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Depth separation

Is there a function F : S9! x S9~1 — R such that
e There exist a poly(d)-sized depth-3 network Nj s.t.
N3 — Flli2(se-1xs0-1) S €
e For every poly(d)-sized depth-2 neural network N,

HN2 = F”Lz(gd—lxgd—l) > €

1/21



Depth separation

Is there a function F : S9! x S9~1 — R such that
e There exist a poly(d)-sized depth-3 network Nj s.t.
N3 — Flli2(se-1xs0-1) S €
e For every poly(d)-sized depth-2 neural network N,
N2 = Fll12(s0-1x50-2) > €

We restrict our search to the case of inner product functions i.e.

F(x, x') = f({x, x'))

where f : [-1, 1] = R.

[Martens et al. 2013] [Eldam and Shamir 2016] - similar results
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Depth-2 o-network

Function N : S9! x S9~1 — R is implementing a depth-2 o-network of
width r and weights bounded by B if

N(x,x") = wy o(Wix + W{x' + bl) + by

Wi, Wi € [-B, B]"*, w2, by € [-B, B]", b: € [-B, B].
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Depth-3 o-network

Function N : S9! x S9! — R is implementing a depth-3 o-network of
width r and weights bounded by B if

N(x,x") = w3 o(Wao(Wix + Wix" + bl) + b)) + b3

Wi, Wi € [-B, B]"*, W» € [-B, B]™*", b1, b, € [-B, B]", bs € [-B, B].
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Lipschitz function approximation

Every Lipschitz function can be e-approximated by a poly-sized depth-2 NN:

e 0(x) = max{0, x} is the ReLU activation function
e f : [-R, R] = R is an L-Lipschitz function
e There is a function (implemented by a depth-2 neural network)
No(x) = F(0) + Y vio(aix + )
i=1
o [[f = Mofl, <e e aje{-1,1}
e Ny is L-Lipschitz on all R o |Bi|<R
e Width bounded as m < ggg o [yl <2L

[Cybenko 1989] [Hornik et al. 1989] [Funahashi 1989] - N> is a universal approximator
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Na(x) = £(0) + Y yio(aix + 5)
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Lipschitz function approximation - proof

For every x, x1, xo € < , (i+L1)E>

€
[f(x1) — f()| < Lixi — x| < LZ =

Therefore we have

IN2(F) — F(x)| < e }/v ]
H(x) — f(x)| <
INp(EHRE) _ ()| < e INafo) = c

And mS%RL
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Inner product approximation
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Inner product function approximation
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Fx,x) = f((x,x))
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Inner product function approximation

Inner product approximated by V;

e Approximation precision: 57

e Width of approximation N;: 16?2L

L-Lipschitz function f approximated by N;

e Approximation precision: 5

e Width of approximation Ng: 4L

€
Inner product function approximated by Ng = N¢ o N;.
e Width of approximation Ng: %ﬂ
e Approximation precision:

[NE(x, x) = F(x, X')| = [Ne(Ni(x, X)) = £({x, X))

x')
< [Ng(Ni(x, x")) = Ne(({x, X/>)| + [ Ne({x, x')) — F({x, x'))|
< LINj(x, X') = (¢, X)] + = Lﬂ + % B
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Highly oscillating inner product function:

F(x, X') = f((x, X)) = sin(md*(x, X))

sin(x) is 1-Lipschitz == sin(7d3x) is (7d®)-Lipschitz

We can e-approximate F by a depth-3 neural network of width at most

16dL  16md®
& N g
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Depth-2 neural network

Slightly more technical part



Legendre polynomials

Po(x) =1, Pi(x) = x

_2n—|—d—4 n—1

Fol) = 35— P~ g =3 Prel)

Sequence {/Ny.,P,}n>0 is orthonormal basis of L%(j14) where

N d+n—-1 d+n—-3
md = d-1 d—1

and /14 is defined by pushing forward the uniform measure on S9! using
function x — x1

r(s)

m(l —x?)7= dx

dpug(x) =
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Legendre polynomials
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Fig. 2.2 Legendre polynomials for dimension 3
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Inner product functions

Denote
hn(%,x") = \/Ng,nPn((x,x"))
Then

{hn}n>0 is a basis of the space of inner product functions

Let F(x,x’) = f({x,x’)) be any inner product function. Then

F(x,x') = Zaihi(xa x')
i=0
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Separable functions

Function g(x, x’) is (v, v')-separable function if

g(X, X/) = ¢(<V7 X>’ <V/> X/>)

Denote

LX(X") = hn(x,X") = \/Na,nPn({x,X"))

{L‘,-’(x)L)-’/(x’)},-,jzo — basis of (v, v')—separable functions

Any (v, v')-separable function g(x, x’) can be written as
gx, x) =) BijLi(x)L} (')
i,j=0
Note: neuron o({v, x) + (v/, x’) + b) is a separable function
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Main result

Theorem

Let F: $971 x 891 — R be an inner product function and let
g1, &, ..., & be separable functions. Then we have

- 2300 llgl
F=> g ——=
-3

’

2
= [PaFl (IIPnFII -

where P, is a projection operator such that

Pn <§: Oz,'h,'> = ia;h;
i=0 i=n

Note: whenever F has heavy Legendre tail, N, needs to be wide
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Main result - proof
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We are looking for a function that can not be well approximated by a low
degree polynomial. For example:

sin(mv/dmx)

Lemma

Let sy.m(x) = sin(mv/dmx). Then for any d > dy and for any degree k
polynomial p we have

1 m— k
/ (sam(x) — PO)2p(x) >

—1 = demm
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Proof of the Lemma
For large enough d and |x| < % we have

2 d—3 d—3
1-x2>e > >ei = (1-x*)7=

and therefore,

=il

/1 f(X)d,U,d(X)Z\/H/d; . 1 !
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/_11 () dials) = ﬁ /_11 f (\/ta) dt
Setting f(x) = (sin(mvdmx) — p(x))? we obtain

/_11 (Sin(mﬂmx) - p(X)>2 du(x) 2 ﬁ /_11 <5in(7rmx) P (\de>)2 o




Example - conclusion

Setting
o f(x) = sin(rd3x)
e n=2d?

o B=2d
and using our main theorem, we get

e P,F>

— 5e7r

e To get 5062772 —approximatopn of F, the width of NN should be

v Na,q2 _ 59(d log(d))

20em229(1 + V/4d) + 29+1
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Open questions

e Separation result for other classes of functions
e Depth-3 and depth-4 separation
e General depth-i and depth-(/ + 1) separation

Thank you for attention!

Questions?
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