Examples for the Package GeneralizedFourierSeries

April 2026

> restart;
Load the package:
> read "GeneralizedFourierSeries.mpl";
> with(GeneralizedFourierSeries);

[ DiffeqtoRec, DiffoptoPair, DiffoptoRec, FunctiontoRec |
Version of the package:
> GeneralizedFourierSeries:-version;

1.0

Display timings (increase to also display order):
> infolevel] 'FractionsOfRecurrenceOperators']:=1:
The package computes recurrences for the coefficients of expansions on bases of classical orthogonal

polynomials. In some cases, it is also possible to solve these recurrences almost directly. We first list a few
values used when computing the initial conditions in these recurrences.

Hermite polynomials

> hnH:=Pi”~(1/2)*2”nxn!:lcoeffHn:=2"n:

Laguerre polynomials

> hnL:=GAMMA (n+alpha+l)/n!:1lcoeffLn:=(-1)"n/n!:
Jacobi polynomials

> hnJ:=2"(alpha+beta+1)*GAMMA (n+alpha+1)*GAMMA (n+beta+1) / (2*xn+alpha+
beta+1) /GAMMA (n+alpha+beta+l)/n!:

Bessel polynomials

> lcoeffyn:=pochhammer(a+n-1,n)/2"n:
Chebyshev

> hnT:=proc(n) if n=0 then Pi else Pi/2 fi end:
Start clock:

> TO:=time():

Simple expansions

exp(x) (Examples 6.1 & 6.4 in the article)

> for Basis in [ChebyshevT(n,x),HermiteH(n,x),GegenbauerC(n,lambda,x)]
do



FunctiontoRec(exp(x),Basis,u,algo="mixed") od;
FunctiontoRec: time: 0.012 sec.
un)+ (—2n—2)un+1)—u(n+2)
FunctiontoRec: time: 0.011 sec.
un)+ (—2n—2)u(n+1)
FunctiontoRec: time: 0.06 sec.
(=A—n—=2)un)+2(A+n) A+n+2)u(n+1)+ (A+n) u(n+2)

(1-x"2)(-1/4) (Example 7.6)

> FunctiontoRec((1-x~2)~(-1/4),ChebyshevT(n,x),c);
FunctiontoRec: time: 0.017 sec.
(I+2n)c(n)+ (=3 —2n)c(n+2)

arccos(x) (Exs 7.1 & 7.7)

> DiffoptoPair((1-x"~2)*Dx"2-xxDx,Dx,x,n,ChebyshevT(n,x));
[ OrePoly( —2 nz), OrePoly(2) |
> DiffeqtoRec((1-x"2)*((1-x"2)*diff(y(x),x,x)-xxdiff(y(x),x)),y(x),c
(n),ChebyshevT(n,x));
—nte(n)+ (20" +8n+8)c(n+2)— (n+4) c(n+4)

Relation between polynomials (Sec. 9.1)

Connection coefficients (Sec. 9.1.1)

Trivial connections (incl. Ex. 6.2)

> L:=[LegendreP(n,x),ChebyshevT(n,x),HermiteH(n,x),LaguerreL(n,alpha,
x) ,GegenbauerC(n,lambda, x),JacobiP(n,alpha,beta,x)];

L := [LegendreP (n, x), ChebyshevT (n, x), HermiteH (7, x), LaguerreL (n, o, x), GegenbauerC (7, A,

x), JacobiP (n, o, B, x) |

> for pol in L do FunctiontoRec(subs(n=k,pol),pol,u) assuming
k: :nonnegint,alpha>-1,beta>-1, lambda>-1/2, lambda<>0 od;

FunctiontoRec: time: 0.049 sec.

(k—=n)u(n)
FunctiontoRec: time: 0.037 sec.

(k—n) (k+n)u(n)

FunctiontoRec: time: 0.021 sec.

(k—n)u(n)
FunctiontoRec: time: 0.034 sec.

(k—=n)u(n)



FunctiontoRec: time: 0.147 sec.
(k—=n)u(n)

FunctiontoRec: time: 0.76 sec.
(k—n) (k+14+a+p+n)un)
Laguerre Eq. (12) in Howell (1937)
> FunctiontoRec(LaguerreL(m,alpha,x),LaguerrelL(nu,beta,x),u);
FunctiontoRec: time: 0.028 sec.
(m=v)u(v) +(—-m+B+14+v—0a)u(l+v)
> rsolve(%,u(nu)) assuming nu>=0,nu<=m,m::nonnegint;
F(l+m)T(—-m+p+1—a) (—1) u(0)
(m—v+1)T(-m+B+1+v—a)
> subs(u(0)=solve(eval(%,nu=m)=1,u(0)),%);
(=D'T(B+1—-o0)
F(m—v+1)T(—-m+B+1+v—oa) (—1)"
It may be worth observing that Godoy et al. 1997 obtain a recurrence of order 2 instead of 1, using an
expansion on the basis of the derivatives of the polynomials.

Jacobi to Jacobi (Godoy, Ronveaux, Zarzo, Area 1997, 3.3.2; see also Ismail 2005
Thm. 9.1.1)
> rec:=FunctiontoRec(JacobiP(n,a,b,x),JacobiP(m,c,d,x),u) assuming
a>-1,b>-1,c>-1,d>-1,n::nonnegint,m: :nonnegint;
FunctiontoRec: time: 0.657 sec.
rec:=—(c+d+2m+S5S)(m+2+c+d)(c+d+2m+4)(m+c+d+1) (m—n) (m+n
+a+b+1)uim)— (c+d+2m+5)(m+2+c+d) (aca’+2acm—acn+ad2

+2adm+adn+2am*—bcc—bcd—2bem—ben—2bdm+bdn—2bm>—cm

—cm’—cn+dm+dm*+dn*+2ac+dad+6am—4bc—2bd—6bm— ¢

—3cm—cn—l—d2—|—3dm+dn+4a—4b—2c—|—2d) (c+d+2m+1)u(l+m)—(c
+d+2m+1)d+m+2)(ctm+2)2m+2+c+d) (ctdt+tm+n+3)(—c+a
+b—d—m—2+n)u(m+?2)
It does not match the recurrence in their article (also of order 2), again because their Jacobi polynomials are
monic. Here is a check of our recurrence:
> Nn:=6:
> P:=expand(JacobiP(nn,a,b,x)):
> for i from nn to 0 by -1 do pol:=expand(JacobiP(i,c,d,x)); c[i]:=
normal(coeff(P,x,1)/coeff(pol,x,1i)); P:=expand(P-c[i]*pol) od:
> for j from 0 to nn do
j,normal(eval(eval(rec, [n=nn,m=0]), [seq(u(i)=c[i],i=0..nn),seq(u
(1)=0,1i=nn+1l..nn+4)1]))

od;
0,0



1,0
2,0
3,0
4,0
5,0
6,0
A variant is in (Ismail-Simeonov 2012 eq. (6.4)).
> ir='i':j:="j':ic:="c":
Jacobi to Jacobi special case (Cor. 9.1.2 Ismail 2005)

The order of the recurrence becomes 1 in that case

> rec:=FunctiontoRec(JacobiP(n,a,b,x),JacobiP(k,a,c,x),u) assuming
a>-1,b>-1,c>-1,n::nonnegint;

FunctiontoRec: time: 0.486 sec.

rec:=(a+c+2k+3)(k+a+tc+1)(k—n)(k+n+a+b+1)ulk)—(a+k+1)(atc

+2k+1)(b—c—k+n—1)(a+tct+k+n+2)ulk+1)

> sol:=rsolve(rec,u(k)) assuming n::posint,k::nonnegint, k<=n;
sol i = ((a+c+2k+ 1) u(0)T(k+n+a+b+1)T(k+a+c+1)T(=b+c—n+1)I(a

tet+n+2)Ta+1)Tn+1))/(TQ+a+c)Th—b+c—n+1)T(a+c+k+n
+2)T(n+a+b+1)T(a+k+1)T(1 —k+n))

> eval(%,k=n);
((@a+c+2n+1D)u)TRn+a+b+1)T(n+a+c+1)T(=b+c—n+1)T(a+c+n

+mrm+1ﬂﬁﬁ4ﬂ/@&+a+qr@+1—mrw+c+2n+mrm+a+b
+1)T(a+n+1))

> simplify(%) assuming n::posint;

(u(0) (n+a+c+ ) T2n+a+b+ ) Tn+a+c+1)T(=b+c—n+1)T(a+1)T(n
+1n/wm+c+2w+Ur@+a+qr@+1—mrm+a+b+nrm+n+1n

> solve(%=1,u(0));
INa+c+2n+ 1) T'2+a+c)T(ct+t1—b)IT(n+a+b+1)T'(at+n+1)

F(2n+a+b+1)F(n+a+c+I)ZF(—b+c—n+1)F(a+1)F(n+1)(n+a+c+1)

> subs(u(0)=%,sol);
((a+c+2k+1)T(a+c+2n+1)T(c+1—=b)T(a+n+1)T(k+n+a+b+1)T(k+a

+c+1)1"(a+c+n+2))/(1"(2n+a+b+1)F(n+a+c+1)2(n+a+c+1)r(k
—b+c—n+1)F(a+c+k+n+2)F(a+k+l)F(l—k—l—n))

> sol:=simplify(%) assuming n::posint,k::nonnegint, k<=n;
sol: = ((a+c+2k+1)T(a+c+2n+1)T(c+1—=b)T(a+n+1)T(k+n+a+b

+ D T(k+a+c+ 1)/ (T@n+a+b+1)T(n+a+c+1)T(k=b+c—n+1)T(a
+c+k+n+2)T(a+k+1)T(1 —k+n))



Gegenbauer to Gegenbauer (Ismail 2005 Thm. 9.2.1)
> lcoeffGn:=1/GAMMA (lambda)*2"n*xGAMMA (n+lambda)/GAMMA (n+1) ;

_ _2'T(A+n)
feoeffin : T(AM) T(n+1)

> rec:=FunctiontoRec(GegenbauerC(n,lambda,x), GegenbauerC(k,nu,x),u);
FunctiontoRec: time: 0.06 sec.
reci=—(v+k+2) (k—n) (k+2A+n)uk)+ (v+k) (k+n+2v+2) (k—21+2vV

+2—n)u(k+2)

Initial conditions are easily obtained for the leading coefficient and the one below, so we revert the
recurrence:

> eval(rec,u=proc(t) v(n-t) end);

—(v+k+2) (k=n)(k+2r+n)vin—k) + (v+k) (k+n+2v+2) (k=21 +2Vv+2
—n)v(n—k—=2)

> subs (k=n-k,%) ;

(V+n—k+2)k(2n—k+2N)vik)+ (v+n—k) 2n—k+2v+2) (—k—2A+2vV
+2)v(k—2)

> rec2:=%:

> rsolve({rec2,v(0)=1coeffGn/eval (lcoeffGn, lambda=nu),v(1)=0},v(k))
assuming n::posint, k::posint,k<=n/2;

(k—v—n)r(—n—v+’z‘)r(—x—nﬂ)r(’z‘m—v] r(A + 1) T(v)
k::even
r(l—v—n)r(g—X—n+1)r(x—v)r(§+1)r(x)r(v+n)
0 k::odd

Gegenbauer to Chebyshev (Area, Dimitrov, Godoy, Ronveaux 2004).

> FunctiontoRec(GegenbauerC(n,lambda, sxx),ChebyshevT(m,x),u);

FunctiontoRec: time: 0.031 sec.

SSB+m)(m—n)(m+2h+n)um)+2m+2)(2nsA+m’s+n°s" +2hs"+ 45 m
—2m2+2s2—8m—6)u(m+2)—(l+m)s2(m—|—n+4)(—m+27»—4+n)u(m
+4)

> rec:=%:
Check:
> nn:=10:

> P:=expand(GegenbauerC(nn,lambda, x) ) :P:=expand (subs (x=s*x,%/Lcoeff
%,X))):

> for i from nn to 0 by -1 do pol:=expand(ChebyshevT(i,x)); c[i]:=
normal (coeff(P,x,1i)/coeff(pol,x,1i)); P:=expand(P-c[i]*pol) od:

Note the change for u(0)



> for j from 0 to nn do
j,normal(eval(eval(rec, [n=nn,m=j]1),[u(0)=c[0]*2,seq(u(i)=c[i],i=
1..nn),seq(u(i)=0,i=nn+1l..nn+4)]))
od;
0,0

1,0
2,0
3,0
4,0
5,0
6,0
7,0
8,0
9,0
10,0

> i:="i':j:="j":

Comparison with their formula (3.5):

> Am:=(-1)"((n-m)/2)/m!/((n=-m)/2) ' *xs”™m/2” (3%n-m)*kpochhammer (2xlambda,
n)*pochhammer (n+2xlambda, n)*n!/pochhammer (lambda+1/2,n)/pochhammer
(lambda+(n+m) /2, (n-m) /2) /pochhammer (lambda, n)*hypergeom([ (m-n) /2, (2%
lambda+m+n) /2], [m+1],s"2);

n m

Am = [(—1)E 2 gm pochhammer (2 A, n) pochhammer(2 A + n,n) n! hypergeom( % - %,k
mo,n 2 N R PPV 1
+2 +2 [1+m],s])/(m.(2 2].2 pochhammer(?»—l—z,
ochhammer| A + = + —, & - 2 ochhammer (A, n)
P R T ’
> um:=Am/2”~(m-1); # they use monic ChebyshevT
um = ((—1)E 2 gm pochhammer (2 A, n) pochhammer(2 A + 1, n) n! hypergeom( % — %, A

_ 1
,[1+m],szj)/(m! (%—%j!f” mpochhammer(k-i-z,

J pochhammer(?» + 7 + 3 % — %] pochhammer (1, n) 2m_1)

+ 4+
2

n
2

> normal(expand(convert(series(eval(um, [n=10,m=4]),s,infinity),

polynom))/c[4]);
1

> normal(expand(convert(series(eval(um, [n=10,m=2]),s,infinity),

polynom))/c[2]);
1



> normal(expand(convert(series(eval(um, [n=10,m=0]),s,infinity),

polynom))/c[0]);
2

Associated Hermite to Hermite (Ronveaux, Zarzo, Godoy 1995)

The associated Hermite polynomials satisfy a linear differential equation of order 4 (Ronveaux 1988):

> deq := diff(y(x), X, X, X, X) + (=4%x~2 + 8%c + 4xn)xdiff(y(x), x,
X) - 12Tx*diff(y(x), X) + 4xnk(n + 2)xy(x);

mm:ZAnyu)+(—4x?+8c+4n) 5ﬁ:ﬂﬂ -UX((1y00)+4n(n+2)KX)
& d? dx

> DiffeqtoRec(subs(n=n-1,deq),y(x),u(m),HermiteH(m,x));

(—m2+n2—2m— 1) u(m)+4 (1 +m) (2mc—m2+mn+4c—5m+2n—6) u(m+ 2)
RoZaGo95 give the case c=1:
> DiffeqtoRec(subs(n=n-1,c=1,deq),y(x),u(m),HermiteH(m,x)) assuming

n::nonnegint;
(l+m—n)((—m—n—1)um)—4(m+2)(1l+m)uim-+2))

Note the factor m-n+1 showing that at m=n-1, the recurrence cannot be used to compute the next
coefficient. This is expected since the next coefficient is 0.
The recurrence in RoZaGo095 has a different constant factor in the term u(m): they consider monic Hermite
polynomials, whereas we use the classical ones with leading coefficient 2"n.
Associated Laguerre to Laguerre (Ronveaux, Zarzo, Godoy 1995)

> deq:=nx(n+2)xy(x)+(3*n+3*xalpha+6xc-3*x)*xdiff(y(x),x)+(-alpha™2+2x
alphaxx+4*cxx+2%n*xx
—x*2+4)xdiff (diff (y(x),x),x)+5xxxdiff(diff(diff(y(x),x),x),Xx)+x"2x
diff (diff(
diff(diff(y(x),x),x),x),x);

deg:=n(n+2)y(x)+ (3n+30+6c—3x) (;xy(x)) + (—OL2+2OLx+4cx—I—2nx

) d’ & o d
—X —|—4) (dxzy(x)] +5x [dx3 y(x)j + x (dx“y(X)]
> DiffeqtoRec(deq,y(x),u(m),LaguerreL(m,alpha,x));
(—(m—2)2—i-nz—6m-I—4-|—2n)u(m)-I—(—4(m—2)c—i—3(741—2)2—2(744—2)11—112
—14c+2lm—6—9n)u(l+m)+ (dca—20(m—2)+2na+4 (m—2)c
—2(m—=2)+2(m—=2)n—8a+16c—16m +8n) u(m + 2)
Note that they give an order 4 recurrence for the special case c=1, where we still get an order 2 recurrence:

> DiffeqtoRec(subs(n=n-1,c=1,deq),y(x),u(m),LaguerreL(m,alpha,x));
(l+m—n)((—m—n—1um)+ Bm+n+4)u(l+m)+ (—2a—4—2m) u(m+2))

Jacobi to Hermite (Godoy et al. 1997)

> FunctiontoRec(JacobiP(n,a,b,x),HermiteH(m,x),u);
FunctiontoRec: time: 0.035 sec.



m—n)y(m+n+ta+b+1l)um)+2(1+m)(a=—b)u(l+m)+2(1+m)(m+2)(2m
ta+b+1l)um+2)+4(l+m)(m+2)3+m)(m+4)ulm+4)

Hermite to Jacobi (Godoy et al. 1997)

> FunctiontoRec(HermiteH(m, x),JacobiP(n,a,b,x),u);
FunctiontoRec: time: 0.463 sec.
8a+b+2n+8)(a+b+2n+9)(n+4+a+d)(a+b+2n+6)(at+tb+2n+7) (n

+3+a+b)(n+2+a+b)y(nt+ta+b+1)ym—n)un)+42n+a+b+1)(atb
+2n+8)(a+b+2n+9)(n+4+a+db)(a+db+2n+7)(n+3+a+b)(n+2+a
+b)(a—b)2+4m+a+b—2n)un+1)+ 2n+ta+b+1)2n+2+a+bd)(n
+3+a+b)(at+b+2n+8)(a+b+2n+9)(n+4+a+b)(a"+4ab+8d n
+6a’ b +24d°bn+24dn +4ab +24ab’n+48abn’ +32an’ +b* +8bn
+240°n* +32bn’ + 160" +24a° +48a°b+8a’°m+112a°n+48ab’ —32abm
+224abn—16amn+232n"a+24b"+8b’m+112b°n—16bmn+232n° b
—16mn+160n° + 137d> +202ab—40am + 516 na+ 1376°—40bm + 516 n b
—80mn+556n2+342a+342b—96m+780n+360) un+2)—4(b+n+3)(a+tn
+3)(at+tb+2n+3)2n+a+db+1)2n+2+a+b)(a+db+2n+9)(n+4+a
+b)(a—b) (12+4m+3a+3b+2n)un+3)+8(b+n+4)(at+tn+4)(b+n
+3)(a+n+3)(a+b+2n+3)(a+b+2n+4)2n+ta+b+1)(2n+2+a
+b)(S+m+nta+b)u(n+4)

Jacobi to Laguerre (ibid.)

> FunctiontoRec(JacobiP(n,a,b,x),LaguerreL(m,alpha,x),u);
FunctiontoRec: time: 0.027 sec.
—(m=—n)(m+n+a+b+1)um)+ (ae+3am—2na+bo+2am+3bm—2nb

Fam =20 +4a+20+2b+10m—=2n+6)u(l+m)+ (=2aa—3am+na—o
—2bo—6am—3bm+nb—6m +n—Ta—11a—5b—24m+n—23) u(m+2)
+(a+3+m) (Qoa+a+b+4m+10)u(3+m)— (0o +3+m) (o +4+m)u(m

+ 4)

Laguerre to Jacobi (ibid.)

> FunctiontoRec(LaguerreL(m,alpha,x),JacobiP(n,a,b,x),u);
FunctiontoRec: time: 0.125 sec.
4(a+b+2n+8)(a+b+2n+9)(n+d4+a+bdb)(a+b+2n+6)(a+b+2n+7) (n

+3+a+b)y(n+24+a+b)y(n+ta+b+1)(m—n)un)+22n+a+b+1)(n+2
+a+b)(n+3+a+b)(a+db+2n+T7)(a+b+2n+8)(a+b+2n+9)(n+4+a

+ ) (a2a+a2n+2a(xb+4aocn+2abn+4n2a+ocb2+4ocbn+4ocn2+b2n
+4n’b+4n’+2da +8aa+2ab+4am+10na+8bo+16na—4bm+14nb
+20n2+10a+120c+6b+28n+12) uin+1)—2n+a+b+1)2n+2+a



+b)y(n+3+a+b)(at+b+2n+8)(a+b+2n+9) (n+4+a+b)(d—-20ad
+2ab+4an—2dab—8dan+4abn+4an  +2a0b’—8aon’—2ab’
—4ab’n+20b +8obn+8abn’—b'—4bn—4b"n"+10a —20a° o+ 184" b
—4dm+32dn—40aon—6ab’ + 16abm+8abn+8amn+ 120" a+ 200 b
+400bn— 146 —4b°m —24b"°n+8bmn—4n"b+8mn° +454° —42ao0 +44ab
+20am+T2na+42ba—370"+20bm—8nb+40mn+ 12n° +96a + 125 + 48 m
+60n+72)u(n+2)+2(bh+n+3)(a+n+3)(a+b+2n+3)(2n+a+b
+1)2n+2+a+b)(n+d4+a+b)(a+b+2n+9) (i —da+3db+5dn
—2aab—4aoan+3ab’+10abn+8nta—ob —4oabn—4an+b +5bn
+8nb+4n +13da —12a0+32ab—4am+50na—12bo—24na+ 196" +4bm
+54nb+40n2+68a—32oc+92b+128n+128)u(n+3)+4(b+n+4) (a+n

+4)b+n+3)(a+n+3)(a+b+2n+3)(a+b+2n+4)2n+a+b+1)(2n
+2+a+b)(S+m+nt+a+b)u(n+4)

Linearization coefficients (Sec. 9.1.2)

Hermite (Feldheim 1938 (1.4 & 1.5) also sec. 3.2 in Lewanowicz 1996)
> rec:=FunctiontoRec(HermiteH(m,x)*xHermiteH(n, x),HermiteH(nu,x),u);
FunctiontoRec: time: 0.031 sec.
rec:i=(m+n—v)u(v)+(v+2—n+m)(—=v—=2—n+m)u(2+v)
Initial conditions are easily obtained for the leading coefficient and the one below, so we revert the
recurrence:
> eval(rec,u=proc(nu) v(m+n-nu) end);
(m+n—v)vim+n—v)+ (v+2—n+m) (=v—2—n+m)v(im+n—2-v)
> subs (nu=m+n-k,%);
kvik) + 2m—k+2) (—2n+k—2)v(k—2)
> rec2:=%:
> rsolve({rec2,v(0)=1coeffHnxsubs (n=m,lcoeffHn)/subs(n=m+n,lcoeffHn),
v(1)=0},v(k)) assuming n::posint,m::posint, k::even;
k

C(n+1)T(1+m)2°

(OSSN NECED

Special case: Hn"2
> co2:=eval(%,m=n);



Laguerre (sec. 3.3 in Lewanowicz 96)

> FunctiontoRec(LaguerrelL(i,alpha,x)xLaguerreL(j,alpha,x),LaguerrelL
(k,alpha,x),u);
FunctiontoRec: time: 0.077 sec.
2(k+2) (k+1) (i+j—k)ulk)— (k+2)(F=2ij+4ik+/+4jk—=5K+9i+9;—15k
—10) u(k+ 1)+ (o =20ij+oaf—ak +27k—4ijk+2ilk0+2/k+2jk—4k
—40k+57—10ij+11ik+57+11jk—28K —4o+15i4+15j—65k—50) u(k
+2) = (k+3—=j+i) (—=k=3—j+i) (a+3+k)u3+k)
Lewanowicz 96 has a recurrence of order 2 by differentiation:
> st:=time():
> deq:=gfun:-holexprtodiffeq(LaguerrelL(i,alpha,x)xLaguerreL(j,alpha,
x),y(x),false):
> collect(DiffeqtoRec(diff(deq,x),y(x),u(k),LaguerreL(k,alpha,x)),u,
factor);
—2(k+2) (k+ 1) (i+j—kulk)+ (k+2) (P =2ij+2ik+/7+2jk—3K+3i+3)

—Tk—8)utk+1)— (k+2—j+i) (—k—=2—j+i) (0 +2+k)u(k+2)

> time()-st;
0.086

Generalization of the previous one: Eq. (1.07) in Feldheim (1940)

> rec:=FunctiontoRec(LaguerreL(m,alpha, x)*LaguerreL(n,beta,x),
LaguerreL(s,alpha+beta,x),u);

FunctiontoRec: time: 0.478 sec.

rec=4(s+3)(s+2)(s+1)(m+n—s)(a—B+2m—2n)u(s)—2(s+3) (s

+2) (40c2m+20c2n—4062s—20t[3m+20L[3n—|-llam2—6amn—2ams—5an2
—I—180cns—9ocsz—2[SZm—4[3271+4st-|-5Bmz-|-6[3mn—18[3ms—11Bn2
+2Bns+ 9B +2m —6mn+16m’s+6mn° —18s"m—2n —16n°s + 18ns”
—40 +13am+33n0—33as+4B —33Bm—13Pn+33Ps+46m° —66ms

— 460+ 66ns—240+24B—48m+48n)u(s+ 1)+ (s+3) (5 m+ o’ n—50"s
+(x2[3m—|-5062[3n—9(x2[35—|—190c2m2—180czmn—|-12062ms—062n2+280czns
—3lo s —50B m—oB n+90B s +200Bm> —560Pms—200Bn’+560Bns
+8am —24amn+T2om’s+24omn —480omns—480ms  —8on —240n’s

—|—960cn52—320cs3—[33m—5B3n+5[33s—|—[32m2—|—18B2mn—28B2ms—19[32n2



—12B2ns+31 [3252—|—8[3m3—24[3mzn—|—24[3mzs-I—24[3111112-i-48[3171115—96[3ms2
— 8B —T2PBn’ s +48Pns  + 2B+ 16m s —48m ns +48m’ s> +48mn’s
—6dms =16 s —48 s+ 64ns’ — 100 — 180 B+ 620 m+780 n— 1620 s

+ 18 B — 128 Pm+ 1280 Pn+2340m* — 144 00mn — 208 owms — 90 o
+5320ns—2660s + 108 —78B m—62B n-+162B s+ 90 B m* + 144 B mn
—532Bms—234Bn" +208PBns +266B s +48m’ — 144 m’ n+324m’s + 144 mn’

— 5325 m— 480’ — 3240 s + 532 05" — 2000 — 176 oLm + 728 n o, — 728 o s + 200 B°
—728Bm+ 176 Ppn+ 728 Bs +552m° — 1456 ms — 552 n° + 1456 ns — 648 0. + 648 B

—1296m + 1296 n) u(s +2)+ (—a'm+ o' s—o' Bm—o’'Bn+6a Bs—50 m’

+60c3mn—120c3ms—0c3n2—40c3ns+170(3S2+062[32m—0(2[3274—9062[31712

+60c2an+240c2Bms+3a2[3n2—40a2[3ns+270c2BS2—40czm3+12a2m2n

2 9

2s—120(2771112-1-600(2mns-1-100c2ms2-1-40c2n3—100t n S—S4OL2nS2

—500L2m
—|—440c2s3+oc[33m+0([3311—6OLB3S—3Ocﬁzmz—60([32mn+4006[32ms+9oc[32n2
—24aB2ns—27aB232—80([3m3+240c[3m2n—4OOLBmzs—24ocan2
+1320Bms +8aPn’+400Pnr’s—132aBns  —240m’ s+ T2am’ ns—84am’s’
—720cmn2s+720cmns2+800cms3+24ocn3s+12an2s2—1120(ns3+2806s4+[34n
—B4S+B3m2—6B3mn+4B3ms+5B3n2+12[33ns—17B3s2—4[32m3+12[32m2n
-I-10[32mzs—12[32mnz—60[32mns—|-54[32msz—|-4[3>2143—|—50[327125—10[321132
—44[3253—24[3;7135-|—72Bmzns—12[31712S2—72[3n1112s—72[377111524—112[3ms3
+24B s + 84PN " —80Bns —28Bs —24m’ S+ 2mins —=32m’s —T2mn’ s
F56mst+24n’ s +320°5 —56nst+30 + 180’ B—48c m— 150 n+ 1140’ s

F 690 Bm—1320 Bn+ 1800 Bs— 181 o m* +2100 mn+320 ms—290 n’

— 3780 ns+4550 5" — 180 B + 1320 B m—69 B n— 1800 B’ s — 152 o B m’

+ 8780 Pms+1520Ppn’—878aPns—84am’ +252am’ n—6240m’ s — 252 c.mn’
+5040mns+798ams’+84on +1200n’s — 1170 ns’ +390 05’ =3B + 15B° m
4 48P n—114B s +29B m* — 2108 mn+378 B ms+ 181 B > —32B ns —455B 5>
—84Bm +252Bm°n—120Bm* s —252Bmn* —504Bmns + 1170 pm s>+ 84 B n’
+624Bn’s —T98Bns —390Bs’ —168m>s +504m> ns —372m°s* — 504 mn’ s
+780m s’ + 1681 s +3721n° s> — 7800 s’ + 1890 +297 & B — 170 m — 663 o’ n
1565005 —297 o B+ 1454 0. B m — 1454 0. B — 1166 o0 m” + 888 oL m 1 + 2636 o m s
+278 o’ — 4080 o ms + 2040 ors® — 189 B + 663 B m + 17 n — 1565 B° s — 278 B m’



— 888 PBmn+ 4080 Bms+ 1166 B n° — 2636 Pns — 2040 Bs* — 296 m” + 888 m” n

— 1444 m* s — 888 m n” + 4080 5> m + 296 1° + 1444 1’ s — 4080 n s> + 1788 o + 2874 oL m

— 4746 n oL+ 4746 o s — 1788 B° + 4746 B m — 2874 B n — 4746 B s — 1872 m> + 9492 m s

+ 18721 — 9492 ns + 4140 0. — 4140 B + 8280 m — 8280 1) u(s +3) — (o + B + 4

+s) (0(3[3—30c3m+0L3n+3oc3s+50c2[3m—7(12[3n+11a2Bs—110c2m2

+180(2mn—4a2ms—7062n2—4062ns+150(2S2—0L[33+706[32m—50c[32n

—lloap's—4oBm* +48aPms+4aBn’—480Bns—8am +24am n

—Roms—24omn +48amns+28ams +8on —l6an's—36ans +120s
—[33m-1-3[3311—3[33s—i-7[327f112—18[32mn-1-4[32ms—|-11[32712-|-4[32ns—15[32s2
—8Bm +24Bmn+ 16Pm* s —24Bmn" —48Pmns +36Ppms  +8Pn’ +32Pn’s
—28Bns —12Bs’ —16m s +48m°ns —8m’s" —48mn* s +24ms + 16 s +8n° s
—2Uns+ 120 +44 0B =200 m— 18’ n+ 1240’ s —4d o B+ 190 0 B m
— 1900 Bn—1340m* + 1920 mn+224ams—58an’ —300ns+ 150 s> — 12 p°
F18B m +20B n—124B s + 58 Bm> — 192 B mn +300Bms + 134 B’ — 224 B ns
—150B s> —64m> +192m* n—76m>s —192mn” + 300" m + 64n° + 76 n° s — 300 n s°
25600 + 446 00m — 626 n oL+ 626 0L s — 256 B + 626 B m — 446 Bn — 626 B s — 180 m’
+1252ms 4+ 180" — 1252 ns + 87200 — 872 B + 1744 m — 1744 n) u(s +4) +2 (B —m
+n+s+5)(ao+m—n+s+5)(a+p+4+s) (a+p+5+s) (a—B+2m
—2n) u(s +5)

Check:

> m:=5:n:=3:P:=expand(LaguerreL(m,alpha,x)*xLaguerreL(n,beta,x)):

> for deg from m+n by -1 to 0 do ll:=expand(LaguerreL(deg,alpha+beta,

x));cl[deg]:=coeff(P,x,deg)/coeff(11,x,deg); P:=expand(P-c[deg]x1ll)
od:

> L:=[seq(u(i)=c[i],i=0..m+n)]:
> seq(expand(subs(s=i,L,rec)),i=0..3);
0,0,0,0

> m:='m':n:="n":
Laguerre * exp (Ismail 2005 Egq. (9.3.4))
> f:=exp(-2xx)*LaguerreL(m,0,x)*LaguerreL(n,0,Xx);

f= e ** LaguerreL (m, x) LaguerreL (n, x)
> FunctiontoRec(f,LaguerreL(k,0,x),u);
FunctiontoRec: time: 0.058 sec.
—2(k+ 1) (k+tm+n+2)ulk)+ (13 +10mk+10nk+m>=2mn+n"+53k+17m

+17n+54)u(k+ 1)+ (=31 —16mk—16nk—m>+2mn—n"— 158k — 38 m



— 381 —204) u(k+2)+2(3+k) (16k+4m+4n+49)u(3+k) —12 (3 +k) (k
+ 4y u(k+4)

> f:=exp(-2xa*xx)*LaguerreL(n,alpha, x)*LaguerreL(m,alpha,x);
/= e~ >“" LaguerreL(n, o, x) LaguerreL (m, o, x)

> FunctiontoRec(f,LaguerreL(k,alpha,x),u);
FunctiontoRec: time: 0.108 sec.
—da(a—1)2a—1 3+k) (k+2) (k+1)u(k)+2 2a—1)(3+k) (k+2) (124’ o

+24k+60a — 100 —28d°k—T2a"+4ak+2am+2na+14a+k—m—n

F 1) utk+1)— (3+k) (48" o +240a o k+240d" ¥ + 7204 o + 1440 d" k—32d* o
—256a’ 0 k—320a K> +2208a" — 784 a’ 0. — 1952’ k+44d’ ok + 16a° oom + 16 a° oun
+ 84K +32a km+32a°kn—3040a +160a° 0.+ 572 a* k+ 96 a° m + 96 a* n
+8aock—8aom—8aon+16akl —24akm—24akn+976a>+ 14a0 + 60ak
—Tdam—T4na—5K+4mk+4nk+m —2mn+n" +38a—25k+13m+13n
—30) u(k+2) + (164" 0’ +192a" o’ k+ 480 a* 0 & + 320 a* K + 672 a* o + 3360 a* 0 k
33604 K —96d’ o k—384a° 0¥ —320a° K + 59364 o + 11872 a* k— 344 &’ o

— 27368 0 k—3408 K — 8P o k+8di o m+8di o n+48a  okm+ 48’ okn
Y163 +48° B m+ 48 K n+14112a" — 4920 ® o — 12208 &* k — 20 & o

+72d ak+168a oom+168a  on+252a kK +336a km+336a” kn+24a0 i’
—16aakm—16ackn+32ak —24akim—24ak n—14704a +2524° o + 1180 a” k
+592a’m+592a’n+148a0k—58aam—58aon+306ak’—172akm—172akn
—oktoam—2amn+tont—4R+2Em+2En+2km*—4kmn+2kn’ + 1736 &
+226a0+974ak—310am—310na—60k—40K +15mk+15nk+7m" —14mn
+ 70 +1030a— 90— 133k+28m+28n—147) u(3+ k) — (0 + 4+ k) (484" o
+240a" o k4240 a* I+ 960 a* o0 + 1920 a* k— 96 @’ ok — 160 @ K + 3888 ¢ — 400 &’
—1BR2dk—28dok+16a0om+16a"an—36a" kK +32a km+32a kn—27204"
—96d"a—244a" k+128am+128a’n+4aok+20ak’ —8akm—8akn— 408 a°

tl4ao+152ak—34am—34na—kK+m —2mn+n*+29a—8k—16) u(k+4)
+2a(o+4+k) (a+5+k) (24 o +48a k+216a’ —16a°k—764" —2aq
—12ak+4am+4na—50a+2k+9)uk+5)—4a (o+4+k) (o+5+k) (0. +6
+k) 2a—1) (2a+1)u(6+k)

> f:="f':



Gegenbauer (sec. 3.4 in Lewanowicz96)

> FunctiontoRec(GegenbauerC(i,nu, x)*GegenbauerC(j,nu,x), GegenbauerC
(k,nu,x),u) assuming nu>-1/2,nu<>0;

FunctiontoRec: time: 0.287 sec.

(k+2)(k+ 1) (i+j—k) (i—j—k—=2Vv) (i+j+k+4v) (i—j+k+2Vv) (v+k+3) (v

bh+ M) u) =2 (PR +28kv+28V +47 Bv+ 8 kv +87V =22 7K

AP RV — AP =4 RV =8V =8PV — 2P K =8PV — 4P Y
F8PAV 48PV —4if RV —8i kv —8iV =8V —16ijkv —16ijV

— AV = 16V =16 RV + R+ 2 kv 2V 4P RVHSSEV + 85
2P =8P RV =AY 8Pk 82V — 4 V=16V — 16V + 1
FORVAI0EV =8V + 4/ k+3Av+165kv+ 128V =827 k— 6727V

— 16725 kv =127V — 162K =54 2B v =282 kv + 1272V — 1607 kv — 1207V’

— 320 kV =240V —32ikVv—108i PV —88ikV + 4/ k+3/ v+ 167 kv+ 127V
— 16K =54 V=28 kv + 122V =32 v— 108 BV — 88 kv + 12K + 67K v
FI108KEV + 28V —32kV +3 4+ 128 v =677 — 122 jv—46 2K — 1167 kv

— AV — 120V =240V — 92V —232ikV — 128V 4+ 3/ + 12/ v — 46 K

— 1162 kv =522V — 92 BV =232 kv — 128V 4+ 59K + 292 v + 412 ¥V

F128kV =32V =56 P k—T27 v —112ikv— 1440V — 56/ k— 72/ v — 112 kv

— 144V + 1528 + 616 BV + 656 kv + 144V’ — 247 — 48 iv — 247 — 48 jv + 216 K
+624kv+368v2+160k+240v+48) (V+k+4) (v+h)uk+2)+ (k+2+2v) (k
+3+2v) (k+4—j+i)(—k—4—j+i)(i+j+k+2v+4) (2v—4—k+j+i) (v
+k+1) (V+k)u(k+4)

Lewanowicz 1996 obtains a recurrence of order 2 by differentiation:
> st:=time():
> deq:=gfun:-holexprtodiffeq(GegenbauerC(i,nu, x)*GegenbauerC(j,nu,x),
y(x),false):
> collect(DiffeqtoRec(diff(deq,x),y(x),u(k),GegenbauerC(k,nu,x)),u,
factor) assuming nu>-1/2,nu<>0;
(V+k+2) (k+2) (k+ 1) (i+j—k) (i—j—k=2Vv) (i+j+k+4v) (i—j+k
+2v)uk)— (v+k) (k+1+2v) (k+2v) (k+2—j+i) (—k—2—j+i) (i+j+k
+2v+2) (2v—=2—k+j+i)u(k+2)

> time()-st;
0.302
Special case for nu=1:

> DiffeqtoRec(subs(nu=1,diff(deq,x)),y(x),u(k),GegenbauerC(k,1,x))
assuming nu>-1/2,nu<>0 assuming i::nonnegint, j::nonnegint,



k::nonnegint, i+j<=k;
(i+j—k) (ulk) —ulk+2))

Jacobi

> FunctiontoRec(JacobiP(i,alpha,beta, x)*JacobiP(j,alpha,beta,x),
JacobiP(k,alpha,beta,x),u) assuming alpha>-1,beta>-1,1i::nonnegint,
j::nonnegint;
FunctiontoRec: time: 8.612 sec.
[Length of output exceeds limit of 50000]

Use the derivative instead:

> st:=time():

> deq:=gfun:-holexprtodiffeq(JacobiP(i,alpha,beta,x)*JacobiP(j,alpha,
beta,x),y(x), false):

> collect(DiffeqtoRec(diff(deq,x),y(x),u(k),JacobiP(k,alpha,beta,x)),
u, factor) assuming alpha>-1,beta>-1;

—(k+oa+B+1) (k+2)(k+1) (i+j—k) (k+1+j—i+B+a) (2a+2p+i+j+k

+2) (k+1—j+i+PB+a)(a+P+2k+4) (o +B+2k+5)uk)— (k+a+p
+1) (k+2) (0 =B) (P=20"ij+2d ik+o f+20 jk—3a B+2aB7
—4aPBijt4aBik+2aB/+4aPjk—60PE+2ai =20 j+20ik—20i)
Y20il 420/ +20 k+20jR—60 kR +B F—2p ij+2B ik+B /S +2pBjk
—3R R 2B — 2B+ 2B k= 2Bif 2B+ 2B + 2Bk + 2B —6B K
b2 2P R+ 2R =3k 430 i 430~ T k+6aBit6ap)
—l4oBk+50i—4daij+8aik+50,+8ajk—250k+3B i+3Bj—TB k

+ 5B —4PBij+8Pik+5BS+8Pjk—25BK +27 =27 j+ 67 k—2if+2ik
42746 k+2jR— 18K —40  —8aB+Tai+Toj—330k—4p +7Bi+ 7B/
—33PBhk+57—2ij+6ik+57+6jk—39K —14a—14B+4i+4j—36k—12) (a
+B+2k+5) (0+B+2k+1)uk+1)—(k+o+P+1) (a+B+2k+1) (2k+2
+o+B) (k+2—j+i)(—=k=2—j+i) (BH+k+2) (a+2+k) (o +B+i+j+k
+3) (—k—14+j+i+B+0a)u(k+2)

> time()-st;
9.763

Generalized Linearization Problems (Ronveaux, Hounkonnou, Belmehdi
1995)

> oldinfo:=infolevel['FractionsOfRecurrenceOperators']:
> infolevel][ 'FractionsOfRecurrenceOperators']:=2:
> linquad:=proc(pl,p2,p3,u) #i,j,k are global



local res,st,order,ii,deq, rec;
print(sprintf("Expansion of the product %a *x %a in the basis
%a",pl,subs(i=j,p2),subs(i=k,p3)));
FunctiontoRec(plxsubs(i=j,p2),subs(i=k,p3),u);
end:
> L:=[HermiteH(i,x),LaguerreL(i,alpha,x),JacobiP(i,a,b,x)]:
> linquad(L[2],L[2],L[1],u):
linquad(L[1],L[1],L[2],u):
linquad(L[1],L[1],L[3],u):
linquad(L[2],L[2],L[3],u):
linquad(L[3],L[3],L[1],u):
linquad(L[3]1,L[3],L[2],u):
linquad(L[1],L[3],L[1],u):
linquad(L[2],L[3],L[2],u):
"Expansion of the product LaguerreL(i,alpha,x) * LaguerreL(j,alpha,x) in the basis HermiteH (k,x)"

DiffoptoPair: pair with degrees 9/2
DiffoptoRec: order recurrence: 9
FunctiontoRec: time: 0.33 sec.
"Expansion of the product HermiteH(i,x) * HermiteH(j,x) in the basis LaguerreL(k,alpha,x)"

DiffoptoPair: pair with degrees 9/6
DiffoptoRec: order recurrence: 9
FunctiontoRec: time: 0.041 sec.
"Expansion of the product HermiteH(i,x) * HermiteH(j,x) in the basis JacobiP(k,a,b,x)"

DiffoptoPair: pair with degrees 12/10
DiffoptoRec: order recurrence: 12
FunctiontoRec: time: 1.433 sec.
"Expansion of the product LaguerreL(i,alpha,x) * LaguerreL(j,alpha,x) in the basis JacobiP(k,a,b,x)"

DiffoptoPair: pair with degrees 12/10
DiffoptoRec: order recurrence: 12
FunctiontoRec: time: 2.082 sec.
"Expansion of the product JacobiP(i,a,b,x) * JacobiP(j,a,b,x) in the basis HermiteH(k,x)"

DiffoptoPair: pair with degrees 12/2
DiffoptoRec: order recurrence: 12
FunctiontoRec: time: 0.106 sec.
"Expansion of the product JacobiP(i,a,b,x) * JacobiP(j,a,b,x) in the basis LaguerreL(k,alpha,x)"

DiffoptoPair: pair with degrees 12/6
DiffoptoRec: order recurrence: 12
FunctiontoRec: time: 0.181 sec.
"Expansion of the product HermiteH(i,x) * JacobiP(j,a,b,x) in the basis HermiteH (k,x)"

DiffoptoPair: pair with degrees 20/10
DiffoptoRec: order recurrence: 20
FunctiontoRec: time: 0.802 sec.
"Expansion of the product LaguerreL(i,alpha,x) * JacobiP(j,a,b,x) in the basis LaguerreL(k,alpha,x)"

DiffoptoPair: pair with degrees 22/12
DiffoptoPair: order denom left horner: 4
DiffoptoPair: reduced pair with degrees 20/10



DiffoptoRec: order recurrence: 20
FunctiontoRec: time: 4.893 sec.

> infolevel][ 'FractionsOfRecurrenceOperators']:=oldinfo:
> L:="'L":

Other relations between polynomials (Sec. 9.1.3)

Chebyshev (Godoy et al. 1997, 4.1.1.3)

> FunctiontoRec(ChebyshevT(n,axt+b),ChebyshevT(m,t),u);

FunctiontoRec: time: 0.025 sec.

a2(3+m) (m—n)y(n+m)um)+2(1+m)B3+m)ab2m+1)u(l+m)+2(m
+2) (a2m2+n2a2+2b2m2+4a2m+8b2m—|—2a2—|—6b2—2m2—8m—6) u(m—+2)
+2(1+m) (3-|-m)ab(2m—i—7)u(3-|—m)-l-(l—i-m)a2 (m+n+4)(m+4—n)u(m
+4)

Hermite (Godoy et al. 1997, 4.1.1.1) (also in Feldheim)

Addition formula (2.3 in Feldheim 1938)
> rec:=FunctiontoRec(HermiteH(n,t+y),HermiteH(m,t),u); # Feldheim
(2.3)
FunctiontoRec: time: 0.014 sec.
rec:=(—m+n)uim)—2(1+m)yu(l+m)

Initial condition from the leading coefficient.

> rsolve(rec,u(m)) assuming n::posint,m::posint,n<=m;
TC(n+1)27"y " u(0)
I'l—m+n)I'(1 + m)

> eval(%,m=n)=1;
27"y u(0)=1
> co:=subs(isolate(%,u(0)),%%);
C(n+1)27"y™"
Frl=—m+n)T(1+m)27"y™"

co =

> convert(%,binomial);

> combine(%, power);

Product formula (eq. (4) in Feldheim 1940)
> rec:=FunctiontoRec(HermiteH(n,y/a),HermiteH(nu,y),u);
FunctiontoRec: time: 0.017 sec.

rec=(—=v+n)u(v) +2(1+v)(a—1)(a+1)(2+Vv)u(2+v)



Initial condition from the leading term, so we revert the recurrence:
> eval(rec,u=proc(nu) v(n-nu) end);
(=v+n)v(=v+n)+2(1+v)(@a—1)(a+1)(2+V)v(n—2—V)

> subs(nu=n-k,%);
kvik) +2(1—k+n)y(a—1)(a+1) 2+n—k)v(k—2)

> rsolve({%,v(0)=1/a"n,v(1)=0},v(k)) assuming k<n,n::posint;

k k k
—1)? (a—1)7 1)*T 1
(D @D DT,
F(l—k-l—n)l"(;—l—l)a"
0 k::odd

> eval(%,k=2xr) assuming r::nonnegint;
(—1)’ (a—l)r (a-l—l)rl“(n—i-l)
rl=2r+n)T(r+1)d

Inversion formula (Feldheim 1940, eq. (4b))
> rec:=FunctiontoRec(2”n*x~n,HermiteH(k,x),u);
FunctiontoRec: time: 0.015 sec.

rec: = (k—n)u(k) +2(k+2) (k+1)u(k+2)
Again, invert to reason on the leading coefficient

> eval(rec,u=proc(nu) v(n-nu) end);
(k—n)vin—k)+2(k+2) (k+1)v(n—Fk—2)

> subs(k=n-k,%);
—kvk)+22+n—k)(l—k+n)vik—2)

> rsolve({%,v(0)=1,v(1)=0},v(k)) assuming k<n,n::posint;

T 1
(n + )k k::even
I'(l—k+n) F(E + 1)
0 k::odd

\"

eval(%, k=2%r) assuming r::nonnegint;
T(n+1)
T(l=2r+n)T(r+1)
> FunctiontoRec(HermiteH(n,t”2),HermiteH(m,t),u); # Feldheim 1940 eq.
(45)
FunctiontoRec: time: 0.026 sec.
(—=m+2n)u(m)+ (—=8m° +12mn—36m+36n—40) u(m+2)—4 (m+4) (6 m"
—6mn+4lm—24n+73)um+4)—8(m+4) (5+m) (m+6)4dm—2n+17)u(m
+6)—16(m+4)(5+m)(m+6)(7+m)(m+8)u(m-+8)

> FunctiontoRec(x"kxHermiteH(n,x),HermiteH(m,x),u); # Godoy et al.
1997, eq. (27)




FunctiontoRec: time: 0.021 sec.
(k+n—m)um)+ 2K —4m* +4mn+4k—18m+10n—20) u(m +2) —4 (3 +m) (m
+4) (k+m—n+4)u(m+4)

Another product (eq. (68))
> rec:=FunctiontoRec(HermiteH(n, (y+z)/sqrt(2))*HermiteH(n, (y-z)/sqrt
(2)),HermiteH(k,z),u);
FunctiontoRec: time: 0.099 sec.
rec: = (2n—k)u(k)+ (4ky" +2K —4nk+8y +4n—8) u(k+2)+4 (k+4) (2ky + K
—2nk+ 10" +12k—16n+29) u(k+4) —8 (k+4) (k+5) (6+k) (k—2n+5)u(6
+ k)

Monomial to Laguerre (Eq. (13b) in Feldheim (1940a))
> rec:=FunctiontoRec(x”n,LaguerreL(m,alpha,x),u);
FunctiontoRec: time: 0.377 sec.
reci = (m—n)u(m)+ (—o—1—m)u(l +m)
Initial conditions are easily obtained for the leading coefficient, so we revert the recurrence:
> eval(rec,u=proc(nu) v(n-nu) end);
(m—n)v(—m+n)+ (—a—1—m)v(n—1—m)
> subs(m=n-k,%) ;
—kvk)+ (—a—1—n+k)v(k—1)
> rec2:=5%:
> rsolve({rec2,v(0)=1/1lcoeffLn},v(k)) assuming n::posint,alpha>-1;
F(n+o+1) (=1)n!
Fr(l4+oa+n—k)T(k+1) (—1)"

> convert(%,binomial)

Relation Laguerre-Hermite (https://dlmf.nist.gov/18.7.E19 )
> rec:=FunctiontoRec(HermiteH(2xn,sqrt(x)),LaguerreL(m,-1/2,x),u);
FunctiontoRec: time: 0.027 sec.
rec:= (m —n)u(m)
This means that the coefficient is 0 except for n=m, where it is

> subs(n=2%n, lcoeffHn)/lcoeffLn;
2211n!

(=1)"




Same in the other direction

> rec:=FunctiontoRec(LaguerreL(n,-1/2,y"2),HermiteH(k,y),u);

FunctiontoRec: time: 0.016 sec.

rec = (—2n+k)u(k)

Variant —p. 238 in Feldheim (1940a)

> rec:=FunctiontoRec(y*LaguerreL(n,-1/2,y"2),HermiteH(k,y), u);

FunctiontoRec: time: 0.019 sec.

rec:= 2n+1—k)u(k)+ (—4k2+8nk—18k+20n—14) u(k+2)—43+k) (k+4) (k
—2n+5)uk+4)

> subs (k=2xn+1-k, rec);

ku(2n+1—k)+(—4(2n+1—k)2+8n(2n+1—k)—16n—32+18k) u(2n+3 —k)
—4@4+2n—k) 2n+5—k) (6 =k uln+5—k)

> eval(%,u=proc(i) v(2*n+l-i) end);

kv(k)+(—4(2n+1—k)2+8n(2n+1—k)—16n—32+18k) vik—2)—4(4+2n
—k) (2n+5—k) (6 —k)v(k—4)

> rec2:=5%:

> ini:={v(0)=1coeffLn/subs(n=2%n+1,l1coeffHn)};

ini = {V(O) = =07 ]

n! 21+2n

> rsolve({rec2} union ini,v(k)) assuming k::even,2xn+1>=k:
> subs(sin(Pixn)=0,%);

(—1)" k
— =~ -0

2n1 (2")° 2
v(2) §=1

k
2)  n(—=1)"47") 3 | k
(4n2—1)(2n—3)(v( - ]4 M—n+—=——=|[2n=—=+1
Hm + 15) A ( 2 J ( 2 ) otherwise
4F(—n+5]k(5—1)




Scaled Hermite to Laguerre — Eq. (41) in Feldheim (1940a)

> rec:=FunctiontoRec(HermiteH(n,y/mu),LaguerreL(m,alpha,y),u);
FunctiontoRec: time: 0.021 sec.

reci=(2m—=2n)u(m)+ (=20 —6—6m+4n)u(l +m)+ (—},L2+40c—|—6m—2n
+12)u(m+2)+ (=200—6—2m) u(3 +m)
Check:
> n:=10:P:=expand(HermiteH(n,y/mu)):
> for deg from n by -1 to 0 do 1l:=expand(LaguerreL(deg,alpha,y));c
[deg] :=coeff(P,y,deg)/coeff(11,y,deg); P:=expand(P-c[deg]xll) od:
> L:=[seq(u(i)=c[i],i=0..n)]:
> seq(expand(subs(m=i,L,rec)),i=0..7);
0,0,0,0,0,0,0,0
> n:='n'":
Same in the other direction — Eq. (42)

> rec:=FunctiontoRec(LaguerreL(n,alpha, lambdaxy),HermiteH(m,y), u);
FunctiontoRec: time: 0.016 sec.

reci=—A(m—n)u(m)+2(a+1+m) (l+m)u(l+m)—2((1+m)k (m+2)u(m+2)
+4(14+m)(m+2) 3+m)u(3+m)
Check:
> n:=10:P:=expand(LaguerreL(n,alpha, lambdaxy)):
> for deg from n by -1 to 0 do 1l:=expand(HermiteH(deg,y));cl[deg]:=
coeff(P,y,deg)/coeff(1l,y,deg); P:=expand(P-c[deg]*ll) od:
> L:=[seq(u(i)=c[i],i=0..n)]:

> seq(expand(subs(m=i,L,rec)),i=0..7);
0,0,0,0,0,0,0,0

Monomials to Jacobi & Gegenbauer (Luke 1969, chap. 8)
Eq (1) p. 274
> lambda:=alpha+beta+l;
A=o+p+1
> hnJ:=2"(alpha+beta+1)*GAMMA (n+alpha+1)*GAMMA (n+beta+1) /(2xn+alpha+
beta+1)/GAMMA (n+alpha+beta+l)/n!;
2P r(n+ a4+ 1) T(n+B+1)
2n+a+p+1)I(n+a+p+1)n!

hnJ =

(28) p. 277

> rec:=FunctiontoRec(x”m,JacobiP(n,alpha,beta,x),u);
FunctiontoRec: time: 0.343 sec.
rec=2(o0+B+2n+4)(a+B+2n+5)(n+2+a+p) (n+a+B+1) (m—n)u(n)

+(2n+a+B+1)(a+p+2n+35) (n+2+a+p) (a—PB) (2+2m+o+P)un



+1)=2(n+2+B) (n+2+a)(2n+oa+B+1)(2n+24+a+B) (m+3+n+a
+B) u(n+2)
Check

> sol:=2"nxm!*GAMMA (n+lambda)/(m-n) ! /GAMMA (2*n+lambda)xhypergeom( [n-
m,alpha+n+1], [2xn+lambda+1],2);

2"m! T(n+o+B+1)hypergeom([—m +n,n+aoa+1],[2n+2+0a+B],2)
(m—n)!T(2n+a+pB+1)

> simplify(eval(rec,u=unapply(sol,n)));
0

sol =

(30) p. 277

> rec:=FunctiontoRec((1-x)"m,JacobiP(n,alpha,beta,x),u);
FunctiontoRec: time: 0.356 sec.
reci=—(o+PB+2n+3)(n+a+B+1)(m—n)umn)—(n+o+1)2n+o+p

+1)(n+o+pB+2+m)un+1)

Initial condition:
> Int((1-x)"mkx(1-x)"~alphax(1l+x)~beta,x=-1..1);
1
(1=x)" (1 =x)* (1 +x)Pdx
—1
> IntegrationTools[Change] (%, x=2%u-1);
1
21+B UB (2_2u)a+;n U
0

this is a beta integral

> simplify(value(%)/eval(hnJ,n=0));
2"T(a+B+2)T(a+14+m)
MMo+B+m+2)T(1+a)

Explicit form for the coefficient:

> C:=rsolve({rec,u(0)=%},u(n)) assuming m::posint;

2"2n+a+PB+1) (=1)'T(n+o+B+1)T(a+14+m)C(1+m)
Mn+toa+PB+2+m)T(n+o+1)T(1+m—n)

> lambda:='lambda’:

(29) p. 277

> hnG:=2"(1-2xLlambda)*PixGAMMA (n+2xlambda) / (n+lambda) /GAMMA (lambda)
~2/nt;

C:=

2' 2P (20 +n)
(A +n) T(X)" n!

> rec:=FunctiontoRec(x"m, GegenbauerC(n,lambda,x),u);
FunctiontoRec: time: 0.033 sec.

reci=(A+n+2) (m—n)un)— (A+n) (m+2+2°1+n)u(n+2)

Initial condition for even m: write x*(2m)=(1-x"2-1)"m, expand and sum termwise:

hnG =




> Int((1-x"2)~(lambda+i-1/2),x=-1..1); 1
C(ean) P
—1
> IntegrationTools[Change] (%, x=2%u-1); 1
2 l(—4u2+4u)“[_ u
0

> value(%)/eval (hnG,n=0);
r(x+i+;)xr(x)2

Jr (L +i+1)2'72 (22)
> sum(binomial(m,i)*(-1)"~(m-1)%%,1i=0..m);

o ()
4 [k+m)

m

> rsolve({subs(m=2xm,rec),u(0)=%,u(1)=0},u(n)) assuming m::posint;
(—1D)" (A +n)d4™"T(M)T2m+1)

n n
F(2+k+m+ljr(l—2+mj

n:even

0 n:odd

> eval(%,n=2x%n) assuming n::posint;
(—1)" (A+2n)4™"T(M) T(2m+ 1)
Mn+A+m+1)T(1+m—n)

> lambda:='lambda’:

Generating Functions (Sec. 9.2)

Hermite (Feldheim 1938, 1.1)

> rec:=FunctiontoRec(exp(2*xa*x-a~2),HermiteH(nu,x),u);
FunctiontoRec: time: 0.013 sec.
reci=—2au(v) +2 (1 +v)u(l+v)
Initial condition:
> int(exp(-x"2)xexp(2*xaxx-a~2),x=-infinity..infinity)/eval(hnH,n=0);
1
Coefficient:
> rsolve({rec,u(0)=%},u(nu));



Y%
a

r(1+v)

Hermite 2 (PrBrMa86 5.12.1.1)
> F:=(1+4%t"2) " (=3/2) % (1+2xxxt+4*xt"2) kexp (4%xx"2xt"2/ (1+4xt"2));

4x272
4241

(47 +2xt+1)e
(42 +1) "

> rec:=FunctiontoRec(F,HermiteH(k,x),u);

FunctiontoRec: time: 0.031 sec.

rec =—4cu(k) =47 (42 + 1) u(k+1) =2t (4kf +16F —k—1) u(k+2)+2 (47
+1) B+ uB+k)+4:r3+k) (k+4)ulk+4)

> int(exp(-x~2)*F,x=-infinity..infinity)/eval(hnH,n=0) assuming t>0,

t<1/100;

F::

1

> int(exp(-x~2)*HermiteH(1,x)*F,x=-infinity..infinity)/eval(hnH,n=1)
assuming t>0,t<1/100;
t

> int(exp(-x~2)*HermiteH(2,x)*F,x=-infinity..infinity)/eval(hnH,n=2)
assuming t>0,t<1/100;

t2

> int(exp(-x~2)xHermiteH (3, x)*F,x=-infinity..infinity)/eval(hnH,n=3)
assuming t>0,t<1/100;

t3

> pp:=gfun:-rectoproc({rec,seq(u(i)=t"i,i=0..3)},u(k),list,evalfun=
expand) :

> LL:=pp(20);
5 t4 t5 t6 f7 18 t9 tl 0 tl 1 tl 2 tl 3 tl 4 ll 5 tl 6

LL = L bt s s 6 247 247 1207 120° 720° 720 5040° 5040 40320 °
t17 Z‘18 119 Z‘20

40320 7 362880 ° 362880 " 3628800

> LREtools[MinimalRecurrence] ({rec,seq(u(i)=t"i,i=0..3)},u(k));
(k+2) (k= 1)u(k+2)+2¢tu(k+1)— 2kt2u(k) = 0, "Relation holds for", 0 < &,

"Initial terms", {u(0) =1, u(1)=r,u(3) =17}

Gegenbauer (PrBrMa86 5.13.1.1)
> F:=(1-2xtxx+t"2)"(-nu);
Fe=(Ff=2xt+1)""



> gfun:-holexprtodiffeq(F,y(x));
(F—2xt+1) (% y(x)] —2viy(x),y(0)=(F+1)""
> rec:=FunctiontoRec(F, GegenbauerC(k,nu,x),u) assuming nu>-1/2,nu<>0;
FunctiontoRec: time: 0.042 sec.

rec = 2tu(k) +2 (=7 —=1)u(k+ 1) +2tu(k+2)

> LREtools[hypergeomsols](rec,u(k),{},output=basis);

(3]

Only one solution corresponds to generating functions.

Gegenbauer 2 (PrBrMa86 5.13.1.3)

> F:=GAMMA (nu+1/2)xexp(xxt)*(t/2xsqrt(1-x~2))"~(1/2-nu)*Bessell
(nu=-1/2, txsqrt(1-x"2));

— =V
2
1 J=x+1 1
F:= F(v—i— ?)eﬂ[% Bessel][v—;,t\/ —x2+1j

> rec:=FunctiontoRec(F, GegenbauerC(k,nu,x),u) assuming nu>-1/2,nu<>0;
FunctiontoRec: time: 0.142 sec.
rec: =—(v+k+3) (k+2) (k+1)tu(k)+ (V+k+3) (k+2) (F+2kv—7F+k

Fov)u(k+ 1) =2t (B+2kv+2V +4k+3v+3)u(k+2)+ (v+k+1) (k+2
+2V) (B +2kv—7+Tk+8v+12)u3+k)+ (v+k+1) (k+2+2v) (k+3
+2v) tu(k+4)

> LREtools[hypergeomsols](rec,u(k),{},output=basis);

¢ 1\*
Tieawy () D

1

Gegenbauer 3 (PrBrMa86 5.13.1.5)
> F:=(1-t*x)”~(-mu)xhypergeom([mu/2, (mu+l)/2], [nu+l/2],t"2%(x"2-1)/(1-

o2 Lo 1 1] £ (X—1)
Lt s

F:= (—xt+ 1) " hypergeom ,

> rec:=FunctiontoRec(F, GegenbauerC(k,nu,x),u) assuming nu>-1/2,nu<>0;
FunctiontoRec: time: 0.572 sec.

rec= (v4+k+3) (k+2) (k+1) (k+u) tutk) = (v+k+3) k+2) B +2kn?
FAIVE— W P+ AUVE+ThP+ 3N +AVE+ R +2kv+ 472 +hk+2v) u(k+1)
+24Fﬁ+4€vf—%ﬂfﬁ+2ﬁuvf+5ﬁfﬁ—2kﬁvf+4kuff+2k$f
—uﬂff+2uv%?+8E3+Q4ﬁvf—4ku%2+8kuvf+20k&f—4ufvf



FSUV AHAV A+ 2K+ 8EVH 0BV + 23R A +4kv +46kvE -3 W A+6uveE
F20V A+ 168 + U +49V+2kuv+42kV +28kF +2uv +8V +28v 7
F AR + Ak +96kV+HIUV+ 44V + 127 +56k+3u+60v+24) u(k+2)— (v+k
+1) (k+2+2v) BRA=2kul +8kvPl— W P +4V A+ 1TkP—5Spl+ 2V + 1
F2hkVH 24P+ Thk+8VvH12)uB+k) + (vH+k+1) (k+3+2v) (k+24+2v) (k
—u+2v+4) tuk+4)

> LREtools[hypergeomsols](rec,u(k),{},ogtput=basis);

1
prieew  Lr) TED
C(k+2v) T(k—p+2v+1)

Laguerre

> FunctiontoRec((1-t)~(-alpha-1)*exp(-txx/(1-t)),LaguerreL(m,alpha,
X),u);
FunctiontoRec: time: 0.024 sec.
—tu(m) +u(l+m)
> FunctiontoRec(Bessel](a,2kxsqrt(txy))*xexp(t)*(txy)~(-a/2),LaguerreL
(n,a,y),u);
FunctiontoRec: time: 0.033 sec.
tu(n) + (—a—1—n)u(n+1)

Jacobi (PrBrMa86 5.14.1.1)
> rho:=sqrt(1-2xtkx+t"2);

pi=JF—2xt+1

> F:=2"(alpha+beta)/rhox(1-t+rho)”(-alpha)x*(1l+t+rho)”(-beta);
—0 -B
o 20 (1—r+ 7 —2xi+1) (14147 —2x1+1)
JE—=2xt+1

> rec:=FunctiontoRec(F,JacobiP(k,alpha,beta,x),u) assuming alpha>-1,
beta>-1:

FunctiontoRec: time: 44.921 sec.

> collect(rec,u,degree);

18 u(k) +20u(3 +k) +20u(6 + k) +19u(7+ k) + 18 u(8 + k) + 19 u(k+ 1) + 20 u(k + 2)

+20u(k+4) + 20 u(k+5)

> collect(rec,u,proc(v) degree(v,k) end);
12u(k) + 12u(3+ k) +12u(6+k) + 12u(7+ k) +12u(8+k) + 12u(k+ 1) + 12 u(k+2)

F12u(k+4) +12u(k+5)

> collect(rec,u,proc(v) degree(v,beta) end);
10u(k) +10u(3+k) + 10u(6+k) +10u(7+ k) + 10u(8 + k) + 10u(k+ 1) + 10 u(k+ 2)



+ 10u(k+4)+10u(k+5)

> collect(rec,u,proc(v) degree(v,alpha) end);

10u(k) + 10u(3 +k) +10u(6 + k) +10u(7 + k) + 10 u(8 + k) + 10 u(k+ 1) + 10 u(k + 2)
+10u(k+4) +10u(k+5)

> collect(rec,u,proc(v) degree(v,t) end);

4uk) +6u3+k)y+6u(6+k)+5u(7+k)+4u@+k)+S5Suk+1)+6u(k+2)+06u(k
+4)+ 6u(k+5)

> expand(eval(rec,u=unapply(t~k,k)));
0

Special case alphatbeta+1=0

> FunctiontoRec(op(subs(beta=-1-alpha, [F,JacobiP(k,alpha,beta,x)])),
u) assuming alpha>-1;
FunctiontoRec: time: 3.163 sec.
[Length of output exceeds limit of 50000]

Chebyshev expansions (Sec. 9.3)

exp(x)
> rec:=FunctiontoRec(exp(x),ChebyshevT(m,x),u);

FunctiontoRec: time: 0.012 sec.
rec:=u(m)+ (—2—=—2m)u(l+m)—u(m+2)

Check:
> seq(hnT(i),1i=0..5);

PR R )

> for 1 from 0 to 5 do c[i]:=evalf(1l/hnT(i)*xInt(exp(x)/sqrt(1-x"2)x*

expand(orthopoly[T](i,x)),x=-1..1)) od;
¢, = 1.266065878

¢, = 1.130318208

¢, = 0.2714953394
¢, = 0.04433684984
¢, = 0.005474240442
¢ = 0.0005429263122

> subs([u(0)=c[0]*2,seq(u(i)=c[i],i=1..5)], [seq(eval(rec,m=1),1i=0..3)

1);
[6.x 1071, 1.6 x 1071, —42x 107", =122 x 10~'"]



x*exp(x) (Lewanowicz 1991 p. 305)
> fi=x*exp(x);
fi=x¢€
> recl:=FunctiontoRec(f,ChebyshevT(n,x),u);;

FunctiontoRec: time: 0.016 sec.
recl .=—un)+2nun+1)+ 2n+8)u(n+3)+u(n+4)

> gfun:-holexprtodiffeq(f,y(x), false);
x (jx 9@ | =y =)

> dopl:=DEtools[de2diffop](%,y(x), [Dx,x]);
dopl := xDx —x—1
> Q:=1/x"2%(x*k(x"2-1)*Dx"2+(2%x"2+1)*Dx+(x-1));
0= x(X*=1)D+ (2xX+ 1) Dx+x—1
T 2

X

> Ps:=DEtools[mult](Q,dopl, [Dx,x]);
Psi=(X—1)DxX + (=X +3x+1) DX+ (—4x+1)Dx—3

> rec2:=DiffoptoRec(Ps,Dx,x,n,ChebyshevT(n,x));
rec2 = OrePoly(—(n—2)Y = 7n+ 1,2 (n—=2) +18 (n—2)"+54n—54, (n—2)" +5n
_3)
> rec2:=collect(add(op(i,%)*u(n+i-1),i=1..nops(rec2)),u,factor);
rec2 = (—n2—3n—3)u(n)+2(n+l)3u(n+l)+(n2+n+1)u(n+2)

Elliptic E(x) (Lewanowicz 1976, Ex. 2.1)

> FunctiontoRec(EllipticE(x),ChebyshevT(m,x),u);
FunctiontoRec: time: 0.021 sec.
(m—1)(1+m)u(m)+ (—4m—8)u(m+2)— 3+m) (5+m)u(m-+4)

Lommel s {\mu,\nu}(x) (Lewanowicz 1976, Ex. 3.1)
> fi:=(axx)”(1-mu)*xLommelS1l(mu,nu,axx);
fi= (ax)1 “H LommelS|1 (u, Vv, ax)

> st:=time():

The differential equation is obtained by interpolation from 4 values:

> for 1 to 4 do deq[i]:=gfun:-holexprtodiffeq(eval(f,mu=i),y(x)) od:

> deq:=collect(interp([$1..4],[seq(deq[i],i=1..4)],mu), [diff(y(x),X,
x),diff(y(}),x),y(x)],factor);;

deq == x° [szy(x)J +x(2u—1) (;xy(x)] + (a2x2+u2—vz—2u—|—l)y(x) —ax

Consider the homogeneous part of the equation:



> hom:=deg-eval(deq,y(x)=0):

> DiffeqtoRec(hom,y(x),u(m),ChebyshevT(m,x));

S+m)dum)+ (dm’ +8mu+amp —4mv +2d +28m’ +48mpu+20p° =20V
FA44m 4400 +20) um+2)+ (=28 m+8m* —8mpW’ +8mv’ —8d* + 96 m’
F32mpu =320 +32V + 344 m + 1280 +352) u(m +4) + (4m’ —8mPu+4amy’
—AmV =28+ 68m —80mp+ 120 — 12V° + 364 m — 168 1w + 588) u(m + 6) + a* (3
+m)u(m—+8)

> time()-st;
0.159

This is (up to a change of variables) Lewanowicz' formula.

> f:="f':

Other Chebyshev expansions

> rec:=FunctiontoRec((1-x"2)"(-1/4),ChebyshevT(m,x),u);
FunctiontoRec: time: 0.014 sec.
rec:= 2m+1)u(m)+ (=3 —2m)u(m+2)

> FunctiontoRec(arccos(x),ChebyshevT(n,x),u);
FunctiontoRec: time: 0.02 sec.
—2u(n)n
> DiffoptoRec((1-x"2)"2%xDx"2-(1-x"2)*x*Dx,Dx,x,n,ChebyshevT(n,x));
OrePoly( —n,0,2n" +8n+8,0, — (n + 4)2)
> FunctiontoRec(arctan(x),ChebyshevT(n,x),u);

FunctiontoRec: time: 0.011 sec.
u(nyn+ (6n+12)u(n+2)+ (n+4)u(n+4)

> FunctiontoRec(erf(x),ChebyshevT(n,x),u);
FunctiontoRec: time: 0.013 sec.
n(n+3)u(n)+2n+2) un+2)—(n+1) (n+4)un+4)
> FunctiontoRec(arctanh(x),ChebyshevT(n,x),u);
FunctiontoRec: time: 0.016 sec.
2un)n+2(—n—2)u(n+2)
Generating function:
> rec:=FunctiontoRec(exp(z*u)*cos(uxsqrt(1-z~2)),ChebyshevT(n,z),a);
FunctiontoRec: time: 0.039 sec.
rec:=—una(n) + (nz—uz—i-n) an+1)—2ua(n+2)+ (nz—u2+7n+12)a(n+3)
+u(n+4)an+4)

> normal(expand(eval(%,a=unapply(u~n/n!,n))));
0

Fourier expansions (Sec. 9.4) from PBM vol. 1. sec. 5.4.2



In(2*sin(x/2)) (eq. 9.)
> F:=ln(2%sin(x/2));

. X
F = ln(2 s1n( ) j)
> Gt:=subs(x=arccos(t),F);
Gt = ln(zsin(arcc;)—s(t))J

> G:=convert(Gt, exp);

G = 1n[—I

/t+IJ—ﬁ+1 - 1
/t+L/—f+1

> simplify(%);
—1t4+J—7F+1 +1

/t+L/—f+1

> FunctiontoRec (%, ChebyshevT(n,t),u);
FunctiontoRec: time: 0.053 sec.
(n+1D)umn+1)+ (—n—2)u(n+2)

In

> rsolve(%,u(n));
charfeny(n) u(0)

> deq:=gfun:-holexprtodiffeq(G,y(t),false);
d
deg :=—1+ (2t—2) (E y(t))
> gfun:-diffeqtohomdiffeq(%,y(t));
d d’
—2G;yU)+(2—2f)fa5in

> rec:=DiffeqtoRec((1-t"2)%%,y(t),u(k),ChebyshevT(k,t));
rec =—kKu(k)+ (K —=1)uk+1)+ (K +6k+8)u(k+2)— (3+k) u(3+k)

> ini:=seq(u(i)=int(F*cos(1ixx),x=0..2xPi),1=0..3);

ini == u(0)=0,u(l)=—mu(2)= _E)u(3) -
2 3
> rsolve({rec,ini},u(k));
0 k=0
—% otherwise

> deqhom:=deg-eval(deq,y(t)=0);
deqghom = (2t —2) [% y(t)]

> DiffeqtoRec((1-t~2)xdeghom,y(t),u(k),ChebyshevT(k,t));
2ku(k) +2 (=2k—=2)u(k+1)+2 2k+6)u3+k) +2 (—k—4)u(k+4)



> normal (eval(%,u=unapply(-1/k,k)));
0

Another situation where analytic properties play a role
> F:=x"2;
Fi=x

> G:=subs(x=arccos(t),F);
G := arc:cos(t)2

> FunctiontoRec (G, ChebyshevT(n,t),u);
FunctiontoRec: time: 0.026 sec.
u(n+1)

> deq:=gfun:-holexprtodiffeq(G,y(t), false);
&’ d’ d
— (P _ a a a
deq == (£ — 1) [df y(t)] +3t(dt2 y(t)j + 5, v

> rec:=DiffeqtoRec((1-t"2)*deq,y(t),u(k),ChebyshevT(k,t));
rec =K ulk)— (K +4k+4) (k+2)u(k+2)

Check:
> ini:=seq(u(i)=int(F*cos(ixx),x=-Pi..Pi),1=0..10);
3
I _2m _ _ __4rn _T __4m _ R
ini == u(0) 3 ,u(l) 4, u(2)=m,u(3) 9 ,u(4) 4 ,u(s) 25 ,u(6) 9"
41 T 41 T
u(7)= —E,u(8)zﬁ,u(9)= _H,M(IO)ZE

> subs([ini], [seq(eval(rec,k=1),i=0..8)]);
[—8m,8n, —8n,8m, —87, 8%, —87, 87, —8 7|

> rec:=DiffeqtoRec((1-t"2)"2xdeq,y(t),u(k),ChebyshevT(k,t));
rec =k u(k)+ (=3k = 18K —36k—24) u(k+2)+ (3K + 36K + 144 k+ 192) u(k+ 4)

— (4 12k+36) (6 + k) u(6 + k)

> subs([ini], [seq(eval(rec,k=1),i=0..4)]);
[0,0,0,0,0]

> LREtools[MinimalRecurrence](rec,u(k),{ini});
(k+ 1)’ u(k+ 1) + K u(k) = 0, "Relation holds for", 1 < k, "Initial terms", {u(1)= —4 1}

> recmin:=%[1];
recmin = (k + l)zu(k—l— 1) +k2u(k) =0

> rsolve({rec,seq(u(i)=subs([ini],u(i)),i=0..5)},u(k));



3
2
2 k=0
4 (=1)F
( kz) T otherwise

Same with x"4:
> F:=x"4;

> G:=subs(x=arccos(t),F);
G = arccos(t)4

> FunctiontoRec (G, ChebyshevT(n,t),u);
FunctiontoRec: time: 0.054 sec.
u(n+1)

> deq:=gfun:-holexprtodiffeq(G,y(t),false);

5 4

d d 4’
deq = (t4—2t2+1)[gy(t)]-l-(lOf—lOt)[gy(t)]+(25t2—10)[gy(t)]
d* d
+151[ tzy ] Rl
> series((1-t"2)"2xdiff(G,t$5),t=-1,3);
3
1051 /2 1
2 (t4+1)° 7 +O( (z+1)3/2j
> series((1-t"2)"5xdiff (G, t$5) t=-1,6);

—420n 2 ST+ 1 +0((t+1)*7)

> rec:=DiffeqtoRec((1-t"2)"3xdeq,y(t),u(k),ChebyshevT(k,t));
rec =k u(k) + (=5 — 50 k' — 200 & — 400 &* — 400 k — 160) u(k+2) + (10 & + 200 k'

+ 1600 £ + 6400 k> + 12800 k + 10240) u(k + 4) + (—10 & — 300 k' — 3600 K — 21600 K’
— 64800 k — 77760) u(6 + k) + (5 & + 200 &' + 3200 & + 25600 & + 102400 k
+163840) u(8 + k) — (k' + 40 & + 600 & + 4000 k + 10000) (k+ 10) u(k + 10)

Check:
> ini:=seq(u(i)=int(F*cos(i*x),x=-Pi..Pi),1=0..15);

5
2 8 16
ini = u(0) = ;t,u(1)=—8n3+48n,u(2)=2n3—3n,u(3)=—§n3+En,um)
1 3 3 8 3 48 2 3 1 8 3
) T — 16 n,u(S)——25 T + 625 T, u(6) = 9 T — 7 7t,u(7)——49 T
48 1 5 3 8 1 16 2 5 3
— — — — T e— — 1 — —  —
T ogor MU T T T g muld) g1 * T gy u10) =g m e ™
8 3 48 1 s 1 8 3 48
W)= =00 ™ + s U2 T g T Ty BHB) T e T e ™



2 3 3 8 3 16
u(l4)= 29 ™ = ao1 BHIS) T = Tt Teg75 T

> subs([ini], [seq(eval(rec,k=1),i=0..5)]);

[0,0,0,0,0,0]

> L:=gfun:-rectoproc({rec,ini},u(k),list) (100):
> gfun:-listtorec(L,u(k))[1];

FrR+2nk+n —6)utb)+k (R +4n B +6n i +an P +n B -6k —

21:5

5

—36K —24k—6) u(k+1),u(0)= ——, u(l)=—8n +48n

> collect(op(1,%),u,factor);
F(rR+2nk+n —6)ulh)+k(k+ 1) (BB —=6) u(k+1)

> rsolve({rec,ini},u(k));
5

2n
k=0
5
—1) 22
8 ( ) nkgn k 6) otherwise

A simple trigonometric series

> sum((-1)"k/k~2xcos(k*x),k=1..infinity) assuming x>Pi, x<2xPi;

1 2 1,
—n +—xX—nx

2"y
> f:=subs(x=arccos(t),%);
1nn arccos(t)2
f= D 4 — TC arccos (t)
> simplify(%) assuming t::real;
237 3 1 arcsin(¢) + arcsin(t)2
48 4 4

> rec:=FunctiontoRec(f,ChebyshevT(k,t),u);
FunctiontoRec: time: 0.031 sec.
rec = u(k+1)

> deq:=gfun:-holexprtodiffeq(f,y(t),false);
4’ d’ d
— (2 _ a a a4
deq == (£ —1) [dt3 y(t)] +3t(dt2 y(t)] + gy y(?)
> rec:=DiffeqtoRec((1-t"2)*deq,y(t),u(k),ChebyshevT(k,t));
rec =k ulk)— (K +4k+4) (k+2)u(k+2)
> eval(rec,u=unapply((-1)~k/k*2,k));

24 1



(K +4k+4) (—1)"?
k+2

(=)' k=
> expand (%) ;
(-D'F _4=D'% 41
k+2 k+2 k+2

> rec:=DiffeqtoRec((1-t"2)"2xdeq,y(t),u(k),ChebyshevT(k,t));
rec =K u(k)+ (=3 — 18K —36k—24) u(k+2)+ (3K + 36K + 144 k+ 192) u(k+ 4)

— (4 12k+36) (6 + k) u(6 + k)
> eval(rec,u=unapply((-1)"k/k"2,k));

(=1 k-~

(_1),{k_+(—3k3—1813—-361«—24)(—1)"“_Jr(3k3+36k2+144k+192)(—1)’”‘4
(k+2)° (k+ 4)?
(K +12k+36) (—1)°"F

6+ k
> expand (%) ;

(= 1)k 3 (=D B(=D'F 36—k 24 (1) N 3 (=1
(k+2)° (k+2)° (k+2)° (k+2)° (k+4)°
L 36 p—l)kk2_+ 144 (—1)" k L 192 (- (=D 12(-1)%  36(-1)
(k+4)* (k+4)* (k+4)* 6+ k 6+ k 6+ k

> normal(%);
0

Another one
> sum(cos (kxx)/(1-2xk”~2),k=0..infinity) assuming x>0, x<2%Pi;

o[ G0 (T

2

4sin[nz2 ]
simplify(%,trig);
MOS[MJ\/?CSC(“J?J
2 2 ) 1
4 2

\"

> f:=subs(x=arccos(t),%);

- mos[ﬁ(n—zarccos:)) )ﬁcsc[nfj )

1
2

\"

simplify(f);



ncos[ﬁ(n-i—Zarcsin(t)) ]ﬁcsc(“ﬁ]

4 2 n 1
4 2
> convert(%,exp);
%\/T(TH—Zarcsin(t)) —%\/T(Tt+2arcsin(t))
e e
| 2
" 2 i 2 V2 1
T _ e :
2 (e —¢

> deq:=gfun:-holexprtodiffeq(%,y(t),false);

2

(a2 [ 4 d _
deq = (4t 4)[d12 y(t))+4(dt y(t))t 2y(t) + 1

> deghom:=deq-eval(deq,y(t)=0);

2

deqghom = (41 — 4) [27 y(t)] + 4 (% y(1) |t =2 (1)

> deq:=gfun:-diffeqtohomdiffeq(deq,y(t));

2

d d d’
deq = ZEy(t) + 12t[¥ y(t)] + (47 —4) —3y(t)]

> rec:=DiffeqtoRec(deq,y(t),u(k),ChebyshevT(k,t));
rec = u(k+1)

> rec:=DiffeqtoRec((1-t"2)*deq,y(t),u(k),ChebyshevT(k,t));
rec =k (2K —1)u(k)— (2K +8k+7) (k+2) u(k+2)

> normal(eval(rec,u=unapply(1l/(1-2xk~2),k)));
2

> rec:=DiffeqtoRec((1-t"2)"2xdeq,y(t),u(k),ChebyshevT(k,t));
rec =k (2K —1)u(k) + (=6, =36k —69k—42) u(k+2)+ (6K + 72K +285k

+372) u(k+4)— (2K +24k+71) (6 + k) u(6 + k)
> normal(eval(rec,u=unapply(1l/(1-2xk~2),k)));
0

> DiffeqtoRec((1-t~2)xdeghom,y(t),u(k),ChebyshevT(k,t));
(=2 4+ 1) u(k)+ (4K +16k+14) u(k+2) + (=2 — 16 k—31) u(k + 4)

> normal(eval(%,u=unapply(1l/(1-2xk"~2),k)));
0

Koepf - Chiadjeu Example 4.9

> st:=time():
> f:=cos(5%t)*ln(2+cos(5%t));
fi=cos(5¢) In(2 + cos(5¢))



> g:=eval(f,t=arccos(x)/5);
g=xIn(2+x)

> deq:=gfun:-holexprtodiffeq(g,y(x),false);
deg = (¢ +2x) (G 9(0) | = 3(0) ¥ =2 = 25(x)
> deghom:=deq-eval(deq,y(x)=0);
deqhom = (x2 +2x) (% y(x)) —y(x)x—2y(x)
> rec:=DiffeqtoRec(deghom,y(x),u(n),ChebyshevT(n,x));
rec:=(n—1)u(n)+4nun+1)+ 2n+4d)un+2)+ @Gn+16)u(n+3)+ (n+5)u(n
+4)

> time()-st;
0.047
Koepf and Chiadjeu obtain a 2nd order LRE.

> normal(expand(eval(rec,u=unapply((-2+sqrt(3))"nkx(sqrt(3)+2*n)/(n+l)
/(n-1),n))));

0
> LREtools[hypergeomsols](rec,u(n),{},output=basis);
(=" I (=2-V3) (2n=3)
(mn+1)(n—1)" (n+1)(n—1)" (n+1)(n—1) ’
(—2+3) (V3 +2n)
(n+1)(n—1)

Koepf - Chiadjeu ex. 2.5
> f:=arctan(2+cos(t)xexp(Ixt));

/= arctan(2 + cos(¢) ¢'')
> G:=subs(t=arccos(t),%);

G := arctan(2 + cos (arccos (¢)) e °*")

> simplify(G);

arctan(I —7F+1 t+t2+2)
> G:=%:
> deq:=gfun:-holexprtodiffeq(G,y(t),false);

2

d d
deq == (2617 — 1817 — 977 + 217 1) [E y(t)j + (878 +22£ =807 — 547 + 25) 7
f

y(t) | — 147 — 14

> deqhom:=deg-eval(deq,y(t)=0);



deqghom = (2617 — 1817 — 977 + 217 1) (% y(t)j + (87 +22£—807 — 547
d2
+25) | = y(t
) (dtz »( ))
> deq:=gfun:-diffeqtohomdiffeq(deq,y(t));
deq == (—18270 £ — 17976 £ + 14028 {* + 7112 £ — 3038) (i y(t)) + (—10962 £ — 12096 7

dt
2

d
+ 4284 £ + 2800 £ — 826 ¢) [? y(t)] + (—1218 7% — 1526 £* + 812 £ + 1876 £* + 406 £
t

3
~ 350) [% y(r))
> rec:=DiffeqtoRec(deq,y(t),u(k),ChebyshevT(k,t));
rec =—87k (K + 6k+8) u(k) + (—1480 K — 15204 K — 49784 k — 50592) u(k + 2) + (
—9348 & — 133500 k* — 626256 k — 967296 ) u(k + 4) + (—25720 k' — 480148 k¥
— 2938248 k — 5899680) u(6 + k) + (—29130 kK — 699120 k> — 5561520 k — 14663040) u(8
+ k) + (—25720 & — 754412 K — 7326472 k — 23543520) u(k + 10) — 12 (12 + k) (779 ¥

+ 16919 k + 91432) (12 + k) — 4 (12 + k) (k + 14) (370 k + 4339) u(k + 14) — 87 (12
+ k) (k+ 14) (k+16) u(k + 16)

Laguerre expansions (Sec. 9.5)

Eq. (18) in Howell (1937)
> ¢c:='¢c':
> FunctiontoRec(exp(c*x),LaguerreL(n,alpha,x),u);

FunctiontoRec: time: 0.019 sec.
—cu(n)+ (c—1un+1)

> for 1 from 0 to 5 do i,simplify(1/eval(hnL,n=1i)*int (exp (—x+cxx)*
x~alphaxexpand(LaguerreL(i,alpha,x)),x=0..infinity)) assuming c<1,
alpha>-1 od;

0,(—c+ 1)~
L (—c+ 1) "= (=c+1)7?7¢
2, (—e+1)7°7°
3, —¢ (—c+1)7*7¢
4, (—e+ 1)
5,—¢ (—c+1)7°7¢
> f:=exp(x-x/lambda)/lambda” (n+alpha+l)*LaguerreL(n,alpha, x/lambda);



X
x—- =

e * LaguerreL[n, o, %]

f:: kn-ﬁ-a-ﬁ-l
> rec:=FunctiontoRec(f,LaguerreL(r,alpha,x),u) assuming alpha>-1;
FunctiontoRec: time: 0.03 sec.
reci=—(A—1) (r+Du@r)+ n—r—1u(r+1)
By orthogonality, the coefficient is 0 for r<n. For r=n, we get 1. Check:
> for 1 from 0 to 5 do simplify(1l/eval(hnL,n=i)xint(exp(-x/lambda)x*

x~alpha/lambda” (i+alpha+l)xLaguerreL(i,alpha, x/lambda)*LaguerreL(i,
alpha,x),x=0..infinity)) assuming lambda>0, alpha>-1 od;

—_—t e e e e

> eval(subs(r=n+k,u=(s->v(s-n)),rec));
—(A=1) (k+n+1)vk)+ (—k—1)v(k+1)
> rsolve({%,v(0)=1},v(k)) assuming k::nonnegint;
Tk+n+1) (=1 +1)"
C(n+1)T(k+1)

> subs(k=r-n,%);
rr+1)(=x+1)""
'+ 1) T'(r=—n+1)
Howell gives the expansion for 0<lambda<2. Beyond that, we have

> 1:=4:1/eval(hnL,n=1i+2)x*int(x"alphaxexp(-x/lambda)*expand(LaguerreL
(i,alpha,x/lambda)*LaguerreL(i+2,alpha,x)),x=0..infinity) assuming
alpha>-1, lamhda>0;

1 (720 (_ 1414 ""T(a+4) o’ 102 "T(o+4) 2
r(7+ o) 1080 3
1+o 2 1+o
41 (o + 4 (o +4
_ 413 (u+4)a —30k1+a1“(0c+4)k2— 9 A (u+4) o —18k1+ar(a
216 5
AT AT (0 +3) o . 72 (e +3) o . 16724 (o +3) o
2880 720 1440

. 5530 “T(0+3) o . 8869 L' “T'(o+3) o . 3430 T (0 +3) o
720 2880 45
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37»0°+31“(7+0c) o A n ka+3F(7+a)a2k3 B 25K1+ar(a+4)a6k3
32 9 864
M T(e+4)o’h 33 " T(a+4)o’d 2590 “T(o+4) o’ A
480 32 864
07 "T(a+4)a’n 3077 “T(a+4)o’n’ 14350 “T(a+4)a'r
160 288 864
3077 “T(a+4) o’ 6350 “T(a+4)a'n’ 11414 " "T(a+4)o’d
480 96 216
1270 “T(e+4)oa'n 17412 “T(a+4) 0’2’ 20650 “T(a+4) o’ A’
32 72 216
1+a 3 14+ o 2.2
17410 7 M(e+4) A 12490 T (0 +4) o A I+a 3
150 2 9L T(a+4)ar
1+a 2 1+a
124 (o + 4 1 (o + 4
9A (o + )ak—61kl+al“(oc+4)ock2— 83 A (v+4)ar
40 5
AT (o +3) o A . AT (o +3) o A . 72 T (o +3) o A
1152 720 288
290 T +3) o A . 1674 T (o +3) o’ A’ L 361 AT (o +3) oA
720 576 720
5530 " T(o+3) o’ . 25190 " T(o +3) o A . 8869 L' “T(o+3) o A
288 720 1152
53871 “T(o+3) o A . 3430 T (o +3) o A . 72290 U0+ 3) o A
360 18 180

2 1+a

27130 T (o +3) o A . 19812 "*T(a+3) a2 L 91 (o +3) o’

96 30 4
3047»1+ar(oc+3) oA Ku+2r(a+6)a5k4 B la+2r(a+6) o A’
2880 288
AV UT(e+6)olht A" T(a+6)a’d 50" U T(a+6)al A
180 144 72
197»0°+21“(0c+6) o A} _ ka+21“(oc+6)oc5k B 1173”21“(0c+6)0c47x2
576 288 72

o+ 2 4 o+ 2

1550 " T(a+6) o’ n’ 1B T(a+6)o’n 1A T(a+6) oA

288 144 144



3 o+2

912" r(a+6)a’r’ 14527 T(a+6)a’r’ 92" T(a+6) i

4

144 72 80
191" T (e 6) o’ A 4092 CT(a+6) oA 290" T(o+6) ad
288 72 8
4092 T(a+6) o’ A T'T(a+4) oA A T T(a+4) a2
144 864 288
N ka+51“(oc+9)ocz7»2 n ka+51“(oc+9)oc27» N 7ka+sr(a+9)ak2
2880 720 2880
+kwﬁﬂa+9)ak__f+ﬁ1a+2)fk__kwaﬂa+2)fk
72 2880 96
B 137»1+ar(a+2)a7k n 5la+3r(7+a)ak4 N 197»°°+31“(7+0c)0c3k
96 1728 216
N 1192717+ ) o’ 27 . A7+ o) a k] . 671 (7 + o) o’ A
192 4 108
. 570707+ o) a . 20" T(7+a)ar A T(a+4)d
32 27 4320

1+a

53 7" T(a+4) o’ 2592 “T(a+4)a’ 2870 “T(o+4)a

864 4320 864
1+o o+2 a+4
2% T(o+4) +M1+ar(a+3)_ A T(e+6) 50 T(a+8)
3 4 36
A" (o + 10) . AT (o4 5) . sAYTr(7+0)  SA"T (04 9)
480 24 16 192
T+
1+ o 1+ o A F(11+O€)
4 T(a+2)+r T(l1+a)+ 17280 ])
> factor(normal(expand(%)));
15(0=1)"2"2"

Hermite expansions (Sec. 9.6)

PBMS86 5.12.1.3
> F:=exp(2*xxt-t~2)*HermiteH(n,x-t);
F = e_t2+2“HermiteH(n,x— )

> rec:=FunctiontoRec(F,HermiteH(k,x),u);
FunctiontoRec: time: 0.023 sec.



rec:=2tu(k)+2(n—1—k)u(k+1)

PBMS86 5.12.1.6
> Fi=exp(t”2)xsin(2xxxt);
Fi=¢" sin(2 xt)

> rec:=FunctiontoRec(F,HermiteH(k,x),u);
FunctiontoRec: time: 0.017 sec.
rec =47 u(k) +4 (k+2) (k+ 1) u(k+2)

PBMS86 5.12.1.11
> F:=sqrt(Pi/2)xerf(2xtxx/sqrt(1-4xt"2));

2tx
J2 Jmerf|] ———
i (\/—4t2+1

2

F =

> rec:=FunctiontoRec(F,HermiteH(k,x),u);
FunctiontoRec: time: 0.04 sec.
rec =—8kru(k) —4 (k+2) (k+ 1) u(k+2)

PBMS86 5.12.1.13 (sgn function)

> st:=time():

> rec:=DiffeqtoRec(xxdiff(y(x),x),y(x),u(k),HermiteH(k,x));
rec = ku(k) +2 (k+2) (k+1)u(k+2)

> time()-st;
0.010

> LREtools[mhypergeomsols](rec=0,u(k));
(—l)kk!}
2,{

k(2 k)!
> 1/eval(hnH,n=1)xint (exp(-x"2)*abs(x),x=-infinity..infinity);
1
2/
> rsolve({rec,u(0)=0,u(1)=%},u(k));
0 k::even

(=12 24
2kr(’2‘+ ;)ﬁ

> simplify(%) assuming k::odd;

+

SYE

L2
2 2

N | =

k::odd




> subs (k=2*m+1,%);
_I(_l)z 2—2m—1
2m+1)Jr T(1 +m)

> simplify(%) assuming m::nonnegint;
(_1)17[ 4—m

Jr (4m+2)T(1 +m)

PBM86 5.12.1.22

> F:=GAMMA(3/4)/(1-64xt"~2)"(1/2)*(4xx"2xt) " (1/4)*exp(64%xx"2xt"2/ (64*
t72-1) )xBesselI(-1/4,8xx"2xt/(1-64%xt"2));

64x2 12 5
3 — 1 8x"t
F[—)41 /4(tx2)l/4eé4t2 ' Bessell ——,+
4 4" —64r +1
F =
J =647+ 1

> rec:=FunctiontoRec(F,HermiteH(k,x),u);
FunctiontoRec: time: 0.046 sec.
rec =647 u(k) —4 (3+k) (k+4)u(k+4)
Since only the dependence in x is considered, the same result is obtained for the simpler
> fi=sqrt(x)*xexp(-x"2xt"~2/(1-t"2) )*BesselI(-1/4,txx"2/(1-t"2));
2

x2 ¢

f=Jxe Al BesselI(— Lj

4 P4

> FunctiontoRec(f,HermiteH(k,x),u);
FunctiontoRec: time: 0.03 sec.
Fu(k)—4 (3+k) (k+4)u(k+4)

> asympt(f,x,2) assuming t>0,t<1;
1
\/7 ; 15/2 tx2
——=o((x) )]«
X
PR
—r+1

> normal(-1+t/(t+1));

t+1



PBMS86 5.12.3.1
> ini:='ini':
> F:i=sin(2*a*x)/X;
Fi sin(2 a x)

X
> rec:=FunctiontoRec(F,HermiteH(k,x),u);
FunctiontoRec: time: 0.022 sec.

rec =2a u(k) +2 (k+2) (2 +k+3)u(k+2)+4 (k+2) (3+k) (k+4)u(k+4)

> for i from @ to 3 do ini[i]:=1/eval(hnH,n=1i)xint (Fxexpand(HermiteH
(i,x))*exp(-x~2),x=-infinity..infinity) od;

ini, = \/?erf(a)

ini, =0
« . 2 —x2
J sin(2ax) (4x —2)e i
X
ini, == ——
8/n
ini, =0
> int(x*kx(4%x"2 - 2)xexp(-x"2)/x, x = -infinity .. infinity)

assuming k::posint;
k
—((—1)"—1)(k—1)r(3j

> simplify(subs(k=2xm+1,%)) assuming m::nonnegint;
4ml"(% —I—m)
> sum((2%a)”(2%m+1)*(=1)"m/(2*xm+1) '*%,m=0..infinity);

2a' T 4aﬁ 2a3ﬂ:erfc(\/7)
+ — +

- (a2)3/2 ea (a2)3/2

> simplify(%) assuming a>0;
4a\/;e_“2—2ﬂ:erf(a)

> vali2:=%/eval (hnH,n=2):
Check:

> evalf(subs(a=1/3,1ni[2])),evalf(subs(a=1/3,vali2));
—0.01155437442, —0.01155437453

> ini[2]:=vali2:

> i:="i':

> sol:=rsolve({rec,seq(u(i)=ini[i],i=0..3)},u(k)) assuming a>0,
k::even;



sol =

sol:=convert(sol,erf);

R PR (T o S i )
sol == (k )F(Z-I-)
Il +1
sol:=simplify(%); 2 ;
B R Tk () [l
sol == 1“(%4‘%)1“%4_1)

sol:=subs (k=2xk,sol);

(—F(k+-%,fj—+r(k+-%)j (=) 27 n
+

sol = "
r@+~5jrm 1)
GAMMA (2%k+1)=expand (GAMMA (2xk+1) ) ;
kQﬂZFM)FUA——J

F2k+1)=

sol:=subs(isolate(%,sqrt(Pi)),sol);

(—r(k+-%,f)-%r(k+-%))(—1ﬁ2‘”k(2@2rmq

sol =
rek+1)I'k+1)

sol:=subs (GAMMA (k+1)=expand (GAMMA (k+1)),sol);
1 1 _
(—r@w—53f)+q(k+~5))(—nk2Zkuﬂz

F2k+1)

sol ==

sol:=combine(%, power);

IR S l 2 l

( l)( F(k+2,a)+l"(k+2j)
F2k+1)

sol ==



Gegenbauer expansions from PrBrMa 1986 5.13.1

5.13.1.7 sgn function
> DiffoptoRec(xxDx,Dx, x, k, GegenbauerC(k,nu,x));
OrePoly(—k (v+k+2),0,—(v+k) (k+2+2V))
> rec:=add(op(i,%)*u(k+i-1),i=1..nops(op(1,%)));
rec=—k(v+k+2)uk)— (v+k) (k+2+2Vv)u(k+2)
> collect(rec,u, factor);
—k(Vv+k+2)utk)—(v+k) (k+2+2V) u(k+2)
> rsolve(rec,u(k));
charfen (k) u(0) k:.even

3
2

=07 wemyu (e 2 ) o)

\/;(14-\/)1_‘(%—1-14-\/)

k::odd

5.13.1.9
> F:=(1-2*%txx+t"2)”~(-n/2-nu)*GegenbauerC(n,nu, (x-t) /sqrt(1-2xtxx+t"2)
)i

n
-—— =V

— 1
F = (t2_2xt+1) ’ GegenbauerC[n,v, > *

—2xt+1

> rec:=FunctiontoRec(F, GegenbauerC(k,nu,x),u) assuming nu>-1/2,nu<>0;
FunctiontoRec: time: 1.141 sec.
rect=—(V+k+3) (k+2) (k+1) (k+n+2v)Fuk)+ (vV+k+3)r(k+2) (K7

F2hVE+ P+ 2V +3R +2nk+8kv—rn +4V +Tk+3n+10v+4) u(k+1)
4 (4K P —16EVA =20V A —8kv P =K =2 nd =102V —dknv?
—RAV A=AV =24V F— 2K —SEVH 2R+ 4R v — 108V — 27

F Ak’ V+8knV —8knif —4kv —208kvE+2nV 440V —6nvE— 100V 7

— 16K — 48KV +8kn’ + 16knv—40kv — 1127 k+ 80V +16nv —6nf — 8V

— 132V — 46K —92kv+ 6n° +12nv—40V — 48 F — 56 k—56v —24) u(k+2) + (v
+hk+1)t(k+2+2Vv) (KP+2kvE+T70k+8VE+3K —2nk+4kv—n"—4nv
+ 1274+ 17k=5n+12v+24)u(3+k)— (V+k+1) (k+3+2v) (k+2+2V) (k
—n+4)fu(k+4)

Special case for nu=1:
> FunctiontoRec(op(subs(nu=1, [F,GegenbauerC(k,nu,x)])),u);



FunctiontoRec: time: 0.231 sec.

—F(k+ 1) (k+n+2)uk) +t (K +30k+38+2nk—n"+27 +15k+3n+18) u(k
+ 1)+ (4K 7 =247 k—2nf —2K +2n" =387 — 12k+4n—16) u(k+2) +¢ (K7
+ 97 k+3K —=2nk—=n"+20F +21k—9n+36)u(3+k)—7 (k+5) (k—n+4)u(k
+4)

Bessel polynomials identities (Sec.9.7) from Al-Salam (1957)

Relation with Laguerre polynomials (Eq. 2.5)

> rec:=FunctiontoRec(n'!*(-x/2)"nxLaguerreL(n,-2xn-a-1,2/x),Bessely(k,
a+2,x),u) assuming k::nonnegint,n::nonnegint,a+2+k>-1,-2*xn-a-1/2>-1;
FunctiontoRec: time: 0.201 sec.
rec:= (k—n)(k+a+n+1)u(k)

Connection (Eq. 8.2)

> rec:=FunctiontoRec(Bessely(m,a,x),Bessely(n,b,x),u);
FunctiontoRec: time: 0.094 sec.
rec:=—(b+n—1)(b+1+2n)(m—n)(m+a+n—1)un)—(b+2n—1)(n+1) (b

+m+n)(—bt+ta—n—1+m)un+1)

Generating functions

Eq. 2.11
> F:=exp((1-(1-2%x*xt)~(1/2))/x);
|- =2xiF T
F:i=-¢ *

> rec:=FunctiontoRec(F,Bessely(k,2,x),u);
FunctiontoRec: time: 0.108 sec.
rec:= (7T+2k)fku(k)y— (T+2k)t (3K —=F+9k+6)u(k+1)+ (k+2) 3+k) (4K

— 87 4+20k+21) u(k+2)+ 2k+3)t (3K =7 +21k+36)u(3+k)+ 2k+3)7 (k

+5) u(k+4)

> normal (expand(eval(rec,u=unapply(t~(k+1)/(k+1)!',k))));
0

Eq. 2.14
> Fi=(1-2kx*xt)"(=1/2)%(1/2+1/2%(1-2xxxt)"~(1/2) )"~ (-a)*exp( (1-(1-2xxxt)
~(1/2))/x);



—+ | e
2 2
J —2xt+1
> rec:=FunctiontoRec(F,Bessely(k,a+2,x),u) assuming a+2+k>-1,
k::nonnegint;
FunctiontoRec: time: 26.603 sec.
[Length of output exceeds limit of 50000]

> normal (expand(eval(rec,u=unapply(t~k/k!,k))));
0

F =

Eq. 6.12
> F:=(1-t)”~(-1-b)xhypergeom([ (1+b)/2, (2+b)/21,[1,2%xxt/(1-t)"2);

(1 lmb b1 b _2xt
F:= (1—1) hypergeom( 1+ 25 + 2},[], (1_1)2)

> rec:=FunctiontoRec(F,Bessely(n,b+2,x),u) assuming b+2+n>-1,
n::nonnegint;
FunctiontoRec: time: 0.149 sec.
rec:=1t((b+n+2)(1+b+n)u(n)— (n+1)(b+n+2)(F+1)umn+1)+ (n+2) (n
+1)tu(n+2)

> LREtools[hypergeomsols](rec,u(n),{},output=basis);

£'T(1+b+n) (7)ru+b+m

C(n+1) T(n+1)

Eq. (7.5)

> rec:=FunctiontoRec((-x/2)"s,Bessely(n,b+2,x),u);
FunctiontoRec: time: 0.045 sec.
rec:= (1+b+n) (b+3+2n)(—=s+n)un)— (b+1+2n)(n+1)(s+b+n+2)un

+1)
> sol:=rsolve(rec,u(n)) assuming n::nonnegint,s::nonnegint,n<=s;
(=1)" (b+1+2n)T(s+b+2)T(1+b+n)T(s+1)u(0)
F2+b)T(s+b+n+2)T(1—n+s)T(n+1)

> solve(subs(n=s,sol)=(-1)"s/2”s/subs(n=s,a=b+2, convert(lcoeffyn,
GAMMA) ) ,u(0));

sol ==

re+sr2s+b+2)I(1)
I's+b+2)T(b+1+2s) (b+1+25)

> sol:=subs(u(0)=%,sol);



(=1)'"(b+14+2n)T(1+b+n)T(s+1)T(2s+b+2)
I's+b+n+2)T(1l=—n+s)I'(rn+1)T(b+1+2s)(b+1+25)
> sol:=simplify(sol,GAMMA);

(=)' (b+1+2n)T(1+b+n)T(s+1)
I's+b+n+2)I(1=—n+s)'(n+1)

sol ==

sol ==

Check:

> collect(expand(add(eval(%, [n=1,s=5])*Bessely(i,b+2,x),1i=0..5)),x,
normal) ;
S5
X

Y
> convert(sol, factorial);
(=)' (b+14+2n) (b+n)!s!
(s+b+1+n)! (s—n)!n!

Linearization by Atia Zeng 2012

> FunctiontoRec(Bessely(n,2,x/2)*Bessely(m,2,x/2),Bessely(k,2,x),u);
FunctiontoRec: time: 0.243 sec.
2k+13) 2k+11) (k+4) (9+2k)(—n+1+m+k)(—n—m+k) (k+m+n+2)(n

+l—m+kulk)+ (9+2k) (B —148m* — 140" +m* = 2m’n* +n* + 110K

— 4K m =14 n—=T4km* =T74kn* +2m> =2m*n=2mn* + 210 + 317K = T4mk
—T4nk—79m"—2mn—"79n"+376k—80m — 80 n + 156) (2k+13) (2k+11) (2k
+ 1) u(k+ 1)+ (207K =126 K m* — 126 K > — km* + 2 km* n® — kn* + 2935 k'
—1268m—126n— 11821 m* = 11821 n° —2km’> +2km* n+2kmn* —2kn’ — 9 m*
+18m°n* —9n* + 15993 K — 1182 K m — 1182 kK> n — 3413 km* + 2 km n — 3413 kn’
—18m> +18m°n+ 18mn° —18n° + 41813 K —3412mk—3412nk—2889m° + 18 m n
— 2889 n” + 52512 k — 2880 m — 2880 n + 25380) (2k+13) (2k+11) (2k+ 1) u(k+2)
+2(2k+3) (2k+1) (2k+13) 2k+11) (139K =508 m* =50 k> n° —m* + 2 m* 0’
—n 1946k = 50K m— 50K n—350km* —=350kn” —2m’ +2m’n+2mn*=2n’

+ 10109 K — 350 mk— 350 nk — 581 m* + 2 m n — 581 n° + 23086 k — 580 m — 580 n
+19524) u(3 4+ k) + (207K — 126 K m*> — 126 &’ > — km" + 2 km* n* — kn* + 4310 k'

— 126K m =126k n— 1464 K m*> — 1464 K 0" —2km> + 2 km* n+2kmn* —2kn’ + 2 m*
—4m’nt 20t 4352436 — 1464 K m — 1464 K n — 5387 km” +2kmn — 5387 kn® + 4 m’
—4min—4mn +4n + 141160 K — 5386 m k — 5386 n k — 6302 m* — 4 m n — 6302 n”

+ 276316 k — 6304 m — 6304 n +211080) (2k+13) (2k+3) 2k+ 1) u(k+4) + (13 &*
— 4R m =14+ m =2m 0t 254K — 14K m— 14K n—122km° — 122 kn’



+om =2min—2mnt 420 1829 —122mk—12nk—247Tm*> —2mn — 247 n’

+ 5728 k— 248 m — 248 n + 6540) (2k+13) (2k+5) 2k+3) 2k+ 1) u(k+5)+ (—n
+5—m+k)y(n+6—m+k)(—n+6+m+k)(n+7+m+k)(2k+3)(2k+1) 2k
+5) (3+k)u(6+k)

Jacobi expansions from PrBrMa (Sec. 9.8) 1986 5.14.1 & 5.14.5

> rho:=sqrt(1-2xtxx+t"2);
p = t2—2xt—|—l

5.14.1.3

> alpha:="alpha':
> F:=1/alphax((1-t+rho)/(1+t+rho))”(-alpha)-1/alpha;

o
1 —t+J7FP—2xt+1
l+t+J7F—2xt+1 1
04 (04

F =

> rec:=FunctiontoRec(F,JacobiP(k,alpha,-alpha,x),u) assuming
alpha>-1, -alpha>-1,k: :nonnegint;
FunctiontoRec: time: 1.033 sec.
rec: =—r (t—1) B+k) k(9+2k) (k+2) (k+4)° (k+1)> 2k+11) (k+5)u(k) —t(3

Fh) Qk+11) (k+5) (O+2k) (k+4) (k+2) (k+ 1) (ki —a P +40’ 7

— 60 =50 kP —5akt—9akl +3KF—100 A —38aki—4or +23K7
—83akt+3K+547 k—540t+21 K +407 +42k+24) u(k+ 1)+ (3+k) (2k
F11) (k+5) (k+4) (8 R+ 14’ K- 120" K — 14087 +418 4 +480 k7
F163 0 R =132 K — 2350 2+ 68K +540 F + 6540’ 7 =340 K7

— 0 R =160k = 1578 0k P+ 22K A+ 467K £ + 10650 ki — 37500 K 7

— 8850 kit =280 00K t— 5421 K £ + 383K A+ 1657 + 5940 F — 1445 0 K 7
— 5400 /4 — 1964 oL K £ — 10062 o K2 £ + 4 1 + 2700 K 7 + 3204 K/ — 2310 o k 7

— 7058 0Lk’ 1 — 9588 0L k£ + 64 K> + 9856 K £ + 3204 ki — 1296 o £ — 13716 o K> ¢

— 367207 + 407 k' + 19637 12 7 + 1296 £ — 13698 oLkt + 1310 kK + 20238 7 k — 5508 ot ¢
+ 2241 K + 84247 + 1926 k + 648) u(k+2) + (2k+3) (2k+11) (k+5) (k

+4) o’ Rt —ad KA+ 20l + 140 k=560 K+ 420k F + 180 7
—180 R — 140 K P =282 R+ 280 K+ 1402 +3600 k' — 1017



— 1260 kP =196 00 KA — 6020 ki' +392 0 K £ +2940 72+ 16100k 7 — 2106 7
—21000 F — 9880 KA —4500 A+ 140 K t+20260° K7+ 40k +2533 k7
+3954 0K — 10K 1 — 1820k F — 2114 0 kA + 196 0 K t + 4578 o k£ + 84 oL K

F 11452 0K 2 + 5040 o ki — 210Kt — 83308 7 — 1608 o £ + 998 o” K 1+ 3810 0 £
721 0k + 28635 0 K £ + 2592 o0 i — 1818 K 1 — 21230 K £ + 2184 o k1 + 3234 o K

+ 37520 00k — 8302 K2 1 — 28560 k7 + 1728 o £+ 7987 o K + 20112 0. 7 — 21084 K ¢

— 15840 £ + 10290 o k — 28224 k¢ + 5400 0. — 15552 ¢) u(3 + k) — (o + 4 + k) (o — k
—4) 2k+3) (k+5) (B RA+ 140 K — 120 K — 140k P+ 4K+ 640 ki
+2290° B2 =200’ K =353 2+ 1008 + 1100 £ + 13470’ B 7 =340 K7
12T R A =160k t—3643 0k P+ 22K A+ 1027k F +3338 0 kP — 57T K 7

— 3469 0L kit — 392 0 K 1 — 19653 0 K £ + 541 K 2 + 5539 K 7 + 2890 o’ £ — 3566 o K 7
— 34100 A — 3924 oK 1 — 58313 AL K2 £ + 41" + 5465 K 7 + 16525 K — 9443 o k 7

— 20494 0 K 1 — 90022 o k£ + 104 & + 28994 K> 7 + 25825 k' — 8940 o’ £ — 58754 oL K ¢
— 56410 00 £ + 1107 k' + 85101 K 7 + 16500 £ — 87480 o k ¢ + 6166 k* + 130857 £ k

— 52800 o 7 + 18929 & + 82260 7 + 30330 k + 19800) u(k+4) — (2k+3) (e + 4 + k) (o
—k—4) (a—k=5) (a+54+k) Qk+5)t(6+k (hkf—aki+30F—150k7
— S50 kP =50k =20kl 3R P =250 F— 6Tk t—1080r + 40K 7 — 286 okt
3K+ 1737 k=380t + 42K +240 7 + 189k +270) u(k+5) + (2k+3) (o + 4
+k) (o—k—4) (0o—k—=5) (a+5+k) Qk+5)F (0+6+k) (a—k—6) (ot
—1) B3+k) (T+k)u(6+k)

> LREtools[hypergeomsols](rec,u(k),{},output=basis);
k

; (%) F(k)T(k+1)

k+1  T(k+1—a)T(a+1+k)

Check:
> expand(eval(rec,u=unapply(t~(k+1)/(k+1),k)));
0

5.14.1.4
> F:=2"(2xalpha)/alphax(1-t+rho)”(-alpha)*(1l+t+rho)”(-alpha);

2o (1 —ir JPo2xit1) (44 P2xir1)
o

F =

> rec:=FunctiontoRec(F,JacobiP(k,alpha,alpha,x),u) assuming alpha>-1:
FunctiontoRec: time: 2.669 sec.



> LREtools[hypergeomsols](rec,u(k),{},output=basis);
k

. . kr(k+2 +1)T(k+1
£ FTr(k+20+1)T(k+1) [zj [zj ¢ (k4 1)
o+k T(o+2+k)T(o+1+k) oa+k T(au+2+k)T(o+1+k)

> expand(normal(eval(rec,u=unapply(t~k/(k+alpha),k))));
0

5.14.1.5
> F:=2~alpha/alphax(1-t+rho)”~(-alpha);

2 (1—t+ 7P —2x1+1)
o

—a

F =

> rec:=FunctiontoRec(F,JacobiP(k,alpha,-1,x),u) assuming alpha>-1;
FunctiontoRec: time: 0.595 sec.
rec:=—(o+k)tu(k)+ (£ +1) (a+1+k)u(k+1)— (00 +2+k) tu(k+2)
Special case for alpha=-1/2
> FunctiontoRec(subs(alpha=-1/2,F),JacobiP(k,-1/2,-1,x),u);
FunctiontoRec: time: 0.168 sec.
—t(2k=1)u(k)+ (£ +1) Qk+ 1) u(k+1)— 2k+3)tu(k+2)

> LREtools[hypergeomsols](rec,u(k),{},output=basis);

o (3

o+k o+k

Only the first one makes sense for a generating series.

> expand(normal (eval(rec,u=unapply(t~k/(k+alpha),k))));
0

5.14.1.6

> ipi:='ini':

> F:=(1+t)"(-alpha-beta-1)xhypergeom([ (alpha+beta+l)/2, (alpha+beta+2)
/2], [beta+l1], (2xtkx+2xt)/(t+1)"2);

= —o—p-1 o B o B 1 2xt+2¢
F:= (t+1) hypergeom[ 5 + 5 +1, 5 - 5 + 5 ,[1+B], 1)
> rec:=FunctiontoRec(F,JacobiP(k,alpha,beta,x),u) assuming alpha>-1,

beta>-1;
FunctiontoRec: time: 0.413 sec.
reci=—(k+2+oa+B) (k+oa+B+1)tuk)+ (B+ik+1) (F+1) (k+2+a+P)u(k
+1)—(B+k+2) (B+kik+1)tuk+2)
Initial conditions from Prudnikov, Brychkov, Marichev vol. 3 2.21.1.24:
> eq:=Int(x”(alpha-1)*(y-x)~(beta-1)*hypergeom([a,b], [c],-omegaxx), x=



0..y)=Beta(alpha,beta)xy”(alpha+beta-1)xhypergeom([a,b,alpha]l, [c,
alpha+beta] ,-omegaxy) :

> IntegrationTools[Change](eq,x=1+u):

subs([alpha=B+1, beta=A+1,y=2,u=x],%):

> neweq:=subs (a=(alpha+beta+2)/2,b=(alpha+beta+l)/2, c=beta+l, omega=
-2xt/(1+t)"2,A=alpha+k,B=beta+ell,%);

-1

\"

1
neweq == | (1 +x)P"* (1 —=x)*"* hypergeom l+ﬁ+l,&+£+— 1+ B],
J_, 2 2 2 2 2
21 (1 +x) B+2+1+a+k o B o
———— | d&x=Bla+1+LpB+L2+1)2 hypergeom| | — + — + 1, —
+Ew~lﬁ+9+1[1+ﬁﬁ+9+2+a+ﬂ A
2 25 b b b (t+1)2

> expand(JacobiP(0,alpha,beta,x));
1

> ini[0]:=eval(op(2,neweq), [k=0,el1=0])*(1+t)"(-alpha-beta-1)/eval
(hnJ, [n=0]);
1

ini, == T +a) T(1+p) (B(l +o,14+B) hypergeom(

4¢
(14 1)
> ini[0]:=simplify(%) assuming alpha>-1,beta>-1,t>-1,t<1;
ini, = 1
> expand(JacobiP(1,alpha,beta,x)=(alpha+l)/2%(1+x)-(beta+l)/2x(1-x));
1 1

S e T U Ny gt
2 g FXT Ly PYT S ) 2y MXT Ly PYTS *

> evalb(%);

o B o B 1
- LN 1 - L. -
T

+B+2], ]u+1f”ﬁ”(a+ﬁ+1ﬂwa+ﬁ+1ﬂ

true

> ini[1]:=((alpha+l)/2xeval(op(2,neweq), [k=0,ell=1])-(beta+l)/2xeval
(op(2,neweq), [k=1,ell=0]) )*(1+t)~(-alpha-beta-1)/eval(hnJ,n=1);

o 1 1 +B+2
ini, = —|(1+a)B(l+a,p+2)2% hypergeom( B
L2t (g 4+ 2) (B + 2) 2(
o B o B 1 41 _ 1
+L2-+2+4,2+2-+2}h+&ﬁ+3+aLu+lfj] 2[0
o+ B+2 o p o p 1
+B)B(1+B,a+2)2 hypergeom | | —= + —- + 1, = + —- 3,m+3+aL

4¢
(14 1)

D]u+1fﬂﬂ‘WB+3+a)Ha+B+2ﬂ



> ini[l]:=simplify(%) assuming alpha>-1,beta>-1,t>-1,t<1;
o t(o+p+1)
ll’lll'=
1+ B
> rsolve({rec,u(0)=ini[0],u(1)=ini[1]1},u(k));
FT(k+o+P+1)T(1+B)
Fo+B+1)T(B+k+1)

5.14.1.7

> F:=GAMMA (alpha+1)*GAMMA (beta+1)*(2/t)”((alpha+beta)/2)*(x-1)"(-
alpha/2)*(x+1)~(-beta/2)*Bessell(alpha,2xtxsqrt(x-1))*Bessell(beta,
2xtxsqrt(x+1));

J’_

N ™

R

_B
F=T(14+a)T(1+p) (%J (x—1) * (14+x) * Bessell(a,27/x—1 ) Bessell (P,
26T +x)

> rec:=FunctiontoRec(F,JacobiP(k,alpha,beta,x),u) assuming alpha>-1,
beta>-1:

FunctiontoRec: time: 8.508 sec.

Special cases

> for total in [-1,0,1] do FunctiontoRec(op(subs(beta=total-alpha, [F,
JacobiP(k,alpha,beta,x)])),u) assuming alpha>-1 od;

FunctiontoRec: time: 1.896 sec.

2(—874+20+1)7F (3+k) (k+2) (k+1)k(7+2k) (k+4) (9+2k) (k+5)u(k) + (3

Y k) (h+2) (—48 B+ 16K+ 64k +40 K =296 B —40k —48 0k 7
— 800kl + 88K A +224 + 180 K +60 K —5120 ki —22 o0 k' — 296 oL I 7

— 1200 =2 + 144K A =40k + 140 k+27T0° KB —2640° £ =300k — 512 0k 7
168 —60F +210 k=50 —2640F — 16K +240 P k+ T o k— 7K
F1447) (k+5) (k+4) O+ 2k utk+ 1) =23 +k) (8 ¥ =8’ K =800 i+
—6R A+ 20 R 160 K+ 440 A =960 K —3600 kit — 8ok’ — 44 oL k' 7

0| R

— 800 =640 — 22K A+ 2260 B+ 1440’ B+ 1780 ki — 454 0" K + 66 0 K 7
—3600 A =96k —406 kK £ —3600 ki +41K0 — 2K F—984 K4 =32+ 2940 k
+45200 K+ 1680 £ — 1080 0 K + 267 o k7 — 462 o K — 1440 o K 7 — 360 o £ + 48 K
— 203K A — 1488k + 13200 + 5880 k— 1356 0 K +252 0”7 — 1152 0 K — 2283 o k 7
F R =TI R A =720/ + 2640 — 8460 k— 1582 0 K> — 1332 0. £ + 576 K — 1186 £ k
—2040° — 1140 Lk + 772K — 708 £ — 336 00 + 528 k + 144) (k+5) (k+4) (9 + 2 k) u(k
$2) =2 (k+5) (k+4) (=96 KA +640 K2+ 1280 B+ 32182+ 128K



F UK — 1120 KA =480’ K — 1920 KA —240’ B+ 11520 K72 + 768 o k£

F24 0+ 640k P +224akF + 1280 R0+ 768K £+ 1536 K £ + 288 o K + 60 o &*

— 49040 KA —8640 K — 23040’ B A — 1344 o kit — 720" 1 + 8624 o K 7

— 3360 KA +8640 £+ 5760k + 115200k 7+ 2688 ok + 768 ok ££ + 12 &

F 7800 K5 A + 112K + 6624 £ + 1242 0° ¥+ 720 o K — 8688 o k7 — 6324 o &*

— 9808 o K7 — 1800 o * — 1296 o’ K + 34368 o K £ — 2016 o k7 + 5946 o K°

+ 872000k £ + 11832 0 K £ + 864 00 £° + 288 k' + 43632k’ £ + 1344k £ + 12096 k £°

422680 k+ 31050 K — 5328 0 7 — 24048 o’ K — 17376 o’ k7 — 9546 o K

+ 76592 0 K7 — 2700 o i + 34452 o K + 35520 o0 K 7 + 22608 o k 7 + 2985 K°

F 146272 K A 4 5972 K 1 + 7776 £ + 1458 o + 5670 o k — 50004 o’ K — 10656 o’ 7

— 36792 o K + 89760 o k7 + 122418 oL K + 81496 o0 & 7 + 15300 0 £ + 17442 &

+ 298560 K 7 + 11640 k£ + 3645 0 — 53784 o k — 78111 o K + 42696 o.” £ + 272808 o1 &

+ 98448 o k £ + 62802 K + 357816 K 7 + 8100 / — 23328 o — 86346 o’ k + 371790 o K

+ 48024 0. 7 + 142560 K + 225360 7 k — 38637 o’ + 282852 0. k + 199017 K> + 54864 7

+ 91854 o + 156006 k + 52488 ) u(3 + k) + 2 (0 + 4 + k) (0 —k—3) (8o k' =80’ &°

— 800 A= 16K+ 12000 K+ 16 K +440’ BA—1920" K — 6000 ki' — 8ok

— Ao K P =800 — 640 — 152K+ 6580 K+ 2400 K 43500 kP — 1894 o K

F 660 KA —10800 F — 19200k — 650 00X A — 600 ok i + 415 — 22 kK # — 264 K 1

— 32 15540 k+ 13160 B+ 6840 £ — 98160 K + 5250 ki — 1902 o &'

— 3636 K — 1080 0F + 96 K — 325K £+ 912k + 1320 o + 3108 o’ k — 28140 o K

102600 A — 9936 oL kK — 9165 ok 72 + 952 k* — 1829 12 7 + 2160 £ + 2640 or” — 42210 o k

— 28798 o K — 8802 0 £ + 4992 K — 4670 £ k — 25800 0" — 43764 o k + 14596 I — 4572 7

— 27120 o0 + 22560 k + 14400) (k+5) 2 k+3) u(k+4)+ 2k+3) (o —k—3) (0 —k

—4) (0+5+k) (0+4+k) (48’ KA+ 16K P+ 64kl +40’ K —5680 K7

— 4o K =480k P — 800kl +302K A +160  +54 0 B+ 60 K — 21440 k7

— 98 ok — 568K =360 — 2K +3792K F— 40k +2300 k+ 81 o K

— 252000 A =942 Lk — 2144 Lk — 49 K + 17976 K 7 — 180 £ + 300 o’ + 345 o k

— 4423 0 K — 2520 0 £ — 472 K + 41424 £ k + 450 o — 10085 o k — 2225 I + 36720 7

— 8850 0. — 5100 k — 4500) u(k+5) —2 (=87 +20+1) (0 —k—3) (. —k—4) (a

—k=5)(00+6+k) (0+5+k) (0+4+k)7F (2k+5) (2k+3)u(6+k)
FunctiontoRec: time: 0.928 sec.



—4 (2k+11) (k+5) (k+4) (9+2k) B+k) (k+2) (k+ 1) Fuk)—2 3+k) (k
+2) (B’ R =K =4/ + 110 k=4 +100° =8 —13k—10) £ (2k+ 11) (k+5) (k
+4) O+ 2k uk+1)— B +k (40 K =40’ K- 20’ BF =8k + 440" K
—600 K — 2200 kit — 132K+ 17100 B —3670 K —2520° 7 + 445 — 648 i
$2790 k— 11830 K+ 60K — 1112kF + 16200 — 21330 K + 363 k' — 612 1
—2043 0 k+ 11398 — 810 0 + 1962 K + 1764 k+ 648) (k+5) (k+4) (2k+ 11) u(k
+2)+4Bo P20 K =4’ A= =4kt +21a k—280" K —21 8 — 28 k¢
4350 — 15T =176 K =447 — 4130 k— 749K — 415 0" — 1683 K — 1834 k — 700)
Pk+5) (k+4) 2k+11) Qk+3)uB3+k) + (0 +4+4k) (o —k—4) (40"
— A K40 8K+ 680 K — 1080 K =340 ki — 2K+ 4230 B
— 12070 K — 67200 F AR — 228 A+ 113500 k— 71330 K + 108 K + 468 k 7
+ 1100 o — 23448 o” K + 1203 £ + 1488 /* — 40510 0" k + 7065 K — 28600 o + 23025 &
+39375 k+27500) (k+5) 2k+3)u(k+4) =27 (0 —k—=5) (0 +5+4k) (a0 +4
+k) (a—k—4) B’ B —K—4Ff+310 k—24K +800” — 218K — 883 k
—1340) (2k+5) Qk+3)u(k+5)+4f (0 +4+k) (0 —k—4) (o —k—=5) (0 +5
+k) (0+6+k) (a—k—6) 2k+5) (2k+3)u(6+k)

FunctiontoRec: time: 0.897 sec.
—2(k+5) (9+2k) (6+k) 2k+11) (k+4) B+k) (k+2) (k+1)7 (87 +20a—1) u(k)

—Qk+11) (64k) (k+5) 34Kk (k+4) (48’ KA =167 —64kf +40’ K
Y4400 R A—da kK —48a kP =800kl — 168K A —2888 +300 K —60 K

F 12480 kP — 2 ok — 400 B A —200 0 f + 21 — 656 K £ +40ki + 620 k

— A5 R A 112000 A — 158 ok — 1248 o kA + 21 K — 1288 ¥ 2 + 100 £ + 36 o

— 930 k—26T0 ki — 1120007 + 80K — 1440 £ k— 54 o — 201 vk + 141 & — 800 7

— 540+ 116k+36) u(k+1)—2 2k+11) (6+k) (k+5) (k+4) (8o’ K =80 K
— 800 KR — 16K+ 1040 K — 160 K — 440 A — 1440 K — 5200 ki + 8o &
V440K P+ 800 R+ 64 o — 296K #4490 o K — 208 o K — 266 00 k7 — 1054 o k*
F 660 KA —8000 i + 1440k + 5820 A +5200 ki +41°— 2K F = 1776
— 3249940 k—980 0" K —390c’ £ — 40160 K + 399 o’k + 1062 o &

F2922 00K + 8000 + 72K —291 K A — 4216 kit + 732 0 — 1988 o k — 8400 o K
58500 A+ 4120 0k + 6557 ok + 532K — 147212 7 — 3440 — 1464 o — 9142 o k
+ 8890 o0 & + 5505 00 £ + 2064 K — 3345 £ k — 4044 o + 10136 o k + 4432 K> — 2850 7



4776 0+ 4992 k+2304) u(k+2) +2 (96 0 K P — 640’ K P — 128 K £ — 32187

— 128K 240 K 153600 KA — 480 K0 — 1920 K A — 224 0 KB — 1536 0 K 7

— 10240 kL +24 0K + 640K+ 224 K+ 128 0 £ — 1024 K £ — 2048 K £
43840’ K — 600 K +89360 BFA—11520 K =302 K7 — 1792 0 kit + 72 " &°
— 15344 0 K P +336 KA — 176000 £ + 768 0 K + 1536 0 K 7 + 3584 o K 1

F 1024 0k — 128 — 14072 K5 2 — 112 K # — 12000 & £ + 2250 o K — 960 " K
223360 kP — 1136400 K — 17872 0 7 — 3368 o’ £ + 1728 o’ K — 81664 0" K 7

+ 2688 o kit + 10650 o0 & + 15440 o0 kK 7 + 21240 o K2 £ + 1760 o0 £ — 384 K — 108352 &° 7
— 1792 K — 30464 k£ + 5712 0 k — 5625 0 K + 20168 o £ — 58944 o’ & — 44672 o k 7
+ 17106 o K — 243920 o K 7 + 5052 0" 7 + 83568 o K + 83200 o K £ + 55232 oL k £

— 5337 K5 — 510552 K £ — 10676 K * — 28160 £ + 5280 o’ — 14280 o' k — 169452 o K

— 40336 0 7 + 89376 o K — 386688 o’ k £ + 405708 o k' + 252856 o0 K 7 + 52652 o £

— 42072 K — 1504640 K 7 — 28064 k * — 13200 o — 255840 o k + 259803 o’ K

— 253256 0 £ + 1247424 o K + 409024 o k £ — 205707 K — 2701472 i 7 — 27168 £

— 158400 o’ + 398040 o k + 2371200 o0 & + 273424 0. 7 — 638640 K — 2692352 7 k

+ 250800 o + 2546688 o k — 1229088 & — 1135104 £ + 1182720 o — 1340160 k — 633600)
(64+Kk) (k+5)u(3+k) +2 (2k+5) 64k (0 —k—=5) (0+4+k) (8o K =80 &
— 800 KA =16k +1520 K =160 K —440’ B2 —240 0" K — 7600 ki + 8 oL &
Y440k P+ 800 A+ 64 ol — 21687 +1066 0 ¥ —3040° K — 438 o k7

— 29740 K+ 6600 KA — 1760 0 + 240 0 K + 826 0 B 7 + 760 ok i + 4 K° — 22 K A
— 816K A =328 +326200 k—213200 ¥ — 1078 o £ — 19472 o K + 657 o k 7

+2982 o K + 5850 0 2 £ + 1760 o0 + 120 K — 413 K 2 — 136 ki + 3660 o' — 6524 0" k
— 70992 o K + 1617 o £ + 19624 o K + 18563 o0 k7 + 1492 K — 2936 & £ + 2640

— 7320 0 — 136522 o k + 72058 o0 K + 22297 o # + 9840 k* — 9391 7 k — 108060 o’

+ 139784 ok + 36304 & — 11418 £ + 111720 o + 71040 k + 57600) u(k + 4) — (2 k
+5)(0+5+k) (a—k—6) (a—k—=5) (a+4+k) (48’ KA =167 — 64 ki
FA4 R +T20 R =40k —480k F —80 o ki — 472K F — 224 £ + 66 o K

— 60 R +30240 kA — 118k —T120 A —440 0 i + 2K — 55208 7 + 40 k 7
+35000 k— 990 K+ 5280 0”7 — 1374 0 K — 3424 oLk 7 + 59 K — 31864 I 7 + 220 7
458800 — 52500 k— 7877 ok — 5280 0. £ + 688 K — 90400 7 k — 882 0" — 22169 ot k
+3955 K — 100320 £ — 24402 ot + 11172 k + 12348) u(k+5) + 27 (87 + 20— 1) (o



—k—=5)(a+4+k)(ao—k—6) (0+5+k) (a0 —7—k) (a+6+k) (2k+5) (7
+2k)u(6+k)
> LREtools[hypergeomsols](rec,u(k),{},output=basis);
(27)" (1

[Nﬁ+k+1nwa+1+m’ 27

k
j Mk+oa+B+1)T(k+1)

5.14.1.8

> F:=(t+1)/(1-t)" (alpha+beta+2)x*xhypergeom([ (alpha+beta+2)/2, (alpha+
beta+3) /2], [alpha+1], 2xt*x(x-1)/(t-1)"2);

o B o B3 2t (x=1)
2+2+1,2+2+2],[1+oc], =1 ]

(1 _ t)(x+[3+2

(t+1) hypergeom[

F::

> rec:=FunctiontoRec(F,JacobiP(k,alpha,beta,x),u) assuming alpha>-1,
beta>-1;

FunctiontoRec: time: 0.651 sec.

reci=—t(aa+PB+2k+5)(k+2+a+PB) (a+P+2k+3) (k+a+B+1)uk)+ (o

+14+k) (0 +B+2k+1)(F+1) (0+B+2k+5) (k+2+a+PB)u(k+1)— (a
+2+k) (a+1+k) (a+B+2k+1) (a+B+2k+3)tu(k+2)

Special case for alpha+beta=-1
> FunctiontoRec(op(subs(beta=-1-alpha, [F,JacobiP(k,alpha,beta,x)])),
u) assuming alpha>-1,beta>-1;
FunctiontoRec: time: 0.171 sec.
—t(k+2) (k+ 1) u(k)+ (o +1+k) (k+2) (F+ 1) u(k+1)— (o +1+k) (a+2
+ k) tu(k+2)

> LREtools[hypergeomsols](rec,u(k),{},output=basis);
1 B o
FT(k+o+p+1) (k+ St o+ 2]

T(o+1+k)

b

p;YrM+a+B+l)&+%“+%*“%j

T(o+1+k)

5.14.1.11

> F:=hypergeom([gamma, alpha+beta-gamma+l], [alpha+1l], (1-t-rho)/2)%*
hypergeom([gamma,alpha+beta-gamma+1], [beta+1], (1+t-rho)/2);
1t JP=2xi+1

F = hypergeom [y,oc-l—B—y-i—l],[l—I—oc],E—E— 5

hypergeom( [, o



1 t F—2xt+1
+B—'Y+1],[1+B],3+3— 5

> eval(F, [alpha=1/3,beta=2/7,gamma=11/13,t=1/2]);

S
201 1117471 J 47
5354

273° 13 2

hypergeom hypergeom

211 111793
2737 13 | 7 [ 4

> op(1,gfun:-holexprtodiffeq(%,y(x)));
[Length of output exceeds limit of 50000]

> DEtools[de2diffop](%,y(x),[Dx,x]);
[Length of output exceeds limit of 50000]

> factor(lcoeff(%,Dx));
146]...13 digits...]061 (311[...53 digits...]239 x** + 133[...56 digits...]434 x'* — 528]...58 digits...]032 x'°

+ 411[...59 digits...]926 x'7 + 220]...61 digits...]557 x'® — 668]...62 digits...]120 x'°

+ 963[...63 digits...]304 x'* — 820]...64 digits...]352 x> + 453[...65 digits...]086 x"*

— 175[...66 digits...]468 x'" + 243[...66 digits...]952 x'° + 169]...67 digits...]716 x°

— 107[...68 digits...]J038 x* + 295[...68 digits...]144 x” — 479]...68 digits...]312 x°

+ 501[...68 digits...]600 x* — 342[...68 digits...]829 x* + 141][...68 digits...]482 x°

— 215[...67 digits...]216 x* — 818]...66 digits...]362 x + 316[...66 digits...]289) (4x — 5)* (x
- (1 +x)*

> rec:=FunctiontoRec(op(eval([F,JacobiP(k,alpha,beta,x)], [alpha=1/3,
beta=2/7,gamma=11/13,t=1/2])),u):
FunctiontoRec: time: 524.786 sec.
> eval(rec,u=proc(t) X*(t-k) end):
> degree(%,X),degree(%,Kk);
50, 102

This is a recurrence of order 50 with coefficients of degrees around 100.

5.14.1.14
> F:=(1-x)"c;
Fi=(1—x)°
> rec:=FunctiontoRec(F,JacobiP(k,alpha,beta,x),u);

FunctiontoRec: time: 0.372 sec.
rec=—(o0+PB+2k+3) (k+oa+B+1) (c—kuk)—(a+1+k) (o +B+2k+1) (c



+k+2+a+B)uk+1)

5.14.5.1
> ini:="ini':
> F:=sin(z*x);
F := sin(z x)

> rec:=FunctiontoRec(F,JacobiP(k,alpha,alpha,x),u);
FunctiontoRec: time: 0.096 sec.
rec:= (20 +2k+9) (k+4+20a) (a+2k+7) (k+34+20a) (k+2+2a) (k+2«

+1)Zuk)+ (0 +2+k) (0 +1+k) (2a+2k+1) (20+2k+9) (k+4+2a) (k
+3420) (40’ +80k+4F —22242000+20k+21) u(k+2) + (0 +2+k) (o +1
+k) (2o+2k+1) (o+4+k) (2o +2k+3) (0+3+k)Zu(k+4)

Initial conditions
> for i from 0 to 3 do ini[i]:=int(expand(JacobiP(i,alpha,alpha,x))x*
Fx(1-x"~2)”~(alpha),x=-1..1)/eval(hn], [beta=alpha,n=i]) od;

iniy == 0
| -2 -a >+ 1 I
ini = ol B J2 [—BesselJ(——+oc,zjz+2BesselJ(—+0c,
(o4 2) 2% 2 2
1
Zjoc-l—BesselJ(?—l-oc,z)) (20(+3)F(20(+2)]
ini, =0
1 5 toe 1 1
iniy = — Toil [22 J T (—4Bessel](——+0c,zj Oczz-i-BesselJ[———i-OL,
T(o+4)2°° 2 2

1 1 1
Zj z3+8BesselJ(5 +O(,ZJ 0(3—4BesselJ[E —I—oc,z) oz — 16Bessel](—? +0c,z) oz

1 1 1
+ 36 BesselJ(; + oc,z) a2 — 6BesselJ(? + oc,z) Z—15 BesselJ(—E + oc,z) z

7
+46BesselJ(% -I-oc,zj o+ 15BesselJ(% +OL,Z)] z ? (20 +7) F(20(+4)]
Simplification:
> for 1 from 0 to 3 do ini[i]:=factor(simplify(ini[i]/BesselJ(alpha+
i+l/2,z)))*Bessel](alpha+i+l/2,z) od:

> sol:=(-1)"kx2" (alpha+2xk+1/2)*z" (-alpha-1/2)*(2*xalpha+4xk+3)*GAMMA
(alpha+k+1)*GAMMA (alpha+k+3/2)/GAMMA (alpha+2xk+2)*Besseld (2xk+
alpha+3/2,z);



a+2k+;— —l——(x

sol = [(—1)"2 z ? (2oc+4k+3)1“(oc+l+k)l"(oc+k
INo+2k+2)

+ %j BesselJ[2k+oc+ %,2)]

> eval(sol,h k=0):
> simplify(%/ini[1]) assuming alpha>-1;
1
> eval(sol, k=1):
> simplify(%/ini[3]) assuming alpha>-1;
1
Check solution:
> recodd:=subs (k=2xm+1, rec):
> subs(seq(u(2xm+1+2xi)=eval(sol, k=m+i),i=0..2),recodd):

> simplify(%) assuming alpha>-1;
0

5.14.5.2

> F:=hypergeom([ (alpha+beta)/2+1], [alpha+l],x*z-z);
o B
2+2+1

F = hypergeom( 1+ Oc],zx—zj

> rec:=FunctiontoRec(F,JacobiP(k,alpha,alpha,x),u) assuming alpha>-1;
FunctiontoRec: time: 1.181 sec.
reci=—(k+20+1) (2k+2+a+B) (2a+2k+5) (k+2+20a)z (o+2+k)u(k)

+(2a+2k+5) (k+2+20) 2o’ +40k+oz—zBp+2F+60+6k+4) (0+1
+k) Qa+2k+ 1) utk+ 1)+ (0+1+k)° (Qo+2k+1) (a+2+k)z(30—B
+2k+4)u(k+2)

Special case when alpha=-1/2

> rec:=FunctiontoRec(op(subs(alpha=1/2, [F,JacobiP(k,alpha,alpha,x)])
),u);

FunctiontoRec: time: 0.156 sec.

rec:=—4 (k+2) (4k+2B+5) B+k)’z2k+5) uk)—83+k)’ (2zp—4k—16k—:

—15) 2k+3) (k+ 1) u(k+1)— 2k+3) (k+1) 2k+5)z (2B —4k—11) u(k+2)

> time()-TO;
741.987

This is the total time for this session, with more than half of it spent on the recurrence of order 50 from Eq.
5.14.1.11 in Prudnikov-Brychkov-Marichev.



