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Framework: PAC Black Box
Optimization



Random Experiment

Random Input

"Black Box"

Controlable input

Ouput

where X' = space of controlled variables and 2 = random space
f:X—=>R f(X) = E[F(X, )] or some other functionnal of F(x, -)
Typically (in the sequel): F(x,w) = f(x) + e(w) where ¢ ~ N(0, 0?).



Black Box Optimization

Black-box interaction model:

e choose X; = ¢1(U;), observe Y; = F(Xy,w;)

e choose X, = ¢a(X1, Y1, Us) observe Y, = F(Xp,ws),

e ctc...
Target = optimize f: f* = maxx f (or min, or find level set, etc.)
Strategy: sampling rule (¢;):>1, stopping time 7

PAC setting: for a risk § and a tolerance ¢, return X1 such that
IP’,c(f(XTH) < f*— e) <6.

The set of correct answers is X(f) = {x € X : f(x) > f* — €}.

Goal: find a strategy minimizing E¢[7] for all possible functions f
(no sub-optimal multiplicative constant!)



Reminders: Information for
Deviation Lower Bounds



Chernoff Bound for Bernoulli variables

Let s € (0,1). Let X1, Xa, ... Xn < B(p), and X, = (Xy + - -+ + Xa)/n.

Forall p < x <1,
kl(x,p)

1—x

1—

where kl(x, y) = x log Z5 (1 —x)log is the binary relative
y
entropy. Similary, for all 0 < x < p,

Kl(x, )

At exponential scale, this inequality is tight.



Proof: Fenchel-Legendre transform of log-Laplace

For every A > 0,
IPN« ()?n > X) = PN (e)‘(xl+"‘+xn) > e)\nx)

Eu [e/\(xl+-~-+xn)}

< 3 by Markov’s inequality
e nx
_ efn<)\xflog]E“[exp/\X1]) )
Thus, —% logP,, (X, > x) > sup {Ax — log E, [exp AX1]) }

:sup{)\x—log(l—u—i—ue )}
A>0

= kl(x, p) .
kl = binary Kullback-Leibler divergence: kl(x, 1) = KL(B(x), B(x))
[logg6dP fP<Q,

+00 otherwise.

where  KL(P, Q) = {

Properties: 0 < KL(P, Q) < +oo, and KL(P, Q) =0 iff P = Q.



Lower Bound: Change of Measure

For all ¢ > 0 and all a > 0,

Py (Xo > x) = Ey [1{X, > x}] m.

— o X X+€
:Ex+€ |:]1{Xn2X} X :|

_E,,. [n{xn > x} x }

> Exie ]1{)_(n > X} 1{%2"’%%(&) < Exie ['08 %(Xl)} +(¥}

i

i=1

> 1 —Peie (Xn < x)

n

1 d'Dx+e dPX-‘rE
S X:) > B, |l X:
P+,<n§ log P, (Xi) > Exy [og aP, ( 1)}+06>

i=1

6

= (1—0,(1)) .



Lower Bound: Change of Measure

Foralle >0and all &« >0

Py (Xo > x) = Ey [1{X, > x}] m.

_ w X X+€
> Ex+e ]l{Xn > X} ]l{ Z log —— dPX+E ) < Exre [Iog d5;+6 (Xl)] + a}

S

1—Pere (Xa < x)

1 . dPere dpx+e
Pye <nZ|og P, (Xi) > Eyye [Iog P, (xl)} a>

= (1—o0n(1)) .

Asymptotic Optimality (Large Deviation Lower Bound)

I|m|nf IogIP’ ()_(n > X) > —Kkl(x, p) .



Lower Bound: Change of Measure

Foralle >0and all &« >0

Py (Xo > x) = Ey [1{X, > x}] m.

_ w X X+€
> Ex+e ]l{Xn > X} ]l{ Z log —— dPX+E ) < Exre [Iog d5;+6 (Xl)] + a}

S

1—Pere (Xa < x)

1 . dPere dpx+e
—Peye | = I Xi) > Exie |l X
* <n Z o dPy, ( ) - N |:Og dPlt ( 1):| a)
= (1—o0n(1)) .
Asymptotic Optimality (Large Deviation Principle)

%Iog P, ()_(,, > x) — —kl(x, p) .

n— o0



Lower Bound: the Entropic Way
Let Q = {0,1}", Xi(w) = w; ./\

Probability laws on Q: P, = B(p)®".

For all € > 0,

= KL (Pye, P“) KL(P® P',Q® Q') = KL(P, Q) + KL(P', Q)

- - KL(P, Q) > KL(PX, @X)
14 X,>x 14 X,>x contraction of entropy
KL <Pxi€ }, ]PM{ }> = data-processing inequality

Z PX+€ ()_<,, Z X) |Og ) — |Og(2) kl(p, q) > p\og% — log 2

P, ()_(,, > x

+e.11)+log(2)

Ve > 0, ]PN (Xn Z X) Z 1_e—2ne2



Warm-up: 1.5 armed bandit



Random Experiment

Random Input

"Black Box"

Controlable input

where X = {0,1}, f = E[F(x,")] = (0, ) ie. F(0,-) ~N(0,0?) and
F(lv ) ~ N(M’OJ)

Here, X; =1 fort <7 and Y; %/\/(u,az).

—> equivalent to testing the overlapping hypotheses: p < € vs > —e.



Simplistic and yet interesting example

For every (¢, 6)-PAC strategy,

2
lim inf Ey[r] > 20 5 -
50 log(1/4) (Il + )

Besides, the choice

t(|fie] + €)?

75—inf{t€N: 252

> 3In(In(t) + 1) + T(|n(1/5))} .

where T() = x+ 4 1+ x + v&) and Xr11 = L{fi; > 0} is such that Vu € R




Lower Bounds: Information Inequalities

Idea: Cannot stop as long as an alternative hypothesis is likely to produce

similar data.

Alternative hypotheses: Alt(f) = {g : X — R such that X.(f) ¢ X(g)}

and not X.(f) N X(g) = 0: just "one of the correct answers for f is incorrect for g".

Here,
e o if 1> ¢, Alt(p) = (—o0, —€)

o if u < —¢, Alt(u) = (e, +)
o if —c < p<e Alt(u) = (—o00,—€) U (€, +00)

10



Change-of-Measure Lemma

For a given strategy, likelihood of the observation under function f:
Yy, ..., Y f).

(Ya,..., Y f
Likelihood ratio Ly(,g) := log M
C Ly--c9 Ity

Let f and g be two functions.

Low-level form: for all x € R, n € N*, for every event C € F,,,
Pg(C) > e [Pr(C) — Pr (Ln(f,8) > x)] .

High-level form: for any stopping time 7 and any event C € F.,

where kl(x, y) = xIn(x/y) + (1 — x) In((1 — x)/(1 — y)) is the binary relative entropy.

11



o Low-level form:

Pg(C)

Er[Leexp (- Lilf,8))] 2 Br [Leliuirgene™ "]

e_X]P’f(Cﬁ (Le(f,g) < X))
e [Pf(c) — P (Ln(f>g) > X)} °

Y

V

e High-level form: Information Theory (data-processing inequality)

> KL (B}, PL€) = KI(BA(C). By(C))

12



1.5 arm: Lower Bound for |u| > ¢

E,[7] < oo and Wald's lemma yield:

E, (L (1. )] = Eulr] KLV (1,03, N(1,0) = E,[r] E- 2

Hence, by the high-level form of the lemma:
—)\)?
E/Lm% > KI(P,(C) ,PA(C)) -

For ;1 < —¢, choosing A =€ and C = {XT+1 = 1}, which is such that
P,(C) <6 and P5(C) > 1 — 4, directly yields

B I

Similarly, for i > €, we use A = —e and C = (X, 41 = 0) so as to obtain
the same inequality.

> Kkl(6,1 —6);:z|og%.

= non-asymptotic lower bound
13



1.5 arm: lower bound for —¢ < ;i <€

For a fixed n > 0. Introducing

o 20°(1 — 1) : 1
ng := | —— = 1In — )
( wl+e€) )

and the event C5 = {75 < ns }, we prove that
w (s < ns) =P, (Cs,Xr41 =0)+ Py (C5,Xr41 =1) > Owhen § - 0.
Choosing A = ¢ yields that P5(Cs, X741 = 0) < Py (X741 = 0) < J. The event
Cs N {XT“ = O} belongs to F,,JA Hence, for all x € R,
§>e [P (Cs,Xr31=0)—P, (Lnd (n€) > x)]
which can be rewritten as
P, (Cs,Xr41 =0) < 5" +P, (L,,(s(/.t7 €) > x) .
The choice x = (1 — n/2)In(1/6) yields

Los (s, € 1-—n/2 2
P (Cs, Xos1 =0) < 63 41, (el 5 1on/2(ul+ o)
ns 1—n 202

By the law of large numbers and the fact that ns — +oo when § — 0,

L s 0(Xq; )2 1—n/2 2
ns (15 €) 529, (in i) _ KL (P)fl,IP’fl) _(=9 < n/2 (lpl +¢) )
ns U(Xq; € F 2072 1—19 2072

14



Strategy: GLRT

Idea: cannot decide as long as incompatible hypotheses remain §-likely.
Generalized Likelihood Ratio Test:
max,er {(X1,. .., Xei ) I in O Xy, Xes fi(t))
maxxemt(ﬁ)f(xlw“>Xt;)‘) AeAlt(p) (X1, ...y X A)
= inf (e =) s
AEAIt(fie) 202

In

where fi(t) = 1 371, X;. Here:

s

. O Xy, .oy Xes (1))
=inf<t DA I t,d
R '”{ EN A N Xy P
. Ct(l] + €)?
_|nf{t€N. 252 > [(t,9)

and
X7—+]_ = :I.{/I)q-(i > 0}

15



GLRT: graphical interpretation

16



Efficiency of the Sequential GLRT Procedure

Fix 4 € R and let o € [0, €).

L

5] < P (t(lfuel + ) < 2075(t,6))
t=1
< D OPUac— ul > @)+ Y P (tad + ) < 20°8(t,8), | — ul < a)
t=1 t=1
< S TP(pe—pl>a)+ > (f(\/'\*rﬂr')’);?ﬂl 3(t,6), | e — p ;'\)»

~
Il
-

t=1

The first term is upper bounded by a constant (independent of §), while the second is upper
bounded by

To(6) =inf{T EN*:VE> T, t(|u| — a+e)? < 202 ;(m)} .
For B(t,8) = 3In(In(t) 4+ 1) + T (In(1/4)), since for every & > 0, v > 1+ a and t > 0,

t>~v+4+2aln(y) = t>vy+aln(t),

we have

To(6) 208 L In -
= ———+——|n-— n— .
BT Qul—axep "5 TP\ "s

Letting « go to zero, one obtains, for all . € R,

E.[7s5] 202

17



Discrete, Non-smooth Functions
— The Vanilla Bandit Model




Vanilla Bandit Model

o

aam1 am2 am3 am4 amb 18



Racing Strategy

R:={1,...,K} set of . b
r := 0 current round I

end

Outpout: X the single element remaining in R.

while [R] > 1 I I

ri=r+1 R L
draw each x € R, compute f,(x), the empirical mean of the r
samples observed so far
compute the empirical best and empirical worst arms:

b, = argmax f(x)  w, = argmin #(x)

XER xER

as well as an ucb for w, and an lcb for b,.
Elimination step: if

then eliminate w, : R := R\{w,}

19



[G. and Kaufmann, 2016]
For any é-correct algorithm,

Ef[r] > K1(5,1— ),

where

= sup inf(f) Z W(X)—(f(x) —&())

wEYX K BEALL ex 202
(F(x) = A)? (Fly) = N)°
= i i f * f e - - A .
wety y;z!‘r(]f) f(}’)g)\ﬁf* w(x"(f)) 202 +wl(y) 202

e A kind of game : you choose the proportions of draws w € ¥, the
opponent chooses the alternative confusing function.
=» the are

2
F(x) —
w*’ = argmax inf Z W(X)M .
wery EEAN(F) 20 20



Entropic Lower Bound (high-level form)

Assume that f and g have a different maximum x*(f) # x*(g). Then

> Er[Ne(7)] W _ KL(PEXh...,XT)’PéXl ..... xf))

> KL(P];{QT:X*U)}7]ID;{)A(T:X*U)})
> kl(]P)f()%T = x*(f)), Pg (% = X*(f)))
> (1 - 5,5) .

Entropic Lower Bound
[Kaufmann, Cappé, G.'15],[G., Ménard, Stoltz '16]

For every d-correct procedure, if x*(f) # x*(g) then

S Er [Ny(7)] W > KI(1—6,0) .

XEX

21



Complexity bound: a first attempt

For every a such that f(a) < f*, let
f(x) ifx#a
g(x) = ,
f* if x=a
so that g € Alt(f). The entropic lower bound yields

(F(a) — F)?

202

Ef[Na(r)] > KI(5,1 — §) .

Similarly, for {b} = Xy(f), and any a # b,
((b) ~ ()’

Ef[Na(7)] 22 > k(6,1 —9) .
Hence, defining A2 = (f* a f(x))2 0 <f we obtain:
'  min, (F(x) = £(2))® if F(x) = £+ '

202 .
Eefr] = Y Ee[Ne(r)] > Y % KI(5,1—68)  suboptimal?
X X X 22



Combining the Entropic Lower Bounds

If x*(f) # x*(g), any d-correct algorithm satisfies

Let Alt(f) = {g : x*(g) # x*(f)}.

> EN(7)] KI(F(x),8(x)) > KI(,1— )

XEX

Ef[r] x inf E:EAN f(x),&(x))

gEAILL(f) Ef[7]

Y

K1(5,1 — 6)

Ef[T]X<sup inf Zw(x)kl(f(x),g(x))) > k(6,1 9)

WEY k gEAIL(f)

23



Combining the Entropic Lower Bounds

If x*(f) # x*(g), any d-correct algorithm satisfies

Let Alt(f) = {g: x*(g) # x*(f)}.

D EAN(MIK(f(x), g(x)) = KI(8,1-3)

xXeX

Ef[r] x inf Zwkl(f(x),g(x))

gEAIN(f) £ Ef[7]

Y

KI(5,1 — &)

Ef[r] x <Ws€u§ gemﬁ > w(x) kl(f(x),g(x))) > k(6,1 9)

xeX

23



Combining the Entropic Lower Bounds

If x*(f) # x*(g), any d-correct algorithm satisfies

|

Let Alt(f) = {g: x*(g) # x*(f)}.

Y

> BN ()] KI(F(x), £(x)) k(6,1 —0)

xXeX

Ef[r] x inf Zwkl(f(x),g(x))

gEAIN(f) £ Ef[7]

Y

KI(5,1 — &)

Ef[r] x <Ws€u§ gemﬁ > w(x) kl(f(x),g(x))) > k(6,1 9)

xeX

23



Combining the Entropic Lower Bounds

If x*(f) # x*(g), any d-correct algorithm satisfies

Let Alt(f) = {g: x*(g) # x*(f)}.

D EAN(MIK(f(x), 8(x)) = KI(8,1-3)

xXeX

Ef[r] x inf Zwkl(f(x),g(x))

gEAIN(f) £ Ef[7]

\Y
~
—
—~
i
—
|
(7]
~

Ef[r] x <Ws€u§ gemﬁ > w(x) kl(f(x),g(x))) > k(6,1 9)

xeX

23



Complexity of J-correct optimization

Hence, kl(6,1 — &) where
T*(f)_1 = max min inf W(X*(f)) (f(X)i/\f + w( )(f(y)i)\)2
 WETk y#x*(F) Fy)SAKF* 202 / 202
Prop:
202 _, ) 202
ZEL T (f),zzfg

obtained by choosing w(x) oc A2

24



Information Complexity of PAC Optimization

For any e-PAC family of converging strategies,

where Tk = {w € [0,1]* : 30 w(x) = 1}.

e Two armed-case: T*(f) = W

e Approximation:

K 20_2 2
ST ——— S <TIf)<2x Z S
oty (F* +e— f(v))? oy (F* +e— f(v))?

e Computation: Denoting f**¢ the bandit instance such that *“(y) = f(y) for all y # x and
FOf(x) = f(x) + e,

* 3 X, €\ _ x*(f),e
T = xerr.)]flen(f) To (F7%) = To (f ) ’

where x*(f) € X*(f) is an optimal arm = simple and efficient algorithm.

25



GLRT stopping rule

TS = inf{tGN Tga)){(geg{szN ( ()>>5(t 5)}

X, = f N d(fT ,)\-) - £(x).
R ZX y(7)d (s (v), Xy )) = argmax - (x)

For any sampling rule, the parallel GLRT test (75, X;11) using the
threshold function

B(t,6) =3KIn(1+Int) + KT ('“(;/6))

is 0-correct: for all f € R, Py (75 < 00, Xp41 ¢ X*(f)) <.

26



Tracking the Optimal Proportions

Sampling rule:

argmin N (t) if Uz #0 (forced exploration), or otherwise
x€ U
XtJFl € * fr(x) . . .
argmax t X we V7’ (x) — Ny(t) (tracking the plug-in estimate).
xXEX
An instance (f,¢) is if the set

2
f _
Wi (F) = argmaxmaxmin inf  w(x) S0 (fy) &))"
wey, XEXe yF#y (A<X,;y); 2

is of cardinality one. For a regular instance, W*(f) = {w*(f)}.

€

Let (f,¢€) be a regular instance of almost optimal best arm
identification. Then, under the e-Tracking sampling rule,

Ps (vx €X, lim N(t) _ ijf(x)> =1.
t— o0 t

27



Optimality of the Track-and-Stop Algorithm

For every 6 € (0,1], the e-TaS(d) algorithm is (e, d)-PAC. Moreover, for
every regular instance (f,€), if 75 denotes the stopping rule of e-TaS(0),

28



Two regular instances

i = [0.2 0.4 0.5 0.55 0.7] eg = 0.1
f [0.4 0.5 0.6 0.7 0.75 0.8] e 0.15,
and one non-regular instance
;=102 0.3 0.45 0.55 0.6 0.6] e3=0.1.
T*(f)In(1/6) e-TaS KL-LUCB UGapE KL-Racing
fi, e1 = 0.1 97 171 (104) | 322 (137) | 324 (143) | 372 (159)
f, € = 0.15 108 162 (83) | 345 (135) | 344 (141) | 402 (146)
f3, €3 = 0.1 531 501 (261) | 1236 (403) | 1199 (414) | 1348 (436)

Table 1: Estimated values of E,,[75] based on N = 1000 repetitions for

different instances and algorithms (standard deviation indicated in parenthesis).

29



Graph Structure and Smooth
Functions




Graph Smoothness

See [Spectral bandits for smooth graph functions, by M. Valko, R. Munos, B. Kveton, T. Kocdk]

Src: A Spectral Graph Regression Model for Learning Brain Connectivity of Alzheimer’s Disease ,by Hu, Cheng, Sepulcre and Li

Weighted graph structure with adjacency matrix W = (wy,)x,yecx, and

se()2 Y w, LT erpr ez <
x,yeX

for some (known) smoothness parameter R, where L is the graph
Laplacian: £, , = —w, , for x # y and L, « = Zy;éx Wy, y .

= The values of f at two points x, y € X" are close if w,, is large. 30



Complexity of Graph BAI

The set of considered signals is

Mp={f eRN: fLf <R}

For any d-correct strategy and any R—smooth function f,
Ef[Ts] > TA(F) KI(3, 1 - 9)

where

) . f(x) - g(x)’
G nf X( 1
=() weufkge'AR(f);(w 2 )

for the set

Ar(f) = {g € Mg : Ix € X\ {Xu(F)}, 8(x) > g(Xi(m)) }

Extended in [Kocdk & Garivier, IJCAI'21] to PAC graph BAI. il



Computing the Complexity

Let D C RX be a compact set. Then function f : Ax — R defined as
f(w) = infgep w'd Is a concave function and d*(w) = arg mingcp w'd

is a supergradient of f at w.

Let h: Ax — R be a function such that

- (f(x) — g(x))’
h(w) = mf(f) Z w(x) —

cAlt
& Y xex

Then function h is L-Lipschitz with respect to || - ||; for any

(f(x) — £(¥))?
tErec oz

32



Mirror Ascent Algorithm

One can compute the best response g and therefore, the supergradient
of concave function h(w) = > .  wxk(f(x),gn(x)) at w.

For (Ak,| - |ly), wa = (%,...,%)T, Q = /log K, for any

2
f(x)—F . . . .
L > maxy yex M mirror ascent with generalized negative

entropy as the mirror map

d(w) = Z w(x) log (w(x))) — w(x)

XEX
and n =1 2'°fK satisfies:
1 2log K
h(w*) — h (tZWS) <L Of’ .
s=1

33



SpectralTaS

1: Input and initialization:
L : graph Laplacian
0 : confidence parameter
R : upper bound on the smoothness of f
Play each x € X once and observe rewards F(x,w)
fi= empirical estimate of f
while Stopping Rule not satisfied do
Compute w*(f;) by mirror ascent

O o N o g B WD

Choose X; according to Tracking Sampling Rule
10:  Obtain reward F (X, wt)

11:  Update f, accordingly

12: end while

13:  Output arm R = argmax, f(x)

34



Empirical vs theoretical stopping time

240
<
| 230}
—
\“9: 220
E 210
3 —— Empirical T
Lﬁi 200+ — Theoretical T
190
0.02 0.04 0.06 0.08 0.10
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Optimizing a Continuous Function

Need a way to encode the regularity of the function.

Discretization: gaph = grid

Idea 1: Lipschitz = neighbors means differ by at most L

e Idea 2: Graph Laplacian regularity

= / ||Vf(X)H2 dx < C.
Rd

Question: what happens when the grid refines? Is there a limit?
e Limiting Complexity of €, -PAC optimization?
e Limiting density of optimal arm draws?
e How do known methods compare?

36



Example




Example
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Example (small ¢)

20 =

39
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