-
Gaussian if                      is  sub-Gaussian 

23

E[e�Z ]  e�
2�2/2, 8�2 R

<latexit sha1_base64="GTUU3QF9QLtFt00113/66gzGiqU="></latexit>

� > 0

<latexit sha1_base64="kdocSeq0pt/tEWRqGAwxfdZ+LJ8="></latexit>

X � E[X]

<latexit sha1_base64="dYT8wpeh5lYjNRLOxrG/tWS/vgk="></latexit>

sub-exponential
parameters           ⌫, b > 0

<latexit sha1_base64="9jqo+Nlu+Rmlo972k7GnWOTa+XU="></latexit>

2 [�1/b, 1/b]

<latexit sha1_base64="rdihnraV19Q2go0IDJg6gbAEr8c="></latexit>

exponential sub-exponential

e�
2⌫2/2

<latexit sha1_base64="zwKr/OCEDVcy1NwxidwRX22DkEI="></latexit>
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Properties of sub-exponential variables

• Concentration: if Z is sub-exponential then 

✓ Hence the name-subexponential 
✓ Proof: EXERCISE 

• Additivity 

✓ Proof: Home practice 

24

12 R. GRIBONVAL

5.3. Concentration of sub-exponential random variables. We highlight in Orange
the only di↵erence with sub-Gaussian random variables.

Definition 4 (Sub-exponential random variable). Z with mean µ is sub-exponential if
there exists ⌫, b � 0 such that

E(e�(Z�µ))  e
�2⌫2

2 , 8|�|  1/b.

NB: sub-Gaussian is a particular case of sub-exponential, with convention 1/0 = +1.
NB2: the name “sub-exponential” should be transparent from Theorem 1.

Concentration bound for sub-exponential variables

P(Z � µ+ t) 

(
e�t2/2⌫2 , if 0  t  ⌫2/b

e�t/2b, for t > ⌫2/b

Proof: �! HOMEWORK

�! sub-Gaussian behavior for small t, sub-exponential behavior for large t.

HIGH DIMENSIONAL STATISTICAL LEARNING 13

6. Lecture 6: Bernstein’s condition

Recall sub-Gaussian / sub-exponential
Motivation 1: deal with unbounded variables
Motivation 2: get better concentration for bounded variables exploiting, e.g., variance

Bernstein’s condition: denote µ = E(Z) and V = Var(Z). If

E(|Z � µ|k)  1
2k!V bk�2, for k = 3, 4, . . .

Then

• E(e�(Z�µ))  e
�2V

2(1�|�|b) for all |�| < 1/b
• Z is sub-exponential with parameters ⌫ =

p
2
p
V and 2b.

Proof part 2: ! EXERCICE

Exercise 10. Check Bernstein’s condition assuming that |X � µ|  b and V = Var(Z) ⌧
b2. Compare with what you would get with Hoe↵ding’s inequality. ! tighter (exploits
variance)

Additivity property of sub-exponential random variables: if Xi are sub-
exponential with parameters ⌫i, bi and �i 2 R then

Pn
i=1 �iXi is sub-exponential with

parameter ⌫ ?? and b �??.
Proof: �! EXERCISE

Theorem 1 (Characterizing sub-Exponential variables, cf Vershynin, Prop 2.7.1). Assume
Z is zero mean. Then the following properties are equivalent:

(1) there are ⌫, b such that E(e�Z)  e�
2⌫2/2 for all |�| < 1/b.

(2) sub-exponential tails: P(|Z| � t)  c0e�c1t, 8t > 0
(3) moment growth h

E(|Z|
k)
i1/k

 c2k, 8k � 1

(4) there is c3 such that E(e�|Z|)  ec3� for 0  �  1/c3.
(5) there is c4 such that E(ec4|Z|) < 1.

Theorem 2 (Characterizing sub-Gaussian variables, cf Vershynin, Prop 2.5.2). Assume Z
is zero mean. Then the following properties are equivalent:

(1) there is � such that E(e�Z)  e�
2�2/2 for all �2 R.

(2) sub-gaussian tails: P(|Z| � t)  c0P (|X| � t), 8t > 0, with X ⇠ N(0, c1)
(3) moment growth h

E(|Z|
k)
i1/k

 c2
p

k, 8k � 1

(4) there is c3 such that E(e�2Z2
)  ec

2
3�

2
for |�|  1/c3.

(5) there is c4 such that E(ec4Z2
) < 1.
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Characterizations
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R9 _X :_A"PLo�G

h?2Q`2K R U*?�`�+i2`BxBM; bm#@1tTQM2MiB�H p�`B�#H2b- +7 o2`b?vMBM- S`QT kXdXRVX �bbmK2
Z Bb x2`Q K2�MX h?2M i?2 7QHHQrBM; T`QT2`iB2b �`2 2[mBp�H2Mi,

URV i?2`2 �`2 ν, b bm+? i?�i E(eλZ) ≤ eλ
2ν2/2 7Q` �HH |λ| < 1/bX

UkV bm#@2tTQM2MiB�H i�BHb, i?2`2 �`2 c0, c1 > 0 bm+? i?�i
P(|Z| ≥ t) ≤ c0e

−c1t, ∀t > 0

UjV KQK2Mi ;`Qri?, i?2`2 Bb c2 > 0 bm+? i?�i
[
E(|Z|k)

]1/k
≤ c2k, ∀k ≥ 1

U9V i?2`2 Bb c3 > 0 bm+? i?�i E(eλ|Z|) ≤ ec3λ 7Q` 0 ≤ λ ≤ 1/c3X
U8V i?2`2 Bb c4 > 0 bm+? i?�i E(ec4|Z|) < ∞X

h?2Q`2K k U*?�`�+i2`BxBM; bm#@:�mbbB�M p�`B�#H2b- +7 o2`b?vMBM- S`QT kX8XkVX �bbmK2 Z
Bb x2`Q K2�MX h?2M i?2 7QHHQrBM; T`QT2`iB2b �`2 2[mBp�H2Mi,

URV i?2`2 Bb σ bm+? i?�i E(eλZ) ≤ eλ
2σ2/2 7Q` �HH λ∈ RX

UkV bm#@;�mbbB�M i�BHb, i?2`2 �`2 c0, c1 > 0 bm+? i?�i
P(|Z| ≥ t) ≤ c0P (|X| ≥ t), ∀t > 0, rBi? X ∼ N(0, c1)

UjV KQK2Mi ;`Qri?
[
E(|Z|k)

]1/k
≤ c2

√
k, ∀k ≥ 1

U9V i?2`2 Bb c3 bm+? i?�i E(eλ2Z2
) ≤ ec

2
3λ

2 7Q` |λ| ≤ 1/c3X
U8V i?2`2 Bb c4 bm+? i?�i E(ec4Z2

) < ∞X
1t�KTH2, MQ`K Q7 :�mbbB�M p�`B�#H2b f χ2

_2+�HH E(eλ(X2−1)) = e−λ/(
√
1− 2λ) ≤ e2λ

2
= e4λ

2/2 7Q` |λ| < 1/4

eXRX q`�TmTX *�b2 +Qp2`2/ #v i?2 i?2Q`v r2 ?�p2 b22M
• "QmM/2/ HQbb- }MBi2 ?vTQi?2bBb +H�bb- 1_J
• "QmM/2/ Y GBTb+?Bix HQbb- ?vTQi?2bBb +H�bb rBi? +QMi`QHH2/ +Qp2`BM; MmK#2`b- 1_J

"QmM/2/M2bb 7Q` �HH TQbbB#H2 i`�BMBM; b�KTH2b �M/ ?vTQi?2b2b
aQK2iBK2b 7QHHQrb 7`QK � `2bi`B+iBQM QM P U#QmM/2/ b�KTH2bV- bQK2iBK2b QM H
�;MQbiB+ `2bmHib MQi 7mHHv ǳ�;MQbiB+Ǵ
1s1_*A*1 Ab i?2 0/1 HQbb GBTb+?Bix 7Q` i?2 +H�bb Q7 HBM2�` b2T�`�iQ`b \
LQiBQM Q7 +QMp2t bm``Q;�i2 f `2H�t2/ HQbb

• +QMp2t r`i T�`�K2i2`
• mTT2` #QmM/ QM Q`B;BM�H HQbb

>BM;2 HQbb
%0−1((x, y), θ) = 1(y〈x, θ〉 < 0)

%?BM;2((x, y), θ) = max(1− y〈x, θ〉, 0)
Θ = {θ ∈ Rd, ‖θ‖2 ≤ R}
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Bernstein’s condition

• Theorem 
✓ denote 
✓ assume 
✓ then 

• Proof sketch: 
✦ Develop into power series and use moments and definition 

• Exercice:  
✓ assume  
✓ check Bernstein’s condition 
✓ compare to Hoeffding’s inequality 

• Home practice (to go further): compare to Bennett’s inequality  
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6. Lecture 6: Bernstein’s condition

Recall sub-Gaussian / sub-exponential
Motivation 1: deal with unbounded variables
Motivation 2: get better concentration for bounded variables exploiting, e.g., variance

Bernstein’s condition: denote µ = E(Z) and V = Var(Z). If

E(|Z � µ|k)  1
2k!V bk�2, for k = 3, 4, . . .

Then

• E(e�(Z�µ))  e
�2V

2(1�|�|b) for all |�| < 1/b
• Z is sub-exponential with parameters ⌫ =

p
2
p
V and 2b.

Proof part 2: ! EXERCICE

Exercise 10. Check Bernstein’s condition assuming that |X � µ|  b and V = Var(Z) ⌧
b2. Compare with what you would get with Hoe↵ding’s inequality. ! tighter (exploits
variance)

Additivity property of sub-exponential random variables: if Xi are sub-
exponential with parameters ⌫i, bi and �i 2 R then

Pn
i=1 �iXi is sub-exponential with

parameter ⌫ ?? and b �??.
Proof: �! EXERCISE

Theorem 1 (Characterizing sub-Exponential variables, cf Vershynin, Prop 2.7.1). Assume
Z is zero mean. Then the following properties are equivalent:

(1) there are ⌫, b such that E(e�Z)  e�
2⌫2/2 for all |�| < 1/b.

(2) sub-exponential tails: P(|Z| � t)  c0e�c1t, 8t > 0
(3) moment growth h

E(|Z|
k)
i1/k

 c2k, 8k � 1

(4) there is c3 such that E(e�|Z|)  ec3� for 0  �  1/c3.
(5) there is c4 such that E(ec4|Z|) < 1.

Theorem 2 (Characterizing sub-Gaussian variables, cf Vershynin, Prop 2.5.2). Assume Z
is zero mean. Then the following properties are equivalent:

(1) there is � such that E(e�Z)  e�
2�2/2 for all �2 R.

(2) sub-gaussian tails: P(|Z| � t)  c0P (|X| � t), 8t > 0, with X ⇠ N(0, c1)
(3) moment growth h

E(|Z|
k)
i1/k

 c2
p

k, 8k � 1

(4) there is c3 such that E(e�2Z2
)  ec

2
3�

2
for |�|  1/c3.

(5) there is c4 such that E(ec4Z2
) < 1.

|Z � µ|  b and V = Var(Z)  b2

<latexit sha1_base64="4ymD4Bt8oMPwfMNbeC2LF8gGhao="></latexit>
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Motivation 2: get better concentration for bounded variables exploiting, e.g., variance

Bernstein’s condition: denote µ = E(Z) and V = Var(Z). If

E(|Z � µ|k)  1
2k!V bk�2, for k = 3, 4, . . .

Then

• E(e�(Z�µ))  e
�2V

2(1�|�|b) for all |�| < 1/b
• Z is sub-exponential with parameters ⌫ =

p
2
p
V and 2b.

Proof part 2: ! EXERCICE

Exercise 10. Check Bernstein’s condition assuming that |X � µ|  b and V = Var(Z) ⌧
b2. Compare with what you would get with Hoe↵ding’s inequality. ! tighter (exploits
variance)

Additivity property of sub-exponential random variables: if Xi are sub-
exponential with parameters ⌫i, bi and �i 2 R then

Pn
i=1 �iXi is sub-exponential with

parameter ⌫ ?? and b �??.
Proof: �! EXERCISE

Theorem 1 (Characterizing sub-Exponential variables, cf Vershynin, Prop 2.7.1). Assume
Z is zero mean. Then the following properties are equivalent:

(1) there are ⌫, b such that E(e�Z)  e�
2⌫2/2 for all |�| < 1/b.

(2) sub-exponential tails: P(|Z| � t)  c0e�c1t, 8t > 0
(3) moment growth h

E(|Z|
k)
i1/k

 c2k, 8k � 1

(4) there is c3 such that E(e�|Z|)  ec3� for 0  �  1/c3.
(5) there is c4 such that E(ec4|Z|) < 1.

Theorem 2 (Characterizing sub-Gaussian variables, cf Vershynin, Prop 2.5.2). Assume Z
is zero mean. Then the following properties are equivalent:

(1) there is � such that E(e�Z)  e�
2�2/2 for all �2 R.

(2) sub-gaussian tails: P(|Z| � t)  c0P (|X| � t), 8t > 0, with X ⇠ N(0, c1)
(3) moment growth h

E(|Z|
k)
i1/k

 c2
p

k, 8k � 1

(4) there is c3 such that E(e�2Z2
)  ec

2
3�

2
for |�|  1/c3.

(5) there is c4 such that E(ec4Z2
) < 1.
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Exploiting variance information via  
Bennett’s inequality

• Assumptions & notations 
✓ n independent random variables                         satisfy 

✓ Then for each t>0 

• Home practice 
✦ proof  
✦ comparison to Hoeffding’s inequality in the small and large deviation regimes 

to be expressed e.g. as  

28

X1, . . . , Xn

<latexit sha1_base64="FAVcxo0YHdear+qr0wUo7JApG58="></latexit>

Xi  c

<latexit sha1_base64="VO5Zx/pQ/f04MawqVUg8Q2vt6ww="></latexit>

�2 := 1
n

nX

i=1

Var(Xi)

<latexit sha1_base64="vy8S5az3wM1/PdU4V8XDrhHam9U="></latexit>

E[Xi] = 0

<latexit sha1_base64="3pX5X1wHuNrlnC5M8Ud0dpnBSmE="></latexit>

P

 
1
n

nX

i=1

Xi > t

!
 exp

✓
�n�2

c2
✓(tc/�2)

◆

<latexit sha1_base64="WrhKeVlddvRhZKMQ0VLwQsa50HI="></latexit>

where ✓(u) := (1 + u) log(1 + u)� u

<latexit sha1_base64="C4Ie+YioLSOm3bB2aGLqBoCVsE0="></latexit>

t ⌧ t0

<latexit sha1_base64="2jRKR5xr03lmEL3JtY4iK/AApmk="></latexit>
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Hints

• Show that for any t>0,  

✓ where 

• Show that f is concave 

• Use Chernoff’s bounding technique 

29

E[etXi ]  ef(Var(Xi)/c
2)

<latexit sha1_base64="MOacSffEh0r/8ZEMxMAcR5sfyHk="></latexit>

f(x) = log

✓
1

1 + x
e�ctx +

x

1 + x
ect

◆
, 8x � 0

<latexit sha1_base64="o6H19wqPHZ8PhbptHc4Wj61b6Dg="></latexit>


