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ABSTRACT. A compact manifold M together with a Riemannian metric h on its universal
cover M for which 71 (M) acts by similarities is called a similarity structure. In the case where
71 (M) ¢ Tsom(M,h) and (M,h) is reducible but not flat, this is a Locally Conformally
Product (LCP) structure. The so-called characteristic group of these manifolds, which is
a connected abelian Lie group, is the key to understand how they are built. We focus
in this paper on the case where this group is simply connected, and give a description of
the corresponding LCP structures. It appears that they are quotients of trivial RP-principal
bundles over simply-connected manifolds by certain discrete subgroups of automorphisms. We
prove that, conversely, it is always possible to endow such quotients with an LCP structure.

1. INTRODUCTION

A similarity structure on a compact manifold M is the data of a Riemannian metric h
on its universal cover M for which the deck-transformations are similarities (also called ho-
motheties). Similarity structures can be divided in two families: those coming from lifts of
Riemannian metrics on M to M, for which the deck-transformations are isometries, and those
where at least one of these transformations is a strict similarity with ratio less than 1. In
the first case, the structure is said to be Riemannian and its study belongs to Riemannian
geometry. The second case, in which we will be interested in this article, is a pure subject of
conformal geometry. We then restrict ourselves to the non-Riemannian case.

Similarity structures are quite rigid from the point of view of the holonomy group of (M h),
and until very recently only flat and irreducible examples were known. This observation
together with a previous result from Gallot [6] on Riemannian cones led Belgun and Mo-
roianu [3] to formulate the conjecture that those where the only possibilities, a statement
that they proved under an additional assumption on the existing-time of geodesics. However,
it appeared that a third case can occur, closing the list of possible holonomies as shown by
Matveev and Nikolayevsky [10,11] in the analytic case and by Kourganoff [8] in the smooth
case. The last possible family actually contains manifolds such that (M ,h) is reducible and
admits a de Rham decomposition with two factors. More precisely, (M,h) = R? x (N, gn)
where R? is an Euclidean space and (N, gy) is irreducible and incomplete. The manifolds
belonging to this family are called Locally Conformally Product manifolds (which will be
shortened to LCP in the sequel). LCP manifolds are also characterized as the ones whose
similarity structure has reducible holonomy and is a Riemannian product with one of the fac-

tors being a complete Euclidean space [4], thanks to a classification of flat similarity structures
by Fried [5].
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One can give a different approach of LCP manifolds using conformal geometry, which is
equivalent to the previous exposition. Indeed, a non-Riemannian similarity structure can be
defined by endowing the compact manifold M with a conformal structure ¢ and a connection
D on M preserving the conformal class, such that D is always locally but not globally the
Levi-Civita connection of a metric in ¢. The lifted connection D on M is then globally
the Levi-Civita connection of a metric A in the lifted conformal class ¢, uniquely defined up
to a multiplication by a constant. This point of view enlighten some similarities with the
intensively studied Locally Conformally Kéhler (LCK) manifolds. For this reason, one of
the first known examples of LCP manifolds was a subfamily of the OT-manifolds |13], where
the algebraic number field used for the construction has exactly 2 complex embeddings. In
this case, one can define a Kéhler potential on the universal cover of the manifold inducing
a non-Riemannian similarity structure with reducible non-flat holonomy. This example was
further studied in [4] where it was shown that all the OT-manifolds admit LCP structures.

The OT-manifolds are moreover the only known examples of LCP manifolds admitting a
compatible LCK structure. However, they do not admit a Kéhler metric belonging to the
induced conformal class. It has been proved in [2] that the conformal class of an LCP manifold
does not contain a Kahler or an Einstein metric, illustrating again the strong rigidity of these
structures.

One can then observe that for a compact manifold to admit a non-Riemannian similarity
structure already imposes important constraints, but the LCP manifolds are even more re-
strictive, and only few examples were given until a previous work of the author [4]. It seems
that, despite the variety of examples that one can construct, we always need the same basic
ingredients, giving hope for the possibility of finding a general construction pattern providing
a good understanding of these structures. In particular, all examples come from solvmani-
folds, a track which was followed by Andrada, del Braco and Moroianu [1] in order to describe
the LCP manifolds arising from solvable unimodular Lie algebras up to dimension 5. Our goal
in this paper is to continue investigating, in order to obtain a general construction. For this,
we will start from objects introduced in previous works and characterizing LCP structures.

In order to prove that the number of possibilities for the holonomy of (M ,h) is limited,
Kourganoff [§] used an important tool on LCP manifolds, which is the restriction P of the
fundamental group m (M) to the non-flat part N. The closure P of this restriction is a
subgroup of the group of similarities of (IV, gn), and its identity component P° is an abelian
Lie group containing only isometries. The group R? x P° where R? has to be understood
as the translations of the Euclidean space, is called the characteristic group. It consists of
isometric transformations of (M, k) and encodes important information on the LCP structure.
In particular it helps understanding the action of the fundamental group. For instance, using
the action of 71 (M) by conjugation on the characteristic group, it was shown in [4] that the
similarity ratios of elements of 71 (M) are units of an algebraic number field.

The characteristic group being a connected abelian Lie group, it is a product between an
Euclidean space and a torus. However, all examples provided so far have simply connected
characteristic group, suggesting the significance to understand this particular case. In this
article, we then focus on giving a description of LCP manifolds with simply connected charac-
teristic groups, using the remarkable fact that this group then acts freely and properly on the
manifold M, thus implying the existence of a new decomposition of M as a product R? x C
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with R? C RP?, no longer adapted to the metric, but allowing a nice understanding of the
action of m (M).

A glance at the known examples lets us expect that the deck-transformations admit the
following description: there exists a discrete group H acting freely, properly and co-compactly
on the factor C' and a subgroup 2 of GL,(Z) x H such that

(1) m(M)=17ZF x Q,

where ZP acts on RP by translations. However, the situation appears to be less ideal, and
the group €2 can take values in the automorphisms of the trivial (S*)P-principal bundle over
C, lifted to R? x C. The group m (M) is then not always a semi-direct product. Moreover,
the action of the group @ on C' is not necessarily free, turning C'/€) into a good compact
orbifold rather than a manifold (see Theorem . It is then natural to ask if, given a good
compact orbifold together with a suitable lift of its fundamental group to the automorphisms
of a trivial torus bundle over its universal cover, one can in turn construct an LCP manifold.
The answer is positive, as we show in Theorem [£.10] In this process, we also describe all
the possible LCP structures by providing a way to construct the metrics for which the deck-
transformations act by similarities. In the last section, we discuss new examples and open
questions, showing why some results we could conjecture are actually false. We also give a
necessary and sufficient condition for the construction of an LCP structure when C/€ is a

manifold (see Proposition [5.7).

Acknowledgements. The author thanks Andrei Moroianu for some helpful comments dur-
ing the preparation of this paper.

2. PRELIMINARIES

Let M be a manifold endowed with a conformal structure, i.e. a set ¢ of Riemannian metrics
such that for all g, ¢’ € ¢, there exists f : M — R satisfying g = e?/¢'.

A Weyl connection on the conformal manifold (M, ¢) is a a torsion-free connection D such
that D preserves c in the sense that for any g € ¢, there exists a 1-form 6, € Q*(M) with

(2) Dg=-20,®g.
In this case, 0, is called the Lee form of D with respect to g.

If there is g € ¢ such that 6, is closed, then 6, is closed for any metric ¢’ € ¢ because these
two 1-forms differ by an exact 1-form. In addition, this is equivalent to D being locally the
Levi-Civita connection of a metric in ¢, which means that for any x € M there is an open set
U C M with z € U and a metric g € ¢ such that the Levi-Civita connection of g coincides
with D on U. The Weyl connection D is then said to be closed. This statement holds globally
if and only if there is a metric g € ¢ such that ¢, is exact and in this case, D is said to be
exact.

We recall that a similarity (also called a homothety) between two Riemannian manifolds
(My, q1), (Ma, go) is a diffeomorphism ¢ : M; — M, satisfying
(3) P g2 = Ng
for some A > 0 called the similarity ratio of p. A similarity structure on M, as defined

in [8], is a metric h on the universal cover M such that m (M) acts by similarities on (M, h).
When 71 (M) acts only by isometries, this similarity structure is called Riemannian. If the
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Weyl connection D is closed, its lift D to the universal cover M of M together with the
lifted conformal class ¢ is an exact Weyl connection, and there exists a metric hp € ¢, unique
up to multiplication by a constant, such that D is the Levi-Civita connection of hp. The
fundamental group m (M) acts on (M, hp) by similarities, defining a similarity structure
on M. As it was discussed in [4], there is a one-to-one correspondence between similarity
structures up to mutiplication by a constant and closed Weyl structures on M. Through this
identification, Riemannian similarity structures correspond to exact Weyl structures.

From now on, we consider a compact conformal manifold (M, ¢) endowed with a closed,
non-exact Weyl connection D, which is non-flat and has reducible holonomy. The structure
(M, ¢, D) is called a Locally Conformally Product structure (or LCP for short) [4]. A theorem
due to Kourganoff [8, Theorem 1.5] allows one to understand the structure of these LCP
manifolds by looking at the Riemannian metric hp induced on M by D.

Theorem 2.1 (Kourganoff). Let D be a closed, non-exact Weyl structure on a compact
conformal manifold (M, c). Assume moreover that D is non-flat and has reducible holonomy.
Then, there exists ¢ > 1 and an irreducible incomplete Riemannian manifold (N, gn) such
that the universal cover M of M endowed with the metric hp induced by D is isometric to
the Riemannian product R? x (N, gn).

It was proved in [4] that (M, ¢, D) is an LCP structure if and only if (M, D) is reducible
and has a Riemannian factor which is an Euclidean space. This fact will be often used in
order to show that the examples we will give are indeed LCP manifolds.

According to Theorem , one has (M, hp) ~ R? x (N, gy), where R? and (N, gy) will
respectively be called the flat part and the non-flat part of M. This can be reformulated by
saying that (M, hp) has a de Rham decomposition with 2 factors, and since 7, (M) preserves
the connection D, it must preserves the de Rham decomposition up to the order of the factors,
but it must also preserve the flat factor R?. Consequently, the elements of m; (M) preserve
the de Rham decomposition, and any v € m(M) can be written as v =: (vg,yn) where vg
and 7y are similarities of R? and N respectively. We then define P := {yy | v € m (M)}, and
we denote by P the closure of P in Sim(N, gy) with respect to the compact-open topology.

The connected component of the identity in P is denoted by P° It has been shown
in [8 Lemma 4.1] that P° is an abelian Lie group, satisfying P C Iso(N, gy ). In particular,
it is the product of a real vector space and a torus.

The decomposition M = RY x N induces a natural foliation F on M via the submersion
M — N, whose leaves are the sets F, := RY x {z} for z € N. In turn, the foliation F induces
a foliation F on the compact manifold M. The closures of the leaves of F define a singular
Riemannian foliation F on M [8, Theorem 1.9], and if one denotes by my : M — M the
canonical projection, the leaves of F are exactly the sets my(R? x P%z) for z € N [8, Lemma
4.11]. In view of this last property we define for z € N the set CF, := R? x PY%, so that
CF = {G?T'} | 2 € N} is a singular foliation of M. Since P° is an abelian Lie group which
acts by isometries on (N, gn), the Riemannian manifolds R? x Pz, z € N, with the metric
induced by gy are products of an Euclidean space with a flat torus, as it was noticed in [§]
and [4], however their dimensions depend on z a priori.
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We call a lattice of an abelian Lie group G any discrete subgroup H of G. If G/H is
compact, then H is called a full lattice. It was shown in 8 Lemma 4.18] that the group

(4) [y :=m (M) N (Sim(R?) x P?)

is a full lattice of R x P%. In particular, it is an abelian subgroup of Isom(Z\Zf ,hp). In addition,
it was shown in [4, Lemma 2.10], by adapting the incorrect proof of [8, Lemma 4.17], that P
is isomorphic to 7;(M). Since P is a normal subgroup of P, being its identity component,
[y is a normal subgroup of m (M) by definition.

We will study in this article the case where P ~ RP~7 for some p > ¢, in order to give a
precise description of these manifolds.

3. GENERAL RESULTS

3.1. Properties of some group actions on LCP manifolds. Let (M, ¢, D) be an LCP
manifold. We keep the notations of the preliminary section. The group Iy is a finitely
generated abelian group since it is a lattice of R? x P°) thus I'y = T¥" @ ZP where T¥" is
the torsion subgroup of I'y and p > ¢. Our first goal in this section is to give a special
decomposition of the universal cover M of M. For this purpose, we consider a representative
IE of Ty /T ~ ZF in Ty with basis (71,...,7,). We denote by "exp” the exponential map
of the Lie group R? x P° and we consider (Xi,...,X,) € (T.(R? x P°))?, where e is the
neutral element, such that v; = exp(X;) for any 1 < i < p. The subgroup exp (Ty) is a full
lattice of T,(R? x P°) and one easily sees that exp™1(Tg) = (X1, ..., X,) ® exp (T¥"), thus
T.(R? x PY) = Span(Xy, ..., X,) & Span(exp 1 (I'{")).
We define the subgroup F of R? x P° by
(5) F :=exp(Span(X;, ..., X})).

We claim that exp : Span(Xi,...,X,) — F is an isomorphism. Indeed, it is sufficient to
prove that the map is injective. But for any X € Span(Xy,...,X,) such that exp(X) = 0,
one has X € exp }(T'{") N Span(X7, ..., X,) = {0}, so X =0 and we deduce the injectivity.

In addition, F is a closed subgroup. Indeed, if we write R? x P° as the product RP x (S1)™
of an Euclidean space and a torus, the projection of the basis (71, ...,7,) onto RP is a basis
of R? because otherwise I'y would not be a full lattice of R? x P°. From the point of view of
the Lie algebra, it implies that the projection of (X3, ..., X,) onto the Lie algebra of R” is a
basis. We then easily define a continuous bijection between R? and Span(Xj,...,X,) ~ F,
proving that R? ~ F' and that F'is closed.

The group F' thus represents the non-compact part of the group R? x P, In order to show
that F acts freely on M, we first prove two technical lemmata:

Lemma 3.1. Let I' C IV be two full lattices of RP. Then, for any ~v € I there exists r > 1
such that v" € T'.

Proof. The space RP/T" is a covering of RP/I" with fiber I'/I". This is a finite covering
because both spaces are compact, thus I'V/T" is finite and each one of its elements has finite
order, proving the lemma. O

Lemma 3.2. Let M be a smooth manifold on which acts the group RP. Assume that a full
lattice of RP acts freely and properly on M. Then, RP acts freely on M.
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Proof. We denote by I" the full lattice of the statement. Let x € M and consider the set R?-x.
Let S(z) = {a € R? | a-x =z} be the stabilizer of  in RP. Then one has R? - z ~ RP/S(x).
We want to prove that S(x) only contains the identity.

By definition, the free abelian group I' is a full lattice of R? and I' acts freely and properly
on M. Since I" stabilizes R? - x, one has that [" acts freely and properly on R? -z, so it is a full
lattice of the abelian group R?/S(z). A lattice of an abelian Lie group has a rank not higher
than the dimension of the group, so p < dim(R?/S(z)), and moreover dim(R?/S(x)) < p
because dim(RP) = p, thus dim(R?P/S(z)) = p and S(z) is a discrete subgroup of RP.

One has (R? - z)/T" ~ RP/(S(x),T"), where (S(z),T") is the group generated by S(z) and T
In particular (S(z),T") is a full lattice of R?.

We now pick a € S(x). By Lemma applied to the full lattices I' C (S(x),T"), there
exists r > 1 such that a” € I'. Since a" - ¢ = x and I' acts freely, one has that ¢ = id. In
addition, S(z) has no torsion because it is a subgroup of R? thus a = id and S(x) = {id}. O

Corollary 3.3. The group F acts freely on M.

Proof. We apply Lemma to the action of F ~RP on M, knowing that the full lattice I'}
of F acts freely and properly on M because I'f C Ty C 71 (M). O

Corollary 3.4. If P° is simply connected, then R? x P° acts freely on M. In particular, P°
acts freely on N.

Proof. If P° is simply connected, the group F defined in Equation (f]) is equal to the whole
group R4 x P°, and by Corollary 3.3 E it acts freely on M. O

We now discuss a problem tackled in [8, Lemma 4.16], whose proof was shown to be
incorrect. We would like to understand the action of the group P on N. As we explained
before, it is known that P is isomorphic to 71 (M). However, we don’t know if the action of
P is free. We give here a first result which states that this is true if and only if the restricted
action of I'y is free.

Proposition 3.5. The group P acts freely on N if and only if the restriction of I'y to N,
which coincides with P N P, acts freely.

Proof. If P acts freely on IV, then it is easily seen that the restriction of I'y to N acts freely.
It remains to prove the converse.

Assume that there is v € m (M) \ {id} and z € N such that yy(z) = z (we recall that
vn is the part of v acting on N). The transformation ~y stabilizes the closed leaf CF,. Since
71 (M) acts freely and properly discontinuously on M, the group m (M)/Ty acts freely and
properly discontinuously on M /Ty (see [4, Proposition 4.1] for example). We denote by 7 the
equivalence class of  in 7y (M) /Ty. As 7 stabilizes the compact set CF, /Ty (which is compact
because Ty is a full lattice of RY x P° and €F, = RY x P°), the set {37(0,z) | m € N} is
finite because 7 (M) /Ty acts properly on M/Ty. Thus there exists m € N\ {0} such that
™0, x) = (0, ), but m (M) /Ty acts freely, so 4™ = id and y™ € T,

The restriction yg of v to the flat part R? is of the form R? 3 a +— Aa+0b where A € GL,(R)
and b € R?. Since v has no fixed point and yy(x) = x, vg has no fixed point. One has
that 7% is a translation because v € I'y, so A™ = I, and considering the polynomial
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X™ -1 = (X —1)R(X) one has R? = ker(A — I,) ® ker R(A) =: Vi & V2. According
to this decomposition, b =: by + by, and (I, — A)|y, being invertible there exists a unique
vy € V4 such that (I, — A)vy = by. One then has yg(vs) = ve + by, implying that b; # 0.
Hence v™(vy, x) = (ve + mby, ) giving that 4™ is a non-trivial element of I'g. Since (M) is
isomorphic to P, (y™)y is a non-trivial element of P, which is the restriction of an element
of I'y to N and which has x as a fixed point. O

Corollary 3.6. If P° is simply connected, then P acts freely on N.

Proof. Assume that P° is simply connected. By Corollary PY acts freely on N. In
particular, the restriction of I'y to N, which is contained in P°, acts freely and Proposition
implies that P acts freely on V. 0

The results of Corollaries [3.4] and [3.6] motivate the following definition:

Definition 3.7. The group R?x P° will be called the characteristic group of the LCP manifold.
The LCP structure (M, ¢, D) is said to be simple if its characteristic group is simply connected.

Remark 3.8. The action of the group m (M) on M descends to an action of 71 (M)/Ty on
N/P° ~ M /(R9x P°) because RYx P is stable under conjugation by elements of 71 (M). By the
proof of Proposition 3.5, we know that this action is proper. Indeed, if K is a compact subset of
N/PY theset E :={y € m(M)/Ty | FK)NK # 0} is equal to {§ € 7, (M) /Ty | (FK')NK' #
0} where K’ is the inverse image of K by the projection M /Ty — N/P°, and K’ is compact
because (R? x PY) /T is compact, thus the set E is finite.

We finally prove a useful property, which can be used to identify the characteristic group
in some special situations.

Proposition 3.9. The image of R? in the torus (R? x P°) /Ty is dense.

Proof. Let (a,p) € R? x P° and let U, V be neighborhoods of a and p respectively. Since
PN PY=Ty|y is dense in PP, there exists vy € Iy such that 9 € R? x V, and then one can
find o’ € R? such that a’ + 49 € U x V. This implies that (R?, T'y) is dense in R? x P° and
thus the image of R? in (R? x P°) /Ty is dense. O

3.2. Finite coverings of LCP manifolds. In [8, Theorem 1.10], it was shown using Sel-
berg’s lemma that there exists a finite covering M’ of M such that the closures of the leaves
of the foliation " induced by F on M’ are flat tori. In particular, M’ is still an LCP manifold.
We recall here the key point of the proof for the convenience of the reader, and also because
we will use it later.

Proposition 3.10. Let (M, c, D) be an LCP structure. Then, up to a finite covering of M,
the action of m (M) on the characteristic group by conjugation has no torsion.

Proof. The action of (M) on the characteristic group by conjugation is well-defined, be-
cause P is a normal subgroup of P, and the restriction of (M) to RY contains only
similarities which are in particular affine maps of the form A := R?Y 3 a +— Ra + t with
(R,t) € GL,(R) x R9. For any b € RY, if we define the translation 7, : R? 3 a — a + b, one
has A, A~ = (R? 3 a — a + Rb) =: Tpp.

We then define J : (M) — Aut(R? x P%), v +— (79 = vy07""). For all v € m (M),
J(7) preserves Ty, which is a full-lattice of R? x P°. This implies that J(v) descends to an
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automorphism of the torus (R? x P°)/Ty, and J(v) defines a unique linear transformation
J (7) on the universal cover RP of R? x P, which preserves the full-lattice given by the lift of
['o. Up to a linear transformation, one can assume that this lattice is the canonical lattice ZP
of R?. Tt follows that J(v) € GL,(R). The map J : v ~ J(7) is then a group homomorphism,
and by Selberg’s lemma there exists a subgroup G of .J(m;(M)) with finite index and without
torsion element. Thus J~'(G) is a subgroup of 7, (M) of finite index, such that J(J~(G))
has no torsion element. 0

The question of wether this finite cover M’ can always be taken to be M was raised, since
this result is true when JF is of dimension 1. Here we answer negatively by providing a
counter-example.

Example 3.11. Let M := R* x R?.. We consider the matrices

1 200 10 0 0
230 0 01 0 0
A=1001 2| B=1g 0 -1 0
00 2 3 00 0 -1

The matrices A and B commute and A is symmetric so they can be diagonalized in a common
basis (X7, Y1, Xo, Ys) where (X1,Y)) € (R* x {0}?)? and (X3, Y3) € ({0} x R?)2. In this basis,
A is written as Diag(A, —A"1 A, —A71) with A = 2+ V5 > 1 and B remains the same. We
define a group G of transformations of M by

(6) G :=(Z* Ty : (a,t) = (Aa,\t), Tp : (a,t) = (Ba + (0,1/2,0,0)7,t)),

where Z* is the standard lattice acting on R*. Simple computations provide

(7) TyoTg(a,t)=TgoTula,t)+((1,1,0,0)7,0), T2(a,t) = (a+(0,1,0,0)7,¢).

Let now (a,t) € M and ¢ € G such that g(a,t) = (a,t). According to the relations one
has that there exist 6 € {0,1}, n € Z and Z € Z* such that

(8) g=ZoTyoT},
implying
(9) (a,t) = g(a,t) = (B°A™a + (0,6/2,0,0)" + Z, \"t).

From the identity t+ = A"t it follows that n = 0, and B’a + (0,6/2,0,0)T + Z = a gives
Z =0 and 0 = 0, so we conclude that ¢ = id and that G acts freely. In order to prove
that G acts properly discontinuously, it is sufficient to notice that M/Z* ~ (S")* x R% and
G/Z* acts properly on (S')* x R* since the class of Ty acts by multiplication by A on the

coordinate t and T has order 2. Consequently, M := M /G is a manifold, and it is compact
since G([0,1]* x [1,)\]) = M.

We consider the Riemannian metric h on M given by
(10) h = dx} + das + t*(dyi + dy3) + dt?
where (1, y1, T2, y2) are the coordinates in the basis (X1, Y], Xo,Y5) of R* and ¢ is the param-
eter of the factor R* . For any g € G, if we use the decomposition g = ZoTg 0T given by ,

we have g*h := A2"h, meaning that G acts on M by similarities which are not all isometries.
The Levi-Civita connection of h thus descends to a connection D on M while h induces a
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conformal class ¢ on M. The triple (M, ¢, D) is an LCP structure. From the point of view of
the universal cover M, the flat part of this LCP structure is identified to the subspace of R*
given by Span(X;, X,), and its non-flat part is identified to the manifold Span(Y;,Y2) x R

It is easily seen that the group PP in this case consists of all the translations lying in
Span(Yi, Ys), and thus for any (y1,y9,t) in the non-flat part, one has (fi’f"(yl,y%t) = R* x {t}.
We deduce that the closed leaf m (CF(y, 1)) is diffeomorphic to R* x {t}/S (see [4, Lemma
3.5] for additional details), with S := {g € G | V(x1,22) € R?, g(x1, T2, y1,y,t) € R*x {t}} =
(Z*,Tg), where the last equality comes from the decomposition (8)). Since S acts freely and
properly discontinuously on R* x {t} =~ R* one has 1 (ma/(€F(,, yo))) = S, but S is not
abelian, 50 T (CFy, 4o.0)) is Ot a torus.

We now come back to the finite cover M’ of M introduced before. From the proof of [,
Theorem 1.10] already cited above, we have the following property: denoting by P the
equivalent of the group P° for M’ (since M’ is also an LCP manifold), one has P = P° and

the action of m(M’) C m (M) on R? x P by conjugation has no torsion. This motivates the
following definition:

Definition 3.12. We say that the LCP structure (M,c, D) is torsion-free if the action of
m (M) by conjugation on the characteristic group has no torsion.

4. SIMPLE LCP MANIFOLDS

In this section we give a description of simple LCP manifolds (i.e. with simply connected
characteristic group). In a first part, we study the structure of such manifolds to derive the
existence of necessary conditions, and we prove in a second part that any manifold satisfying
these conditions can be endowed with an LCP structure.

4.1. Analysis of the LCP structure. Let (M, ¢, D) be an LCP manifold. We keep the
notations of the preliminary section, and we assume that P° ~ RP~9 for some p > ¢, i.e. that
the LCP structure is simple and its characteristic group is isomorphic to RP. By Corollary
this group acts freely on M. Moreover, we obtain the following result:

Proposition 4.1. If (M,c, D) is simple, then for any © € N, the Riemannian manifold
CF, = RI x Pz is isometric to the Fuclidean space RP.

Proof. Let x € N. By Corollary , the group P° acts freely on N, so CF, = RY x POz ~
R? x P° ~ RP. Moreover, we recall that PY is a subgroup of the isometries of (N, gn), hence
the metric hp restricted to F, is invariant by the group RY x P ~ R?  which implies that
CF, is an Euclidean space isometric to RP. (]

Corollary gives that the group P° acts freely on N. It has been shown in [8, Lemma 4.9]
that P acts properly on N, and so does P° as a closed subgroup of P. Consequently, by [9,
Theorem 21.10] the quotient C' ;= N/P° is a smooth manifold. The canonical submersion
7n : N = C is a Riemannian submersion because P° acts by isometries on (M ,hp), and it
defines a RP~%-principal bundle. Here, we do not need to specify whether the action of RP™¢
is on the right or the left because the group RP™? is abelian. In particular, the fibers of the
principal bundle 7 : M — C are contractible and by |15, Corollary 29.3] this bundle admits
a section, so it is trivial because it is a principal bundle. Thus we can write N ~ RP~9 x C.
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The metric gy is invariant under the action of the group P° ~ RP~? (which consists of
isometries of gy), thus it is a RP~%invariant metric of the principal bundle RP~7 x C' — C.

We now study the action of m(M). One has M ~ R? x N ~ R? x C by the previous
analysis, and since I'y is a full-lattice of R? x P ~ RP it induces a full-lattice on each fiber
of the RP-principal bundle M — C = N /P°. Let us fix a basis of I'y. Using this basis,
we can now identify R? with R? x P° in such a way that I'y is the canonical lattice Z? of
RP. Under this identification, R? and P° are vector subspaces E? and EP~7 of RP satisfying
RP = F96¢ EP~4. We will from now on identify I'g with the canonical full-lattice ZP of R? and
M with R? x C.

For any a € R?, we denote by 7, the action of @ on M. We recall that ~ acts by conjugation
on RP. Indeed, the action of vy by conjugation on EP~? ~ P° is well-defined, because
PY is a normal subgroup of P, so it is stable by the action of P by conjugation. This
transformation is an automorphism of the group £P~¢, and in particular it is a linear invertible
map of EP~9 viewed as a vector space. Moreover, yg acts on E? as an affine transformation
EP~4 35 v — Rw+t,, where (R,,t,) € GL(EY) x E? Consequently, if for any u € E9 we
denote by t(u) the translation by u in E9, one has ygt(v)yg' = t(R,v). Altogether, there
exists a matrix A, € GL,(R) such that for any a € R? one has y7,7"' = T4 4, and A,
preserves the decomposition R? = E9 @ EP79.

The matrix A, stabilizes I'y C RP because it is a normal subgroup of m (M), and so
does (A,)"' = A -1, thus it is an element of GL,(Z). In addition, the transformation ~
on M descends to a transformation 7 on N/P°, because for any (a,y) € R? x N one has
17.(0,9) = (7727 1)7(0, y), thus y7,(0,y) and ¥(0,y) are in the same coset modulo P° since
YTyt = Ta,a € R?. We deduce that for any (a,z) € R? x C, one has

(11) v(a, ) = 77y 9(0,2) = Ta,07(0,2) = (Asa + fo(x),5(2)),

where f, : €' — RP is a function whose projection on R? is constant, because v preserves
the product structure M ~ R? x N. Consequently, ~ is an automorphism of the trivial
RP-principal bundle R? x C' — C' (see |7, Section 5| for the definition). Moreover, since
A € GL,(Z), the map 7 descends to an automorphism of the trivial (S!)P-principal bundle
(RP/ZP) x C' ~ (S')» x C — C'. The only elements of 7 (M) which descend to the identity this
way are the elements of ZP ~ I'y C m (M), thus 7 (M) /Iy is a subgroup of the automorphisms
of (SN x C — C.

We introduce the following definitions:

Definition 4.2. For any principal bundle P — B, we denote by Aut(P — B) the set of its
automorphisms.

An automorphism of the trivial RP-principal over C can be written as a map RP x C' >
(a,z) — (Aa+ f(z),¢(z)) where A € GLy(R), f € C*(C,RP) and ¢ € Diff(C'). We call A
the linear part of the automorphism and f its translation part. We define Aut%,(RPxC — C)
as the set of automorphisms of RP x C' — C such that A € GL,(Z) and f composed with the
projection onto K9 parallel to EP~9 is constant.

We identify the automorphisms of (SY)P with the matrices of GLy(Z). An automorphism
of the trivial (S')P-principal bundle over C' can be written as (S')? x C' > (a,x) — (Aa +
f(z),¢(x)) where A € GL,(Z), f € C(C,(SY)P) and ¢ € Diff(C). Since the manifold
C is simply-connected, any element of Aut((S')P x C — C) can be lifted to an element of
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Aut(RP x C' — C), uniquely defined up to a choice of base-points (we will omit this choice since
it does not impact our results). We define Autg.((S1)? x C — C) as the set of automorphisms
of the trivial (S")P-principal bundle over C' whose lifts lie in Auts,(R? x C' — C).

With these definitions, we deduce from the previous discussion that m (M) is a subgroup
of Aut%,(R? x C' — C) and 7,(M)/Tg is a subgroup of Autg.((S')? x C — C). This implies
that, if we consider the projection

P AutZ, (RP x C — C) — Autge (ST x C = O),
one has (M) = P~} (71 (M)/Ty) because ZP ~ Ty C 7 (M).

We know from Remark that m (M)/T is a discrete group acting properly on C, so
N/P ~ C/(m(M)/I'y) has an orbifold structure. Since C' is a simply connected manifold,
this orbifold is good, and it is compact because, M being compact, the projection onto C' of

any compact fundamental domain for the co-compact action of m(M) on M is a compact
fundamental domain for the action of m(M)/T'y on C.

We assume from now on that (M) acts on P° without torsion element, which is always
possible up to a finite covering as explained in Section [3.2] We recall here the definition of a
good orbifold that we will use below:

Definition 4.3. An orbifold is good if it is the quotient of a manifold by a discrete group. If
moreover this group is finite, then the orbifold is said to be very good.

If we pick v € m (M) such that ¥ € m (M) /Ty acts as the identity on C', we know thanks to
Remark that v has finite order, thus A, = I, because A, cannot be a torsion element, and
the translation part f, has to be constant because it exists k > 1 such that kf, € I'y >~ Z”.
Hence f, is an element of P° and v € 'y by definition. We conclude that the only elements
of 7 (M) whose induced action on C'is the identity are the elements of I'y. Consequently, the
group (M) /T acts effectively on C, and it can be identified to the fundamental group of
the good orbifold N/P. Thus there is a short exact sequence

(12) 0—ZF — (M) — 7 (N/P) — 0.
Altogether, we have proved the following theorem:

Theorem 4.4. Let (M, ¢, D) be a simple LCP manifold. Then, there exists a simply connected
manifold C and an integer p > 2 such that M ~ RP x C. There is a discrete subgroup € of
Autpq ((SY)P x C — C) such that, if we consider the canonical projection

P Aut, (RP x C' — C) = Autga((SY)P x C — C),

one has m (M) = P~1(Q), and the action of Q) restricted to C' is proper and co-compact.
Moreover, there is a decomposition RP = E1® EP~1, such that dim E9 = q, E? is the flat part
of the LCP manifold, and the linear part (see Deﬁm’tz’on of Q) preserves this decomposition.

If in addition the LCP manifold is torsion-free, then the group ) acts effectively on C, so

it can be identified to the fundamental group of the compact good orbifold C /S, and there is
a short exact sequence 0 — ZP — m (M) — Q — 0.

Remark 4.5. From the discussion of Section for any LCP structure (M,c, D), up to
considering a finite cover of M one can assume that 7, (M) acts by conjugation on RIx PV ~ RP
without torsion. This means exactly that the linear part of € is a group with no torsion
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element and that the LCP structure is torsion-free. Then, up to a finite covering, (2 is
isomorphic to m (C/Q).

4.2. Construction of an LCP structure from admissible data. We now investigate the
converse of the above statement, i.e. we consider a simply connected manifold C, an integer
p > 2 and a discrete subgroup 2 of the automorphisms of (S')? x C — C satisfying the
hypotheses of Theorem and we will construct an LCP structure on M := (RP x C) /S
More precisely, we assume that there exists a decomposition R? = E? @ EP~? with F? a
g-dimensional subspace of RP,  is a subgroup of Autg.((S')? x C — C), the linear part of
Q) preserves the decomposition E? & EP~? and its restriction to E? contains only similarities
with respect to a given scalar product ggqs, not all being isometries. We also assume that 2
restricted to C' acts properly and co-compactly (but not necessarily effectively), and for any
element w € Q \ {id} with a fixed point z € C, w acts on RP x {z} (which is preserved by
the transformation w) with no fixed point. This last condition is implicit in the conclusion of
Theorem [4.4| since m; (M) acts freely on M.

Remark 4.6. In view of Remark [4.5 we could assume that the linear part of 2 is a group with
no torsion element. In this case, for any z € C' and w € Q \ {id} in the isotropy group of z,
this subgroup of €2 being finite because the action is proper, w has finite order. Consequently,
the linear part of w is the identity, and the last condition listed above just means that the
translation part does not vanish at x.

The first step is to find a candidate for the fundamental group of the LCP manifold. For
this, we introduce a group G of transformations of M :=R?P x C'. If

P AutZ, (RP x C — C) — Autge((SY)? x C = C)
denotes the canonical projection, we define the subgroup G of Aut%,(R? x C' — C) by
(13) G :=PHQ),
which clearly contains Z”.

Lemma 4.7. The group G acts freely, properly discontinuously and co-compactly on RP x C.

Proof. According to [4, Proposition 4.1], since Z? <4 G by construction, G acts freely and
properly discontinuously on RP x C'if and only if Z? acts freely and properly discontinuously
on R? x C' and G/ZP acts freely and properly discontinuously on (R? x C)/ZP ~ (S*)P x C.
The first claim is obvious, so we are left to check the second one.

Let w € 2 which has a fixed point (a,z) € TP x C. Then, the restriction of w to C' satisfies
w(x) = x, so w is in the isotropy group of x, and by assumption w|rrx (.} would have no fixed
point if w # id, thus w = id since w has a fixed point.

The projection map (S')? x C — C' is proper, so the action of G/ZP on T? x C — C' is
proper since €2 acts properly on C'.

The co-compactness of the action is easily checked by choosing a compact elementary
domain D of C for the action of 2 and considering D' := [0, 1]? x D. Then one has G(D’) =
RP x C. U

From Lemma[4.7} we know that M := (R? x C')/G is a compact manifold. In order to define
an LCP structure on M, it remains to construct a Riemannian metric h on its universal
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cover M := RP x C, which is G-equivariant (in the sense that G acts by similarities on
(M ,h)) and with reducible holonomy. This second point is the easiest: using the hypothesis
made at the beginning of this section concerning the restriction of 2 to E? and writing
M = E? x (EP~1% x ('), the metric should be of the form ggs + gy where gga was introduced
before, and gy is a metric on N := EP~9x (. The action of GG preserves the product structure,
and its restriction to EY consists only on similarities, not all being isometries. Hence we can
define the group homomorphism p : G — R’ which gives the similarity ratio of any element
of this restriction.

We will now describe all possible Riemannian metrics for gy such that the group EP~¢
acts by isometries. For such a metric, the group ZP acts by isometries on M and j descends
to a group homomorphism p : 2 — R7%. These metrics are given in a basis adapted to the
decomposition EP~? x C by fields of matrices over C' of the form

Q brp
14
(14) <bBF 9B
with gp being a Riemannian metric on C, ) being a field of positive definite quadratic forms

on EP~% and bpp : EP71xTC — R and bgr : TC x EP~9 — R are two bilinear forms related
by the symmetry of the metric, i.e. bpp is determined by bgp.

Let w € Q and we denote by A € GL,(Z) its linear part and by f € C*(C, EP~?) the
EP~9%-component of its translation part. The representatives of w in G (i.e. the elements of
P~1({w})) all have the same differential, since they differ only by a translation element of Z?,
thus the group 2 acts on T'N by push-forward. The restriction of w, to EP~? is a constant
matrix corresponding to the linear part A of w restricted to EP~¢ and for any X € T'C, one
has w, X = dw(X) + X(f). In particular, the transformation w, is EP~%invariant because f
is, and so is the action of {2 by push-forward.

The admissible metrics on M should be G-equivariant, which is equivalent to the metric
gy under the form being ()-equivariant, i.e. the admissible metrics correspond to the
positive definite matrices satisfying:

(15) o ( Q bFB) — pw)? ( Q bFB) | w € Q.

ber 9B ber 9B

where the pull-back is well-defined by the previous discussion on the action of {2 by push-
forward. We thus need to construct such an invariant metric. Using the fact that € acts
co-compactly on C, there exists a compact K C C such that C = Q- K. By compactness,
there is a finite cover (U;);er of K by open sets whose closures are contained in charts of C
and are closed ball of the Euclidean space in these charts, so in particular each U; is relatively
compact. Defining U = U;¢;U;, it is easily seen that U is a relatively compact open set such
that K C U C U. On each U; one can construct a Riemannian metric g; of the form (14)) (by
taking bpr and brp to be zero for example), and one can find a function y; : M — R with

support lying in U; such that y; > 0 on U;. The metric g := > x;¢; is then of the form
i€l
and is a Riemannian metric on U. We now define gy by the formula:

(16) gy =Y plw)wy.

we
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Lemma 4.8. The metric gy given by Equation 15 well-defined and is a Q-invariant
Riemannian metric on EP~1 x C. Moreover, any Q-invariant metric arises from this con-
struction.

Proof. First, we prove that gy is well-defined. It is sufficient to prove that the sum has only
a finite number of non-zero terms on any sufficiently small neighborhood of a point in C'.

Let 2 € C. Since C = Q- K C Q- U, there exists a small open subset V of U and wy €
such that x € wy - V. For any w € (), the term w*g is not identically vanishing on wo V only
if w- wo V NU # (. The group € acts properly on C, so the set of elements ' € € such
that w' - VN U # () is finite because U is compact, thus the set of elements w € €2 such that
w-wy-VNU # ( is finite. This implies that gy is a sum of a finite number of terms on wy -V,
so it is well-defined and smooth on this neighborhood of z. This analysis holds for any point,
hence gy is well-defined and smooth.

As a sum of positive-definite or null terms, gy is positive definite or null at any point of
C. We need to prove that it is non-zero everywhere. But for any x € C there exists w € ()
and y € U such that w(y) = x and w*g(x) is non-zero. Thus gy is a Riemannian metric on
Er—1x (.

We now check the equivariance property . Let wy € 2. One has:
wign = wi 3 plw) 2wty = plun)? 3 plew - wo) g = plun)? S p(w) g = plen) g

weN we wef

To prove that any equivariant metric is obtained by this construction, we first consider
a non-negative smooth function y with support in U and such that yx > 0 on U. Such a
function exists due to the way we constructed U. For any w € €, let x, := w*y. With the

same arguments we used for the metric gy, one can prove that yr := > x,, is well-defined,
weN
positive, smooth and Q-invariant. Now, let g be any (2-equivariant metric, and we define
Yw € €, G 1= &g.
XT

Then for any w € Q one has g, := w*giq. This yields:

9= —g—zw Jia

wEQ weN
and g is constructed in the same way as gy. U

The previous discussion together with Lemma allows us to define an LCP structure on
M induced by the Riemannian structure (M, ggs + gn). The flat part of this LCP manifold
contains K7 and we can prove the following:

Proposition 4.9. If E? is exactly the flat part of the LCP structure, then the characteristic
group of the LCP manifold is the smallest vector subspace F' of RP containing E? and generated
by a subfamily of ZP. In particular, the projection of E? onto RP /ZP is dense in the projection
of F.

Proof. Since we are working on an LCP manifold, we will use the notations of Section [2| in
this proof. A reasoning similar as the one of Section allows us to consider, up to a finite
covering, that the linear part of €2 has no torsion, without changing the characteristic group
and the lattice I'y.
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We first prove that the vector subspace F' introduced in the statement of this proposition
is unique and well-defined. In order to do so, it is sufficient to prove that the intersection of
two subspaces Fi, F5 of RP containing E9 and generated by subfamilies B, and By of Z” still
has this property. The fact that £9 C F} N Fy is obvious, so it remains to prove that F; N F,
is generated by a subfamily of ZP. Denote by F| and F the Q-subspaces of QP generated by
By and B, respectively, so that F} = F] ®z R and Fy = Fj) ®; R. Then one has

FinFy = (F @2 R) N (F} @z R) = (F{ N F}) @z R

and any Q-basis of F| N F} gives a basis with vectors in ZP after multiplying each vector by
a suitable integer. This induces a basis of F; N F, with elements in ZP.

The non-flat part of the LCP manifold is N := EP7? x (' since E? is exactly the flat part
and N is orthogonal to E9. By definition, P is the connected component of the identity in
P, the closure of the restriction of G to N.

Let w € Q such that w|y € P°. There exists a continuous path o : [0,1] — P° such that
0(0) = id and o(1) = w|n. Let x € C. The set o([0,1])|c({z}) is a path-connected subset
of C'. Since the compact-open topology on metric spaces is characterized by the uniform
convergence on compacts and the elements of P° are in the closure of G|y, the closure of
G|n({(0,2)}) (where 0 € EP~9) must contain o([0,1])({(0,z)}), so the closure of G|c({x})
must contain ([0, 1])|c({z}). Yet, G|c({z}) = Q|c({z}) is a discrete subset of C' because 2
acts properly discontinuously on C'. Thus, o ([0, 1])|¢({z}) is reduced to a single point, yielding
r = 0(0)|c(z) € o([0,1])|c({z}) = {z}, and we deduce that o(1)|c(x) = x. It follows that
o(1)|¢ = id and o(1) € EP~? because the linear part of € has no torsion. Consequently, the
elements of G N (E? x P°) = Ty are translations of R? and there exists m € N such that
I'y C %Zp because GG acts properly discontinuously on R? x C'.

We can now prove that F' = E? x P°. Indeed, the vector space E? x P admits 'y C =7ZP
as a full lattice, so it is generated by a subfamily of Z”, thus it contains F'. On the other hand,
E7/T has to be dense in (E9 x P°) /T’y by Proposition [3.9] so it is dense in (E9 x P°)/(ml).
In particular, if F” is a subspace of RP generated by a subfamily of Z? with F' C F’, then F/ZP
and F'/7ZP are two sub-tori of R?/ZP with F/ZP C F'/ZP, but the image of FY is contained
in F/ZP, so it is not dense in F”/ZP. We conclude that £ x P° = F and the image of E? in
RP /7P is dense in the image of F because it is dense in (E? x P°)/T°. O

The whole discussion of this section is summarized in the following theorem:

Theorem 4.10. Let C' be a simply connected manifold. Let p > 2 be an integer and ) be
a discrete subgroup of Autg.((S')P x C' — C) whose restriction to C acts properly and co-
compactly (i.e. C/S is a compact good orbifold). Assume that there exists a decomposition
RP = E?7 @ EP~1 with dim EY = ¢ preserved by the linear part of €1, and such that the
restriction of this linear part to E? contains only similarities with respect to a given scalar
product gpa, not all being isometries. We also assume that for any element w € Q\ {id} with
a fived point v € C, W|gax(zy has no fixed point. Then, considering the canonical projection

(see Definition [{.4)
P Auth, (R? x C — O) — Autg((S1)? x C — C),

the group G := P~1(Q) acts freely, properly and co-compactly on M := E9 x N where N :=
EP~1 x C, and there exists a Riemannian metric gy on N such that G acts by similarities,
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not all being isometries on (M,h = gpa + gn). All such metrics gy are constructed as in
Equation (16). This induces an LCP structure on M = M/G.

5. DISCUSSION ON THE HYPOTHESES AND FURTHER EXAMPLES

Theorem [4.4] together with Theorem [4.10| give a description of simple LCP manifolds. How-
ever, there are still open questions concerning the hypotheses and possible simplifications that
one could make in these statements. Indeed, the existence of the group €2 in Theorem
is the only obstruction for the construction of an LCP manifold starting from a simply con-
nected manifold C'. In this section we discuss cases where one can construct such a group
and we provide examples proving that some hypotheses cannot be removed. We will use the
notations of these two theorems in the following section.

5.1. The orbifold hypothesis and the structure of the fundamental group. We begin
this section by providing an example satisfying the hypotheses of Theorem where C/Q
is a compact orbifold which is not a manifold, i.e. {2 acts effectively on C' with fixed points.

Example 5.1. Consider C := S?xR C R*xR and the group 2 ~ Z /27 x Z of automorphisms
of (§')? x C — C acting for any (a, (z,y,2),s) € (S')? x S x R, and for all m € Z as:

(170) ' (C_L7 (*Tvyvz)?s) = (C_L + (07 1/2)T7 (_y7 _wa)?S)u
Om) - @29 = (3 3) @ lomastm),

i.e. (1,0) is the rotation of axis z and angle 7 on S?. One easily check that this satisfies all
the necessary hypotheses, since the matrix is diagonalizable with real eigenvalues different
from +1, and the elements (1,m) for m € Z have non-zero translation part. The orbifold
C'/Q) is not a manifold since the point ((0,0,1),0) has a non-trivial isotropy group.

Example proves that we cannot drop the case where C'/Q is an orbifold. However, in
this example there is a finite covering (or equivalently a subgroup €' of Q with finite index)
of the LCP manifold constructed via Theorem such that C/€Q is a manifold, since C'//Q
is actually wvery good, being finitely covered by S? x S'. One can then ask whether for any
LCP manifold it is possible to find a finite covering such that C/€ is always a manifold
in Theorem [{.4, The answer is positive when C/Q is the product of a manifold with a
2-dimensional orbifold for example, because any good compact 2-orbifold is very good [14,
Theorem 2.5]. We do not know if there exists a counter-example to this statement, so this
question is still open. (This question has been answered in [12], where some examples of good
but not very good orbifolds have been constructed. However, we do not know if they satisfy
the additional conditions needed for the construction of LCP manifolds.)

Another natural question is the following: is the group G defined in Theorem [4.10| always
a semi-direct product ZP x €1, as it is in all the examples we gave so far? The answer to this
question is no, as shown by Example below.

Example 5.2. Consider C' := R? and ) ~ Z? the group of automorphisms of (S')?x C' — C'
given by:

(17) (my,ma) - (@, (z,y)) = (A™a + mat, (M2, May)), Y(a, (z,y)) € (S1)?* x R?,
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(3 ) 5 (0)

This group is well-defined and satisfies the hypotheses of Theorem since the matrix A is
diagonalizable with real eigenvalues different from 1. Now, for the group G defined by to
be a semi-direct product, there should exist a subgroup H of G such that HNZ? = {id} and H
is isomorphic to Q ~ Z?2. However, for such a subgroup to exist, one should find representatives
of (1,0) and (0, 1) whose commutator is zero since 2 is Abelian. This is equivalent to finding
71, T2 € ZP so that the affine transformations of R? given by (A, 1), (I, 7+ 72) € GLo(R) x R?
commute. We have

(A7) Uy m4+72) 7 (An) - (I, 7+ 72) = (I, (A= L) (T +72)) = (1,0)" + (A — )7

For the commutator to be zero, we should thus have (1,0)7 = (I, — A)7,, and writing 7 =:
(a,b)” one obtains the system

where

—2a+b=1
a—3b=0"

which has no solution for a,b € Z. Thus, the group G is not a semi-direct product of the
form ZP x ).

5.2. The linear part of (). In order to understand which manifold can lead to the con-
struction of an LCP manifold, it is important to know what the possible groups €2 are, and
in particular what their linear part is. We study here the subgroups of GL,(Z) appearing as
the linear part of 2. These groups should be finitely generated because the LCP manifold
is compact, they should preserve a decomposition E? @& EP~9 of R? with dim(E?) = ¢, their
restriction to F? consisting only of similarities for a given scalar product on E?, but not
all being isometries. Moreover, in regard of Proposition together with Theorem [4.4] we
can assume that the image of E? is dense in RP/ZP since we want to describe exactly the
characteristic groups of LCP manifolds. Let U be such a group.

The elements of U have the following property, which is a consequence of the Jordan-
Chevalley decomposition:

Proposition 5.3. All the elements of U are semi-simple.

Proof. Let A € U. Since Q is a perfect field, A admits a Jordan-Chevalley decomposition
A =: D+ N where D € M,(Q) is semi-simple, N € M,(Q) is nilpotent and [D, N] = 0.
There exists an integer m € N such that mD € My(Z) and mN € M,(Z). The linear
transformations mA = mD + mN and mD descend to two group endomorphisms of the
p-torus RP/ZP, because they are matrices of M,(Z).

Since A|gq is a similarity, there exists (A, O, P) € R% x O(q) x GL,4(R) such that
(18) Algs = APT'OP

and in particular, A|g. is diagonalizable in C, thus semi-simple. The Jordan-Chevalley de-
composition of A|gs is given by D|ga+ N|ga, so we have N|gs = 0 because A|gq is semi-simple,
implying A|gs = D|gs. Consequently, the endomorphisms of R? /ZP induced by mA and mD
coincide on the image of E7 in R?/ZP  which is dense, so they are equal by continuity. We
conclude that mA = mD and A = D, so A is semi-simple. OJ
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Corollary 5.4. There exists a basis of RP containing only vectors of ZP such that in this basis
the matriz A is diagonal by blocks, where the diagonal blocks have irreducible characteristic
polynomial in 7.

Proof. We will work in the Q-vector space QP, in which A is a well-defined linear transfor-
mation, and we will extend the result to RP.

The characteristic polynomial x4 of A can be decomposed into monic irreducible factors
over Z as

(19) XA = H P];lk7
k=1

where the polynomials P, are pairwise coprime. This gives a decomposition of QP into invari-
ant subspaces

(20) QF = @ker Pt o= @kerEk,
k=1 k=1

and the projections onto the P* are polynomials in A with coefficients in Q, so they are
matrices with coefficients in Q. Let 1 < k < m. The vector space E, admits as a basis any
basis By of the full-lattice given by ZP N E},. For a vector v € By, Av € ZP N E}, and then Av
is a linear combination of elements of B; with coefficients in Z. This means that the matrix
of A|g, written in By, has coefficients in Z. If we define the basis B of QP as the concatenation
of the bases By, then A is diagonal by blocks with coefficients in Z.

It remains to look at what happens for the restriction to each Ej, so we can assume that
X4 = P® where P is an irreducible polynomial in Z. Since A is semi-simple by Proposition [5.3]
P is the minimal polynomial of A. The Frobenius decomposition gives the existence of a
decomposition of the ambient vector space @i:l F}, where the F}, are cyclic, stable by A and
the characteristic polynomial of Al is P. The same argument as in the first part of the
proof then gives us a basis of vectors with coefficients in Z adapted to the decomposition, in
which A|p, has coefficients in Z for each k. O

Let A € U, and assume that A|gq is not an isometry for the scalar product given on EY, i.e.
A # 1 in equation (18). Using Corollary [5.4] we can write A under the form Diag(A;, ... A4,,),
where the blocks A, have irreducible characteristic polynomials. The subspace E? is spanned
by real and complex part of complex eigenvectors of A (since E? and EP~? are stable by A),
i.e. it is a subspace of the sum of the eigenspaces of Ay,..., A,, whose associated eigenvalues
have absolute value )\, which is stable by A. Moreover, the elements of U all commute with
the projector P on E? parallel to EP~9.

Conversely, starting from a matrix A € GL,(Z) of the form of Corollary , we can give a
theoretical way of constructing an admissible group U. First, there should exist A # 1 such
that each block of A has at least one eigenvalue of absolute value A\. Choose a g-dimensional
subspace E? of R? stable by A, such that A|g. has only eigenvalues with absolute value A
and the image of F? in RP/ZP is dense (it is always possible, since we can just take the
space spanned by the real and complex parts of eigenvectors with eigenvalues of absolute
value \). Since A is semi-simple, one can choose a stable space EP~7 supplementary to EY,
inducing a projector P on E? parallel to £P79. Let Com(P) := {M € GL,(Z) | MP =PM}.
Let © : Com(P) — GL,(R), M + |det M|gs|"*M|ps and S := ©(Com(P)). Remark that
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| det A|ga| ' A|ge has only eigenvalues with absolute value 1, so it is contained into a maximal
compact subgroup H of GL,(R). This subgroup H is conjugated to O(q) and then defines a
scalar product on E?. Taking U := ©7!(H) defines an admissible group, and any admissible
group can be obtained by this construction, up to a choice of P, H and taking a subgroup of
U.

5.3. The non-constant translations. A visible difference between the group €2 introduced
in Theorem and all the examples we gave so far is the presence of a possibly non-
constant translation part in an element of 2. Nevertheless, one can easily obtain non-constant
translations from any example with constant translation part introduced before. For that, it
is sufficient to consider the trivial bundle R? x C' in Theorem [4.10| and the diffeomorphism

(21) o :RPxC =R xC,(a,z) — (a+s(z),x)

where s : C' — EP79 is any smooth function. Now, if one takes an element w € ) which has
0= RrxC53(a,z) = (Aa+ b,w|c(x))) as a lift, it follows:

o 'op(a,x) = (Aa + b+ As(x) — s(w|c(r)), w|o()), V(a,z) € RP x C,
and taking a function s : C' — EP~? such that s is not equivariant will lead to non-constant
translations. The new LCP structure is then isomorphic to the modified one, and one can
then ask whether all the examples with non-constant translations arise from this construction.
In other words, is it always possible to find a function s : C' — EP~? such that for any w € ()

with w = (R? x C' 3 (a,z) — (Aa+ f(x),w|c(z)) as a lift, there exists a constant ¢ € R? such
that

(22) O(s(x),z) = (s(w|c(x)) + ¢, w|c(x)), Vo e C.
Indeed, using the diffeomorphism ¢ defined in (21]) one has in this case:
o top(a, 1) = (Aa + ¢, wlo(r)), V(a,z) € RP x C,

and all the translations are constant. Conversely, if there exists a diffeomorphism ¢ and
a section s as in (21)) such that through this transformation the translation part of € only
contains constants, then s has to satisfy the condition given by Equation . Such a function
s does not always exists, as shown by the following example:

Example 5.5. We define the matrix

(23) A = (} ;).

This matrix is diagonalizable with eigenvalues A := %5 and A~!. The matrix of eigenvectors
is
p 1+v5  1-V5
= 2 2
()

We consider the affine transformations of R* depending on a parameter z € R given by:

Ay O

(24) a:Xr—><0 Ag

)X,m@:XHX+@QmmﬁmyXHx+mmm)
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These maps canonically descend to (S1)%. One easily checks that the commutators of these
transformations are:

(25) [0 B1(2)] = Bi(2) " Ba(2), Lo, Ba(2)] = Bu(2),  [B(2), Ba(2)] =

We consider the manifold Cj := R? x R? on which acts co-compactly, freely and properly
the group

H = (T (y,t) = (Aoy, ), T1 = (y, 1) = (y + (1,0)7,8), T : (y,8) = (y + (0, 1)7,1)),
where (y,t) € R*> x R. Note that Cy/H can actually be given the structure of an LCP

manifold. The universal cover of the compact manifold Cy/H x S' is C' := Cy x R, and its
fundamental group is H x Z. We have the relations

(26) (I, T =T 'y, [T,T] =T, [T1,T3]=id,

so for any z € R the groups H and (a, $1(2), B2(2)) are isomorphic via the isomorphism
v, determined by ¢,(T) = «, 1,(1j) = ﬁ]( ). We consider the subgroup Q ~ H x Z of
Aut((SH)* x C — C) given by

(h,n) - (@ (9,1) = (), h(y, 1), 2), Y(h,n) € H x Z,¥(a, (y,1), ) € (") x Cp x R.
In order to prove that this group is well-defined, it is sufficient to show that the commutators
of the generators (T,0), (71,0), (T»,0), (id, 1) of € satisfy the suitable relations. It is easily
seen that

[(T7 0)7 (TIJO)] - (Tl_lTQJO)'J [(Tv 0)7 (T270>] - (Tlvo)'v [(Tbo)'? (TQ,O)] - <1d70>

because these commutators can be computed at a fixed z € R and then correspond to the
relations ([26]). We compute the remaining commutators. For any (a, (y,t),z) € (S*)*x Cy xR
one has

[(T,0)-, (id,1)- (@, (y, 1), 2) = (@, (y, 1), =)

(11, 0)-, (id, 1)-J(@, (y,1), 2) = (@ +(0,0,1,0)", (,%), 2) = (@, (y, 1), 2)

(T2, 0)-, (id, 1)](@, (y, ), 2) = (@a+ (0,0,0,1)", (y,1), 2) = (@, (y,1), 2),
then all these commutators are equal to the identity, proving that €2 is well-defined. Now, the
linear part of av is a matrix A, which is diagonalizable under the form Diag(A, A™!, A, A71).

We choose a new coordinate system on R* x C'= R* x R? x R* x R in the following way: if
(1, T2, Y1, Y2,71, T2, T, 2) is the canonical system of coordinates we set

Uy T
U2 p-1 T2
U1 P—l Y1
5)2 _ p-1 7yﬂ2
w1 1 7“1

2 2

t 1 t

z z

In these new coordinates, A is diagonal and we define % = ﬂa% + ai’ so that the image
1 V1

of Span(u) under the canonical projection is dense in the torus IER‘l/Z4 (written in the old

coordinates). The matrix A preserves the decomposition R* = Span( —) @ Span( 632, 331 , 622)

This construction satisfies all the hypotheses of Theorem [4.10| so we obtam a group G such
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that (R* x C)/G can be given an LCP structure with flat part containing Span(:Z). In
particular, R* is contained in the characteristic group by Proposition .

We consider the lift of (77,0) €  and (id, 1) € Q respectively given by
w1 = (R x Co xR 3 (a, (,1),2) = (Bi(2)(a), Ti(y, ), 2)) € G
and
0= [R"*xCy xR > (a,(y,t),2) = (a,(y,1), 2+ 1)) € G.
If there existed a section s satisfying , then using the transformation ¢ given by , one
would get that

winp b= (R*x Cy xR 3 (a, (y,1),2) = (a+c1, Ti(y, 1), 2))
et = (R* x Cy x R 3 (a, (y,1),2) = (a + ¢, (y,1), 2 + 1))
for ¢1,co € R, so these two elements would commute. But one has
[ ™, pop™!] = gl @lp™ = (R x Co x R 3 (a, (y,1),2) = (a +(0,0,1,0)", (y,1), ),

which is a contradiction. We can give an explicit metric on R* x C' which defines an LCP
structure: this metric is written in the coordinate system (uq, us, v1, Vg, w1, wo, t, 2) as

2 0 -+ 0 000

<

0Ot 0 0 000 0

-0 1 0 000 —wy

0 0 0 00 0 —tp,
(27) 0 0 0 0 10 0 0

0 0 0 0 0 t* o0 0

0 0 0 0 0 0 1 0

=0 —w —ttwy 0 0 0 t2+w%+t4wg

An orthonormal basis for this metric is given by:

0.0 00 D a0 0 0 9 (00 D
Ou, v, Ouy Qv vy Ow,  Ows Ot You, T oy | 0z
and the dual frame is
1 1
—duy, t*dugy, dv, — —duy, 1*(dvy — wydz), dwy, t2dws, dt, tdz.
T T

Straightforward computations show that the flat part of this LCP structure is exactly the
integral manifold of the distribution spanned by %. In addition, one has
0 0 n 0 N 0 0
= W17 Wo=— o | — &3
owy 181)1 281)2 0z O0vy
showing that the distribution orthogonal to the fibers of R* x C' — C' is not integrable, and
in particular it is not possible to find a metric of the form ((14) with brp = 0.

However, it is always possible to remove the non-constant translation part when G is a
semi-direct product:

Proposition 5.6. Assume that in Theorem[{.10 G = ZP x Q@ and Q acts freely on C. Then
the translation part € can be assumed to contain only constants belonging to E? up to a
diffeomorphism.
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Proof. The assumption G = ZP x ) allows us to define a subgroup Q of G inducing a splitting
of the short exact sequence 0 — ZF — G — ) — 0. In particular, there is an isomorphism
L — Q.

From the previous discussion, it is sufficient to find a function s : C' — EP~9 which is
Q-invariant, i.e. which satisfies Equation with ¢ € E? for any w € ). Since the linear
part of Q) preserves the decomposition £9 @ EP~? it is sufficient to find s such that

(28) W) r-axo(s(2), @) = (s(wlo(@)), wlo (@), Vo € Q.
Consider the associated bundle

B=C xq EPFY
where 2 acts on C'x EP~7 by its natural action. This is a bundle over C'/€2, which is a compact
manifold since €2 acts freely on C. Its typical fiber EP~? is contractible, so it has a global
smooth section [15, Corollary 29.3]. By a standard result, the sections of B are in one-to-one

correspondence with the equivariant maps satisfying , which implies the existence of the
map s we were searching for. O

5.4. Existence of the group (2. One question remains: when can one construct a group 2
as in Theorem We know that C/€ is a good compact orbifold since €2 acts properly and
co-compactly on C. Thus, a way to answer this question is, starting from a good compact
orbifold C' = C/m(C) (where C is the universal cover of C'), to check if we can lift m; (C)
to a subgroup €2 of the automorphisms of a trivial principal torus bundle over C'. We give
here a necessary condition for the existence of 2, which turns out to be sufficient when C is
manifold.

Proposition 5.7. Let C be a simply-connected manifold and €2 be a group as given in the
statement of Theorem[4.10 then 2 is isomorphic to a semi-direct product ' x Z where ' is
a subgroup of 2.

Conversely, z'fo'iz’s a compact manifold with universal cover C such that m,(C) ~ H X7 for a
subgroup H of w1(C'), then there exists an integer p > 2 and a group @ C Aut((S')PxC — C)

as in Theorem [{.10}

Proof. Let p: {2 — R% associating to w € () the similarity ratio of its linear part restricted
to £9. The group p(2) is a subgroup of R* with finite rank, generated by a finite number
of independent elements. Let A be one of these elements and let m : p(2) — (\) be the
canonical projection. One has a short exact sequence

0— ker(mop) - Q— (\) ~Z —0,

and this sequence splits because one can find a section consisting of the map sending A to an
element w € Q such that p(w) = A. Thus Q ~ ker(m; o p) x Z.

We now prove the converse part. We can take p = 2 and define 2 >~ H x Z by w = id for
weHandw = ((SY)? x C > (a,z) — (Aa,w(x))) for w € Z, where A is any suitable matrix
(take for example the matrix defined in (23)). O

Remark 5.8. if C'/Q is a manifold in Theorem , we can actually say more. Indeed, since
the fibration R? x C' — C'is Riemannian, the metric h on R? x C' induces a metric gg on C' (we
already emphasize this in this text). The fundamental group of the compact manifold C'/2
acts by similarities, not all being isometries on (C, gg), so gp is a non-Riemannian similarity
structure on C'/Q. An application of Theorem [2.1| gives that (C, gp) is either flat (a case which
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is classified [5]), irreducible, or an LCP manifold. The two main conjectures remaining are
then the following: are all LCP manifolds simple? and given an LCP manifold, can we always
say, up to a finite cover, that C'/Q is a manifold? This last problem was tackled in section
If the answers to these two questions are positive, then one could again decompose (C, gp)
using Theorem and continue this process. This would end in a finite number of iterations,
because the flat part is of positive dimension, leaving us with a flat or an irreducible manifold
at the end.
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