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Abstract. A Generalized Inoue–Bombieri (GIB) manifold M is a compact
quotient of a connected Riemannian product Rq × (N, gN ) by a discrete sub-

group of Sim(Rq) × Isom(N, gN ). The flat factor induces a transversely Rie-

mannian foliation whose leaf closures determine, up to a natural geometric
modification, a torus fibration M → X. The main goal of this article is to

study the associated monodromy representation ρ : π1(X) → GL(n,Z). We

prove that the image of ρ is a subgroup of a cocompact arithmetic lattice of a
reductive group, and we discuss which groups may be realized as monodromy

groups of GIB manifolds.

When (N, gN ) is a symmetric space of non-compact type, the monodromy
itself is arithmetic. Moreover, one may describe the fibration and the mon-

odromy in terms of parabolic subgroups of the isometry group of (N, gN ). This

yields new examples of GIB manifolds, as well as obstructions, and opens the
way toward a complete classification in this particular case.
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1. Introduction

1.1. GIB manifolds. Generalized Inoue–Bombieri (GIB) manifolds are compact
manifolds admitting a natural Riemannian foliation. They were introduced in [13]
with the aim of simplifying the framework for the study of locally conformally
product manifolds (LCP).

Recall that a similarity (also called a homothety) between two Riemannian mani-
folds (M1, g1) and (M2, g2) is a diffeomorphism ϕ : M1 → M2 such that ϕ∗g2 = λ2g1
for some real number λ > 0 called the ratio of the similarity. The group of similar-
ities from a Riemannian manifold (M, g) to itself is denoted by Sim(M). A strict
similarity is a similarity whose ratio is different from 1. This leads to the following
definition of GIB manifolds:
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2 B. FLAMENCOURT AND A. ZEGHIB

Definition 1.1. A generalized Inoue–Bombieri (GIB) manifold is the compact quo-
tient of a product manifold Rq × N , where q ≥ 1 and (N, gN ) is a connected Rie-
mannian manifold, by a discrete subgroup Γ of Sim(Rq)× Isom(N, gN ) acting prop-
erly, freely and cocompactly, and whose projection onto Sim(Rq) contains a strict
similarity.

GIB manifolds are named after the Inoue–Bombieri surfaces of type S0, which
they generalize. These are complex manifolds obtained as compact quotients of
C×H2 by discrete subgroups of Aut(C)×Aut(H2) = Sim+(R2)× Isom(H2).

Note that, throughout this text, (N, gN ) will always denote the Riemannian
factor of the universal cover of a GIB manifold on which the fundamental group
acts by isometries.

1.2. Monodromy group. The initial motivation for the present work was to un-
derstand the arithmetic data that arise naturally from the definition of GIB man-
ifolds. To introduce them, we fix a GIB manifold M of the form Γ\(Rq ×N) and
observe that the submersion Rq × N → N induces a foliation that descends to a
Riemannian foliation F on the quotient.

It was shown in [13, Theorem 1.6] that, up to a natural geometric transformation,
the closures of the leaves of F are the fibers of a torus fibration M → X over a
compact base X which inherits a natural Riemannian metric. This gives rise to a
monodromy representation ρ : π1(X) → GL(n,Z), where n denotes the dimension
of the tori (see [11, 13, 15], and Section 3.1 for more details). Its image, usually
denoted D is called the monodromy group of the GIB manifold.

Using structural properties of GIB manifolds, we show that, as a subgroup of
GL(n,Z), the monodromy group D satisfies the following several strong constraints:

• there exists a nontrivial decomposition Rn = H ⊕ V that is preserved by
D. (In the terminology of GIB manifolds, the subspace H corresponds to
the Euclidean factor Rq of the universal cover).

• H is an irrational subspace of Rn, meaning that H + Zn is dense in Rn.
• D acts on H by similarities with respect to a fixed inner product b, and
not all of these similarities are isometries.

1.3. GIB arithmetic data. From the previous properties of the monodromy
group D of a GIB manifold, we can define a purely algebraic structure, that
we will call GIB arithmetic data. It consists in giving a tuple (n,H, V, b), where
Rn = H ⊕ V , the subspace H is irrational, and b is an inner product on H. We
then define the automorphism group Aut(n,H, V, b) as those elements of GL(n,Z)
preserving H and V and acting by similarities with respect to b (on H). We assume
(in our definition of GIB arithmetic data) that this group Aut(n,H, V, b) contains
elements acting by strict similarities on H.

Our main result about this abstact structure is:

Theorem 1.2. The automorphism group D = Aut(n,H, V, b) of GIB arithmetic
data (n,H, V, b) is a cocompact arithmetic group. More precisely let G be this Zariski
closure. Then, G is a Q-anisotropic reductive group. In particular, G is the almost-
direct product of its center T with a semisimple group S, and DT := D ∩ T ̸= 1
and DS := D ∩ S are cocompact lattices in T and S respectively.

Remark 1.3. Actually, we prove that Zariski closures of general subgroups D ⊂
Aut(n,H, V, b) are reductive, and that the monodromy subgroups are arithmetic in
some geometric contexts.

A natural question is, which arithmetic groups of reductive groups arise in this
way, i.e. are equal to some Aut(n,H, V, b)? In particular which DS , the arithmetic
group in the semisimple part one can realize?
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We also ask which abstract subgroups D ⊂ Aut(n,H, V, b), can be realized as
monodromy groups of a GIB manifold. But since the nomodromy does not de-
termine the geometry of N (neither X, the base of the toral fibration M → X),
then, given a realized monodromy D, what best geometry can be associated to it?
The question can be in particular asked in the case of the full mondoromy group
Aut(n,H, V, b). Partial answers are in the sequel.

1.4. Topology of GIB manifolds with a given monodromy group. As we
wrote before, GIB manifolds are an alternative point of view for LCP manifolds.
These latter manifolds were previously studied in [10] in the context of confor-
mal geometry. Their precise definition emerged from a detailed analysis of Weyl
structures on compact manifolds initiated by Belgun and Moroianu in [3].

A Weyl structure is a torsion-free connection on a conformal manifold that pre-
serves the conformal structure. Such a structure is called closed and non-exact if
it is locally, but not globally, the Levi-Civita connection of a metric in the given
conformal class. The original question was about the reduced holonomy of a Weyl
connection on a compact manifold, which was conjectured to be flat or irreducible.
However, a third situation was found by Matveev and Nikolayevsky [16], where the
universal cover of the manifold, endowed with the lifted foliation, is a Riemann-
ian product of an Euclidean space and an irreducible manifold. Kourganoff later
proved in [15] that this exhausts all possible cases. The authors of the present
paper provided a new proof of this result in [12], relying more heavily on geometric
arguments.

LCP manifolds are quotients of a Riemannian product Rq × (N, gN ), where
(N, gN ) is irreducible, by a discrete subgroup of Γ ⊂ Sim(Rq×(N, gN ))∩(Sim(Rq)×
Sim(N, gN )), that does not consist solely of isometries. In [13], we observed that,
after a conformal change of the metric gN , this setting is equivalent to the case
where Γ ⊂ Sim(Rq)× Isom(N, gN ), corresponding to GIB manifolds.

The classification of LCP manifolds, and subsequently of GIB manifolds, is the
main focus of their study. We aim to understand them through the analysis of
invariants arising from their structure. It is therefore natural to ask whether GIB
arithmetic data, which are now purely algebraic objects, always arise from a GIB
manifold. The answer is affirmative, as shown by the following theorem.

Theorem 1.4. Let (n,H, V, b) be GIB arithmetic data. We call a finitely generated
subgroup D of Aut(n,H, V, b) that contains an element acting as a strict similarity
on H a GIB monodromy subgroup of (n,H, V, b). Then, GIB monodromy subgroups
of GIB arithmetic data are exactly the monodromy groups of GIB manifolds.

Theorem 1.4 has some flaws, as the geometry of the GIB manifold constructed
from GIB arithmetic data is not known. However, an explicit construction yields:

Proposition 1.5. In Theorem 1.4, and in the notation of Section 1.2, the universal
cover X̃ of X can be taken to be the product of a Euclidean space and H2.

If the finitely generated subgroup of D ⊂ Aut(n,H, V, b) taken in Theorem 1.4

is cocompact in its Zariski closure, as it is the case for Aut(n,H, V, b), X̃ can be
taken to be the symmetric space associated to this Zariski closure.

1.5. The case of symmetric spaces. We recalled earlier that GIB manifolds
were introduced as a generalization of Inoue–Bombieri surfaces. For these surfaces,
and with the notation of Definition 1.1 (which we continue to use in what follows),
the manifold N is the symmetric space H2. In fact, the case where N is a sym-
metric space is the most natural generalization of these surfaces, and a complete
understanding of this situation is one of the main goals of this work.
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In [13], we already focused on this case, proving a Bieberbach-type rigidity result.
More precisely, there exists a connected group L acting properly and transitively
on Rq×N and containing Γ. In particular, Γ is a cocompact lattice in L. Moreover,
we classified GIB manifolds for which N is a symmetric space of rank 1, showing
that in this case N must necessarily be hyperbolic space.

The main tool in this latter classification was the projection of Γ onto Isom(N, gN ).
The closure of this group, denoted by P̄ , has an abelian identity component P̄ 0.
The fact that this group is abelian imposes very strong restrictions on N . We are
therefore led to ask what P̄ 0 can be in this setting.

This problem was studied in a different context by del Barco and Moroianu in
[8]. They considered LCP manifolds, which are equivalent to GIB manifolds, whose
universal cover G carries a Lie group structure and such that Γ is a subgroup of
G. In that situation, the factor N is a subgroup of G, and they proved that P̄ 0 is
contained in the radical of N . In particular, it is isomorphic to Rm for some m > 0.
By the Bieberbach rigidity result mentioned above, our setting with N symmetric
is close to the Lie group case: indeed, if the group L acted simply transitively on
Rq ×N , the universal cover would itself inherit a Lie group structure.

When N is a symmetric space of non-compact type, its isometry group is alge-
braic. Using the theory of linear algebraic groups, we prove that P̄ 0 is contained in
the unipotent radical of a suitable group, and more precisely we obtain the following
result.

Theorem 1.6. Let Γ\(Rq×N) be a GIB manifold, where (N, gN ) is a Riemannian
symmetric space of non-compact type. Let P̄ be the closure of the projection of Γ
onto Isom(N, gN ). Then, the identity component P̄ 0 of P̄ is the unipotent radical
of any algebraic subgroup of Isom(N, gN )0 lying between the Lie groups P̄ and the
normalizer NorG(P̄

0). Moreover, NorG(P̄
0) is an R-parabolic subgroup of G.

Moreover, the basis X of the toral fibration M → X, is a locally symmetric man-
ifold of non-positive curvature, with a non-trivial Euclidean (local) factor. Equiva-
lently, the Riemannian quotient N/P̄ 0 is a symmetric space of non-compact type.

This result opens the way to a classification of admissible non-compact symmetric
spaces by means of the classification of parabolic subgroups of semisimple groups.
It also suggests methods for constructing new examples involving non-compact
symmetric spaces of rank greater than 2. Combined with results on monodromy
groups, it furthermore yields obstructions for certain symmetric spaces to appear as
the factor N . See Section 7.1 below for both constructions as well as obstructions
regarding the symmetric spaces associated to SL(m,R) and SO(p, r).

We notice that Theorem 1.6 is partially implied by the work of Moore in [17].
In this paper, closed cocompact subgroups of semisimple Lie groups with abelian
identity component (like the group P̄ in our situation) are studied. This setting
was suggested by the work of D. Epstein [9] on transversely hyperbolic foliations.
In this latter article, the foliation under consideration is 1-dimensional, but the
framework of GIB manifolds offers examples of transversely Riemannian foliations
of any dimension where the closures of the leaves are flat tori. This explains the
similarities between the result of Moore and ours.

The monodromy of a GIB manifold in the setting of Theorem 1.6 has the fol-
lowing important property:

Theorem 1.7. In the setting of Theorem 1.6, the monodromy group is cocompact
in its Zariski closure and is thus arithmetic. Moreover, if (N, gN ) is irreducible,
then the monodromy representation is injective.

1.6. Organization of the paper. In Section 2, we introduce notation and recall
some basic facts about arithmetic groups. In particular, we discuss restriction of
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scalars, which plays an important role throughout the paper. Section 3 is devoted
to precise definitions of our objects of study, namely monodromy groups and GIB
arithmetic data. In Section 4, we prove Theorem 1.2 and investigate the constraints
on the semisimple part of the Zariski closure of a monodromy group.

Theorem 1.4 is proved in Section 5, where we give an explicit description of GIB
manifolds admitting a prescribed monodromy group. GIB manifolds of the form
Γ\(Rq × N) with N symmetric are studied in Section 6, where Theorems 1.6 and
1.7 are established. Finally, we discuss several examples of symmetric spaces that
give rise to GIB manifolds, and we classify GIB arithmetic data from the matrix
point of view in Section 7.

2. Notations and preliminaries

2.1. Notations. Let G be a Lie group. We denote by G0 the identity component
of G. If H is a subgroup of G, the normalizer of H in G is denoted by NorG(H).
The center of G is denoted by C(G), and the centralizer of H in G is denoted by
CG(H).

The radical of G is the maximal connected normal solvable subgroup of G; it is
denoted by R(G). If G is a matrix group, we denote by Ru(G) its unipotent radical,
that is, the maximal connected normal unipotent subgroup of G. It is contained in
R(G).

Recall that a linear algebraic group over a field k is said to be reductive if its
unipotent radical over an algebraic closure of k is trivial.

Throughout this text, we consider two topologies: the usual topology and the
Zariski topology. If H is a subgroup of G, we denote by H̄ the closure of H in G
with respect to the usual topology. The Zariski closure of H in G is denoted by

H
Zar

.
When no confusion is possible, we use gothic script to denote Lie algebras. For

instance, g denotes the Lie algebra of G.
Let G be a linear algebraic group defined over a field k. We denote by G(k) the

k-rational points of G, i.e. the elements of G with entries in k.

2.2. Arithmetic groups and lattices. In this section, we recall some basic facts
about lattices and arithmetic groups, since these notions will play an important
role in our analysis. We mainly follow the exposition in [18].

Let G be a linear Lie group, i.e. a subgroup of GL(V ) for some vector space V
of dimension n that we fix from now on. For any subring R of R, we denote by
G(R) the elements of G with entries in R.

Informally, an arithmetic group is the set of integer points of a linear Lie group.
However, we define arithmeticity up to isomorphism and compact factors.

Definition 2.1. A subgroup Γ of G is an arithmetic subgroup if there exists a linear
Lie group G′, two compact normal subgroups K and K ′ of G and G′ respectively,
and an isomorphism

ϕ : G/K → G′/K ′

such that ϕ(π(Γ)) is commensurable with π′(G′(Z)), where π : G → G/K and
π′ : G′ → G′/K ′ are the canonical projections.

Definition 2.1 will not be useful in our study, and we need a less abstract point
of view. We start by defining a k-form of a finite-dimensional vector space V for
an algebraic number field k.

Definition 2.2. A k-form of V is a k-vector subspace Vk of V such that the natural
map Vk ⊗k R → V is an isomorphism.
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We fix a k-form Vk of V . It induces a k-form End(V )k of the space End(V ) of
endomorphisms of V defined by

(1) End(V )k := {A ∈ End(V ) | A(Vk) ⊂ Vk}.

A function P : V → R on V is polynomial if P ◦ f is polynomial for any
isomorphism f : Rn → V . Moreover, we say that P is defined over k if P (Vk) ⊂ k.

Recall that we assumed G ⊂ GL(V ) ⊂ End(V ). We need to define precisely
what we mean by the expression integer points of G.

Definition 2.3. The group G is defined over k if there exists a subset Q of the
polynomial functions on End(V ) defined over k such that

G = {g ∈ End(V ) | ∀P ∈ Q, P (g) = 0}.

We now introduce a notion of integer points in Vk. This is well-defined using a
Z-lattice in Vk.

Definition 2.4. A Z-lattice in Vk is a finitely generated subgroup L of Vk such that
the natural map L ⊗Z k → Vk is an isomorphism.

We now assume that k = Q. We fix a Z-lattice L in Vk, and we define

(2) GL = {g ∈ G | gL ⊂ L}.

All these definitions lead to a way to construct arithmetic groups, thanks to the
following proposition:

Proposition 2.5. The group GL is an arithmetic subgroup of G.

We denote by µ the Haar measure of G.

Definition 2.6. A lattice of G is a discrete subgroup Γ such that Γ\G has finite
volume with respect to the measure induced by µ. If Γ\G is compact, the lattice Γ
is called a cocompact lattice in G.

The Borel Harish-Chandra Theorem [5, Theorems 1 and 3] establishes a link
between arithmetic groups and lattices of Q-groups.

Theorem 2.7 (Borel Harish-Chandra). Let G be a complex algebraic linear group
defined over Q. If all rational characters of its identity component are trivial,
then G(Z) is a lattice in G(R). If, moreover, every unipotent element of G(Z) lies
in Ru(G(Q)), then G(Z) is cocompact (this last property is known as Godement’s
criterion).

2.3. The restriction of scalars. We will frequently use restriction of scalars to
construct arithmetic lattices. Therefore, we recall the basic facts about this con-
struction.

Let G be a semisimple linear algebraic group defined over an algebraic number
field k, i.e. there exists a set Q of polynomials defined over k such that

G = {g ∈ End(V ) | ∀P ∈ Q, P (g) = 0}.

We assume that k has s real embeddings and t complex embeddings. If σ1 and σ2

are two embeddings of k into C, we say that σ1 and σ2 are equivalent if σ1 = σ2.
Let S∞ be a complete set of representatives of equivalence classes of embeddings
of k. For any σ ∈ S∞, we denote by kσ the completion of σ(k), that is R or C. We
also denote by Ok the ring of algebraic integers of k.

For any σ ∈ S∞, we consider the linear algebraic Gσ group defined over σ(k)
and given by

(3) Gσ := {g ∈ End(V ) | ∀P ∈ Q, σ(P )(g) = 0}.
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The main idea behind restriction of scalars is reminiscent of Dirichlet’s unit
theorem. The latter says that the image of the map Ok → Rs+2t, a 7→ {σ(a)}σ∈S∞

is a lattice in Rs ×Ct ≃ Rs+2t. In particular, if we consider the Q-form of R(s+2t)n

given by the image of

(4) ∆ : kn → R(s+2t)n, (x1, . . . , xn) 7→ {(σ(x1), . . . , σ(xn))}σ∈S∞ ,

then, it admits ∆(On
k ) as a Z-lattice.

The same idea applies to groups, yielding:

Proposition 2.8 (Restriction of scalars). [18, Proposition 5.4.8] Let G be a semisim-
ple linear algebraic group defined over k. The group

Resk/Q(G) :=
∏

σ∈S∞

Gσ

is defined over Q (for the Q-form constructed as above on Rs+2t), and its set of
integer points is the image of the map

∆ : G(Ok) → Resk/Q(G), g 7→ {σ(g)}σ∈S∞ .

Compact factors of algebraic groups will play a crucial role in this paper. There-
fore, if at least one of the factors Gσ in Proposition 2.8 is compact, it is a direct
corollary of Godement’s criterion that the integer points of Resk/Q(G) form a co-
compact lattice in Resk/Q(G).

3. Arithmetic data

This section is devoted to the precise formulation of our question concerning
GIB manifolds. We introduce the monodromy group of a GIB manifold, which
naturally leads to the definition of GIB arithmetic data. The extraction of purely
algebraic data from GIB manifolds allows us to understand the monodromy group
independently of the geometric structure of these manifolds.

3.1. Monodromy group of a GIB structure. Let M := Γ\(Rq ×N) be a GIB
manifold (see Definition 1.1). We denote by P the projection of Γ onto Isom(N, gN ).
The identity component P̄ 0 of the closure P̄ of P is an abelian connected Lie group
[13, Corollary 2.6]. Moreover, since the projection sends Γ isomorphic onto P , the
normal subgroup Γ0 := Γ∩(Sim(Rq)×P̄ 0) of Γ is abelian and is a lattice in Rq×P̄ 0

(see the paragraph following Corollary 2.6 in [13]).
Up to passing to the universal cover of Rq × P̄ 0, we may assume that Rq × P̄ 0 is

Rn and Γ0 is the canonical lattice Zn. The action of Γ by conjugation on Rq × P̄ 0

preserves Γ0, thus it induces a representation ρ : Γ → GL(n,Z) that preserves the
decomposition Rq × P̄ 0.

Definition 3.1. We call ρ(Γ) the monodromy group of the GIB manifold, and ρ
the monodromy representation.

The term monodromy in Definition 3.1 is justified as follows. The natural fo-
liation induced by the submersion Rq × N → N descends to a foliation on the
quotient Γ\(Rq × N). The closures of the leaves of this foliation are the images,
under the canonical projection, of the sets Rq × P̄ 0x for x ∈ N [15, Lemma 4.11].
After possibly replacing M by a finite covering and N by its orthonormal frame
bundle, this foliation becomes a fibration M → X over a compact manifold, whose
fibers are tori [13, Theorem 1.6].

Since Γ is a subgroup of Sim(Rq) × Isom(N, gN ), there is a well-defined notion
of orthogonality on the manifold M . Therefore, let x ∈ M and let F be the fiber of
the fibration M → X containing x. Then (TxF )⊥ defines a horizontal space at x.
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The union of all the horizontal spaces defines a horizontal distribution on M , and
hence an Ehresmann connection.

This connection lifts to the universal cover Rq × N . In the present setting, P̄ 0

acts freely on N , and since it is a closed subgroup of Isom(N, gN ), it also acts
properly. We therefore obtain a fibration Rq ×N → N/P̄ 0 which is the natural lift
of the fibration M → X. The lift of the horizontal distribution constructed before
is given by the distribution orthogonal to the fibers.

Let x̄ ∈ X, and let c̄ : S1 → X be a closed continuous loop based at x̄. This
curve lifts to a horizontal curve c̄′ : [0, 1] → M in M . In turn, c̄′ lifts to a horizontal
curve c in Rq × N . Since x := c(0) and y := c(1) project to the same fiber in M ,
there exist γ ∈ Γ and t0 ∈ Rq × P̄ 0 such that y = γt0 · x. For any t ∈ Rq × P̄ , the
curve t · c is still horizontal and joins t · x to

t · y = γ((γ−1tγ)t0 · x).

Identifying the torus (Rq × P̄ 0)/Γ0 with the fiber over x̄ in M , we see that the
holonomy of the connection on M acts by transformations of the form

(5) (Rq × P̄ 0)/Γ0 → (Rq × P̄ 0)/Γ0, t 7→ (γ−1tγ)t0

for some γ ∈ Γ and t0 ∈ (Rq × P̄ 0)/Γ0. These maps are well defined because the
action of Γ by conjugation on (Rq × P̄ 0) preserves Γ0. Choosing a basis of Γ0 to
Identify the torus (Rq × P̄ 0)/Γ0 with Rn/Zn, the map (5) can be rewritten as

(6) Rn/Zn → Rn/Zn, t 7→ ρ(γ)t+ t0.

Thus, the image of ρ is the group of linear parts of the holonomy transformations
of the connection on M , which is precisely the monodromy of the connection.
Note that the translation part t0 gives information about the integrability of the
horizontal distribution. Indeed, it is integrable if the subgroup translation parts is
discrete.

3.2. The arithmetic data of a GIB manifold. We keep notation from the
previous section. We identify Rq × P̄ 0 with its universal cover Rn and view the
monodromy group of the GIB manifold M as a subgroup of GL(n,Z).

Proposition 4.9 in [11] implies that Rq is an irrational subspace of Rn in the
following sense:

Definition 3.2. A vector subspace V of Rn is irrational with respect to a lattice
O if V + O is dense in Rn. If there is no ambiguity, we omit the lattice and we
simply say that V is an irrational subspace of Rn.

We set H := Rq. We also define V as the universal cover of P̄ 0, and b as the
bilinear form induced on Rq by its Euclidean metric. Then, the following properties
hold:

(a) Rn = H ⊕ V ;
(b) the monodromy group ρ(Γ) preserves the decomposition H ⊕ V ;
(c) the restriction of ρ(Γ) to H lies in the group of similarities of an inner

product b : H ×H → R;
(d) the restriction of ρ(Γ) to H contains a non-isometric similarity.

Remark 3.3. The last property implies strong irrationality of H, i.e. H∩Zn = {0}.
Indeed, H∩Zn is stable by D; in particular, it is stable by a non-isometric similarity
γ of (H, b) which is the restriction of an element of D. Replacing γ by γ−1 if
necessary, this similarity is contracting and thus cannot preserve a discrete set of
integer points, unless this set is trivial.
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Definition 3.4. We call the tuple (n,H, V, b) the arithmetic data of the GIB man-
ifold M . Conversely, let n ≥ 2, and suppose we are given two subspaces H and V of
Rn such that Rn = H⊕V and H is irrational with respect to the lattice Zn, together
with a inner product b on H. If there exists an element of GL(n,Z) preserving the
decomposition H ⊕ V , and restricting to a strict similarity on (H, b), we say that
(n,H, V, b) are GIB arithmetic data.

In light of the discussion above, we endow GIB arithmetic data with a natural
group of transformations.

Definition 3.5. Let (n,H, V, b) be GIB arithmetic data. The subgroup of all the
matrices of GL(n,Z) that preserve the decomposition H ⊕ V and restrict to sim-
ilarities of (H, b) is called the automorphism group of the GIB arithmetic data
(n,H, V, b), and it is denoted by Aut(n,H, V, b). A finitely generated subgroup of
Aut(n,H, V, b) whose restriction to H contains a non-isometric similarity of b is
called a GIB monodromy subgroup of (n,H, V, b). Note that Theorem 1.2 implies
that Aut(n,H, V, b) is itself a GIB monodromy subgroup of (n,H, V, b).

Invoking Selberg’s lemma, one may assume that the automorphism group of
GIB arithmetic data has no torsion, up to taking a finite index subgroup. So far,
no non-abelian subgroups of such an automorphism group have been constructed
(see [10, 11]). We provide here an example where the automorphism group is not
abelian, using restriction of scalars.

Example 3.6. We consider the quadratic form q := x2 + y2 −
√
5z2 on R3 and

its conjugate q∗ := x2 + y2 +
√
5z2. One has SO(q) ≃ SO(1, 2) ≃ PSL(2,R) and

G := SO(q∗) ≃ SO(3) is compact. The group SO(q) is defined over k := Q[
√
5].

Applying restrictions of scalars, Resk/Q(G) = SO(q∗) × SO(q) is defined over Q.

Moreover, in the notations of Section 2.3, the Q-form of R6 is ∆(k3), and the Z-
lattice is L := ∆(O3

k). Consequently, the set Γ1 of integer points of Resk/Q(G) is a
cocompact lattice, and its projection onto SO(q) is a cocompact lattice of PSL(2,R).
In particular, Γ1 is non-abelian.

The group Γ1 preserves a decomposition H ⊕ V of R6, where H has dimension
3, corresponding to the splitting ≃ SO(q∗) × SO(q). Since the ring of algebraic
integers Ok of k is dense in R, O3

k is dense in R3, and H is an irrational subspace
of R6 with respect to L.

Let λ := −3+
√
5

2 , which is a unit of Q[
√
5], and let A be the matrix of the

endomorphism acting by multiplication by λ on H and by multiplication by λ−1

on V . The matrix A also preserves the Z-lattice L and the decomposition H ⊕ V .
Moreover, A acts as a similarity of ratio λ ̸= ±1 on H.

Altogether, (6, H, V, q∗) are GIB algebraic data, and ⟨A⟩⋊Γ1 has finite index in
Aut(6, H, V, q∗), which is therefore non-abelian.

4. The Zariski closure of the automorphism group: proof of
Theorem 1.2

In this section, we prove Theorem 1.2 and we discuss its implications. More
precisely, we investigate the constraints on the semisimple part S introduced in the
theorem.

4.1. Decomposition of the automorphism group. Let (n,H, V, b) be GIB
arithmetic data as defined in Definition 3.4. Let D be a subgroup of Aut(n,H, V, b).
We aim to give a description of the group D ⊂ GL(n,Z). In order to do so, we
consider D as a discrete subgroup of a larger Lie group, namely its Zariski closure
in GL(n,R), and we use results on arithmetic groups to prove Theorem 1.2.
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We consider the set of polynomials

(7) I(D) := {P ∈ R[X] | ∀A ∈ D, P (A) = 0}.

The space I(D) is a vector subspace of R[X], and we claim that there exists a finite
set of elements in Q[X] generating I(D). Indeed, for any k ∈ N, let

(8) Ik(D) := {P ∈ I(D) | deg(P ) ≤ k}.

Then, the space Ik(D) is exactly the subspace of Rk[X] (the space of polynomials
with real coefficients and degree less that k) satisfying the equations P (A) = 0 for
all A ∈ D. Consequently, the coefficients of P ∈ Ik(D) are constrained by a set
of linear equations with integer coefficients, so they can be solved in Q[X]. Now,
the Q-dimension of Ik(D) ∩ Q[X] is equal to the R-dimension of Ik(D), and we
conclude that Ik(D) ∩Q[X] is a Q-form of Ik(D).

We now look at the Zariski closure of D in GL(n,R), i.e.

(9) G := {A ∈ GL(n,R) | ∀P ∈ I(D), P (A) = 0}.

The set G is a linear algebraic group, therefore it is a Lie subgroup of GL(n,R).
Moreover, G is defined over Q by the previous discussion. Up to passing to a finite-
index subgroup of D, we may assume that G is connected in the Zariski topology.

We claim that G is a reductive group. In order to prove this, we consider the
unipotent radical Ru(G) of G and we aim to show that this group is trivial. Since
G is defined over Q, and Q is a perfect field, Ru(G) is defined over Q because it is
Q-closed. By definition, Ru(G) is connected, so we can apply [4, Corollary 18.3] to
the perfect field Q and the connected linear algebraic group Ru(G) to conclude that
Ru(G)(Q) (i.e. the rational points of the unipotent radical of G) is Zariski-dense in
Ru(G). Thus, to prove that Ru(G) is trivial, it is sufficient to prove that Ru(G)(Q)
is trivial.

Stabilizing a subspace of Rn amounts to satisfying polynomial equations. There-
fore, the group G(Q), which is included in the Zariski closure of D in GL(n,R), still
preserves the decomposition H ⊕ V . Moreover, being a similarity once restricted
to (H, b) is also a polynomial condition, thus the restriction of G to V consists of
b-similarities. For any element A of Ru(G)(Q), since A is unipotent, its restriction
to H is a unipotent similarity of (H, b), thus it is the identity. The conclusion then
follows from the following lemma:

Lemma 4.1. Let A be an n × n matrix with coefficients in Q preserving the de-
composition H ⊕ V . If the restriction of A to H is the identity, then A = In.

Proof. Let A ∈ Mn(Q) whose restriction to H is the identity. There exists p ∈ N∗

such that pA ∈ Mn(Z), and B := p(A − In) restricted to H is the zero en-
domorphism. Since B has coefficients in Z, it induces a group homomorphism
BT : Tn → Tn, where Tn := Rn/Zn. But BT coincides with pIn on the image of
H in Tn, which is dense in Tn because H is irrational. This implies that B = pIn,
yielding A = In. □

As a consequence of this lemma, A = In and Ru(G)(Q) is trivial, thus G is
reductive. In particular, G is the almost direct product of the connected component
of its center T and of its commutator subgroup S := [G,G] [6, Proposition 2.2]. In
addition, S is semisimple, and the first corollary in [4, Section 2.3] implies that S
is a closed Zariski connected subgroup of GL(n,R) defined over Q, because G is
Zariski connected. We can now apply the Borel Harish-Chandra Theorem 2.7. Since
G(Q), and thus S(Q), has no non-trivial unipotent element, and S is semisimple,
we conclude that DS := S(Z) is a cocompact lattice of S.
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Remark 4.2. There are several possibilities for S. First, if G is abelian, then S
is trivial. The group S could also be compact. In this case, the elements of DS are
torsion elements, and we can avoid this situation by taking a finite-index subgroup
of D, thanks to Selberg’s Lemma. The remaining case is when S is non-compact.
In this latter situation, the lattice DS is infinite and non-abelian, because S is
semisimple.

We first recall that G is isogenous to T × S. The restrictions to H of the
elements of S are b-isometries because S is a group of commutators. Consequently,
if D contains a matrix that restricts to a strict similarity of (H, b), the group T
cannot be compact.

We claim that:

Lemma 4.3. The normalizer NorS(G(Z)) of G(Z) inside S is discrete.

Proof. Let (γ1, . . . , γℓ) be elements of D such that ⟨γ1, . . . , γℓ⟩
Zar

= G. This tuple
exists because G is finite-dimensional and a linear algebraic group has finitely many
connected components.

For any 1 ≤ i ≤ ℓ there exists a small neighborhood Ui of the identity in S
such that for all s′ ∈ Ui, s

′γis
′−1 = γi because DS is discrete and conjugation is

continuous. Taking U :=
⋂

1≤i≤ℓ Ui, the open set U is a small neighbourhood of the

identity in S such that NorS(G(Z)) ∩ U centralizes ⟨γ1, . . . , γℓ⟩, and thus G. After
possibly shrinking U , we may assume that the intersection of U with the center of
S contains only the identity, so NorS(G(Z)) ∩ U contains only the identity. This
proves the lemma. □

Applying Lemma 4.3 and using the fact that S/DS is compact, the image of
NorS(G(Z)) in S/DS is finite. Hence, there exists k > 0 such that for any a ∈
G(Z) ⊂ NorS(G(Z)), writing a = st with s ∈ S and t ∈ T , one has sk ∈ DS .
This yields ak = sktk, and sk ∈ GL(n,Z), thus tk ∈ GL(n,Z). We deduce that
DTDS has finite index in G(Z). Since DS is a lattice in a semisimple Lie group, it
is finitely presented. The group DT is a discrete subgroup of an abelian Lie group,
thus it is finitely presented too. Therefore, Γ := DTDS is finitely presented, and
hence so is G(Z).

We now prove that DT is a lattice in T . We first show that DT is Zariski dense
in T . Since the group DTDS has finite index in Γ, the Zariski closure of DTDS has
finite index in G. Moreover, G is Zariski connected by assumption, thus DTDS is
Zariski dense in G. We also know that DS is a lattice in the semisimple group S,
thus DS is Zariski dense in S. The Lie group G is isogenous to the product T × S
and DTDS is Zariski dense in G. It follows that DT is Zariski dense in T .

We are now in a position to prove that T is Q-anisotropic, i.e. it admits no
non-trivial rational character defined over Q. This will allow us to apply the Borel
Harish-Chandra theorem. Let χ be a rational character defined over Q on T . By
[4, 8.2 (c) and 8.5], T is conjugate to a diagonal group over C, and, in this basis of
diagonalization, the character χ is of the form

(10) χ =

n∏
i=1

χmi
i ,

where χi is the i-th diagonal entry, and mi ∈ Z. For any g ∈ DT , the matrix g
has integer coefficients, so χ(g) lies in Q and is a product of eigenvalues of g and
their inverses. Since the eigenvalues of g are algebraic units, χ(g) is an algebraic
unit lying in Q, thus it is ±1. It follows that χ2 is trivial. By [4, 8.2 (c)], and
because DT is Zariski dense in T , the algebraic torus T is the intersection of the
kernels of the characters of T vanishing on DT . In particular, T ⊂ ker(χ2), and χ2
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is trivial. Hence, χ has value ±1 on T . Since χ is continuous with respect to the
Zariski topology and has value 1 at the identity matrix, it is identically equal to 1
on the Zariski connected group T . We conclude that T is Q-anisotropic, and, by
the Borel Harish-Chandra theorem 2.7, T (Z) = DT is a lattice in T .

We proved the following theorem:

Theorem 4.4. Let (n,H, V, b) be GIB arithmetic data and let D be a subgroup of
Aut(n,H, V, b). Then,

(1) the Zariski closure of D is commensurable to a reductive Q-group G isoge-
nous to T × S, where T is the center of G and S is its commutator group.

(2) if D contains a matrix that restricts to a non-isometric similarity of (H, b),
then T is non-compact.

(3) the group T is an anisotropic torus, and DT := T (Z) is a lattice in T .
(4) the set DS := S(Z) is a cocompact arithmetic subgroup in the semisimple

linear algebraic Q-group S.
(5) the group Γ := DT × DS has finite index in G(Z). In particular, Γ and

G(Z) are finitely presented.

Theorem 1.2 is then a direct consequence of Theorem 4.4.

4.2. Constraints on the semisimple part. Let (n,H, V, b) be GIB arithmetic
data. Let D be a GIB monodromy subgroup of (n,H, V, b). If G denotes the Zariski
closure of D, then Theorem 4.4 implies that G(Z) is a GIB monodromy subgroup
of (n,H, V, b) as well. Moreover, G is a reductive group, and [G,G] is a semisimple
algebraic group.

It is therefore natural to ask whether a given semisimple subgroup S of SL(m,R)
(m ≥ 1) defined over Q could arise as [G,G] for suitable GIB arithmetic data. We
recall that any semisimple Lie subgroup of SL(m,R) is almost Zariski closed [18,
Theorem A4.9].

In this section, we prove that, up to adding a compact factor, any semisimple
subgroup S may be realized as the commutator subgroup of G. The additional
compact factor is mandatory, because S should preserve the decomposition H ⊕V ,
and its projection onto GL(H) is compact. In addition, H is irrational, so this
projection restricted to S(Z) is actually injective.

We use unitary groups, as described in [18, Example 6.3.2], to prove our claim.
We fix a totally real number field k and we denote by S∞ its set of archimedean

places. Let a > 0, b > 0 be elements of k such that σ(a) < 0 and σ(b) < 0 for all
non-trivial σ ∈ S∞. Let K be the quadratic extension of k defined by K := k[

√
a],

and let τ be the non-trivial element of Gal(K/k). We denote by OK the ring of
integers of K, and we consider the m×m matrix

(11) A := Diag(b, . . . , b,−1).

The semisimple group S is embedded into SL(2m,R) via the map

(12) ϕ : SL(m,R) → SL(m,R)× SL(m,R), g 7→ (g, (gT )−1).

We consider the unitary group

(13) SU(A, τ ;OK) := {g ∈ SL(m,OK) | τ(gT )Ag = A}.

We define a k-form of R2m by setting W := {(s,Aτ(s)), s ∈ Km}. One ver-
ifies that W is a k-vector space and that the natural map W ⊗k R → R2m is an
isomorphism.
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We claim that ϕ(S) is defined over k with respect to the k-form Ek induced by
W on End(Rm)× End(Rm). To prove this, first remark that

(14)
Ek = {(B,C) ∈ End(Rm)× End(Rm) | B(V ) ⊂ V }

= {(B,Aτ(B)A−1) | B ∈ Mat(m,K)}.

Let Q be the subset of Q[x1, . . . , xm] defining the algebraic group S, which exists
because S is defined over Q. Any element B of SL(m,K) can be written as B =:
M +

√
aN , where M and N are matrices with coefficients in k. Consequently, for

any polynomial P ∈ Q, the equation

0 = P (B) = P (M +
√
aN)

splits into a system of polynomial equations with coefficients in k, where the entries
are the coefficients of M and N . Moreover, if (B,C) := (B,Aτ(B)A−1) ∈ Ek with
B = M +

√
aN as above, one has

2M = B +A−1CA and 2
√
aN = B −A−1CA,

so the entries of M and N are polynomials in the entries of (B,C). Altogether,
Q induces a set of polynomial equations with coefficients in k on Ek. We add to
this set the equation CBT = Im, and we denote by Q′ the set of all polynomial
equations obtained this way.

Consider the algebraic variety

(15) Var(Q′) = {(g, g′) ∈ SL(m,R)× SL(m,R) | P (g, g′) = 0 for all P ∈ Q′}.

By construction, one has Var(Q′) = ϕ(S), and we conclude that ϕ(S) is defined
over k.

We consider the subgroup of V defined by L := {(s,Aτ(s)), s ∈ Om
K}. It is the

set of Ok-points of V , where we recall that Ok is the ring of algebraic integers of
k. The subgroup of ϕ(S) defined by

(16) G := {ϕ(g) | g ∈ S, ϕ(g)L ⊂ L}

is the group of OK-points of ϕ(S). From Equation (14), any element (g, (gT )−1)
of ϕ(S) with g ∈ SL(m,OK) satisfies τ((gT )−1) = A−1gA, and thus τ(gT )Ag = A.
Therefore,

G = ϕ(S ∩ SU(A, τ ;OK)).

We now use restriction of scalars to conclude that

DS :=
∏

σ∈S∞

σ(ϕ(S ∩ SU(A, τ ;OK)))

is an arithmetic subgroup of

S′ := Resk/Q(ϕ(S)) =
∏

σ∈S∞

ϕ(S)σ.

Let σ ∈ S∞ be a non-trivial place. Since σ(a) < 0 and σ(b) < 0, one has

σ(ϕ(S ∩ SU(A, τ ;OK))) ⊂ ϕ(SU(m)),

and this last group is compact. Hence, DS is cocompact in S′ by Godement’s
criterion, and it is conjugate to a subgroup of GL(n := |S∞|2m,Z). In addition,
Borel’s density theorem implies that the Zariski closure of DS is isomorphic to S,
up to a compact factor.

The group DS acts naturally on Rn ≃
∏

σ∈S∞(kσ)2m (recall that kσ is the

completion of σ(k)), where the factors (kσ)2m are all isomorphic to R2m. We define
the subspace H of Rn as one of the factors corresponding to a non-trivial place, and
V is the product of all the other factors. In particular, DS restricts to a relatively
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compact subgroup of GL(H) on H. Therefore, this restriction preserves an inner
product b.

It remains to find a matrix commuting with DS and acting as a strict similarity
on H. This is easily done by choosing a non-trivial unit α ∈ k, and considering
the matrix A0 acting by multiplication by σ(α) on each (kσ)2m, for all σ ∈ S∞.
This matrix and its inverse preserve the Z-lattice {{σ(x)}σ∈S∞ | x ∈ L}, and they
restrict to similarities of (H, b). Since k is totally real, this similarity is not an
isometry.

The group ⟨A0⟩ × DS is a GIB monodromy subgroup of (n,H, V, b), and its
Zariski closure is the product T × S′, where T , the Zariski closure of ⟨A0⟩, is a
torus.

4.3. Constraints on the arithmetic group. The discussion of the previous sec-
tion shows that any semisimple subgroup S of SL(m,R) can occur in Theorem 4.4,
up to adjoining a compact factor. A natural follow-up question is whether any
arithmetic subgroup of a semisimple group can occur as the DS component (in the
notations of Theorem 4.4) of a GIB monodromy subgroup of suitable GIB arith-
metic data.

Let S be a semisimple algebraic subgroup of SL(n,R) defined over Q. By [18,
Proposition 5.5.12] and the proof therein (see also [6, 6.21 (ii)]), S is isogenous to
a product of semisimple groups S1 × . . . × Sm, where each Si is defined over Q,
and such that Si(Z) is irreducible as a lattice in Si. Let Si,1 × . . . × Si,ri be the
decomposition of Si into simple groups. There exists an algebraic number field ki
of degree ri, and set of archimedean places (S∞)i, such that Si,1 is an algebraic
subgroup of SL(ni, k

σ) defined over ki, and Si is isogenous to

(17)
∏

σ∈(S∞)i

(Si,1)
σ.

In this case, the arithmetic group Si(Z) is the image of the Oki-points of Si by the
map

(18) ∆i : g 7→ {σ(g)}σ∈(S∞)i .

The group S(Z) should preserve a decomposition H ⊕ V , as well as an inner
product b on H. Therefore, it projects injectively into a compact subgroup of
GL(H). Consequently, each Si must admit a compact factor, and we may assume
that this factor is Si,1. By construction, Si(Z) projects injectively and densely into
Si,1.

Summarizing, S is isogenous to

(19)

m∏
i=1

∏
σ∈(S∞)i

(Si,1)
σ.

We may discard the simple groups Si in this decomposition. Indeed, assume that
Si is simple. Since Si preserves the decomposition H ⊕ V and projects injectively
into a compact subgroup of GL(H), the whole group Si is compact. It follows that
Si(Z) is finite, and we may eliminate it using Selberg’s lemma.

We now ask whether S can be realized as the semisimple part of a GIB mon-
odromy subgroup of GIB arithmetic data. We first observe that each semisimple
group Si has a natural faithful representation ρi on the vector space

(20) Ei :=
⊕

σ∈(S∞)i

(kσi )
ni .

Hence, we define a representation of S by taking the external tensor product

(21) ρ := ρ1 ⊠ . . .⊠ ρm.
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We define two subspaces of
⊗m

i=1 Ei by

H :=

m⊗
i=1

(kidi )ni and V :=
⊕

(σ1,...,σm)∈
∏m

i=1(S
∞)i

(σ1,...,σm) ̸=(id,...,id)

m⊗
i=1

(kσi
i )ni .(22)

Since S projects as a compact subgroup of GL(H), there exists an inner product b
on H preserved by this projection.

It remains to find a matrix whose restriction to (H, b) is a non-isometric simi-
larity. None of the factor Si is simple, therefore we can apply the following lemma:

Lemma 4.5. Let k be an algebraic number field and S∞ its set of archimedean
places. If |S∞| ≥ 2, then there exists a unit α of k with |α| ≠ 1.

Proof. Let σ1, . . . , σs be the real places of k and let σs+1, . . . , σs+t be the complex
ones. We assume that all units of k have complex modulus equal to 1, and we prove
the lemma by contraposition.

By Dirichlet’s units theorem, the inclusion

∆ : O×
k → Rs+t, u 7→ (ln |σ1(u)|, . . . , ln |σs+t(u)|)

is a lattice in the hyperplane of Rs+t defined in the canonical coordinates by

x1 + . . .+ xs + 2xs+1 + . . .+ 2xs+t = 0.

In particular, ∆(O×
k ) has rank s+ t− 1. The function ln | · | vanishes on O×

k , and
we may assume that σ1 = id (the complex case is treated in the same way). Then,
∆(O×

k ) is a discrete subgroup of the space defined by the equation

x2 + . . .+ xs + 2xs+1 + . . .+ 2xs+t = 0,

and its rank is at most s + t − 2. This is only possible if s + t = 1, i.e. s = 1 or
t = 1, which amounts to saying |S∞| = 1. □

This lemma implies that there exists α ∈ k1 with |α| ̸= 1. We now consider
the endomorphism A0 of E1 =

⊕
σ∈(S∞)1

(kσ1 )
n1 acting by multiplication by σ(α)

on (kσ1 )
n1 , for all σ ∈ (S∞)1. The group ⟨A0⟩ preserves the canonical Z-lattice

defined in Section 2.3. In addition, A0 acts naturally on
⊗m

i=1 Ei by multiplication
on the first factor of the tensor product. Hence, ⟨A0⟩ × S(Z) is a GIB monodromy
subgroup of (n,H, V, b) for a suitable integer n, and its Zariski closure is T × S,
where T is the Zariski closure of ⟨A0⟩.

The discussion of this section is summarized in the following proposition.

Proposition 4.6. The groups DS appearing in Theorem 4.4 are exactly, up to tak-
ing a finite-index subgroup, the products of arithmetic groups of the form Resk/Q(G)(Z),
where G ⊂ SL(m,R) is defined over the algebraic number field k, and one of the
factors of Resk/Q(G)(Z) (see Proposition 2.8) is compact.

5. From GIB monodromy subgroups to GIB manifolds: proof of
Theorem 1.4

We return to our original motivation, namely to find GIB manifolds with large
monodromy groups, and we prove Theorem 1.4. To construct examples, we first
recall that GIB manifolds are equivalent to LCP manifolds [13, Theorem 1.9]. This
equivalence allows us to use a construction for LCP manifolds described in [11],
which we outline below for the convenience of the reader.

Let (n,H, V, b) be GIB arithmetic data and letD be a GIB monodromy subgroup
of (n,H, V, b). Let X be a compact manifold together with a surjective group

homomorphism φ : π1(X) → D. We denote by X̃ the universal cover of X.
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Consider the group of diffeomorphisms of Rn × X̃ defined by

(23) Γ := Zn ⋊ {Rn ×X ∋ (a, x) 7→ (φ(γ)a, γ(x)) | γ ∈ π1(X)}.
Then the quotient manifold Γ\(Rn × X̃) is compact and carries a GIB structure.
Moreover, the monodromy group of this GIB manifold is D.

Example 5.1. We return to Example 3.6. In this situation, the group D := ⟨A⟩×
Γ1 can be realized, up to finite index, as the fundamental group of S1 × C where
C is a compact hyperbolic surface. Indeed, Γ1 ⊂ PSL(2,R) (the isometry group of
H2), and Γ1 is a lattice in PSL(2,R). It suffices to remove the torsion elements of
Γ, so that it acts freely on H2. This can be achieved using Selberg’s lemma.

Finding a GIB manifold with monodromy group D is thus tantamount to finding
a compact manifold X together with a surjective morphism ρ0 : π1(X) → D. Since
D is finitely generated (see Definition 3.5), it is a quotient of a finitely generated
free group F . This yields a surjective morphism φ : F → D. Finally, since any
finitely presented group can be realized as the fundamental group of a compact
4-manifold, this proves Theorem 1.4.

The reader may prefer a more explicit description of the compact manifold X.
We therefore provide a concrete construction and we prove Proposition 1.5. Let X
be a closed surface of genus g, and assume that D is generated by g elements. There
exists a surjective group morphism from π1(X) onto the free group on g generators,
and hence a surjective homomorphism from π1(X) to D.

By Theorem 4.4, D
Zar

is an almost direct product T × S where T is a torus
and S is semisimple. If D is cocompact in its Zariski closure, as it is the case for
Aut(n,H, V, b), we define X̃ as the symmetric space associated to T × S, which is

the quotient of T ×S by the maximal compact factor of S, and we take X := X̃/D.
Using Selberg’s lemma, we may assume that D has no torsion elements, thus X is
a genuine manifold and π1(X) = D.

This discussion proves Proposition 1.5.

6. GIB manifolds and symmetric spaces

This section is devoted to the study of GIB manifolds Γ\(Rq ×N), where N is
a symmetric space of non-compact type. In this situation, we describe the Zariski
closure of the group P̄ in Isom(N) (see Section 3.1) and prove that P̄ 0 is the
unipotent radical of this group. This allows us to identify the monodromy subgroup
of the GIB manifold and construct new examples of GIB manifolds.

6.1. Minimal cocompact algebraic subgroups. We require some preliminary
results on cocompact subgroups of semisimple Lie groups. Most of the material of
this section is well known, but we provide a self-contained discussion since we were
unable to find a complete reference.

A real Lie group is called algebraic if it is a finite index subgroup of the real
points of a complex algebraic group defined over R.

Throughout this section, G is a semisimple connected real Lie group with finite
center, and g is its Lie algebra. In particular, G is isogenous to a linear algebraic
subgroup of GL(g) via the adjoint representation. Let H be a connected, cocom-
pact, algebraic subgroup of G.

Let θ be a Cartan involution on G, and let g = k ⊕ p be the induced Cartan
decomposition. These data also allow us to define an Iwasawa decomposition G =
KAN , or equivalently g = k⊕ a⊕ n, where n =

⊕
α∈Σ+ gα with Σ+ a positive root

system for the action of a on g.
We call a closed subgroup of G a minimal algebraic cocompact subgroup if it is

cocompact and does not contain a strictly smaller algebraic cocompact subgroup of
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G. The minimal algebraic cocompact subgroups can be described using the Iwasawa
decomposition of G. This is a direct consequence of the proof of [2, Lemma 3.2],
but we give some details here for the convenience of the reader.

Lemma 6.1. The group H contains a conjugate of AN .

Proof. The group A is a maximal R-split torus of G, and N is the subgroup with
Lie algebra generated by the positive root spaces of G for the action of A. Con-
sequently, AN is a connected, solvable, algebraic, R-split subgroup of G. Since
G/H is compact and AN acts algebraically on G/H, we can apply [2, Lemma 3.1]
to show that this action has a fixed point. It follows that AN is conjugate to a
subgroup of H. □

Lemma 6.1 has the following consequence:

Corollary 6.2. The centralizer CG(H) of H inside G is an almost direct product
between C(G) and a compact factor of G.

Proof. By Lemma 6.1, we may assume, up to conjugation, that H contains the
subgroup AN of G, where KAN is the Iwasawa decomposition of G. In particular,
the elements of CG(H) commute with AN . Therefore, they must be contained in
K by the general theory of root spaces in semisimple Lie groups.

We claim that CK(AN) is exactly the set of elements k ∈ K acting trivially on
K\G with respect to the right action. Indeed, if k ∈ K commutes with AN , for
any (a, n) ∈ A×N , one has

Kank = Kkan = Kan,

thus k acts trivially on K\G. Conversely, if k ∈ K acts trivially on K\G, then for
any a ∈ A one has Kak = Ka, and aka−1 ∈ K. But one has [a, k] ⊂ p, so taking a
small enough, we see that aka−1 = k, and this remains valid for any a ∈ A. Hence,
k commutes with A. In particular, the conjugation by k preserves the positive root
spaces, and it preserves the group N . By the same argument as above, one has, for
any n ∈ N , nkn−1 ∈ K, so nkn−1k−1 ∈ K, but we also have nkn−1k−1 ∈ N and
N ∩K = {id}. We deduce that k commutes with N .

Now, for any g ∈ G and k ∈ CK(AN), and for any h ∈ G:

Khgkg−1 = Khgg−1 = Kh,

therefore CK(AN) is a compact normal subgroup of G. It is also closed by defini-
tion, and this concludes the proof because G has finite center. □

We now prove that AN is a maximal R-split solvable algebraic subgroup of G.

Lemma 6.3. Let Q be an algebraic, connected, cocompact, solvable R-split subgroup
of G. Then, Q is conjugate to AN .

Proof. By Lemma 6.1, we may assume, up to conjugation, that Q contains AN .
Moreover, since Q is algebraic and solvable, it may be written as Q = Ru(Q)⋊ T ,
where T is a maximal torus of Q [4, Theorem 10.6 (4)]. This torus is R-split by
assumption, and it is a maximal R-split torus of G because A is. Up to conjugation,
we may assume that T = A.

We also know that N ⊂ Ru(Q), and Ru(Q) decomposes as root spaces for the
action of A. Consequently, the Lie algebra of Ru(Q) contains a set of positive root
spaces, which is N , and cannot contain a negative root space, because otherwise
it would contain a subalgebra isomorphic to sl(2,R), which is not solvable. We
deduce that N = Ru(Q), proving the theorem. □

A final result needed later in our analysis concerns unimodularity.
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Proposition 6.4. The torus A contains an element acting by contraction on any
subspace of n. In particular, this element acts by contraction on any A-invariant
subgroup of N , and on any quotient of such a subgroup.

Proof. Let a ∈ a \ {0} such that α(a) < 0 for all roots α ∈ Σ+. Such an a exists
by definition of positive roots. In addition, a acts on N by a diagonal matrix with
negative coefficients. Passing to the exponential, exp(a) acts as a contraction on
any subspace of n, thus it is a contraction. □

6.2. GIB manifolds with symmetric part N . We consider a GIB manifold
Γ\(Rq×N) and we assume that (N, gN ) is a symmetric space of non-compact type.
This situation has already been studied in [13], and some classification results were
established in the rank 1 case. Here, we prove Theorem 1.6.

We recall that Γ ⊂ Sim(Rq)× Isom(N, gN ), and the closure of the projection of
Γ onto Isom(N, gN ) is denoted by P̄ .

The group I := Isom(N, gN )0 is commensurable to Isom(N, gN ). Replacing Γ
by a finite index subgroup if necessary, we may assume that P̄ ⊂ I. Applying the
adjoint representation Ad : I 7→ GL(I), where I is the Lie algebra of I, we identify
I with its image. Indeed, Ad is into because I is semisimple and has trivial center.
In addition, Ad(I) is an algebraic subgroup of GL(g).

We also recall that P̄ 0 is the identity component of P̄ . It is an abelian Lie group,
and we denote by p its Lie algebra. We consider the normalizer of P̄ 0 in G:

(24) NorG(P̄
0) := {g ∈ G | gP̄ 0g−1 = P̄ 0} = {g ∈ G | gpg−1 ⊂ p}.

Since stabilizing p is tantamount to satisfying polynomial equations, we deduce
that NorG(P̄

0) is Zariski closed in G. We also notice that P̄ ⊂ NorG(P̄
0). Since P̄

acts cocompactly on N , one has that NorG(P̄
0) is cocompact in G.

We aim to identify the group P̄ 0 as the unipotent radical of NorG(P̄
0). We start

by showing:

Proposition 6.5. Let H be an abelian connected subgroup of G. Let Q be an
algebraic cocompact subgroup of G normalizing H. Then, H is contained in the
unipotent radical of Q.

Proof. Let Ru(Q)⋊U be a Levi decomposition of Q (see [19] and [4, §11.22]). Then,
there exists an isogeny U ≃ S × T where T is a torus and S is semisimple, and one
has the isogenies

(25) Q ≃ Ru(Q)⋊ U ≃ Ru(Q)⋊ (T × S) ≃ (Ru(Q)⋊ T )⋊ S ≃ R(Q)⋊ S,

Where R(Q) is the radical of Q. The Zariski closure H
Zar

of H in G is an abelian
group because H is abelian [4, §2.4, Corollary 2]. In particular, it is a product

R0 × T0 where T0 is a torus and R0 is the nilpotent radical of H
Zar

[4, Theorem
10.6 (3)].

We claim that R0 ⊂ Ru(Q). We first remark that the projection of H
Zar

onto

S is a normal abelian subgroup of S because H
Zar

is normal in Q, therefore this

projection is contained in the center of S, which is finite. It follows that H
Zar

is

included in Ru(Q) ⋊ T because this group is closed and H
Zar

is connected. The
claim follows from the fact that Ru(Q) is exactly the set of unipotent elements of
R(Q).

The torus T0 is included in a maximal torus of R(Q), and this maximal torus is
conjugate to T by an element u ∈ Ru(Q) (see [14, Theorem 34.4] and [4, Theorem

19.2]), i.e. uT0u
−1 ⊂ T . Moreover, H

Zar
is normal in Q, so uT0u

−1 is a maximal

torus of H
Zar

. Since H
Zar

is abelian, it has a unique maximal torus, and T0 =
uT0u

−1 ⊂ T .
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Let t ∈ T0 and u ∈ Ru(Q). The group T0 is normal in Q and normalizes Ru(Q),
thus the commutator

[t, u] := tut−1u−1

belongs to both T0 and Ru(Q). Since T0 ∩ Ru(Q) = {id}, one has [t, u] = id.
Hence, T0 centralizes Ru(Q), thus it centralizes Q. By Corollary 6.2, T0 commutes
with the whole group G, because G has no compact factor. It follows that T0 is
finite because G is semisimple, and P̄ 0 is contained in R0 ⊂ Ru(Q) because it is
connected. □

Let L be an algebraic subgroup of G such that P̄ ⊂ L ⊂ NorG(P̄
0). Applying

Proposition 6.5 to our particular setting, we obtain that P̄ 0 ⊂ Ru(L).
Since P̄ 0 is connected, we may assume that all the groups are connected for the

usual topology in what follows.
So far, we know that P̄ 0 ⊂ Ru(L). We would like to prove equality. We observe

that the decomposition of equation (25) applies to L and we write

(26) NorG(P̄
0) = Ru(L)⋊ (S × T ).

We introduce the group

(27) R′ := Ru(NorG(P̄
0))/P̄ 0,

and we consider

(28) L′ := L/P̄ 0 = R′ ⋊ (S × T ).

The group Γ1 := P̄ /P̄ 0 is a discrete subgroup of L′. Moreover, it is cocompact,
thus it is a lattice in L′.

Let SK be the maximal connected compact normal subgroup of S. By a theorem
proved by Mostow [20, Lemma 3.9] and presented by Auslander [1, Theorem 2], the
group

(29) Γ′ := Γ1 ∩ (R′ ⋊ SK)

is a cocompact lattice in R′ ⋊ SK .
The group P̄ acts by conjugation on R′ ⋊ SK and preserves the lattice Γ′. Con-

sequently, P̄ acts unimodularly on R′ ⋊ SK . Since P̄ is cocompact in L, the kernel
of the modular form ∆ : L → R∗

+ (for the action of L on Ru(L)/P̄
0) is cocompact,

and ∆ factors through this kernel to a group homomorphism from a compact group
to R∗

+. This latter homomorphism is thus constant and L acts unimodularly on
R′ ⋊ SK . In particular, T acts unimodularly on R′ ⋊ SK , and thus on R′ because
it commutes with SK .

Let S = KSASNS be an Iwasawa decomposition of S and let Ts be the maximal
R-split subtorus of T . We consider the group

(30) P := Ru(L)⋊ ((NS ⋊AS)× Ts) = (Ru(L)⋊NS)⋊ (AS × Ts).

It is a cocompact, solvable, R-split algebraic subgroup of G, thus, if G = KGAGNG

is the Iwasawa decomposition of G, applying Theorem 6.3 we see that P is equal
to AGNG up to conjugation, with AG = AS × T and NG = Ru(L)⋊NS .

By the previous discussion, Ts acts unimodularly on Ru(L
′) = Ru(L)/P̄

0 and AS

acts unimodularly on Ru(L). Thus, the maximal R-split torus AG acts unimodu-
larly onRu(L). However, Proposition 6.4 provides us with an element a ∈ AG acting
by contraction on Ru(L

′). Therefore, Ru(L
′) must be trivial, i.e. Ru(L) = P̄ 0.

From the previous discussion, we deduce that P̄ 0 is the unipotent radical of any
algebraic group between P̄ 0 and NorG(P̄

0). In particular, by [7, Corollary 3.2],
NorG(P̄

0) is a parabolic subgroup of G. This concludes the proof of Theorem 1.6.
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Remark 6.6. While writing this article, we remarked that Theorem 1.6 might be
partially seen as a consequence of [17, Theorem 1]. Our proof is, in addition, really
close to that of the latter article. Calvin C. Moore claims that there is an explicit list
of all parabolic subgroups of semisimple Lie groups with abelian unipotent radical.
This list could provide a complete classification of the symmetric spaces occurring
in our setting. Yet, the article cited in [17] does not seem to contain the list.

The monodromy subgroup of the GIB manifold is contained in the reductive
part S × T . It remains to identify the elements of Γ1 = P̄ /P̄ 0 acting trivially by
conjugation on P̄ 0. We first notice that Γ1 injects into a Levi subgroup of L, namely
S × T . Let t be an element of Ts acting trivially on P̄ 0. In this case, t commutes
with AGNG, and, by Corollary 6.2, it is contained in a compact factor of G.

Lemma 6.7. The elements of T acting trivially on P̄ 0 form a compact group.

We now prove Theorem 1.7.

Lemma 6.8. Let (n,H, V, b) be GIB arithmetic data. Then, the projection of the
automorphism group Aut(n,H, V, b) on GL(V ) is discrete.

Proof. Let (hn, vn)n∈N ∈ (GL(H) × GL(V ))N be a sequence of elements lying in
Aut(n,H, V, b), such that (vn)N converges to the identity. Then, (det(vn))n∈N con-
verges to 1, and so does (det(hn))n∈N because Aut(n,H, V, b) ⊂ GL(n,Z). Hence,
(det(hn))n∈N is bounded, and (hn)N is contained in a compact subset of GL(H)
because it is a subsequence of O(b).

The sequence (vn)N is also contained in a compact neighbourhood of the identity,
and we conclude that (hn, vn)N is contained in a compact neighbourhood of In. But
there are only finitely many elements of Aut(n,H, V, b) in such a neighbourhood.
Consequently, (hn, vn)N is constant after a certain rank, equal to In, implying the
lemma. □

Let ρ be the monodromy representation of the GIB manifold. Let S = S1× . . .×
Sr be the decomposition of S into simple factors. By Lemma 6.7, the kernel of the
action of T × S by conjugation on P̄ 0 is a product of some of these factors and a
compact factor TK of T . Assume for simplicity that this kernel is S2× . . .×Sr×TK .
The group ρ(Γ) might be viewed as a subgroup of Sim(Rq)× S1 × T .

By Lemma 6.8, the projection of ρ(Γ) on S1 × T is discrete. In addition, it

coincides with the projection of Γ on S1×T , thus it is cocompact. The group ρ(Γ)
Zar

is a subgroup of Sim(Rq)×S1×T . Applying Lemma 6.8 again, the integer points of

ρ(Γ)
Zar

projects as a discrete subgroup of S1×T , containing the projection of ρ(Γ).
Since Γ is isomorphic to its projection on Isom(N, gN ) (see the discussion preceding

Proposition 2.1 in [13]), this shows that ρ(Γ) has finite index in ρ(Γ)
Zar

(Z). This

last group is cocompact in ρ(Γ)
Zar

, and so is ρ(Γ).
It remains to prove the injectivity of the monodromy when (N, gN ) is irreducible.

In this case, the isometry group Isom(N, gN ) is simple. We write S1 × . . . × Sr

for the decomposition of S into simple factors. If a noncompact factor Si of S,
1 ≤ i ≤ r, acts trivially on P̄ 0, then the root system of G splits, and G is not
simple. Consequently, the subgroup of S acting trivially on P̄ 0 is a compact factor.
By Corollary 6.2 it is a compact factor of G, but G has no such factor since it is
trivial. Therefore, the monodromy representation of the GIB manifold is injective.

This proves Theorem 1.7.
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7. Explicit examples of matrix groups

In this section, we give some explicit constructions GIB manifold where the factor
N is a symmetric space. We construct them using matrix groups. We also discuss
the classification of GIB arithmetic data from the point of view of matrices.

7.1. Examples of suitable symmetric spaces. According to Theorem 1.6, when
the factor N of the universal cover of a GIB manifold is a symmetric space of non-
compact type, the normalizer of P̄ 0 is a parabolic subgroup of Isom(N)0, and P̄ 0 is
its unipotent radical. Therefore, we should search for semisimple Lie groups with
finite center admitting such parabolic subgroups. This section is devoted to the
description of a few examples.

Example 7.1. Let m > 0 be an integer. The group SL(m + 1,R) contains the
parabolic subgroup

(31) P := Rm ⋊ (R∗ × SL(m,R)).

If (e1, . . . , em+1) is a basis of Rm+1, P might be viewed as the stabilizer of the flag
(Span(e1, . . . , em),Span(e1, . . . , em+1)). It is explicitly given by the injections

Rm −→ SL(m+ 1,R)

v 7−→
(
Im v
0 1

)
,

R∗ −→ SL(m+ 1,R)

λ 7−→
(
|λ|−1/mIm 0

0 λ

)
,

SL(m,R) −→ SL(m+ 1,R)

A 7−→
(
A 0
0 1

)
.

In this situation, the symmetric space N would be SL(m+1,R)/SO(m+1,R), and
P̄ 0 would be Rm. However, we show that this does not give rise to a GIB manifold
unless m > 1. We prove this claim by contradiction, assuming the existence of a
GIB manifold M with universal cover Rq ×N (q > 1) and P̄ 0 = Rm.

The parabolic group P is the only algebraic, connected, cocompact subgroup
of P having Rm as its unipotent radical. Therefore, it is equal to the Zariski
closure of P̄ by Theorem 1.6. We also notice that no element of R∗ × SL(m,R)
centralizes Rm, so the monodromy map is injective. In particular, the Zariski
closure of Γ := P̄ /P̄ 0 is isomorphic to R∗ × SL(m,R), and it coincides with the
Zariski closure of the monodromy group of M . Hence, Theorem 4.4 implies the
existence of a cocompact arithmetic subgroup D of SL(m,R) acting on Rq ⊕ Rm,
preserving the decomposition, and whose restriction to Rq is relatively compact. By
[18, Proposition 5.5.12], this arithmetic group is obtained by restriction of scalars
(see Proposition 2.8).

Since the only faithful representation of SL(m,R) on Rm is the canonical one,
we deduce that the Zariski closure of D is isogenous to a product∏

σ∈S∞

(SL(m,R))σ,

where S∞ is the set of archimedean places of some algebraic number field k. But
the terms of this product are either SL(m,R) or SL(m,C). This is possible only if
k = Q, implying S ≃ SL(m,Z). This latter arithmetic subgroup is not cocompact
if m > 1, which is a contradiction.

Example 7.2. Let p,r be two integers. The group SO(p + 1, r + 1) contains the
parabolic subgroup

(32) P := Rp,r ⋊ (R∗ × SO(p, r)).
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This is the stabilizer of a light-like line in Rp+1,r+1, and we have the injections

Rp,r −→ SO(p+ 1, r + 1)

v 7−→

1 −vT η − 1
2∥v∥p,r

0 Ip+r v
0 0 1

,

R∗ −→ SO(p+ 1, r + 1)

λ 7−→

λ 0 0
0 Ip+r 0
0 0 λ−1

,

SO(p, r) −→ SO(p+ 1, r + 1)

A 7−→

1 0 0
0 A 0
0 0 1

 ,

where we endowed Rp+1,r+1 with the quadratic form given by the matrix

(33) η :=


0 0 0 1
0 Ip 0 0
0 0 −Ir 0
1 0 0 0

 .

Here, the symmetric space is N := SO(p+1, r+1)/S(O(p+1)×O(r+1)), and
we can define a GIB manifold with these data. Indeed, let b be the quadratic form
on Rp+r defined by

(34) b := x2
1 + . . .+ x2

p −
√
2(x2

p+1 + . . .+ x2
p+r).

Taking the algebraic field k := Q[
√
2] and denoting by σ its non-trivial embeddings,

we obtain an arithmetic subgroup of SO(p, r) by considering

(35) Γ′ := {(σ(A), A) | A ∈ SO(b,Z[
√
2])}.

The group Γ′ acts naturally on Rp+r ⊕ Rp,r and its restriction to the first factor
of this decomposition is contained in SO(σ(b),R) ≃ SO(p + r,R). Moreover, Γ′ is
conjugate to a subgroup of GL(2(p+r),Z), so it preserves a lattice Γ0 in Rp+r⊕Rp,r.

Pick λ := 2+
√
2

2 in the subgroup R∗ of P, and remark that it acts by multiplication
by λ on the unipotent radical Rp,r of P. Let A0 be the matrix acting as (x, y) 7→
λ−1(x, λy) on Rp+r ⊕ Rp+r. Finally, we define the group

(36) Γ := Γ0 ⋊ (⟨A0⟩ × Γ′),

acting on Rp+r ×N in the following way:

(37)
(Γ0 × ⟨A0⟩ × Γ′)× (Rp+r ×N) −→ Rp+r ×N

((v, w), Am
0 , (σ(A), A)), (x, y) 7−→ (λ−mσ(A)x+ v, wλmA · y)

,

where we see Γ0 as a subset of Rp+r ⊕ Rp,r.
By definition, Γ is a discrete subgroup of Sim(Rp+r)× Isom(N) acting properly

and cocompactly on Rp+r ×N . However, it might not act freely, but if the action
is not free, it means that its restriction to N is not free, and equivalently there is
a matrix in Γ′ whose restriction to N is a torsion element. Selberg’s lemma allows
us to remove such elements from Γ′.

In conclusion, Γ\(Rp+r ×N) is a GIB manifold.

7.2. An explicit matrix description. In this section, we provide a way to con-
struct GIB arithmetic data explicitly. We also explain how to find the polynomials
defining the Zariski closure of the automorphism group. These results follow di-
rectly from the definition, but we believe it is important to write them down.
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7.2.1. Classification of GIB data. Let (n,H, V, b) be GIB arithmetic data as pre-
sented in Definition 3.4. Let A be a matrix in Aut(n,H, V, b) whose restriction to
H is not a b-isometry.

It was proved in [11, Section 5.2] that there exists a basis of the lattice Zn in
which A is diagonal by blocks, and the characteristic polynomials of the blocks are
irreducible over Q. We write A = Diag(A1, . . . , Am), where the Ai are the blocks
in the adapted basis.

Since A restricts to a similarity on H, and H is an irrational subspace of Rn,
there exists a positive real number λ ̸= 1 such that each block has an eigenvalue of
modulus λ (otherwise H would not be irrational) and H is a subspace of the direct
sum of the eigenspaces of A with eigenvalue of modulus λ.

Since the blocks Ai have irreducible characteristic polynomials, either they have
the exact same eigenvalues or they have no common eigenvalue. We may assume
that the blocks are sorted in the following way: there are indices 1 = i1 < . . . <
iℓ+1 = m+1 such thatAi andAj have the same characteristic polynomial if and only
if there exists 1 ≤ r ≤ ℓ with ir ≤ i, j < ir+1. We now see the matrix A as a matrix
by blocks Diag(A′

1, . . . , A
′
ℓ) where A′

r = Diag(Air , . . . , Air+1−1). Consequently, we
may assume that all blocks Ai have the same irreducible characteristic polynomial
in what follows.

We recall that A restricts to H as a similarity of ratio λ ̸= 1. Let a1, . . . , as be
the real eigenvalues of A1 and let as+1, as+1, . . . , as+t, as+t be the complex ones.
Identifying a complex number aeiθ (a, θ ∈ R+ × [0, 2π]), θ ̸= 0, to the real matrix

(38) a

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
,

all the blocks Ai are similar to A0 := Diag(a1, . . . , as+t) over C. Hence, A might
be seen as the linear transformation A0 ⊗ Im acting on Rs+2t ⊗ Rm. Let

(39) Λ := {aj | 1 ≤ j ≤ s+ t, |aj | = λ},

and for any a ∈ Λ, let Ea be the eigenspace of A0 for the eigenvalue a (if a is
complex, this is a complex line, identified with R2). Then, there exist subspaces Fa

(possibly trivial), a ∈ Λ, of Rm such that

(40) H =
⊕
a∈Λ

Ea ⊗ Fa.

The subspace H is irrational in Rs+2t ⊗ Rm if and only if
⊕
a∈Λ

Fa + Zm is dense in

Rm. For any a ∈ Λ, there exists a supplementary space F ′
a to Fa in Rm such that

(41) V =
⊕
a∈Λ

Ea ⊗ F ′
a ⊕

⊕
a/∈Λ

Ea.

Conversely, let A ∈ GL(n,Z), diagonal by blocks with all blocks having irre-
ducible characteristic polynomials. Assume moreover that there exists λ > 1 such
that each block has at least one eigenvalue of modulus λ. Now, we group the blocks
of A as before, and for simplicity we assume that all the blocks have the same irre-
ducible characteristic polynomial. Then, we define H and V as in Equations (40)
and (41), where the subspaces Fa are chosen so that

⊕
a∈Λ

Fa + Zm is dense in Rm.

Then, H is irrational in Rs+2t ⊗ Rm, A preserves the decomposition H ⊕ V , and
the restriction of A to H is diagonalizable, with all its eigenvalues having modulus
λ. Consequently, one may find an inner product b on H such that A acts as a
similarity of ratio λ on (H, b). We deduce that, for a suitable integer n, (n,H, V, b)
are GIB arithmetic data.
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All the GIB arithmetic data are obtained by the construction above, so we have
a complete description of these structures.

7.2.2. Zariski closure of the automorphism group. Let (n,H, V, b) be GIB arith-
metic data. As we saw before, the Zariski closure of Aut(n,H, V, b) is defined over
Q, and so is its commutator subgroup. We explain here how one can find explic-
itly the polynomial equations that a matrix should satisfy in order to belong to
Aut(n,H, V, b).

Let A ∈ Aut(n,H, V, b). Then, A must preserve the decomposition H ⊕ V .
Denoting by p the projector on H parallel to V , this condition is equivalent to

(42) pA = Ap.

In addition, the restriction of A to H must preserve the inner product b. Equiva-
lently,

(43) b(A|H ·, A|H ·) = det(A|H)2b.

Consequently, a matrix A ∈ GL(n,Z) belongs to Aut(n,H, V, b) if and only if it
satisfies equations (42) and (43).

Let E be the smallest Q-vector subspace of Mat(n,Q) such that E⊗QR contains
p. Let (A1, . . . , Am) be a Q-basis of E. Then, there are real numbers α1, . . . , αm

such that

p =

m∑
i=1

αiAi.

The minimality condition on E implies that the αi are independent over Q. Indeed,
if

α1 = λ2α2 + . . .+ λmαm

with λi ∈ Q, then

p =

m∑
i=2

αi(λiA1 +Ai),

and λiA1 + Ai ∈ Mat(n,Q). Therefore, for A ∈ GL(n,Z), the condition pA = Ap
is equivalent to

(44)

m∑
i=1

αi(AiA−AAi) = 0,

which, in turn, amounts to

[Ai, A] = 0 for all 1 ≤ i ≤ m.(45)

The second condition can be handled in the same way for matrices restricting to
isometries of (H, b). First, we view b as a quadratic form on H⊕V vanishing on V .
Hence, b is represented by a symmetric matrix q and condition (43) is equivalent
to A|THqA = det(A|H)2q. Let F be the minimal Q-vector subspace of Mat(n,Q)
such that F ⊗Q R contains q. We fix a Q-basis (Q1, . . . , Qr) of F , and proceeding
exactly as before, we show that the condition AT qA = q is equivalent to

ATQiA = Qi for all 1 ≤ i ≤ r.(46)

We conclude that A ∈ GL(n,Z) is in Aut(n,H, V, b) and restricts to an isometry
of (H, b) if and only if A satisfies both conditions (45) and (46). This gives us the
precise rational polynomial equations that a matrix should satisfy in order to be in
the automorphism group and to restrict to an isometry on H.



ARITHMETIC STRUCTURE OF GENERALIZED INOUE–BOMBIERI MANIFOLDS 25

References

[1] L. Auslander, On radicals of discrete subgroups of Lie groups. American Journal of Mathe-

matics, 85 (2), pp. 145–150 (1963).

[2] U. Bader, A. Nevos, Conformal actions of simple lie groups on compact pseudo-Riemannian
manifolds. Journal of Differential Geometry, 60 (3), pp. 355–387 (2002).

[3] F. Belgun, A. Moroianu, On the irreducibility of locally metric connections. J. reine angew.

Math. 714, 123–150 (2016).
[4] A. Borel, Linear Algebraic Groups. Graduate Texts in Mathematics, Springer New York

(1991).

[5] A. Borel, Harish-Chandra, Arithmetic subgroups of algebraic groups. Annals of Mathematics,
75 (3), pp. 485–535 (1962).
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