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Model

X1, . . . ,Xn
iid∼ B(p)

H− : p =
1

2
− ϵ H+ : p =

1

2
+ ϵ

Simple test on space X = {0, 1}n with sigma-field A = {A : A ⊂ X} of hypothesis

P− = B
(
1

2
− ϵ

)⊗n

versus P+ = B
(
1

2
+ ϵ

)⊗n

Xi (ω) = ωi , Pp = B(p)⊗n

Test statistic T = t(X1, . . . ,Xn) with range {0, 1}

δ-correct: P−(T = 0) ≥ 1− δ and P+(T = 1) ≥ 1− δ

Sample complexity: minimal value of n such that there exists a δ-correct test T
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Chernoff’s bound

Idea 0: T = 1
{
X̄n > 1

2

}
δ-correct if P−(T = 1) = P 1

2
−ϵ

(
X̄n ≥ 1

2

)
≤ δ and P+(T = 0) = P 1

2
+ϵ

(
X̄n < 1

2

)
≤ δ

Chernoff’s bound: if 0 < p ≤ x < 1, Pp

(
X̄n ≥ x

)
≤ exp

(
− n kl(x , p)

)
where

kl(p, x) = x log x
p + (1− x) ln 1−x

1−p

Pinsker Bernoulli: By Taylor’s formula, since f = kl(·, p) satisfies f (p) = f ′(p) = 0 and

f ′′(x) = [x(1− x)]−1 ≥ 4, kl(x , p) =
(x − p)2

2

∫ 1

0
f ′′((1− s)p + sx) 2s ds ≥ 2(x − p)2

Hoeffding’s inequality: if 0 < p ≤ x < 1, Pp

(
X̄n ≥ p + ϵ

)
≤ exp

(
− 2nϵ2

)
Upper bound on the sample complexity P−(T = 1) ≤ exp

(
− 2nϵ2

)
≤ δ for n ≥

log 1
δ

2ϵ2

Similarly, if 0 < x ≤ p < 1, Pp

(
X̄n ≤ x

)
≤ exp

(
− n kl(x , p)

)
...
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Large deviation principle

Let Ln = ln dPx+α

dPp
(X1, . . . ,Xn) =

∑n
i=1 ln

dB(x+α)
dB(p) (Xi ). For all α, β > 0,

Pp(X̄n ≥ x) = Ex+ϵ

[
1{X̄n ≥ x}e−Ln

]
≥ e−n

(
kl(x+α,p)+β

)
Ex+ϵ

[
1{X̄n ≥ x}1

{
Ln
n

≤ Ex+α

[
dB(x + ϵ)

dB(p)
(Xi )

]
+ β

}]
= e−n

(
kl(x+α,p)+β

)(
1− on(1)

)
by the law of large numbers. Hence, large deviation principle: as n → ∞,

1

n
lnPp

(
X̄n ≥ x

)
→ − kl(x , p)

”at exponential scale, Chernoff’s bound is tight”
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Measuring confusion between hypotheses

”the test cannot discriminate between P− and P+ if it sees the same observation”

Coupling: Q probability on X × X such that Q(·,X ) = P− and Q(X , ·) = P+.

Maximal coupling: Denoting ∆ = {(x , y) ∈ X × X : x ̸= y}, one can construct Q st

Q(∆) = TV(P−,P+)
def
= supA∈A P−(A)− P+(A) = P−(A

∗)− P+(A
∗) for

A∗ =
{

dP+

dP−
≤ 1
}

Let R =
dP+
dP−

∧ 1 and r = P−(Q) = 1 − TV(P−, P+). Let then Z ∼ R
q
dP0 and Z0 ∼ (1 − R)/(1 − r)dP−, Z1 ∼ (

dP+
dP−

− Q)/(1 − q)dP−,

and B ∼ B(q). The pair (Z , Z)U + (Z1, Z2)(1 − U) has the right distribution.

δ ≥ P+(T = 0) = Q(X , {T = 0}) ≥ Q({T = 0},X )− Q(∆) ≥ 1− δ − TV(P−,P+)

ie TV(P−,P+) ≥ 1− 2δ
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Kullback-Leibler divergence

Other divergences like Kullback-Leibler better handle tensorization:

KL(P,Q) =


∫
ln dP

dQ dP if P ≪ Q

+∞ otherwise

Tensorization: KL(P1 ⊗ P2,Q1 ⊗ Q2) = KL(P1,Q1) + KL(P2,Q2)

Contraction: (data-processing inequality) for every measurable map

f : (X ,A) → (Y,B), KL(P f ,Q f ) ≤ KL(P,Q) where ∀B ∈ B,P f (B) = P(f −1(B))

(pushforward measure)

Pinsker: KL(P,Q) ≥ 2TV(P,Q)2.
if TV(P,Q) = P(A∗) − Q(A∗), KL(P,Q) ≥ KL

(
P1A∗ ,Q1A∗

)
= kl

(
P(A∗),Q(A∗)

)
≥ 2

(
P(A∗),Q(A∗)

)2 = 2 TV(P,Q)2
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Application: lower bound for the deviations

For every α > 0, and for f (x1, . . . , xn) = 1{x1 + · · ·+ xn ≥ nx},

n kl(x + α, p) = KL(Px+ϵ,Pp) ≥ KL
(
Pf
x+ϵ,Pf

p)
)

= kl
(
Px+ϵ(X̄n ≥ x),Pp(X̄n ≥ x)

)
≥ Px+ϵ(X̄n ≥ x) log

1

Pp(X̄n ≥ x)
− ln(2)

since kl(p, q) = p log 1
q − h(p) + (1− p) log 1

1−q ≥ p log 1
q − ln(2),

Pp(X̄n ≥ x) ≥ exp

(
−n kl(x + α)− ln(2)

1− e−2nα2

)
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Bounding the TV by KL

Pinsker’s inequality yields:

1− 2δ ≤ TV(P−,P+) ≤
√

KL(P−,P+)

2
=

√
n kl

(
1
2 − ϵ, 12 − ϵ

)
2

and hence n ≥ 2

k
(1− 2δ)2 where k = kl

(
1
2 − ϵ, 12 − ϵ

)
= 2ϵ ln 1+2ϵ

1−2ϵ ≤
8ϵ2

1−2ϵ

In order to catch the good dependency in δ, need a tighter inequality for large KL like

Bretagnolle-Huber’s inequality TV(P−,P+) ≤
√

1− e−KL(P−,P+) ≤ 1− 1

2
e−KL(P−,P+)

which yields

n ≥
log 1

4δ

k
≥

(1− 2ϵ) log 1
4δ

8ϵ2

Good dependency in ϵ and δ (but a factor 4 too large)
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Purely informational analysis

By contraction,

n kl

(
1

2
− ϵ,

1

2
+ ϵ

)
= KL(P−,P+) ≥ KL

(
PT
− ,PT

+

)
= kl

(
P−(T = 0),P+(T = 0)

)
≥ kl(1− δ, δ) ≥ ln

1

2.4δ

and hence

n ≥
ln 1

2.4δ

k
≥

(1− 2ϵ) ln 1
2.4δ

8ϵ2

Same bound by direct KL (information) manipulations.

Can we get rid of the factor 4?
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A somewhat improved bound

n kl

(
1

2
,
1

2
+ ϵ

)
≥ P1/2(T = 0) ln

1

P+(T = 0)
− ln(2) ≥ P1/2(T = 0) ln

1

δ
− ln(2) ,

n kl

(
1

2
,
1

2
− ϵ

)
≥ P1/2(T = 1) ln

1

P−(T = 1)
− ln(2) ≥ P1/2(T = 1) ln

1

δ
− ln(2)

and hence, with κ = kl
(
1
2 ,

1
2 + ϵ

)
= kl

(
1
2 ,

1
2 − ϵ

)
= 1

2 ln
1

1−4ϵ2
≤ 2ϵ2

1−4ϵ2
,

2nκ ≥ ln 1
δ − 2 ln(2) = ln 1

4δ that is n ≥
ln 1

4δ

2κ
≥

(1− 4ϵ2) log 1
4δ

4ϵ2
still sub-optimal.
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An asymptotically asymptotic lower bound

With Ln = ln dP+

dP 1
2

(X1, . . . ,Xn) =
∑n

i=1 ln
dB( 1

2
+ϵ)

dB( 1
2
)
(Xi ). For all β > 0,

δ ≥ P+(T = 0) = E 1
2

[
1{T = 0} e−Ln)

]
≥ e−n

(
kl( 1

2
, 1
2
+ϵ)+α

)
E 1

2

[
1{T = 0}1

{
Ln
n

≤ kl

(
1

2
,
1

2
+ ϵ

)}]
= e−n(κ+α) P 1

2
(T = 0)

(
1− on(1)

)
and similarly δ ≥ e−n(κ+α) P 1

2
(T = 1)

(
1− on(1)

)
.

Hence 2δ ≥ e−n(κ+α)
(
1− on(1)

)
, so that n(δ) can give a δ-correct test only if

lim inf
δ→0

n(δ)

log 2
δ

≥ 1

κ
≥ 1− 4ϵ2

2ϵ2
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Sequential testing

Possibility to interrupt the experiment at stopping time τ ≤ n wrt the filtration

Ft =
(
σ(X1, . . . ,Xt)

)
t≤n

if sufficient evidence has been gathered. The test T then has

to be Fτ -measurable.

Since the increments ln
dB( 1

2
−ϵ)

dB( 1
2
+ϵ)

(Xs)− kl
(
1
2 − ϵ, 12 + ϵ

)
are iid,

Mt =
t∑

s=1

(
ln

dB
(
1
2 − ϵ

)
dB
(
1
2 + ϵ

)(Xs)− kl

(
1

2
− ϵ,

1

2
+ ϵ

))
1{s ≥ τ} is a P−-martingale.

The restrictions Pτ
− (resp. Pτ

+ ) of P− (resp. P+) to (X ,Fτ ) satisfy

KL(Pτ
0 ,P

τ
1 ) = E−

[
Mτ ] = E−[τ ] kl(p, q). By concentration,

E−[τ ] kl

(
1

2
− ϵ,

1

2
+ ϵ

)
= KL(Pτ

−,P
τ
+) ≥ KL

(
(Pτ

−)
T , (Pτ

+)
T
)

= kl
(
Pτ
−(T = 0),Pτ

+(T = 0)
)
≥ kl(1− δ, δ) ≥ ln

1

2.4δ
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This time, the bound is tight!

τ0 = inf

t ≥ 1 : X̄t ≥
1

2
− ϵ+

√
ln t2

2δ

2t


τ1 = inf

t ≥ 1 : X̄t ≤
1

2
+ ϵ−

√
ln t2

2δ

2t


τ = min

{
τ1, τ2

}
T = 1{τ = τ1}

Prop: P−(τ0 < ∞) ≤ δ and P+(τ1 < ∞) ≤ δ, hence T is δ-correct

17 / 21



Never (much) worse than sequential testing

Prop: τ ≤ t̄
def
=

ln 1
2δ

2ϵ2
+

2 ln
ln 2

δ

ϵ2

ϵ2
almost surely

Proof: let ut =
1
2 − ϵ+

√
ln t2

2δ
2t and ℓt =

1
2 + ϵ−

√
ln t2

2δ
2t . For t ≥ t̄, ut ≤ ℓt and hence

either τ0 ≤ t̄ or τ1 ≤ t̄. Indeed,

ut ≤ ℓt ⇐⇒ 2ϵ ≥ 2

√
ln t2

2δ

2t
⇐⇒ t ≥ 1

2ϵ2
ln

1

2δ
+

1

ϵ2
ln t

and we conclude since for all γ ≥ α ≥ 1/2 , t ≥ γ + 2α ln(2γ) =⇒ t ≥ γ + α ln t

Indeed, if f (t) = t − γ−α ln(t), then f ′(t) = 1−α/t ≥ 0 iff t ≥ α. Hence, for all t ≥ t0
def
= γ+2α ln(2γ) ≥ α,

f (t) ≥ f (t0) = γ + 2α ln(2γ)− γ − α ln
(
γ + 2α ln(2γ)

)
= α ln(4γ)− α ln

(
1 +

2α

γ
ln(2γ)

)
which has the

same sign as 4γ − 1− 2α
γ

ln(2γ) ≥ 4γ − 1− 4αγ
e γ

≥ 4α− 1− 2α ≥ 0
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On average 4 times better!

Prop: lim sup
δ→0

E+[τ ]

ln 1
δ

≤ 1

8ϵ2
when δ ≤ 4%

Proof: if t⋆ =
ln 1

2δ

8ϵ2
+

ln
ln 2

δ

4ϵ2

2ϵ2
then as above t ≥ t⋆ =⇒ ut ≤

(
1
2 + ϵ

)
t

If α > 0, t ≥ (1 + α)t⋆ =⇒ ut ≤
(
1
2 + ϵ− g(α)

)
t for some g(α) > 0, and hence

P+ (τ0 > t) ≤ P+

(
X̄t ≤

(
1

2
+ ϵ− g(α)

))
≤ e−2tg(α)2

and hence E+[τ ] ≤ (1 + α)t⋆ +
∞∑

t=(1+α)t⋆

e−2tg(α)2 ≤ (1 + α)t⋆ +
1

1− e−2g(α)2
which

entails that lim inf
δ→0

E+[τ ]

ln 1
δ

≤ 1 + α

8ϵ2
for all α > 0.

With some more work, one can obtain an explicit non-asymptotic bound on E+[τ ]
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Of course, this is a lot more general!

▶ similar analysis for ”p ≤ 1
2 − ϵ” vs ”p ≥ 1

2 + ϵ” (where the sequential approach is

even more relevant)

▶ generalize to other Bernoulli parameters

▶ generalize to other (one-parameter exponential) families of distributions

▶ non-parametric approach via the Empirical Likelihood method

▶ generalize to ”p ≥ 1
2 + ϵ” vs ”p ≤ 1

2 + ϵ” (more interesting)

▶ Best-arm identification in bandit models: generalize to active sequential sampling
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