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ABSTRACT. Let I' C R? be a simple closed curve which is smooth
except at the origin, at which it has a power cusp and coincides
with the curve |z3] = 2} for some p > 1. We study the eigenvalues
of the Schrodinger operator H, with the attractive d-potential of
strength « > 0 supported by I'; which is defined by its quadratic

form
L(R?) 9un—>// |Vu|? dz — /u ds,

where ds stands for the one-dimensional Hausdorff measure on I'.
It is shown that if n € N is fixed and « is large, then the well-
defined nth eigenvalue E,, (H,) of H, behaves as

En(Hy) = —a® + 27528, avt? + O(arsz "),

where the constants &, > 0 are the eigenvalues of an explic-
itly given one-dimensional Schrédinger operator determined by the
cusp, and 7 > 0. Both main and secondary terms in this asymp-
totic expansion are different from what was observed previously
for the cases when I is smooth or piecewise smooth with non-zero
angles.

1. Introduction

Schrodinger operators with singular interactions supported by sub-
manifolds represent an important class of models in mathematical
physics, and they have been the subject of an intensive study dur-
ing the last decades. In the present work we deal with two-dimensional
operators, so we assume that I' is a metric graph embedded in the Eu-
clidean space R?, and we will be interested in the spectral study of the
operators formally written as

H, =—-A—-ad(z-T)

with ¢ being the Dirac distribution and o > 0 being the coupling
constant. Such operators describe the motion of particles confined to
the graph I' but allowing for a quantum tunneling between its different
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parts. The above definition is made rigorous by considering first the
quadratic form

HY(R?) > u > ho(u,u) := / |Vul?dz — oz/u2 ds,
R? r

where ds is the one-dimensional Hausdorff measure on I'. Under suit-
able regularity assumptions on I' (e.g. a finite union of bounded Lip-
schitz curves) the quadratic form h, is closed and semibounded from
below, and, hence, generate in a canonical way a unique self-adjoint
operator H, in L*(R?) whose domain is contained in H'(R?) and such

that
// uHyu dz = he(u,u)
R2

for any function u in the domain. In the informal language, the operator
H, is the distributional Laplacian in R? \ I" with interface conditions
[0u] + au = 0 on T, where [Ou| denotes a suitably defined jump of the
normal derivative of uw on T', see e.g. [2,6] for a more detailed discussion.

The well-known review paper [10] provides an introduction to the
topic and proposes a number of research directions. An interesting
problem setting is provided by the strong coupling regime, i.e. the case
a — +00. It can be easily seen that the lowest eigenfunctions of H,
concentrate exponentially near I', so that one might expect that an
“effective operator” on I' governing the spectral behavior could come
in play. This was first proved in [15] for the case when I is a C*-smooth
loop: for any fixed n € N the operator H, admits at least n negative
eigenvalues if « is sufficiently large, and the nth eigenvalue F,(H,)
behaves as

En(H,) = —1a® + B, (P) + 0('%2), (1)

4 «

where P is the operator on L?(T") acting in the arc-length parametriza-
tion as f — —f” — 1 7*f with v being the curvature. A similar result
holds for finite open arcs as well [13]. To our knowledge, no suffi-
ciently detailed analysis for non-smooth I'" was carried out so far. Be-
ing based on the general machinery for problems with corners [5,8,17]
one might expect that if I' is piecewise smooth with non-zero angles,
then at least several lowest eigenvalues behave as FE,(H,) ~ — iy ?
as a — 400, where p, € (i, 1) are spectral quantities associated with
some model operators (so-called star leaky graphs) whose exact values
are not known: we refer to [7,9,12,19,22] for a number of estimates.

It seems that no work analyzed the case of non-Lipschitz ', and we
make the first step in this direction in the present text by considering
curves with power cusps. More precisely, we assume that I' is a Jordan
curve satisfying 0 € I and the following two conditions:

I' is C*-smooth at all points except at the origin,
there exist ¢y > 0 and p > 1 such that
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I'N (—e0,c0) = {(z1,22) : 71 € (0,9), |2 = 2T} (2)
The value p is indeed unique. It is easily seen that the essential spec-
trum of H, covers the half-axis [0,+00) and that for any o > 0 the
discrete spectrum is non-empty and finite. Our result on the asymp-
totics of individual eigenvalues of H, for large a involves an auxiliary
one-dimensional operator A in L?*(0, +00) acting as

(Af)(x) = —f"(z) + 2" f(x)
on the functions f satisfying the Dirichlet condition f(0) = 0. It is

directly seen that A has compact resolvent and that all its eigenvalues
E, (A) are strictly positive and simple.

Theorem 1. For any fixed n € N one has, as a tends to 400,

Eo(H,) = —a? + 252 B, (A) a7t? + O(ar )

2(p—1)
where n —mm{Q(erQ) (p+1p) ) } > 0.

Remark 2. For the quadratic cusp, p = 2, the eigenvalues F,, (A) can
be computed explicitly. The operator A in this case is unitary equiva-
lent to the restriction of the harmonic oscillator to the odd functions,
and its eigenvalues are the usual harmonic oscillator eigenvalues with
even numbers, i.e. E,(A) =4n — 1 for any n € N. Hence, the asymp-
totics of Theorem 1 takes the very explicit form

En(H,) = —a®+ (4n — 1)vV2a? + 0(a¥).

We are not aware of other values of p > 1 admitting a simple expression
for the eigenvalues of A.

Remark 3. Both main and secondary terms in the result of Theorem 1
are different from the asymptotics (1) for the smooth curves and from
the expectations for the curves with non-zero angles. In particular, the
distance between the individual eigenvalues is of order o*, where the
power k = m can be given any value between 0 and 2 by a suitable
choice of p € (1,+00). Such a control of the eigenvalue gap asymptotics
represents a new feature of the model, which is not observed for ¢-
potentials supported by curves of a higher regularity. Nevertheless we
recall that similar effects can be seen in other boundary eigenvalue
problems by a suitable control of the boundary curvature, see e.g. [16,
23].

Remark 4. One should remark that the presence of a singularity does
not involve any problem with the semiboundedness of the form A, and
arbitrary values of p are allowed due to the fact that both sides of I"
are involved. In fact, this directly follows from the fact that I' can be
decomposed into two smooth open arcs, and the L2-trace of a function
from H'(R?) to such an arc is well-defined. This is in contrast with the
one-sided Robin problems for the Laplacian in a domain surrounded
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by T, for which the cusp is not allowed to be very sharp: see e.g. [18]
for the study of the eigenvalues and [20,21] for the issues concerning
the definition of the operator.

The proof of Theorem 1 is almost entirely based on the min-max
tools for the study of the eigenvalues: we recall them in Section 2.
We first apply some truncations in order to localize the problem near
the cusp and then extend it to a suitable half-place and rescale it in
order to have a semiclassical formulation admitting a more explicit
analysis (Section 3). The resulting problem in the half-plane is analyzed
by considering first the action of the operator in one of the variables
and then by showing that only the projection onto the lowest mode
contributes to the individual eigenvalues. At some points the problem
shows a number of similarities to the case when I' is a sharply broken
line [9], and we were able to use a part of that analysis. The overall
proof scheme is rather classical, see e.g [16], but a big number of various
new technical ingredients and adapted variables are required in order to
carry out the complete study. In Section 4 we show the upper bound for
E,.(H,), which is rather straightforward. The lower bound is obtained
in Section 5, and is much more demanding, both for the dimension
reduction and for the analysis of the resulting one-dimensional effective
operator.

The present work is dedicated to the memory of Johannes F. Brasche
(1956-2018). His first works on Schrédinger operators with measure po-
tentials [1,6] served as a basis for the rigorous mathematical study of a
large class of quantum-mechanical models, and the works of last years
on large coupling convergence [3] suggested a far-reaching abstract gen-
eralization of strongly coupled d-interactions, which will certainly lead
to further progress in the domain.

2. Preliminaries

We will recall some notation and basic facts on the min-max principle
for the eigenvalues of self-adjoint operators.

In this paper we only deal with real-valued operators, so we prefer
to work with real Hilbert spaces. Let H be a Hilbert space and u €
H, then we denote by ||ul|sr the norm of w. For a linear operator
T we denote D(T') its domain. If the operator T is self-adjoint and
semibounded from below, then Q(7") denotes the domain of its bilinear
form, and the value of the bilinear form on u,v € Q(T') will be denoted
by T[u,v]. For n € N := {1,2,3,...}, by E,(T) we denote the nth
discrete eigenvalue of T' (if it exists) when enumerated in the non-
decreasing order and taking the multiplicities into account.

Let H be an infinite-dimensional Hilbert space and T be a lower
semibounded self-adjoint operator in H. If T"is with compact resolvent,
we set X := 400, otherwise let ¥ denote the bottom of the essential



spectrum of T'. The nth Rayleigh quotient A, (T) of T is defined by

T
A, (T) := inf sup v,
(chL(Z) uel\{0} ||U||:}c

The well-known min-max principle, see e.g. Section 4.5 of [11], states
that one and only one of the following assertions is true:

(a) A (T) < X for all n, liIE Ay (T) =% and E,(T) = A, (T) for

all n.

(b) ¥ < 400 and there is N < 400 such that the interval (—oo, X))
contains exactly N eigenvalues of T counted with multiplicity
and for all n < N, one has A, (T) = E,(T) and A,,,(T) = X for
all m > N.

In what follows we will actively work with the Rayleigh quotients of
various operators instead of eigenvalues as the former are easier to deal
with. The passage from the Rayleigh quotients to the eigenvalues will
be done at suitable points by simply checking that the values are below
the essential spectrum.

One of the most classical applications of the min-max principle is
recalled in the next assertion (the proof is by a direct application of
the definition). It will be used systemically through the whole text.

Proposition 5. Let T and T' be lower semibounded self-adjoint op-
erators in infinite-dimensional Hilbert spaces H and H' respectively.
Assume that there exists a linear map J : Q(T) — Q(T") such that

| Jullser = [Jullse, T'[Ju, Ju] < Tlu,u] for all u € Q(T).
Then for any n € N there holds A, (T") < An(T).

At the last steps of the proof of Theorem 1 we will also need the
following result, which is a slight reformulation of [14, Lemma 2.1] or
of [24, Lemma 2.2]. As some details are different, we prefer to give a
complete proof, which is quite short.

Proposition 6. Let H, H' be two infinite-dimensional Hilbert spaces
and T be a non-negative self-adjont operator in H and T be a lower
semibounded self-adjoint operator in H'. Assume that there exist a
linear map J : Q(T) — Q(T") and non-negative numbers §; and 6o such

that for all w € Q(T) there holds
lulld = 7l < 63 (T u] + ul3),
T'[Ju, Ju] — Tlu,u] < 6 (T[u, u] + ||lull3),
and that for some n € N one has the strict inequality
01 (An(T) + 1) <1, (3)

then
(51/\ (T +52) 2 (T) +1)

A (T < AL(T) + oA ((T) 1)
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Proof. During the proof we abbreviate A, := A, (7). By (3), for any
sufficiently small £ > 0 one has

In view of the definition of A,,, one can find an n-dimensional subspace
F C Q(T) such that T[u,u] < (A, + ¢€)||ul|3 for all u € F. Therefore,
for any u € F' one has

[ Tullfe = (1 = 60)[Jullfe — 6 T, u = (1= 61\ + 1+ €)) fJull5.

The first factor on the right-hand side is strictly positive by (4), and
it follows that J : F' — J(F) is injective. In particular, dim J(F) = n.
Therefore, for u € F'\ {0} one has Ju # 0 and

T'Ju, Ju) < Tlu, u] + 62 (T [u, u] + [|ull3)

[ Jullfe 1 Jul|3
- Tlu, u] + 62 (Tu, u] + [Jul|3) < An+e+ 02N +14¢)
T A=)l T 1-0(A+1+e)

A te+thM+1+e)=X(1-6\+1+¢))
1—6(A+1+¢)
+ (01An +62) (A +14¢)
1—6(N\+1+e)
Due to the definition of A, (7") one has

T T Ju,J
My < sp TR, T
vestpoy 10130 wervioy [ Jullie
e+ (0 + ) (M +1+4¢)
1_51<)\n+1+€) ’

and the claim follows by sending ¢ to zero. U

€
=\, +

< At

3. Reduction to a problem in a moving half-plane

We first apply some truncations in order to obtain a model problem
which only takes into account the cusp and neglects the rest of I'. For
€ > 0 we denote

I.:={(z1,22) : 71 € (0,€),|22| = 2T}
and consider the half-plane
Q. = (—00,¢) x R.
One clearly has I'. C €., and by H, . we denote the self-adjoint oper-
ator in L*(Q.) given by
H,.= / |Vu|? do — a/ u?ds, Q(H..)= Hy(5%).
Q. e

We start with the following result, taking ¢y from (2):



Lemma 7. Let ¢ € (0,e9) and n € N. Assume that
for some ¢ > % there holds A, (Ha) < —ca® for large >0,  (5)
then A, (Hy) = Ny(Hoe) + O(1) for a — +oo.

Proof. The proof will be in two steps. We first reduce the problem to
a bounded neighborhood of the origin, and then to the half-plane ).,
as the latter is easier to analyze.

For € > 0 denote [, := (—¢,)?, then the assumption (2) rewrites as

there exists g > 0 such that I' N0, =T,

and then for any ¢ € (0,g9) one has ' N[O, = I'. as well; we remark
that we can take gy < 1 in condition (2).

From now on let us pick some ¢ € (0,gp) and let x1,x2 € C®(R?)
such that x3 4+ x3 =1 and

x1=1in0:,  x1 =0 outside [..
An easy computation shows that for any u € Q(H,) = H'(R?) one has

Hy[u,u] = Hy[x1u, x1u] + Ha[xou, x2u] — / (IVxal* + [Vx2]?) v’ dz
R2

> Ha[x1u, x1u] + Hao[x2u, Xou] — CHUJ“%Q(R2)7 (6)

where C' = [||[Vx1]? + [Vxal?|| .-
Denote by D, . the self-adjoint operator in L?(CJ.) given by

D clu,u] = / |Vu|2d$ - a/ u?ds, Q(Dye) = HS(DE).
0. -

Due to suppy: C Ll. we have

X1t € QDae), Halxau, x1u] = Daclxiu, x1ul.

On the other hand, by the initial assumption of I' (C*-smoothness
except at the origin) one can find a C*-smooth Jordan curve I'" which
coincides with I' outside U:s. Denote by H, ! the self-adjoint operator

in L?(R?) given by
H. [u,u] = / ] |Vu|? dz — Oé/l u? ds, Q(H!) = H'(R?).
As suppxs N Ue :RQ, one has H,[xou, xou] = H.[xou, x2ul, and the
inequality (6) takes the form
Hafit,ul + CllulBagee) > Daclvi xuul + Hybou, ol (7

Noting that J : L*(R?) 3 u — (x1u, xou) € L*({J.) & L*(R?) is isomet-
ric and that (7) can be rewritten as

Hoc[ua u] + CHUH%Q(RQ) > (DO@E D H&)[Ju, Ju]v
we conclude by the min-max principle (Proposition 5) that

An(Ho) > Ay(Doe® H,) — C for alln € N, a > 0.
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As discussed in the introduction, see e.g. Eq. (1), due to the smoothness
of I'", for some Cjy > 0 one has H/, > —}1 a?— QO for large o > 0. Hence,
if

for some ¢ > 1 there holds A,,(D,.) < —ca® for large a > 0,  (8)
then A, (Do ® H) = Ay (Do), and then A, (H,) > Ay(D,) — C for

large o > 0. On the other hand, by the min-max principle one directly
has A, (H,) < Ap(Da). Therefore, the assumption (8) implies

An(Hy) = Ay(Dye) + O(1) for a = +o0. 9)

Now we need to pass from D,. to H,., which is done in a very
similar way. First, by the min-max principle we have

An(Hoe) < An(Dae) (10)
for any @ > 0. Furthermore, let us pick &;,& € C*(R?) such that
£+ =1and

&(x) =1 for x € (0,400) x (=P, €P),
&1(x) =0 for v ¢ (—e, +00) X (—¢,¢€).
For any u € Q(H, ) we have then, with W (z) := |[V&|?+|VE&[2 < 7,

Ha,e[u’ u] = Ha,a [51”7 glu] + Ha,s[f?“a 52“] - / WU2 dx
Qe

= D, [&1u, &) +//Q ‘V(ﬁzu)‘2dx—/[25Wu2dx

2 Da,a[flua glu} - OIHUH%Q(QE)
As in the first part of the proof, this implies
A (Hye) > Ny(Doe ® O) — C (11)

with O being the zero operator in L?(Q.). Let (5) hold, then by (11)
we also have A,(D,. @ O) < —ca? for large a. Then A, (D, @
O) = A(Dae), and (8) holds, which implies the estimate (9). At the
same time, Eq. (11) reads now as A,(H,.) > An(D,.) — C’, and
together with (10) we arrive at A, (Dac) = Ap(Ha ) + O(1) for large
«. Substituting this estimate into (9) we prove the claim. O

Let us apply an additional scaling in order to pass to the semiclassical
framework. For h > 0 and b > 0 consider the self-adjoint operator £},
in L?(€Y) defined for Q(Fy,,) = Ha(Q) by

Fhopfu, u] = / /Q (0 + (0”)

b
— / \/1 + p2h2s2(p—1) (u(s, sP)2 4 ufs, —SP)Q) ds.
0



Lemma 8. For any e >0 and o > 0 and n € N one has
1

An(Hog) = 0®Ay(Fhy) forh=a's , b=car =chTs.

Proof. We prefer to give a detailed explicit computation. Consider
the unitary operator © : L*(,) — L?*(€.) given by

(Ou)(xy,x2) = azpt u(a%xl, azxy),

then ©Q(Fj;) = Q(H,.). By writing the one-dimensional Hausdorff
measure on ['. in an explicit form, for any v € Q(H, ) we have

H, . [u,u] // 81u + (Oqu) ]
— a/ W(u(s, sP)? + u(s, —s”)?) ds.
0
Then for any v € Q(Fj ) one obtains
H, . [Ov,6v] — Tt // [aﬁalv(a%xl,aazgf
E+ 042821)(04%%, ax2)2] dz dzy
+2 /E W(v(a%s, ast)?
0
+ v(a%s, —as?)?) ds.
Using the new variables ¢, = a%xl, To =y, t = ais we rewrite it as

H,.[0v,00] = // ow@w (y1,92)? +a282v(y1,yz)2] dyr dys
;

=

— / \/1 +pla e 2 (v(t, t7) + v(t, —t?)) dt

= a?Fj,[v, ],

which shows that H, . is unitarily equivalent to aZFhJ,. l

By combining Lemma 7 with Lemma 8 we arrive at the following
reformulation:

Lemma 9. Let e > 0, hyg > 0, n € N be such that

A"(Fh,ahﬁ) < —c for all h € (0,ho) and some ¢ > 5. (12)

Then A, (H,) = oz2An(Fh hﬁ) + 0O(1) for h:= a7 and a — +o0.
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4. Upper bound

4.1. Reduction to a one-dimensional effective operator. For
some k > 0, to be chosen later, denote

Q, = (0,h") xR
and denote by G, the self-adjoint operator in L?*(€)}) given by

Ghulu,u] = //;L (R (81u)* + (Du)?) da:—/ohk (u(s, s*)*+u(s, —s")?) ds

and Q(G},) = Hy(£2},). For sufficiently small A > 0 one has the inclusion
), CQ e and for u € Hy(£),) we denote ug its extension by zero to

Q 1, then Fj pluo, ug) < Gplu, u]. It follows by the min-max principle

ehl-p

that:

Lemma 10. For any ¢ > 0 there exists hg > 0 such that for h € (0, hg)
and n € N there holds A,(F 1) < A, (Gy).
h,eh1-P
In order to study G we will use some facts on a simple one-
dimensional operator T}, x > 0, which is the self-adjoint operator in
L?(R) given by

T.lf, f] = / P2y — (f@)? + f(~2)?), QT,) = H\(R). (13)

We recall some simple properties of T, established in [9, Proposition
2.3]. The bottom of the spectrum of T} is a simple isolated eigenvalue,
which we denote by o(x) due to its special role in what follows,

o(z) = MAN(T,), x>0,

and we denote by W, the respective eigenfunction chosen L2-normalized
and positive. We will use the following properties of their dependence
onz > 0O:

Proposition 11. The following holds:
(a) =1 <o(z) < —1 for all z € (0,+00),
(b) o is non-decreasing,
(¢) o(z) = =1+ 2z 4+ O(a?) for x — 0T,
(d) the function x +— |0,V L2r) is bounded on (0,+00),
(e) for x <1 one has Ao(T,) = 0.

The above properties allow one to give an upper bound for the
Rayleigh quotients of G;, by those of a one-dimensional operator on
(0, h¥). Namely, denote by K}, the self-adjoint operator in L?(0, h*)
given by

hk
Kulf, f] = / (R2f/(2)? + 27 f(2)?) de,  Q(Iy) = HA(0. %), (14)
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Lemma 12. There exists ag > 0 such that
An(Gh) < =14 A (Kp) 4+ ag(h*F2E=D L B2%) for all h > 0 and n € N.
Proof. If f € H}(0,h¥), then for the function u € H}(2},) defined by
u(zy, x2) = f(21)Vyr(2)

we have || f|| 2201y = [JullL2(oy;) and

//, (Opu)* dz— /hk( (s,8")% +u(s, —s")?) ds = /Ohka(afﬁ’)f(xlf dz;.

The L2-normalization of W,» implies

1
/ Wap (22) Oz, Wap (w5) dy = 2 Oay H\Pfo%Z(R) =0,
R
hence,
hk
// (Oyu)?* dx = / / (z1)? 5)?
+ 2 (1) f'(21) Uy () O, Vo ()
+ f(xl) (axl\ljmzf(x2>) :| dxy day
hk
= / (f,(171)2 + QU(lL‘l)f(J,’l)Q) d;ph
0
whore we denote w(21) = O g ey = 1220 @)
and

Ghulu,u] = . R f'(21)? + [o(2}) + WPw(zy)] f(21)?) day
/o )

Due to Proposition 11(c,d) for a sufficiently large ay > 0 one can esti-
mate

p*|(0:2)

z z::vlinz(R) < aop, O-(mzlo) <-1+ 21']10 + aOthpa T € (Oa hk)?

and then

hk
Galt ) <~ oy + [ (B2F () + 28 0)?)
0
+ ag(RP2HED 1 RPP) | 122 -

Therefore, the linear operator J : Q(K}) 3 f — u € Q(G),) satisfies, for
all f € Q(K}), the equality [|J f[|r2(q;) = || fllz2(0,n*) and the mequahty

GlJfs Tf] < =N 120 ) + Knlfy 114 ao(BZ 2070 4 R22) | 172 ),

which implies the claim by the min-max principle. U
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4.2. Analysis of the effective operator. Now we are reduced to the
study of the eigenvalues of K}, for small A > 0. We will show that the
princpal term of their asymptotics is determined by the eigenvalues of
the model operator A.

For o > 0, we introduce first two auxiliary operators C’]’“\L[/D, which

are the self-adjoint operators in L?(0, ) given by

m
Chyolf 1= /'u%m2+ﬂvufwm,
QCK) = {f € H'(0,): £(0) =0}, Q(CH) = HL(0, ).
An elementary scaling argument gives the following result:

Lemma 13. For any n € N and h > 0 one has
An(Kp) = 275035 A, (C), o= 275 h 255

Remark that if £ < F then in the above representation one has

i — +oo as h — 0%. Let us now study the behavior of the eigenvalues
of C’]‘\‘,/D for large pu > 0.

Lemma 14. Let n € N be fived, then A, (CYy)p) = Au(A) +O(u™?) for
n —r +00.

Proof. Directly by the min-max principle, for any @ > 0 one has the
inequality

An(A) < An(C). (15)
Furthermore, consider the self-adjoint operator D, in L?(u, +00) given

by

zMﬁﬁzfmth+ﬂﬂ@ﬂm

O(D,) = {f € H'(p,+00) : x%f € L*(p, +00)},
then one clearly has A, (A4) > A, (CY @ D,,) for any 1 > 0. The left-
hand side is independent of y, while D, > p? — +oo0 as p — +o0.
Therefore, there exists p,, > 0 such that
An(A) = A (CY) for p = pin. (16)
Now let x1, x2 € C*°(R) such that
X1+X2:17 Xl(t)zlfortgéa Xl(t)ZOfOI'tZ%,
and denote x;, = x;(-/p). Consider the self-adjoint operator D], in
L*(§, p) given by

m

DS fl= | (@ +a"f(@)?) de, QD))= H' (4. 11).

o
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Then a direct computation shows that for any f € Q(CY%;) one has,
with K = [|(x})? + (x)?||...

C]lff[fa f] = C]@[Xl,ufa Xl,,uf] + CKT[XZufa X2,uf]
o
- / () + (o)) 2 da

> OxIxuufs X fl + Oxxonts X fl = K,U_QHfH%?(o,u)

= Cg [Xl,ufv Xl,uf] + D:L[XQ,ufa XQ,uf] - KM_QHfH%Q(O,u)a

=(Cp & D;)[Jfa Jf] - Ku_2||f||%2(07u),

Jf = (XLuf) X2,uf)a
which implies A,,(C}) > An(C @ D)) — Kp~ for any pu > 0. By (16),
for 1 — 400 the left-hand side of the last inequality remains bounded,
while D], > ;P27 — 4o00. Therefore, the value of y, in (16) can be
assumed such that, in addition,
An(CY) = AW(Clh) = K™ for any 1 > . (17)

By putting together the above estimates, for y > u,, we obtain

(a7 (16) (15)
An(CH) _K/Mg < A(Cy) < Au(4) < A(C),
which implies first A,(ChH) = A, (A) + O(p™2) and then A,(Ck) =
An(Ch) + 0(17%) = An(A) + O(u7). 0

By combining Lemma 13 with Lemma 14 we arrive at

Lemma 15. For any n € N and k € (0, %p) there holds

An(Ky) = 2755 hots Ay(A) + O(h*2%) as h — 0%

4.3. Proof of the upper eigenvalue bound. The substitution of
the asymptotics of Lemma 15 (passage from K} to A) into Lemma 12
(passage from G} to K}) shows that for every fixed n € N and k €
(0, ﬁ) there holds

An(Gh) S -1 + Qﬁh% An(A) + O(h2+2k(l’—1) + h?kp + h?—?k)

as h — 0. For k € (0, %p) one has

24+ 2k(p—1)=2kp+2(1 — k) > 2kp,
O(h2+2k(p71) + th:p + h272k> — O(thp + h272k)'

Taking k := ﬁp € (0, %p) and then applying Lemma 10 we see that

for any € > 0 and n € N there holds, as h — 0",
A(F 1) < A(Gh) € —14+275 4385 A, (A) +O(hT7) < —1. (18)

It follows that the assumption (12) is satisfied for any € > 0 and n € N,
which gives a stronger version of Lemma O:
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Lemma 16. For any n € N and € > 0 there holds

A (H,) = a2An(Fh hﬁ) + O(1) for h:= a7 and a — +oo. (19)

Applying again (18) to the right-hand side of (19) one arrives at
An(H,) < —a® + 275 A, (A)a™ + O(aTh)
=-a’+ ZﬁAn(A)oﬂ%p + O(oaﬁ*"), a — +o0.

where n := %p - ﬁp = % > 0. As the upper bound obtained
for A, (H,) is strictly negative for large «, it lies below the essential
spectrum of H,, and it follows by the min-max principle that A, (H,)

is the nth eigenvalue of H,,.

5. Lower bound
5.1. Reduction to a smaller half-plane. Now we need to obtain
a lower bound for the eigenvalues of F' 1 with a suitably chosen

h,eh1-pP
€ > 0. Recall that

ehl-p
B / V1 + p2h2s2(-1) (u(s, sP)? + u(s, —3p>2) ds.
0

Let £ > 0, to be chosen later, and A > 0 sufficiently small to have
h* < ehT>. Let Ry, be the self-adjoint operator in L?(,x) given by

Rulu,u] = / /Q ) (h2(0yu)? + (0p0)?) da

— [ VI PR (u(s, )% + u(s, —s7)?) ds,
0

Q(Ry) = H' (Qr).

Lemma 17. Let k € (0, ﬁ) There exists €1 > 0 such that for any
e € (0,e1) and any n € N there holds
A”(Fh hﬁ) > Ao (Rp) as h — 07,
For the proof of Lemma 17 we need an auxiliary one-dimensional
operator, which will also play a role on later steps. For x > 0 and
B > 0 we denote by T, s the self-adjoint operator in L*(R) given by

zmMﬂzéf@%wwum%wew% T, ) = H'(R),
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which is closely related to the operator T, from (13) and Proposition 11:
a simple scaling argument shows that T} g is unitarily equivalent to
B%Ts, and A, (T, 5) = 2A,(Ts,) for any n € N. In particular,

A (T, ) = Bo(Bz).
Proof of Lemma 17. By considering separately the integrals for

k k . _ .
1 < h® and x; > h" we arrive at Fh,ahﬁ[u,u] = I, + I, with

I = / /Q ) (R*(01u)* + (Oou)?) da

hE
— / \/1 + p2h2ai® Y (u(s, )2 + u(s, —s7)?) ds,
0

I, = /hshl_p [/R (R*(81u)? + (O2u)?) da,

k

— \/1 + p2h2g20 Y (u(zy, 27)* + u(zy, —2f)?) | day,

and one has obviously I} > Rj[ug,ui] with u; := u]Qhk.

Now one needs a lower bound for I,. First, by dropping the non-
negative term (0;u)? and using the above one-dimensional operator
operator T, g we estimate

z—:hﬁ
12 2/ )\(%1,h>/U(I1,.§C2)2d$Qd$1,
h R

k

where we denoted

A@1, h) =My (Tzim)
=(1+ p2h2x?(p_1))a(\/1 + p2h2a Pl f).
To estimate A(z1, h) from below let us pick ¢ € (0, =1;), then for small

P
h one has k¥ < h™9 < ehT's.
Consider first the values z; € (h*, h7%). Due to

\/1 + p2h2a i g s g s phe,

by Proposition 11(a,b) one obtains

o(h*?) < 0(\/1 + p2h2 20 ) < 0.

On the other hand, 1 + p2h222* ™" < 1 4 p2h2-20=1) which together
with the preceding estimate gives

(1 —f—thQZ'?(p_l))O'(\/l +p2h2x$(l)—1) xll)) > (1 _’_p2h2—2q(p—1))o_(hkp>‘
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Using Proposition 11(c) to estimate o(h*P), for small h > 0 we arrive
at

3
)\(xb h) > (1 _'_p2h2—2q(1>71)> ( — 1+ 5 hkp) > 14 %hkp _p2h2—2q(p—1).

As k and g were rather arbitrary so far, we may assume that

kp
2—kp = 177 L
kp<2, 0<gqg< ) = 75 < 51
then kp < 2 — 2¢(p — 1) and h?~24P~1) = o(h*P). Therefore,
Mz, h) > =14 h* for 2, € (W*, ™) and h — 0. (20)

Keeping the above value of ¢ consider now z; € (h*q, 5hﬁ). We
have first

\/1 e I I
and then, by Proposition 11(a,b),

o(h™P) < a(\/l + p2h2z Pl zf) < 0.
In addition, 1+ p?h22°®™Y < 1+ p22-D_ and o(h™P7) < 0, therefore,
My, h) > (14 p*2@= D)o (h7P7),

In view of Proposition 11(b,c), one can choose ¢ > 0 sufficiently small
such that o(h™"7) > —1+2¢ for small A > 0. In addition, we may take
e1 > 0 sufficiently small to have p2e-®™" < 4, then for any ¢ € (0, &)

one A(xy,h) > (1 +9)(—1+25) > —1+ ¢ for small h. By combining
with (20) we see that A(xy,h) > —1+ h* for all z; € (hk,shﬁ) if h
is sufficiently small, and then

1
ehl-p

IL>(—-1+ hkp)/ /u(xl,x2)2 dxy daxy.
h R

We summarize the above estimates as follows: there exist ¢ € (0,¢1)
and hy > 0 such that for all h € (0, h;) and u € Q(Fh 1) there holds

hI-p

k

F . > Rn[ulaul]+(_1+hkp)”u2”%2(ﬂ L\

h,ehI-P

eh1-Pp
uy 2= u’thw Uz *= ulﬂe}li%p\ghka
and then for any fixed n € N and small h one has
A(F 1) >min {A,(Ry), -1+ n"}. (21)

h,ehT-pP
The min-max principle shows that A, (Ry) < A,(G)) for the opera-
tor Gy, from Subsection 4.1, and the estimate (18) for A, (G}) yields

Au(Ry) < =14 O(h2%). For k € (0, 52;) one has h*'7 = o(h*?) and
then A,(Rp) < —1+ h*. The substitution into (21) concludes the

proof. O
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5.2. Reduction to a one-dimensional problem. In the present sec-
tion we will provide a lower bound for the eigenvalues of A,(Rp) in
terms of a one-dimensional operator. Namely, consider the function

1
Vie— < m<0,’
22, x>0

and the operator 7, in L?(—oo, h*) given by Z,f = —h%f" + V f with
Neumann condition at the right end, f'(h*¥) =0, i.e.

h* 0 h*
Zulf, f] = h? f’(q:)Qd:c—l—/ f(:c)2d:c—|—2/ o f(r)* da
e —o0 0
with Q(Z;,) = H'(—o0, h¥).
Lemma 18. For anyn € N, k € (0, %p) and s > 0 there holds
An(Rp) > =14 A (Zyy) + O(RPH2RE=1=s o p2hey o

where we denote

ho = h\/ 1 — hs.

The proof will occupy the rest of the subsection.
It will be convenient to use the one-dimensional operator

Lovh =Ty i
its first eigenvalue
i@, h) = ML p) = M(Ty )
— (1 —I—p2h2+2k(p_1))0(\/1 + p2h2+2k(p-1) 17]1))’

and the associated eigenfunction ®,, j, chosen positive and normalized
by || @z, nllz2@) = 1. In terms of the first eigenfunction W, of T, one
has clearly

2p242k(—1) 1),

Dyun(t) = V14 PR e (V14D

Due to Proposition 11 for any h > 0 the function z; — ®,, 5 admits a
finite limit ®qp, at 21 = 01, so we define

EI\) o (I)xl,ha x> 07
7h -
o @07}” 1 < 0.

Consider the following closed subspace G of L?(Qyx),

G = {(w1,22) = f(21)Py, p(x2) : f € L*(—00,hF)},

and denote by IT the orthogonal projector onto § in L*(,x), then the
operator II+ := 1 — II is the orthogonal projector onto G+. One easily
checks that for u € L*(Q+) there holds

(TTw) (zq, z2) = f(wl)zl\)xhh(@) with f(z1) = /R&%hh(xg)u(xl,@)dxg,
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||HU||%2(Qhk) = ||f||%2(7oo,hk)7

and that for u € Q(R;,) one has f € H'(—oo, h¥). We keep this cor-
respondence between u and f for subsequent computations. Recall
that

RyJu,u] = / /Q . (R*(81u)* + (Oou)?) da

— | V1P (u(s, 57) + u(s, —s7)?) ds.
0

Using the spectral theorem for the above operator L,, , we obtain

I:= // (Oou)? dz
Qhk
hk

B V1 + p2h2+2k(e-1) (u(s, s°)* + u(s, —s")%) ds
0

> // (Opu)? dz
Qhkﬂ{m1>0}

hk
— [ V14 phe0 (u(s, 87) 4 u(s, —s)?) ds
0

hk
:/ [/82u(x1,1:2)2dx2
0 R

_ \/1 + p2h2t2k(p-1) (u(:cl, #2)2 + u(zy, _leo)z)} day

hk
> [ (AulLaa) M, ey + Aal Lo ) Tl Eage) do
0

Assuming that h is small, by Proposition 11(e) one obtains, for any
Ty € (Oa hk>7
Ao(Loyp) = (L4 pPR* D) Ao (T

1+p2h2+2k(p71) .Z‘{’) = 0

which gives

Rk Rk
I> / K(z1, h)||Tu(z, -)H%Q(R) dzy E/ k(z1, h) f(z1)? day.
0 0

Hence, if h is sufficiently small, for any u € Q(R;,) we have

Rp[u,u] > h? //Qhk (Ou)* dx + /Ohk (1, h)f(x1)? day. (22)

To obtain a lower bound for the first summand on the right-hand side
we start with

oy u(x, s) = / Oy, 4 (H)01u(xy, 1) At Dy, (22),
R
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o . .
Oillu(a, ) = =—( / Byt ) At By 1 (22))
1 R

= / ‘/stl,h(t)aw(xh t)dt (T)xl,h(%)
R

~

+ /R(am (I)J:hh) (t)u(xb t) dt EI;Ihh(xQ)

-~

+ /]R O, n(tu(zy, 1) At (Dy, Dy, ) (2).

Therefore, using (a + b)? < 2a® + 2b* and Cauchy-Schwarz inequality,

(110, — Oy )1, x2)|2

| .

+ / O, p (), t) At (O, By, ) (2)
R

< 2[102, Doy nll 2w (@1, 122y Py (2)?
+ 2]\ P, wllZ2 gy 1 (@1, 12y (O, Py ) (2)*.
We further recall that ||&\)x1,h||%2(R) =1 for all z; and that

8x1$xl = ax1®$17h7 Iy > 07
’ 0, x1 < 0.

~

ey n) (D@1, 1) AL Doy (22)

KH)

2

This gives

(110, — alH)“Hi?(Qhk)

hk
<2 [ 100l luon, sy ([ Bov(oa)? doa)
0
hE
2 [ fulen g [ @na)aa)? dra) do
0 R

hF
<4 [ wlaor ) ulen ) do,
0
where we denoted

w(zy, h) = Hamq)xhhH%?(R)'

With A := /1 + p2h2+2k@-1) we have ®,, ,(t) = \/X\I/lev(/\ t) and
UJ(Ih h) = /\3 / pzx?(p_1)<az\1j2)z:)\x€()\t)2 de
R

= )‘QPQCB?(p_l) /(azlpz)z:)\zlf (t)2 dt
R
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<P+ PR D)l sup 0.0 s )
z>

Due to Proposition 11(d) the last factor on the right-hand side is finite,
and for a suitable by > 0 one obtains w(zy, h) < boxf(p_l), and then

hk
2 2(p—1
H(Hal - aln)u”LQ(Qhk) < 4/0 bOxl(p )||U($1, )H%Q(R) dzy
< 4boh2k(p_l)”UH%2(Qhk)-

In addition, the function (IT*+8; — 11+ )u = — (110, — O, 1T)u admits the
same norm estimate. Using (a + b)* > (1 — d)a® — 67 'b* for a,b € R
and 0 > 0 we estimate, with any § > 0,

vl e,y = M0 2, + 1010 o,

= [|OiITu + (119 — (91H)“Hi2(ﬂhk)

+ ||t + (1149, — 51“””%%)

- (=010, 57 00~

2
UHL2(Qhk)

-1 1 1 2
-9 H(H 81 —811_[ )UHLQ(Qhk)
2 _ _
> (1= 0)orttul g, — 05 fulg
where we took b := 8by. To estimate the term with 0;Ilu we compute

(OnID)u(@y, x2) = f'(21) Py (22) + F(21) 00, Py 1 (2)

and remark that due to
/ By (2200, By 1 (12) Ay = =~ [ By 2y = O
R

we have

hk
o]}y = [ P [ Beyatan) dos doy
—00 R

hk

+ f(JZl)Q/ (GIICEII,h)(xQ)Qdmg d.Tl
00 R

hk
> f/(l‘1)2 dZL‘l.
Therefore,
2 - -
Ovull e,y 2 (4= OIS Iz ooy — b BED o, o,
and the substitution into (22) gives

Ryfu, u) + b5~ h*M0 0 Jlu)| 72 )
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hE hE
Z h2(1 — (S) f/($1)2 dl’l + /0' H(%l, h,)f(l’l)Q dl’l.

For what follows it is convenient to set § := h® with s > 0 to be chosen
later, then

Rplu, u] + bp*+2He=D= Hu”%%ghk)

hE hE
Z h2(1 — hs) f/(l’l)z d.Tl + /0 K}(I'l, h)f($1)2 dIl. (23)

In view of Proposition 11(c) one can find constants ag, a > 0 such that
for small h and z; € (0, h*) there holds

k(xy, h) = (1 + p2h2+2k(p_l))0(\/1 + p2h2+2k(p—1) 1{))
> (1 + p2h2+2k(10—1)) ( — 1+ 24/1 + p2h2+2k-1) P
_ ao(l +p2h2+2k(p71)) Qﬁp)
> (1 +p2h2+2k(p—1)) (_1 + 2P — 2a0h2kzp)
> —1 + 227 — q(h2H2RE=D 4 p2hr)

Substituting this inequality into (23) and taking into account the in-
equality |[f]|72 ) = HHuH%Q(Qhk) < HUH%Z(QM) we obtain, with some
constant B > 0,

Byfu,u] + BR800 ) 2,

hk hk
> h*(1 — h*) f(x1)*day + / (=14 2a8) f(21)?) day.
0 0

For s > 0 we clearly have h**2k(—1) = o(p?*+2k(p=1=5) " hence, with
some B’ > B,

Rilu, u] + B'(R*F2H0=17s 4 p2tr) HUH%%QM)

hk hk
Z h2<]. — hs> f’(x1)2 dflfl + / <—1 + 2.T117)f($1)2) dx1
[e's) 0

= (~1+ Z,)If. Sl (24)
Consider now the isometric map
J: L*( Q) 3 u e (f, 1) € L (—o0, h*) & G*,
then the estimate (24) can be rewritten as
(Rh + B/(h2+2k(p—1)—s +h2k;p)>[u’u] > ((_]1 + Zn) @ 0) [Ju, Ju).

As this holds for all u € Q(R},), the min-max principle shows that for
any fixed n € N one has, as h — 07,

A(Rn) + B (W00 4 122) 2 Ay (=1 + Zig) @ 0)
= min {A, (=1 + Z,),0} = =1 + min {A,(Z,), 1}
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The min-max principle also shows that for any n € N and h > 0 one
has A, (Z) < A, (K}), where the operator K, was defined in (14), and
it was shown in Lemma 13 that A,(K},) = o(1) for small h. It follows
that A, (Zy,) = o(1), and then min {A,(Zn,), 1} = Ay (Zy,). This gives
finally A(Rp) > —1+ Ay (Zy,) + O(h¥F2ke—1=s 4 p2)  This proves
Lemma 18.

5.3. One-dimensional analysis. Now we need a more precise analy-
sis of Zj, for small h. We are going to prove the following result, whose
proof will occupy the rest of the subsection:

Lemma 19. Let 0 < k < zﬁ’ then for any n € N there holds

En(Zy) = 2755 B, (A) hit? + O(h%53 + h22%) gs b — 07
It appears more convenient to change the scale in order to work with

large constants. Namely, for A > 0 and p > 0 we introduce self-adjoint
operators B** in L2(—oo, i) by

W 0 W
B = [ @ [ perdes [ arfaas,
—00 —o0 0
Q<BM7/\) = Hl(—OO7 ﬂ)
An elementary scaling argument gives the following result:
Lemma 20. For any n € N one has A, (Z)) = 2$h2%An(B>"“) with
A =275 b2 and p= 27 T

In view of Lemma 20 the behavior of the eigenvalues of Zj, for h — 0%
can be deduced from that of the eigenvalues of BM* for A — +oo and
i — +o0o. The latter will be again approached using the auxiliary
operators C'y /D already studied in Subsection 4.2.

Lemma 21. For any n € N there exists A\, > 0 and M,, > 0 such that
Aj(CR) = KXTH < 0(BM) < Ay(C). (25)
for all (A, 1) € (An, +00) X (1,400).
Proof. Remark first that all operators BM* and Cy /p are non-
negative. For 4 > 1 and A > 0 the min-max principle gives
0 < An(B"Y) < Au(Ch) < A(Cp), (26)
and it follows, in particular, that the eigenvalue A,,(B**) is uniformly
bounded. It remains to show the first inequality in (25). As the par-
ticipating operators act in different spaces, it will be convenient to use

Proposition 6, and we remark that this proof scheme is inspired by the
constructions of [24]. Consider the linear map

T Q(BM) = Q(CR), (Jf)(x) = f(x) = f(0)e™, @€ (0,p).



23

For any ¢ > 0 and a,b € R one has (a + b)? > (1 — €)a® — e 102
Therefore, for any f € H'(—oo, 1) and € > 0 one has

HJfH%?(o,u) = /# (f(z) - f(O)e_”’)de

0
o p
> (1- e)/ f(z)?dz — 51/ f(0)?e > dx
0 0
> (L= ) fllZ20u — " £(O)%,
resulting in

£ 122 ooy = 1 F 20 < €lf 20+ FOP +IFIIL2 —on)- (27)

For any 0 > 0 one can estimate

0
f(0)* = 2/ f@) () de <8 I 72(-00) T 0 I 72(-000)s
and the substitution into (27) yields

”fH%Q(—oo,,u,) - H‘]f||%2(0,/i)
< 5||f||%2(o,u) + 55_1”]0/”%2(700,0) +etot ||f||%2(foo,0) + ||f||%2(7oo,0)
= el 1220 + 02 I 172 Coogy + ET0TIATT AT A FlIZ2 (oo )

We now set § := A2 and ¢ := )\_%, then for A > 1 we have

122 ooy = 1T F 120 0
_1 _1 _1 —_
S A2 T A I N2 o0y + (ATF + AT M 20 0)

<27 ([|f 20, + I 17200y T M2 —00))
and it follows that

_1
1172 coopy = 1T 200, < 2273 (BMIf, 1+ 172 cooy)- (28)

Now let us estimate the difference CX[J f, J f] — BM[f, f]. For any
e €(0,1) and a,b € R one has (a+b)* < (1+¢)a?+2e71b?. Therefore,
for any 6 > 0 and ¢ € (0,1) we have, with some K > 0,

ChlJf. Jf] = / (f'(x) + f(0)e™®)* dz + / 2 (f(x) = £(0)e")" dw

<(1+¢) /0“ (f/(2)? + a7 f(2)?) da

+2e71£(0)? /u(l + a2P)e ** dz

0

<(l1+¢) /M (f'(z)* + 2? f(2)?) dz + Ke~' f(0)?

0

< (1 —|—5) /OM (f’(gp)Q +xpf(x)2) dx
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+ Ks_l (5Hf/H%2(—oo,0) + 5_1”][.”%2(—00,0))'
As previously, set ¢ := A"z and € == /\_i, then, with some K’ > 0,

CAlIL I < A7) [ (7P +arf () da

0
1 1
+ KA f122 ooy + EATT A fIIZ2(—oo0)

< [ (rwp+arsep) o

0

1 123
+ B / (F(@)? + 2" (2)?) do + |22 e
0
A1)

_1
< BMF A KN (BMI ]+ 1 oo )
resulting in
CRLIF, Tf] = BM(f, f] < KA (BMIf, f1+ G2 oog) - (29)
By (28) and (29) we are in the situation of Proposition 6 with
T:=BM, T :=CL 6§, =2\"1, 6 =KN\T

Furthermore, in view of (26) one has A, (B™) < M := A,,(C}) for all
(A, 1) € (0,400) x (1,+400). Therefore, one can find A, > 0 such that

51(1+ Ap(T)) = 2077 (14 Ay (BM)) < 2(M + 1)A7
for all (A, p) € (A, +00) x (1,+00). Hence, Proposition 6 implies
(20, (BM) + K')A~% (A, (BM) + 1)
1—2)\73 (A, (BM) + 1)
(2M + K') (M + 1)
1 — 20, (M + 1)
= AW (CH) = MpA7i
for all (A, p) € (An, +00) x (1, 400). O

An(BM) = Aa(CR) =

\d

By combining Lemma 21 with the estimate of the eigenvalues of C%;
obtained in Lemma 14) one arrives at the following result:

Lemma 22. For any n € N there exist m > 0 and M > 0 such that
AL (BM) = Ay (A)] < M(A™T + u72)
for all (A, p) € (m,400) x (m,+00).
Now we can complete the proof of Lemma 19. Choosing A\ =
9% h™2% and wo= 277 h* 75 and using Lemma 20, for h — 0T

we obtain

An(Zy) = 2755 hats A, (BM). (30)
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By Lemma 22 we have
An(BM) = Ay(A) + ONF + p72) = Ay (A) + O(h7 5 + bz 2F),
and the substitution into (30) completes the proof of Lemma 19.

5.4. Proof of the lower eigenvalue bound. We now use all the
preceding components to obtain the sought lower bound for the eigen-
values of Rj; and then for those of H,. For any m > 0 we have
hrt = h™(1—h®)2 = h™+O(h™**), and then we conclude by Lemma 19
that

5p

2p_
En(Zn,) = 277 B, (A) hE? + O(h2 + h22)
2 2p 2p 5p
= 27 B, (A) hi+z + O(hm2 ™ 4 hz+d  h272F),

The substitution into Lemma 18 gives then
An(Rp) > —1+ 2755 B, (A) hit? + p(h),
p(h) = O(h;%—l—s i h% 4 22k g p22k(p—1)=s h?kp).
It is convenient to set first k = ]ﬁ to have
p(h) = O(hwt2ts 4 hata 4 R2P2055 4 pits),

Furthermore, choosing s = 1 + i% — z% = % we have

2p _ p—1 _p p—1 __  p(3p+5)
2 TS=2+2 g —s= 51t 00 = oinee

p(h) = O(hTF DD 4 h3ts 4 1),
(One can prove that this choice of s and k optimizes the order in h.)
We compute then

pBp+5)  2p _ pBpt5)-2p(+2) . pltp -
(p+1)(p+2) I+p (p+1)(p+2) (p+1)(p+2) ’

p(3p+5) » . )
which yields h#06:5 = o(hi%5) and p(h) = O(h%'1 4+ hits). To
summarize,
An(Rp) > —1+ 255 B, (A) hotz + O(hzta + hits).
By Lemma 17 we have then, with a suitably small ¢ > 0,

2 2p 5p 2p
Mn(F, 1) 2 =1+ 270 B, (A) hoe? + O(h2s3 + hise).

Applying now Lemma 16, for h := a7 and a — +00 we obtain

2
An(Ha) = a®Aa(F, 1) +0(1),

2(1—p) 5(1—p) 2(1—p)

> az(_ 14275 B (A) o 7 + O(a 5 + o 1 )) +O(1)

13—p 4

=—a’+ Q%PE,}(A) ar? 4 O(a?+1 + atr).
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Noting that

o= S — B o el g,

6 13—-p _ p—1 4 _ 2(p—-1)

. 6
M= 05 T o = ety

Top+2 2p+4 T 2(p42)

we obtain

A (Hy) > —a® + QﬁEn(A) art? 4 O(cxﬁ_"), n = min{ny,n2} > 0.

Recall that in Subsection 4.3 we already obtained a suitable upper
bound and noted that A,,(H,) is the nth eigenvalue of H, if « is large.
This completes the proof of Theorem 1.
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