
ON THE INOUE–BOMBIERI CONSTRUCTION
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Abstract. We study compact quotients of a Riemannian product Rq × (N, gN ),
where (N, gN ) is a complete Riemannian manifold, by discrete subgroups Γ of
Sim(Rq) × Isom(N). When N is a symmetric space of non-compact type, this
construction generalizes the well-known Inoue–Bombieri surfaces. We show that
this setting is actually equivalent to that of the so-called LCP manifolds, and we
establish a Bieberbach-type rigidity result in the case where N is symmetric. In
addition, we provide a classification of the manifolds N and the groups Γ when
N is a Hadamard manifold with strictly negative curvature.
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1. Introduction

1.1. GIB manifolds. Inoue surfaces were constructed in 1975 by Masahisa Inoue [13] in
his work on the classification of complex surfaces of Kodaira class VII, and independently
by Enrico Bombieri. They are defined as quotients of the complex manifold C×H2 by
discrete groups of automorphisms. One distinguishes three types of such surfaces: S−,
S0, and S+. In this work, we focus on surfaces of type S0. These manifolds are compact
quotients of C×H2 by discrete subgroups of Sim(R2)× Isom(H2) - identifying C with
R2 -, where Sim(M) denotes the group of similarities of the Riemannian manifold M
(see equation (2) below). They can be viewed as suspensions of a 3-torus over the
circle. We review their explicit construction in Example 3.2 below.

In this paper, we study a class of quotient manifolds that naturally generalizes the
construction of S0-Inoue–Bombieri surfaces. We call these spaces generalized Inoue–
Bombieri (GIB) manifolds, and we define them as follows:

Definition 1.1. A manifold M is said to admit a generalized Inoue–Bombieri structure
(in short, it is a GIB manifold) if it is a compact connected quotient of a product
Rq×(N, gN ) by a subgroup Γ of Sim(Rq)×Isom(N, gN ), where (N, gN ) is a Riemannian
manifold, and Γ is not contained in Isom(Rq)× Isom(N, gN ).
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Since a GIB manifold M is a quotient of a product Rq × N by a discrete group Γ
preserving the factors, the foliation induced by the submersion Rq ×N → N descends
to a canonical foliation F on M . This foliation carries a natural transverse Riemannian
structure (see [20]), as Γ acts by isometries on N . We will show the following structural
theorem:

Theorem 1.2. Let M be a GIB manifold and let F be its canonical foliation. Then,
the closures of the leaves of F are finitely covered by flat tori. Up to replacing N by its
orthonormal frame bundle, we still get a GIB manifold and the closures of the leaves
determine a fibration by tori over a compact manifold.

1.2. LCP manifolds. It turns out that GIB manifolds are very similar to a recently
studied class of manifolds, namely the locally conformally product (LCP) manifolds.
These were introduced in [7] and defined as follows:

Definition 1.3 (LCP manifolds). Let M be a compact quotient of a Riemannian

product M̃ := Rq × (N, gN ), where q ≥ 1 and (N, gN ) is simply connected, irreducible

and non-complete, by a discrete subgroup Γ of Sim(M̃) ∩ (Sim(Rq) × Sim(N)) not

contained in Isom(M̃), acting freely and properly. The manifold M := Γ\M̃ is called
an LCP manifold.

LCP manifolds arose from the study of torsion-free connections on compact confor-
mal manifolds. In the situation where the connection preserves the conformal structure,
it is called a Weyl connection. The Weyl connections that are locally but not glob-
ally the Levi-Civita connections of a metric in the conformal class are called closed,
non-exact. It was believed in the early days of the theory that closed, non-exact Weyl
connections on compact conformal manifolds were either flat or irreducible [4]. How-
ever, this conjecture was disproved by Matveev and Nikolayevsky [18, 19]. The picture
was later completed by Kourganoff [16], who showed that a third and last possibility
could occur:

Theorem (Kourganoff). Let M be a compact conformal manifold endowed with a
closed, non-exact Weyl connection ∇. If ∇ is neither flat nor irreducible, then M
admits an LCP structure, and, using the notations of Definition 1.3, the lift of ∇ to M̃
is the Levi-Civita connection of M̃ .

A new synthetic proof of this result was recently given by the authors of the present
paper in [8], where the study of transversal similarity structures, playing a significant
role in the analysis, was further developed.

It can be shown that S0-Inoue–Bombieri surfaces admit an LCP structure. In light of
this, one may ask more generally whether every GIB manifold admits an LCP structure.
In this paper, we prove that these two classes actually coincide. More precisely we have:

Theorem 1.4 (GIB-LCP equivalence). Let M = Γ\(Rq×N) be a GIB manifold. Then,
there exists a function f : N → R such that Γ acts by similarities, not all isometries,
on Rq × (N, e2fgN ). In particular, M is an LCP manifold.

Conversely, if M = Γ\(Rq ×N) is an LCP manifold. Then, there exists a function
f : N → R such that Γ ⊂ Sim(Rq) × Isom(N, e2fgN ). In particular, M is a GIB
manifold.

1.3. OT manifolds. Inoue–Bombieri surfaces of type S0 fall into the broader family
of OT manifolds, constructed by Oeljeklaus and Toma in [23]. These are defined as
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compact quotients of Ct × (H2)s - for some positive integers s and t - by a discrete
subgroup of Aut(C)t ×Aut(H2)s.

Since it was proved in [7] that OT manifolds always admit an LCP structure, they
also carry a GIB structure by Theorem 1.4. However, we should emphasize that this
GIB structure is not unique in many cases.

Moreover, OT manifolds provide an illustrative example of a more general - and
arguably more natural - framework obtained by modifying Definition 1.1 so that Γ is a
subgroup of G := Aff(Rq)×Isom(N), where Aff(Rq) denotes the full affine group of Rq.
The group G may be viewed as the automorphism group of the Levi-Civita connection
on Rq × N , provided N has no local flat factor in its de Rham decomposition. We
believe that this setting would offers a natural direction in which to extend the results
of this paper.

1.4. Bieberbach rigidity in the symmetric case. With our new understanding of GIB
manifolds, we would like to investigate how to construct explicit examples. In particular,
how can we find admissible discrete groups Γ in Definition 1.1? We will address this
question in the specific case where (N, gN ) is a symmetric space. In this setting, the
product Rq × (N, gN ) can be viewed as a homogeneous Riemannian manifold G/H,
and the quotient is obtained via the left action of a discrete group Γ ⊂ G on G/H.
Note that the structure of Γ depends strongly on the group G, that is, on how the
manifold is realized as a homogeneous space. This problem of finding a suitable Γ has
already been considered in other particular cases, for example in [14], where the authors
studied the situation in which G is reductive.

One way to construct a discrete cocompact group acting on Rq ×N is to look for
a connected subgroup of Sim(Rq) × Isom(N) acting properly and transitively on the
product Rq×N and to take a lattice in this group. This leads to the following question:
are all admissible groups Γ lattices in a connected Lie subgroup of Sim(Rq)× Isom(N)
acting properly? This property, which can be formulated on any homogeneous manifold,
is known as Bieberbach rigidity [9]. We provide a more detailed discussion of this notion
in Section 3. In our setting, we will prove:

Theorem 1.5 (Bieberbach Rigidity). Let (N, gN ) be a simply connected symmetric
space and let q > 0 be an integer. Let Γ be a discrete subgroup of Sim(Rq) ×
Isom(N, gN ) acting properly, freely and cocompactly on Rq×N . Then, up to taking a fi-
nite index subgroup of Γ, there exists a connected subgroup L of Sim(Rq)×Isom(N, gN )
acting properly and transitively on Rq ×N such that Γ is a lattice in L.

We believe that Theorem 1.5 should hold for a general homogeneous Riemannian
space N , but proving this appears to require a completely different technique. In
addition, we remark, continuing the discussion of OT manifolds, that the Bieberbach-
type rigidity established in Theorem 1.5 is analogous to the fact that OT manifolds are
solvmanifolds [15, Section 6].

1.5. Classification results. The main objective would be to achieve complete classi-
fication of GIB manifolds; that is to determine which manifolds N and groups Γ may
arise in Definition 1.1. The Bieberbach rigidity established earlier provides a first sub-
stantial step toward this goal. The next step is to classify the possible factors N . In
the last part of the paper, we undertake this classification in the case where N is a
Hadamard manifold of strictly negative curvature.

A first illustrative example is given by the hyperbolic space Hn, for which we will
describe the projection of Γ onto Isom(Hn). We then move on to the general case of



4 B. FLAMENCOURT AND A. ZEGHIB

Hadamard manifolds with strictly negative curvature, using the same approach as in
the case of the hyperbolic space. In this framework, we show:

Theorem 1.6 (Classification in the case of negative curvature). Let (Nn, gN ) be a
complete Riemannian manifold of strictly negative curvature and let q > 0 be an
integer. Assume that Γ\(Rq ×N) is a GIB manifold. Then, one has an isometry

(1) (N, gN ) ≃ (R× Rn−1, dt2 + ⟨St·, St·⟩)

where St ∈ GL(Rn−1) for all t ∈ R. Denoting by P̄ the closure of the projection of
Γ onto Isom(N) and by P̄ 0 its identity connected component, P̄ 0 is exactly the set of
translations of the factor Rn−1 in the identification (1).

If moreover N is a homogeneous space, then either it is the hyperbolic space Hn or
Isom(N) fixes a unique point at infinity and there exists an endomorphism A of Rn−1

such that St = etA in (1).

1.6. Organization of the paper. The present paper is divided into three parts. In
Section 2 we establish equivalence between GIB and LCP manifolds by proving Theo-
rem 1.4 and Theorem 1.2. In Section 3 we investigate Bieberbach rigidity and we prove
Theorem 1.5. We finally turn to the case where N has negative curvature in Section 4,
where we prove Theorem 1.6.

2. Compact quotients of product manifolds by similarities

We recall that a similarity, or homothety, between two Riemannian manifolds (M1, g1)
and (M2, g2) is a diffeomorphism ϕ : M1 → M2 such that

(2) ϕ∗g2 = λ2g1

for some positive real number λ, called the ratio of the similarity. The set of similarities
from a Riemannian manifold (M, g) to itself is denoted by Sim(M, g). The set of
isometries of (M, g), i.e. the similarities with ratio 1, is denoted by Isom(M, g). When
no confusion is possible, we will omit the metric g in these notations.

The identity connected component of a Lie group G is denoted by G0.
We consider the Riemannian product M̃ := Rq × (N, gN ) where q ≥ 1, (N, gN ) is

a simply connected, complete Riemannian manifold. Let Γ be a discrete subgroup of
Sim(Rq) × Isom(N, gN ) acting freely, properly and cocompactly on M̃ . In particular,

M := Γ\M̃ is a GIB manifold in the sense of Definition 1.1. We denote by P the
projection of Γ onto Isom(N), and by P̄ and P̄ 0 respectively the closure of P in
Isom(N, gN ) with respect to the compact-open topology and its identity connected
component.

We assume that the projection of Γ onto Sim(Rq) contains at least on strict similarity,
i.e. a similarity with ratio different from 1. Under this assumption, it is known that
P is isomorphic to π1(M); more precisely, the projection π1(M) → P is injective, by
the proof of [7, Lemma 2.10], which follows that of [16, Lemma 4.17]. We denote this
isomorphism by φ : P → π1(M). Let ρ0 : Sim(Rq) → R∗

+ be the group homomorphism
assigning to a similarity its ratio, and set ρ := ρ0 ◦ φ.

Our goal is to prove the following:

Proposition 2.1. There exists a smooth positive function f : N → R which is P -
equivariant, i.e. for any p ∈ P one has p∗f = ρ(p)f .

We begin with a technical lemma:
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Lemma 2.2. There exists δ > 0 such that for any p ∈ P with ρ(p) ̸= 1 and for any
x ∈ N , one has dN (p(x), x) ≥ δ, where dN stands for the Riemannian distance on N .

Proof. The group Γ preserves the product decomposition M̃ ≃ Rq × N . Thus, the
two canonical transverse foliations given by the product structure induce transverse
foliations F and G on M . In addition, the group Γ projects to isometries on the second
factor N . Thus, the Riemannian exponential of N descends to a map Ξ : TG → M ,
and the Riemannian metric gN descends to a Riemannian bundle metric on TG → M .
By compactness, there exists δ > 0 such that for any y ∈ M , the map Ξ is injective
on the open ball of radius δ of TyG (it suffices to find a finite covering of M by open
subsets which are the projection of subsets of the form B× V with B a ball of Rq and
V a small ball of N).

Now, let p ∈ P with ρ(p) ̸= 1. The associated map φ(p) can be written as (ϕ, p) ∈
Sim(Rq)×Isom(N) and ϕ has a unique fixed point a ∈ Rq. Let x ∈ N and let BN (x, δ)
be the image of the open ball of radius δ in TxN by the Riemannian exponential map
of N . We have (ϕ, p)(a, x) = (a, p(x)). But the previous discussion implies that the

restriction of the projection M̃ → M to {a} × BN (x, δ) is injective. Consequently,
(a, p(x)) /∈ {a} ×BN (x, δ) i.e. p(x) /∈ BN (x, δ) and dN (x, p(x)) ≥ δ. □

From the previous technical lemma, we would like to deduce that the group homo-
morphism ρ extends continuously to a group homomorphism P̄ → R∗

+. To achieve
this, it suffices to establish the following result:

Lemma 2.3. For any p ∈ P̄ 0 ∩ P , one has ρ(p) = 1.

Proof. By Lemma 2.2, there exists an open neighbourhood U of id in Isom(N) such
that ρ(U ∩ P ) = {1}. By replacing U with U ∩ U−1 if necessary, we can assume that
U is symmetric, i.e. U = U−1. It follows that for any p ∈ P , ρ((p ·U)∩P ) = {ρ(p)}.

We define E as the set of all p0 ∈ P̄ 0 such that there is a neighbourhood V of p0 in
P̄ 0 satisfying ρ(V ∩P ) = {1}. The set E is open by definition and non-empty because
id ∈ E. We claim that E is also closed. Indeed, if p0 ∈ P̄ 0 is not in E, then there
exists p ∈ p0 · U such that ρ(p) ̸= 1, and p0 ∈ p · U because U is symmetric. But
ρ((p ·U)∩ P̄ 0) = {ρ(p)}, which means that for any p′0 ∈ p ·U and any neighbourhood
V of p′0, P ∩V ∩ (p ·U) ̸= ∅ because P is dense in P̄ 0, and for any p′ ∈ P ∩V ∩ (p ·U),
ρ(p′) = ρ(p) ̸= 1, so p′0 is not in E.

Since the set E is non-empty, open and closed in the connected set P̄ 0, we conclude
that E = P̄ 0. The lemma follows. □

Corollary 2.4. The group homomorphism ρ : P → R∗
+ extends uniquely to a continu-

ous group homomorphism ρ̃ : P̄ → R∗
+.

Proof. This is a direct consequence of Lemma 2.3. □

We can now prove Proposition 2.1:

Proof of Proposition 2.1. By assumption, the group P acts cocompactly on N . Let K
be a compact subset of N such that P̄ ·K = N and let f0 be a non-negative function
with compact support such that f0|K = 1. Let µ be the Haar-measure of P̄ and we
define for any x ∈ N :

(3) f(x) :=

∫
P̄

ρ̃(p)−1(p∗f0)(x)dµ(p).
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The function f is well-defined because P̄ acts properly on N and it is positive because
for any x ∈ N there exists p ∈ P̄ such that p(x) ∈ K, so (p∗f0)(x) = 1. Moreover,
the function is smooth by construction. It remains to prove that it is equivariant. One
has for any p′ ∈ P :

(p′∗f)(x) = p′∗
∫
P̄

ρ̃(p)−1(p∗f0)(x)dµ(p) =

∫
P̄

ρ̃(p)−1(p′∗p∗f0)(x)dµ(p)

=

∫
P̄

ρ̃(pp′)−1ρ̃(p′)((pp′)∗f0)(x)dµ(p)

= ρ̃(p′)

∫
P̄

ρ̃(p)−1ρ̃(p′)(p∗f0)(x)dµ(p)

= ρ(p′)f(x). □

Corollary 2.5. There exists a metric g′N on N such that Γ ⊂ Sim(M̃) ∩ (Sim(Rq) ×
Sim(N, g′N )).

Proof. Taking f to be the function given by Proposition 2.1, we define g′N := f2gN ,
and we easily verify that this metric has the desired property. □

This last corollary means that we can equivalently see Γ as a subgroup of similar-
ities of (M̃, gRq + g′N ) preserving the decomposition Rq × N , acting freely, properly

discontinuously and cocompactly on M̃ and containing a non-isometric similarity. The
two settings are actually equivalent, since in the latter case, there exists an equivariant
function on N as shown in [7, Proposition 3.6] and in a simpler way in [22]. Note that
in these papers it is assumed that N is an irreducible incomplete Riemannian manifold.
However, the irreducibility is not relevant for the results we use here. In particular, the
analysis done in [16] applies and we have:

Corollary 2.6. The group P̄ 0 is abelian.

Proof. This is a consequence of the previous discussion and of [16, Lemma 4.1]. □

The combination of Corollary 2.5 and Corollary 2.6 implies Theorem 1.4.
We now consider the foliation induced by the submersion M̃ ≃ Rq × N → N .

Noticing that Γ preserves the decomposition Rq × N , this foliation descends to a
foliation F on M = Γ\M̃ . Applying [16, Theorem 1.10], the closure of the leaves of F
are finitely covered by flat tori. More precisely, by [16, Lemma 4.18] the subgroup Γ0

of Γ defined by Γ0 := Γ∩ (Sim(Rq)× P̄ 0) is abelian and it is a lattice in Rq× P̄ 0. This
proves the first part of Theorem refFoliation. The second part of the theorem comes
from classical foliation theory: passing to the orthonormal frame bundle, the group P̄ 0

acts freely, thus making the foliation a fibration.

3. Bieberbach rigidity

3.1. Bieberbach rigidity for homogeneous spaces. Bieberbach rigidity is a property
of certain homogeneous spaces that greatly facilitates the search for discrete cocompact
groups of diffeomorphisms.

We work within the following general framework. Let X = G/H be a homogeneous
space, and consider a discrete subgroup Γ ⊂ G acting (on the left) properly and
cocompactly on X. This means that the quotient Γ\X is a compact Hausdorff space.

The situation is well understood when X is of Riemannian type, meaning that the
isotropy subgroup H is compact. Equivalently, in this case, the full group G acts
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properly on X. Then, the condition on Γ reduces to requiring that Γ is a cocompact
lattice in G.

Our focus, however, is on non-Riemannian homogeneous spaces, i.e., those with non-
compact isotropy H. In this setting, Γ cannot be a cocompact lattice in G; otherwise,
G itself would act properly on X, which would contradict the fact that X is non-
Riemannian. Thus, Γ must be thinner than a lattice, yet large enough to produce a
compact quotient.

A particularly interesting situation arises when every such discrete group Γ is con-
tained in a connected closed subgroup L ⊂ G acting properly on X, so that Γ is in fact
a lattice in L. One may view L as a connected hull of Γ, reminiscent in many cases
of its Zariski closure. The guiding philosophy is that studying connected Lie subgroups
L ⊂ G acting properly and cocompactly - a problem of linear-algebraic nature - is
generally far more tractable than analyzing discrete subgroups Γ directly - which has a
number-theoretic flavor.

We define Bieberbach rigidity following the terminology of Fried and Goldman [9]:

Definition 3.1. The homogeneous space X = G/H satisfies Bieberbach rigidity if
every discrete subgroup Γ of G acting properly and cocompactly on X is contained in
a connected closed subgroup L ⊂ G acting properly on X.

This form of rigidity was established in [11] for flat Lorentz manifolds, i.e. in the case
of the homogeneous space Mink1,n =

(
SO(1, n) ⋉ R1+n

)
/SO(1, n). Thus Mink1,n =

G/H is the Minkowski space of dimension 1 + n, where G is the Poincaré group and
H is the Lorentz group. The Auslander conjecture itself asks for Bieberbach rigidity for
compact unimodular affine manifolds [1]. This was generalized more recently in [12]
for Lorentz manifolds modeled on plane waves, which may be viewed as perturbations
of proper plane waves. Some related spaces, such as higher-dimensional anti de Sitter
spaces AdSn+1 = SO(2, n)/SO(1, n), for n > 2, are also conjectured (at least in part)
to satisfy Bieberbach rigidity [26].

On the other hand, there exist many homogeneous spaces where Bieberbach rigidity
fails, like the 3-dimensional anti de Sitter space [10, 24, 6].

3.2. Classical Inoue–Bombieri construction. In this section, we describe S0-Inoue–
Bombieri surfaces in a way that illustrates how Bieberbach rigidity can be applied. We
first recall the usual description of these manifolds:

Example 3.2 (S0-Inoue–Bombieri surfaces). Let A be a real 3 × 3 matrix in GL3(Z)
with two complex conjugate eigenvalues α and ᾱ and one real eigenvalue λ > 1 (take
for example the companion matrix of the polynomial X3−X2+3X−1). We consider

the manifold M̃ := R3 × R∗
+ on which the group

(4) Γ := Z3 ⋊ ⟨R3 × R∗
+ ∋ (X,x) 7→ (AX,λx)⟩

acts, where Z3 is the canonical lattice in R3, and ⟨F ⟩ denotes the group generated by

a family F . The manifold M := Γ\M̃ is an Inoue–Bombieri surface of type S0. The
vector space R3 decomposes as the direct sum

ker(A− α)(A− ᾱ)⊕ ker(A− λ) ≃ R2 ⊕ R,

and there exists a scalar product b on R2 such that the restriction of A to R2 is a
b-similarity of ratio |α| = λ−1/2. We denote by (x, y) the coordinates of ker(A− λ)×
R∗

+ ≃ R × R∗
+ and we endow M̃ with the metric h = b + y−2(dx2 + dy2). One has
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(M̃, h) ≃ (R2, b) × (R × R∗
+, y

−2(dx2 + dy2)) ≃ C × H2, and Γ is a subgroup of
Sim(C)× Isom(H2).

Surfaces of type S0 arise as quotients of C × H2 by discrete subgroups Γ of G =
Aut(C) × Aut(H2) which is notably smaller than the full group Aut(C × H2). Here,
Aut denotes the group of holomorphic diffeomorphisms. Identifying C with R2, one has

Aut(C) = Sim+(R2),

where Sim+ refers to the group of orientation preserving similarities. When Γ ⊂
Isom+(R2)× Isom(H2), we are in the purely Riemannian setting. In the complementary
case, the projection of Γ onto Sim+(R2) contains essential similarities - i.e. that are
not isometries. In this latter case, the resulting quotient is clearly a GIB manifold in
the sense of Definition 1.1.

In order to describe such a group Γ, one first observes that its projection onto
Isom(H2) is not discrete and must be contained in a parabolic subgroup of Isom(H2).
Such a group is isomorphic to Aff(R) and, up to conjugacy, acts on the upper half
plane by w 7→ aw + b, a ∈ R+, b ∈ R, so that Aff(R) = R ⋉ R. Analogously,
Aut(C) ∼= Sim+(R2) is a semidirect product (SO(2)×R)⋉R2. Thus, Γ is a subgroup
of

G =
(
(SO(2)× R)⋉R2

)
× (R⋉ R) = SO(2)⋉ (A⋉R3),

where A is a copy of R2, acting on R3 by diagonal matrices diag(et, et, es).
Assuming Bieberbach rigidity holds, Γ should be a lattice in some connected sub-

group L ⊂ G acting properly on C×H2 (but not isometrically for the product metric).
In particular, L must be unimodular. Disregarding the compact factor for the moment,
the unique connected unimodular subgroup of A×R2 acting properly and cocompactly
is 4-dimensional and has the form D ⋉ R3, where D is the line in A ∼= R2 defined
by 2t + s = 0, ensuring that diag(et, et, es) has determinant 1. Consequently, the
largest subgroup acting properly cocompactly on C × H2 is the 5-dimensional group
L = (SO(2) ×D) ⋉ R3. Therefore, finding Γ reduces to showing that L indeed pos-
sesses lattices, and to classify them. It turns out this is a standard task in the present
setting.

This illustrates how Bieberbach rigidity allows one to avoid the delicate dynamical
question of properness of the Γ-action. We believe that this viewpoint of the Inoue–
Bombieri examples offers a more conceptual perspective than the one usually given
in the literature, which typically emphasizes the explicit arithmetic description of the
group Γ.

Notice that in this situation we obtain a strong version of Bieberbach rigidity, the
connected group L being the same for all the discrete groups Γ.

Remark 3.3. The full automorphism group Aut(C×H2) is huge. It consists of trans-
formations (z, w) 7→ (a(w)z + b(w), ϕ(w)), where ϕ ∈ Isom+(H2), a : H2 → C∗, b :
H2 → C are holomorphic.

3.3. Proof of Theorem 1.5. Let M be a GIB manifold. That is, there exists a
simply connected Riemannian product M̃ := Rq × (N, gN ) on which a discrete group

Γ ⩽ Sim(Rq) × Isom(N, gN ) acts freely, properly and cocompactly, and M = Γ\M̃ .
We assume furthermore that N is a symmetric space.

We first observe that, if N has a compact factor - that is N is a Riemannian product
N ′ ×K with K a compact symmetric space -, then M ′ := Γ\Rq × N ′ is still a GIB
manifold. Moreover, we may assume that Γ acts effectively on Rq × N ′ by replacing
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it with the quotient by the subgroup acting trivially. If Theorem 1.5 holds for M ′,
there exists a connected group L′ acting properly on M ′ such that Γ′ is a lattice in
L′. Consequently, L = L′ × Isom(K)0 is connected, acts properly on M , and has Γ
as a lattice; this is precisely the group required in Theorem 1.5. Hence, to prove the
theorem, we may assume that N has no compact factor.

We now consider the case where N is of non-compact type; equivalently, N has
non-positive curvature and its de Rham decomposition has no Euclidean factor. We
will return later to the situation in which N has a Euclidean factor.

Since (N, gN ) is symmetric, hence homogeneous, its isometry group Isom(N) has
finitely many connected components. Replacing Γ by a finite-index subgroup if neces-
sary, we may assume that P ⩽ Isom(N)0, where P is the group introduced in Section 2.
It follows that P̄ ⩽ Isom(N)0.

The group Isom(N)0 is the identity connected component of the isometry group of
a symmetric space of non-compact type; in particular, it has a trivial center and it is
semisimple. Consequently, Isom(N)0 is isomorphic to its image in GL(g) by the adjoint
representation Ad. We denote by p0 the Lie algebra of P̄ 0.

The image of Isom(N)0 by Ad is the identity connected component of the algebraic
subgroup Aut(g) of GL(g), since Isom(N)0 is semisimple. Let H be the normalizer of
P̄ 0 in Aut(g). In particular, P̄ ⩽ H, because P̄ 0 is the identity connected component
of P̄ . Moreover,

(5) H = {A ∈ Aut(g), A(p0) = p0}.
This shows that H is an algebraic subgroup of GL(g) because it is defined by polynomial
equations. Hence H is an algebraic variety over R, and therefore has finitely many
connected components. Up to replacing Γ by a finite-index subgroup, we may assume
that P̄ is contained in H0 ⩽ Isom(N)0. In addition, we have the following property:

Lemma 3.4. The group P is cocompact in H0.

Proof. The Riemannian manifold (N, gN ) is a homogeneous space, hence it can be
written as a a quotient G/K where K is the isotropy group of an arbitrary point
of N . In particular, K is compact. Since P acts cocompactly on N , the double
quotient P\G/K is compact, and therefore P\G is compact as well. Moreover, since
P ⊂ H0 ⊂ G, it follows that P\H0 is also compact. □

To show that the group we construct acts transitively, we also need the following:

Lemma 3.5. The group H0 acts transitively on N .

Proof. Since N is a symmetric space of non-compact type, the group Isom(N) is
semisimple, and we have an identification N ≃ Isom(N)/K, where K is the maximal
compact subgroup of Isom(N). The group Isom(N)0 acts transitively on the compact
manifold Isom(N)0/H andH has a finite number of connected components. Therefore,
by [21, Corollary 2], there exists a compact subgroup of Isom(N)0 acting transitively
on Isom(N)0/H. In particular, K acts transitively on Isom(N)0/H by maximality.
Consequently, H acts transitively on N and so does H0. □

Replacing Γ by a finite-index subgroup if necessary, we may assume that the pro-
jection of Γ onto Sim(Rq) preserves orientation. By construction, H0 normalizes the
abelian group P̄ 0. In particular, H0 acts on P̄ 0 by conjugation, and this action may
be viewed as a matrix group action on the Lie algebra p0 of P̄ 0. We fix a basis B
of p0, and we define the map φ, assigning to any h ∈ H0 the absolute value of the
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determinant of p0 ∋ x 7→ Adhx in the basis B. Let Sim+(Rq) denote the group of
orientation-preserving similarities of Rq and let ρ : Sim+(Rq) → R∗

+ be the map giving
the ratio of a similarity of Rq. We consider the subgroup of Sim(Rq)× Isom(N) defined
by

(6) L := {(s, h) ∈ Sim+(Rq)×H0, ρ(s) = φ(h)−1/q}.

The group L is connected. Indeed, for any (s, h) of L, there is a continuous path
from (s, h) to (ρ(s)Id, h) by connectedness of the direct Euclidean group Rq⋊SO(q). It
remains to remark that H0 is connected, and that φ(·)−1/q is continuous, to conclude
that H0 ∋ h 7→ (φ(h)−1/q, h) has a connected image. We therefore obtain that L is
connected. We claim that:

Lemma 3.6. The group L contains Γ.

Proof. We recall that the group Γ0 = Γ∩(Rq× P̄ 0), defined in the paragraph following
Corollary 2.6 (see also [16, Lemma 4.18]), is a lattice in Rq × P̄ 0. The group Γ acts by
conjugation on Rq × P̄ 0 and preserves Γ0. Thus, its action may be viewed as a matrix
group action on the Lie algebra Rq × p0 of Rq × P̄ 0. The preimage γ0 of Γ0 is a lattice
in Rq × p0, hence Γ is a subgroup of GL(Zq+m) in a basis B0 of γ0 (which is also a
basis of Rq × p0). Given (s, p) ∈ Γ ⊂ Sim+(Rq)×G, the matrix of Ad(s,m) in B0 has
determinant ±1, and so does its matrix in the concatenation (Bq,B), where Bq is the
canonical basis of Rq and B is the basis of p0 introduced above. We deduce that the
ratio of s is φ(p)−1/q. Therefore, (s, p) is in L. □

Finally, Γ and L possess the structural properties required for Bieberbach-type rigid-
ity:

Lemma 3.7. The group Γ is a lattice in L and L acts properly on M̃ .

Proof. The group L normalizes Rq × P̄ 0, so L/(Rq × P̄ 0) is isomorphic to SO(q) ×
(H0/P̄ 0). By Lemma 3.4 P̄ is cocompact in H0, thus P̄ /P̄ 0 acts cocompactly on
L/(Rq × P̄ 0). It remains to remark that Γ0 acts cocompactly on Rq × P̄ 0 to prove
that Γ acts cocompactly on L.

To prove that L acts properly on M̃ , we observe that, since Rq ⊂ L acts properly on
Rq, is it sufficient to prove that L/Rq acts properly on N . But L/Rq is isomorphic to
SO(q)×H0, and this group acts properly on N because SO(q) is compact and H0 acts
properly on N as a closed subgroup of the isometry group of the complete Riemannian
manifold (N, gN ). □

Lemma 3.5, Lemma 3.6 and Lemma 3.7 together imply Theorem 1.5 is the situation
where N is of non-compact type. When N has a Euclidean factor of dimension k, the
proof proceeds in the same way provided k ≤ 2. Indeed, the adjoint representation
of the Euclidean group E(n) is injective, and its image is an algebraic subgroup of
GL(e(n)), where e(n) denotes the Lie algebra of E(n). In the case k = 1, we simply
enlarge the groupH in the proof by including the orientation-preserving Euclidean group
E+(1). Since E+(1) ≃ R commutes with Isom(N)0, the group H0 still normalizes
P̄ 0, and the proof concludes exactly as in the case where N is of non-compact type.

4. Classification results for N of negative curvature

In this section we retain the same setting as in Section 2, i.e. M := Γ\(Rq×N) is a
GIB manifold, and we assume that N has negative curvature. Our goal is to understand
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the constraints this imposes on N . We begin with an illustrative example, namely the
real hyperbolic space Hn. Understanding this particular case will prove instructive for
the analysis of negatively curved manifolds later on.

We recall that a Hadamard manifold M admits a border at infinity, denoted by ∂M ,
defined as the set of geodesic rays quotiented by the relation α ∼ β ⇔ t 7→ d(α(t), β(t))
is bounded on [0,+∞). The isometries of M fall into three classes: elliptic isometries,
which have a fixed point in M , hyperbolic isometries, which fix a complete geodesic in
M and act on it by a non-trivial translation, and parabolic isometries, which are all the
remaining isometries.

When the sectional curvature of M is bounded from above by a negative constant,
hyperbolic isometries are precisely those that have exactly two fixed points on ∂M and
no fixed point in M . Likewise, parabolic isometries are those that have exactly one
fixed point in ∂M and no fixed point in M . For a more complete exposition, see for
instance [3].

4.1. The case of the real hyperbolic space. As already noticed, the quotients studied
in this paper may be viewed as generalizations of the S0-Inoue–Bombieri surfaces. Using
a construction similar to that of Example 3.2, we can produce examples of GIB manifolds
whose universal cover is Rq×Hn, where Hn denotes the n-dimensional hyperbolic space.

Example 4.1. We consider M̃ := Rq+n−1×R∗
+ and choose a matrix A ∈ GLq+n−1(Z)

such that there is a decomposition

Rn+1 =: E ⊕ F, dim(E) = q,

two scalar products bE and bF on E and F respectively, and a real number λ > 0
satisfying A|E ∈ λO(bE) and A|F ∈ λ−q/dim(F )O(bF ). We let the group

(7) Γ := Zq+n−1 ⋊ ⟨Rq+n−1 × R∗
+ ∋ (x, t) 7→ (Ax, λ−1t)⟩

act on M̃ . We endow M̃ with the metric

(8) h := bE +
1

t2
(bF + dt2).

One verifies that (M̃, h) ≃ Rq×Hn. Moreover, the group Γ is a subgroup of Sim(Rq)×
Isom(Hn) and it acts properly, freely and cocompactly on M̃ .

In the case where q = 2 and n = 3, we may choose the matrix

(9) A =


2 1
1 1

2 1
1 1

 ,

which is diagonalizable with two eigenvalues λ and λ−1 of multiplicity 2.

Remark 4.2. From Example 4.1 we can formulate an interesting question on matrices
with integer coefficients: what are the matrices of GLp(Z) (for an integer p > 0)
such that there exists a decomposition Rp =: E ⊕ F satisfying the conditions of the
example? A first result in this direction was given in [17, Proposition 3], showing that
when dim(E) = 1, one has p ∈ {2, 3}. We remark that these matrices induce an
Anosov diffeomorphism on the torus with a single Lyapunov exponent.

Note also that we can always construct suitable matrices in the cases q = n− 1 and
q = 2(n− 1) taking block matrices as in (9).
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The key ingredient in Example 4.1 is the existence of the matrix A. In fact, we can
show:

Claim 4.3. The existence of such a matrix is a necessary and sufficient condition for
the existence of a group Γ ⊂ Sim(Rq)×Isom(Hn) acting freely, properly discontinuously
and cocompactly on Rq ×Hn.

The sufficiency follows from the construction in Example 4.1, so it remains to es-
tablish necessity. Recall that in this setting, the group P̄ is defined in Section 2 as
the closure of the projection of Γ onto Isom(Hn), and that P̄ 0 denotes its identity
connected component.

We begin by proving a lemma that holds in full generality:

Lemma 4.4. The group P̄ 0 is not compact.

Proof. By contradiction, we assume that P̄ 0 is compact. We already noticed that the
group Γ0 := Γ ∩ (Rq × P̄ 0) (introduced in the paragraph following Corollary 2.6) is a
lattice in Rq × P̄ 0. By compactness of P̄ 0, the projection Γ′

0 of Γ0 onto Rq is discrete
because Γ0 is discrete. Consequently, Γ′

0 is a lattice in Rq, and it is preserved by the
action of Γ by conjugation on Rq. This is possible only if all the similarities in Γ|Rq are
isometries. Otherwise, we could find non-zero vectors of arbitrarily small size inside Γ′

0.
This is a contradiction since we assumed that Γ|Rq contains at least one similarity of
ratio different from 1. □

Lemma 4.5. All the elements of P̄ fix a common point of ∂Hn and P̄ 0 does not
contain hyperbolic isometries.

Proof. We look at the fixed points of the elements of P̄ 0 and we use the classification
of isometries in hyperbolic spaces.

First, assume that there is a parabolic element p0 in P̄ 0, i.e. p0 fixes exactly one
point x ∈ ∂Hn on the boundary. Since P̄ 0 is abelian, any element of P̄ 0 must fix x.
Now, pick any element p ∈ P̄ . We know that P̄ 0 is a normal subgroup of P̄ , so p−1p0p
is in P̄ 0 and p−1p0px = x, thus p0px = px. This implies px = x.

We now assume that there is a hyperbolic element p0 in P̄ 0, i.e. p0 fixes exactly
two points x1 and x2, lying on the boundary ∂Hn. Again, since P̄ 0 is abelian and
connected, any element of P̄ 0 fixes these two points. Let p ∈ P̄ . We have, as
before, p0pxi = pxi for i = 1, 2. Up to taking a subgroup of Γ of index 2 in the
construction, we can assume that pxi = xi. Up to conjugation, the group of isometries
of Hn fixing two points of the boundary is O(n − 1) ⋊ R∗

+ when using the model

Hn ≃ (Rn−1 × R∗
+,

1
x2
n
(dx2

1 + . . . + dx2
n)). But this group does not act cocompactly

on Hn, so this case is impossible.
The last remaining case is when P̄ 0 contains only elliptic elements, i.e. all elements

have a fixed point in Hn. In that situation, each element of P̄ 0 lies in the isotropy
group of a point, which is compact. Since P̄ 0 is abelian and connected, and therefore
the product of a torus with Rm for some m, one has that m = 0 and P̄ 0 is compact,
because otherwise some elements would not be contained in a compact subgroup. This
case is impossible because of Lemma 4.4. □

By Lemma 4.5, we may assume that P̄ fixes the point ∞ in ∂Hn, using the upper
half-space model Hn ≃ (Rn−1×R∗

+,
1
x2
n
(dx2

1+. . .+dx2
n)). The isometries of Isom(Hn)

fixing ∞ lie in the group Isom(Rn−1)⋊R∗
+, where Isom(Rn−1) acts on the first factor

of Rn−1 × R∗
+, and R∗

+ denotes the group of positive scalar n× n matrices.
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SinceP̄ acts cocompactly on Hn, consider the group H := P̄ ∩ Isom(Rn−1). We
then have a decomposition:

Hn/P̄ ≃ (Hn/H)/(P̄ /H).

Moreover, (Hn/H) ≃ (Rn−1/H)×R∗
+, and the quotient P̄ /H acts freely on the factor

R∗
+. Indeed, if γ̄ ∈ P̄ /H ⊂ R∗

+ has a fixed point in R∗
+, then it must be the identity.

Consequently, Hn/P̄ is compact only if Rn−1/H is compact.
Since P̄ acts cocompactly on Hn, it must contains a non-trivial similarity p of Rn

with ratio 0 < λ < 1. The map p restricts to a similarity p̄ of Rn−1 and this restriction
acts by conjugation on H, because H is a normal subgroup of P̄ . Thus, if K is a
compact subset of Rn−1 such that H ·K = Rn−1, one has

H · p̄(K) = p̄Hp̄−1 · p̄(K) = p̄H ·K = p̄(Rn−1) = Rn−1.

The diameter of p̄(K) is λ times the diameter of K (for any fixed Euclidean norm on
Rn−1). Iterating this process shows that we may take the compact K arbitrarily small.
It follows that H · y is dense in Rn−1 for every y ∈ Rn−1. Since the action of H is
proper, this implies that H · y = Rn−1.

Thus H acts transitively on Rn−1. It follows that the connected component of
the identity in H already acts transitively on Rn−1. The group P̄ 0 is contained in
Isom(Rn−1), because P̄ 0 contains only parabolic elements, and therefore P̄ 0 is the
identity connected component of H = P̄ ∩ Isom(Rn−1). In particular, P̄ 0 it acts
transitively on Rn−1. In order to conclude that P̄ 0 = Rn−1, we need to prove:

Lemma 4.6. Let m > 0 be an integer. The only connected abelian subgroup of
Isom(Rm) acting transitively on Rm is the group of translations Rm.

Proof. Let G be such a subgroup of Isom(Rm). Any element of G is of the form
x 7→ Rx + t where (R, t) ∈ SO(n) × Rm. Since G is abelian, the linear parts of
the elements of G commute, so they are all contained in a maximal torus of SO(n).
Thus, up to conjugation, we may assume that the linear parts of the elements of G are

contained in the product group
∏m/2

i=1 O(2) if m is even or
∏m/2

i=1 O(2)×{1} if m is odd.

Consequently, G is a subgroup of
∏m/2

i=1 E+(2) if m is even or
∏m/2

i=1 E+(2)× R if m
is odd, where E+(2) is the group of direct isometries of R2 and R acts by translations
on R. The projection of G onto each one of the E+(2) factors is abelian and acts
transitively on R2, because G acts transitively on Rm. It is then sufficient to prove the
lemma in the case m = 2.

We assume that m = 2. Let I : x 7→ Rx+ t be an element of G. If R is the identity,
the isometry is a translation. If R is a non-trivial rotation, then, up to applying a
translation, we may assume that 0R2 is a fixed point of I, thus t = 0. Now, since G
acts transitively on R2, for any t′ ∈ R2 there exists R′ ∈ SO(2) such that the map
x 7→ R′x+ t′ is in G. But the isometry x 7→ Rx commute with this map. We obtain
Rt′ = t′, and since this is true for any t′ ∈ R2, the rotation R is the identity.

It follows that G contains only translations, and it contains all of them because it
acts transitively on Rm. □

We proved the following:

Proposition 4.7. If (N, gN ) = Hn ≃ (Rn−1 ×R∗
+,

1
x2
n
(dx2

1 + . . .+ dx2
n)), then, up to

conjugation, the group P̄ preserves the point ∞ in ∂Hn, and P̄ 0 = Rn−1.
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We now assume that Rq × N = Rq × Hn. We know that the subgroup Γ0 of Γ
defined in Theorem 1.4 is a lattice in Rq × P̄ 0 ≃ Rq ×Rn−1. Let γ ∈ Γ which projects
to a non-isometric similarity on Sim(Rq). The matrix of the action of γ by conjugation
of Rq × Rn−1 is an element A of GLq+n−1(Z) when seen in a basis of the lattice Γ0.
Moreover, A restricts to E := Rq and to F := Rn−1 and is a similarity of ratio λ on
E and a similarity of ratio λ−q/(n−1) on F . This proves Claim 4.3.

4.2. The general case of negative curvature. In this section, we investigate a more
general framework, following an analysis similar to that of the previous section. We
assume that the manifold Nn has negative sectional curvature, and since P̄ acts co-
compactly on N by isometries, this implies that the curvature is bounded from above
by a strictly negative constant.

We can prove the same result as in Lemma 4.5 for the hyperbolic space:

Lemma 4.8. All the elements of P̄ fix a common point of ∂N and P̄ 0 does not contain
hyperbolic isometries.

Proof. The proof is the same as for Lemma 4.5, except for the part where we show
that P̄ 0 does not contain hyperbolic isometries. Suppose that there exists a hyperbolic
element p0 ∈ P̄ 0 fixing two points x1 and x2 on the boundary of N . As in the proof of
Lemma 4.5, we can show that, up to taking a finite-index subgroup, all the elements
in P̄ fix x1 and x2, so they preserve the geodesic between these two points. However,
the group of isometries that preserves a geodesic in N does not act cocompactly on
N , because the image of a compact by this group stays at bounded distance from the
geodesic. □

By Lemma 4.8, the group P̄ fixes a point x ∈ ∂N . Let H be a horosphere centered
at x and let f be a Busemann function at x. For any y ∈ N , there is a unique geodesic
γy joining y and x, and H ∩ γy is reduced to a point denoted by η(y). The map
η × f : N → R×H, y 7→ (η(y), f(y)) is a homeomorphism [25, Proposition 11]. Let
H be the stabilizer of H in P̄ , so H contains no hyperbolic isometry. This is a normal
subgroup of P̄ , thus

N/P̄ ≃ (N/H)/(P̄ /H).

In addition, it follows from the existence of the homeomorphism N ≃ R × H, that
N/H ≃ R × H/H. The group P̄ /H acts freely on the factor R, because if p ∈ P̄
stabilizes a horosphere centered at x, it stabilize all the horospheres centered at x, and
therefore p lies in H. Since N/P̄ is compact, we deduce that H/H is compact.

Following the analysis of the hyperbolic space, we want to prove that H/H is a
point. Since P̄ acts cocompactly on N , the group P̄ /G is non-trivial, and there exists
a hyperbolic isometry p in P̄ . This isometry preserves the horospheres centered at x,
and using again the homeomorphism N ≃ R × H it can be written as p =: (p1, p2)
where p1 : R → R and p2 : H → H. We know that H is a C2-hypersurface in N and
H is a subgroup of the isometries of H. In order to prove that H/H is a point, it is
sufficient to prove that p2 contracts the distances and to proceed as in the case of the
hyperbolic space. Up to taking p−1 instead of p, we can assume that x is the repulsive
point of the hyperbolic isometry p.

Lemma 4.9. For any a ∈ H and X ∈ TaH, one has ∥dap2(X)∥ < ∥X∥.

Proof. Let a ∈ H and let X ∈ TaH \ {0}. We observe that p2 can be viewed as the
composition of p together with the sliding along geodesics joining points of p(H) to
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the fixed point x ∈ ∂N until we reach H. Consequently, if we take an injective curve
c : (−ϵ, ϵ) → H such that c(0) = a and c′(0) = X, then p ◦ c is a curve on p(H), and
sliding along the geodesics induces a map

(10) r : (−ϵ, ϵ)× [0,+∞) → N, (t, u) 7→ γc(t)(u),

where γy is the unit speed geodesic joining y and x for a given y ∈ N . If α is the
distance between p(H) and H, then r(·, α) is a curve on H.

One has dap2(X) = d(0,α)r(∂/∂t) and we remark that J(u) := d(0,u)r(∂/∂t) is a
Jacobi field along the geodesic γ := r(0, ·). Denoting by R the Riemann curvature
tensor of N , and since there is a constant k > 0 such that the sectional curvature of
N is bounded from above by −k, one has, following the same computations as in [2,
Lemma IV.2.2]:

∥J∥′′ = 1

∥J∥3
(−⟨R(J, γ̇), γ̇, J⟩∥J∥2 + ∥J ′∥2∥J∥2 − ⟨J ′, J⟩2)

≥ − 1

∥J∥
⟨R(J, γ̇), γ̇, J⟩ ≥ k

∥J∥
(∥J∥2 − ⟨J, γ̇⟩2).

We know that J(0) = dap(X) ̸= 0 and J never vanishes because the family of geodesics
γc(·) meet at the point x ∈ ∂N . In addition, J is never tangent to γ because for any
u, the curve r(·, u) is injective on a horosphere transverse to γ. We conclude that for
any u ∈ [0, α] one has ∥J∥(u) > 0 and ∥J∥ is a strictly convex function.

The geodesics γc(·) all meet at the repulsive point of p, namely x ∈ ∂N , thus
limu→+∞ J(u) < +∞, and ∥J∥ is a strictly decreasing function. Hence, we have

∥X∥ = ∥dap(X)∥ = ∥J(0)∥ > ∥J(α)∥ = ∥dap2(X)∥,
which concludes the proof. □

The quotient H/H is compact and, by Lemma 4.9, H admits a contraction mapping
p2 that acts onH by conjugation. Proceeding as in the hyperbolic space case, we choose
a compact subset K of H such that H ·K = H. Then

(11) H · p2(K) = H,

so K may be chosen with arbitrarily small diameter. Since H acts properly, this implies
that H acts transitively on H. Consequently, the connected component of the identity
of H, namely P̄ 0 ∩H = P̄ 0, acts transitively on H.

We know that P̄ 0 is an abelian group of isometries, and H is simply connected. It
follows that H is a flat manifold, isometric to Rp for some p > 0, and that it is a smooth
submanifold of N . The identification N ≃ R×H is therefore a diffeomorphism.

More can be said. Let γ be the axis of the hyperbolic isometry p. Then P̄ 0γ = N ,
and the metric along γ determines completely the metric on N . The geodesic γ is
orthogonal to H, so the projection N → N/P̄ 0 is a Riemannian submersion. Moreover,
the same argument as in Section 4.1 shows that P̄ 0 is exactly the group of translations
of the factor Rn−1.

Thus, the Riemannian manifold N is isometric to (R×Rn−1, dt2+ ⟨St·, St·⟩) where
St ∈ GL(Rn−1) and ⟨·, ·⟩ is the standard scalar product on Rn−1. Up to a linear
transformation of the factor Rn−1, we may assume that S0 = Id.

We now assume that N is a homogeneous manifold. By a result of Chen [5, Theorem
4.1], either N is a symmetric space of rank 1 or Isom(N) fixes a point of ∂N . Assume
first that N is not a symmetric space. Then, the entire isometry group fixes x ∈ ∂N ,
since this point is already the unique fixed point of the group P̄ 0.
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The subgroup of Isom(N) preserving the axis γ is closed because γ is a closed subset
of N . By transitivity of the action of Isom(N), this subgroup contains uncountably
many elements acting freely on γ; hence, it is non-discrete and its identity component
contains a one-parameter subgroup φs acting by translations along γ.

Using the diffeomorphism N ≃ R× Rn−1, under which the geodesic γ corresponds
to R × {0}, this one-parameter subgroup can be written in the form φs : (t, a) 7→
(t + s,Asa), where As is a linear endomorphism of Rn−1. Indeed, φs preserves the
horospheres centered at x and permutes the geodesic rays pointing toward x. The map
s 7→ As is a one-parameter group of invertible matrices, therefore As = e−sA for some
matrix A. Since φs is a one-parameter group of isometries, for any X,Y ∈ TRn−1 and
any t ∈ R we obtain

⟨StX,StY ⟩ = ⟨S0A−tX,S0A−tY ⟩ = ⟨etAX, etAY ⟩.(12)

It remains to consider the case where N is a symmetric space of rank 1. Since N
is simply connected, it is either the real hyperbolic space Hn, the complex hyperbolic
space CHn/2, the quaternionic hyperbolic space HHn/4 or the octonionic hyperbolic
plane CaH2 up to rescaling. We know that the horospheres centered at x ∈ ∂N are
isometric to flat manifolds. The horospheres of CHn/2 and HHn/4 are isometric to
the Heisenberg group of dimension n− 1 endowed with a left-invariant metric, and the
horospheres of CaH2 are isometric to a 2-steps nilpotent Lie group with a left-invariant
metric. The only possibility is then N = Hn.

Summarizing, we proved Theorem 1.6.

Remark 4.10. In the non-homogeneous case, since there is a hyberbolic isometry p
in P̄ , the matrices St have a periodicity. Indeed, p =: (p1, p2) (using the notations
introduced above) acts as a linear map A on the factor Rn−1 and it is an isometry,
thus ⟨St+cA·, St+cA·⟩ = ⟨St·, St·⟩ where c is the translation part of p along its axis.
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