A generalized MIT Bag operator on spin manifolds in the
non-relativistic limit

Brice Flamencourt

ABSTRACT. We consider Dirac-like operators with piecewise constant mass
terms on spin manifolds, and we study the behaviour of their spectra when
the mass parameters become large. In several asymptotic regimes, effective
operators appear: the extrinsic Dirac operator and a generalized MIT Bag
Dirac operator. This extends some results previously known for the Euclidean
spaces to the case of general spin manifolds.
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1. INTRODUCTION

The MIT Bag model was developed by the physicists in order to describe the
behaviour of quarks fields inside hadrons. Mathematically, the hadron is seen as a
compact region X with smooth boundary of the ambient space, where the quarks
are supposed to be confined. This could be quantified by saying that the quantum
flux through the border of X is null, a condition which is satisfied if we add the so-
called MIT Bag condition on the boundary of X (see for the details). Moreover,
the quarks fields inside the hadron are Dirac fields, which means they are governed
by the Dirac equation.

A Dirac field in the case of the space of dimension 3 is a C*-valued function 2 also
depending on time, and the Dirac equation takes the form

3
H,¢:=|—i Zakak +mB|¢Y=1 %w (1.1)
k=1
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where oy, as, a3, 8 € My(C) are four Hermitian matrices satisfying the conditions
aro ooy = 26214, % =14 and oy, anti-commutes with 3 for all k,1 € {1,2,3}. In
view of this equation, the Dirac operator H,, can be interpreted as a Hamiltonian,
and the description of its spectrum is a natural question. Thus, in the context of the
MIT Bag model, we are interested in the operator resulting from the combination
of H,, restricted to the region X together with the MIT Bag boundary condition,
namely

Hijtp o= Hpp, dom(HY) = {1 € H(X,C*), —i B(a n) Yo% = Yjosc}, (1.2)
where n is the outer normal vector field along K. The spectrum of this operator
has been investigated in [2], where the non-relativistic limit was considered, i.e. the
asymptotic regime where the mass goes to infinity. From a physical point of view,
this last fact means that the speed of light becomes large, since this constant is
hidden in the mass term in (1.1). It was shown that if we denote by (p;);>1 the
non-decreasing sequence of positive eigenvalues of HX, one has the asymptotic

~3 _1
Wi = i+ 0(m3) (1.3)
where (fi;) is the non-decreasing sequence of eigenvalues of an effective operator
acting on the boundary of X.

In the same framework, the MIT Bag Dirac operator was interpreted as the limit
of a Dirac-type operator with a potential corresponding to two masses m and M
in the regions K and X¢ respectively [1]. More precisely, if we define the operator

Hyag o= Hyy + (M —m)lge, dom(H,, a) = HY(R3,CY), (1.4)

then the eigenvalues of H,, »s converge to the corresponding ones of HX when
M — +o0.

In the recent article [13], the case of Euclidean spaces was studied in order to
enlarge the precedent results. The expression of the operator in dimension 3 given
by was generalized to dimension n by considering n + 1 Hermitian matrices
ai,...,an41 € My(C) (N := 2l"27]) satisfying the Clifford conditions agoy +
o = 26§CIN and by setting

n+1

Dyip = (z > arde + man+1> ¢,dom(D,,) = H'(R",CN). (1.5
k=1

This last operator is not the intrinsic Dirac operator in R™ but it can be interpreted

like in (|1.1) as the Hamiltonian appearing in the Dirac equation of a Lorentzian

space of dimension n + 1. From these considerations, the MIT Bag Dirac operator
A,, can be defined by

n
A, 3= Dy, dom(Ay,) = {¢ € H'(X,CY), —i i1 Y ngor dox = box}. (1.6)
k=1
With this definition, the result on the convergence of the eigenvalues of A,, still
holds, and the effective operator on the boundary can be explicited. Namely, the
eigenvalues of A2, converge to the eigenvalues of the square of the intrinsic Dirac
operator on 0K. Moreover, if n ¢ 4Z, the spectra of the operators are symmetric
with respect to the origin, and we recover the result stated in dimension 3.

As for the Minkowski space, the operator A,, can be viewed as the limit of an
operator with two masses [13| Theorem 1.2]. This operator is defined in the same
way as before:

Byt = Dy + (M —m)lgcay, 1, dom(B,, ) := HY(R™",CV), (1.7)
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and the eigenvalues of Bfn’ s converge to the eigenvalues of A%, when M — +o0. In
addition, a combination of the two previous asymptotic behaviours is also true [13|
Theorem 1.3]: in the asymptotic regime m — —oo and M — +oo with 3 — 0,
one has that the eigenvalues of Bfn a converge to the corresponding ones of the
intrinsic Dirac operator on the bouﬁdary oK.

In the precedent discussion, the spaces considered where always flat, but the Dirac
operator can be defined in a more general setting, for example over a manifold
admitting a Spin-structure. Consequently, our aim in the present text is to extend
the results of [13] to this more general framework. In order to do so, the first step
is to understand the geometrical meaning of the operator considered in the MIT
Bag model, because we recall that the Dirac operator considered in [13] is not the
intrinsic Dirac operator of the Euclidean space. Indeed, the operator D,, is the so-
called Dirac-Witten operator on R™ seen as an hypersurface of R**!, plus a mass
term which is actually the Clifford multiplication by the vector i max, 1 in R™*1,

Nevertheless, even if the expression is a direct generalization of equation
(L.2), the Dirac-Witten operator is not the operator we obtain from the physical
model |11]. Indeed, in we used the alpha matrices, but the Dirac equation is
more often written using the gamma matrices defined by

V=8, =iy, k=1,23.
If one rewrites (1.1) with the v matrices, one obtains

3
Hptp = (Z Vv o + mv()) b, (1.8)
k=1

and this last operator is, up to a change of sign, the extrinsic Dirac operator on
the hypersurface R3 plus the mass term. Moreover, the boundary condition defined
in [2] by —i 8(a - n)yp =9 reads i (- n)y = ¢ and this last boundary condition is
the MIT Bag boundary condition as introduced in [11].

All together, we have two natural ways of setting the problem in the case of a
complete spin manifold N. In both cases, we have to see N as an hypersurface of
the Riemannian product € := N x R, and we denote by v the outer normal vector
field over N. In addition, the region X is now a compact submanifold of N with
boundary. The theory of Spin-structures restricted to hypersurfaces gives that C
and X are also spin manifolds. Consequently, we can define the spinor bundle ¥C

over €, and the extrinsic Dirac operator DY, which acts on spinors of € restricted
to N.

From the previous discussion, the obvious generalization of the MIT Bag Dirac
operator in the Fuclidean spaces is defined as the Dirac-Witten operator on
N plus a mass term, and we add the boundary condition i v-n-¥ = ¥ on 9K. This
last condition is not the MIT Bag boundary condition, but the condition associated
with a chirality operator, and it is consistent with the condition imposed in .
Namely, we have

Ay =v- DN +imu., dom(A4,,) = {VveH (SCx),iv-n-¥=0VondK}. (1.9)

Furthermore, the cylinder € can be endowed with a Lorentzian metric such that v
is a time-like vector, and in this case, solving the Dirac equation in € in the same
way as for dimension 3 lets us with the study of the extrinsic Dirac operator on N
plus the mass term. The boundary condition imposed in this case is the original
MIT Bag boundary condition in - ¥ = .

Actually, the two operators we defined this way are unitarily equivalent since the
manifold N is totally geodesic in €. This last result explains how the operator
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studied in [13] is obtained from the physical model, and the two definitions we gave
above are equivalent.

In the same way as before, the two-masses operator is obtained by adding a potential
corresponding to two masses in X and K¢ in the expression of the operator A,,.
Since in our framework the manifold N is complete but not necessarily compact,
B, 0 is defined as the closure of the operator

B = v - DN +i(mlg + Mlge)v, (1.10)

whose domain is the set of smooth sections with compact support in %€ This
definition is consistent with ([1.7]) because it was shown in [13] that the two-masses
operator is essentially self-adjoint on the smooth functions with compact support.

The operators A,, and By, ys are self-adjoint and we are interested in the behaviour
of the spectrum of A,, when m — —oo and the spectrum of By, ar in the asymptotic
regime M — +oo and min(—m, M) — +oo. These limits are the ones studied
in [13], and the three main theorems we state below are the counterparts of |13,
Theorems 1.1, 1.2, 1.3].

From now on, we use for j € N and a lower semibounded operator T' the notation
E;(T), which stands for the j-th eigenvalue of T when counted with multiplicity in
the non-decreasing order.

First of all, one has the convergence of the eigenvalues of A2, to the eigenvalues of
the square of the Dirac operator on 0XK:
Theorem 1.1. For any j € N, one has E;(A%2) — E; ((lDaK)Q)

m——oo
The two operators A7, and B}, ,, are surprisingly related in the asymptotic regime
M — +oo:

Theorem 1.2. For any j € N, there is My € R such that for all M > My, B?n’M
has at least j eigenvalues, and one has Ej(B2, ,,) — E;(A2).
’ M —+o00

In addition, one has a combination of these two results:

Theorem 1.3. For any j € N, there is 7; € R such that for all M > 7
and m < —7;, the operator Brzn,M has at least j eigenvalues, and one has
oK
E, (B2 — E; ( 2)-
J( m,M) min(M,—m)—s4o0 J (lD )
Note that Theorem is an improvement of |13, Theorem 1.3] since we drop the
assumption 77 — 0.

Remark 1.4. We can also look at the operator A2 when m — +oco and the
operator BZ@,M when m, M — 400 (or m, M — —o0). We can prove that in these
two cases, the spectrum escapes to infinity (see Remarks and below).

Organization of the paper. The proofs of the three theorems are really close
to the ones written in [13] once we have stated the correct geometrical context.
The global strategy is thus to compute sesquilinear forms for the operators A2, and
Bfm a in order to find lower and upper bounds for the limits of the eigenvalues by
use of the Min-Max principle.

In section [2 we first recall some fundamental results in spectral theory on the cor-
respondence between self-adjoint operator and sesquilinear forms on Hilbert space.
The Min-Max principle, which is the key point of our proof, is stated, and we also
give a quick review on the monotone convergence theorem in the case of sesquilinear
forms. This last theorem is helpful to find the lower bounds for the limits of the
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eigenvalues, since it gives a description of the asymptotic domain of the operators.
After these preliminaries on operators theory, we introduce the basic tools needed
to understand the geometrical context. Indeed, the theory of restriction of the spin
structure of spin manifolds to oriented hypersurfaces plays a significant role in the
understanding of the generalized MIT Bag operator.

Section 3| is devoted to the construction of the operators. We develop here the dis-
cussion about the two equivalent ways of defining A,,,. We also define the operator
B, m and we show that it is self-adjoint as a direct consequence of the complete-
ness of N. The self-adjointness of A,, is more difficult to prove, and we need to
compute the sesquilinear form for A2, in order to understand its graph norm and its
domain. The computations for the forms of square operators are done in Section [4]
and the main tool used to this aim is the Schrédinger-Lichnerowicz formula, which
gives the expression of the square of the Dirac operator on a spin manifold. Once
we get the sesquilinear forms, the graph norm of A,, is shown to be equivalent to
the H! norm on its domain, and we can use the analysis done in [§] to conclude on
self-adjointness.

An important idea to prove the main results is that we can restrict the analysis to a
tubular neighbourhood of the boundary of X. Thanks to this restriction of domain,
we only have to understand the operators on a generalized cylinder 0K x (=4, 9)
with § > 0. However, there is an additional difficulty since we cannot compare the
covariant derivatives on the different slices of the cylinder as it is done in [13]. Thus,
we prove some comparison lemmas in section 5} where we express the operators in
tubular coordinates.

The aim of this restriction is to be able to separate the variables in the generalized
cylinder previously introduced. Thus, some one-dimensional operators will appear
later in the analysis, and we devote section [f] to the spectral analysis of these
operators, even if a large part of this work has already been done in |13| Section 3].

In section [7] we prove Theorem The geometrical context is well-defined, and
it remains to follow the lines of |13 Section 4]. The proof is done by restricting
the analysis to the tubular neighbourhood of 0K intersected with the interior of K
thanks to the Min-Max principle. Next, an upper bound can be found for the limit
by choosing good test functions which are tensorial products between eigenspinors of
a model operator on 90K and the first eigenfunction of a one-dimensional operator.
The proof of the lower bound relies on the monotone convergence theorem after
operating a transformation on the operator in tubular coordinates.

The result stated in Theorem is proved in section [§f We find an appropriate
extension operator which sends eigenspinors of A% into dom(B,, ar), and this gives
the upper bound. The lower bound is once again a consequence of the monotone
convergence theorem together with the Min-Max principle.

Finally, we prove Theorem [L.3] in section [9] using a combination of the precedent
arguments. After restricting the problem to the tubular neighbourhood of 0K, the
upper bound is found in the same way as for Theorem by choosing good test
functions in the Min-Max principle, and the lower bound is a consequence of the
monotone convergence theorem.

Acknowledgements. The author thanks his advisors Andrei Moroianu and Kon-
stantin Pankrashkin for the constant support during the preparation of this work
and their helpful remarks for the improvement of the paper.
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2. NOTATIONS AND PRELIMINARIES.

2.1. About spectral theory. Let H be an infinite-dimensional Hilbert space en-
dowed with the inner product (-,-)g. For a self-adjoint and lower semibounded
operator T' on H, we denote by domT its domain, and for any j € N, E;(T) is
the jth eigenvalue of T', counted with multiplicity in the non-decreasing order. We
also note o(T'), 0.ss(T) and o4(T) the spectrum, the essential spectrum and the
discrete spectrum of 1" respectively.

We denote the adjoint of an operator 7' by T and its closure by T.

For a sesquilinear form ¢ in H, we denote its domain by Q(¢). There is a one-to-
one correspondence between densely defined, closed, symmetric, lower semibounded
forms and lower semibounded self-adjoint operators (see |12, VI, Theorem 2.1] for
details). For a lower semi-bounded self-adjoint operator 7', we will denote by Q(7T')
the domain of the associated form. If T and T" are two such operators, and ¢, ¢’ are
the associated forms, we write T' < T” if Q(T") C Q(T) and t(u,u) < t'(u,u) for all
u e QT).

For j € N, we define the jth Rayleigh quotient of the form ¢ by

t
A(t):= i sup A1)
veo® weviioy llullf
dim V=j

(2.1)

We recall that if ¢ and ¢’ are two semibounded from below bilinear forms, we write
t <t if Q') C Q(¢) and t(u,u) < t'(u,u) for all u € Q(t).

Let ¢ be a closed symmetric lower semibounded form, and T its associated operator.
The well-known Min-Max principle gives a link between the Rayleigh quotients of
t and the eigenvalues of T'. More precisely, we have the following theorem:

Theorem 2.1 (Min-Max principle). Let ¥ := inf o.5,T. We are in one of the
following cases:

(a) Aj(t) <X for all j, ml_iffooAm(t) =X and E;(T) = Aj(t) for all j.

(b) OessT < 400 and there is N < 400 such that the interval (—oo, X) contains
exactly N eigenvalues of T' counted with multiplicity and for all 7 < N, one
has A;(t) = E;(T) and Ay, (t) =X for allm > N.

The proofs of the spectral part of this text will use monotone convergence of oper-
ators. The result stated below is a reformulation of [4, Theorem 4.2].

Theorem 2.2. Let (T},)nen be a sequence of lower semibounded self-adjoint opera-
tors in closed subspaces (Hy)nen of H, and let (t,,)nen be the sequence of associated
forms. Assume there exists v € R such that t,, > v for all n and suppose moreover

that the sequence (t,) (or equivalently (T,)) is non-decreasing. Then, the form ts
defined by

Oto) = {h € DNQ(tn), lim (b h) < oo} (2.2)
and too(h, h) = lim, o t,(h, h) for allh € Q(t) is closed, symmetric, and to, > 7.

Moreover, if Hoo := Q(ts), one can define the self-adjoint operator T, on Hoo as-
sociated with te, and the sequence (T,,) strongly converges to Two in the generalized
resolvent sense, i.e. for all A <y, one has

(T, =N @ 0g)h — (Too —N) 1@ 0gge )b, Vh € H. (2.3)
" n—00 hed

Since we are interested in the behaviour of the spectrum, we claim that in the
framework of Theorem [2.2] one has actually the convergence of the eigenvalues of T},
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to the corresponding eigenvalues of T,,. To show this, we first recall [15, Theorem
2.1]:

Theorem 2.3. Let (T),) be a sequence of self-adjoint operators which are bounded
from below with T, < T, 11, strongly converging to T in the generalized resolvent
sense. Assume that the essential spectrum of T, is contained in [0,+00) for all
n € N. Suppose that T has jo negative eigenvalues (jo might be infinite). Then,

Ej(Tn) n—)_+>oo E](T) fO’f‘ all] < j()

nEIJIrloo E;(T,) >n for all j > jo.

Moreover,

”1(—00,)\) (Tn) — 1(_007/\)(T)|| ?oo 0 f07" all A < 0.

From Theorem [2:2] and Theorem [2.3] we deduce the following corollary:

Corollary 2.4. Let (Ty)nen and Ty, be like in Theorem . Assume moreover
that 0ess(Thy) C [1, +00) for some ng € N and that Too has jo eigenvalues below 1
(jo might be infinite). Then, one has

E;(T,) = E;(T) for all j < jo (2.4)
n— oo
and
11 (—oo, ) (Th) = 1 (—oon) (Too) |l W 0 TA<, (2.5)

Proof. We consider for n > ng large enough the bounded self-adjoint operators in
H

1 _

By, 11@*((%*’7) '@ 0py)
1 _

Beo 11@*((1@0*7) Lo 0mL).

From [4, Proposition 2.2], it comes that for all n > ng, one has B,, < B, 11 < Boo.
In addition, o.ss(By) C [0, ﬁ], Oess(Bso) C [0, ﬁ], and (By,) converges strongly
t0 Boo. Thus, Theorem gives that for all j € N such that F;(Bs) < 0 one has

E;(B,) — E;(Bx) (2.6)

n—-+oo

and that for all ¢ < 0, there holds

11(~00.6)(Bn) = L(—00.t)(Boo) | —= 0. (2.7)
For A > =, we define the strictly increasing function f(\) := 77—% — 5= One has

B, = f(T},) and By = f(Tw) and we deduce that for all j < j
E,(T,) —» Ey(T) forall j < o
and from
(oo, 1)) (Bn) = Lcoo ) (Th)s - L(oo,r(0) (Boo) = L(—oon) (To)s
we deduce that for all A < n

(=000 (Tn) = L(—oo) (Too) | —2 0. O
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2.2. Clifford algebra. We recall here the basic facts about Clifford algebra, and
we refer to [5] for the details. For any d € N, the real Clifford algebra Cl, is the
quotient of the tensorial algebra over R? by the two-sided ideal generated by the
elements 2 ® x + ||z||*1. The induced product on the quotient algebra is called the
Clifford product, and is denoted by ”-”. The complex Clifford algebra is defined by
Cly := Cly ®g C. The spin group is the subgroup of Cl; given by

Sping := {x1 - ... zo € Cly, k € N and x; € R?, ||lz;|| = 1 for all 1 < j < 2k}.
We define the complex volume form as the element of Cly
w§ = it ey ey (2.8)

where (eq,...,eq) is any positively-oriented orthonormal frame of R, canonically
identified with a basis of C.

If d is even, Cl; admits an unique irreducible complex representation (pq, Xq) where
Y.q is a complex vector space of dimension 2%. When restricted to the Spin group,
this Clifford module decomposes into ¥4 = Ej ® X, and the representation splits
in two irreducible inequivalent representations (pdi,Ef). These submodules are
characterized by the action of the complex volume form, namely wg acts as +Id on
2

When d is odd, Cl; admits two irreducible inequivalent representations over complex
vector spaces of dimension 2%+ They are characterized by the action of the
complex volume form which acts as £Id. We denote by (pg, 34) the representation
on which w§ acts as the identity.

2.3. Notations for manifolds and bundles. In all this text, the manifolds will
be considered smooth and paracompact.

Let (M, g) be a Riemannian manifold of dimension d + 1, with boundary OM (pos-
sibly empty). If M is oriented, we denote by vy the volume form on M compatible
with the metric. Throughout this article, integrations will be done with respect to
the Riemannian measure, which coincides with the integration with respect to the
volume form vy in the oriented case.

We denote by VM the Levi-Civita connection of (M, g) and by RM, Ric™, Scal™
the Riemann curvature tensor, the Ricci tensor, and the scalar curvature of M
respectively.

If E is a vector bundle over M, we denote respectively by I'(E), I'.(E) and T'c.(E)
the smooth sections of F, the smooth sections of E' with compact support in M,
and the smooth sections of E with compact support in M \ M. If moreover FE
is a Hermitian bundle, we note L?(E) the space of square integrable sections of
E. If it is necessary, we will write L2(E, vy) to specify the measure used for the
integration.

We now assume that M is oriented. The manifold M admits a spin structure if
there exists a map x and a principal bundle Pspin, , M over M such that for every
u € Pspin, N M we have the commutative diagram:

. SH>US,
Splnd+1 B PSpind+1M

I

X M (2.9)

7

SO4+1 Xy Pso, i, M
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Given a spin structure on M, we define the associated complex spinor bundle by
M = Pspind+13v[ X pyer Bd+1 where we recall that (pg41,3441) is an irreducible
representation of the Clifford algebra Clgy; as defined in section [2.2

There is a natural action of the Clifford bundle CM := Pso,,, X, Clgq1 (where r
is the action of SO4;; on R? extended to a representation on Cly) defined by:

x(w), v](fu, ¥1) := [u, paya(v)¥] (2.10)

for all u € PspindHM, v € Clgy1 and ¥ € ¥Xg41. This action is called the Clifford
product and will be denoted by ”-”.

One has a canonical Hermitian product (-, -) on ¥M for which the Clifford product
by a unit vector is unitary. Moreover, one obtains a metric connection on XM by
lifting the Levi-Civita connection on the orthonormal frame bundle of M through
the map x. The covariant derivative obtained this way will still be denoted by V™.

We define the intrinsic Dirac operator ) on M, by its pointwise expression

d+1
lDM\II = Zek . Vi‘f\p, dOm(wM) = FC(EM)’ (211)
k=1
where (eq,...,eq4+1) is an orthonormal frame. This definition does not depend on

the choice of the frame.

Finally, we remind the Schrodinger-Lichnerowicz formula, which will be a funda-
mental tool to compute sesquilinear forms of operators. A proof can be found
in [6, Theorem 1.3.8].

Theorem 2.5 (Schrédinger-Lichnerowicz formula). The Dirac operator lDM satis-
fies the formula

M

where (VM)* : T(T*M @ M) — I'(YM) is the formal adjoint of V™.

(2.12)

2.4. Restriction of the spinor bundle to hypersurfaces. We take (M, g) as
in the previous section.

Let H be a smooth oriented hypersurface of M. Let v be the outer unit normal
vector field on K, that is, the only vector field such that if (eq,...,eq) is an oriented
frame of K, then (eq,. .., eq, V) is an oriented frame of M. We define the Weingarten
operator of H as the endomorphism of TH given by

Wi (X) := -V, (2.13)

and Hg : M — R will be the pointwise trace of this operator.

The hypersurface H inherits a spin structure from the one of M, and we can define
the spinor bundle S (for the details, see |5, Section 2.4]). This last bundle is
endowed with the natural Hermitian product on spinors, still denoted by (-, -). The
covariant derivative on XH induced by the Levi-Civita connection will be denoted
by V7. We will also write V7* for the covariant derivative on H & LH (where &
stands for the Whitney product), and for all X € TH, the Clifford product by X
on XH & XH is given by

X (U, ) = (X -0y, —X - Uy), V(U T,) € 2H & DH. (2.14)

There is a link between the restricted spinor bundle ¥M4¢ and X3, given by the
following proposition (see |6, Proposition 1.4.1]):
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Proposition 2.6. Let M and H be as above. There exists an isomorphism C
Jrom XM g¢ into X if d is even and into XH & NH otherwise, which satisfies the
following properties:

(1) For allx € H, X € T(T,H) and ¥ € (¥M) (4}, the Clifford product on H
satisfies
X (W) = (X - v(x) - 0), (2.15)
(2) The isomorphism ( is unitary,
(3) For all ¥ € T'(¥Mg¢) and X € TH,

(VW) = V(W) + WX - () (216)
(4) For ¥ € ¥XMg¢,
Cliv- ) = (21 Ig) (W) ifdis odd 7 (2.17)

w§ (D) if d is even
where the complex volume form wg was defined in section .

We can define a covariant derivative WM on ¥M|g¢ such that ﬁM\I! is the restriction
of VMW to T'(T*H ® E). This notation will be useful as we will often consider the
norm of the restricted covariant derivative on hypersurfaces.

The link between ¥M|q¢ and X3 gives rise to a natural operator called the extrinsic
Dirac operator. This is actually the Dirac operator of H which acts on the spinor
bundle ¥XM;s¢. This extrinsic Dirac operator on H is the operator acting on I'.(XM)
defined by

DI = P Cifdis odd, DY =D @ —P)Cif diseven.  (2.18)

where ( is the isomorphism given by Proposition It can be explicitly computed,
and its expression at z € H for ¥ € ¥M is

d
Ha(x)
DY (z) = —5 () —v(x)- > en - VU(x) (2.19)
k=1
where (e, ...,eq) is an orthonormal frame of T, |6, Proposition 1.4.1], [10].

2.5. Sobolev spaces on manifolds. Let (M, g) be a compact Riemannian man-
ifold of dimension d + 1 with boundary OM. We denote by vy the normal unit
vector field over OM.

Let (E,VE (-,-)g) be an Hermitian bundle of dimension q over M. The construc-
tion of the Sobolev spaces on FE is done for example in [8, Definition 3.5], but we
recall the idea to be self-contained.

In what follows, we will denote by exp™ the Riemannian exponential map on M
and by BM(r) the ball of radius r > 0 and of center 0 in 7, M where x € M. This
notation will be used for the boundary M with an obvious modification. By the
compactness of M, there is r; > 0 such that:

e the map
F:OM x [0,2r;) 3 (x,t) — exp)t(trye(z)) (2.20)

is a diffeomorphism on its image;

e for all x € M\ F(OM x [0, 2r;)), exp™ is injective on the open ball of radius
ry of T,M;

o for all z € M, exp®™ is injective on the open ball of radius r; of T,OM.
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Let (Uj)jes be a finite covering of M such that U; = exp)*(B)'(r;)) with = €
M\ F(OM x [0,2r;)) (Gaussian coordinates) or U; = F(B(r;) x [0,2r;)) with
x € OM (normal coordinates). The maps given by these charts are denoted by
(fj)jes. We trivialize E over U; with Gaussian coordinates by identifying F, with
CY and by making parallel transport along the radial geodesics. Over the set U;
with normal coordinates, we trivialize E by identifying £, with C? and by making
parallel transport first along the radial geodesics in M and then along the geodesics
normal to OM. The trivializations obtained are denoted by &;.

Let (h;);es be a partition of unity adapted to the covering (U;);ecs. For s € R we
define the H® norm by

115 iy = D M(&)w(h;®) 0 fj_1||§_[s(R;l+17Cq)7 (2.21)
JjeJ
where R;Hl := R4 when U; N OM = 0 and R;H'l .= R% x Rt otherwise.

Definition 2.7. Let s € R. The Sobolev space H*(E) is the completion of the
space T'.(E) for the H® norm.

Remark 2.8. The Sobolev spaces defined in this way are a generalization of the
H? spaces in R4, and for k € N, the H* norm is equivalent to the norm defined

k )
by the square root of Y |[(VF)7 -] (see |9, Theorem 5.7], or [8, Remark 3.6]).
=0

A direct consequence of Definition is that the intrinsic Dirac operator on a
compact manifold without boundary is essentially self-adjoint and the domain of
its closure is the Sobolev space H!:

Proposition 2.9. If (M, g) is a compact Riemannian spin manifold without bound-

ary, lﬁM is essentially self-adjoint, and the domain of its closure is H'(XM).

Proof. The Dirac operator is symmetric, and then it is closable. By compact-
ness, there exists C' > 0 such that [Scal™| < C. Moreover, by the Schrédinger-

Lichnerowicz formula (Theorem , the graph norm of lﬁM is equivalent to

Scal™

M
L+ O 122y + 127 - 7200 = (1 +C+ ) 112200 + IV - 20y
and this last norm is equivalent to the H!(X~M)-norm because of the boundedness
of Scal™. Then, the domain of the closure of lDM is the completion of I'.(XM) for
the graph norm, which is exactly H!(XM).

The manifold (M, g) is compact, and then the Dirac operator is essentially self-
adjoint in L?(XM) [6, Proposition 1.3.5], which concludes the proof. O

By the definition of the Sobolev spaces, one can observe that it is possible to
extend the results valid for Euclidean spaces. We state a trace theorem which is
a modification of [8 Theorem 3.7], where we add a bound for the L?-norm of the
trace.

Theorem 2.10. Let (M, g) be a compact Riemannian manifold with boundary OM.
Let (E,V¥ (-,-Yg) be an Hermitian vector bundle with base M.

Then, the pointwise restriction operator vyt : T'e(E) — T'o(Ejan) extends to a
bounded operator from H'(E) onto H? (Ejonm), and there is a bounded right inverse
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to vy : HY(E) — H%(E‘BM) denoted by ent, which maps T'.(E|py) into T'o(E).
Moreover, there exists K > 0 such that for any e € (0,1),

1 1
¥ Ezon) < K (HIVEC a0y + e @ 13ene) ) » ¥ € H(E).

Proof. The proof of the first part of the theorem is done in [8, Theorem 3.7]. We
prove the last estimate.

With the notations of (2.21]), we denote by Jy the set of all j € J such that
U; N OM # 0, and there is a constant C' > 0 and a constant K > 0 given by [7,
Theorem 1.5.1.10] such that for any € € (0,1) and for all ¥ € H!(E)

@112 oy SC D 1ED (R W) 0 £ M 1 Z a0y o

JjE€JIN
=~ 1
<OK Y le2[1(6)4(hy¥) o f5 I RY+ Ca)
jeJ
1 —
+ A E)(h W) 0 £ M e )
—CK (e%||vEfo||i2(M) + 5_%||\IJH2L2(M)> : =

The Rellich-Kondrachov theorem still holds for the Sobolev spaces on compact
manifolds. Consequently, the operators with domain included in the first Sobolev
space on a vector bundle with compact base have compact resolvent. We refer
to |14, Proposition 3.13] for the following theorem.

Theorem 2.11 (Rellich-Kondrachov-type theorem). Let E be an Hermitian vec-
tor bundle over a compact manifold M. Then, the inclusion H*(E) C L*(E) is
compact.

We end this section with a direct consequence of Proposition We assume that
(M, g) is a compact Riemannian spin manifold of dimension d 4+ 1 and we take an
oriented hypersurface H of M. We use the notation of section

Corollary 2.12. The isomorphism ¢ given by Proposition[2.0 is an isomorphism
between H'(XM5¢) and H'(SH) if d is even or H'(SH & LH) if d is odd.

Proof. We define ||[Wy¢||oo := sup  sup % < oo. Let ¥ € I'o(XMg¢)
zeH XeT,d0\{o} I

and (e1,...,eq) a local orthonormal frame of H at a point x € F{. At this point,
one has, using Proposition (3),
1
VHCw|? = Z [ (VEw) = 5Wacer - C()[22 a0
=M 1
<2C(V )22 90) + 3 > Wacer v -390
k=1
=M d 2 2
<2V 0|20 + 5 Wacllso 17250
and then, by integration we obtain
IC¥NZ 30y = €8T 3e) + V7 CPIT2 96
2
< (7230 + 2|V U250 + 5 ||W}C|| 1122 (90)
< Cul| 913 a0
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where C; > 0. The same argument shows that there exists C'; > 0 such that for all
€ ((Te(EM)g()), one has HC_hI’H%(l(g{) < C2H‘IJH%{1(:}()~ .

3. DEFINITION OF THE OPERATORS

3.1. The generalized MIT Bag Dirac operator. In this section, we would
like to give a generalization of the MIT Bag Dirac operator in the context of spin
manifolds. Our construction will be done by considering the Riemannian product of
a manifold N with R and interpreting the operator as the extrinsic Dirac operator
on the hypersuface N x {0}, modified by a Clifford multiplication with the normal
vector field. Since the hypersurface N is totally geodesic, this operator is the so-
called Dirac-Witten operator (see the remark in the proof of |6, Theorem 5.2.3] for
example).

We first introduce the context of our study. Let n € N and let (N,g) be a n-
dimensional smooth Riemannian manifold which is spin and complete.

Let (€, g¢) := (N, g) x (R, dt?) be the Riemannian product of N and R. We identify
N with N x {0}. Let p; be the projection on N in €. We endow € with a spin
structure as follows: we denote by P the pull-back to € of the bundle Pspin N by
the projection p;, and then the extension of P to Spin,, , is a spin structure on C
(see |3 Section 5] for example).

We denote by v the outer unit normal vector field on N x {0} in C, i.e. the vector
field (0, %). By construction, the Weingarten tensor of N vanishes, so the mean
curvature Hy is zero.

We denote by ¢ be the isomorphism given by in Proposition [2.6] in the particular
case where M := C and H := N. It is important to remark that the spin structure
originally defined on N and the spin structure inherited by N from the one of C
according to Proposition [2.6] are the same.

Let X be a submanifold of N of dimension n, and assume that X is compact with
non-empty boundary 0X. From these assumptions, we know that 0K is oriented.

Thus, we denote by
1IN S 2(0K) ?f n ?s odd
Y(0K) @ Z(0K) if n is even

the isomorphism given by Proposition [2.6| and by n the unit outer normal vector
field over 0K viewed as a submanifold of N.

The operators DN, ],DN, DIX and lpax defined in ([2.11)) and (2.18) are essentially
self-adjoint [6, Proposition 1.3.5]. We keep the same notation for their closures.

In what follows, we will simply write W for Wag and H for Hpx.

Let m € R. To any ¥ € I'(¥Cy), we associate an element U,,, of ['(2€) defined for
(z,t) € C by U,,(z,t) = ™ W(z,t) where U(z, ) is obtained by parallel transport
of ¥(x) along the curves s +— (z, s).

Let (eq,...,e,) be a local orthonormal frame at € N. Then, we compute

(DG (@) = | S e - VE Wy +imw - By | (,0)
j=1

fZVozwejonj\I/ () +imv - T(x)
j=1

=v- (DN +im) ¥(z),
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where the extrinsic Dirac operator D™ is the operator given by the expression
(2.19). The operator obtained in the last line is precisely the operator that we
want to study, as it can be interpreted as a Dirac operator with a mass.

We remark that the above construction can be done by restricting the domain of
the operator to K. We thus introduce the generalized MIT Bag operator

A, = V~(®N + im) , dom(gm) = {\I' €Ile(XCix),iv-n-¥ =V on 89{}. (3.1)

Remark 3.1. One can observe that in the case of Euclidean spaces, the expression
coincides with [13] Equation (1)], which is already a generalization of the
MIT Bag Dirac operator in dimension 3 (see |1, Equation 1.1]). Indeed, the only
difference comes from the convention on the Clifford multiplication, because in the
present text we have the identity X - X = —|X|2.

Remark 3.2. It is easily seen that the operator gm is symmetric since v anti-
commutes with D™ (see |10, Proposition 1] for the general case, or simply remark
that v is parallel in our framework). Since symmetric operators are closable, we
denote by A,, its closure.

Actually, the boundary condition imposed in the domain of the operator is not the
Lorentzian MIT Bag boundary condition as stated by the physicists [11] because
of the Clifford multiplication by v. However, this is consistent with the boundary
conditions imposed in [2], [1] and [13]. To understand this, we can give another
interpretation of the operator Zlm which seems more physical, and appears to give
an unitarily equivalent operator.

Until the end of this section, we will deal with Clifford algebra and spin structures
in the Lorentzian case. We refer to 3|, section 2] for a detailed presentation.

One can endow € with the Lorentzian metric g — dt?. There is a Spiny-structure
over C given by the pull-back of the Spin-structure on N and extending the fiber.
One can construct the associated spinor bundle X7, G, whose Clifford multiplication
will be denoted by ” -1”. Moreover, we write V¥ for the covariant derivative on
¥1C, and we denote by (-,-);, the Hermitian product on this spinor bundle. We
recall that this inner product is not necessarily definite. In this framework, the
Dirac operator with a mass on > C admits the pointwise expression

Py =i VRO e L VEU | —m¥ (3.2)
j=1
where (eq, ..., e,) is any orthonormal frame on N (see [3, section 2]). Consequently,

the Dirac equation B)S—j\lf = 0 is equivalent to

iVEU =i vepe, VEU —my- 0. (3.3)
j=1
Now, if we take U(x,t) = e™t¢p(x) for all (z,t) € C, where ¢ is parallel along the
time lines, we arrive at

wqﬁz—izy-Lej-LVéqﬁ—qu-ngS. (3.4)

J=1

We have the counterpart of Proposition for the Lorentzian case. Namely, the
spinor bundle X7, € can be identified to one or two copies of XN as in the Riemannian
case.

Proposition 3.3. There is an isomorphism v1, from X1Cn into XN if n is even
and into XN & XN if n is odd such that:
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(=i X pvpU)=X -1 VU forall X € TN and ¥ € £1.C,
o LU = w% <11, when n is even, and (I(gi 151) when n is odd.
<LL\I/,LL(I)> = <\If,l/ ‘L (I)>L for all ®,¥ € ELG‘N,

1 VEY =VXiL ¥ for X € TN and ¥ € S1€)y.

Proof. We recall that the notations for Clifford algebras were introduced in Sec-
tion

Consider the space R™! endowed with the Lorentzian quadratic form of signature
(n,1) and let (eq,...,e,+1) be the canonical basis of R™?!, so that e, is timelike.
The Clifford algebra over this Lorentzian space is denoted by Cl, ;. We turn the
representation (pp41,2n+1) into a complex representation of Cl,, 1 (pn,1, Xnt1) by
setting

pra(€i) == pny1(e;) for 1 <i <n, and ppi(ent1) := i ppyi(€nsa).
We remark that when n is even, i3 pna(er ... ent1) acts as the identity.
Following (3, section 2], the Hermitian product (-,-)z on ¥,y for the Lorentzian
structure is defined for all ¥, ¢ € 3,41 by

<1/)a ¢>L = <¢7 pn,1(67l+1)¢>
where (-,-) is the natural Spin,, | ;-invariant Hermitian product on 3, .

One can define a representation p of Cl,, over the space 3,11 by
p(x) =—ippi1(z-ept1) forall z e R™

For n even, this representation is equivalent to (py, X, ), so we have an isomorphism
U :Y,41 — Sy such that p,U = Up. Moreover, since i2p,, 1(e1...-e,11) acts as
the identity on ¥,,41, an easy computation gives Upy, 1(ent1)U " = pp(w).

We still denote by (-,-) the Hermitian product on %, and we remark that U can
be chosen unitary for this inner product. Thus, for all ¥, ¢ € 3,41 one has

U, Up) = (1, 0) = (¢, pn1(ens1)d) = (¥, pn1(ens1)d) L

For n odd, the restriction of p to ¥, 41 is equivalent to (pn,¥,), so we have an
isomorphism Uy : erﬂ — %, such that p,,Uy = Upp. In addition, py 1(en41) is an
isomorphism from ¥ ; into X7, |, so we set

U:Spi1 =St @5, 25,85, U= (U ®Up)(Id ® pn1(ent1))

Easy computations give Up(z)U ™! = p,(z) @ —p,(z) for all z € R® C R"™! and
Upna(2)U~ (1, 1h2) = (1h2,41) for all (¢1,1h2) € By & 5.
The Hermitian product on ¥, extends to 3, &3, and this extension is still denoted

by (-,-). The isomorphism U can be chosen unitary for this inner product, and one
has for all ¥, ¢ € X, 41

(U, Up) = (1, ¢) = (1, o 1) = (¥, pu19) L.
Now, all these properties transport to manifolds by identifying e, 1 with v since
the Spin, structure over € is defined by pull-back of the Spin structure over N.

The last point follows from the explicit formula of the covariant derivative on spinor
[3L formula 2.5] and the fact that N is totally geodesic in C. O

We infer that ¥Cj»y and ¥.Cp¢ are both isomorphic to XN if n is even and to

YN @ IN if n is odd, so we can identify them via the isomorphism ¢ '¢y..

Corollary 3.4. The isomorphism 1 11y, : 1€ = SC satisfies:
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o ((Thp)Viv- (1 h)®) = (U, @) for all U, ® € XC.

o V& (1™ %L)\If (L_ILL)Vg‘(\I/ for all X € TN and ¥ € T(2.,0).
o X (7)W= (1) (X L W) for all X € TN

o iv- (") = ("Yp)vp.

Under the identification of Corollary Equation (3.4) reads

w¢:ZV~ej-ng¢+imy-¢:(—@N—i—iml/-)gb. (3.5)
j=1
This is an eigenvalue equation, and it is now natural to look at the spectrum of the
operator defined by the right-hand side. We just need to add a boundary condition
to define a generalized MIT Bag operator. Since the physical condition imposed
in [11] is that the flux {¢,n -, ¢) of the quantum field vanishes at the boundary,
we consider the MIT Bag boundary condition ¢n - ¢ = ¢. One has

—(¢,9) =(¢,—in-L ¢)L = (in-L ¢,d)r = (},P)L,
and we conclude that (¢, —in -1 ¢);, = 0, so the condition of the physical model is
verified. We can now define another generalization of the MIT Bag Dirac operator
by
Ay i=DN +imuv, dom( ={W¥ eT( EG‘K) in-¥U=U}. (3.6)

The change of sign for the mass in compared to comes from the fact that
we consider a model where m — —oco (see [2, section 1 3 3] for more explanations).
We have now two candidates for the generalization of the MIT [ Bag Dirac operator.
However, one can remark that the difference between Am and Am is only a matter of
how the Clifford product is defined, and the two operators are unitarily equivalent.

Proposition 3.5. The operators A, and Em are unitarily equivalent via a V°-
parallel operator.

Proof. We define a new Clifford representation on the vector bundle %€ by setting
XxU:=v- X -Vand vV :=v- -V for X € TN and ¥ € XC. This new product
still satisfies the Clifford conditions in each fiber, and when n is even the complex
volume form w® 41 acts as

w;CLH*\IJ:z'Lngzjel*...*en*y*\I/
:iLnTHJ(V-el)-...(V~en)~y-\Il:oJS+1-\Il,
where (e1,...,ey,) is a direct orthonormal basis of T'N. It follows by the general

theory of Clifford representations that there is an unitary isomorphism U : ¥.€ —
Y€ such that X - UV = U(X « ¥) for all X € TC and ¥ € XC.

Actually, one can give such an isomorphism explicitly. If n is even, we use the
decomposition IN = STN @& X~N (see |5, Proposition 1.32]) and the pointwise
identification XC(; +) = XN, for all (z,t) € C given by Proposition Under this
identification, one has

v (U ) = (=it iUT), X (U U7) =4 (XU, X-UT) for all X € TN,
and we deduce that U can be defined by
U, 0 )= (T, —07).
Indeed, one has for any X € TN
UX+«(UT o ))=U@r - X- (3" ) =U(iv-(-X - ¥, X -¥"))
~UX -0, X - UH) = (=X - ¥ X -0")
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and
X U@t ) =X - (V" 07 )= (—X U i X -UT),
thus U(X * (T, 07)) = X - U(¥+,¥). In addition, U obviously commutes with
v.
In the case where n is odd, one has the pointwise identification ¥C, ;) = XN, ©
YN, for all (z,t) € € and under this identification,
V- (\Ifl, \112) = (—Z Wy, —i \111)7 X - (\Ifl, \Ilg) =1 (X Uy, —X - \Ifl) for all X € TN,
It follows that U can be defined by
1
UW,¥5) := —(V1 +iWs, ¥y + Uy).
(U, ¥s) \/§( 1 2,1 ¥y 2)
Indeed, for all X € TN one has
UX *(Uq,09))=iUWw- (X Ty, —X -Uq))=U(—X - ¥1,X - Uy)
1
= —X - (—U14+i0y), X - (—iV; + ¥
\/5( (—¥y 2), X - (=i Wy + Uy))
and
1
V2

1 . :
— E(X . (7\:[11 + Z\IIQ),X . (*7/ Uy + \IIQ))a

thus X - U(W,¥y) = U(X * (U1, ¥s)). Again, v commutes with U.
In both cases, U is parallel with respect to V€ and we remark that U(dom(A4,,)) =

o~

dom(A4,,). We deduce from these considerations that

X U(Wy,Uy) = —X - (g +i0y,i Uy + Ty)

U*A,U¥ = A,,U  for all U € dom(A,,), (3.7)
which is the statement we wanted to prove. O

Remark 3.6. The key point in Proposition [3.5]is of course that Hy = 0. It is only
under this condition that the isomorphism U is parallel with respect to V€. Thus,
it is equivalent to study any of the two operators, but we wanted to insist on the
physical meaning of A

3.2. The two-masses Dirac operator. We introduce now an operator that can
be interpreted as a Dirac operator on N with two masses in the two separated
regions K and X¢. The interest of this operator, as we will show later, is that when
the mass in K¢ goes to infinity, its spectrum converges to the spectrum of the MIT
Bag Dirac operator.

Let m, M € R. We define the operator EWM by

Bt = v - DN i (mlg + Mlgce)v-, dom(Byar) = To(2€y). (3.8)
Since the Clifford multiplication by v is an endomorphism of I'.(XCy), the range
of this operator is included in T'.(3€)y).

Until the end of this subsection, we make a differentiation between the Dirac oper-
ators on complete manifolds and their closures.

The operator §m7 M is symmetric because v anti-commutes with DN [10, Proposi-
tion 1] and by Corollarybelow. Since the manifold N is complete by assumption,
the intrinsic Dirac operator on N is essentially self-adjoint in L? (X€Cn) [6, Propo-
sition 1.3.5]. Moreover, (2.18)) gives that D™ is unitarily equivalent to ]DN if n
is even and lDN @ —ﬂN if n is odd, and the isomorphism ¢ sends FC(ZGm) into
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[.(XN). Thus, DY is essentially self-adjoint, and it is easy to see that its closure
still anti-commutes with v. Using the fact that the Clifford multiplication by v is
an unitary isomorphism in L*(X€|x) we have

(v-DN)* = —DNp. =p . DN, and v DN =p.DN,

so v - DN is self-adjoint.

We conclude that Em M is essentially self-adjoint because the potential is a bounded
self-adjoint operator. We define the self-adjoint operator B,, ys as the closure of

B v

4. SESQUILINEAR FORMS FOR THE OPERATORS WITH MASS

An important tool for the asymptotic analysis will be the sesquilinear forms asso-
ciated with the square of the operators. We begin this section by recalling some
useful formulas involving the Dirac operator. After that, we compute the sesquilin-
ear forms for the operators A2, and B?n’  and we show that A,, is self-adjoint. We
end this section with the study of a model operator which appears naturally in the
asymptotic analysis, and we prove that it is unitarily equivalent to the square of
the Dirac operator on 9X.

4.1. Integration by parts with the Dirac operator. We first recall the well-
known result:
Lemma 4.1. Let U, ® € T'.(XN). Then, one has the pointwise equality
(PN, D) = —divV + (¥, P D)
where V' is the complex vector field on N defined by
gV, X):=(U,X-®), VX € TN.

Proof. Let ¥,® € I'.(XCx), * € N and let (e1,...,e,) be a normal coordinate
system at z for VY, i.e. Vg\fej(a:) =0foralli,je{l,...,n}. One hasat z,

(1w, ®) = <Zn:ej V2w, ).

On the other hand, for all j € {1,...,n},
(e; VW, @) = — (VW ¢; @)

— —¢; (U, e, - D) + <\II,V2(6]-.<I>)>.

Thus, (lZ)N\IJ, D) =—> e (Ve D)+ (\II,B)N\II). We recognize in the first term
=1

j
of this last sum the divergence of a complex vector field. To see this, we introduce

V € T'(T'N) as in the statement of the lemma. Then, we have at the point x

A direct corollary is an integral version of Lemma
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Corollary 4.2. One has

N N
U, Y 120y = (U, D) 1200y — / (W,n - ®)vox
oK

for all ¥, ® € HY(XX), and

(DN, @) 25y = (¥, DVD) 12 () —/ (¥,n-v- ®)vgx
o%

for all U, ® € H'(X€x).

Proof. The first identity is proved by integrating the formula obtained in
Lemma for ¥, ® € I'.(XCjx) and using the divergence theorem. We conclude
by density. For the second one, we use the definition of the extrinsic Dirac operator
given by together with the first equation. O

Finally, we obtain an integration by parts formula for the Dirac operator with a
mass defined in the previous section.

Corollary 4.3. For any ¥,® € H1(26|g<), one has
V- (DN +im)W, @), gy = (v (DY +im)®) o) +/ (U,n - @) vox.
oK
Proof. Let ¥, ® € HI(Z(‘3|g<), using Corollaryone has

(v (DN +im)¥, ) =—((DN+im)¥,v- @),
=— (U, (DN —im)(v- ®))

L2(X) (3

L2 (X)

—/ (I,n-v-v-®)uvgx
%K
=(0,v- (DN +im)<I>>L2(K) + /8K<\If,n - ®hvggc. O

4.2. Sesquilinear form for ﬁfn and essential self-adjointness. In this section
we show that the operator A,, is essentially self-adjoint, and the domain of its
closure is an extension of dom(A,,) to the space H'(X€x). The proof of this fact
is done in two steps. First, we compute the sesquilinear form of A2, to get the
domain of the closure and secondly, we show the essential self-adjointness following
the analysis of [8].

From Corollary we see that Zm is symmetric since for any ¥, ® € dom(ﬁm)
one has

(I,n-®)=(T,iv-®)=(iv-V,0)=(n-¥,¢) =—(,n-d)=0.

Proposition 4.4. For all ¥ € dom(A,,),

~ Scal™
A = | (WNWW ¥ 4|W|2> -
K

H
erQH‘IJH%Z(ﬂC) + /agc (m — 2) [T 2vgs.

Moreover, the graph norm of gm and the H'-norm are equivalent on dom(ﬁm),

Proof. We recall that dom(A,,) was defined in (3.1). Let ¥ € dom(4,,). With
Corollary one has

1A ¥ 720y = (DN + im) W, (DY +im)T) oo
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:”DN‘I’H%Q(K) + m2H\IIH%2(9€) +m <DN\D,i\If>L2
+m (i ¥, DY) ,

(3
(3

DN 0y + |95y — /a (Winew W)

DN 50y + |92, + /a ¥,

where we used the property ¥V =iv-n -V on 0K.

We consider the operator DX .= DIX if py is even and DX := DIX @ DIX if n is
odd. From [10, Formula (13)] we have for all ® € I'(XX)

IN
/ B B[2oy = / a1 5 g2 ) 4y
x x 4

H
+ ——|®* - @i”%b,q)) .
[ (-t~ omo)

Using this equation together with the definition of the extrinsic Dirac operator

(2.18), one has

Scal™
/x DN Poy :/:K <|VN(L\I’)|2 + 4|x11|2> (N

+ /ax (—1L2I|\I!|2 + <56K(L\IJ),L‘I’>> VoK -

On the other hand, as DX anti-commutes with the Clifford multiplication by
n [10, Proposition 1],

(4.1)

(DO (W), 00) = (DX (o(~in- v 9)),00) = (=i D™ n- (10),0¥)
= <in . @HK(L\I/),L\I/> = <®8K(L‘I’),in' (L‘I’)>
= (DX (W), ~u(iv-n- W) = = (D (w),00)

and we deduce that <C~Daj<(L\I/), L\I/> = 0.
Finally, using this equation together with (4.1), we get

~ Scal™
[Am @[ %2 50 =/ (lVN(t‘I’)l2 = |‘1/|2> UN
K

H
W + (= ) 0P

It remains to prove the equivalence of the norms. As X is a compact manifold with

boundary, Theorem applies and there is C; > 0 such that for all ¥ € dom(A,,),
~ Scal™
||‘I’||2L2(3<) + HAm‘I’H%z(gc) :HL‘I’H%%JQ + IVNO) P + —— [ | ox
% 4

H
+ m2||L‘1/||2L?(iK) —‘r/ <m - 2) |L\I’|2U81K
oK
SClnL\IIH%?(‘JC) + ||VN(L‘I’)||2L2(9<) + Cl||L‘I’H§Jl(3<)
<2(C1 + DI|e¥ 7 ) -
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Moreover, using Theorem with & small enough, there exists a constant Cy > 0
such that B

)72 50y + 1 Am @l F2(5) > Calle®]|F o0y
Thus, the graph norm is equivalent to the H'(¢(X€|x)) norm, which is equivalent
to the H'(X€ |5 ) norm thanks to Corollary O

We now show that A, is self-adjoint. For this purpose, it is sufficient to prove that
v - DN is essentially self-adjoint on dom(A,,) because the potential is a bounded

operator. From Proposition and (2.18]), one has

T DN = —iWC - P ifnis even, (4.2)
and
T DY) = (I% 151) BN & -p") if nis odd. (4.3)
Having these considerations in mind, we define
A= lﬁN if nis even, A := lDN @ —@N is m is odd, (4.4)
and

0 Id
Id 0

We remark that 7' is an unitary skew-Hermitian operator which anti-commutes
with A.

Consider the operators

1+in: l1+iv-n:
- 2“1 on 1(2€x), and P = 722” ™ on €. (4.6)
Let A+ be the restriction of A to the domain {¥ € I'.(X€«), P+¥ = 0}. Then,

the operator v - DN with domain dom(gm) is unitarily equivalent to T'A, for any
parity of n.

T:=—iwC - if niseven, T := —i < > if n is odd. (4.5)

P:tl

Lemma 4.5. For any s € R, Py and PL define bounded operators from H?® to
itself.

Proof. The proof is straightforward, see [8, Lemma 5.1 (ii)]. O

Theorem 4.6. The operator A, is self-adjoint, and the equality in Proposition[{.)
holds for any ¥ € dom(A,,) = {¥ € H'(3€x), P_¥ = 0}.

Proof. We first prove that F := {\Il el(2Cx),P_V¥ = O} is dense in F :=
{V e H'(3€x),P_W¥ =0} for the H* norm. Let ¥ € F. There exists a sequence
(¥)jen in I'c(X€x) converging to ¥ in the H' norm. Let ®; := U; —exP_y5c ¥,
where we recall that ex is the extension operator defined in Theorem One
has P_yx®; = 0 and from Theorem and Lemma [£.5] we obtain

[P — Y[y = V) — excP-yac W — V| g
<Yy — Ul aagacy + llexcP-vac ¥l a0
< 5 = ¥lla o) + CullP-yac ¥y = Py 3 o
< o
> 02”‘1/3 \IlHHl(Jc) j_>—+>oo 0
Wlth Cl, 02 > 0

Thus, F is dense in F, and as the graph norm of Zm and the H' norm are
equivalent on E by Proposition We conclude that F C dom(A4,,). By
density, the expression of Proposition [£.4] holds for any ¥ € F, and the graph
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norm and the H! norm are still equivalent on F. But F is closed for the H!
norm, so we deduce that ' = dom(A4,,), and using Corollary we have
dom(Ay) = {¥ € H'(1XCx), P+ ¥ = 0}. This means that A is exactly one or
two copies of the operator Dy (up to a sign) studied in [8, Lemma 5.1].

By the same method, we can show that dom(A_) = {¥ € H'(1X€x), P-¥ =0}
and A_ is one or two copies of the operator D_ (up to a sign) studied in [8 Lemma
5.1].

Finally, |8, Lemma 5.1 (v)] gives us (A1+)* = A+, and we deduce that
(TA))* = —(A})'T = —A_T =TA,.

Consequently, T'A_ is self-adjoint, and so is A,, by unitary equivalence. O

4.3. Sesquilinear form for Bg%M. As for the operator A,,, we compute the

sesquilinear form of the operator BZ% o defined in section As a consequence
of the Schrodinger-Lichnerowicz formula, we can first compute the square of the
extrinsic Dirac operator acting on smooth sections with compact support in N.

Lemma 4.7. Let ¥ € I'.(XCy). Then

Scal™
|VN(L\P)|2+%‘\II|2+m2|\II|2 N

N
Proof. Let ¥ € I'.(X€). One has

v (DN +im) Ul|Z2 ) = (v (DN +im) W, v (DN +im) ¥) ,
= (DN +im) W, (DN +im) U) , )
= (DN, @W)Mm +m? (U, W) 12

N

+m (DN i)+ (1, DY)

N) L2(N)} ’
Using Lemma [4.1] one has at any point z € N,

(DT, W) + (i U, DNT) = —div V.
By the divergence theorem, the Schrédinger-Lichnerowicz formula (Proposition [2.5))
and Equation one can integrate over N to obtain

Hl/- ('DN +zm) \IIH%Q(N) = <'DN\I’a‘DN\I/>L2(N) + m2 <\II’ ‘I’>L2(N)

Scal™
:/ [|VN(L\1/)|2+ AP + 202 | oy, O
N

4

We can now compute the quadratic form for the operator B, »s by integration over
N, and it comes out that its domain is a subspace of the Sobolev space H'.

Proposition 4.8. One has dom(By, ) C H' (X€n) and for ¥ € dom(By, u),

Scal™

B sy = | [|vN<up>|2+4|wF o 2 W2

M2 ) + (M —m) /8 (P =P, v

where we recall that Py were defined in (4.6)).
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Proof. Let ¥ € I'.(X€x). One has
=[(DN + i M)W||72 ) + (m = M)?||W|72 5y
N . .
+ (m — M)2R (D" + zM)ql,zlg(\I'>L2(N)
With Lemma [4.1]

2%<(DN +iM)\I/,i‘I’>L2(g<) = —/ <\Il,z'n 2 \I/> vox + 2M <\I/, \I/>L2(3<) .
oK

Thus, we have
1B w22y = 1D 4 M) |22 ny + (m = M) 2
+ (M—m)/8j< (U,in-v-¥)vgx +2M(m—M)||\II||%2(K)
= (DY +iM)‘I’||%2(N) +(m? - M2)||‘I’H2L2(9<)

+(M—m)/(9x<\ll,in-y-\ll>vag<

Scal™
= /N [|v”<Lw>2+°j|m|2+M2|\m2 o+ (m? = M)W 32

—|—(M—m)/8x<\lf,in-1/-\ll>vag<

Scal™

V)P + 2

i

-/,

on + 12| W[ g0 + MW Z2 (e

+(M_m)/39< (Uin-v-Vyvgx (4.7)

and
(Uyin-v-0) = (¥, —iv-n-¥) = (U, P V) — (U, P, U) =|[P_U|* - |P U%
It follows from Theorem that there is a constant C' > 0 such that for all
U e FC(ZQN),
2
1Bunaar® 3200, = € (VY003 oy = 1202y ) -

This shows that the graph norm of Em,M is larger than the H'(XCpy)-norm up to
a constant. Thus dom (B, ) C H*(X€)x), and one can conclude by density. [

4.4. The limit operator. In this section, we introduce the effective operator L
which will appear naturally as the limit operator for A,,, when m — —oco. We define
it as the operator acting on the Hilbert space

H:={V € L*(ZCpx), ¥V =iv-n- ¥} (4.8)
associated with the quadratic form
= 1
[, ¥ :/ [WNL\IJF v (scalm - Tr(WQ)) \Iﬂ Vox, (4.9)
o% 4
() :=={¥ € H'(XCpx), ¥ =iv-n-V}.

By the compactness of X, it follows that the form (4.9)) is closed and semibounded
from below, so the operator L is well-defined.
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The operator L is actually unitarily equivalent to the square of the Dirac operator
on 9X. This fact can be established using the link between the spinor bundles of
the spaces 0K C N C C.

Remark 4.9. Using Gauss-Codazzi equations (see |3, Proposition 4.1], for exam-
ple), one has

Tr(W?) = H? 4 Scal™ — Scal®™ — 2Ric™ (n, n).
Thus, the operator we are considering here is a generalization of the operator L
defined in [13 section 2.2] and we generalize the result of |13, Lemma 2.4].

Lemma 4.10. The operator L is unitarily equivalent to (B)ax)z.

Proof. We consider separately the case of n even and n odd.
Case n odd: One can represent any ¥ € H as ¥ =: (U1, 07) € L*(XTCpx) x
L2(E_€|ag<)7 and then

UV=jv-n-¥VeowW=i(rn V) < V=—in- V.

Thus, the isomorphism ¢ induces the isomorphisms ¢* : ¥*€ — XN, and one has

St [ —in- ot

P\ in-”U” ’
We introduce the (pointwise) unitary operator U : LQ(EN‘QK) — H, which sends
H'(XN)px) into Q(¢), and is defined by

ov=37(Grime )

We compute now |§NL(U\I')|2 for ¥ € H'(XNpx). Let (e1,...,en—1) be a point-
wise local orthonormal frame of T'(0XK). The vector fields (e;)1<j<n—1 are naturally

identified with elements of TN. Using the Schrédinger-Lichnerowicz formula and
Proposition (3) one has

VYR = 5 (9 + i) @)+ 97 (1 - in) ) 2)

N = | =
|
—

(VX2 +|(VEn) ¥ +n- V) TP

k
=1

ko

n—1

1 1
= |Vz\£‘ll+§n-Wek~\If|2+ZZ|Wek~\11\2
-1 k=1

_ 1
= | VI 4 S Te(W2)| 0

i
L

E

= [ DI*g? + % (—Scalag{ + Tr(W2)) |2,
Thus,

U, UV = /

oK
e M (S
oK oK

Case n even : The isomorphism g induces the isomorphisms p* : LN — YK
According to Proposition as n — 1 is odd, for all f € I'(XN|p%) one has

wtin-n)= (g 5 ) (4.

Then, for ¥ € H one has
ivn- U=V —(in-v-U) =0 —ulin- V) =m¥
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0 Id pr o)t Y T Ry,
e 0 ) (1)) = e o0 =) e
Thus, the unitary operator
U L2(S(0K) — H
-y
1o—1,-1
v = gl ( o )
sends H!(X(0X)) into Q(¢). Now we compute |§NL(U\I/)‘2 for ¥ € HY(Z(0X)).

Let (e1,...,en—1) be a pointwise local orthonormal frame of T(0K). One has, using

Proposition (3)
VYU = [V (U )?

B e e

s (V)
-3 5| (v e (V)
ln— - 1 2
— — v
33 ([(m e

n—1
(|v Ky 4 |Wek|2|w)
k=1

2

2

1
+ ‘(vka - 2W6k) T

)

= B W] + ( Scal”™ + Te(W2) ) W]
Thus
E[U\II,U\IJ]:/ /R T
oK

which concludes the proof. O

5. OPERATORS IN TUBULAR COORDINATES

When the masses m and M become large, one can localize the eigenvalue problem
in a neighbourhood of 9K since the potential in the square of the operators is large
outside of this region. For this reason, it is useful to express the operators in tubular
coordinates around 0X. Thus, we identify a collar near the boundary of K with the
cylinder 0K x (—0,d) and we look at the operator obtained via this identification.
However, the aim of this procedure is to simplify the expression, so we would like
to change the induced metric on the cylinder into the product metric. This last
step cannot be done without a way to compare the spinor bundles involved, and in
particular the way we modify the covariant derivative.

5.1. Tubular coordinates. For § > 0 we define the tubular neighbourhood of 0K
by

ns(0K) := {z € N, dist(z, 0K) < d}. (5.1)
Since 9K is compact, ns(0K) can be identified with the product 0K x (—d,9)

through the Riemannian exponential map when § is small. To make this precise,
we define

5 := 0K x (—6,0),II} := 0K x (0,9), I := 0K x (=4,0), II' := 9K x {t}, (5.2)
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and it is standard that there exists dg > 0 such that the map

H50 — ng, (85K)

(2.d) — exp(tn(z)) (5-3)

is a diffeomorphism on its image.

For every § < &g, Ils inherits an orientation via the previous identification.
Moreover, one has T'(Il;) = T(9K) x TR and we denote by % the vector field
(0,1) € T(0K) x TR.

Recall now the definition of a generalized cylinder introduced in [3]:

Definition 5.1. A generalized cylinder is a Riemannian manifold of the form Z :=
MxTI where I C R is an interval, M is a differentiable manifold and the Riemannian
metric on Z has the form gz = g;+dt> where (g¢)ie1 is a smooth 1-parameter family
of Riemannian metrics of M.

We identify any vector field X on the hypersurface 0X with the vector field on
TTl5, also denoted by X and defined by X(, ¢ := X, for all (y,t) € II5,. Note that
in this case [%,X] =0.

We have two natural metrics on Ils,. First, the metric g of N via the previous
identification, and secondly, the Riemannian product metric & := g% + dt?. Fur-
thermore, XIl;, is the spinor bundle of N restricted to Ils,.

With these notations, we have the useful property:

Lemma 5.2. The Riemannian manifold (Is,, g) is a generalized cylinder.

Proof. It is sufficient to prove that g = g; + dt? with (g;); a family of metrics
on 0X. This is equivalent to show that the vector field % is normal to IT* for all
t € (—dp,00). Let (z,t) € I, and X € T(9K), identified with a vector field on II5,
as before. One has

d 0\ (w0 N
Lo (58)-a(sn 8) o (3 2)

—_—
o 0 0 0
_ (on? 9 9 | @
—9 (vxat’ c’)t) 9 (L‘)t’X} ’at>

o8]0

This shows that g¢ (X, %) is constant along the curves s +— (-, 8) since
9 (X, %)(I o) =0- We get g (X, %)(I yy =0, which concludes the proof. O

From Proposition we deduce that there exists a family of metrics (g¢); on 0K
such that g = ¢g; + dt?>. One can observe that h = gy + dt? in these notations.

We define for any (s,t) € (—dp,dp) the map I'; which acts as the parallel transport
from s to t along the curves r + (-,7) with respect to the connection V.

We recall that vy is the volume form on IIs, compatible with the metric g. Let
vp, := vpx A dt be the volume form compatible with h on Ilj,.

The bilinear form g is identified with an endomorphism of T1Is, via the metric h.
Let (x,t) € Ils,. For any direct orthonormal frame f of T\, +)Ils, endowed with the

metric h we define
oz, t) == /detyg. (5.4)
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One can show that this does not depend on the choice of the basis, and the volume
forms with respect to the different metrics are related by

UN = Qup. (5.5)

Our aim in this section is relates all the objects on (Ils,, ¢g) in terms of those over
(ITs,, h). The function ¢ defined above relates the integration over these two Rie-
mannian manifolds, and in particular the corresponding L? spaces. More precisely,
the map
O L2(2H50,UN) — L2(EH50,’U;L)
Y — Vol

is a unitary isomorphism from L?(XI1s,,vx) onto L2(X1s,, vy ).

(5.6)

5.2. Estimates in the generalized cylinder. We now fix § < %0. In order to
compare the structures over the hypersurfaces I for t € (-6, ), we first show that
the norm of a vector field defined on II' and extended by parallel transport with
respect to VN does not vary too much when ¢ is small.

Lemma 5.3. We endow Ils with the metric g. There exists C > 0 depending only
on &g such that for all t,t' € (=6,8) and X € T\(TILY), for all x € 9K, one has the
estimate

(X @y = Tt (Xa)lg < Clt = | X (2,0l
where X is extended to T1ls as before.

Proof. First, we remark that Cy :=  sup sup %75%” is finite by

(y,8)€lls, /2 ZET(y,5)\{0}
compactness. Let t € (—§,0) and X € ['(TT"). We define the vector field Y €
[(TTls) by Yy 6 := I'{(X(y1)) for any (y, s) € Ils.

One has for all ' € (=4, ),

aMKXﬁ

o =[2s (7% %.%)]

I2t7) é 2019(X,X)(,,t/).

1(-:t")

By integration, we obtain the inequality g(X, X )., < g(X
and for Cy := exp(250C1) one has g(X, X)(. ;) < Cag(X, X

Now, one has

y X) (0 exp(2C |t —t]),
)(t)-

8mX—KX—Yﬂ

=29V X. X -Y
8t .t/) ‘ g(V% ) )

( , (‘7t/)

= |29(an«’X»X - Y)|(.7t/)

< 201|X(.7t/)|g‘(X - Y)(-,t’)‘g

< QClcg‘X(.ftﬂg‘(X — Y)(-,t’)|g~
We need the following technical lemma to conclude.

Lemma 5.4. Let I be an interval of R containing 0 and let f : I — R be a
differentiable non-negative function. Assume there is C > 0 such that |f'| < C\/f.

Then, one has [\/f(z) — VF(0)| < $|z| for all x € 1.

Using Lemma [5.4] we arrive at
g(X =Y, X = Y)( ) < CLCo| X [2( — 1)

and the claim follows by taking the square root in this inequality. U
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N dvFT
Proof of Lemmal[5.4} Let € > 0. One has |f'| < C\/f + ¢, which gives ‘ d’; £l <

€. By integration, we obtain that for all z € I, |/f(z) + & — /f(0) + ¢ < $|z|.
Letting ¢ tend to zero, one gets the result. U

We are now able to compare the norms of the covariant derivatives on the differ-

ent hypersurfaces of Ils. For this purpose, we recall that WN\P is defined as the
restriction of VN to T*0K @ S1l;.

Lemma 5.5. There exists C > 0 only depending on dy such that for any t € (—0,0)
and ¥ € T' (XIs),

(1 - Cd) ‘ﬁ”rgxp(.,t)f —C8|W(-, 1)[? < ‘VN\I/(~,t)’2

. 2
< (1+C9) ‘VNF?\II(~,1€)‘ +CO[W (-, ).
Proof. Let ¥ € I'(3Is). Let (2,t) € II; and X € T(9X) such that | X(, »]g, = 1,

extended constantly to II;. The Riemannian curvature of (Ils, g) is bounded, so for
any s € (—0,9) one can find C; > 0 such that

(VXTI )| =2|R (V) VXTI0) (2, 5), (VAT; W) (a,5) )|

9,
0s

0 .
=R (R (X)) - 1000, (AT ) 0,0) )|
<CX (2,9)]g| ¥ (@, O|[(VRTL ) (2, 5)].
By Lemma [5.3] one can find C' > 0 independent of X such that
1 X(z,s)lg <1+ CJt — 5| < 1+ C.
Thus,

(VXTS0) (2, 5)[2| < C1(1 + CO0) W (a, D] [(VATI ) (a, 5)]

o
0s
Using Lemma [5.4] we obtain
[(VRTPW) (2, 0)] — [VX (2, 1)|| < C1(1 + C)|t]|¥(x, ).
On the other hand,
=N
(VXTPW)(@,0) — (V7o x TP0) (2, 0)] <|X(0.0) = T7 (X (a0) | (V7 TLW) (2, 0)]
<CIH|(V TP ) (x,0)1.
Thus, combining the previous estimates, one can find C; > 0 such that
=N
175 T90) 2, 0) = VX W (a, 1)]| < Call (190, 0)] + (T THD) (2, 0)])

Now, let (e1,...,e,) be an orthonormal frame at the point (z,¢). One obtains

=N =N "
(7 T0w) (@,0)] = [V W, 0l <3 |1V, TP @, 0)] — [V W (o, )]
k=1

<" Colt] (|2, )] + [(V T0 ) (w, 0)])
k=1

<nCy (1, )] + (VTP (2,0)])

The result is then a consequence of the following lemma:
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Lemma 5.6. For all C > 0 and 6 < 0¢/2, there is C' > 0 depending only on dy
and C such that for all a,b,d > 0 verifying |a — b] < CS(b+d), one has |a* — b?| <
C'§(b* + d?).

O
Proof of Lemma[5.6, One has
la? — b?| =|(a — b+ b)* = b?| = |(a — b)? + 2(a — b)b| < |a — b]* + [2(a — b))
<C?6%(b+ d)* + 2C5(b + d)b < C?6%(b + d)* + C6(b+ d)? + Cob?
<(2025% 4+ C8) (b + d*) + Cob? < (2C%50 + 20)56(b? + d?),
which is equivalent to the statement of the lemma. O

5.3. Bracketing for the quadratic form of A2,. We end this section by finding
a lower and an upper bound for the quadratic form of A2, expressed in the tubular
coordinates.

Lemma 5.7. There exists ¢ > 0 depending only on &g such that the following
estimates hold:

=N
l6 =iy <6 (57 [V 0w, <8 (58)

(0:9)(,8) . m
H 200:0) |y~ PO 0L =25 (310

07 (0:0)> 1 i

g(x’t) - 4¢2 (x, t) - Z(SCalax(]}) — TI'(W )(.1?) _ SCalN(Jj’ t))' S 067

(5.11)
for all (z,t) € Is.

Proof. To show (5.7)), (5.8) and (5.9), we just remark that ¢ is a smooth function
on the closure of Il which is compact, so it is bounded on II5 as well as all its
derivatives.

Thanks to Lemma [5.2] we can use [3| formula (4.1)], so (5.10) follows from:

Dhd(,0)  0i/Teirg(0)  Tr(dhg)(-0)  2T(W) H

2¢(-,0) 2 4,/det g(-,0) 4 2"

Finally, we prove (5.11)). Let (z,t) € IIs and let f be a direct orthonormal frame
of (Ils, h) at (z,t). One has, using lemma [5.2] and [3| equation (4.8)],

0%¢ (0;0)? O detyg 3(0; dety g)?

57(337” T (2,t) —m(% ) — W(%ﬂ
(07 detpg  3(0;dety g)?
_< tots Foce )(x,O)-ﬁ-O(t)
_ (HZ CTW?) + Tr@jl'tﬂ)) (2) +0(1)

:i(scalax(z) ~ T (W) (2) — Scal™ (z, 1)) + O(8),

which gives the result. (I
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For a € R, § € (0,00/2) and ¥ € H* (Zf})) we define

Ji(0) := /Hi mﬁ/@g{ (aj: I;) [T 2vagc.  (5.12)

S
Proposition 5.8. There is a constant ¢ > 0 depending only on &g such that for all
a €R and § € (0,00/2), the following inequalities hold:

Scal™
4

VN[ + [

(1) For every ¥ € H' (Zﬂif), one has

JL(0) > /Hi {(1 —¢f) ‘(vNF?@\P)(x,O)r + |Vg@\ll|2} vp(z, 1)

9K _ 2
+/ [(Scal Tr(W#) _05> 002 | vy,
ns 4

+ [ [l ©w) 0 ~ O, H)P o (313
oK

moreover ¥V = 0 on the outer boundar one has
(2) If U =0 h b d yHi‘S, h

Ji(¥) < /Hi {(1 +¢d) ‘(ﬁ”rg@\lf)(x,o)r + |v38§t@\1/|2} vp(z, 1)

16:K—T 2
+/ l(Sca r(W*) —|—c§> o
i 4

Proof. It is sufficient to prove the result for ¥ € I', (Zﬂif)f) and to conclude by

density. One has
H
oy, +/ (a + ) |‘§[/|2vag<.
9% 2

10 = [
We remark that ¢ =1 on 9K and Lemma gives a constant C' > 0 such that

vh—i-a/ (OU)(-,0)2vgxc  (5.14)
oK

Scal

IVNo~ 200 + = |p t0U|?

8

/i{ ¢r§@xy’ +(1-C9) ‘v N @\1/’ 05|¢zex1/|2} n
HJ

+/ Scal'l 0| <Z5Uh+/ (aj:H) |@‘I/|2'U3(K§J:I:(\I/)
nf 9% 2

g/i [VJEQS_%@\I/‘ + (14 C0) ‘er‘ga; @\p‘ +C<§¢‘2®\I}2} dun
Hé t

N H
+/ Sca 620U ¢vh+/ <ai >|@\1/%ag<
o 9K

)

Moreover, for all (z,t) € II5 and X € T, 0K,

VX6 20| (@,000(,1)

2

_ 1
- 'vﬁrgexy - mX(qﬁ)(x,t)F?@\Il (z,0)
— 2 2
:‘vﬁr?@xp\ (z,0) + 2¢(i: t)X(¢)(x,t)Ft0®\Il (z,0)

1 =N
ot (VXTYOU, X (6)(z, )0V ) (2,0)



MIT Bag operator on spin manifolds 31

and
R(TTPOW, X (6)(z, HTIOV) (2,0)] < 6V TIOU(x, 0)+[OW (X (6) (2, )/

Using this together with the inequality (5.8) shows the existence of C’ > 0 such
that

. 2
(1—C'3) \v”r?@m] (z,0) — C'8|00|? (z,1)
_ L2
< (1+C9) ‘v”rgqs—a@xp‘ (,0)6(z, )

o 2
< (1+C'8) ‘v”rgem‘ (,0) + C'5 |00 (z,1).

It remains to compute
2

N L2 N _
oIV o iU = [V e - a0(ev)

(0:9)? 2 O

_ N t N

- v%e@( L7 Rl §R<V ov, @\1/>

2 2
_|lox (0¢0) 2_5t¢
- v%e@( el at|@m

Integrating by parts yields

1 2 2
/ |vg¢7@\m2¢wh:/ Ungexp‘ 4 (09) o — at%t@\p]
Héi ot Héi ot

442
2
:/ Uv%@mﬁ (it;? |ow|? +<82$ (th‘fz) )|@xp|2] o
Ht:st ot
jF/n s 522;/)'@@'2 / 6t¢|@‘1’|2083<

_ N 2 (e (3t¢>) > 2]
/HSJV&@‘I"+<2¢ e ) 1o
P
]F/nﬂ 2t§|@qj|2”‘9x$/ 5 [OUFvox

where we used (5.10]). Thus, we have

Ji () < /H.i [(1—1—06) ‘(WNFQG\I/)(:QO))Q + \VJ%@W

2%  4p2 | 1

N
N (@%  (8:4)* | Scal n C(s> |@\IJ|2(x7t)1 op(z,t)

+ a/ |OU vy if ¥ =0 on IT°
10

Ji (W) > /Hi {(1 — %) ‘(ﬁ”rg(—)xp)(x,o)f + \V%@W

N
N <8t2¢ _ (09)? + Scal” C(5> |®\D|2(x,t)] Up

20 42 4
+a/ |@\Il|2vag<:1:/ at¢|@xm%ax
110 T1£6

These estimates, together with (5.9) and (5.11)) give the result. d
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6. ANALYSIS OF THE ONE-DIMENSIONAL OPERATORS

The proofs of the main results will use some separation of variables in the general-
ized cylinder IIs. For this reason, we will need to analyse various one-dimensional
operators. We define them in this section and we state the properties that we need
on the behaviour of their eigenvalues in some asymptotic regimes.

We recall the following results from [13] Section 3]:

Lemma 6.1. Lete > 0. Let a > 0 and let S be the self-adjoint operator on L?(0,0)
associated with the quadratic form

slf, f1= /O [f'1Pdt — alf(0)7, Q(s) = {f € H'(0,¢), f(e) = 0}.

Then, when o — 400, one has E1(S) = —a? + O(e™¢%), and the associated L* —
normalized eigenfunction f satisfies |f(0)|* = 2a+ O(1).

Lemma 6.2. Let ¢ > 0. Let o, 8 > 0 and let S’ be the self-adjoint operator on
L?(0,¢) associated with the quadratic form

§Mﬁ=41ﬂ%+mmm“ﬂmw?mﬂ=HWM)

Then, when a — 400, one has E1(S") = —a? + O(e™%), and there exist b* > 0
and b > 0 such that

b2 —b< E;j(S") <btj? forall j > 2 and a > 0.

A third one-dimensional operator will be of interest for the proof of Theorem[I.3] It
can be interpreted as the Laplacian on an interval (—¢, §) with a potential consisting
of two masses on the two sides of the origin and a J-interaction at 0. For this last
operator, we state the result in the very specific case of our framework, for m, M € R
and § € (0,00/2).

For 8 > 0, let X be the operator associated with the quadratic form
5
sl fl= [ 17 Pa=BUTOF + 15 -0)P)

0 é
21 £12 221294 —m 2
+/_6M|f| dt+/0m|f| dt — (M —m)[f(0)[",
Q(z) = H'(-4,06). (6.1)

min(|m|,M)
—a4

Lemma 6.3. For § >0 and § > 0 fized, one has E1(X) = O(e” ) when
min(—m, M) — 4o00. Moreover, for all j > 2, one can find C1,Cs > 0 such that

min(m?, M?) + C1j? — Cy < E;(X).

Proof. One can see that the operator X acts as f — — f"+(M?1_s0)+m*1 5)) f
on the functions f € H'(—6,8) N (H%(—6,0) U H?(0,6)) satisfying f'(5) — Bf(5) =
' (=0) + Bf(=d) =0 and f'(07) — f(07) + (Jm| + M) f(0) = 0. We search for a
negative eigenvalue for X of the form —k? with & > 0. The associated eigenfunction
must be of the form

£(t) = are” kit L beft if t € (—4,0)
T ageft £ ekt ift € (0,6)

where k1 := VM2 + k? and ks := vVm?2 + k2.
We can rewrite the equations satisfied by f as
0 = ag(ky — B)e*?* —by(ko + B)e™*°

(6.2)
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0= ai (ks — B)e"® — by (ks + B)e "=
a1 + b1 = as + bQ
0 = agky — boks + a1k — b1k1 + (|m| =+ M)(a1 + bl)

The first two equations give by = %62’“25@2 and b; = %62’“5@1. Thus, with

the equation of continuity we have
ky =B orys ka2 =B orys
a1 (1+——=e™% ) =az [ 1+ ——e"° |.
1( ki + B T ket 8
We conclude that
ko — B 2k6)1< kr—p 2k6>
ag=a; |1+ ——=e" 1+ e
’ 1( ks + B ki + B
because for min(|m|, M) large enough, one has that the different terms are not zero.

We arrive at

-1
]+ M = ky <k2 — B ka5 _ 1) (1 n kg — ﬁerzé)

ky+ B ko +
kl*ﬁ 2k16 >( kl*ﬂ 2k§>_1
gk (P ks ) (14 TP ks
1(k1+/36 Wit B

~1
Let F(z) = = (i;ge%‘s — 1) (1 + %62366) defined on (min(|m|, M), +00).
The previous equation reads |m| + M = F(k1) + F(kz2), and when k£ = 0 the
right-hand side is F(jm|) + F(M) < |m|+ M. Since F(k1) + F(k2) — +00 when
k — +oo and F is strictly increasing there exists an unique k € (0, 4+00) such that
|m| + M = F(k1) + F(k2).
Now, one has

F(z) = 2(1+ 0(e2)) = 2+ O(e™37%/2).
Thus, for ¢ := min(|m|, M) large enough one has

ko + ki — 27 < |m| + M < ko + ky 4+ 2e7°

0<Vm2+k2—|m|+ VM2 +k2— M <2,
Then, \/¢2 + k2 — ¢ < 2¢7¢° and we arrive at
k% = 0(e /2.

To conclude, we consider the operator X’ defined by the same quadratic form as
X but with the form domain {f € H'(-46,6), f(0) = 0}. From the Min-Max
principle, one has E;_1(X’) < E;(X,) < E;(X’) for all j > 2 because X is a rank-
one perturbation of X’. But X’ = (Sp+m?)® (Sp+ M?) where Sp is the operator
acting in L2(0,68) as f + —f" for f € H%(0,5) with f(0) = f'(8) — Bf(§) = 0.
We conclude by remarking that E;(Sp) ~ 72;j2/§? when j — +o0, so E;(X') >
min(m?, M?) — Cy + C14? for suitable C1,Cy > 0. O

and

7. ASYMPTOTICS ANALYSIS FOR THE OPERATOR A4,,

In this section, we prove Theorem [1.1]| following the analysis of [13| Section 4]. The
proof is made by localizing the problem near the boundary of X and using the
analysis done in the previous section to find a lower and an upper bound for the
limits of the eigenvalues. These bounds coincide and are equal to the eigenvalues
of the model operator L introduced in . We begin by showing a Dirichlet-
Neumann bracketing for the operator A,,.
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Let 6 € (0,00/2). We introduce several new operators. Let Z, Z. Z! be
the operators defined by their quadratic forms 2!, 2., 2/, which admit the same

m? m

expression as the quadratic form of A2 given in Proposition with

m

dom(z)) = {\1/ € H'(DE=), ¥ = iv-n-¥ on 9K and ¥ = 0 on H*é}, (7.1)

dom(znj):{\IIEHl(EG—_),\Il:i%n-\I/on HO}, (7.2)
1T

dom(z),) = H' (Ze\x\(nguno)) : (7.3)

We define the maps J; : dom(4,,) — dom(z,) @& dom(z),), ¥

(W‘qujm\(n;um)) and Jy : dom(z) — dom(A,,) which is the extension by
8

zero. For Uy € dom(A,,) one has
(2 @ 23) [J1(W1), 1 (W1)] < (A W1, A 1) pa 5y
and for ¥ € dom(z;),

(AmJ2(V2), Am J2(V2)) 2 (c) < 2, (T2, Wa] .

Then, the Min-Max principle gives
Ej (Zy, & Z,,) < E; (A7) < B (Z3) - (7.4)

We remark that Z/, > m? and then, for any j € N such that E; (Z,;) < m?, one
has

Ej(Z,) < E; (A%) < Ej (Z}) - (7.5)

We introduce the notation Sy := L(ZGIH—_). Let ¢ > 0 be the constant given by
3
Proposition We consider the two quadratic forms in L2(Sg, vp) given by

wilw )= [

[(1 + )V T2 4 |vgqf|2} on
H t

)

lafK_T 2
+/7 Km% Sea y W) +c5> w2

Qyt):={¥eH" (S;), P_e " (¥(-,0)) =0 and ¥(-,5) =0}, (7.6)

vn + m/ 9., 0) 2ugsc
oK

and
Yo [0, 0] = /
oy

[

)

[(1 — &)V 0w + |v7%\11|2} on

9K _ 2
<m2 n Scal 4Tr(W ) 05> 02

Un

+ [ 0P o)) vax
oK
Ay,,) :=={¥ e H (S;), P 'U(-,0)=0}. (7.7)

Remarking that Q(y ) = ©u(dom(zk)), and that O is unitary from LQ(EGmg ,UN)
onto L2 (Sé_, vh), Proposition and the Min-Max principle give

Aj (y) < Ej (A2) < Aj (y;)) for any j € N such that A;(y,) <m®.  (7.8)
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7.1. Upper bound. The upper bound is found by taking good test functions in
the Min-Max principle. The first observation is that the quadratic form y;!; admits a
separation of variables. Indeed, it can be seen as the tensor product of a sesquilinear
form on 0K and a one-dimensional sesquilinear form S. The behaviour of its first
eigenvalue allows us to find the bound we are searching for.

Let S be the self-adjoint operator on L?(0,§) associated with the quadratic form

)
ol f) = / 2t + mlf (). Q(s) = {f € H'(0,6), f(6) =0},  (7.9)

and let f be a normalized eigenfunction for the first eigenvalue of S. According to
Lemmal6.1] when —m is large, there is b > 0 such that S[f, f]+m? < bexp(—d|m|).

For a > 0, we introduce the quadratic form

o] 2
Lol = [ v+ <Scal i LU +ca> 2
Q(l,) = Q(0), (7.10)

4
where ¢ was defined in (4.9). The sesquilinear form ¢, is lower semibounded and
closed. We denote by L, the associated self-adjoint operator.

VoK s

Let &1,...,&; be linearly independant eigenspinors for the first j eigenvalues of Ls.
We define the set

Vi={We L’ (S5),¥(x,t) = f(O)T(:£(2)), € € Span(éy,..., &)} . (7.11)

With all these notations, for W(z,t) := f(t)T§(:&(x)) € V and —m large enough,
one has, using Leibniz’s rule

y;[xp,\p]:/ (199 w2 + (14 e0) [T T vy
Iy ¢

[ Scal®® — Tr(W? ]
+/ <m2+ ca - ( )+05> W2 vy +m [ W, 0)[Pvax
. oK

0 _
= [ 1 + 0+ core g o

[ Scal®™ — Tr(Ww?2
—|—/ <m2 + 1 Ul + c<5> |\IJ|2 v +m [P(, 0)|2vag<
. oK

= Gs[€, 8l f 1172 0,8, + (L f1 4 m?) €172 000
< £5(€, €] + bexp(—3|m|)[|€] 72 oo
< (Bj(Ls) + bexp(=d|m|)) l€l|72(oxc) -
Thus, Aj(y;;) < Ej(Ls) + bexp(—d|m|). We remark that %igOEj(L(;) = E;(L) so
we get the bound

8

lim sup E;(A2) < F;(L). (7.12)

m——0o0

7.2. Lower bound. The strategy to obtain the lower bound is to relax the con-
straint in the domain of y, in order to obtain a separation of variable. In this way,
we arrive are in the good setting to apply the monotone convergence theorem. This
analysis will be done in the remaining part of this section.

Let S’ be the self-adjoint operator on L?(0,4) associated with the quadratic form

)
S'If, f1= /0 [f/[2dt +m|f(O)* — el f(8)[*, Q(S") = H'(0,0), (7.13)
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and let (fi)ren be a sequence of normalized eigenfunctions for the eigenvalues
Er(S’). According to Lemma there exist b* > 0, b > 0 and by > 0 such that
Ey(S) > —m? — be 0™l when m — —oo and b~ k% — by < Ej(S") < bTk? for all
k> 2.

If ¢ > 0 is the constant given by Proposition [5.8] we define the quadratic form y,,
by the same formula as y,,, but with the domain Q(y,,) = H* (Sg).

We also define for a € R the sesquilinear form

oK _ 2
0, = / Scal Tr(W+)
oK

1+ ca)|V' )2 ( . +ca> 0|2

Q) = H (XCjax). (7.14)

This form is closed and lower semibounded. We denote by L/, the associated self-
adjoint operator.

VoK,

We state the following density result, which allows us to express Y,,, as the sum of
tensor products of operators.

Lemma 7.1. Let
F = {V, 3(f,¥g) € L*(0,6) x L* (2Cja) , ¥(z,t) = f(—)T} (t¥o(z))} .
Then, Span(F) is dense in L? (EHE), so one has a natural isomorphism

L? (Sg,vh) = L2<0, 0)® L? (Ze‘ax)

Proof. Let E := (—6,0) x R viewed as a vector bundle over (—4,0), and P :=
E @ ¥Cpx. The statement of the lemma is then equivalent to the density of
Span(F’) in L%(P,v;,) where

F' = {0, 3(f, Vo) € L*(—6,0) x L* (£€ja%) , U(z, 1) = f(t)To(z)},
and this fact is standard. O
We denote by Y, the self-adjoint operator associated with y,,, and using the iden-
tification of Lemma[7.1] one can write
Yin=("+m*)@1+1x L.
Now, we define the unitary transformation
U:L*(Sy) — (N)® L* (Cjax)

)
WD = (), Uy, = / Fe(t) IO (-, 1))t

By the spectral theorem, ffm = UY,, U* is given by its quadratic form denoted by
Z/J\m:
Gl (W), (2] = D (£a%0, i) + (Bi(S) +m) [ Wl o))
keN

and the form domain is the subset of £2(N) ® L? (EG \ax) for which the right-hand
side converges. Thus,

AGm) = {(¥x) € C(N) @ L* (Cjp) , Uy € H' (SC)x)
and 3 (19l sy + K20 F2om0) ) < 00 (7.15)

Setting )A’T; = UY,, U*, the sesquilinear form for }A/,; is the same as for Y,, with
the domain
0(F,,) = {¥ = (W) € 9(Fm) : P-WT(,0) = 0} (7.16)



MIT Bag operator on spin manifolds 37

Then, if we define
W[, O] := 0 5[0y, U] — beXp(—5\m\)||‘I’lH%2(aﬂc)

+ ) 5[0, U] 4+ (7K = bo +mP) [Tk 72 a5y
£>2
Quwn) = QF). (7.17)
we have ¥, > w,,. The form w,, is semibounded form below and closed. Let

W, be the associated self-adjoint operator. By Theorem this operator has
compact resolvent. For all j € N, one has

Ej(A%) = M) = A (0) = Bj(Win).

We can now apply the monotone convergence theorem to the non-decreasing family
of self-adjoint operators (W,,). The form domain of the limit operator will be:

Quo = {\fl = (Ty) € ﬂ Q(Wy,), sup Wi [¥, U] < oo} (7.18)

m<0 m<0

One has U := (¥;) € Qu iff U, = 0 for all £ > 2 and 0 = P_UT(-,0) =
f1(0)P_W,. If we denote by e; := (1,0,0,...) € £2(N) this gives

Qw:{\f’:el(@\Iﬁ:\PlEQ(f)}.

Thus, for any T e Q. one has
lim W[V, U] = L_s[¥y, ¥y].

m—— 00
We define the Hilbert space Ho, := e; ® H and the sesquilinear form
'woo[el X ‘1’1,61 ® \Ijl] = L_(;[\Ifl, \Ill], Q(wm) = Hoo (719)

Let W be the associated self-adjoint operator. By Corollary (monotone con-
vergence), one has 1_i>m E;(Wp,) = E;(Ws) = E;(L_s) for all j € N. Letting ¢
m —0o0

go to 0 we obtain

lim inf E;(A%2) > E;(L). (7.20)
The estimates ([7.12]) and (7.20) together with Lemma give
. oK
dim Ej (42) = E; (07%)?). (7.21)

Remark 7.2. With the help of the sesquilinear form, we can investigate another
asymptotic regime. Let ¥ € dom(A,,) and assume m > 0. Proposition gives
that for m large enough, ||Am\Il||%2(N) > m2||\Il||%2(N). Hence, when m — 400, one
has F;(A;,) — +oo for all j € N by the Min-Max principle.

8. THE OPERATOR B2, ,, IN THE LIMIT OF LARGE M

We now prove Theorem following the lines of [13], Section 5]. Again, this is done
by finding a lower and an upper bound for the limit of the eigenvalues of Bfn’ M
The proof relies on the localization of the problem in a neighbourhood of X and
the construction of an appropriated extension for the spinors in X. For the lower
bound, we make another use of the monotone convergence theorem to observe that
the projection P, on the boundary of X must vanish in the asymptotic regime.

We begin with some preliminary estimates and the definition of the extension op-
erator.
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Lemma 8.1. Let r/, be the sesquilinear form given by

Scal™
o= [ (e S )
xc\ngr 4
with Q(r]) = {\I/‘KU\H;, U € dom(Bym,m)}- Then, 1, is semibounded from below.
Proof. Let ¥ € Q(r],). Let x1,x2 be two non-negative real smooth functions on
N such that x? + x3 = 1, x1 is supported in K U Hg and y2 is supported in
2
N\ (K UTLE).
4

An easy computation gives

o [P, ] =1 [x1 ¥, x1 9] + 7 [x2 ¥, x2 7] —/ +(|(d><1)b‘1’|2 + [ (dx2)e¥[* o,
He\IT

and then there exists a constant C7 > 0 such that
o [0, 0] > L [a W xa ¥ + e W xa ¥ — Gl |72 -
Now, the Schrédinger-Lichnerowicz formula gives
a2, x29] = | DM xx P[|72 ) > 0.
Moreover, there exists C; > 0 such that
oW xa 0] > =Collx1 9|72
because x; has compact support.
Altogether, we have r.,[¥, U] > —C||\Il||%2(N) for a constant C' > 0. O

We define S} := L(Eelnj).
é

Lemma 8.2. For ¥ € {®|x., ® € dom(By,,m)} and a > 0 we define the sesquilin-
ear form

N
rafw.vl = [ (!VNL\IJ|2+SCZ1 |@|2>UN+/ (5 o) P
Ke oK

Then, there exists C > 0 such that for o > 0 large enough, one has a map Fy :
H'(1(3€px)) — dom(ry) with F, U =¥ on 0K and

C
ralFa W, Fo W] + 0| FoW|[72(5cey < =197 gac)-

e
Moreover there exists a constant Co > 0, such that Ay(ry) > —a? — Cy.

Proof. We recall that for o > 0 we defined in (7.9)) the operator S associated with

the sesquilinear form

5
st g1 = [ 1 Pde = alFO)F, ) = {1 € H'(0.5), 5) =0}
0
Let f be the first eigenfunction of the operator S normalized by f(0) = 1.
We define the map F,, by
N AR if z € I
Fo¥ (@) '_{ 0 if 2 € K¢\ I}
where v := f ® ¥. From Lemma [6.1 there exists C' > 0 such that Hf||%2(075) <<

and a? + E1(S) < Ce™°*. Then, using Proposition one can find @ > 0 such
that

ralFa¥W, Fo U] + O‘QHFa\IJHZL?(KC) = Jo(Fa¥) + Oﬂ”fcc”%?(ﬂ@)
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=N
< / (a|V o) + [V 02 + (o + a)|v\2) vp — a/ [T 2vas
+ at 9K

s
=N
= [ ol @08 + 02+ )R]l

C(C +a)
< TH‘I’H%{l(aK)-

For the second assertion, we introduce the sesquilinear forms

Scal™ H
rO[W, 0] = / <|VNL\I/|2 + Ca|\I/|2> N +/ ( — a) NIROESS
nt 4 oK 2

8

with Q(rQ) = {\II|H5+’ U € dom(By,, m)} and

Scal™
v [, 0] ;:/ NaR e 7E) P
iKC\HéJr 4

with Q(r}) = {\ijcc\ngﬂ U € dom(By, )} One has the inequality Aq(r,) >

min(Aq (1), A1(r2)). Since r, is lower semibounded by Lemma another use of
Proposition [5.8] gives that when « is large A1 (rQ) > A1(gq) with

1 —
Ga[¥, V] = / [|VNF$\1/|2 LV O - a|\I/|2} o
H;SF a ot

—a/ |\I/(~,O)|2vag<—a/ 15(-,6)2vgxc
oK

oK

where a > 0 and Q(q,) = H? (S}'). Trivializing locally the vector bundle via
parallel sections along the normal geodesics and using Fubini’s theorem we deduce
that Aq(re) > A1(ga) > A1(S") —a > —a? — C with C > 0 when o — +o0. O

Using Proposition 4.8] the sesquilinear form for B7, 5, can be written for any spinor
U € dom(B,,») and any € > 0 as

Scal™

1Bt 20 = / ox
K

H
+/ (m—e— ) |\I/|2Ua:]<+2(M—m)/ |‘JJ_\I/|2U59<
ox 2 %

Scal™ H
+ [IVN(L\P)”( = +M2> R o= [ (MsQ) R
(8.1)
1—iv-n-

2

VN (0)]? + ( +m2> v

where we recall that P_ =

8.1. Upper bound. We are now able to find an upper bound for the limit of
E;(B2, yy) when M — +oo for j € N. Let 7 > 0 and pick (¥, ..., ¥;) in T(3€x),
smooth spinors such that

(AW W2y

i < Ei(A%2) + .
vespan(V,.v;) ||| < Bj(Am) +n

2
L2(%)

We define a := Sup{H\I!H%Il(aK),\IJ € Span(Vy,...,¥;), |V 2 (x) = 1}. Let ¥ €
V := Span(¥4,...,¥;) and

J - { LG in X
’ FM(\IJ‘&K) in XK°.
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By Lemma there is a constant C' > 0 such that

H\ ~
/ N —/ (M— 2) AT
e ox

~ ~ ~ C ~ Ca
= a0, W] + MW7z g0y < MH\I/H%U(BJC) < MH‘I’H%z(xy
Then, using the expression (8.1 with e =0,
Ca

~ Ca
||Bm,M‘I’H%2(:N) < AZ [T,V + MH‘I’H%%K) < (Ej(Agn) +n+ M) H‘I’H%Z(x)

N
VB2 + <SCZI +M2> I

Ca\ =~
< (B2 40+ 57 ) 190
and letting 7 go to zero one gets lim supy, ,, . E;(B, 5/) < E;j(AZ).

8.2. Lower bound. It remains to find a lower bound for the eigenvalues. In order
to do so, we separate the representation in the two parts corresponding to K
and K¢ and we remark that the outer part becomes very large when M goes to +00
so the eigenvalues must converge to the eigenvalues of an operator in X.

Let j € N. One has
Ej(B?mM) > min {Aj(kﬁ/[,g)ij(Km,M,a)}

where K, p,c is the operator associated with the sesquilinear form

IN
km,M,a[\I’a \II] = / <VNL\II|2 + <m2 + SC«Z) |\If|2> UN
X

H
+/ (m—s—5)|qf\2vax+2(M_m)/ IP_Uvpx (8.2)
0K oK

and k§; . is the sesquilinear form

lN
Ky [V, U] ::/ <|VNL\I/2 + <M2 + SCZ”) |\1/2) UN

[ - PP (83)
oK

where the respective domains are the restrictions of dom(B,, ar) to X and X°.
One has kf, . = ry—c + M?, where rp;_. was defined in Lemma . The same
lemma gives
Ak o) = M(ry—e + M?) > —(M —€)* = Co+ M? =2eM — % = C
=eM + (eM — &% — Cy) > eM when M — +oo0.

It follows that E;(B}, ;) = Ej(Km,a.e) when M — +0o. But kpz .  is increasing
inM, and
kM,m,E[\Ijv \I’] M:':oo <Am\Il>Am\IJ>L2(:K) - E||\II||L2(8J<)~

Furthermore,

{\IJ € ﬂ dom(kpm, ar.e), MEIEOO ko ar,e (¥, 0] < oo} = dom(A,),
M>0

thus, by monotone convergence (Corollary and letting € go to 0, we obtain

liminfar 400 B (BfnyM) = E;(A2)). Taking into account the upper bound obtained

above, one gets limy/_, oo E; (an,M) = E;(A2).



MIT Bag operator on spin manifolds 41

9. THE OPERATOR B, ;7 FOR LARGE MASSES

In this section, we investigate the asymptotic regime m — —oo and M — 400 and
we give a proof of Theorem The method we use is very similar to the one of
section[8 The difference lies in the proof of the lower bound, where we do not make
the analysis on the operator outside and inside X, but we rather divide the ambient
space into three pieces: the tubular neighbourhood of K, and the remaining regions
lying inside and outside the compact X. By Dirichlet-Neumann bracketing, it is
then sufficient to study the operator restricted to the tubular neighbourhood to
conclude.

9.1. Upper bound. In this section, we write Ss := ¢ (Eelnj). We recall that for
a € R we defined the self-adjoint operator S, associated with the quadratic form

)
sulf f] = / 2t — alfO)P, Qsa) = {f € H'(0,8), /(5) =0},  (9.1)

and denoting by f, the L?-normalized eigenfunction associated with F1(S,), one
has |fo(0)]? = 2a + O(1) and Ei(S.) = o + O(e=*%) when a — +oo (see
Lemma .

The operator L, was defined by the quadratic form (7.10).

Let j € Nand ¥y,...,¥; be j eigenspinors for the first j eigenvalues of Ls. For ¥ €
V := Span(¥y,...,¥;), we define the extension operator € : H'(S5) — H'(X€y)
by
=Gl O) ' (Te fy)  inT
eV = O T ® f_m) in ;- (9.2)
0 inN \ H5

fa(0)

2
One easily sees that [[EP[F,) = |1+ (ﬂi@) > 1%[|Z2(ggcy» SO the operator €
is injective. We use the expression ({8.1)) and Proposition to compute:

Scal™

UN

|VN(EW)|? + ( + m2> |ew|?

1523 E a0 = |
x

H
+/ (m—s—) |€\I/|21}33<+/
8% 2 xe
H
f/ <M5> |EW 2vg5
oK 2

g/ [(1+C5) (0w )@ o) + vf’g\mf_mﬂ o
- ot

5

lafK_rI\r 2
+/7 [(Sca - (W?) +m2+05> |W®fm2] voxcdt

N

IN
IVN(EW)? + (Scj + M2> |ew|?

+/H+ {(14—05) ‘(ﬁNFg‘IJ(@fM)(z,O)r + VJ(;%\I'@]”MQ] v,

lafK _T 2
+/+ Ksca (W) +M2+c5> |\If®fM|2] vagcdt
II

4

+ / (=¥ @ fom (- O) + M|(T @ far)(-0)*)vosc
oK
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: (1 ! (J;NT((OO))>2> [&[\I/AI/] + Cl 172 (50 (e—W +e_|m\5)]

where C' > 0.
The Min-Max principle gives
B2 [V, EV
B (B2, 1) < sup 2O EY)

vev  [I€P[F:

< sup [ Lol 9] + CINWI s ancy (7 + 710 ) [ 120152 g

< B(Ls) +C (M0 4 et}

We now let min(—m, M) — +00, so we obtain

limsup  E;(B2 ) < Ej(Ls).

min(—m,M)—+oo

On the other hand, § can be taken arbitrary small, and one has the obvious limit
E;(L) = E;(L), so we arrive at
—

limsup  E;(B ) < Ej(L). (9.3)

min(—m,M)—+oo
9.2. Lower bound. We consider the lower semibounded sesquilinear forms

Scal™

UN

ke m [, 0] :/

N\ITs

VN ) + (

Q(Km,M) = {\IJN\HM NS dom(BmyM)} (94)

+m?1y + M21g<c> |

and

%MMM:/
.

s

H
+/ (m—e—) |\Il|2vag<+2(M—m)/ |P_ 0 Pvac
o% 2 oK

N H
+/ lVN(L\II)Q—i— (Sca +M2> 0|2 UN_/ (M—ez—) 10 2vpsc,
H+ 4 0K 2

Q(K, ar) = H' (SC).  (9.5)

We denote by K7, ,, the operator associated with &, ,.

Scal™

UN

VN 0)? + < +m2> e[

Let j € N. The Min-Max principle gives the lower estimate Ej(Bfan) >
min(E; (K, y); A(km ), and by Lemma there is a constant C' > 0 such
that Ay (kpm,a) > min(m?, M?) — C. This last quantity goes to +oo in the asymp-
totic regime under consideration, and we know thanks to the upper bound that
E; (Bme) = O(1). Thus, in the given asymptotic regime one has Ej;(By, 5;) >
Ej(Kp a)-

We now apply a transformation to the operator K;m u Written in tubular coordi-
nates, and we consider the operator P,, »s associated with the quadratic form

pm,M[‘I’v ‘I’] = /

IT
‘)
IIs

. 2
[(1 —¢d) \(ergqf)(m)‘ - |v36§tx1/|2} vn
S5

1 vyacdt

la:K _ T 2
(Sca r(W?) +m?lg + M2 g —c5> |2
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=) [ [0 0)Poe —c [

0., 8)|voxc + 2(M — m) / P02y,
oK oK

oK
Qpm.ar) = H*(S5), (9.6)

where ¢ > 0 is chosen so that Proposition is valid, implying that E; (K:mM) >
E; (P ).

For a € R, let L” be the operator given by the sesquilinear form ¢/, having the
same expression as (7.10) but with the domain H*(X€x).

Let Pr'n, o be the operator defined by the same quadratic form as in but
without the term involving the operator P_. We recall that the one-dimensional
operator X was defined by (6.1)), so one has

Poy=tls01+10X.

Let (fx) be a sequence of L2-normalized eigenfunctions for the eigenvalues Ej(X).
We define the unitary transformation

W: L*(S5) — 2(N) ® L* (3Cpx)
)
UT = (Ty), ¥y = [6fk(t) IO (W (2, -))d.

Let ﬁ,’nM = UP), ,,U*. This is a self-adjoint operator acting on ¢*(N) ®
L? (zem). One can write

Bhas 0.5 = 37 (25100, i) + Br(X)l1 W2y )
keN
D!

OBy, ar) = { ¥ € 2(N) @ LA(S€porc), i € H' (2€)o50),
> (12l o) + k2||wk||%z<m<>)} . (0.7)
keN

The operator ﬁmM = U* P, mU has the same form domain as 13;”\4 and

Py [9,9] =Y (gﬁg[qfkgyk] +Ek<X)||qfk\|§2(2)) +2(M+|m\)/2|3>,u*@|2ds.
keN

where the operator X was defined in (6.1). We set
¢ := min(M, —m). (9.8)

Using Lemma we consider the quadratic form w¢ defined by
we[W, W] = 07 5[y, 0] — Ce™ /2 4 44/ |P_U*T|2ds
b
+ Z (glié[\ljka Vi) + (C1k? = Co) | Wkl[T2(s o) + Cz”‘I’k”%’z(z)) ;
k>2

Qwe) = APm,ur),  (99)
and we claim that f’m) M = we for a suitable C' > 0. The form w¢ is semibounded
from below and closed, and we define the associated self-adjoint operator W, with

compact resolvent. The previous discussion gives the lower estimate E; (Bfn M) >
E;(W¢) in the asymptotic regime.
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In order to apply the monotone convergence theorem, we define

Q=W e n Q(W¢) = Qwe), supwg[\/I},\/I\l} < 400 p. (9.10)
¢>0 ¢>0

We easily see that U is in Q. if and only if ¥ =0 for all £ > 2 and P_UT = 0,
which is equivalent to ¥ = e; ® Uy with e; := (1,0,0,...) and P_¥; = 0. It follows
that Q. = {61 @V, : ¥ € H(Z,CV)N ﬂ{}. Moreover, we have

Cli)m Wc[el R, e1 ® \111] = L,(g[\lfl, \Ifl]. (9.11)

Thus, if we define the operator W [e; @ Uy, e1 ® U] := L_5[¥1, ¥y] on e; ® K,
the monotone convergence theorem gives Clim E;(W¢) = Ej(L_s). Altogether,
—00
we arrive at (hm]&[l)lf E;j(B2 ;) > E;j(L_5). We now let § go to zero and
min(—m, — 400 ’

we obtain liminf  E;(B}, ;) > Ej(L). The upper and the lower bounds

min(—m,M)—+oo
together give
I E;(B2, o) = Ej(L :E»( 6“2). 9.12
min(—ml,r]\I/})_H.00 j( m7M) J( ) j (ﬂ ) ( )
Remark 9.1. We can look at the asymptotic regime M — +oo and m — +o0.

Let (mg, My)ren be a sequence of R? such that my, My T +oc0. In this case,
—+0o0

we can use the inequality E1 (B2, ;) > E1(Pp ), and for any W € Q(py, ar) there
exists a constant C' > 0 such that

Pm,m [V, 0] > / |V:§‘I’|20h +/ [m*1(0.5) + M?*1(_50) = C] [y,
Il ) 15

- C (-, 0)|vox — | M — m|/ |\I/|2vg<.
%K %K

Without loss of generality, we can assume that there is a subsequence of (M}, my)
still denoted by (M, my) such that My > my, for all k. We have

Pmy,, My, [\Ilv \II] > mi”‘m‘iz(né—) + ”\I]”i’z(r[}-)(Mlg + El(SMk—mk)) - C”\P”%%HJ)’

but when k is large there is a constant Cy such that
M? + Ey(Suy—my) > M7 — ME —mji + 2Mymy, — Oy
> 2Mpmy, — mi —Cy > mi — (4.

Thus, E,(B?

my, My

) > E1(Poyn,) 2> mi —(C —-C7 — +oo. This means that

k——+oo
every sequence (B2, ;) admits a divergent subsequence, an we conclude that

E1(BY, ;) = +00 in this regime.

By similar constructions, the same result holds for m, M — —oo as well.
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