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A tiny bit of history

1992 Blass game for linear logic

1993 Fully abstract model for PCF (AJM, HO)

1997 - . . . Abramsky cube and other features

2003 - . . . Game semantics for verification
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What semantics?

A programm

How does it computes?
→ Operational semantics

What does it computes?
→ Denotational semantics
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Basic properties

• Model: J_K : programs/types → model

f : bool → bool =⇒ Jf K ∈ J bool → bool K

• Correction: (base types)

P : bool ,P  b ⇔ JPK = JbK

• Definability:

ϕ ∈ J bool → bool K =⇒ ∃f : bool → bool , ϕ = Jf K

Obtained by putting constraints on the model.
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More properties

• Observational equivalence (any types)

P u Q := ∀C [_] : bool ,C [P] b ⇔ C [Q] b

• Adequacy
JPK = JQK =⇒ P u Q

• Completeness

P u Q =⇒ JPK = JQK

• Decidability “=” is decidable in the model.
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Adequacy?

A context

Two programs
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Game semantics

From value to traces

JτK : 2-player games (O,P)
Play: alternating sequences of move, O starts

From function to strategies

JP : τK : strategy over JτK
alternating sequences that respects the game + other
restrictions.
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The language (a fragment of IA) (1)

• basic types: σ := bool, int, var[bool/int], comm

• constants:
• n:int, true:bool, false:bool
• skip:comm, coucou: comm
• – := – : var[int] → int → comm !– : var[int] → int
• if – then – else – : bool → σ → σ → σ

• – ; – : comm → comm
• while – do – : bool → comm → comm
• arithmetic/logic operators (+,×, >, <, ...)

• constructors:
• fun x 7→ M[x]
• new x : var in M[x]
• M N

8/17



The language (a fragment of IA) (2)

An non trivial language ...

- new x in x := 3 ; while (x > 0) do (coucou ; x := !x - 1)

- while true do skip

... with some restriction : function types are restricted to first order

θ := σ | σ → θ
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Roadmap

The Abramsky-Mc Custer game semantics
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General game model

• JTypesK ∼ 2 Player Games
- a set of moves Σ = Q+A
+ some structure/rules to describe valid plays of the game

−→ Plays in JθK are strings over the alphabet Σθ:

• bool : Q bool = q, A bool = {true, false}
• int : Qint = q, Aint = {−n, . . . , 0, . . . , n} = N
• comm : Qcomm = {run}, Acomm = {done}
• var[int] : Qvar = {read,write(n)}, Avar = {n, done} (n ∈ N )
• function : Σσ→θ = Σσ + Σθ

• JProgramsK ∼ Strategies for Player (subsets of plays)

−→ JΓ ` M : θK is a regular expression over ΣΓ + Σθ
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A regular language model (2)

Interpretation of some constant :

• Jskip : commK = run · done

• Jtrue : boolK = q · true
Jfalse : boolK = q · false

• Jwhile – do – : bool → comm→ commK =

run0 · (q · true · run1 · done1)∗ · q · false · done0

...
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A regular language model (3)

Interpretation for the application : JMNK = ?

REPRENDRE cette slide avec un exemple concret de composition
de langage (puis [M] ◦ [N]∗)

M : θ1 → θ0, N : θ1, MN : θ0

Σθ1
π1←− Σθ1 + Σθ0

π0−→ Σθ0

πi (a
i · w) = ai · πi (w) πi (a

1−i · w) = πi (w)

JMNK = π0((π−1
1 (JNK))∗ ∩ JMK)

(still a regular expression)
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Examples (1)

Jwhile true do MK
= J(while – do —) true MK
= πcomm0((π−1

comm1
(JMK))∗ ∩ J(while – do —) trueK)

= πcomm0((π−1
comm1

(JMK))∗ ∩ ∅)
= πcomm0(∅)
= ∅ = JΩK

with

J(while – do —) trueK
= πcomm1→comm0((run0 · (q · true · run1 · done1)∗ · q · false · done0)

∩(π−1
bool (q · true))∗)

= πcomm1→comm0(∅)
= ∅
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Examples (2)

Jwhile false do MK
= J(while – do —) false MK
= πcomm0((π−1

comm1
(JMK))∗ ∩ J(while – do —) falseK)

= πcomm0((π−1
comm1

(JMK))∗ ∩ run0 · done0))

= πcomm0(run0 · done0)

= run · done
= JskipK

with

J(while – do —) falseK
= πcomm1→comm0((run0 · (q · true · run1 · done1)∗ · q · false · done0)

∩(π−1
bool (q · false))∗)

= πcomm1→comm0(run0 · q · false · done0)

= run0 · done0
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It’s time to conclude

An effectively computable model which is sound and adequate (in
fact it is even more fully abstract ...)

→ decidability of program equivalence

→ a semantic suitable for program verification?
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It’s time to have some snacks!

Thanks for your attention :)
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