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Lecture 1

Introduction

Computer Algebra is the art of using a computer to perform exact mathematical computations. The aim of
this course is to cover the fundamental algorithms of this field (from the Fast Fourier Transform to Grébner
bases), while providing the students with a practical familiarity with its uses and applications through
tutorials using Maple. After this course, no student will think of using pen-and-paper for long mathematical
derivations.

The questions on the theoretical side are: “what can we compute ezactly?” and “how fast?” (in terms of
complexity estimates). A related question specific to computer algebra is “how big is the result?”.

On the practical side, computer algebra has led to the development of systems with several million users,
the most famous ones being Mathematica, Maple, SageMath, Pari-GP. On the theoretical side, this area has
known more than 50 years of algorithmic progress of which a selection will be presented in this course!.

1.1 Effectivity

1.1.1 Logic vs Symbolic Computation

An important result that limits the possibilities of computer algebra is an undecidability theorem.

Theorem 1.1 (Richardson-Matiyasevich). In the class of expressions built from one variable xz and the
constant 1 with the operations +,—, x and composition with the functions sin(-) and absolute value | - |,
recognizing 0 is undecidable.

Here, ‘recognizing 0’ means detecting that an expression built with these rules is the function that is iden-
tically 0. That it is undecidable means that no algorithm can really ‘simplify’, unless either a more precise
meaning is given to the word, or one restricts the class of expressions to be addressed. A large part of this
course consists in taking the second path.

This theorem will not be proved here, but we refer the interested reader to the nice (and short) book by
Yuri Matiyasevich entitled “Hilbert’s Tenth Problem”, where he explains the solution of this problem that
got him the Fields medal, and some of its applications.

1.1.2 Data Structures for Mathematical Objects

In practice, many mathematical objects can be represented in a simple way that allows O-recognition. This
is the case for machine integers, that are simply elements of Z/2327Z or Z/254Z. Then by taking arrays of
coefficients, one gets integers of arbitrary size, where an array (ao, ..., a) represents

a0+alB+~--+akBk,

1The date of birth of the field can be set to 1966 when a first conference in this area took place in Washington. It was called
Symsac for “Symbolic and Algebraic Computation”.



B being a basis, usually a power of 2 such as 232 (the sign can be stored separately). With arrays, one can
also construct vectors and matrices; polynomials (for which fast algorithms will be described in Lectures 2
to 4); truncated power series (Lecture 3) and fractions or rational functions (addition of two fractions A/B
and C/D does not need a ged, and a sum is 0 if and only if its denominator is 0). Thus, one can for instance
construct matrices of rational functions in several variables, and zero-recognition propagates through these
algebraic constructions.

1.1.3 Equations as a Data-Structure

An important idea of computer algebra is that it is not necessarily useful to ‘solve’ an equation (assuming
that this has a meaning), but instead one can think of an equation as a data-structure for its solutions.
Algorithms will then compute properties of these solutions (test equality, or compute series expansions, or
evaluate numerically,. ..) from this data-structure.

Ezample 1.1. The identity

2T T 3
sin a Sin 7 sin 7 f
- 231 227 + 2T 2V7
Sin s S s sin -

has a simple proof using the fact that exp(im/7) is a root of 27 + 1 and resultants; this will be seen in
Lecture 5

Ezample 1.2. The identity sin? 4+ cos?> = 1 has a simple proof using the fact that both sin and cos are
solutions of the linear differential equation 4" + y = 0. This will be presented in Lecture 6.

Ezample 1.3. The same principle that gives an algorithm for sin? + cos? = 1 lets one prove much more
complicated formulas, such as Mehler’s formula for the Hermite polynomials
o 2, 2
u" exp<4u(ly1fg2+y )))

Z H YT = V1— a2 ’

starting from the linear recurrence

Hn+2 = Zz(n + 1)Hn+1 — 2(n + I)Hn7 HO = 1,H1 = 258,

which can be seen as a definition of, or a data-structure for, the Hermite polynomials.

Ezxample 1.4. Recent records of computation of 7 rely on the formula

'(A+nB)
; 03/2 Z 3n 'n'3C’3” ’

with A = 13591409, B = 545140134, C' = 640320. Fast numerical evaluation of this formula is achieved
by recognizing that the summands satisfy a 1st order linear recurrence and exploiting this. (Tutorial 2).

Ezample 1.5. The following recent formula for ¢(3)

1 5 (-1t
@ =55 =32

can be proved automatically thanks to a system of 1st order linear recurrences (this will be discussed in
Lecture 9.)



Example 1.6. A large family of examples is provided by polynomial systems that can be used to encode
questions in robotics, geometry, or graph theory. These will be discussed in Lecture 10.

1.2 Efficiency

It is important to keep in mind that with current computers, 1 sec. is a long computation. For instance,
with a good polynomial and integer library, 1 sec. is sufficient to multiply integers with 30,000,000 digits;
multiply polynomials of degree 650,000 (with coefficients that are integers modulo a small p); multiply two
matrices of size 850 x 850 (again with integers modulo a small p for entries). Thus 1 sec. is in the asymptotic
regime of the algorithms.

There are many situations that call for such large objects. A spectacular recent example comes from a
work of Bostan and Kauers in 2010 where they showed the existence of a polynomial cancelling a certain
power series from combinatorics. The polynomial has degree roughly 45 in 3 variables, with coefficients
that are integers with up to 25 digits. Intermediate computations involve series expansion at order 1000,
conjecturing a linear differential equation with 1.5 billion coefficients (the algorithm will be given in Lecture 8)
and an automatic proof involving very large resultants (Lecture 5).

1.2.1 O() notation

We recall the standard notation for asymptotics that will be used in complexity estimates:

f(n) =0(g(n)) means IKIMVn > M,|f(n)| < Kg(n).

Ezample 1.7. Two things must be remembered: O() is only an upper bound; constant factors that might
be of importance in practice are erased by this notation. Thus all the following identities are correct

log(2n) = O(logn)

101" = O(n)
1010 4+ n? = O(n?)
O(n?

n+n? = 0(n*).

Figure 1.1 taken from the book by Moore and Mertens (2011) is important to keep in mind the orders of
magnitude implied by complexity estimates.

It is often claimed that Moore’s law (that the speed of computers doubles every two years) has an
important impact on computing, but this is only the case for algorithms with linear complexity. In the
figure, doubling the speed amounts to a small vertical shift. Any algorithmic progress is thus likely to have
a more important practical impact than doubling the speed of a computer.

1.2.2  O() notation

In computer algebra, it is also common to make use of O in complexity estimates. If g — oo, then f = O(g)
means that there exists p > 0 such that f = O(glog? g). A function f(n) is called quasi-linear if f = O(n)
For instance, later lectures will show that for polynomials of degree at most n or for integers of at most n
bits (or digits), the following operations have quasi-linear complexity: multiplication, division, square-root
(in power series for the case of polynomials), ged.
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Figure 1.1: Comparisons of orders of complexity

1.2.3 Complexity Model

* This will not be used later in the course and can be skipped. *

(TTT T -+ | Input tape
(read-only)
./’ Program A/’_ﬁ‘ | | ... ‘ Registers

location (read-write)

counter

’ | | | ‘ Output tape
A (write-only)

Figure 1.2: Random Access Machine

For definiteness, we give a precise explanation of what the complexity estimates will mean. The model
of computer we use in this course is the Random Access Machine, described in Fig. 1.2.

The machine has access two three tapes: a read-only tape that contains the input, a write-only tape where
it writes the output and a read-write tape that models the memory, storing intermediate computations in
cells called registers. All computations take place in the first register, called the accumulator. The program
consists of a list of instructions restricted to the set

read, write, load, store, jump, jgtz, jzero, halt, +, —, x, +.

This set of instructions is sufficient to model real computers. They are used respectively to read on the
input tape, write on the output tape, load a register in the accumulator, store the content of the accumulator
in a register, jump to a location in the program, jump if the content of the accumulator is greater than zero,
jump if it is 0, halt the program, perform one of the arithmetic operations between the content of the
accumulator and the content of the given register and store the result in the accumulator. Since the program
is not stored in memory, it is a feature of this model that the program cannot modify itself. Each instruction
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is assumed to have unit cost. The complexity of a program is thus the number of steps that it performs
before halting.

This model leads to two different complexity models depending on what the cells of the tapes are allowed
to store. If they hold integers of bounded size, the model is called a bit complerity model. This reflects
closely the computation time, but does not allow for much abstraction in the analyses. We will often make
use of the situation where the cells are allowed to store elements of a ring A. That model is called the
algebraic complexity model and the complexity is expressed in numbers of arithmetic operations in A. This
complexity is often called the arithmetic complexity of the algorithm. (It will be assumed that the divisions
that take place, if any, are defined in A.)

1.2.4 Lower Bounds

By definition, a lower bound on the complexity of a problem is an upper bound on the complexity of the
best possible algorithm for this problem, even if it is as yet unknown. Since the RAM model above counts
reading the input and writing the output as unit cost, a simple lower bound on the complexity of algorithms
is

size(Input) + size(Output) < complexity .

Although very crude, this bound is often quite good, as shown by the following table.

Simple

Problem Input Lower Best k ROWR Measure
algorithm

Bound
Sorting n elements n O(nlogn) comparisons
Polynomial multiplication = degree n n O(nlogn) operations on coefficients
Matrix multiplication size n X n n? O(n?373) operations on coefficients
Subset sum n integers n 20(n) time

Table 1.1: Simple Lower Bounds for Basic Problems

The algorithm for polynomial multiplication will be given in Lecture 2; algorithms with complexity better
than the naive cubic bound for matrix multiplication will be presented in Lecture 7. The subset sum problem
is NP complete. This type of problems will not appear in this course.

1.3 Divide-and-Conquer

As divide-and-conquer is a very important paradigm of algorithmic design, we gather here the basic results
that will be used in their analysis.

The general pattern of a divide-and-conquer algorithm is illustrated by Fig. 1.3. An input of size n is
split into m inputs of size at most n/p on which the algorithm is called recursively. When the size becomes
smaller than a threshold s (often equal to 1), another method of computation is used.

The complexity C(n) of the execution of such an algorithm on an input of size n will obey an inequality
of the form

C(n) <mC([n/pl) + f(n),

where f(n) denotes the cost of splitting the input and of recombining the results of the recursive calls. General
methods allow to conclude from such an inequality that the complexity has the form C(n) = O(g(n)) for a
simple function g.



m recursive
calls

m? recursive
calls

Figure 1.3: Divide and Conquer
1.3.1 Example: Karatsuba’s Algorithm

This algorithm, that will be presented in the next lecture, has a complexity that obeys the inequality

C(n) <3C([n/2]) + An.
Using this inequality with n replaced by [n/2] implies

C([n/2]) <3C([[n/21/2] + Aln/2].

In order to simplify the analysis we introduce a notation for iterated ceilings:
[2/2]1 = [2/2],

[2/2]k41 = [[2/2]1/2].
With this notation, injecting the second inequality above into the first one gives

C(n) < An+3X[n/2] +9C([n/2]2).
Iterating this process k — 1 times leads to

3 3\ 1
C(n) < AN <1 R (2) ) +3°C([n/2]1),
series gives

with IV the power of 2 such that n < N < 2n. Reordering the sum in order to exhibit a convergent geometric

C(n) < AN (‘;’)H

Bounding the geometric series, this simplifies to

(L+2/34 -+ (2/3)F1) +35C([n/2]k)

N
C(n) < 3 <2A2k + C([n/ﬂ@) :
Finally, using k = [log, n] gives

C(n) < (2\+ 1)3[103;2 n] _ 0(n10g23).
in red, green and blue in Fig. 1.4.

The curves corresponding to the solution of C(n) = 3C([n/2]) +n, to (2A 4 1)3M1°82"1 and to n'°%23 appear
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Figure 1.4: Complexity Bounds for Karatsuba’s Algorithm

1.3.2 Master Theorem

The analysis of the complexity of Karatsuba’s algorithm generalizes and leads to a convenient result, that
admits numerous variants.

Theorem 1.2 (‘Master Theorem of Divide-and-Conquer’). Assume
C(n) <mC([n/pl) + f(n), n=p,
with f(n) and increasing function such that there exist (q,r) obeying

q < flpn)/f(n) <,

for large enough n. Then, as n — oo

o(f(n)), if ¢ >m,
C(n) = § O(f(n)logn), if g =m,
O(f(n)n'°s(™/9) if ¢ < m.

The most important case is when f(n) = cn® with a > 1, and then ¢ = r = p®*. This is what happens
with Karatsuba’s algorithm above, where f(n) = An, ¢ = r = 2, m = 3. The more general version with an
increasing function will often be used with f(n) = M(n), the cost of polynomial multiplication, introduced
in Lecture 2.

Proof. The proof follows the steps of the example of Karatsuba’s analysis, starting from
C(n) <mC([n/pl) + f(n).

Iterating once shows
C(n) < f(n) + mf([n/p]) +m*C([n/p]2)

with the same notation for iterated ceilings as above. Let N be the power of p such that
n < N < pn,
then since f is increasing we obtain
C(n) < f(N) +mf(N/p) +m*C([n/p]2).
The hypothesis on f shows that this is bounded by
C(n) < f(N)(1+m/q) + m*C([n/p]2).
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Tterating k — 1 times gives
C(n) < fF(N) (A +m/q+ -+ (m/q)* 1) +m*C([n/p]y).
Choosing k = log,(N) then gives
C(n) < f(N)(L+m/q+ -+ (m/q)*~") + O(N"#™),

since m!°&» N = N8, ™ The geometric series is bounded in different ways depending on whether m < g,
m = q or m > ¢, giving the bounds

O(1), log, N, O(N'&(m/2),
The factor f(N) is bounded by O(f(n)) thanks to the second inequality on f, using
N <pn= f(N) <rf(n) = O(f(n)).

It remains to show that the last summand O(N'°& ™) is smaller than the estimate of the theorem.

Lemma 1.1. With the hypotheses of the theorem,

w1 = O(f (n)).

Proof. This follows from repeating the inequality of the theorem:

f(n) = af(n/p) = @f(n/p*) = - = ¢ " f(1).
The last term is n'°% 9 f(1), whence the bound. O
The bound of the lemma allows to conclude directly when m < ¢g. If m > ¢, then the conclusion comes from

nlog,m — plog,(m/q)log, q _ nlogp(m/Q)O(f(n)) — O(f(n)nlogp(m/@). O

Additional bibliography

More detailed versions of a large part of this course, sometimes at a more advanced mathematical level, are
given in the freely available book

Alin Bostan et al. Algorithmes Efficaces en Calcul Formel. Auto-édition, Sept. 2017. 1SBN: 979-10-699-
0947-2. URL: https://hal.archives-ouvertes.fr/AECF/

In English, the most classical reference for this course is

Joachim von zur Gathen and Jirgen Gerhard. Modern computer algebra. 3rd edition. New York:
Cambridge University Press, 2013, pp. xiv+785. URL: http://www.cambridge.org/fr/knowledge/isbn/
item1170826

It is very complete and more advanced than what is needed in a first introduction. It can be used for
most of the course, except Lecture 6 and a few topics that are discussed in some of the lectures but not in
that book.

Apart from its more elementary level, an important feature of this course that distinguishes it from the
references above is the choice to illustrate many of the algorithms by actual Maple code rather than pseudo-
code. This makes the algorithms more concrete and makes the presentation more complete. Contrary to
pseudo-code, in actual code, no aspect can be swept under the carpet by an imprecise statement. Also, the
course is complemented by tutorials in Maple, absent from these notes, whose aim is to make the students
fluent in that language and see how the algorithms introduced in the lectures can be put to use in ‘concrete’
situations.


https://hal.archives-ouvertes.fr/AECF/
http://www.cambridge.org/fr/knowledge/isbn/item1170826
http://www.cambridge.org/fr/knowledge/isbn/item1170826

Lecture 2

Fast Multiplication

Summary

While naive multiplication has quadratic complexity, it is actually possible to multiply polynomials
much faster. The first algorithm to beat the naive one has been Karatsuba’s algorithm, which is the
most efficient one for inputs of intermediate size. For inputs of large size, the fast Fourier transform
reaches almost linear complexity.

Introduction

The traditional method of multiplication for two n-digit integers computes one integer of n or n + 1 digits
for each nonzero digit of one of the multiplicands and then adds them up. This can be depicted as follows:

X

Each of the n intermediate integers is computed in n digit-by-digit multiplications plus O(n) carry
computations. The final addition uses O(n?) digit additions and again O(n) carry computations. In total,
the number of digit operations is O(n?). This is what is called a quadratic algorithm. The complexity O(n?)
is also the number of bit operations, rather than digit operations, since each digit operation uses a constant
number of bit operations. Note that the key to using digits in our number representation is that in terms
of the numbers themselves, integers smaller than N > 0 are represented with O(log N) bits or digits and
therefore this algorithm is only quadratic in the logarithm of the quantities involved.

The same reasoning applies to polynomial multiplication. If P and ) are univariate polynomials of degree
ny and ng, they have at most n; +1 and ng + 1 coefficients. Distributing the product leads to (nq+1)(na+1)
coefficient multiplications, followed by O(ning) additions of coefficients. Thus if both degrees are smaller
than n, the algorithm has quadratic complexity O(n?) again. The situation for polynomials is simpler than
that for integers as no carry needs to be propagated. It is a general theme of this course that algorithms
for polynomials are usually simpler than their counterparts for integers. We will therefore focus on the
polynomial algorithms, that are sufficient to display the ideas of the algorithms.
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2.1 Karatsuba’s Algorithm

Karatsuba’s algorithm is based on a divide-and-conquer method. By itself, divide-and-conquer is not suffi-
cient to beat the quadratic method: a natural attempt would be the algorithm of Fig. 2.1.

1. If n =1 return FG
2. Letk := [n/2]
3. Split F = Fy+ x*F|, G = Gy + x*G,
Fy, F;, Gy, G, of degree <k
4. Compute recursively
H, = F\Gy, H, := F\G,, H, := F|G,, H; := F|G,
5. Return Hy + x*(H, + H,) + x*H,

Figure 2.1: A quadratic divide-and-conquer multiplication algorithm

Let C(n) be the complexity for the multiplication by this algorithm in terms of the number of arithmetic
operations on the coefficients. If n > 1, no operation on coefficients occur in step 3: splitting reduces to
copying coeflicients; in step 4 there are at most 4C([n/2]) operations due to the recursive calls; and finally
step 5 uses O(n) additions of coefficients. Thus,

C(n) <4C([n/2]) + An.

By the ‘master theorem’ of the previous lecture or by a simple direct derivation, it follows that C(n) = O(n?).
As a first introduction to Maple code, here is the relatively straightforward Maple implementation of the
previous pseudo-code:

# Input: F,G: polynomials
# n: a bound on their degree
# x: their variable
# Output: the product F X G
naivedacmult:=proc(F,G,n,x)
local k,f0,f1,g0,g1,h0,h1,h2,h3;
if n=1 then return F*G fi;
k:=ceil(n/2);
# split into quotient and remainder
f1:=quo(F,x"k,x,'f0');
gl:=quo(G,x"k,x,'g0"');
# recursive calls
hO:=thisproc(£f0,g0,k,x);
h1:=thisproc(£0,gl,k,x);
h2:=thisproc(f1,g0,k,x);
h3:=thisproc(fl,gl,k,x);
# recombination
expand (hO+x~k* (h1+h2) +x~ (2xk) *h3)
end:

One way of obtaining a better complexity is by looking first at polynomials of degree 1,
F:f0—|—f1T, G:go—f—ng, H:FG=h0+h1T+h2T2
The naive algorithm corresponds to writing

H = fogo + (fog1 + fr90)T + frn T

10



It uses 4 multiplications and 1 addition of coefficients.

Since the result has degree 2, it can also be reconstructed by interpolation from 3 values. It is convenient
to take 0,1 and oo for these values, with the convention that oo governs the leading coefficients of the
polynomials. Looking at those values gives

ho
ha
hi

Then FG is reconstructed by

= F(0)G(0) = fogo,
= “F(00)G(00)" = fig1,

=ho + h1 + ha = F(1)G(1) = (fo + f1)(g0 + g1)-

FG = ho + (h1 — ho — ha)T + hoT*.

This computation costs only 3 multiplications (one at each of 0, 1, 00), 2 additions and 2 subtractions. While

the total number of operations

has thus increased (from 5 to 7), the key is that the number of multiplications

has decreased and that this idea can be used recursively, with 7 = z* and f; and g; becoming polynomials
of degree smaller than k. The resulting algorithm is given in Fig. 2.2.

1. If n is small, use naive multiplication
2. Letk := [n/2]
3. Split F = Fy+ x*F,, G = G, + x*G,
Fy, F|,G,, G, of degree < k
4. Compute recursively
Hy := F,Gy, H, := F\G}, H, := (Fy+ F))(Gy + G))
5. Return Hy + x*(H, — Hy — H,) + x*H,

Figure 2.2: Karatsuba’s multiplication algorithm

Its Maple implementation would look like the code below, which is only given for pedagogical purpose,
as Maple has its own much faster multiplication implemented in C in its kernel.

# Input/Output: same as before

# but now in O(n'%®) ops.

macro(TK=15): # Threshold for other algorithm
karamult:=proc(F,G,n,x)

local k,f0,f1,g0,g1,h0,h1,h2;

if n<TK then return expand(FxG) fij;
k:=ceil(n/2);

# split into quotient and remainder
f1:=quo(F,x"k,x,'f0');
gl:=quo(G,x"k,x,'g0");

# 3 recursive calls
h0:=thisproc(£f0,g0,k,x);
h2:=thisproc(f1l,gl,k,x);
h1l:=thisproc(f0+f1,g0+gl,k,x);

# recombination

expand (hO+x~k* (h1-h0-h2) +x~ (2*k) *h2)

end:

The complexity analysis is very similar to that of the quadratic divide-and-conquer algorithm, except
that now there are only three recursive calls, leading to

C(n) < 3C([n/2]) + Mn.

11



The complexity analysis was detailed in Lecture 1. It leads to
C(n) = O(n'°%23).

Since log, 3 ~ 1.58, this is a big improvement over the quadratic algorithm.

2.2 Faster Polynomial Multiplication
The starting point of Karatsuba’s algorithm above is the reconstruction of degree 2 polynomials from 3

values. A generalized form of this follows from considering evaluation and interpolation in terms of linear
maps.

2.2.1 Evaluation and Interpolation

Given k+1 points ag, . . ., ar and a polynomial P = po+piz+- - -+prpz’ of degree at most k, the simultaneous
evaluation of P at ag,...,ax is given by the matrix-vector product
P(ao) 1 ap - aé Po
) 1 an - aF i
P(ax) k K/ \Drk
v

The matrix V in this equation is known as the Vandermonde matrix.

Lemma 2.1. detV = [[,_,(a; — a).

Proof. By the expansion of determinants as sums over permutations, the determinant of V' is a polynomial
in Zlag, - . ., ax], whose total degree is at most 1+2+---+k = k(k+1)/2. If two a;s are equal then two rows
of the matrix are equal, making the determinant vanish. This implies that a; — a; divides the determinant
for all i < j. The product of all these polynomials has degree k(k + 1)/2. Thus this product differs from the
determinant by at most a constant factor. The coefficient of ala} - af in the determinant is 1 (those are

the elements along the diagonal); it is also 1 in the product (to obtain af one has to take ay in all ay — a;

and then to obtain aﬁ:i one has to take agp_1 in all ag_1 — a;, 4 < k — 1 and so on.). O

Interpolation is the operation of constructing a polynomial P of degree < k from its values (vy,...,vx) at
(agy...,ak). It follows from the invertibility of the Vandermonde matrix when the a; are distinct elements
of a field K (by the lemma), that there is a unique such polynomial, whose coefficients are given by

Vo
V—l

2.2.2 A Karatsuba-like algorithm

Any three distinct points lead to a Karatsuba-like algorithm. For instance, with (ag, a1, a2) = (—1,0, 1), one
gets the following Vandermonde matrix and its inverse

1 -1 1 ([0 2 0
V=1 0 0], V—lz5 -1 0 1
1 1 1 1 -2 1

12



In terms of polynomials, the matrix V' ~! implies that for any polynomial P of degree at most 2,

1

=5 (2P(0) + (P(1) — P(—-1))z + (P(1) — 2P(0) + P(—1))2?).

P(x)

By the same reasoning as before, this leads to a multiplication algorithm when used recursively, given in
Fig. 2.3.

1. If n is small, use naive multiplication

2. Letk := [n/2]

3. Split F = Fy+ x*F|, G = G, + x*G,, with deg F,,G; < k

4. Compute recursively

Hy := F,Gy, H, := (Fy+ F))(Gy + G)), H_, := (Fy — F))(G, - G))

1 L N _
5. Return B (2Hy + x*H, — H_)) + x*(H, — 2Hy+ H_)))

Figure 2.3: A variant of Karatsuba’s multiplication algorithm

This variant is not as good as Karatsuba’s algorithm: it requires a division by 2 and slightly more
operations. Nonetheless, its complexity analysis runs exactly as before, leading to

C(n) <3C([n/2]) + An

and therefore again
C(n) = O(n'°%23).

The complexity exponent is the same as in Karatsuba’s algorithm.

2.2.3 Higher degree

The same idea extends. Using the 5 points (ag, . ..,a4) = (—2,...,2) gives the matrices
1 -2 4 -8 16 0 0 24 0 0
1 -1 1 -1 1 1 2 16 0 16 -2
V=1 0 0 0 0], Vi=—1|-1 16 -30 16 -1

1101 1 1 2412 4 0 -4 2

1 2 4 8 16 1 —4 6 —4 1

With 5 points, one can reconstruct polynomials of degree 4. Thus if F' and G have degree at most 2, the
algorithm proceeds by evaluating F' and G at 0, +1, +2 which amounts to computing linear combinations of
their coefficients; pairwise multiplications of the results; interpolation from these 5 values by linear combi-
nations given by V' ~'. This in turn gives the recursive algorithm of Fig. 2.4, which is possibly clearer in the
more explicit Maple version below.

Algorithm:

1. For small degrees, use simpler algorithm

2. Split F and G into 3 parts

3. Compute 5+5 linear combinations of these parts
4. Compute 5 products recursively

5. Recover the result by linear combinations

Figure 2.4: Multiplication algorithm with 5 recursive calls

13



Toom3:=proc(F,G,n,x)
local k,f0,f1,f2,g0,g1,g2,h0,h1,h2,hml, hm2;
if n<TK then return expand(F*G) fij;
k:=ceil(n/3);
# split into 3 parts
f2:=quo(F,x~(2xk) ,x,'f1'); fl:=quo(fl,x"k,x,'f0');
g2:=quo(G,x~ (2%k) ,x, 'gl'); gl:=quo(gl,x"k,x,'g0');
# b recursive calls
hO:=thisproc(£0,g0,k,x);
hl:=thisproc(f0+f1+f2,g0+gl+g2,k,x);
h2:=thisproc (£f0+2*f1+4*f2,g0+2xgl+4*g2,k,x) ;
hml:=thisproc(f0-f1+f2,g0-gl+g2,k,x);
hm2:=thisproc(f0-2+f1+4%£2,g0-2%gl+4%g2,k,x) ;
# recombination
expand (hO
+x"k* (2¥hm2-16*xhm1+16*h1-2%h2) /24
+x~ (2*k) * (-hm2+16*hm1-30%h0+16*h1-h2) /24
+x7 (3*k) * (-2*¥hm2+4*hm1-4*h1+2*h2) /24
+x7 (4*k) * (hm2-4*hm1+6%¥h0-4%h1+h2) /24)
end:

The complexity analysis is very similar. It leads to
C(n) <5C([n/3]) + An = O(n'°8s5)

coefficient operations. Since logs 5 ~ 1.46, this is an improvement over Karatsuba’s algorithm.

2.2.4 Toom-Cook algorithm

This principle extends to any N > 0. Provided the field K contains 2N — 1 distinct values (ag, ..., aan—1),
one precomputes once and for all the corresponding Vandermonde matrix V' and its inverse. Then, given
two polynomials of degree smaller than N,

F=fo+ -+ fvazV, G=go+ - +gnv_1z L,

the values of F and G at (ag,...,asn—1) are given by linear combinations of the coefficients of F' and G,
given by the product by V, in at most (2N — 1)? operations. Next, the values of H = FG at these points
are obtained by pairwise multiplication in 2N — 1 multiplications. Finally, from these values, the coefficients
of H are obtained by multiplication by V! again in at most (2N — 1)? operations. Using this process
recursively gives the algorithm of Fig. 2.5.

Toom-Cook Algorithm:

1. For small degrees, use simpler algorithm

2. Split F and G into N parts

3. Compute linear combinations of these parts
4. Compute 2N — 1 products recursively

5. Recover the result by linear combinations

Figure 2.5: Toom-Cook algorithm

The same steps of the complexity analysis lead now to

C(n) < (2N —1)C([n/N1) + An.

14



The constant A depends on N in a quadratic way, as indicated above, but that does not affect the exponent
of the complexity, which is given by the ‘master theorem’ as

C(n) = O(n'oenEN=1)),

As N — oo, this exponent rewrites

log(2N —1) _log N + log2 1
1 2N —1) = < =1+0 .

og ( ) log N - log N log N

This means that asymptotically, this method leads to multiplication algorithms that are as close to linear as
desired. (More formally, for any € > 0, we deduce an algorithm in complexity O(n!*€)).

2.3 Integer multiplication

As mentioned in the introduction, integers behave like polynomials and variants of the algorithms for poly-
nomials adapt to integers. Still, this must be done on a case by case basis, as no theorem of equivalence of
complexities is available.

An important tool that lets one transfer a complexity result from the world of integers to that of poly-
nomials is Kronecker’s substitution. The idea is that a product of two polynomials F(x) and G(z) with
coefficients smaller than 2% can be reconstructed from the integer F'(22#+1)G(22%+1). This is best illustrated
in base 10: the coefficients of the product of

F(z)=72x4+43 and G(x)=>51z+38,
ie., F(x)G(x) = 36722% + 2769z + 344 can be read off from the product
F(10°)G(10%) = 720043 x 710008 = 36722769 0344 .
N =~

To deal with negative coefficients, one can split F' and G into a sum of positive and negative parts.

2.3.1 Karatsuba’s algorithm

The algorithm used for multiplication of polynomials requires very little change for integers smaller than 2"
(Fig. 2.6). The starting point is to change X into 2. In order to have the last recursive call on input whose
size is halved, it is simpler to use the variant of Karatsuba’s algorithm based on the points (0, —1,00) and
track signs separately.

1. If nis small, use naive multiplication
2. Letk:= [n/2]
3.Split F=F,+2F,,G = G, + 2*G,
Fo, F;, Gy, G, < 2F

4. Set s 1= sgn(Fy — F)), 5, := sgn(Gy — G,)
5. Compute recursively

Hy := FyGy, Hy := F,G,, H, := |Fy— F||| G, — G, |
6. Return Hy+ 2X(H, + H, — s,5,H)) + 2*H,

Figure 2.6: Karatsuba’s algorithm for integers

Then, this is not exactly the same algorithm as the polynomial one, but the complexity analysis is the
same. One gets the same inequality

C(n) <3C([n/2]) + Mn,

where now C(n) denotes the number of bit operations required to multiply two n-bit long integers. The
same O(n'°223) complexity estimate therefore holds.
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2.3.2 A collection of algorithms

In practice, none of the multiplication algorithms is better than all the other ones all the time. The Gnu
Multiprecision Library (GMP) has been the best integer arithmetic library available for many years. It
comes with many multiplication algorithms and automatically selects the most appropriate depending on
the size of the input. The thresholds it uses are given in Table 2.1.

# 64-bit words Approx. # digits  Algorithm

0 0 Naive
26 500 Karatsuba
73 1,400 Toom—3
208 4,000 Toom—4
4736 90,000 FFT

Table 2.1: Length thresholds for switching between multiplication algorithms in GMP

For instance, for integers of about 5,000 decimal digits, the library uses Toom-4 (the variant of Toom-Cook
with N =4). This is a recursive algorithm. As soon as the size drops below 4,000 decimal digits, Toom-3 is
used (the variant with N = 3) and then Karatsuba’s algorithm when the input is below 1,400 decimal digits.
Finally, in the recursive calls, when the size drops below 500 decimal digits, the naive quadratic algorithm
is used.

For very large sizes, GMP uses the fast Fourier transform (FFT), which is our next topic.

2.4 Discrete Fourier Transform

The Fourier transform is a classical tool of digital signal processing. It decomposes periodic signals into
linear combinations of sines and cosines. The FFT (Fast Fourier Transform) performs this decomposition
efficiently for discrete signals. It has been listed as one of the top 10 algorithms of the 20th century by
the IEEE Journal of Computing in Science & Engineering. It is based on special roots of 1, that we first
introduce.

2.4.1 Primitive roots of unity

Definition 2.1. An element w of a field K is called an nth root of unity if w™ =1 (n is called the order
of the root). It is called primitive if moreover

Wwh£1, te{l,...,n—1}

Ezample 2.1. If K = C, then exp(2mi/n) is a primitive root of unity.

Evample 2.2. The number N = 5x 2% +1 is a prime. This implies that K = Z/NZ is a field. In this field,
it turns out that 17 is a primitive root of unity of order 22° > 3 x 107. This will have for consequence
that polynomials of up to that degree can be multiplied efficiently in K.

The main properties of primitive roots of unity are summarized in the following.

Proposition 2.1. If w is a primitive nth root of unity, then
1. soisw™t;

2. if n = pq, then WP is a primitive qth root of unity;

16



3. forte{l,...,n—1},

n—1
E wh = 0.
j=0

Proof. 1. First, since w™ = w™ 'w = 1, it follows that w invertible, with w™' = w”~!. It is an nth root of
unity since w™"w"™ = w™" = 1. It is primitive since for ¢t € {1,...,n — 1}

wilt—1=—-ww —-1)#0.

2. wP is a gth root of unity: (wP)? = wP? = w™ = 1. It is primitive: if (wP)! —1is 0 for t € {1,...,q—1},
then so is wP® — 1 and pt < n shows that this is impossible.
3. Multiplying the sum by (1 — w?) gives
1-wHA+wi 4 40Dy =1 =0.

14

However, since w is primitive, 1 — w* is not 0, which implies that the sum is 0. O

2.4.2 Discrete Fourier Transform

Definition 2.2. If w is a primitive nth root of unity in the field K, the discrete Fourier transform (DFT)
s the map

DFT,, : K[X] — K"
A (AQL), AWw), . .., Alw™Y)).

In view of Section 2.2.1, this is a linear map, whose matrix is the Vandermonde matrix

1 n—1
Vw _ w w
1 wn_l e w(n_l)z

In that case, the inverse of the Vandermonde matrix can be made explicit.

Lemma 2.2. V,V,-1 =nld,.

Proof. The entry (i,7) of the product V,, V-1 is the sum

n—1 n—1
2 wzkwfjk: _ E w(zfj)k.
k=0 k=0

If ¢« = j all summands equal 1, giving the terms on the diagonal of nld,. Otherwise, the sum is 0 by the
proposition above. O

The practical consequence of this lemma is that an algorithm computing the discrete Fourier transform can
also be used to compute its inverse, by using it with w™! in place of w, and dividing by n at the end.

17
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2.4.3 Application to signals

The DFT of a signal (ag, ..., a,_1) is defined to be that of the polynomial ag + - -+ + a,_1 X"~ 1.

The key property of DFT — that it recovers frequencies — can be seen on an example. We take n =9,
w = exp(—2mi/9). The signal is f = cos(2z) and the sample points are (0,27/9,47/9,...,167/9) (see
Fig. 2.7). The sampled values are

(ag,...,as) = <1, cos(%r), cee 005(3297r)> ,

1
= 5(1,0.)27 w4 5(1,0.)_2, w10,

Returning to the definition of DFT,,, we see that the jth entry of DFT, (ao,...,as) is

ap + a1w’ + aw® + - =

e SRR G e e {n/Z if j =2 or n—2,
2 2 B

0 otherwise.

In summary,

DFT,,(ao,...,as) = 9/2 x (0,0,1,0,0,0,0, 1,0).

The only nonzero entries are at indices 2 and n — 2: the frequency 2 has been recovered from the sample.
By linearity, other frequencies appearing in the signal would have been found.

2.5 Fast Fourier Transform

The Fast Fourier Transform algorithm was found by Gauss in 1805, but was not published until much later,
in 1866, when it was not seen as important. It was rediscovered in 1965 by Cooley and Tuckey in the US
when they were studying seismic signals to detect nuclear tests from Soviet Union.

The principle of the algorithm is a divide-and-conquer approach. It relies on the following.

Lemma 2.3. If w is a primitive nth root of unity, with n = 2k, then w® = —1.

Proof. Write
0=1-w"=(1-u")1+uh (2.1)

and use the fact that 1 — w* # 0 since w is primitive. O
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Figure 2.8: Fast Fourier Transform

Input. A=qgy+ - +a, X' eKIX;, (Lo,..o" Y
with @ primitive n th root of 1, n power of 2.
Output. DFT,(A) = (A(1), ..., A(@"™))
1. If n =1, return (ap)
2. Set k := n/2 and compute
R(X) = kz‘l’ (aj + aj+k)Xj, S,(X) =R (wX) = E a)j(aj - aj+k)Xf.

j=0 Jj=0

3. Compute DFT »(R,), DFT x(S,)

4. Return (R(1), S,(1), R(@), ..., S,(@** D))

The DFT requires the values of a polynomial A at the powers of w. If this polynomial A has degree less
than n = 2k, it can first be split into two parts as A = Ay + X* A, where the indices stand for ‘low’ and
‘high’, and both deg A, and deg A;, are smaller than k. Next, the polynomial A is written in two different
ways

A= (Ar+Ap) + (XF = 1AL = (Ae — 4p) + (XF + 1) 4.

By the previous lemma, for any nonnegative integer ¢, w* = (—1)% is —1 when £ is odd and +1 otherwise.
Thus, evaluating the identities above at X = w’ gives

A(wl) _ Re(wi), if £ 1is e.ven,
R,(w"), otherwise,
where

Re=Ar+ Ay, R,=A;— A

(the indices ‘e’ and ‘o’ stand for even and odd.)

This is the basis of the divide-and-conquer approach: evaluating the polynomial A of degree smaller
than n at the n points (1,w,...,w" 1) splits into evaluating the polynomials R.(X) and R,(wX) of degree
smaller than k = n/2 at the n/2 points (1,w?,...,w?*#~1). Note that the computation of R, and R, is easy
from A, and Ay, themselves obtained from A without any arithmetic operation.

The FFT algorithm of Fig. 2.8 follows. It requires n to be a power of 2 so that Lemma 2.3 can be used
at each of the recursive steps. The computation of R, and R, in step 2 comes from the discussion above.
The evaluation of S, at the even powers of w recovers the evaluation of R, at the odd ones. A more explicit
Maple implementation is given in Fig. 2.9.

Let C(n) denote the number of arithmetic operations in K used by this algorithm. Then there are 3k
operations in step 2 and two recursive calls, leading to

3
Cn) < 7" +20(n/2).
The ‘master theorem’ concludes that C(n) = O(nlogn).

2.5.1 Multiplication of Polynomials

The principle is to compute the product of polynomials by evaluation and interpolation at roots of unity.
Given a fast algorithm for the DF'T, this boils down to the algorithm of Fig. 2.10.
The final result is the following.
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Figure 2.9: Maple version of the pseudo-code from Fig. 2.8

# Input:

# A: polynomial in = of degree < n

# n: a power of 2

# z: wvartable in 4

# . L: list [Lw,..., w1 with w a primitive nth root of 1
# Output:

# o [AQ), e AW

FastFourierTransform:=proc(A,n,x,L)

local k,j,L2,R_e,S_o;
if n=1 then return [A] fi;
k:=n/2;
R_e:=add((coeff(A,x,j)+coeff(A,x,j+tk))*x~j,j=0..k-1);
S_o:=add((coeff(A,x,j)-coeff(A,x,j+k))*x~j*L[j+1],j=0..k-1);
L2:=[seq(L[2%j+1],j=0..k-1)];
R_e:=thisproc(R_e,k,x,L2);
S_o:=thisproc(S_o,k,x,L2);
[seq(op([R_e[j]1,S_o[j11),j=1..k)]

end:

Figure 2.10: Polynomial Multiplication by Fast Fourier Transform
Input. Fand G in K[X] with deg F + deg G < n = 2,
o primitive nth root of 1 in K, 2 invertible in K.

Output. FXGmod X"—-1)=FxG
1

1. Compute @?, ..., »""

2. Compute
(f()’ ""fn—l) = ) (éOv eeey gn—l) =
3. Multiply: b= (fogo, ---,fn—1§n—1)
1
4. Return —
n

Theorem 2.1. Ifn is a power of 2, given a primitive nth root of unity in K, one can compute the product
of two polynomials of K[X] whose degrees sum to less than n in O(nlogn) arithmetic operations in K,
assuming 2 s invertible in K.

In words, multiplication has quasi-linear complexity!

Proof. The algorithm first evaluates F' and G at the powers of w by DFT. Multiplying their values pairwise
gives the values of H = FG at the powers of w. Since deg H < n, it is recovered in a unique way by
interpolation, which is computed by one more DFT with respect to w™?! followed by a division by n (invertible
by hypothesis), thanks to Lemma 2.2.

In terms of complexity, the first and the third steps use O(n) operations in K. So does the last division
by n in step 4. The powers of w™! = w™ ! can also be obtained in the same complexity. Finally, the 3 DFT
each have a cost of O(nlogn) operations, whence the result. O
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2.5.2 Further FFT-related algorithms

Theorem 2.1 establishes that multiplication of polynomials of degree at most n in K[z] can be performed
in O(nlogn) arithmetic operations in K when K has primitive nth roots of unity and 2 is invertible in K.
This algorithm goes back to Cooley and Tuckey in 1965. The basic principles of the FFT algorithm have then
been extended to other contexts where the hypotheses of Theorem 2.1 do not hold. First, in 1971, Schénhage
and Strassen found a way to multiply two n-bit integers in O(nlognloglogn) bit operations, which also gives
an algorithm of the same complexity for multiplication of polynomials when K does not have primitive nth
roots of unity. The case when 2 is not invertible is important in cryptographic applications. A first extension
of FFT when 2 is not invertible but 3 is was given by Shénhage in 1977. Finally, in 1991, Cantor and Kaltofen
extended these ideas to multiplication of polynomials of degree at most n in A[X] when A is only a ring,
still in O(nlognloglogn) arithmetic operations.

For integers, the final theoretical improvement is very recent: in 2021, Harvey and van der Hoeven, gave
a theoretical algorithm with only O(nlogn) bit complexity. This is not intended to be practical, but it closes
the gap between polynomials and integers.

2.6 Multiplication Functions

2.6.1 Summary for Polynomials

Let Mul(n) be a bound on the number of arithmetic operations in A needed to multiply two polynomials of
degree at most n in A[X]. We have obtained

O(n?) by the naive algorithm;
O(n'oe23) by Karatsuba’s algorithm;

Mul(n) = ¢ O(nlogr(2k—1) by Toom-Cook’s algorithm (A large);
O(nlogn) by FFT (with primitive roots of 1);
O(nlognloglogn) by the Schonhage-Strassen algorithm.

All these complexity estimates satisfy

Mul(n;) + Mul(ny) < Mul(n; 4+ns2), Mul(mn) < m?Mul(n).

2.6.2 Summary for Integers

Let Mulz(n) be a bound on the number of bit operations needed to multiply two integers of at most n bits.
Then, we have obtained

O(n?) by the naive algorithm;
Mulg,(n) = O(nlog23) by Karatsuba’s algorithm;

O(n'°2x(2=1)) " by Toom-Cook’s algorithm;

O(nlogn) by FFT (not in the course).

All these complexity estimates satisfy

Mulz(n1) + Mulz(ng) < Mulz(ng + ng), Mulz(mn) < m? Mulg(n).

2.6.3 Multiplication Functions

Since all these algorithms are used simultaneously in the implementations, it is useful to express the com-
plexity of algorithms relying on multiplication in a way that does not depend on the actual multiplication
algorithm that is used. For this purpose, one makes use of multiplication functions. It is left as an exercise
to check that these functions satisfy the hypotheses of the ‘master theorem’ of the previous lecture.
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Definition 2.3. The function M : N* — R* is a multiplication function for the ring A[X] if
1. one can multiply two polynomials of degree < n in at most M(n) arithmetic operations in A;
2. M(n+n') > M(n) + M(n');
3. M(mn) < m2M(n).

The second condition implies that the complexity is at least linear, the last one that it is at most quadratic.
Similarly, for integer multiplication, the definition is as follows.

Definition 2.4. The function Mz : N* — R* is a multiplication function for Z if
1. one can multiply to integers with < n bits (or digits) in < Mz(n) word operations;

2. and 8. as above.

2.7 Example: Multiplication of Bivariate Polynomials

The multiplication of two polynomials
n—1 . n—1 )
F(z,y)=>_ filya', Glx,y)=>_ gy
i=0 i=0

in K[z,y], with coefficients f; and g; of degree smaller than d can be reduced to the multiplication of
univariate polynomials so that its complexity can be estimated in terms of the multiplication function M.
The idea is called Kronecker’s substitution. It consists in computing

2n—1
H(z,y) = F(z,y) x G(z,y) = > hi(y)a’
i=0
from the univariate product
H(2* z) = F(2*,2) x G(2*?, z). (2.2)

Indeed, this product is
H(2**, x) = ho(x) + 2°%hy (z) + 2*ha(z) + - - - .

Since deg h; < 2d for all 4, the coefficients of h; are those of degrees 2id, ..., 2id + 2d — 2 in Eq. (2.2).

The polynomials F (224, z) and G(2%¢,x) have degree smaller than 2d(n — 1) +d < 2dn and thus the
product can be performed in M(2dn) arithmetic operations in K. Since the result has about 4dn coefficients,
this is quasi-optimal if FFT is used.
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Lecture 3

Euclidean Division and Newton Iteration

Summary

A first consequence of fast multiplication is that Euclidean division can also be performed efficiently.
This has many applications, to linear recurrences, to multipoint-evaluation and interpolation, themselves
at the basis of efficient algorithms by the evaluation-interpolation paradigm. At the root of fast division
is Newton’s iteration in a symbolic context, whose quadratic convergence leads to fast algorithms for
many other operations.

3.1 Euclidean Division

3.1.1 Definition and Naive Algorithm

The only two cases where Euclidean division are used in this course are integers and polynomials. For two
integers A, B in Z, Euclidean division produces two integers @, R in Z such that A = BQ+ R and |R| < |B|.
Similarly, for two polynomials A, B in K[X]| where K is a field, Euclidean division of A by B consists in
finding two polynomials @, R in K[X] such that

A=BQ+ R, degR <degB. (3.1)
In both cases @ is called the quotient and R the remainder. We use the notation
Q=AquoB R=AremB

and C = D mod B when (C'— D)rem B = 0.

For polynomials, the naive algorithm consists in recovering the coefficients one by one, starting from
those of highest degree. It is given in the Maple code in Fig. 3.1.

It is an exercise to verify that an invariant of this loop is that A = BQ + R at each entry. A variant of
the loop is that deg R decreases. Correctness and termination follow.

Lemma 3.1. If A, B belong to K[z] with deg A > deg B, quo and rem use a number of arithmetic
operations in K bounded by (deg A — deg B+ 1)(2deg B + 1).

Proof. By definition of the degree, the leading coefficient coB of B is not 0 so that the division in the com-
putation of ¢ in the loop is always possible. That division costs 1 arithmetic operation. The multiplication
by adee B—dee B does not use any arithmetic operation and neither does the addition of ¢ to Q. The compu-
tation of R — ¢B costs at most 2(deg B + 1) arithmetic operations: one for the multiplication and one for the
subtraction. However, it is known in advance that the coefficient of degree deg R in the result is 0 so that
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Figure 3.1: Naive Euclidean division

# Input: A,B: two polynomials

# xr: their wvariable

# Output: Q,R such that A= BQ + R and deg R < deg @
NaiveEuclDiv:=proc(A,B,x)

local da,db,Q,R,coB,c;

Q:=0; R:=A;
db:=degree(B,x); coB:=coeff(B,x,db);
do

dr:=degree(R,x);
if dr<db then return Q,R fi;
c:=coeff(R,x,dr)/coB*x~ (dr-db) ;
Q:=Q+c; R:=expand(R-c*B)
od
end:

only 2deg B operations are necessary. Adding the cost of the computation of ¢ shows that each iteration of
the loop costs at most 2deg B + 1 arithmetic operations.

The loop is repeated until the remainder has degree smaller than deg B, which takes at most deg A —
deg B + 1 iterations. Thus the total number of operations is bounded as announced in the lemma. O

3.1.2 Reduction to Inversion and Multiplication

Dividing Eq. (3.1) by B gives a sum of rational functions

A R
B Q-+ B
If these were rational functions with coefficients in R, then since deg R < deg B, an asymptotic expansion as
X — oo would begin with the coefficients of (). This observation is the starting point for the computation
of Euclidean division via fast multiplication.

Changing X into 1/X in Eq. (3.1) and multiplying by X 4¢84 gives an identity between polynomials:

XdeeAA(1/X) = X4 BR(1/X) X4 QQ(1/X) + X9 ER(1/X) xdeeA-dee R (3.2)

rev(A) rev(B) rev(Q) rev(R)

where the reverse rev(P) of a polynomial P is obtained in linear time (and with 0 arithmetic operations)
by changing the order of its coefficients. Note that the exponent of X in the last factor is deg A — deg R >
deg A — deg B = deg (@ so that the deg@ + 1 = deg A — deg B + 1 coefficients of ) can be determined
by working modulo Xd¢8 A—deg B+1 " The only operations that is needed is to invert the polynomial rev(B)
modulo this exponent of X.

3.1.3 Inverse mod X"

Given an polynomial P € K[X] such that P(0) # 0 and given N > 0 in N, the computation of the inverse of P
modulo X can be achieved by a divide-and-conquer algorithm thanks to the following.
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Lemma 3.2. If P € K[X] is such that P(0) # 0 and I € K[X] is such IP = 1+ XNQ for some
polynomial Q € K[X], then there exists R € K[X] such that JP =1+ X?N R, with

J =2 — I?P mod X?V.

Proof. By definition of J,

JP =2IP — I?P? mod X%V
=242XVQ - (1+2XVQ + X*N@Q?*) mod X2V
=1 mod X?V. O

This translates into the following Maple code.

# Input: A: power series
# xr: t1ts variable
# N : postitive integer
# Output: a power series S such that AS =1+ O(z)
InvMod:=proc(A,x,N)
local n,Ia;
if N=1 then return 1/eval(A,x=0) fi;
n:=ceil (N/2);
Ta:=thisproc(A,x,n);
return rem(2xIa-Ia~2%A,x"N,N)
end:

If C(n) is the number of coefficient operations performed by this algorithm, we see that
C(n) < C([n/2]) + 3M([n/2]) + An.

The term C([n/2]) comes from the recursive call (thisproc in the Maple code); since f is computed modulo
XT17/21its multiplication by a can be performed in two multiplications of polynomials of that degree, in
M([n/2]) each; the result af is 1+ O(X["/21)] so that t itself has valuation at least [n/2] and the last
multiplication of f by ¢ only costs an extra M([n/2]); the addition of f and ft have linear complexity; the
division by powers of X does not cost any arithmetic operation.

By the ‘master theorem of divide-and-conquer’, we deduce the following.

Proposition 3.1 (Sieveking 1972; Kung 1974). Given P € K[X] with P(0) # 0 and a nonnegative
integer N, one can compute Ip € K[X] of degree < N such that Ip x P = 1 mod X% in O(M(n))
arithmetic operations in A.

3.1.4 Fast Euclidean Division

Using this modular inverse, the algorithm for Euclidean division given in Fig. 3.2 is straightforward.
For the proof of correctness of this algorithm, write A, B, Q for the reverse of the polynomials A, B, Q
and Ig for the result of Algorithm InvMod on B at precision deg A — deg B+ 1. Equation (3.2) then rewrites

A= BQ + O(XdesA-des B+, (3.3)
The definition of Algorithm InvMod gives

IBB =1+ O(XdegAfdegBJrl).
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Figure 3.2: Fast Euclidean division

# Input: polynomial P and its wvariable x
# Output: x98 P P(1/x)
rev:=proc(P,X)
local i,deg;

deg:=degree(P,X);

add(coeff (P,X,deg-1)*X"1i,i=0..deg)
end:

# Input: polynomials A,B and their variable x
# Output: QQ,R such that A= BQ+ R, degR < deg(@
EuclDiv:=proc(A,B,X)
local Ib,Q,dq;
dq:=degree(A,X) -degree(B,X) ;
Ib:=InvMod(rev(B,x),X,dg+l);
Q:=rem(Ib*rev(A),X~(dg+1),X);
Q:=rev(Q,X);
return Q,expand(A-B*Q);
end:

Thus, multiplying Eq. (3.3) by Ip yields

IpA = Q+O(XdsA-des Bl
and since deg Q < deg A — deg B + 1, it follows that

Q = IBAredeEgAidegB"’l,

which is what is computed by the algorithm.

In terms of complexity, the computation of Iz costs O(degQ) operations for rev(B) mod Xde8@+!
followed by O(M(deg Q)) operations for the modular inverse. Next, the computation of ) uses one multipli-
cation and one reversion, again in complexity O(M(deg @)) operations. Finally, the computation of R uses
O(M(deg A)) operations. In summary, we have obtained.

Theorem 3.1. Euclidean division of two polynomials A, B in K[X] with deg A = O(n) and deg B = n
can be computed in O(M(n)) operations in K.

As a consequence, for any P € K[X], multiplication of two polynomials modulo P can be performed in
O(M(deg P)) operations in K: both polynomials can be taken modP and thus have degree < deg P, they

are multiplied in ( deg P) operations, which gives a result of degree < 2deg P and then taking the remainder
of the Euclidean division of that polynomial by P gives the result in another O(M(deg P)) operations.

3.2 Applications of Euclidean Division to Linear Recurrences

Fast Euclidean division leads to fast algorithms for solutions of linear recurrences with constant coefficients.

Definition 3.1. A sequence (up)nen of elements of a field K is called a linear recurrent sequence if there
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exist (ag, . ..,aq—1) in K such that it satisfies
Upid = Gg—1Untd—1 + -+ agun, n > 0. (3.4)

The polynomial P = X% — ag_1 X% 1 — ... —qg is called the characteristic polynomial of the sequence.

Ezample 3.1. These sequences are very common. Besides the classical Fibonacci numbers that satisfy
Fri9 = Fy41 + F),, one can mention

— the number of solutions (z1,...,z,) € N of the equation
c1Ty + -+ CrZy =N,
where cq, ..., c, are positive integers;
— the number of words of length n in any regular language;
— the entry (1,1) (for instance) in the matrix A™, where A is a square matrix;

— the sequence P(an + b) where P is a polynomial, for arbitrary a and b.

Given initial conditions (ug,...,uq—1) all the elements of the sequence are fully determined by Eq. (3.4).
Given N, one can thus compute uo, ..., uy in O(Nd) operations by unrolling the recurrence. We are going
to show the following.

Theorem 3.2. Given (ug,...,uq—1), a positive integer N and the coefficients a; of the linear recurrence
(3.4), one can

1. compute ug, . ..,un in O(NM(d)/d) arithmetic operations in K;
2. compute uy in O(M(d)log N) arithmetic operations in K.

Note that if one is using FFT, the first one has complexity linear in N and logarithmic in d; the second one
is quasi-linear in d and logarithmic in V.

3.2.1 Companion Matrix

A starting point in the design of efficient algorithms for linear recurrent sequence is to consider the companion
matrix of the characteristic polynomial.

Definition 3.2. If P = X% — a4y 1 X% ' — ... —qy, the companion matrix of P is the matric
00 ... 0 wao
1 0 0 aq
CP — 0 1 0 as
0 0 ... 1 ad—1

(Note that sometimes in the literature the transpose of this matrix is called the companion matrix.)
Two interpretations of this matrix are useful. First, a simple rewriting of the recurrence (3.4) shows that
for any n > 0,

(Unt1y -y Untd) = (Uny ooy Unta—1) - Cp. (3.5)

The next interpretation is given by the following.

27



Lemma 3.3. The companion matriz Cp of the polynomial P is the matrix of the linear map
Q + XQ mod P expressed in the basis (1,X,..., X971).

Proof. For the first d — 1 columns, this is a consequence of X*X = X?*! mod P. For the last column, it is
the fact that
Xt=ag+ -+ ag_1 X¥ ! mod P. O
Corollary 3.1. For all nonnegative integers i, k,
Wik = (WisUit1,- - Uird—1) - Vi,

where Vj, is the vector of coefficients of X* mod P.

Proof. Using Eq. (3.5) k times shows that

(Wihs - - igkgd—1) = (Uiy .- Uira—1) - Cp
and therefore
Uik = (WisUit1,- -5 Uird—1) - Vi,
with Vj, the first column of C%. The lemma shows that C% is the matrix of multiplication by X* mod P
expressed in the basis (1, X, ..., X9~1). Its first column thus has for entries the coefficients of X* mod P in
this basis. 0O

3.2.2 Modular Binary Powering
The corollary above leads to a simple algorithm for the computation of uy, using

(XN/2)2 mod P, if N is even,

XY mod P =
o {(X(Nl)/2)2X mod P, otherwise.

The complexity of this computation is governed by the inequality
C(N) < C(IN/2]) + O(M(d)),

whence C(N) = O(M(d) log N) arithmetic operations in K. The resulting algorithm, due to Fiduccia (1985),
translated in Maple, is given in Fig. 3.3.

3.2.3 Slices of Coefficients

One can compute simultaneously d consecutive coefficients of the linear recurrent sequence from Eq. (3.4)
at the cost of one multiplication of a fixed polynomial of degree 2d — 2 by a polynomial of degree smaller
than d (i.e., in 2M(d) operations) by a simple observation. If vy, ...,v4_1 are the coefficients of X* mod P,
then in the expansion of

(Ugd—2 + -+ +upX? %) (vo + 1 X + - +vg_1 X,
the coefficient of X29~% for 0 <i<d —1is
Vd—1Uitd—1 T Vd—2Ui+d—2 + -+ + VoU; = Uk,

where the last equality comes from Corollary 3.1. Thus the d elements (ug,...,ug+q—1) can be extracted
from one product in O(M(d)) operations. The resulting algorithm to compute the first N terms of the
sequence is given in Fig. 3.4.

Each iteration of the loop performs O(M(d)) arithmetic operations in K, giving the result in a total of
O(NM(d)/d) operations.
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Figure 3.3: Fiduccia’s algorithm: Nth element of a linear recurrent sequence

# Input: P,x: characteristic polynomial of the recurrence and its variable
# int: 1ist [ug, Ui, ..., Udeg P—1]
# N: positive integer
# Output: un
linrec:=proc(P,x,ini,N)
local i,q;
q:=binpow(P,x,N);
add (ini[i+1]*coeff(q,x,1i),i=0..degree(P,x)-1)
end:

# Input: p,x: polynomial and 2ts variable
# n: positive integer
# Output: x™ mod p
binpow:=proc(p,x,n)
local q,r;
if n=1 then x
else
q:=binpow(p,x,iquo(n,2,'r'));
if r=0 then rem(q~2,p,x) else rem(q~2+*x,p,x) fi
fi
end:

Figure 3.4: First N + 1 elements of a linear recurrent sequence

# Input: P: characteristic polynomial of a linear recurrence
# x: t1ts wvariable

# ini: list [ug,...,Udeg P—1]
# N : postitive integer
# Output: [ug,...,un]

linrecfirstterms:=proc(P,x,ini,N)
local d:=degree(P,x),V,u,i,j,k,S,A;
for i to d do uli-1]:=ini[i] od;
for i from 0 to d-2 do ul[d+i]:=-add(coeff(P,x,j)*uli+j],j=0..d-1) od;
A:=add (ul[i] *x~(2*d-2-1) ,i=0..2*d-2) ;
V:=x~(d-1);
for k to ceil(N/d) do
V:=rem(V*x~d,P,x) ;
S:=expand (A*V) ;
for i to d do ul[k*d+d-2+i] :=coeff(S,x,2*¥d-1-i) od
od;
[seq(ulil,i=0..N)]
end:
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3.2.4 Rational Functions

A fundamental result is that linear recurrent sequences and rational functions are equivalent.

Proposition 3.2. The sequence (uy,) is a linear recurrent sequence with characteristic polynomial P of
degree d if and only if the generating function U(X) = ano U X™ is

where P(X) = X?P(1/X) and deg No < d.

Proof. First, writing
P(X)U(X) = No(X)

and extracting the coefficient of X* for i > d shows that the coefficients w,, of U satisfy the linear recur-
rence (3.4).

Conversely, multiplying the recurrence by X"*¢ and summing for n > 0 gives a linear equation for U(X) =
Y n>o UnX", leading to the rational function representation. O

Example 3.2. A direct computation gives the generating function of the Fibonacci numbers:

m=1+x+2x2+3x3+5x4+...+pnxn+m.

It follows that given a rational function P/Q with deg @ = d and deg P < deg @, one can compute the
truncated expansion P/Q + O(X¥) in only O(NM(d)/d) operations in K by the algorithm above.

Notation 3.1. IfU(X) = up + w1 X + ..., we write [X"|U(X) to denote the nth coefficient of the power
series expansion of U.

3.2.5 Another Algorithm for the Nth Term

In 2021, Bostan and Mori designed a new divide-and-conquer algorithm computing the Nth term of a linear
recurrent sequence, that does not require the use of Euclidean division. This new algorithm plays a crucial
role in a fast composition algorithm in Section 3.5. It uses O(M(d)log N) arithmetic operations, which is
the same as Fiduccia’s algorithm from Section 3.2.2, but the new complexity hides a smaller constant factor
in the O() estimate. The starting point is Proposition 3.2, showing that it is sufficient to be able to extract
an Nth coefficient of the series expansion of a rational fraction P(t)/Q(t) with deg P < deg@ =: d (and
Q(0) #0).

The first step is to multiply numerator and denominator by Q(—t):

VPO PO
an = owacy

The motivation for doing so is that the denominator becomes an even polynomial:

where deg Q=d. Splitting the numerator into its even and odd parts does not use any arithmetic operation
and gives
P()Q(~t) = Ro(t?) + tPi(t?),
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with again deg Py < d, deg P; < d. Thus the quotient itself splits as
POQ(-1) _ R(f) | P(P)

g I~y )

QHR(-t) Q@) Q)

where the first term on the right-hand side is even, while the other one is odd. It follows that

N1 Po(t?) .
P [t 5 N even;
Q) | M) — V-1 2 oqd,

Q(t) Q(t)

In summary, this derivation gives the following basis for a divide-and-conquer algorithm:

Q(t) Q)

where in the right-hand side, the degree of the numerator and denominator obey the same bounds as in the
left-hand side, but now N is halved. The corresponding Maple code is as follows:

[tN]@ [tLN/zj]M

# Input: P,Q) polynomials in t
# t variable
# N nonnegative integer
# Output: [tV)(P/Q) the coefficient of tV in the
# Taylor ezpansion of P/Q at t=0
RatFunDAC:=proc(P,Q,t,N)
local k,Qm,Qt,PQm,Pt;
if N=0 then return eval(P/Q,t=0) fi;
k:=iquo(N,2,'isodd');
Qm:=subs (t=-t,Q) ;
Qt:=evenpart (Qm*Q,t,k) ;
PQm:=Qmx*P;
if isodd=0 then Pt:=evenpart ((PQm+subs(t=-t,PQm))/2,t,k)
else Pt:=evenpart ((PQm-subs(t=-t,PQm))/2/t,t,k)
fi;
thisproc(Pt,Qt,t,k)
end:

evenpart:=proc(S,t,k) # even part of S mod tF+!
local P,i;

P:=expand(S) ;

add(coeff (P,t,2%i)*t~1,i=0. .k)
end:

The complexity analysis is straightforward: the number of arithmetic operations with input N satisfies
C(N) < C(IN/2]) + 2M(d) = O(M(d) log N).

A variant of this method also produces t¥ mod Q(t) in O(M(d) log N) arithmetic operations, which can
be used as in Section 3.2.3 to compute a slice of coefficients of high index.

3.3 Evaluation and Interpolation

An important algorithmic paradigm in computer algebra is evaluation-interpolation: it consists of construct-
ing a polynomial by computing sufficiently many evaluations of it and reconstructing it by interpolation. This
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is the process that was used in polynomial multiplication by FFT, using roots of unity as the points where
evaluation took place. With n such points, FFT led to a complexity in O(nlogn) operations. The main
result of this section is that for n arbitrary distinct points, this process can be performed in O(M(n)logn)
operations.

Definition 3.3. Given n distinct points (a1, ...,ay) in a field K and a polynomial P € K[X] of degree
smaller than n, multipoint evaluation is the computation of (P(a1),...,P(ay)). The converse operation
1s interpolation.

Denoting by p; the coefficients of P, Horner’s rule evaluates P(t) as

P(t) = (- ((pnt + pn_1)t + pp_2)t +---) + po.

Using this method, each evaluation of P(a;) has complexity O(n), so that the naive multipoint-evaluation
algorithm has quadratic complexity.
Similarly, Lagrange’s interpolation gives P from its values (by,...,b,) as

P=S b0 A =[]0 - ) (36)
i A J#i
Thus an algorithm for this computation is

1. Compute A(X) =[[,(X — a,);

2. Deduce Ay,..., Ap;

3. Evaluate each A; at a;;

4. Compute the final linear combination.

By naive algorithms, each of these steps has quadratic complexity.

3.3.1 Product Tree

The starting point of a faster algorithm due to Borodin and Moenck (1974) is to construct what is called
the product tree, displayed in Fig. 3.5.

n
A=]||X-qa
i=1

(2] / n
Ac=]x-ay A=]] &-a
Pl i=[n/2]+1
7N\ N
X—a X—-a, X—a

n

Figure 3.5: Product Tree

It is a binary tree whose leaves store the X — a; and where each internal node stores the product of the
polynomials stored at the roots of its children. The recursive computation of this tree is displayed in Fig. 3.6.
By design, the complexity of this construction obeys

C(n) <2C([n/2]) + M(n),

whence a complexity C'(n) = O(M(n)logn).
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Figure 3.6: Product tree

# Input: list Pu ..... (uj
# r: variable
# Output: the product tree with leaves T — q;
ProductTree:=proc(L,x)
local k,left,right;
if nops(L)=1 then [x-op(L)]
else
k:=ceil(nops(L)/2);
left:=thisproc(L[1l..k],x);
right:=thisproc(L[k+1..-1],x);
[expand(left[1]*right[1]),left,right]
fi
end:

3.3.2 Fast Multipoint Evaluation

A basic observation is that if

n

P =Q(X)[[(X —a:) + R(X),

i=1
then the values of P at aq,...,a, are the same as those of R at these points. The multipoint evaluation
thus relies on the product tree and fast Euclidean division. Let 74 denote a product tree with A at its root
and let T4, and T4, be its left and right subtrees if it is not a leaf. Then the idea is to evaluate P mod A,
on T4, and P mod A, on 74,. The resulting algorithm is

# Input: p polynomzal in x
# T: a product tree with leaves T — a;
# Output: [p(ai),..., p(a,)]
EvalPol:=proc(p,T,x)
if degree(T[1],x)=1 then p
else thisproc(rem(p,T[2][1],x),T[2],x),
thisproc(rem(p,T[3] [1],x),T[3],x)
fi
end:

Thanks to fast Euclidean division, the complexity is easily seen to satisfy
C(n) < 2C([n/2]) + O(M(n)),
whence C'(n) = O(M(n)logn).
3.3.3 Interpolation

Dividing the Lagrange interpolation formula (3.6) by A(X) gives a partial fraction decomposition

1

X b
A’(ai) X — Cli’

P(
AX

):’ﬂ
)

i=1
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where again

The algorithm for fast interpolation is as follows:
1. Compute A by a product tree;
2. Deduce A’;
3. Compute (A'(ay),...,A'(ay)) by multipoint-evaluation;
4. Compute ¢; = b;/A'(a;) for i =1,...,n;
5. Compute the sum of ¢;/(X — a;) by a divide-and-conquer method;

6. Return its numerator.

Steps 2 and 4 have linear complexity O(n). Step 5 has a complexity C'(n) which satisfies C(n) < 2C([n/2])+
O(M(n)) and thus is in O(M(n)logn). This is also the complexity of Steps 1 and 3 by the previous sections.

It follows that the total cost is O(M(n)logn) arithmetic operations in K.
The Maple version is more explicit regarding the addition of rational functions.

# Input: a: a list [aq,..., an)
# b: a list [by,..., by)
# xr: a variable

# Output: a polynomial p(x) such that p(a;) =0b;, i=1,...,
Interpolate:=proc(a,b,x)
local T,Apr,i,n,c,pf;
n:=nops(a) ;
T:=ProductTree(a,x);
Apr:=[EvalPol (diff(T[1],x),T,x)];
c:=[seq(b[i]/Apr[i],i=1..n)];
pf:=AddFrac([seq(c[i]l/(x-a[il),i=1..n)]1);
normal (pf*T[1])
end:

# Input: a list of rational functions
# Output: their sum
AddFrac:=proc(L)
local k;
if nops(L)=1 then L[1]
else
k:=iquo(nops(L),2);
normal (thisproc(L[1..k])+thisproc(L[k+1..-1]))
fi
end:

3.3.4 Product of Polynomial Matrices

This is a natural application of the evaluation-interpolation paradigm. Given A, B two matrices in K[X]

with deg A and deg B smaller than n, the aim is to compute the matrix product AB.
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Later in the course, we will see the definition of feasible matriz exponent as a number w such that two
d x d matrices with entries in a ring A can be computed in O(d¥) operations in A. In principle w depends
on A, but with the currently known algorithms, it does not.

A direct use of a matrix multiplication algorithm over K[X] results in a complexity of O(d“M(n)) op-
erations. By contrast, evaluating both matrices at 2n points, multiplying the resulting scalar matrices and
interpolating the entries of the result leads to a better complexity of

O(d“n + d*M(n) logn).

3.4 Newton’s Iteration for Division

P

Vn
0 T 1
Yn+1 2 3
/ y
_14

Figure 3.7: Principle of Newton’s Iteration

The principle of Newton’s iteration is illustrated in Fig. 3.7. In order to solve the equation ¢(y) =0, a
good starting point yq is chosen and at each step one applies the following recipe:

1. take the tangent to the graph of ¢ at (y,, ¢(yn)), whose equation is
z=¢(yn) + ¢/(yn)(y — Yn);

2. take for y, 41 the intersection of that tangent with the x-axis.

This leads to the following formula for y,, 1, which is central to this lecture

_ P(yn)
¢ (yn)

Yn+1 = N(yn) =UYn

Ezample 3.3. This method was used by Newton himself in his Treatise of Fluzions published in 1671 to
solve Kepler’s equation
o(y) =2y —siny — 1.

With this value of ¢, the iteration becomes

2yn — sin(yn) — 1
2 —cos(yn)

Yn+1 = Yn —
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Starting with yo = 1.7, the first few iterates are

Yo = 1.7

y1 = 1.0384508857639334498

y2 = 0.89420244777681162624

ys = 0.88787359918134588142
ys = 0.88786221160760794737
ys = 0.88786221157086602403

where the digits in bold face are those of the solution. The number of correct digits roughly doubles
at each iteration. This is typical of quadratic convergence, where the error is squared at each step

(asymptotically).

3.4.1 Reciprocal and Division

The application of Newton’s method to
oy)=1/y—a

gives an iteration that does not use division to compute the inverse of a:

Yn+1 = Yn + yn(l - ayn)-

(3.7)

This iteration is illustrated in Fig. 3.8. On the left is the graph of ¢ (here a = 3); on the right is the graph

,6— T T T
Figure 3.8: Newton iteration for reciprocal

of N(y) =y + y(1 — ay), together with the first iterates.
The iteration (3.7) can easily be turned into a naive Maple code:

Inverse:=proc(a,y0)
local yprev:=0,ynew:=y0;
while ynew<>yprev do
yprev,ynew:=ynew,ynew+ynew* (1-axynew)
od;
ynew
end:
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Note however that although this code works, termination of such numerical code is in general difficult to
predict due to rounding errors in the floating-point computations.
The iteration (3.7) has quadratic convergence:

1—ayny1 =1—ayn —ayn(1 —ay,) = (1 —ayn)(1 —ay,) = (1 — ayn)2

oo (o)
~ = Ynt1=0a| — —Yn )| .
a a

The distance between y,, and the limit 1/a is squared, up to a constant factor, at each step.

An application of this iteration is the computation of Euclidean division for integers: given two positive
integers (a,b), the aim is to compute two integers (g,r) such that « = bg+r and 0 < r < b. A simple
method is to compute s := 1/b numerically to sufficient precision by Newton’s iteration and then compute
g = |sxa] and finally deduce r = a—bq. The symbolic variant of this idea was the basis of the fast algorithm
for Euclidean division of polynomials in Section 3.1.

implies

3.4.2 Truncated Power Series
We define a truncated power series as an expansion of the form
AX)=ap+ a1 X +---Fa, 1 X"+ O(X"M).

This means that the computation is performed modulo the polynomial X™. Addition of truncated power
series has linear complexity in n; multiplication has complexity O(M(n)), since it is sufficient to multiply
two polynomials of degree smaller than n and discard the coefficients of the monomials X* for k > n.

3.4.3 Reciprocal and Division of Truncated Power Series

It is now easy to recognize that the computation of the inverse of a polynomial mod X" in Section 3.1.3,
that was using the iteration
I+ 2] — I?P mod X2V,

is a special case of Newton’s iteration for the inverse
N(y) =y +y(l - ay) (3.8)

that is used to solve a — 1/y = 0, i.e., to compute 1/a.

Of course, given an algorithm for inversion, we obtain an algorithm for division by multiplying the
numerator by the inverse of the denominator and the conclusion is that division can be performed in O(M(n))
operations. It is therefore of the same complexity as multiplication, up to a constant factor.

3.5 Fast Composition of Formal Power Series
In the same way that algorithms for polynomials and integers are very similar, those for polynomials being
easier to state and prove, it is fruitful to consider formal power series as an analogue to real numbers. In

practice the truncated power series introduced earlier behave very similarly to floating-point numbers. These
objects are now introduced formally.

3.5.1 Definition

Definition 3.4. The set of formal power series with coefficients in a ring A is denoted A[[X]]. Its
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elements are the sequences of elements of A, i.e., the set AN. They are written in the form
o0
AX)=ap+ a1 X +asX?2+--- or AX)= Zain.
i=0

This set is given two operations:

oo oo (oo}
addition: > X+ b XTI = (a; + b)) X
i=0 j=0 i=0

o0 oo oo
multiplication: ZaiXi X ijXj = chXk, cLp = Z a;b;.
i=0 j=0 k=0 iti=k

The ring A here is not assumed to be commutative. This will allow us to consider matrices of formal power
series as formal power series with matrix coefficients. The sum symbols (>) are not meant to suggest any
kind of convergence in A. These formal power series are formal objects, a convenient way to manipulate all
the elements of a sequence. In the operations like the multiplication above, the coefficient of X* in the result
involves only finitely many of the coefficients of A and B.

By convention, we use small indexed letters (a;, b;,...) for the coefficients of the power series whose
name is the corresponding capital letter (A, B,...).

Proposition 3.3. The set A[[X]] is a ring.

Proof. The required properties (commutative group for +, associativity and distributivity of x and unit
element) are checked as in the case of polynomials. O

3.5.2 Limits

We will define iterations, like Newton’s iteration, operating on power series. This implies a notion of conver-
gence, not at the level of coefficients in A, but at the level of power series. Roughly speaking, a sequence of
power series converges when larger and larger numbers of initial coeflicients are fixed. One way of defining
limits without too much algebraic setup is the following.

Definition 3.5. The sequence (Sy,) of formal power series converges to the formal power series S if there
is an increasing sequence of nonnegative integers (ry) such that S =S, + O(X™).

One can deduce the existence of a limit S from a weak condition on the sequence (S,,).

Lemma 3.4. If Sp41 — S, = O(X™) for an increasing sequence of integers (ry,), then the sequence (Sy,)
converges to a formal power series S.

Proof. Fori € {rn_1,...,m, —1}, define s; as the coefficient of X* in S,,. By induction, the condition implies
that this is also the coefficient of X? in all S;, with & > n. Now define S as the power series S = sg+s1 X +- - -.
By definition of (u;), the formal power series S satisfies S — S,, = O(X"™), which proves the convergence of
the sequence (S,) to S. O

3.5.3 Composition
If F,G are in A[[X]] with go = 0, the composition F(G(X)) is defined by
F(GX))=fo+ LG+ fG*+ -
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This definition has to be interpreted as the limit of the truncated sum. It is meaningful because the summands
after frG* are all O(X**1) since gy = 0. The composition law gives a simple way to characterize the invertible
elements of the ring A[[X]] for multiplication.

Proposition 3.4. A € A[[X]] is invertible for multiplication if and only if ag € A is invertible.

Proof. If A is invertible with inverse B, extracting the coefficient of X" in the product AB = 1 gives agby = 1,
showing that ag is invertible.
Conversely, assume first that ag = 1. A direct computation shows that

I+X)1-X+X2-X34+..)=1.

Composing this identity with A(X) —1 shows that A is invertible. Finally if a is invertible, then B = ag 1A
is a power series with by = 1, making it invertible. It follows that A(B‘laal) = aOBB_laa1 = 1, showing
that A is invertible. O

3.5.4 Fast Composition

Given
F = fo—|-fl)(—|-...—y—O()(nqu)7 G:91X+"'—|-O(X"+1)7

the computation of the composition
F(G(X)) = fo+ 1G + f2G° +--- + O(X")

by the naive method uses O(nM(n)) operations. A faster method was designed in 1978 by Brent and Kung
who reduced the complexity to O(y/nlognM(n)) operations. Then, in 2024, Kinoshita and Li finally found
a quasi-optimal algorithm in O(M(n)logn) that we now present.

The starting point is that the expansion of a bivariate rational function with respect to another variable
has the composition has its coefficient of ¢™:

Tﬁg=ﬁh+h4H~~ﬁM6ﬂ+w+ﬁ@+~d

= fot (far + Gt 4 A (fo + LG+ 4 [uG)E" -

composition as a coefficient!

Then, the idea is to apply a divide-and-conquer computation of that nth coefficient as in Bostan and
Mori’s algorithm of Section 3.2.5, working modulo ™. This requires a distinction between the exponent n
of ™, which is fixed during the whole computation, and an exponent N of the expansions in ¢, that is halved
at each step of the divide-and-conquer computation. For this purpose, we introduce a new notation. Given
a formal power series

A=ag+art+---,

the last d coefficients up to and including that of ¢™ are extracted as follows:
j—z;‘vd (A) = an*dJrl + .+ antdfl'

With this notation, we are looking for %, 1 (rev(F')/(1 —tG)) mod z™. Basic properties of this operation can
be checked directly:

An—apit" " 4t = TITLE G(A), Fa(tFA) =F_ 4 A

and for a polynomial @,
Fd (QA) = Fa (QF drdeg @ (A))-
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Figure 3.9: Divide-and-Conquer Composition of Truncated Formal Power Series

# Input: P,Q polynomials in K[t], K|t,x]
# x,t variables
# m, N nonnegative integers
# Output: uxgﬂ”+l—k---+—axfm‘"1nodJJ
# where P(t)/Q(t,x) = ao+ a1t + - -
CompDAC:=proc(P,Q,x,t,m,n,N)
local k,dQ,Qm,Qt,PQm,Pt,rec,F,i;
if n=1 then
F:=series(eval(P/Q,x=0),t,N+1);
add(coeff (F,t,N-m+1+i)*t~i,i=0..m-1)
else
k:=ceil(n/2);
Qm:=subs (x=-%,Q) ;
Qt :=evenpart (Qm*Q,x,k) ;
dQ:=degree(Q,t);
rec:=subs(x=x"2,thisproc(P,Qt,x,t,m+dQ,k,N));
F:=rem(expand (Qm*rec) ,x"n,x) ;
add(coeff (F,t,dQ+i)*t~i,i=0..m-1);
fi
end:

# Compute f(g(x)) mod z™
composition:=proc(f,g,x,m)
local i,t;
CompDAC (add (coeff (f,x,m-1-i)*t~1,i=0..m-1),1-t*g,x,t,1,m,m-1)
end:

These show how many coefficients are needed during the intermediate computations, leading to a divide-
and-conquer algorithm:

(1 =5 L)

= N.m (Q(t, — )N, m-+deg, Q (%)) mod 2"

mod z(”/ﬂ>

> mod z",
z=x2

where Q(t, z) is defined by Q(t,22) = Q(t,z)Q(t, —z). In the last expression, the truncation order in z has
been halved, the degree of P is unchanged and the degree of Q is doubled. It turns out that this is sufficient
to obtain a good complexity for the algorithm deduced from this last equality, which is given in Fig. 3.9.

For the complexity analysis, we first note that P and N remain unchanged during a recursive call. We
write C(n, m, deg, Q) for the complexity, keeping track only of the parameters that change. This complexity
satisfies

C(n,m,deg, Q) < C([n/2],m + deg, Q, 2deg, Q) + M(2n deg, Q) + M(2n(m + 2 deg; Q)).

= ]'7-n+deg't Q—-1m (Q(t’ _m) ‘EV,erdng (Q(t Z

The last two terms are due to the multiplication Q(¢,z)Q(t, —x) and the final multiplication by Q(¢, —x).
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The ‘master theorem’ of divide-and-conquer does not apply to such a multi-indexed recurrence, but
following the same steps as in its proof yields the complexity. For this, we first recall the notation

(/211 = [n/2],  [n/2]ke1 = [[n/2]x/2]. (3.9)

We also make use of P the power of 2 that satisfies n < P < 2n.
The composition algorithm invokes the divide-and-conquer routine with input rev F'(t)/(1 — tG(x)), so
that the complexity of interest is C'(n,1,1). Using Eq. (3.9) gives

C(n,1,1) < C([n/2]1,2,2) + M(2n) + M(6n)

where we used the fact that M is increasing (a consequence of M(n 4+ n') > M(n) + M(n’)). Using Eq. (3.9)
again gives

C(In/211,2,2) < C(In/2]2,4,4) + M(4[n/2]1) + M(12[n/2]1)

<
S C([n/2—|2a4’4) + M(QP) + M(GP),

where the second line uses the fact that « — [z/2] is increasing. Injecting the last inequality in that for
C(n,1,1) gives
C(n,1,1) < C(In/2]2,4,4) + 2M(2P) + 2M(6P).

Iterating the same reasoning k times gives
C(n,1,1) < C([n/2]x, 2%, 2%) + kM(2P) 4+ kM(6P).

When k = log, n, one reaches the end of the recursion, where the complexity C(1,2%, 2¥) is that of a division
of truncated power series at precision N = n, thus is O(M(n)), giving

C(n,1,1) < O(M(n)) + logy n(M(4n) + M(12n)),
where we used again the monotonicity of M. In conclusion, since M(mn) < m?M(n) for any m, we have
C(n,1,1) = O(M(n) log n),

as was to be proved.

3.5.5 Differentiation and Integration

The definitions of differentiation and integration are made in such a way that they coincide with the familiar
ones for entire series.

Definition 3.6. If A = ap+ a1 X + --- € A[[X]] with A a Q-algebra, its derivative and its integral are
defined by

ZaiXi :Z(l+1)az+1Xl7 /ZaiXi :Zal;le

i>0 i>0 i>0 i>1
Recall that a Q-algebra is both a ring and a vector space over Q. Familiar examples are Q itself, C, the ring

of power series Q[[Y]] for another variable Y, or the ring M, (Q) of square matrices with rational entries.
By extraction of the coefficient of X* on both sides, the following identities are seen to hold:

/A’:A—ao, (/A)le.

41



Lemma 3.5. If F,G belong to A[[X]] with A a Q-algebra and go = 0 then

F(G(X)) = F'(G(X)G'(X).

Proof. The coefficient of X in both sides of the identity is the same as in the composition of the polynomials
obtained by truncating F and G after their ith coefficient (i.e., taking all the coefficients of index larger than i
as 0). It is therefore sufficient to prove the result for polynomials, for which it is classical. O

Ezxample 3.4. Classical examples of formal power series that behave like their counterpart from analysis
are the exponential and logarithm.

Definition 3.7.
X’n
exp(X) == ZF’ In(1+ X) ::/(1+X)’1.
n>0

It is a good exercise to prove the expected identities:
(exp(X)) =exp(X), In(exp(X))=X, exp(ln(l+X))=1+X.

The first one follows by inspection of the coefficient of X* for arbitrary i.
For the second one, by differentiation

1

= T feop() = 1) ) = exp(X) T exp(X) =1.

(In(exp(X))’

Integrating shows that In(exp(X)) = X — ¢, where ¢ is the constant coefficient of In(exp(X)), which by
the definition of In, is 0.
For the last one, let F' = exp(In(1 + X)). Then by differentiation

1+ X)F' =F.
Extracting the coefficient of X? in this identity gives
(i +1)fira+ifi=fi, i=>0.
With i = 0, we get fo = f1. Next, i = 1 gives fo = 0 and from there follows that f; = 0 for ¢ > 2. The

constant coefficient fj is obtained as 1 by the definition of exp.

Proposition 3.5 (Taylor expansion). Let A be a commutative Q-algebra and F,G,H be formal power
series in A[[X]] with go = ho = 0. Then

F(G+ H)=F(G)+ F'(G)H + 1«“”(6’)%2 +-

Proof. The proof is as the previous one. Extracting coefficients reduces to proving the identity for polyno-
mials, for which it is the classical Taylor formula. O

In this proposition it is important that A be commutative. Otherwise, even with a simple F like X2, one
gets
(G+H)?=G*+GH + HG + H?

and GH + HG is not necessarily equal to 2GH.
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3.5.6 Other Applications of Division of Power Series

*This section is not used in the rest of the course and can be skipped in a first reading. *

Logarithm

From U
n(1+U) = | —
n(1+0) / 1+ U’

we deduce an algorithm for the computation of the logarithm of a power series with constant term 1:
U’'+0O(X™) is obtained in O(n) operations in A from U; the division by 1+ U costs O(M(n)) operations in A
by Section 3.4.3; the final integration has again complexity O(n). Thus in total, the logarithm is computed
in O(M(n)) operations. This idea goes back to Brent in 1976. The code is as follows.

Log:=proc(s,x,n)
series(Int(series(diff(s,x)/s,x,n-1),x),x,n)
end:

Exponential

Brent also obtained the same complexity for the computation of the exponential of a power series F'. The
idea is to use Newton’s iteration on the equation

#(y) = F — logy,

which leads to
N(y) =y +y(F —logy).
The proof of quadratic convergence follows the same lines as before: if y = ef'(1 4+ 5), then

logy = F +1log(1+S)=F+ S +0(S?

and
N(y) =e"(1+9)(1 - S+ 0(5?%) = e (1+ 0(5?)).

So if § = O(X™) then N(y) — ef' = O(X?").
The corresponding Maple code is straightforward

Exp:=proc(s,x,n)
local y;
if n=1 then 1
else
y:=convert (Exp(s,x,ceil(n/2)) ,polynom) ;
series(y+y*(s-Log(y,x,n)),x,n)
fi
end:

The complexity analysis gives

C(n) < C([n/2]) + AM(n) + O(n)

(one recursive call, one computation of a logarithm, one multiplication, several additions) and the conclusion
C(n) = O(M(n)) follows again from the ‘master theorem’.

A combination of the logarithm and the exponential also allows to compute arbitrary powers via F'¢ =
exp(alog F) in O(M(n)) when this is well-defined.

43



3.6 More Newton Iterations
*This section is not used in the rest of the course, except in the tutorial that follows this lecture.*

3.6.1 Heron’s Iteration for Square Roots

Now the function whose zero is sought is
¢(y) =y* —a

1 n a
Yn+1 = 2 Yn Un )

which was known to Heron of Alexandria (ca 10-70 AD). The corresponding pictures are displayed in
Fig. 3.10.

and the iteration becomes

71 (y+aly)2

i 0 X > 3 |
\71_- i‘.
y

Figure 3.10: Heron’s iteration

and the code becomes

Heron:=proc(a)

local y,s:=a;
while y<>s do y,s:=s,(s+a/s)/2 od;
s

end:

Ezxample 3.5. The point yg = a is always a possible starting point for this iteration. In the case when
a = 2, the first few iterates are

Yo =2.

y1 = 1.50000000000000000000

Yo = 1.41666666666666666667

ys = 1.41421568627450980392
ys = 1.41421356237468991063
ys = 1.41421356237309504880

The quadratic convergence is easily seen:
1

1 a
n - =5 n_2 — ) =5 UYUn — 2~
Ynt1 —Va 5 (y Va+ yn> S (Yn — Va)
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3.6.2 Square Root

Consider a truncated power series
a=1+a X+ --+0(X™).

Then its square root can be defined by composition with the binomial (1 + X )1/ 2. Recall that Heron’s
iteration
1 a
Yn+1 = 5 Yn + y?

_ (yn N \/a)2
Yn+1 \/a - 2yn .
This leads again to a divide-and-conquer algorithm for power series

satisfies

Heron:=proc(a,x,n)
local f;
if n=1 then sqrt(coeff(a,x,0))
else
f:=thisproc(a,x,ceil(n/2));
f:=convert (f,polynom) ;
series((f+a/f)/2,x,n)
fi
end:

The complexity obeys C(m) < C([m/2]) + O(M(m)) and thus C(m) = O(M(m)). A similar method,
not presented here, applies to the computation of square roots of integers.

3.6.3 Solving Equations by Newton Iteration: An Example
Kepler’s equation reads
1.
Oly) =y — 5siny — = 0.

It has a solution with y(0) = 0 that admits a Taylor expansion T'(x) at = 0. Such an expansion can be
found by Newton iteration. This iteration reads

1 .
Yn — 5 SINY, — T

1
1—5cosyy

Yn+1 = Yn —

It is a consequence of the general Proposition 3.6 below that
T'=yn+ O(mk) =T =ypt1 + O($2k)'

Thus in order to compute T at precision NV, it is only necessary to compute truncations at smaller order of
previous iterates. If N is a power of 2, we get the successive iterates

y0:07
Y1 = 2x+O(m2) ,

Yo = 2 — %xB —|—O(x4),

4 44 2696
= O — o3 225 200 7 8
Y3 x 3x +15m 31596 +O(.’E)7

P ésc?’ n 4—4355 _ 2696957 81068339 _ 161293529511 23977559929513 90535608368 45
v 3 15 315 2835 155925 6081075 58046625

As in the case of the Heron iteration or the computation of inverses, if the target order is N, one does not
compute expansions up to a power of 2, but uses a divide-and-conquer iteration.

+ O(mlﬁ) .
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3.6.4 More General Equations

We now want generalize the previous example to solve an equation
o(X,Y) =0,

where @ is itself a power series in A[[X]][[Y]]. Again, Newton’s iteration applies under mild conditions,
leading to:

Proposition 3.6. Let ® € A[[X]][[Y]] be such that ®(0,0) = 0 and 0P/0Y (0,0) is invertible in A. Then
1. there exists a unique S € A[[X]] such that S(0) =0 and ®(X,S(X)) = 0;
2. if F € A[[X]] satisfies S — F = O(X™) for some n > 0 then S — N (F) = O(X?"), where

(X, F)

N(F) = F = 00/0Y (X, F)’

As a consequence of this proposition, if ®(X,F) and 0®(X, F') can be computed in O(M(n)) operations,
then the solution of the equation can also be obtained in O(M(n)) operations. This is in particular the case
whenever ® is a polynomial with respect to Y, i.e., ® € A[[X]][Y].

Proof of existence. The proof is constructive. Define the sequence S, by Sp = 0 and Sx11 = N(Skx). By
induction, S (0) = 0 for all k, which makes the iteration well-defined, as only composition with series with
constant term 0 are allowed and the 9®/9Y is invertible at (X, Si) because its constant term dPhi/0Y (0, 0)
is.

Next, by definition of Sky2, we see that

Sk+2 — Skt1 = O((X, Sk+1).

Finally, by Taylor expansion (Proposition 3.5),

B(X, 1) = B(X, Si) + o2 (X, 50)(Serr — S) + O(Seir — 1)) = O(Seir — Si)).

Thus by induction Sk+1— Sk = O(X 2k), showing the convergence of Sy. Taking limits shows that the limit S
satisfies S(0) = 0 and ®(X,S) = 0. O

Proof of quadratic convergence. We can now perform a Taylor expansion at S:

0

B(X,5) = 0=B(X,F) + 5

(X, F)(S = F) +O0((S — F)?).

It follows that

O(X, F)
(X, F)
= N(F)+0((S - F)?),

S=F-— +0((S - F)?)

proving the quadratic convergence. O
Proof of uniqueness. If ®(X, F') = 0 then the equation above shows that

S—F=0((S~-F)),
whose only solution with val ' > 0 is 0, by considering the valuations. O
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3.6.5 Inverse Composition

Finding G such that G(F) = F(G) = X when F is a power series with F/(0) = 0 and F’(0) invertible is the
special case of the previous result with ®(X,Y) = X — F(Y). The complexity of the resulting algorithm is
only O(M(n)logn) since the composition with F' can be obtained by composition of formal power series.

Additional bibliography
The following 3 references mentioned before contain variants of the content of this lecture:

Alin Bostan et al. Algorithmes Efficaces en Calcul Formel. Auto-édition, Sept. 2017. 1SBN: 979-10-699-
0947-2. URL: https://hal.archives-ouvertes.fr/AECF/

Joachim von zur Gathen and Jiirgen Gerhard. Modern computer algebra. 3rd edition. New York:
Cambridge University Press, 2013, pp. xiv+785. URL: http://www.cambridge.org/fr/knowledge/isbn/
item1170826

Donald E. Knuth. The Art of Computer Programming. 3rd edition. Vol. 2: Seminumerical Algorithms.
Computer Science and Information Processing. Reading, Mass.: Addison-Wesley Publishing Co., 1997,
pp- Xiv+762

For more information on the use of Newton’s iteration numerically for elementary functions, a good reference
is

Jean-Michel Muller. FElementary Functions: Algorithms and Implementations. 2nd edition. Birkh&user
Boston, 2006
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Lecture 4

Euclid’s Algorithm

Summary

Euclid’s algorithm computes the greatest common divisor. The extended Euclidean algorithm also
computes the cofactors. These allow to compute modular inverses. In turn, this is used in an effective
version of the Chinese remainder theorem. A truncated version of the extended Euclidean algorithm also
solves the rational reconstruction problem, including the important special case of Padé approximants.
All these algorithms have an efficient version in quasi-linear complexity.

4.1 Algorithm and Properties
4.1.1 GCDs and Euclidean Functions

Greatest common divisors can be defined in arbitrary commutative rings.

Definition 4.1. Let A, B be two elements of a commutative ring A. An element G € A is a greatest
common divisor (GCD) of A and B if G|A, G|B and for all C,

C|A and C|B = C|G.

While this gives a definition, more is needed to obtain an algorithm.

Definition 4.2. A function v : A — NU {—o0} is called a Euclidean function if for all A, B in A, with
B # 0, there exists Q, R in A such that

A=QB+ R, v(R)<v(B).
We will use the following notation: Q = Aquo B, R = Arem B.

The only examples that will be used in this course are

A=7Z and v=|-|;
A=K[z] and v =deg.

4.1.2 Euclid’s Algorithm

The classical version of Euclid’s algorithm is given in Fig. 4.1'.

1Buclid lived in Alexandria ca 300 B.C.; his algorithm has been called by D. Knuth “the granddaddy of all algorithms”. The
version for polynomials was known to Stevin in 1585.
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Input: A, B
Output: a gcd of A and B
1. Ry=A;R,=B;i=1;
2. WhileR; #0
R, =R,_remR;
i=i+1
3. ReturnR,_; .

Figure 4.1: Euclid’s Algorithm

The proof that this algorithm is correct relies on the following variants and invariants.

Lemma 4.1. For anyi > 1, if C|R;+1 and C|R;, then C|R;1. Moreover, for anyi > 1, v(R;) < v(R;_1).

Proof. The proof is by induction. If C|R; and C|R;41, then from
Riz1 = £QR; + Ri1+1

it follows that C|(R;+1 F QR;) = Ri+1. The property on v comes from the definition of rem. O

Corollary 4.1. Fuclid’s algorithm is correct and the number of iterations of the loop is bounded by v(B).

Proof. First, termination of the algorithm follows from the fact that v decreases at each step when R; # 0.
This also explains the bound on the number of iterations.

By the previous lemma, ged(R;i1, R;)|ged(Ri—1, R;) and ged(R;—1, R;)| gcd(R;y1, R;), proving their
equality. Therefore if k is the final value of i, ged(4, B) = ged(Rg—1, Ri) = ged(Ryk—1,0) = Ri—1, proving
the correctness of the algorithm. O

4.1.3 Extended Euclidean Algorithm and Bézout’s Identity

A small change in the algorithm allows to compute cofactors. The algorithm, already known to Euler in 1748,
becomes that of Fig. 4.2.
Its properties come from a simple invariant.

Input: A, B

Output: a gcd G of A and B
and U, Vst UA+ VB =G
1. Rg=A;R, =B;i=1;

2. Uy=1;V,=0U, =0V, = I;
3. WhileR; #0
Q;,=R,_; quo R;

Ry =R — QR
U/+] = [j[*] - Q[ U/: Vi+1 = V/?] - ini:
i=i+1

4. Return R;_{, U;_1, V.

4

Figure 4.2: Extended Euclidean Algorithm
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Lemma 4.2. For any ¢ > 0 during the algorithm,

U,A+V,B=R,.

Proof. The identity is satisfied for ¢ = 0 and 7 = 1 by definition of Uy, V, Uy, V7. Next, if the identity is
satisfied for i — 1 and 4, then
Riy1=Ri—1 — QiR;
= (Ui-1A+V;_1B) — Qi(U; A+ V;B)
= (Uic1 — QiU) A+ (Vie1 — QiVi)B
=Uit1A+ Vi B. O

Corollary 4.2. If G,U,V is the output of the extended Euclidean algorithm, then G = ged(A, B) and
G=UA+VB. (4.1)
Equation (4.1) is called Bézout’s identity.

Proof. The property on the gcd has been proved for Euclid’s algorithm. That part of the computation
is unaffected by the difference with the extended Euclidean algorithm. The identity then comes from the
invariant of the lemma. O

The main application of Bézout’s identity is that when G = 1, V is the inverse of B modulo A (and U
is the inverse of A modulo B). This allows to compute divisions in the ring A/(A) when they are possible
(ie, when the ged is 1).

Ezample 4.1. With A =1+ X2 and B = a + bX, Bézout’s identity gives
V(14 X?) + (a — bX)(a+bX) = a® + b%.

Thus the inverse of a + bX modulo 1 + X? is (a — bX)/(a® + b*). One recognizes the formula for the
inverse of complex numbers:
1 a —1b 9
=T (2=-1).
a+ib  a?+b?’ (@ )

Example 4.2. The computation of a modular inverse is the first step of the proof that algebraic power
series are differentially finite (and also the first step of the corresponding algorithm), in Lecture 6.

4.1.4 Bounds on Degrees

For the complexity analysis and for the design of efficient algorithms later, it is useful to control the sizes of
intermediate quotients and remainders. We focus on the case of polynomials, which is easier.

Proposition 4.1. When A = Klz] and G € {4, B}, the output (G,U,V) of the extended Euclidean
algorithm satisfies

deg(U) + deg(G) < deg B, deg(V) + deg(G) < deg A.

The proof is by induction from the following invariants.
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Lemma 4.3. When A = K[z] and deg A > deg B, the polynomials in the extended Euclidean algorithm
satisfy
deg(U;) + deg(R;—1) = deg B, deg(V;) +deg(R;—1) =deg A, i>2.

Note that for i = 1, the first equality in the lemma becomes deg 0+ deg A = deg B and does not always hold.

Proof. For ¢ > 2, we first prove

deg R;_1 > deg R;, (4.2)

degQ; = deg R;_1 —deg R; > 0, (4.3)
degU;+1 = deg U; + deg Q;, (4.4)
deg Vi1 = degV; + deg Q;. (4.5)

The first one follows from the property of the Euclidean division on the degrees, giving deg R;+1 < deg R;
for ¢ > 1 in the loop. The second one then follows again from Euclidean division since R; # 0.

Next, we prove two properties by induction: the equalities Eqgs. (4.4) and (4.5) and the inequalities
degU; > degU;_1 and degV; > degV;_1. For i = 2, the values Uy = 1,U; = 0,V5 = —Q1 # 0,17 =1
show that the inequalities hold. The identities follow since deg@; > 0 for ¢ > 2. In turn, they imply
degU;y1 > degU; and deg V1 > deg V.

For ¢ = 2, the identity

A=Q1B+ Ry
gives Us = 1, Vo = —(Q)1. Then degUs + deg R; = 0+ deg B = deg B; deg V> + deg B = deg Q1 + deg B =

deg Q1B = deg A, since deg Ry < deg B < deg A. Thus the identities in the lemma hold for ¢ = 2.
From Egs. (4.3) to (4.5), an induction gives

degU;+1 +deg R; = degU; +deg Q; +deg R;—1 — deg Q; = deg B
deg Vi1 +deg R; = degV; +deg Q; +deg R;—1 — deg Q; = deg A. O
Proof of Proposition /.1. Consider first the case when deg A > deg B. Let k be the last value of i in the

loop before R; becomes 0, so that the output of the algorithm is (G,U,V) = (Rg, U, Vi). If k = 1, then
G = B, which contradicts the hypothesis. Thus & > 2 and the lemma applies, giving

degU + deg R,_1 = deg B, degV + deg Rj,_1 = deg A.

The proof of the inequalities comes from Eq. (4.2) and Ry = G.
If deg A < deg B, then the first iteration of the loop produces @1 = 0 and (R1, Rz) = (B, A), from where
the algorithm proceeds as before, whence the result. O]

4.1.5 Arithmetic Complexity

The complexity of the extended Euclidean algorithm is quadratic.

Proposition 4.2. If A = Klz], Euclid’s algorithm and the extended Euclidean algorithm use O((deg A+
deg B)?) arithmetic operations in K.

Proof. Without loss of generality we assume deg A > deg B: otherwise, the first step of the algorithm obtains
0 as a quotient and Ry = Ry with no arithmetic operation, which corresponds to swapping A and B.

Euclid’s algorithm performs the successive divisions of R;_; by R;. By Lemma 3.1 in Lecture 3, the
complexity of these operations is bounded by

Z(deg Ri_1—degR; +1)(2degR; +1).

3
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Lemma 4.3 shows that deg R; < deg B and thus this sum is bounded by
(2deg B+1)) (deg R;i—1 — deg R; + 1).

The last sum telescopes and the number of steps is bounded by deg B ( Corollary 4.1), leading to
(2deg B + 1)(deg A 4 deg B) = O((deg A + deg B)?).
The extended Euclidean algorithm performs the same operations, plus the computations of U,_1; — Q;U;
and V;_1 — Q;V;. The cost of these operations is at most
2 (degQ; + 1)(degU; + 1+ deg V; + 1) :
i>1
one multiplication and one subtraction for each coefficient. Since degU; < deg B and degV; < deg A (by
Lemma 4.3), this is bounded by
2(deg A+ deg B +2) Z(deg Qi+1).
i>1
Now, from Eq. (4.3),
D degQ; = deg Q1 + deg Ry < deg A

i>1
and the bound on the number of iterations, the total number of operations for the computation of the U;
and V; is bounded by

2(deg A + deg B + 2)(deg A + deg B) = O((deg A + deg B)?). O

4.2 Chinese Remainder Theorem

Thanks to the computation of modular inverses (Bézout coefficients), the Chinese remainder theorem? be-
comes an algorithm. We first recall what is meant by this.

4.2.1 Theorem

Theorem 4.1. Let Iy,..., 1} be ideals of the commutative ring A such that I; + I; = A for all i # j.
Given rq, ..., in A, there exists A € A such that

A=r,mod I;, i=1,...,k.

Proof. We first show that for each i, there exists y; € A such that y; = 1 mod I; and y; = 0 mod I; for j # i.
From this, the result follows by considering

A=ryr+ -+ Tk

Consider first the case i = 1. Since for all j # 1, I; + I; = A, there exists b; € I; and a; € I; such that

bj +a; = 1. This implies that

H(aj + bj) =1.

A1
Modulo I3, the jth term of the product is equal to b;, and thus

Y1 = Hbj =1 mod I,
J#1

while y; is 0 modulo I; for j # 1. The construction of the other y; is the same. O

2 Already known to Sun Tsu in the 3rd century, for integers.
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# r list of residues
# p list of polynomials
# x variable
crt_naive:=proc(r,p,x)
local k:=nops(r),M,i,m,u,v,c;
M:=convert(p, *7);
for i to k do
m[i] :=quo(M,p[il,x);
gcdex(m[i],plil,x,ulil,v[il);
c[i] :=rem(r[il*ul[i],p[i],x)
od;
add(c[il*m[i],i=1..k)
end:

Figure 4.3: Chinese Remainder Algorithm

4.2.2 Algorithm when A = K][z] or Z

When A = Klz] or Z, the ideals are given by generators p; (these rings are principal), such that ged(p;, p;) = 1
for i # j. An algorithm that follows the proof closely is as follows:

1. Compute the product M =[], p;;

2. Deduce m; = M/p; for all i;

3. For all 4, compute u; such that u;m; + v;p; = 1;
4. Deduce ¢; = r;u; mod p;;

5. Return _ ¢;m;.

By design u;m; is 1 modulo p; and 0 modulo p; for j # 4. It plays the role of y; in the proof of the theorem.
Instead of returning > r;u;m;, the algorithm first computes ¢; which reduces the size of the result. The
result is still correct, since the product c¢;m; is 0 modulo p; for j # ¢ and r;u;m; mod p;.

In Maple and in the case of polynomials, this algorithm becomes that of Fig. 4.3.

4.2.3 Fast Algorithm

Interpolation is the special case of the Chinese remainder theorem where I; = (z — a;) for all i. We now
generalize the fast algorithm for interpolation of Lecture 3.

Product tree

The first step is the construction of a product tree (Fig. 4.4) whose leaves are the polynomials p;, that are
not restricted by be linear any longer.
The Maple code is almost the same as in the interpolation algorithm
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[k/2] / \ k
Af :=Hpi Ar = H Pi
L=l i=[k/2]+1
/7 N\ AN
P 1%) Pr

Figure 4.4: Product Tree

ProductTree:=proc(p,x)
local i,left,right;
if nops(p)=1 then p
else
i:=ceil (nops(p)/2);
left:=thisproc(p[l..i],x);
right:=thisproc(p[i+l..-1],%);
[expand(left[1]*right[1]),left,right]
fi
end:

Let n denote the sum of the degrees of the p;. Then the complexity of the recursive computation of this
tree obeys the recurrence

C(p1,-- oK) S CP1,- -, 01R/21) + COrR 21415 - - - PR) + M(n)

since besides the construction of both subtrees, only one multiplication is needed, with a result of degree n.
By induction, it follows that the complexity is bounded by the sum of M(n;) where n; are the degrees of the
polynomials at the nodes of the tree. On each of the [log, k] levels of the tree, this sum is n. In view of the
hypothesis on the multiplication function, it follows that the complexity is

C(p1,...,pr) = O(M(n)logk) = O(M(n)logn).

Fast simultaneous modular reduction

Given P, p1,...,pk, the next step computes (Prempy, ..., Prem py) using the product tree. This is done in
exactly the same way as in the fast multipoint evaluation of Lecture 3, and with the same proof.

EvalPol:=proc(P,T,x)
if nops(T)=1 then P
else thisproc(rem(P,T[2] [1],x),T[2],x),
thisproc(rem(P,T[3] [1],x),T[3],x)
fi
end:

SimultMod:=proc(P,p,x)

[EvalPol (P,ProductTree(p,x) ,x)]
end:
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The complexity inequality is the same as before:

C(pla s 7pk) < C(plv s 7p[k/21) + C(p[k/2]+l7 s 7pk) + O(M(n>)

The term O(M(n)) comes from both Euclidean divisions, each of complexity bounded by O(M(n)). With
the same inequality, the same bound O(M(n)logn) follows.

Final linear combination
The last step of the algorithm performs the following computation

M M
(c1y..yc)—~caa—+ -+ cg—,
p1 Dk

with degc; < degp;. This is, again, achieved by a divide-and-conquer algorithm using the product tree:

LinComb:=proc(c,T,x)
local k:=nops(c),r:=ceil(k/2);
if k=1 then c[1]
else expand(T[3] [1]*thisproc(c[1l..r],T[2],x)
+T[2] [1]*thisproc(c[r+l..-1],T[3],x))
fi
end:

Letting A, and A, denote the polynomials at the roots of the right and left subtrees, this algorithm
implements the identity

E
M Ay A
IR
i1 P i<[k/2] pi i>[k/2] ‘
Again, the complexity satisfies the same inequality, obtained by considering the degrees of the polynomials
in each summand. Whence again a complexity in O(M(n)logn) for that step.

Simultaneous Inverses

It is also possible to compute all the u; of the algorithm (the inverses of M /p; modulo p;) simultaneously as
follows

SimultInv:=proc(p,M,x)

local k:=nops(p),L,i,m,u,v;
L:=SimultMod (M, map(t->t~2,p),x); # L; = M mod p?
for i to k do

m[i] :=quo(L[i],p[i],x); # m; = M/p; mod p;
gcdex(m[i],plil,x,ulil,v[i]) # u, = A\/,I/,,/ mod p;
od;
[seq(ulil,i=1..k)]

end:

The point of the algorithm is that it is not possible to compute all the m; = M/p; in a quasi-linear
complexity, since their total size is quadratic. Instead, the algorithm first computes L; = M mod p? by the
simultaneous modular reduction above in O(M(n)logn) operations. From there, the m; are obtained from
the L; by an exact division in complexity O(M(deg p;)), whence for a total cost of O(M(n)), again by the
usual hypothesis on the multiplication function. The modular inverse is then computed and they are all
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returned. For the complexity of the modular inverse, we use the fast algorithm that will be given below,

which leads to a complexity in
O(M(deg p;) log deg p;)

for each p;, and therefore again for a total of O(M(n)logn).

Conclusion

Finally, the fast algorithm for the Chinese remainder theorem is

# r list of residues

# p list of polynomials

# x wvariable

crt_fast:=proc(r,p,x)

local T,M,u,i,c,k:=nops(xr);
T:=ProductTree(p,x); M:=T[1];
u:=SimultInv(p,M,x);
for i to k do

cli]:=rem(r[il*uli],p[i],x)

od;
LinComb([seq(c[i],i=1..k)],T,x)

end:

Gathering the complexity analyses of all the steps, we have proved.

Proposition 4.3 (Borodin & Moenck 1974). Given p,...,py in Klz] such that gcd(p;,pj) =1 fori #j
and giwen r1,...,r in Klz] with degr; < degp;, one can compute A € K[x] such that A = r; mod p; for
all i in O(M(n)logn), where n = degpy + - - - + deg p.

Similar algorithm and complexity result exist for integers.

4.3 Rational Reconstruction

Another important application of the extended Euclidean algorithm is a solution of the rational reconstruc-
tion problem.

4.3.1 Problem and Special Cases
Given A, B in K[z] with deg B < n = deg A and given k € {1,...,n}, the problem of rational reconstruction
is to find R,V in K[z] such that

ged(V,A) =1, degR < k, degV < n —k, = B mod A. (RR)

<I=

Useful and important approximants are obtained as special cases.

Definition 4.3. A Padé approximant of type (m,£) of a power series S € K|[z]] is a rational function
R/V with deg R < m, degV < ¢, V(0) # 0 and

gz S_,_o(xm-i-é-&-l).

This is a special case of rational reconstruction with A =2", B=Sk=m+1,n=m+/{+ 1.
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Definition 4.4. Given ((u1,v1),..., (Un,v,)) in K and k € {1,...,n}, the problem of Cauchy interpo-
lation is to find a rational function R/V with deg R < k, deg V] < n — k such that
R(u;)
V(ui)

= V4, ’L':L...,TL.

This is a special case of rational reconstruction with A =[] (z — u;) and B the interpolation polynomial of
the points.
4.3.2 Berlekamp-Massey Algorithm

This algorithm uses a Padé approximant to reconstruct a linear recurrence with constant coefficients from
its first terms. By Proposition 3.2 from Lecture 3, if u,, satisfies the linear recurrence

Up+d = Ad—1Un+d—1 +---+ apgUnp,,
then the generating series > u, X" satisfies

No(X)

UX) =D un X" = =2,
"0 P(X)
with deg Ny < d and B
PX)=1-ag1X — - —aoX"

This fraction can be reconstructed from the first 2d coefficients of the sequence. The algorithm is due to
Berlekamp and Massey around 1965.

# L: [ug,uq,...|

BM:=proc(L,u,n)

local N:=nops(L),m:=iquo(N,2),S,R,i,den,d;
S:=series(add(L[i+1]#*x~1,i=0..N-1)+0(x"N),x,N); # > w; T
R:=numapprox [pade] (S,x, [N-m-1,m]); # Padé of type (N —|X|—1,|%))
den:=denom(R) ; )
d:=max(degree (numer (R) ,x)+1,degree(den,x)) ;
add(coeff (den,x,d-i)*u(n+i) ,i=0..d)=0

end:

|\,‘/

Ezample 4.3. The simplest example is the sequence of Fibonacci numbers:

> L:=[1,1,2,3,5,8]:
> BM(L,u,n);

u(n)+un+1)—un+2)=0

The choice of d in the algorithm is due to the fact that the order of the recurrence must be increased if
it is not satisfied for the first coefficients: the sequence defined by uy = 1 and u,, = F,,41 for n > 1 has
for generating series

1-X?
n __
D w X" =
n>0
but it does not satisfy the recurrence above.

> BM([1,0p(L)],u,n);
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un+1)+un+2)—un+3)=0

4.3.3 Existence and Uniqueness of Rational Approximants

Uniqueness is clear: if
Ri Ry
— =—mod 4
[
with deg A = n, deg R; < k and degV; < n — k, then reducing to the same denominator implies that
A[(R1Va — RaV1),

but since that polynomial has degree smaller than n it follows that it must be 0, which implies that Ry /V; =
Ry /Vs.
Unfortunately, the problem of rational reconstruction does not always have a solution.

Example 4.4. With n = 3,k = 2,A = X3 B = X2 + 1, we are looking for V of degree at most 1, say
V =aX 4+b. Then
(aX +b)(1+ X?) =b+ ar +bX? mod X3.

The constraint ged(V, A) = 1 implies that b # 0 but then the right-hand side cannot be of degree < k.

However, the following simpler problem does admit a solution: given A, B in K[z] with deg B < n = deg 4
and given k € {1,...,n}, find R,V in K[z] such that

degR < k, degV <n—k, R= BV mod A. (SRR)

In other words, the constraint ged(A, V') = 1 is dropped and then, since V' is no longer necessarily invertible
modulo A, the equation R/V = B mod A is replaced by R = BV mod A which is always defined.

This problem admits a solution since, by extracting coefficients of powers of X, it is seen to be equivalent
to a linear system of n equations in the n + 1 coefficients of R and V.

4.3.4 Computation by Euclid’s Algorithm

Theorem 4.2 (McEliece & Shearer 1978). If (R;,U;,V;i); is the sequence computed by the extended
Euclidean algorithm on (A, B) and j is the smallest index such that deg R; < k, then

1. (R;,V;) is a solution of the problem (SRR);
2. if the problem (RR) admits a solution (R,V'), then R/V = R;/V}.
Proof. If
U;A+V;B = R;,
and deg R; < k < deg R;_1, then R; = V;B mod A and by Lemma 4.3,
degV; =deg A —deg Rj_1 < deg A — k.

This proves the first part of the theorem.
If (R,V) is a solution of the problem (RR), there exists U such that UA + VB = R. In matrix form

(w0 v) ()= (5)
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If that matrix was invertible, then Cramer’s rule would imply

A RV; — R;V
uv; -U;V
whose numerator has degree smaller than the degree n of A, a contradiction. It follows that UV; = U;V,
whence R U U R
~=_A+B=-2A4+B="1, O
A T 7

4.4 Fast Euclidean Algorithm

In terms of complexity, the main result of this lecture is that all the computations presented so far can be
performed in O(M(n)logn) operations. An analogous result for integers is available. Here is a more formal
statement.

Theorem 4.3. Given A, B in K[z] with n = deg A > deg B, let (U;,V;, R;); be the sequence computed
by the extended Euclidean algorithm. Then, in O(M(n)logn) operations in K, one can compute:

1. the sequence (Q1,...,Qp) of quotients;

2. ged(A, B) and the corresponding Bézout cofactors;

3. given k <n, (U;,V;, R;) with j minimal such that deg R; < k.
The rest of this lecture is devoted to an algorithm leading to a proof this result, under a simplifying assump-
tion.

4.4.1 1= 2&3

In matrix form, once the quotients are known, the inner loop of the algorithm performs a simple product

Ripyr Uipr Vi) _ (—Qi 1 R; U; Vi i1
R; U; Vi 1 0)\Ri1 Ui—1 Viei)’ -7
—_——

M;

B 0 1
:Mi...M1<A . 0), (4.6)

It follows that given the polynomials @Q);, the matrix product M; --- M; can be computed by a product tree
in O(M(D) log D) operations, where
D= degQ; < degA,

J<i

this last inequality coming from Eq. (4.3). If £ is the number of quotients computed by the algorithm, this
product gives
(0 Upy1 Ve+1>
G U v )

the last row thus contains the ged and the Bézout cofactors. (Observe that this also provides lem(A4, B) =
Uri1A = Vi1 B.)
Finding j minimal such that deg R; < k can also be done from the quotients: by Eq. (4.3),

J
degR; = deg A — Zdeng.

i=1

Once the index is found, the matrix product above gives the result in the desired complexity.
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4.4.2 Quotients from Truncation

A first idea towards a fast algorithm is that it is not necessary to know all the coefficients of polynomials in
order to compute their quotient. We use the following.

Notation 4.1. If A=ag+a1 X + -+ adegAXdegA is in K[X], we write
Alg = adeg aX B4 4o 4 agega_gXIBATT
This is the polynomial obtained from A by keeping only the d + 1 coefficients of highest degree.
We can now compare the quotient of A, B and that of A|q, B|qg.
Lemma 4.4. For 6 =deg A —deg B and d > ¢,
Alg = QBla+ R, with R'|g = R|¢, d =d — (deg A — deg R).
In words, the quotient is the same and the first d’ coefficients of the remainder are the same.
Proof. Recall from Lecture 3 that Euclidean division of A by B can be computed by series expansion from

X¥eAA(1/X) = X9 BB(1/B) X9 9Q(1/X) + X8 RR(1/X) Xdee A—des R

rev(A) rev(B) rev(Q) rev(R)

Replacing A and B by A4 and B|g amounts to truncating this expansion at order O(X9*1). The quotient
is recovered since d +1 > § = deg@. The second term in the right-hand side of the equality above has
valuation deg A — deg R and thus all the monomials of degree between deg A — deg R and d are recovered.
This shows that R|y = R|4. O

Corollary 4.3. For d > deg A+ deg B — 2deg R;, the first j steps of the extended Euclidean algorithm
on (Al|g, Bla) compute Q1,...,Q;.

Proof. Fori=1,...,7,if d; > deg R;_1 +deg R; —2 deg R;, which is nonnegative for ¢ < j since the sequence
of degrees decreases, then the lemma shows that one can compute @; from R;_1|4, and R;|4, and also obtain
Ry with

dit1

diy1=d; — (deg R;_1 —deg R 1)
> (deg Ri—1 +deg R; —2deg R;) — (deg Ri—1 — deg Rit+1)
= deg R; + deg Riy1—2 deg Rj.

Starting with d; given by the bound in the corollary is therefore sufficient to compute all Q;,i =1,...,5. O

4.4.3 Divide and Conquer

The basis of the efficient algorithm is to compute the product of the matrices

-Q; 1
M< 1 0>

from Eq. (4.6) by a divide-and-conquer approach from the formula

My, -+ My = (My -+ My yo141) - (My21 -+ - Ma),

Mz Ml
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# Input: (A, B) polynomials with deg A > deg B
# k in {1,...,deg A}
# T variable
# Output: the quotients (Qq,..., Qr)
# and the product of matrices My --- M.
hgcdnormalseq:=proc(A,B,k,x)
local m,d,L1,L2,P1,P2,Q,R;
if k=1 then
Q:=quo(A,B,x);
[Q] ,Matrix([[-Q,1],[1,011)
else
m:=ceil(k/2) ;d:=2*m-1;
L1,P1:=thisproc(cut(A,x,d),cut(B,x,d),m,x);
R:=map (expand,P1.Vector([B,A]));
m:=k-m;d:=2*m-1;
L2,P2:=thisproc(cut(R[2],x,d) ,cut(R[1],x,d) ,m,x);
[op(L2),0p(L1)] ,map(expand,P2.P1)
fi
end:

Figure 4.5: Half-gcd algorithm for a normal sequence

cut:=proc(p,x,d)
local n:=degree(p,x),i;

add(coeff (p,x,i)*x"i,i=n-d..n)
end:

Figure 4.6: Auxiliary truncation procedure

Ri+1 - : B
() = (3)

The outline of the algorithm reflects this splitting:

and reconstruct the required R; by

1. compute M; from A|4, B|q for an appropriate d;

B
2. compute (R 2111, R[ry21) by M- (A);

3. compute My from (Rpy/2141lar, Rrxs21la) for an appropriate d’;

4. return the product My - M.

4.4.4 Half-GCD for a normal degree sequence

(4.7)

The most common situation is the following one, where the algorithm is simpler to state and prove.
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Definition 4.5. The sequence R; produced by Fuclid’s algorithm has a normal degree sequence when
degR, =n—1i, 1=0,...,n.

In that case, the algorithm outlined above is given in Fig. 4.5. It uses a simple procedure cut given in
Fig. 4.6. Note that the only division takes place at the leaves of the recursion, when k& = 1. When invoked
with & = n, the algorithm returns the ged.

We now show the correctness of the algorithm. Since m = [k/2], Corollary 4.3 shows that d > deg A +
deg B—2deg R, = n+n—1-2(n—j) = 2m—1 is sufficient to compute Q1,..., Q. From there, the vector
(Rm+1, Rm) is computed by the matrix product (4.7). Since the sequence is assumed to have normal degree,
deg R, =n —m,deg R,,4+1 =n—m — 1 and Corollary 4.3 shows that d > deg R, + deg R,;,+1 —2deg R), =
n—m+n—m-—1-2(n—k)=2(k—m)—1 is sufficient to compute Q,+1,...,Qk and thus the second
recursive call is correct too.

Let C(i, k) be the complexity of the algorithm when invoked with (R;_1, R;) and k. Then the algorithm
leads to

C(i, k) <C(3, [k/2]) + C(i + [k/2],k — [k/2]) + AM(3n/2),

where the bound M(3n/2) comes from the fact that A and B have degree < n and the product My, --- M;
has entries of degree bounded by k = [n/2]. Since the degrees of the R; decrease with 4, the complexity
C(i+ [k/2],k — [k/2]) of the second call is bounded by that of the first one, leading to

Ci, k) < 203, [k/2]) + AM(3n/2),

and thus by the ‘master theorem’,
C(1,n) = O(M(n)logn).

This algorithm is due to Moenck (1973).

4.4.5 Half-GCD Algorithm — General Case

In the general case, one cannot depend on the normal degree sequence anymore. Instead of relying on an
a priori knowledge of the degrees, decisions are made from the degrees of the polynomials computed in the
recursive calls. The specification of the algorithm when called with A, B and k is that it returns Q1,...,Qp
with h such that

deg Ry, > deg A — k > deg Rp41-

Proving this invariant leads to the correctness of the algorithm given in Fig. 4.7. The proof is technical and
omitted here.

This algorithm was developed first for integers by Lehmer (1938), analyzed by Knuth and Schénhage in
(1971) and extended to polynomials by Brent, Gustavson, Yun (1980).

Additional bibliography

For the algorithmic aspects, the same two books mentioned in the introduction can be used. For a detailed
proof of the half-gcd algorithm, a good source is

Peter Biirgisser, Michael Clausen, and M. Amin Shokrollahi. Algebraic complezity theory. Vol. 315.
Grundlehren der Mathematischen Wissenschaften. Berlin: Springer-Verlag, 1997, pp. xxiv+618
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# Input: (A,B) polynomials with deg A > deg B

# k in {1,...,deg A}

# T variable

# Output: the quotients (Q1,...,Qk)

# and the product of matrices My --- M.

# with h s.t. deg Ry > deg A —k > deg Rp+1 -

hgcd:=proc(A,B,k,x)
local dA:=degree(A,x),dB:=degree(B,x),Q,m,d,L1,L2,P1,P2,R;
if k<dA-dB then [],Matrix([[1,0],[0,1]1])
elif k<=dA-dB then
Q:=quo(A,B,x);
[Q] ,Matrix([[-Q,1],[1,011)
else
m:=max (ceil (k/2) ,dA-dB); # prevents infinite loops
d:=2*m+dB-dA;
L1,P1:=thisproc(cut(A,x,d),cut(B,x,d) ,m,x);
R:=map (expand,P1.Vector ([B,A]));
if R[1]1=0 or degree(R[1],x)<dA-k then return L1,P1 fij;
m:=k- (dA-degree(R[2],x));
d:=degree(R[1] ,x)+degree (R[2] ,x)-2*(dA-k);
L2,P2:=thisproc(cut(R[2],x,d) ,cut (R[1],x,d) ,m,x);
[op(L1),0p(L2)] ,map(expand,P2.P1);
fi
end:

Figure 4.7: Half-gcd algorithm
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Lecture 5

Resultant

Summary

Resultants are polynomials that encode the non-triviality of gcds. They have applications in non-
linear elimination and in the computation with roots of polynomials when the polynomials are used as a
data-structure. Geometrically, they correspond to projection.

In this lecture, K denotes an arbitrary field, K[X]x the set of polynomials of K[X] whose degree is
smaller than k. The polynomials A and B are

A=qaoX" + - +a, € K[X],
B=byX™+ -+ by € K[X].

They are assumed to have degrees n and m and that (m,n) # (0,0). The resultant is a polynomial in the
coefficients a;, b; that vanishes exactly when A and B have common factors of positive degree.

5.1 Definition

5.1.1 First Criterion for the Existence of Common Factors

Lemma 5.1. The polynomials A and B in K[X] have a common factor of positive degree if and only if
there exist two polynomials U and V in K[X], not both 0, such that

AU + BV =0, degV < deg A, degU < degB.

Proof. Assume G = gcd(A, B) has positive degree. Then there exist A, B such that A = GA, B = GB and
AB — BA = 0 satisfies the degree constraints.

Conversely, we proceed by contradiction. If A and B do not have a common factor of positive degree, by
Bézout’s identity (previous lecture), there exists Uy, V7 such that

UiA+ViB =1.
Multiplying AU + BV =0 by V; gives

ViAU + ViBV =0
VAU + (1 -U;A)V =0
V=AUV —WU).
The polynomial V' is not 0 (otherwise the assumptions imply A = 0, which is incompatible with ged(A, B) =
1). The last identity then implies deg V' > deg A, a contradiction. O
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5.1.2 Sylvester’s Matrix

The previous lemma leads to considering the following matrix, introduced by Sylvester in 1840.

Definition 5.1. The Sylvester matrix of the polynomials A, B, denoted Syl(A, B), is the matriz of the
linear map

¢A,B : K[X]<m X K[X]<n — K[X]<n+m
(U, V)~ UA+VB

in the bases ((X™1,0),...,(1,0), (0, X" 1),...,(0,1)) and (X"Tm=1 ... 1).

This matrix has m + n rows and columns and its expression in terms of the coefficients of A and B is

ag bo
ar - by
Syl(4,B) = | a bo |,
(079 a1 bm b1
an, b,

with the first m columns involving the a;; the b; only appear in the last n.
By Lemma 5.1, Sylvester’s matrix is related to the ged as follows.

Lemma 5.2. deggcd(A, B) > 0 < det Syl(4, B) = 0.

Indeed, the existence of U,V in Lemma 5.1 is equivalent to the kernel of Sylvester’s matrix being nontrivial,
equivalently, the matrix being singular.
A more precise statement is possible.

Lemma 5.3. deggcd(A, B) = dimker ¢4 .

Proof. Let G be a ged of A and B, let A, B be defined by A = GA, B = GB. By definition of the ged, A and
B are relatively prime. Then if (U, V) is in the kernel of ¢4 5, UA+VB =0= GUA+VB) =UA+VB =0.
Since A B are relatively prime, this is equivalent to the existence of a polynomlal Q@ such that U = QB V=
—QA. Smce deg U < m, this polynomial Q has degree at most m —deg B = m — (m—degG) = deg G. Thus
the elements in the kernel of ¢4 p are in one-to-one correspondence with the polynomials in K[z|cdeg . O

5.1.3 Resultant

Definition 5.2. The resultant of the polynomials A, B in K[X] is the determinant of their Sylvester
matriz. It is denoted Res(A, B).

The resultant was introduced by Bézout in 1764.

Proposition 5.1. There is a polynomial R, ., € Z[Ao, ..., An, Bo, ..., By| such that
Res(A, B) = Ry, m(ao, - - - bm)-

In other words,
degged(A, B) > 0 < Ry m(ag, ..., by) =0.
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This polynomial R,, ,, is thus a ‘universal polynomial’. Over any field K, a pair of polynomials of degrees n
and m have a nontrivial ged if and only if their coefficients make R,, ,,, vanish.

Proof. This comes from writing the formula for the determinant as a sum over permutations. O

Example 5.1. f A=aX 4+ b, B =cX +d, then

Syl(A, B) = (‘b’ 2) — Res(A, B) = ad — be.

Ezample 5.2. Let A =aX? +bX +cand B= A" = 2aX +b. Then

a 2a 0
Syl(A,B)=[b b 2a| — Res(4,B)=—a(b* — 4ac).
c 0 b

The second factor is the discriminant. This example is generalized below.

Example 5.3. f A= X —a and B =0y X™ + - 4 by, then

1 0 0 bo
—a 1 0 I N
SYA,B)=| 0 —a4 -. 0 b, | — Res(A,B)=B(a).
1
0 0 —a by

This is obtained by expanding with respect to the first row and induction. A factor (—1)™ comes from
by being in the column of index m + 1, it is cancelled by another factor (—1)™ coming from the number
of —a in the diagonal of the remaining minor.

5.2 Properties of the Resultant

5.2.1 Resultant as a Linear Combination

When A and B are relatively prime, the resultant is a common multiple of the denominators of the Bézout
cofactors. More precisely,

Proposition 5.2. There exist U,V in K[X] such that
Res(A,B) =UA+ VB.

The coefficients of U and V' are integer polynomials in the coefficients of A and B.
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Proof. By linear combinations of the rows of Sylvester’s matrix, it follows that

ap bO
a by
Res(A, B) = o bo
Qp ay b, by
X™A(X) A(X) X"B(X) B(X)

and the conclusion follows by expanding with respect to the last row.

5.2.2 Homogeneity

Lemma 5.4. If A #0,

Res(AA, B) = A" Res(4, B), Res(A, AB) = A" Res(4, B).
Proof. This is a consequence of the multilinearity of the determinant.

5.2.3 Quasi-Symmetry

Lemma 5.5.
Res(B, A) = (—=1)™" Res(A, B).

Proof. This is the consequence of the fact that the determinant is an alternating form.

5.2.4 Poisson’s Formula
Proposition 5.3. The linear map

¥ KIX]/(A) = K[X]/(4)
V — VB mod A

has for determinant ag "™ Res(A, B).

Proof. Introduce the map of Euclidean division:
€A K[X}<n+m - K[X}<m X K[X]<n
P— (Q,R)st. P=QA+R
and consider the composition €4 o ¢4 5. We have

bA,B

caopap: (UV) 2B UA+VB 2 (U+ (VBquoA), VB mod A).

The corresponding matrices are

ag -0 0 1 . 0 *
* ’ _ 0 1
&4t a0] . 5 £A°¢A,B:
* 0 1 0 ’ MWB

Taking the determinants on both sides gives the result.
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5.2.5 Multiplicativity
Proposition 5.4. If By, By in K[X] have positive degree, then

Res(A, B1B3) = Res(A, B1) Res(A, Bz).
Proof. This is a consequence of Poisson’s formula, since ¥, 5, = ¥p, © ¥B, - O

5.2.6 Expression in the Roots

This is possibly the most useful result in this lecture.

Theorem 5.1. If A=ag(X —a1) - (X —ay), B=by(X —B1) - (X — Bm), then

Res(A, B) = al'bp H H —B;) = H )™ H A(B)).

1=17=1

Proof. The second equality is a consequence of homogeneity, multiplicativity and Example 5.3. The first one
follows from the expansion of B and the third one from the first one. O

5.2.7 Discriminants

The discriminant is a polynomial in the coefficients of a polynomial A that detects multiple roots.

Definition 5.3. The discriminant of A = ao [[;—,(X — a;) is

_ aon 2]:[ _ (71)n(n71)/2a8n—2 H(a

i<j i#)
Proposition 5.5. A(A) is a polynomial in the coefficients of A and
Res(A, A') = (=1)""=D/24,A(A).

Proof. Again by the theorem,
Res(A,A") = af ™! HA’ (aj),

and by expansion of the derivative,

A'(ay) = ag H(O‘J

i#]
Proposition 5.1 shows that agA(A) is a polynomial in the coefficients of A. But ag divides the resultant,
since it is a factor of the first row of Sylvester’s matrix. O

5.3 Computation of the Resultant

Since the resultant characterizes the polynomials with a nontrivial ged, it does not come as a surprise that
there is a strong relation between the resultant and Euclid’s algorithm.
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Proposition 5.6. If A = BQ + R, with n > m > deg R, then

Res(A, B) = (—1)™" by~ 48 " Res(B, R).

Proof. Remark that, for any V' € K[X],

VAmod B=VR mod B.

Hence, by Proposition 5.3 (Poisson’s formula),

by ™ Res(B, A) = by 8" Res(B, R),

and one concludes by quasi-symmetry. O

A first elementary algorithm for the resultant follows from a recursive use of the proposition:

euclres:=proc(A,B,x)
local R:=A,S:=B,res:=1,T;

end:

while degree(S,x)>0 do
T:=rem(R,S,x);
res:=res*(-1) ~(degree(R,x)*degree(S,x))
*1coeff (S,x) " (degree(R,x)-degree(T,x));
(R,8):=(8,T)

od;

if S=0 then O # non-trivial gcd

else S~degree(R,x)*res # last res. is a constant
fi

Recall from the previous lecture that it is possible to compute all the quotients in the Euclidean algorithm
by the half-gcd algorithm. Using these quotients gives a fast algorithm for the resultant:

# deg A > deg B
fastres:=proc(4,B,x)
local d,Q,alpha,ell,i;

end:

d[0] :=degree (A,x) ;alpha[0] :=1coeff (A,x);

Q:=hgcd(A,B,d[0],x) [1]; ell:=nops(Q);

for i to ell do d[i]:=d[i-1]-degree(Q[i],x) od; # d, = deg R,
if d[ell]>0 then return O fi; # a; = lcoeff(R;)
for i to ell do alphali] :=alphali-1]/1lcoeff(Q[i],x) od;
(-1)~add(d[i-1]*d[i],i=1..ell-1)*alphalell]~d[ell-1]*

mul (alphal[i]l~(d[i-1]-d[i+1]),i=1..el1-1)

First, the quotients are computed in O(M(n)logn) operations. From the quotients, the degrees of the
remainders are computed in O(n) operations, and similarly for their leading coefficients. Finally, using the
formula of the proposition gives the result in O(n) more operations. We have thus obtained:

Theorem 5.2. Given A, B in K[z] withn = deg A > deg B, then the resultant Res(A, B) can be computed
in O(M(n)logn) operations in K.
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5.4 Bivariate Resultant

Up to now, the resultant has been defined for polynomials with coefficients in a field. An extension to a
more general setting is as follows.

Definition 5.4. If A, B belong to the ring A = K[X,Y], one defines Resx (A, B) = det Syl(A, B), with
A, B viewed in A = K(Y)[X].

By the proof of Proposition 5.2, there exists U,V in A such that
Resx(A4,B) =UA+ VB e K[Y].
It follows that if there exists z,y such that A(z,y) = B(z,y) = 0, then R(y) = 0. We now consider the

converse question: if y is such that R(y) = 0, does there exists  such that A(z,y) = B(x,y) = 07

5.4.1 Geometric Interpretation

First, observe that under appropriate conditions, the value of the resultant at a point is the value of the
resultant between the polynomials evaluated at that point.

Proposition 5.7 (Specialization). If A, B are in K[X,Y], and R = Resx (A4, B), then for any y € K,
ao(y) # 0 and bo(y) # 0 = Res(A(X,y), B(X,y)) = R(y).
Proof. The conditions imply that deg A(X,y) = degy A and similarly for B. Thus the Sylvester matrix of

A(X,y), B(X,y) is the specialization of that of A(X,Y), B(X,Y) and the conclusion follows from the same
specialization property for the determinant. O

We can now conclude on the existence of common zeros.

Theorem 5.3 (Extension). If K is algebraically closed, A, B are in K[X,Y] and there exists y € K such
that
ao(y)bo(y) # 0 and Resx (A, B)(y) =0,

then there exists x € K such that
A(z,y) = B(z,y) =0.

Note that by exchanging the roles of X,Y one would similarly obtain a polynomial that vanishes at the
abscissas of the common solutions.

Proof. By the previous proposition,
Resx (A> B)(y) = ReS(A(Xa y>7 B(X7 y))

If this vanishes, ged(A(X, y), B(X,y)) has positive degree in X. Since K is algebraically closed, it has roots z,
where A(x,y) = B(z,y) = 0. O

Geometrically, this means that the resultant vanishes on the projection of an intersection: its zeroes
correspond either to points of the projection on the y-axis or to points where one of the leading coefficients
vanishes (corresponding to projective solutions). This reasoning extends to K[X,Yy,..., Y] for £ > 1.
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Figure 5.1: Intersection of two Curves

Ezample 5.4. With A = XY —1, B = X2Y +Y? — 4, the set defined by A = B = 0 in R? is given by the
intersections of the blue and red curve in Fig. 5.1.
The computation of the resultant gives

Y 0 Y
Resx(A,B)=|-1 Y 0 |=Y(Y®-4Y +1).
0 -1 Y2

Tts roots correspond either to the vanishing of the common factor Y of the leading coefficients of A, B or
to the ordinate of the intersections, i.e., their projection on the y-axis.

Another observation that can be made in this example is that the resultant is not necessarily the small-
est degree polynomial that can be obtained by linear combination of A, B with polynomial coefficients.
Indeed, one can find that

YB— (XY +1)A=Y?—4Y + 1.

(An algorithm for doing so will be given in Lecture 10.)

5.4.2 Construction of Polynomials with Prescribed Roots

The use of bivariate resultants gives tools to construct polynomials that cancel sums, products, or quotients
of roots of polynomials, without knowing these roots.

Proposition 5.8. If A=ag(X —aq)-- (X —ay), B=0by(X — 1) (X — Bm), then

Resx (A(X), B(T — X)) = a'b H — (i + B5))

Resx (A(X), X"B(T/X)) = ag'bs | | (T — if35)

0,J

If ged(A,C) =1,

Resy (A(X),C(X)T — B(X)) = ag ™ P42 O Reg(4, 0V [ | <T L (O‘?)) .

%

Proof. This is a corollary to Theorem 5.1.
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The polynomial A(T — X)) has for roots T' — «;. The first formula is then obtained by the first formula
of the theorem.
Substitution in the expression for B gives

X"B(T/X) =b [[(T - 8:X).

From this and the second formula of the theorem, the second result follows.
Still by the second formula of the theorem, using the fact that degx (C(X)T—B(X)) = max(deg B,deg C),
one obtains

Resx (A(X),C(X)T — B(X)) = ay ™ P4 TT(C (o) T — B(ow)).

=1

Since ged(A, C) = 1, none of the C(«a;) is 0. They can thus be factored out, giving

aglax(deg B,deg C) ﬁ C(Oéi) ﬁ (T - ggzz;) .

i=1 i=1

The theorem also gives

Res(A, C) = ay°&® HC a;),
which gives the last formula. O
5.4.3 Degree Bounds
These bounds are used in the design and analysis of an efficient algorithm for the resultant.
Proposition 5.9. Let A, B be in K[X,Y].
1. If dy = degy A, dp = degy B, then degRes(A, B) < mda + ndp;
2. ifdys =deg A, dp = degB, then degRes(A, B) < dadp.

Proof. The first statement follows from the expansion of the determinant.
For the second one, considering the degree of the entry (4,5) of the Sylvester matrix gives

da—n+i—j (j<m),

deg(Syl(4, B); ;) <
eg(Syl(A, B)i ;) {dB+i—j (> m).

It follows that for any permutation o,

m+n m m-+n

> deg(SYl(A, B)oy ) <Y (da—n+0a(G) =)+ Y. (dp+0o(j) —j)

Jj=1 j=1 j=m+1
<mdA+ndBfmn+Z Zj
ZdAdB—(dA—n)(dB—m)SdAdB. O

5.4.4 Bivariate Resultant

In view of the importance of the resultant in bivariate elimination, we give a last result on the complexity
of this operation. Consider two polynomials A, B in K[X, Y] with degy B = m < degy A = n and degy A,
degy B of degree at most d. By Proposition 5.9, the degree of Resx (A, B) is bounded by D := 2nd. A
simple evaluation-interpolation algorithm is as follows
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1. Evaluate the coefficients of A and B at D + 1 points;
2. Evaluate D + 1 univariate resultants;

3. Interpolate.

With the complexities of respectively, the multipoint evaluation, the resultant, and the interpolation, this
whole algorithm has complexity

O(nSM(d) log(d) + DM(n)logn + M(D) log D) = O(n%d),

where the notation O means that the logarithmic factors are dropped, and this estimate comes from using
multiplication based on FFT.

This has been the best complexity for a very long time, until 2018 where G. Villard gave an algorithm
in O(n'*8d) operations in K, under some genericity assumptions.

Additional bibliography

A very clear introduction to the resultant can be found in

Serge Lang. Algebra. 3rd edition. Vol. 211. Graduate Texts in Mathematics. New York: Springer-Verlag,
2002, pp. xvi+914

Note however that for simplicity, we made the choice of focusing on matrices with entries in a field, which is
not the case in Lang’s book and in a large part of the literature.

Another nice book for these questions and many more is

D.A. Cox, J.B. Little, and D. O’Shea. Ideals, varieties, and algorithms. 4th edition. Springer New York,
2015
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Lecture 6

Linear Recurrences and Differential
Equations

Summary

Linear recurrences and differential equations with polynomial coefficients provide a data-structure for
their solutions. In particular, they enjoy closure properties that lead to the automatic proof of identities.

In this lecture, K is a field of characteristic 0 (such as Q,C or Q(t)). We note [z"]A(x) the coefficient

of 2™ in the polynomial or power series A(z).

6.1 Definitions and Examples

6.1.1 Linear Recurrences

Definition 6.1. A sequence (an)n>0 of elements of K is called polynomially finite (or P-finite) if it
satisfies a linear recurrence of the form

pa(n)antda + - +po(n)a, =0, n>0,
with p; € K[n] and pg # 0. The integer d is called the order of the recurrence.

Ezxample 6.1. The Fibonacci sequence that satisfies Fj, o = F,, 11 + F,, and more generally any sequence
solution of a linear recurrence with constant coefficients is P-finite.

Ezample 6.2. The Harmonic numbers H,, = Y., _, 1/k satisfy

1
n+1

Hn+1 - Hn -

and therefore
(n+1)Hpp1—(n+1)H, =1

and then by subtracting this from its shifted value at n + 1:
(n+2)Hpyo — (2n+3)Hpy1 + (n+1)H, = 0.

More generally, if (a,) is a rational sequence, v, = Y, _, ai is P-finite, by the same derivation. More
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generally, if (a,) is P-finite, then b, = > ,_, a; is P-finite too: it satisfies the recurrence obtained by
replacing a,, by b, — b,_1 in Definition 6.1.

Ezample 6.3. The sequences n!, 1/n!, (27:’), C, = %_H(%?) (the Catalan numbers) are P-finite, with
recurrences

ant1—(n+1)a, =0, (n+Dapt1—an, =0, (n+1)apt+1—2(2n+1)a, =0, (n+2)an+1—2(2n+1)a, =0.

More generally, any quotient of products of factorials of the form (an + b)! with a a positive integer is
P-finite, with a recurrence of order 1.

The definition demands a homogeneous recurrence (the right-hand side of Definition 6.1 is 0), but there is
no loss in generality in doing so.

Lemma 6.1. If (a,)n>0 in KN satisfies
pa(n)anta + -+ +po(n)an = q(n), n =0, (6.1)
with ¢ and p; in K[n] and pg # 0, then (a,) is a P-finite sequence.
Proof. If q(n) = 0 there is nothing to prove. Otherwise, this is as in the example of Harmonic numbers:
shift and subtract. Shifting gives
pa(n+ Dapygrr + -+ po(n+ Dapsr =gn+1), n>0.

Multiplying both sides of this recurrence by g(n), both sides of Eq. (6.1) by ¢(n + 1) and subtracting give a
homogeneous linear recurrence for (a,), whose leading coefficient pg(n + 1)g(n + 1) is nonzero. O

Sometimes a linear recurrence is not satisfied by the first few values of the sequence. Still, again, the sequence
is P-finite.

Lemma 6.2. If (a,) € KN satisfies
pa(n)an+a + - +po(n)a, =0, n>K >0,

with p; in K[n] and pg # 0, then (a,) is P-finite.

Proof. Multiply both sides of the recurrence by the nonzero polynomial n(n —1)---(n — K +1). O
The key to proving identities between sequences — that are infinite objects — from recurrences — that are

finite objects — is to use the fact that the solution of a recurrence is unique, once sufficiently many initial
conditions are known, and provided the leading coefficient does not vanish.

Proposition 6.1. If (u,) and (v,) are two sequences in K that both satisfy
pa(n)anta+ - +po(n)a, =0, n=>0,

with p; in K[n] and pg # 0, then

aozbo,...,ad_lzbd_l _
vimt "} = e = )
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Proof. The proof is by induction on n. The identity is satisfied for n < d and the condition that p; does not
vanish on the elements of N shows that a,14 is determined by the previous values for all n € N. O

This proposition will often be used to prove that a sequence is 0, by constructing a linear recurrence it
satisfies and checking that all initial conditions are 0.

In terms of computation, recognizing that a sequence is P-finite lets one compute its nth term or its first
n terms in low complexity as seen in previous lectures: given the initial conditions, assuming that 0 & pg(N)
and that the degrees of the coeflicients p; are bounded by m, one can

— compute ug, . .., uy in O(NdM(m) log m/m) arithmetic operations by using multipoint evaluation from
Lecture 3 to evaluate the coefficients;

— compute uy in O(d*M(N/2m!/2)1log(Nm)) arithmetic operations, using the baby steps-giant steps
method seen in Lecture 3;

— compute uy in O(d“Mz(mNlog N + Nlogd)log N) bit operations when the coefficients p; belong
to Q[n] by the method of binary splitting seen in Tutorial 1.

Lower complexity estimates are available in the case of linear recurrences with constant coefficients. They

are left as an exercise.

6.1.2 Linear Differential Equations

Definition 6.2. A power series A € K[[z]] is called differentially finite (or D-finite) if it satisfies a linear
differential equation of the form

pr(®) AT (z) + - + po(z) A(z) = 0, (6.2)
with p; in K[z] and p, # 0.
Ezample 6.4. Many elementary functions have Taylor series that are D-finite (by extension, we say that
these functions are D-finite). For instance, this is the case for
exp(z), log(l+z), sin(z), arcsin(z).
Ezample 6.5. If R is a rational function with R(0) = 1, then for any @ € Q, R® is D-finite, with differential

equation
Ry — aR'y=0.

Example 6.6. As a large part of physics is governed by the Laplace operator, that is linear, many of the
‘special functions’ of mathematical physics are D-finite. This is the case for the Bessel functions, Airy
functions, Struve functions, Weber functions,. ...

Example 6.7. Another source of D-finite power series is provided by combinatorics. In this situation,
the power series of interest are generating functions, which means that the coefficients are nonnegative
integers that count objects of some type. The Catalan numbers above are a special case: they count
binary trees with n nodes. Other examples come from lattice path enumeration.

Here is the analogue of Lemma 6.1.
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Lemma 6.3. If the power series A € K|[x]] satisfies a linear differential equation of the form
pr(@) AT (@) + -+ + po(2) A(x) = q(w)

with ¢ € K(x) and p, # 0, then A is differentially finite.

Proof. Differentiate both sides of the equation, multiply by ¢ and subtract the equation multiplied by ¢’.
Finally, multiply by a common denominator of all coefficients. O

Useful characterization

The field of fractions of the integral domain K[[z]] is the field of Laurent series.

Definition 6.3. A Laurent series is a formal series of the form

Z apz”, mng € 7.

n>ngo
The field of Laurent series with coefficients in K is denoted K((x)).

Compared to formal power series the difference is that the valuation can be a negative integer.
The following gives a way to prove that a power series is D-finite.

Proposition 6.2. A formal power series A € K[[z]] is D-finite if and only if A, A’, A" ... generate a
finite-dimensional vector space over K(z) in K((x)).

Proof. If A is D-finite, it satisfies a linear differential equation like Eq. (6.2). This implies that A s a

linear combination of A, ..., A”~Y with rational function coefficients —p; /p,. By successive differentiation,
it follows by induction that for any k& > r, A®*) belongs to the vector space generated by A, ..., A=),
Conversely, if A, A’, A”, ... generate a vector space of dimension r, then the r+1 power series A, A’, ..., A"

are linearly dependent over K(z) and therefore satisfy a linear relation of the form
¢r (@) A" - 4 goA =0,

with g; rational functions in K(x), not all 0. Multiplying by a common denominator gives a linear differential
equation of the type (6.2). Moreover, the leading coefficient ¢, is not 0: if it was, there would exist a
differential equation of order smaller than r, and by the previous part of the proof, the dimension of the
vector space generated by the derivatives of A would also be smaller than r. O

While this result is useful in proofs, the actual computation of linear differential equations relies on linear
algebra in the underlying finite-dimensional vector space.

Notation 6.1. In this lecture, we denote by V4 the vector space generated by A, A’,... and by dy its
dimension.:
Va =VectK(m)(A,A',A”,...), da = dim Vy.

Equivalence

A source both of linear differential equations and of linear recurrences is the following.

Theorem 6.1. The formal power series A(x) = > <, anx™ is differentially finite if and only if the
sequence (ay,) is polynomially finite. B
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Proof. In both directions, the proof is an algorithm.
Recall the notation [2™] A(z) for the coeflicient of 2™ in the power series A(z). By convention, [z"]A(x) = 0
when n < 0. By induction on ¢ and j, it follows that

"7 AD(2) = (n—j4+1)--- (n— j+ i) [z" T I A(z).

Equation (6.2) can be written in the form
> il AV(@) =0,
0,J
where the sum is finite. Extracting the coefficient of ™ in both sides gives

ZCLJ’(”—J‘+1)"'(n—j+i)an+i—j:0, n € Z. (6.3)
,J

When n is such that n + ¢ — j is negative, this equation becomes 0 = 0. For n smaller than min; ;(j — %), it
gives a linear relation between the first coefficients of A. For n larger that this value, it gives a recurrence.
Lemma 6.2 then shows that (a,) is polynomially finite.

Conversely, if (a,) is the sequence of coeflicients of a formal power series A(x), then multiplying the
recurrence (6.1) by 2™ and summing over n with the help of the relations’

> nlana” = (:c;i)i A(z),

n>0
j—1
n__ A(x)faofa1x7~~faj_1x]
Qn4;T = ,’L‘j
n>0

leads to a linear differential equation with polynomial coefficients and a rational right-hand side. The
conclusion follows from Lemma, 6.3. O

Ezample 6.8. Since n! is a polynomially finite sequence, > - nlz™ is a differentially finite power series.
Convergence is not a relevant issue in these matters.

Ezample 6.9. By Example 6.5, (1 + x)® is differentially finite. Translating the differential equation
(1+2)y —ay=0
into a recurrence gives
(n+1)cpy1 + (n— a)e, =0.
This is a first-order linear recurrence satisfied by

Cn = (Z) al@—1)---(a=n+1)

- n!

9

as can be checked by substitution in the recurrence.

Ezample 6.10. The same idea lets one compute high-order coefficients of the polynomial

(1+2)*N1 424 2%V,

IThe notation (zd/dz)? means that the operator xd/dx is iterated i times. For instance (xd/dx)?A(z) = x(zA’)’.
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Indeed, this polynomial satisfies the linear differential equation

y:1+z 14+x+a2?

y' 2N LN 142z

Reducing to the same denominator gives
(I+z+22)A+2)y — N1+ 2z +23) + N1+ 22)(1 +2))y = 0.
Extracting the coefficient of ™ gives the recurrence
(n+3)unts — (BN —2n — 4)upy2 — (BN — 2n — 2)up41 — (AN — n)u, = 0,

with which it is easy to compute the first &k coefficients (or just the kth one) for k = N for instance, more
efficiently than by expanding the polynomial.

The algorithms following from the proof of the proposition are implemented in the Maple package gfun under
the names diffeqtorec and rectodiffeq. They also keep track of the initial conditions if they are given in
their input. This simplifies the task of dealing with a computation such as the ones above.

Ezample 6.11.

> f:=(1+x)~alpha;

fi=(142)
> diff (y(x),x)=normal (diff (f,x)/f)*y(x);
d o ayx)
da‘y(x) 14z

> gfun:-diffeqtorec({%,y(0)=1},y(x) ,u(n));
{(—a+n)u(n) + (n+ Lu(n + 1),u(0) = 1}

P:=(1+x) ~ (2%N) * (1+x+x~2) "N;

Vv

Pi=1+2)M1+a+a2H)V

> rec:=gfun:-diffeqtorec({diff (y(x),x)=normal (diff (P,x)/P)*y(x),y(0)=1},y(x),u(n));

{(=4N +n)u(n) + (-5N +2n+2)u(n+1) + (=3N +2n+4)u(n+2) + (n + 3) u(n + 3),

u(0) = 1,u(1) = 3N, u(2) = gj\ﬂ — ;N}

6.2 Closure Properties
6.2.1 Sum and Product of Differentially Finite Power Series

Theorem 6.2. If A, B in K[[z]] are differentially finite, and o € K, then aA,A + B and AB are
differentially finite.

Proof. 1. Since the differential equations considered here are linear, if A is a solution of such an equation,
S0 is aA.
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2. Let V4 and Vg be defined as the vector spaces generated by the derivatives of A and B. Then by
induction, for any k£ € N,
(A+B)*) = A® L B® c v, 4+ Vp

and the dimension of V4 + Vg is at most ds + dp, showing that all the derivatives of A + B belong to a
finite-dimensional vector space and thus that A + B is differentially finite.
3. By Leibniz’s rule,

k
(4B)® =3 (k) 4 glk—i)
1

=0
€ Vecty () (ADBY | i < dya,j < dp)

and that vector space has dimension bounded by dadpg. O

The algorithm underlying these proofs consists in constructing a matrix whose entries are the coordinates of
the successive derivatives of the power series of interest in the generators ((A®, B®) for the sum, (A® BW))
for the product) and then looking for the kernel of that matrix when it has more columns than rows. In
Maple, this is implemented the the function poltodiffeq of the package gfun.

Identities are proved using this theorem by constructing a linear differential equation and checking initial
conditions.

Ezample 6.12. Simple identities concerning linear differential equations with constant coefficients can be
obtained without even constructing the equations. For instance, here is a simple proof that

sin’x + cos?z = 1.

The starting point is ¢y’ 4+y = 0 that is satisfied by both sin and cos. Next, if y is a solution of this equation
then y2, yy’, y'? generate the vector space of derivatives of y2: all of them have a derivative that is a linear
combination of the other ones. Thus sin? and cos? satisfy the same linear differential equation, that has
order at most 3. Since it is linear, their sum sin® + cos? is also solution to this equation. Adding —1 gives
a power series whose derivatives generate a vector space of dimension at most 3 + 1 = 4. It follows that
sin’ + cos? —1 satisfies a linear differential equation of order at most 4. Moreover, all the computations
involve only constant coefficients, so that this equation has constant coefficients. In particular the leading
coefficient does not vanish at 0 and the Cauchy-Lipschitz theorem (also called Picard-Lindel6f theorem)
applies and shows uniqueness of the solution given the first 4 initial conditions. Now, a direct computation
shows
sin? x + cos?z — 1 = O(2?),

showing that these initial conditions are 0 and concluding the proof of the identity.

Ezample 6.13. We derive the identity

n! x2n+2

Q) (n+D2nt2 (64)

(arcsin(z))? = Z

n>0

with intermediate computations in Maple. Let f = arcsinxz. From f' = 1/v1 —z? it follows as in
Example 6.5 that f is differentially finite:

> f:=arcsin(x):

> diff(f,x);

V1—22
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> deq:=diff (y(x) ,x,x)=normal (diff (%,x) /%) *diff (y(x),x);

d? x d
@y(x) T2 %y(f)

This equation will be used to rewrite all instances of 4 in terms of 3’.
By direct computation using this equation, derivatives of linear combinations a(x)y?+b(x)yy’ +c(z)y’
are of the same form:

2

> diff(y(x)~2,x);

> subs(deq,diff (y(x)*diff(y(x),x),x));
d 2 ay(e) ()
(dx(x)) 21

> subs(deq,diff(diff(y(x),x)"2,x));

7 (@)’
2

This gives a matrix

> M:=Matrix([[0,0,0],[2,x/(1-x"2),0],[0,1,2*x/(1-x"2)11);

0 0 0
2 —a:g—o—l 0
0 1 ¥y

which is such that the derivative of a vector with coordinates a(z), b(z), c(z) in the generators y(z)?, y(z)y' (), v'(z)?

is obtained by differentiation and multiplication by M. Thus starting with y(z)?, we get the successive
derivatives in this basis:

> H[0] :=Vector([1,0,0]):
> for i to 3 do H[i]:=diff(H[i-1],x)+M.H[i-1] od;

0
Hl = 2
0

2 622
Hy:=| 3 + (—22+41)?
6x
—x2+1

This produces 4 vectors in dimension 3. A linear dependency is obtained by looking for the kernel of the
matrix

> Matrix([seq(H[i],i=0..3)1);

82



1 0 0 0

2z 2 622
0 2 71’2{%1 —xz241 —’—6 (7I2T+1)2
00 2 S

The differential equation is given by the coordinates of a vector in its kernel:

> op(LinearAlgebra[NullSpace] (%)) ;

r2—1

z2—1

> add (h[il*diff (y(x), [x$(i-1)]),i=1..4);

%y(x) 3z (%y(r)) 3
2 —1 2 -1 - ﬁy(m)

This differential equation satisfied by arcsin(x)? can now be translated into a linear recurrence for its
Taylor coefficients:

> gfun:-diffeqtorec(%,y(x),c(n));

(n*+2n+1)c(n+1)+ (—n® —5n—6) c(n+ 3)

> collect(subs(n=n-1,%),c,factor);
n?c(n) — (n+2) (n+ 1) c(n + 2)

From this linear recurrence and the initial conditions ¢y = 1,¢; = 0, the formula (6.4) follows.

Corollary 6.1. If A, B in K[[z]] are differentially finite, the truncated product AB + O(z™) can be
computed in O(N) operations.

This is to be contrasted with O(M(N)) for arbitrary power series.

Proof. From the linear differential equations satisfied by A, B, one computes a linear differential equation
for the product AB and from there a linear recurrence for its coefficients. Unrolling this recurrence leads to
the O(N) complexity. O

6.2.2 Sum and Product of Polynomially Recursive Sequences

The analogue of the previous theorem is the following.

Theorem 6.3. If (a,) and (b,) are polynomially finite sequences in KN and o € K then (aay,), (an + by)
and (anby) are polynomially finite.

In Maple, this is implemented in the function poltorec of the package gfun.

Proof. Let (a,,) and (b,,) satisfy the linear recurrences

pa(n)ania+---+po(n)a, =0, n>0,
q5(n)bpys + -+ qo(n)b, =0, n>0.
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Since pg and ¢s are nonzero polynomials, there exists K € N such that ps(n)gs(n) # 0 for n > K. Then for
k€N,

ik = rgk_]l(n)an+d,1 4+t r([)k] (n)ap, n>K

anrk = Sggkf]l(n)anréfl + -4+ Sgc] (n)bna n > K7

with rgk] and sgk] rational functions whose denominators do not vanish in N.
It follows that for n > K, the shifted sequences (@, 1% + bn+x) can be rewritten as linear combinations of
the shifted sequences (a,4;) and (b,4,) for i < d, j < ¢ and similarly for the products (an4xbn+x) in terms
of (@p4ibnt;) for i < d,j < §. By Lemma 6.2, these sequences are polynomially finite. O

Ezxample 6.14. Cassini’s identity on the Fibonacci numbers
FuioFo = FRyy = (=1)",  n>0

is proved exactly in the same way as sin® + cos? = 1 above, by counting dimensions. Since the recurrences
have constant coefficients, there is no need to discuss the largest integer root of the leading coefficient.

As a consequence of the theorem above, another closure property holds for differentially finite power
series.

Definition 6.4. If A =3 a,z™ and B =) b,a™ are two power series, then their Hadamard product is

AGOB= Z anbpz".
n>0

Corollary 6.2. If A and B are two differentially finite power series, then so is their Hadamard product
AOB.

Proof. Since A and B are differentially finite, their sequences of coefficients (a,) and (b,,) are polynomially
finite. By the previous theorem, so is their product (a,,b,) and thus the power series Y a,,b, 2" is differentially
finite. O

Ezxample 6.15. Mehler’s identity for the Hermite polynomials,

oo ur exp(—4u(xyffiiz+y2)))
n! V1 — 4u? ’

was proved in Lecture 1 using the linear recurrence for the Hermite polynomials and closure properties
of sequence. Alternatively, one can start from the generating function

%7; = exp(z(2z — 2))

H,(z) := Z H,(x)

n>0

and use closure by Hadamard product, writing the left-hand side of Mehler’s identity as

H,(2) © Hy(z) ® Z nlz".

The resulting computation is as follows:
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> fl:=exp(z*(2%x-2)):
> deql:=gfun:-holexprtodiffeq(fl,f(z));

deql = {(—2z + 22) f(2) + %f(z),f(O) =1}

> deq2:=subs(x=y,deql) :
> deq3:=gfun:-hadamardproduct(deql,deq2,f(z));

2

deq3 = {(—16xy +162) f(z) + (82° + 8y — 12) (if(z)) + (—4zy — 82) (ddz2 (z)>

3 4
+3% (2) + 2 (;;f@)) ,f(0) =1, D(£)(0) = 4oy, DD (£)(0) = 822y — 42 — 4y? + 2}

> deq4:=gfun:-hadamardproduct (deq3,
gfun:-rectodiffeq({u(n+1) - (n+1)*u(n) ,u(0)=1},u(@) ,£(2)),£(2));

. d
{(—16zy 2 + 8%z + 8y®z + 162° — dwy — 42) f(2) + (162" — 82 + 1) (dzf(z)> L f0) =1}
This is a linear differential equation of order 1, whose solution reduces to integrating a rational function,
whence the result

> dsolve(deq4,f(z)) assuming z>0,z<1/2;

—<4m?/z;—(mz+y)2 1
2z+1)(2z—1 [
€ 2z1D) (224D

eim27y2

f(z) =

6.3 Algebraic Power Series

Besides rational power series (whose coefficients satisfy linear recurrences with constant coefficients, see
Lecture 3) and their rational powers (Example 6.5), a large class of differentially finite power series is
provided by algebraic power series.

Definition 6.5. A power series A € K[[z]] is algebraic if there is a nonzero polynomial P € K[z, y] such
that P(z, A(x)) = 0.

Ezxample 6.16. Many generating functions coming from combinatorics are algebraic. This is the case for
the generating series of the Catalan numbers

1—\/1—437_2 1 2n
2z _n>0n+1 n)’

that count binary trees with n nodes; the Schréder numbers, with generating series

1—2—+V1—6x+ 22

5 =1+ 2z + 622 + 222% + 90z* + - - -
X

and many other ones. A large class is provided by the number of words of length n in an unambiguous
context-free language.

85



The main result is that such series are differentially finite, with an explicit bound on the order of the
differential equation.

Theorem 6.4 (Abel 1827; Cockle 1860). If A € K[[z]] satisfies a polynomial of degree < d, then it
satisfies a linear differential equation of order < d.

Proof. Let P(z,y) be a nonzero polynomial of minimal degree in y such that P(xz, A) = 0. By Bézout’s
theorem (see Lecture 4), there exist two polynomials U,V in K(z)[y] such that

v 4
dy

(P having minimal degree and K having characteristic 0, P is relatively prime with its derivative with respect
to y.) Differentiating the equation P(z, A) = 0 with respect to x gives

op , op,

Multiplying by V(z, A) gives
A= —V(ac,A)g—J;(ac7 A).
Taking the remainder of the Euclidean division of the right-hand side by P(z, A) shows that
A’ € Vectg(y)(1,A,..., AT
By induction, it follows that for all k£ > 0,
AR € Vectg (o) (1, A4, ..., AT,

This shows that A is differentially finite. O

Corollary 6.3. If A is an algebraic power series, then the truncated power series A(z) + O(x™) can be
computed in O(N) arithmetic operations in K.

This complexity is to be contrasted with the complexity O(M(N)) that would be obtained by Newton’s
iteration.

Proposition 6.3. If F € K][z]] is differentially finite and A € zK[[z]] is algebraic, then the composition
F(A) is differentially finite.

Proof. From the previous proof, it follows that
AP € Vectg (1) (1, 4, ..., A1)

for all k € N, where d is the degree of a nonzero polynomial cancelling A. By the chain rule, it follows by
induction that
dk
dak

which concludes the proof. O

(F(A(z)) € Vectg() (FW(A)AT |0 <i <dp,0<j<d),

86



Ezample 6.17. Tt follows without any computation that many power series are differentially finite, like

) x 1—+v1—-4x 1+
sin 1—2 , exp| ———— |, arctanh| = il e

2 —x

6.4 Solutions of Linear Recurrences

The closure properties presented before allow to compute with solutions of linear recurrences using the
equations as a data-structure. Still, there are cases when it is useful to detect solutions of a special type as
a sub-step in other algorithms. We now present algorithms that decide the existence of solutions of given
types: either they find one or they prove that none exists.

6.4.1 Space of Solutions

Again, we consider the recurrence
pa(M)antd + - +po(n)a, =0, n>0, (6.5)

with polynomial coefficients p; € K[n] and pg # 0. We first consider the set of all sequences that are
solutions of this recurrence. This is slightly different from the more familiar setting of linear recurrences
with constant coefficients, as the dimension of the space of solutions can be larger than the order of the
recurrence.

Proposition 6.4. The set V of solutions of Eq. (6.5) in KN is a K-vector space and its dimension satisfies
d<dimV <d+ card H,
where H = {k € N | pg(k) = 0}.

In the rest of this section, we make the assumption that this set H can be computed (this is not a difficulty
for the fields K that we encounter in this course).

Proof. When n & H, a4 is determined by the recurrence and thus for n larger than K := max({0,...,d —
1} U H), the sequence is determined by its previous values. The values ag,...,ax+q—1 are given by a linear
system of K equations in K + d unknowns. The rank of the corresponding matrix is at most K and it is at
least K —card H as it has a band shape with nonzero entries at the right-most end of the rows corresponding
to indices not in H. O

6.4.2 Solutions with finite support

The support of a sequence (u,,) € K is the set of indices where u,, # 0. A sequence has finite support when
only finitely many of its values are nonzero. For instance, the recurrence

2(n —2)(n — Hupt2 — (Tn — 24)upy1 + 6(n — 3)u, =0

has for solution (ug,u1,us2,us,...) = (572,309,180,108,0,...) where all up =0 for k > 4.

If a solution of Eq. (6.5) has finite support with maximal element k, then ug # 0 while up11 = ugq2 =
-+~ =0 and by considering Eq. (6.5) at n = k, it follows that necessarily, po(k) = 0. Conversely, if k is a
nonnegative integer such that pg(k) = 0, then one can consider a sequence defined by u,, = 0 for n > k,
ur = 1 and unrolling the recurrence to compute ug_1,ug_2,...,ug. As in the situation of Section 6.4.1, this
leads to considering a rectangular matrix whose kernel has dimension bounded by the number of nonnegative
integers k such that po(k) = 0. Thus we have.
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Proposition 6.5. The recurrence Eq. (6.5) admits solutions with finite support if and only if the set
J :={k € N | po(k) = 0} is nonempty. In that case, the vector space of solutions with finite support has
dimension between 1 and card J.

6.4.3 Polynomial solutions

A sequence (u,) is called polynomial when there exists a polynomial p € K[n] such that w, = p(n) for
all n > 0. For instance, the recurrence

(n+1)(2n — 41)u, — (4n® — 72n + 104)up 41 + (20 +5)(n — 19)upi0 = 0
has the polynomial solution

uy, =1024n'° — 102400n° + 4363008n — 10328064017 + 1484617344n° — 13296944640n°
+ 731711981120 — 234070964480n° + 384903129612n% — 240900096240n + 7202019825.

A simple way of finding such a solution is to start by finding an upper bound on its possible degree and then
using an undeterminate coefficients method, which leads to solving a linear system in the coefficients of the
unknown polynomial.
In order to bound the possible degrees of polynomial solutions, one can use the fact that the difference
operator
A (up) = (Upt1 — Un)

has the property that it maps polynomials of degree d to polynomials of degree d — 1. Moreover, it is easily

seen by induction that
k

(un+k) = Z A (un)

=0

This allows to rewrite the recurrence Eq. (6.5) in the form
qa(n)A%(an) + -+ qo(n)(az) = 0. (6.6)

If a,, were a polynomial of degree 0, then the terms of this equations have degrees § —d+degqq,d — (d—1) +
deg gg—1,...,0 +degqo. Let then b = maxy(degqr — k) and E = {k | degqx — k = b} be the set of indices
where this maximal value is reached. The coefficient of degree é + b in Eq. (6.6) is, up to a nonzero constant
factor,
1(0) = Y le(qe)6(8 — 1)+ (6 — k + 1),
keE
where lc denotes the leading coefficient of a polynomial. As a consequence, a solution of degree § can only
exist if 1(6) = 0. If the polynomial I(§) does not have nonnegative integer roots, then there does not exist
any polynomial solution to Eq. (6.5) and otherwise, the largest nonnegative integer roots of I thus gives the
desired bound on the possible degrees of polynomial solutions.
In the example above, the recurrence rewrites

(2n + 5)(n — 19)A%u,, + (6n — 294)Au,, — 240u,, = 0.
From there, it follows that b =0, E = {0,1,2} and
I(6) = 26(6 — 1) 4 65 — 240 = 2(5 + 12)(6 — 10).

It follows that the degree of polynomial solutions is bounded by 10 and then substituting u,, = ¢y + c1n +
-+ + c1ont? into the recurrence and extracting coefficients of n gives a linear system in the ¢; having the
coeflicients as a solution.
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6.4.4 Rational solutions

There exists a more recent and less straightforward algorithm for the problem of finding whether the recur-
rence admits a solution w, = r(n) with r € K(n) a rational function. For instance,

(n+2) (n—8)(n—3) (n* — 14n + 50) up+o
—(n+1)(n—9)(n—4) (3n* — 39n + 130) w, 41
2n (n —10) (n —5) (n® — 12n + 37) u,, =0
has for solution u, = 1/(n(n — 10)) and the question is to detect it.
The strategy of the algorithm, due to Abramov (in 1995), is to find a multiple @Q(n) of all possible
denominators of solutions of the recurrence. Given such a denominator, injecting a,, = b,/Q(n) into the
recurrence and normalizing, one is left with a linear recurrence in b,, of which a polynomial solution sought.

Such a solution exists if and only if the original equation had a rational solution.
The key to finding multiples of the denominator is the following.

Lemma 6.4. If a, = P(n)/Q(n) is a solution of Fq. (6.5) with P,Q two polynomials in K[n] and
ged(P, Q) =1, then

Q(n) | ged (po(n) -+ po(n + H),pa(n —d) -+ -pa(n —d — H)),

where H := max{k € N | ged(po(n + k),pa(n — d)) # 1}.

Proof. Assume that a solution a, = P(n)/Q(n) as in the lemma exists and let M(n) := lem(Q(n +
1),...,Q(n+d)). Substituting a, = P(n)/Q(n) and taking the numerator gives

P(n+d)
Q(n+d)

The first term is a polynomial while ged(P, @) = 1. This implies that

P(n+1)

+~--+p1(n)m

M(n) (pdm) ) + po(m) 2L2R)

Q(n) | po(n)M(n) = po(n)lem(Q(n + 1),...,Q(n + d)).
From this divisibility, it follows that Q(n+ 1) | po(n + 1)M (n + 1) and therefore
Q(n) | po(n)lem(po(n + 1)lem(Q(n +2),...,Q(n +d +1)),Q(n +2),...,Q(n + d)).

It follows that
Q) | po(n)po(n+ 1)lem(Q(n 4+ 2),...,Q(n+d+ 1))

and by induction for all j > 1,
Q(n) [ po(n) - -po(n+j)lem(Q(n +j +1),...,Q(n+j + d)).
Similarly, on gets
Q(n) [ pa(n —d)---pa(n —d - j)lem(Q(n —d — j = 1),...,Q(n — d — j — d)).

As @ is a polynomial, there exists K such that ged(Q(n),@Q(n+ j)) =1 for j > K. Thus, letting j increase,
taking the ged and using the definition of H gives the conclusion of the lemma. O

Abramov’s algorithm for rational solutions follows from this idea:
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# Input:

# the extremal coefficients py, pq of the recurrence

# its order;

# the wvariable

# Output:

# a multiple of the denominators of rational solutions

abramov:=proc(p0,pd,d,n)
local R,X,H,Q,A,B,i,h,g;
R:=resultant (subs (n=n+X,p0) , subs(n=n-d,pd) ,n) ;
H:=roots(R,X);
H:=sort(select (type,map2(op,1,H) ,nonnegint)) ;
if H=[] then return 1 fi;
Q:=1; A:=p0; B:=subs(n=n-d,pd);
for i to nops(H) do
h:=H[-i];
g:=gcd(subs (n=n+h,A),B);
Q:=Q*mul (subs (n=n-i,g) ,i=0..h);
A:=normal (A/subs(n=n-h,g));
B:=normal (B/g)
end do;
return Q
end:

The proof of its correctness that follows is due to Chen et al. (2008). It relies on two lemmas.

Lemma 6.5. The maximal value of the list H computed by the algorithm is is H from the previous
lemma.

Proof. The resultant of po(n + X) and pg(n — d) with respect to n vanishes when those two polynomials
have a root in common. It follows that the maximal integer root of this resultant is the maximal k € N such

that ged(po(n + k), pa(n — d)) # 1. O

Lemma 6.6. The output of the algorithm is

ged(po(n) - -po(n+ H),pa(n —d)---pg(n —d — H)).

Proof. Write A;, B;, @Q;, g; for the values of A, B, @), g at the entry of the loop and h; for the value of h during
the loop. By induction, we prove simultaneously two properties: ged(A;(n + k), B;(n)) = 1 for k > h; and
Qi(n) ged(Ai(n) - -+ Ai(n + hs), Bi(n) - -~ Bi(n — hy))

is invariant. Initially, by the previous lemma, for k& > H, gcd(A(n + k), Bn)) = 1 and the ged is what we
want to compute.
Next, we have

gcd(Az(n) cee Az(n + hi), Bz(n) cee BZ(TL — hz))

(A Anth) B By
gd<w s gi(n) 7iln hl))gl() gi(n — hy)
Asta(n) Bit1(n)

= ged(Aip1(n) - Aig1(n +hig1), Bivi(n) -+ Biyi(n — hiy1))Qir1(n)/Qi(n).
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The property on ged(A;11(n + k), Bi+1(n)) comes from the fact that all common factors of 4;(n + k) and
B;(n) with k& > h; have been removed by the loop. O

6.5 Solutions of Linear Differential Equations

We now start from a linear differential equation

gr(2)y " (2) + - + qo()y(z) = 0, (6.7)

with ¢;(z) € K[z] and ¢, # 0 and we study the existence and computation of solutions of various types. It
turns out that this study also gives simple criteria to detect that a power series such as tan x is not a solution
of a linear differential equation.

6.5.1 Polynomial solutions

A simple algorithm to recover polynomial solutions of linear differential equations comes from the observa-
tion that their sequences of coefficients have finite support. The algorithm then consists in translating the
differential equation into a recurrence, finding its solutions with finite support and returning the polyno-
mials with those sequences as coefficients. Conversely, if there are not solutions with finite support to the
recurrence, there are no polynomial solutions to the differential equation.

6.5.2 Power series solutions

If the differential equation Eq. (6.7) has a series solution ) ., y»,x™, one can compute a linear recurrence
that the sequence (y,,) satisfies. Assume that this recurrence has the form Eq. (6.5) (note that the translation
may also give linear constraints on yo,...,yq—1). An important question when unrolling the recurrence is
whether its leading term vanishes at nonnegative integers, as these correspond to indices where the sequence
cannot necessarily be extended.

Definition 6.6. The indicial polynomial of Eq. (6.7) at 0 is the polynomial Indy(n) := pa(n — d).
An important observation is that this polynomial is known when ¢, (0) # 0.

Lemma 6.7. If ¢,.(0) # 0, the indicial polynomial at 0 is

Indg(n) = ¢-(0)n(n —1)---(n —r+1).

Proof. The recurrence is given explicitly in Eq. (6.3). When ¢, (0) # 0, the maximal value of i — j is obtained
with j =0 and ¢ = r, where ¢; ; = ¢,.0 = ¢-(0) and the result follows. O

The indicial polynomial gives very precise information on the power series solutions.

Definition 6.7. The valuation val A of a power series is the smallest index of its nonzero coefficients
(and by convention val0 = o).

Proposition 6.6. If A € K][z]] is a power series solution of Eq. (6.7), then its valuation val A is a zero
of the indicial polynomial Indg(n).

Proof. This follows from evaluating the recurrence Eq. (6.5) satisfied by the coefficients of A at n = val A —
d. O
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Corollary 6.4. If q-(0) # 0, then Eq. (6.7) has a basis of r power series solutions. They can be taken
with valuations 0, ...,r — 1.

Proof. This is a consequence of the fact that in this situation, the set H from Proposition 6.4 is empty,
together with the previous result. O

6.5.3 Generalized power series

One can extend slightly the class of solutions one is looking for. For instance, the differential equation
da?y" 4 day’ + (422 — 1)y =0

has for solution

1 1 1
11,2 4 _ 64 ...
ﬁ( 6" T 120" " s0a0" T )

The following definition captures such solutions.

Definition 6.8. A series of the form z“F(x) with F a power series in K[[z]], F(0) # 0 and o € K is
called a generalized power series.

Again, the indicial polynomial lets one detect such solutions.

Proposition 6.7. If x*F(z) is a generalized power series solution of Eq. (6.7), then Indg(a) = 0. If
moreover, a & {0,...,r — 1}, then ¢-(0) # 0.

Proof. The idea is to inject ©*F(z) into the equation, multiply by 1/z® and extract the coefficient of z™.
This gives the same recurrence as in Eq. (6.3), but with n — « in place of n. O

6.5.4 Change of points

Instead of considering power series in powers of the variable x, one can consider power series in powers
of  — ¢ for some ¢ € K, or generalized power series of the form

Y(z—c)=(x—¢)” Zyk(m — ). (6.8)

k>0
Such a generalized power series is a solution of Eq. (6.7) if and only if the power series Y () is solution of

@ (x+ )y (@) + -+ qo(z + )y(x) = 0. (6.9)

Definition 6.9. The indicial polynomial of Eq. (6.7) at c¢ is the indicial polynomial of Eq. (6.9) at 0.

The same reasoning as before gives a way to find those points where a nontrivial generalized power series
solution exists.

Corollary 6.5. If Y(x — ¢) is a solution of Eq. (6.7) such that yo # 0 and o & {0,...,r — 1}, then
gr(c) = 0.

This corollary shows that functions like tan x, that have infinitely many points where they have an expansion
of the form Eq. (6.8) with & = —1 cannot be differentially finite, as all those points should be roots of the
nonzero polynomial ¢,, whose number of roots is finite.
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6.5.5 Rational solutions

By the previous discussion, the denominator of a rational solution can only vanish at roots ¢ of the leading
coefficient g,.. The multiplicity of ¢ as a root of the denominator has to be the opposite of a negative integer
root of the indicial polynomial at ¢. Taking the minimal such integer root at each root of ¢, (and 0 when no
negative integer root exists) and multiplying over all ¢ such that ¢,(¢) = 0 gives a multiple Q of the possible
denominators of the rational solutions of the differential equation. Then, changing the unknown function
as y(x) = P(z)/Q(x) gives a linear differential equation in P whose polynomial solutions have to be found.

Additional bibliography

The material discussed in this lecture is not usually present in computer algebra books, except
Alin Bostan et al. Algorithmes Efficaces en Calcul Formel. Auto-édition, Sept. 2017. 1SBN: 979-10-699-
0947-2. URL: https://hal.archives-ouvertes.fr/AECF/

In English, part of it can be found in the very accessible

Ronald L. Graham, Donald E. Knuth, and Oren Patashnik. Concrete mathematics. 2nd edition. Reading,
MA: Addison-Wesley Publishing Company, 1994, pp. xiv+657

and, from a more mathematical point of view, in

Richard P. Stanley. Enumerative combinatorics. Vol. 2. Cambridge University Press, 1999, pp. xii+581
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Lecture 7

Fast Linear Algebra

Summary

Given an n X n matrix A with entries in a field K, common questions covered in this lecture are the
computation of its determinant, its inverse, or the solution of the linear system Ay = b given a vector b.
The model of complexity is in terms of number of arithmetic operations in K. While the questions
are of an eract nature, it is sometimes possible to take advantage of approximation, provided one pays
attention to the quality of the result. This is discussed in the first section. The second one recalls the
classical Gaussian elimination method. Next, it is shown that many operations can be computed in
O(n%) operations, where w < 3 is the complexity of matrix multiplication. Finally, the equivalence of
these problems from the complexity point of view is explored.

7.1 Approximations

Even for exact operations, fast algorithms may rely on approximations in intermediate steps.

7.1.1 Approximation by Floating-Point Numbers

The advantage of using floating-point approximation is that operations become very fast. For instance, a
random 8 x 8 matrix with integers bounded by 10° in absolute value has a determinant of order ~ 107°,
which is correctly and efficiently approximated by a numerical method. However, one can exhibit an innocent-
looking 8 x 8 matrix with integers of that size, for which the numerical computation of the determinant with
precision 20, 40 and 60 returns ~ 103° ~ 10'6, ~ 96, while the exact result computed in exact arithmetic
is found to be exactly 96. On that same example, an inverse computed numerically with precision 20 or
40, when multiplied by the original matrix, is not close to the identity. (Such matrices are well-known in
numerical analysis and called ill-conditioned.)

Thus the question is to determine how trustful a numerical result is when one wants to extract exact
information out of it. For instance, given two matrices M, A it may be possible to certify that A is close to
M~ thanks to the following.

Proposition 7.1. If ||AM — I||e < 1 then A and M are invertible.

Proof. The spectral radius p(M) (the maximum of the absolute values of the eigenvalues) satisfies
p(M) < ||M][oo.

(Proof: consider an eigenvector u for an eigenvalue A of maximum modulus then ||Mul = |A| - ||ul| =
p(M)[Jull < [[M]|oo|u]|-)
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Thus the hypothesis implies that p(AM —I) < 1. As the eigenvalues of AM — I are those of AM minus 1,
this implies that 0 cannot be an eigenvalue of AM, therefore its determinant is not 0, and neither is that
of M or A. So in that situation we can certify that a matrix is invertible from an approximate inverse. [

Now, when we compute this bound numerically, it is necessary to make sure that a numerical value
smaller than 1 corresponds to an actual value smaller than 1. In this instance of certifying inverses, this can
be achieved by changing the default rounding mode, so that each arithmetic operation in the product AM
is computed with a rounding mode towards infinity (in Maple this is done with the environment variable
Rounding). Then, increasing the precision if necessary, one can certify invertibility numerically.

7.1.2 Approximation by Modular Evaluation

For matrices with rational functions in Q(x1,...,xx) as entries, another type of approximation is achieved
by evaluating the variables at random integers modulo a prime number. In particular if the determinant
computed that way is not 0, then the exact determinant is not 0. More generally, this method allows to
obtain a lower bound on the rank, which is (probabilistically) equal to the actual rank.

7.1.3 Approximation by Series Expansion

In order to solve AY = b where A and b have polynomial entries in K|[z], an idea is to solve as power series
and reconstruct rational functions from there by Padé approximants (see Lecture 4). This time, one can
certify the result by multiplying the matrix by the resulting vector of rational functions. If the solution does
not match, one can increase the precision of the series expansions.

If the matrix is an n x n matrix of polynomials of degree < d and d is also a bound on the degree of b,
then by Cramer’s rule, all the entries of the solution are rational functions with numerator and denominator
of degree < nd, so in order to reconstruct the result, it is known in advance that a precision 2nd in the series
expansions is sufficient.

In this context, this approach (with a lifting method which is beyond the scope of this course) gives a
complexity that is the fastest known.

7.1.4 Approximation for Small Relations (Kannan-Lenstra-Lovasz)

This is used to compute factors of polynomials in Q[z], with numerical computations in intermediate steps.
From a numerical approximation X of a root of the polynomial, the aim is to find a ‘small’ vector of coefficients
so that pg + p1 A+ -+ + p, A" = 0. The technique is to consider the matrix

1 0 0 [C]
0 1 0 [C)
A= )
0 :
0 1 [CA"]

for a large integer C, where [-] denotes rounding to the nearest integer. Then the algorithm LLL computes
small vectors that can be obtained by linear combination of the rows with integer coefficients. The coefficients
of the factor of p having \ as its root appear as coefficients of the smallest vector in the basis. They can be
certified by division.

7.2 Gaussian Elimination

There are basically two methods for exact linear algebra: Gaussian elimination that we consider in this
lecture and Krylov methods.
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Definition 7.1. A matriz in K™*™ is in row echelon form if
e the zero rows come after the nonzero ones;

e the first nonzero entry in each row is on the right of that of the previous row.

The process of Gaussian elimination brings a matrix A to row echelon form by a sequence of two elementary
operations: linear combination of a row with a multiple of a row above it and permutation of two rows.
Both these operations are linear and can be represented as multiplication of the original matrix on the left
by either a simple lower triangular matrix for the first one and a simple permutation matrix for the second
one. Because these matrices can be grouped according to their type, one obtains that

EQA =T,

where the lower triangular matrix E is a product of linear combinations of rows, while the matrix @ is a
permutation matrix. Reversing the operations gives the following.

Theorem 7.1. Using O(n®) arithmetic operations in K, a matriz A € K"*™ can be written
A=PLU,
with P a permutation, L a non-singular lower triangular matriz and U in row echelon form.

This form has many applications:

e inverse: if A is invertible, then U is triangular and invertible as well and the inverse is simply
UflLflpfl;

e rank: the number of nonzero rows in U is the rank of A;
e determinant: by computing the product of the diagonal elements of L and U, and the signature of P;

e linear system solving: by solving the triangular U starting from the bottom row.

7.3 Gaussian Elimination is not Optimal

This is the title of a landmark article by Strassen in 1969. The starting point is that matrix multiplication
can be achieved in a better complexity that O(n?) and then many operations can be performed in the same
complexity as matrix multiplication. This is parallel to the situation of polynomials where M(n) becomes
the yardstick for fast algorithms.

7.3.1 Fast Matrix Multiplication

Definition 7.2. A feasible matrix exponent 0 is a real number such that two matrices in K™*™ can be
multiplied with O(n?) operations in K. The matrix multiplication exponent is w = inf §.

Strassen proved that w < 3 by exhibiting a divide-and-conquer algorithm whose complexity is O(n!&27)
operations and log, 7 ~ 2.807. Since then, decreasing the bound on w has been an active area of research
with new progress every year. The last result (in 2025) gives w < 2.371339. The most recent algorithms are
not intended to be practical, but aim at reducing the gap with 2 until a definite answer is known.
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7.3.2 Reductions

Reducing problems to matrix multiplication is important both theoretically (to obtain algorithms of sub-
cubic complexity) and practically. Indeed, matrix multiplication is implemented very efficiently at low level
and thus reducing to it can bring huge practical savings. This is true not only in a computer algebra setting,
but also in a numerical setting, where numerical libraries rely on carefully handcrafted and very efficient
matrix multiplication.

7.3.3 Matrix Inversion

Let M € K™*™ and assume for simplicity that n is a power of 2. Then M can be split into 4 blocks
A B
M= [C D} :

It is easy to check the key identity

1 0] [A B|[I -A7'B] [4 0
—CA=' I||C D||0 1 “ |0 D-CA'B|"
Writing S = D — CA™!' B (that is called the Schur complement of the block D), one deduces the inverse

vl [ Top[At 01 -AT'B
“|l-cat 1|l o stlo 1 |

Thus, inversion can be performed recursively on two blocks of half the size. The complexity for doing so
satisfies
C(n) <2C(n/2) + 6(n/2)* + O(n?),

from which the “Master theorem of divide-and-conquer” allows to deduce the following.

Theorem 7.2. Matriz inversion can be achieved in 3n“ + O(n?) arithmetic operations if all matrices
encountered are invertible.

The next step is to ensure that the blocks are invertible. The algorithm is probabilistic of the Last Vegas
type: it either returns the correct result or fails.

7.3.4 Algebraic Preconditioning

The idea is to multiply the original matrix by a random structured matrix in such a way that
— multiplication can be performed fast;
— the result can be recovered fast.

Permutation matrices would be sufficient thanks to the following.

Lemma 7.1. If A is invertible, there exists a permutation P such that all principal minors of PA are
nonzero.

Proof. This follows from Gaussian elimination: there exists a permutation P such that PA = LU with L
lower triangular and U upper triangular. The principal minors in PA are then obtained as the product of
the corresponding minors of L and U that are both non-singular since A is. O

An argument is needed to show that the principal minors of the Schur complement are nonzero as well.
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Benes Networks

The permutation is constructed inductively from a basic block that can be one of

b3 ol

i.e., either the identity matrix or a transposition. To construct all permutations of {1,...,4}, one combines
such matrices by multiplication. This can be depicted in the form of a network as

— S _— —_— —_—
. e
]

— > X R —

 —— >< D
- ]

— | ... > —_— —_— —_—

where each of the squares represent one of the 2 x 2 matrices above. Following the arrows from left to right
makes it clear that any permutation can be obtained that way. More generally, a Benes network over 2F
inputs is obtained recursively by this construction:

zk— 1

inputs

zx—]

In terms of matrices, the left and right column in this picture are each obtained by one 2* x 2% matrix,
product of 2~ instances of a transposition or the identity. For n = 2F, this network has 2k — 1 layers
and can realize any permutation. Computing the product is performed one layer at a time, each for O(n?)
operations, so the whole multiplication costs O(n?logn) operations.

Probabilistic Analysis by the Schwartz-Zippel Lemma

One could draw a permutation at random, but it is unclear what the probability of success (nonzero principle
minors) would be. Instead, it is possible to resort to a design technique for probabilistic algorithms in
computer algebra based on concentrating the ‘bad’ situations into the zero-set of a polynomial.

The matrix

E(a,b,c,d) = {CCL Z}

is the identity matrix at (a,b,¢,d) = (1,0,0,1) and the transposition matrix at (0,1,1,0). It has a known
inverse provided its determinant, a polynomial in a,b,c,d is not zero. The matrix associated to a Benes
network can therefore be interpreted as a matrix with polynomial entries, evaluated at a point (different
permutations arising from different points). Its inverse is also easy to compute. There are 4 variables for
each 2 x 2 block, thus a total of ¢ = 4 x 2¥ 4 2¢;,_1 = 4(2k +1)2F = O(nlogn) variables. The degree of the
entries in the matrix is bounded by the number of layers, that is 2k — 1 = 2logn — 1.
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The principal minors in the product PA for a permutation P constructed this way are therefore obtained
by evaluating a nonzero polynomial of degree at most 2logn — 1 in these variables. The probability of
obtaining a 0 minor can be controlled by the following classical tool in the probabilistic analysis of algorithms
in computer algebra.

Lemma 7.2 (Schwartz-Zippel). Given A(xy,...,x¢) # 0 a polynomial of degree d and a, ..., ap chosen
uniformly and independently from a finite subset S of K, one has

B d
card S’

Prob (A(aq,...,aq) #0) > 1

Note that the bound does not depend on the number of variables.

Proof. Let s = card S. By induction on the number of variables we show that the polynomial has at most
ds*~! in S¢. For 1 variable, this is clear, as the polynomial has at most d zeros. For ¢ variables, write the
polynomial as

A(mla cee axf) = Qk(xla cee 7995—1)5U]£€ +oeet QO(xh cee axf—l)a

with degq; < d —i and qi # 0. By the induction hypothesis, the leading coefficient has at most (d — k)s*~2
zeros in S*~1, that correspond to at most (d — k)s*~1 zeros of A since z, takes at most s values. When the
leading coefficient does not vanish, then there are at most k values of x; where A vanishes. Thus, in total,
we have at most

(d—k)s"™ 1+ ks*™1 = ds*1
zeros, as was to be proved. O

Thus if K is a field with more than d = 2logn — 1 elements one can take each of the O(nlogn) variables
uniformly at random in a sufficiently large set, multiply the input matrix A by the resulting Benes network,
perform Strassen’s inversion and multiply back by the inverse of the network. This succeeds with a nonzero
probability that can be made arbitrarily close to 1 by repeating the process until success is encountered. If
the field K is not large enough, a common technique is to construct an algebraic extension, which leads to
an extra factor of order d = O(logn) for each of the arithmetic operations.

7.4 Program Transformations and Complexity

In the previous section it is shown that the inversion of a nonsingular matrix in K"*™ can be achieved
in O(n*) operations, i.e., for a constant number of matrix multiplications. It turns out that in the same
complexity, it is possible to compute: the determinant; the solution of a linear system Ax = b for b € K”
(or detect that no such solution exists); the rank; an echelon form; the row rank profile (minimal indices of
linearly independent rows); a basis of the kernel; the characteristic polynomial.

This section shows that in many cases, one cannot expect a better complexity: not only do these op-
erations cost as much as matrix multiplication, but also improving them would give a faster algorithm for
matrix multiplication. More precisely, we now show that

1. the inverse of a matrix can be computed in O(Cyet ) where Cyet is the complexity of the determinant
(in a certain complexity model);

2. the product of matrices can be computed in O(Cl,y ), where Ciy,y is the complexity of matrix inversion
(paying attention to the complexity model too).

The previous section shows that Ci,, = O(n*) and a variant of the algorithm giving this result also
implies that Cget = O(n®). The results presented here then imply

n® = O(Cinv) = O(Cdet) = O(nw)v

so that all these operations have the same complexity, up to constant factors.
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Figure 7.1: Circuit evaluating (a2 + b%)/c

7.4.1 Automatic Differentiation of Straight-Line Programs

Definition 7.3. A straight-line program (SLP) over a field K is a sequence of elementary instructions
of the form v; = a; € K or v; = o(a;, b;) with o € {+,—, X, =} and a; and b; either a constant in K or a
v; with j < i; the input is given as the first v;. The number of instructions is the length of the program.
(It is understood that a/b raises an error if b is not invertible.)

Example 7.1. The following SLP computes (z* — 1)/(x — 1):

to :=x;t1 = t%;tz =2ty =ty — Lty i=ty — Lty := ty/ts.

(An analogous decomposition is performed in Maple by the command codegen[optimize] that is used
for code generation.)

A SLP can also be viewed as an arithmetic circuit in the form of a directed acyclic multigraph, as shown
in Fig. 7.1. Such a program or graph computes a rational function of its input variables. The remarkable
result is that, whatever the number of input variables, the gradient (the list of partial derivatives) with
respect to those input variables can be computed in roughly the same cost as the original program.

Theorem 7.3 (Baur-Strassen 1983). Given a SLP of length L for f € K(x1,...,xy,), there exists a SLP
of length O(L) for the n first-order partial derivatives of f.

Ezample 7.2. Even with n = 1, this result is not trivial. With p(xz) = (z — 1) X --- x (z — n), the naive

program for the computation of the derivative from the formula
pP=@-2)x-x@-—n)+-+@-1)x-x(x—n-1)

has complexity O(n?). From a straight-line program computing p, like

to =zt =ty — Lite =19 — 2;...5t, i =19 — n;

tnt1 =11 X tojtpyre = ng1 X 135 5tap—1 = lop—2 Xy,

the computation can proceed backwards: since p(x) = g(x) X (x —n), then p'(z) = ¢'(x) X (x —n) + q(x).
Thus the derivative is obtained by the program

to:=x;ty =ty — Lito i=1tg — 2;...5t, :=19 — n;
o1 = b1 X tajty g = b1 + 2

ton—1 = ton—2 X ty;thy 1 =t, o X ty +lop_o.
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The length of the program for p is 2n; the program for p’ has length only 3n — 1.

Proof of Theorem 7.5. Let x1,...,z, be the input variables and g¢i,...,gs be the variables introduced

at each step so that g = f(x1,...,2,). Write Ag = f and to each of the g;, associate a function
Ai(z1,...,Tn, g1,--.,9;) expressing f in terms of all the variables up to g;, so that
flxr, .o xn) = Aoz, .oy 2n) =A@y, o Ty g1) = - = Dp(X1, ., Tny g1y - -5 J2) = Go-

The partial derivatives of A; will be obtained in terms of those of A;;; by the chain rule in a constant
number of operations, proving the theorem. The starting point of the induction is that

9gi

0A,  J1lifi={,
] 0 otherwise.

Next, we consider the case when o € {4+, —, x, +}. These are all similar, we treat + in detail. If g;11 = g;/gs
with j, k less than ¢ + 1, then

Ai(mla sy Ty gly e 792) = Ai-‘rl(a:lv vy Ty Gy .- ’gi?gj/gk‘)a

so that oA
T if m & {j,k},
8A’L 8A1‘+1 1 6Ai+1 f o
5 =\ % 7 e (@1, Tny 015+, 96,95/ 9k), if m =7,
gm 0ty 9; 0Ait1 ifm =k
9ar ~ of P (@1, &0, 01, -+, 90, 95/9k), Em=k.

Thus, from the partial derivatives of A; 1, only 5 operations are required to compute all the partial derivatives
of A;. (The other operations o € {4, —, X} need even fewer operations.) O

In Maple, this operation is implemented in the codegen[GRADIENT] function. This is in particular very
useful to find zeros of a function given by a program by means of Newton iteration.

7.4.2 From Determinant to Inversion by Differentiation

The Laplace expansion along the jth column of the determinant of a matrix A = (a; ;) is

det A = aiC'i-, 7.1
J ]

i=1
where C}; is the determinant of the submatrix obtained by removing the ith row and the jth column of A.
The Cj; are the entries of the cofactor matriz of A, that satisfies

ACT = (det A)I,.

This implies that, up to a constant factor det A, the entries of the comatrix give those of A~!. Differentiating
Eq. (7.1) shows that these entries are exactly the partial derivatives of det A with respect to the entries of A.
In follows from the previous section that from any SLP computing the determinant of A in L operations,
one can deduce a SLP for A~! in at most 5L operations. In other words, computing the inverse has the same
complezity as computing the determinant.

7.4.3 From Inversion to Matrix Multiplication

Winograd observed the following reduction

-1

I A 0 I -A A-B
o I B| =0 I -B],
0 0 I 0 0 I



whose verification is straightforward. It follows that any algorithm that is able to compute the inverse of a
3n x 3n matrix is also able to compute the product of n x n matrices in the same complexity.

In summary, we have showed that inversion and determinant are equivalent to matrix multiplication from
the complexity point of view. Other operations are also known to be in the same complexity class: rank,
basis of the kernel, LU decomposition and computation of the characteristic polynomial (this last result was
proved in 2021). At this point, only one fundamental problem resists this reduction: solving systems of
linear equation for which it is not known whether a method faster than O(n“) could exist or not.

7.5 Transposition

Recall from Lecture 4 that multipoint evaluation of a polynomial of degree n in K[z] can be achieved in
O(M(n)logn) arithmetic operations in K and that interpolation can be achieved in the same complexity.
We now prove the following.

Theorem 7.4 (Bostan-Schost 2004). A SLP of length L for interpolation at ay,...,a, with distinct a;
can be transformed into a program for multipoint evaluation at these points of length O(L) + O(M(n)).

In particular, for special sets of points a; for which one can interpolate in only O(M(n)), one gets multipoint
evaluation at the same cost.

This section is devoted to a proof of this result. Recall that evaluation of a polynomial P of degree < n
at ai,...,a, corresponds to multiplication of the vector of coefficients of P by the Vandermonde matrix
associated with the a;,

2 n—1
1 ar a7y - af X
2 n—
1 ay a5 -+ ay X
2 n—
vV=I|1 a3 a3 --- aj
1 a, a?2 -+ a7t

Interpolation is the multiplication of the vector of values by V~!. It is the operation that is given by the
SLP in the theorem. Instead of computing the product by V directly, the algorithm starts from the product
H=VT.V. This is

Dol Dok a;2€ Dok aé R I a;ckl
Dok CL/; Dok al?f Dok ai T Dok a§1

n

H=| 2k 2p0 k0, o Dy
Dok GZ“ 2o Dok GZH D ai"*z

This matrix is a Hankel matriz: its entries are constant along ascending diagonals. Here, its entries are
the Newton sums (or power sums) of the a;,

n
hi: E a’.
k=1

This implies that the entries can be computed in O(M(n)) operations from their generating function: if
A=T]J( — za;), then

A ai i i
A :_Zl—zai :Z<§ak>x.

i>1
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(The complexity follows by Newton’s iteration, see Lecture 3.) The consequence of the structure of the
matrix H is that it can be multiplied by a vector in only 2M(n) operations: if

Pn—-1 q0
H| =]
Po dn—1

then it is a direct observation that the entries are related by
(ho + haa + - + hon—22™ ) (po +ap1 + -+ 2" " Ippy) =+ 2" go + @+ + guoaa™ )

This shows that the coefficients qq, ..., ¢,—1 are recovered from the terms of degree "' to 22”2 in this
polynomial of degree 3n — 3. (This operation where only the terms of degree n,...,2n are needed in the
product of a polynomial of degree 2n by a polynomial of degree n is called the middle product.) The algorithm
computing multipoint evaluation of P(z) at a,...,a, follows:

1. compute P = 2" ! P(z) (no arithmetic operation);
2. compute the product h(z)P(x) and extract its middle part in O(M(n)) operations;
3. multiply the resulting vector by the transpose of V1.

For this last operation, we are given as input a program that computes the product by V~!. The proof
of the theorem is then a consequence of the following.

Proposition 7.2 (Transposition principle). Given a SLP program of length L that computes A - u, one
deduces a program for AT -v in O(L) operations.

Proof. From the program u +— A - u, one easily deduces a program for (u,v) ~ v' - A - u, which computes
f(ul, e ,Un) = Zviaijuj.
i,J

The partial derivatives are

gjj = ;Uiaij = (v" - A); = (AT -v);,
giving the product by AT, O
This proof gives the announced result in O(L), but a tighter bound L —n+m is possible for A € K"*™. We

leave it as an exercise to show that as a consequence, the middle-product can be obtained in only M(n)+0O(n)
operations.
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Lecture 8

Polynomial and Integer Matrices

Summary

In the previous lecture, the algorithms deal with matrices with entries in a field and their complexity
estimates measure the number of arithmetic operations that are used.

For integer or polynomial matrices, these estimates do not reflect the time complexity, as the inter-
mediate computations and the results may turn out to be much larger than the input.

This lecture shows how one can control the growth in the computation, using new tools designed
specifically for integer or polynomial matrices.

Ezxample 8.1. Gaussian elimination on the integer matrix

60 —50 22 19

84 —-29 39 26

8 -9 5 36
—45 —-20 —-71 -79

A:

produces a sequence of more and more triangular matrices of larger and larger rational numbers

60 —50 22 19 60 —-50 22 19 60 —-50 22 19

o 41 & -2 0o 41 % -2 0o 41 4 -2

0 151 157 135> 0 0 317 1585681 | » 0 0 B 158681
1% b 2B e Ay ST iy

0 T2 T2 T4 0 0 —43 - 164 0 0 0 25994

Denoting by L; the rows of the matrices, the transformation from A to the last matrix is a sequence of
operations of the type L; := L; — aL; for some j < i. This leaves the determinant invariant and in the
end we obtain in particular the integer det A = —3284314 as a product of the rational diagonal elements
of the last matrix. The sequence above was obtained by taking for pivots the diagonal elements. One
could also start each stage from the bottom row and add a linear combination with a random row above
it that has the same number of initial 0. The final matrix is the same, but empirically at least, the
intermediate rational numbers that occur in the computation are much larger, so much so that the bit
complexity does not remain polynomial in the dimension.

It is thus important to keep control over all sizes that play a role in the computations. The situation
here is similar to what happens for multiplication: algorithms for matrices of polynomials resemble their

counterpart for matrices of integers, but are usually easier to state and analyse.

Notation 8.1. We write K[z|2;™ for the set of n x m matrices with polynomial entries whose degree is at
most d. B
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8.1 Determinant Bounds

For a matrix A € K[z]2}", using the Leibniz formula for its determinant in terms of permutations shows
that degdet A < nd. Over subrings of R, one can use the following.

Proposition 8.1 (Hadamard’s inequality on the determinant). For A € R™*",
|det Al < [|Ayflz- - [|An]l2,
where the A; are the columns of A.

The geometric meaning is that the determinant is a measure of the volume marked out by the column vectors,
which is bounded by the case when they are orthogonal. A consequence is that if the entries of A are all
bounded in absolute value by 3, one obtains

|det A| < n™/28",

Proof. A 1-line proof is by Gram-Schmidt orthogonalization; a slightly longer but more elementary one can
be found on Wikipedia. O

8.2 Gauss-Bareiss Elimination

Denote by ay;] the (7,7) entry of the matrix obtained from A after pivoting with the entry (k, k), i.e., after

adding to row i the product of row k with —agi_l] /agfk_l]. This means that

W ey o e
ai; =a;; o — Ekfl]akj (8.1)
Ay,

A remarkable result is that these entries can be related to minors of the original matrix. If A = (a;;), u
and v are integers or integer intervals, denote by A,, the submatrix obtained by extracting from A the rows
in u and the columns in v. Then, define

k) _ (At kike Ak
aij =
Aitk aij

and note that det A; ;1.1 = aé’?l).

Theorem 8.1 (Bareiss 1968). For all i, j, k where ay;-] 1s defined, one has

(k)

P
i = h-1)"

Ak

Proof. A consequence of an identity on determinants due to Sylvester (1851) is that the minors agf) are
related by

(k) (k=2)  _ (k=1) (k—1) (k=1) (k—1)

i Me—1,k—1 = QG5 " T G ki (8.2)

The proof follows by induction. For k = 0, al(?) = a;; and the principal minor of order 0 is 1. Next,

injecting the induction hypothesis in Eq. (8.1) gives

(k—1) k—1 (k—1)
G = i _ agy U ay
ij k—2 k—1) (k-2
a.gc—l,l)c—l a’l(ck ) a.gc—l,l)c—l
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Multiplying both sides by afjgl) and using Eq. (8.2) concludes the proof. O
Two consequences follow: the elements on the diagonal of the final triangular matrix are quotients of succes-
sive principal minors of A; the size of all the entries in the intermediate matrices are controlled by Hadamard’s
bound which makes the complexity of the algorithm on integer matrices polynomial.

This reasoning assumes that the pivot at position (k, k) is always nonzero. The result persists otherwise,
by performing an appropriate permutation of the rows of the matrix.

8.3 Polynomial Matrices by Gaussian Elimination

8.3.1 Determinant

Since the determinant has degree < nd it can be computed by evaluation-interpolation in O(n*d) operations
using cubic Gaussian elimination at each point, which reduces to O(n“*1d) if one uses fast determinant
at each point. By contrast, one can multiply two matrices in K[z]Z}" in only O(n“d) operations (e.g., by
evaluation-interpolation, or if the ring is too small, by viewing the matrices of polynomials as polynomials
with matrix coeflicients and using an algorithm due to Cantor and Kaltofen that performs the product of

polynomials of degree < d over any algebra in O(d) operations in the algebra).

8.3.2 Linear System Solving

Consider the linear system A(z)Y (z) = b(x) with deg A,b < d. By Cramer’s formula, the entries of the
solution is a rational function with numerator and denominator of degree upper bounded by 2nd. This gives
an algorithm based on Padé approximants to solve the system:

1. Compute the truncated power series Y (z) such that A(z)Y (z) = b(z) mod z2n+1 (

iteration);

e.g., by Newton’s

2. Reconstruct Y (z) from Y (2) by rational reconstruction.

The second step costs O(nzd), its complexity is dominated by that of the first step, in O(n““d) opera-
tions.

For this algorithm to succeed, the series expansion must exists, which is the case when det A(0) # 0. If not,
one picks another point a € K where A(«) is nonsingular and solves the system A(z+ )Y (x+a) = b(z+ ).
Shifting the matrix A and the vector b can be achieved by evaluation-interpolation in a complexity that is
negligible compared to the resolution.

Thus in both cases the cost obtained by these algorithms is of order the product of the algebraic cost n*
by the output size nd. Faster algorithms have appeared since the 1990s that decrease this complexity and

the one of other problems on polynomial matrices to only O(n“d). This is the object of the next sections.

8.4 Minimal Approximant Bases

The key tool that is as the basis of fast algorithms is the following.

Definition 8.1. Given a matriz of power series H € K|[z]]"*™ with m > n, an approximant basis of
H at order o is a matriz B € K[z]™*™ such that HB = O(z°) and all vectors v such that Hv = O(z?)
are linear combinations with polynomial coefficients of the columns of B. The basis B is called minimal
when the degree of its columns is minimal (meaning that the sorted tuple of these degrees is minimal for
the lexicographic order).
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Ezample 8.2. The following formula shows the product HB in a case where n =1,m = 2,0 = 6:

2 -1 24733
[5+ 32+ 227 + 23+ 2t —1] x_&f_B xf—lf)i?’ =[5 2% —a" 4 228]

The first column of B gives the denominator and numerator of a Padé approximant of order (1,2) of Hy ;.

More generally, for a square matrix A, a minimal approximant basis of [A — I] splits into two blocks
D, N such that AD — N = O(z7), showing how these bases give a matrix variant of Padé approximants.

8.4.1 Kernel Basis

Intuitively, if 0 becomes large enough, the columns of a minimal approximant basis should contain a basis
of the kernel of the matrix A. This can be made more precise thanks to the following result, that we give
without proof.

Theorem 8.2. Generically, a matriz A € K[z]™>*?™ of degree d has a kernel basis over K[z] of degree
at most d.

Here, ‘generically’ means that there exists a nonzero polynomial P in the entries a;; of A such that whenever
P(ai;) # 0, the result holds.

Corollary 8.1. Generically, a minimal approximant basis of A € K[z]’fdwm at precision o = 2d + 1

contains m columns of degree < d that form a basis of the kernel of A.

Proof. By definition of the approximant basis, if A(z)u(x) = 0, then u(z) is a K[z]-linear combination of
the columns of B. Generically, the kernel of A has dimension m and by the previous theorem, it has a basis
of degree bounded by d. Therefore by minimality, B has at least m linearly independent columns of degree
bounded by d. It does not contain more such columns since generically the dimension of the kernel is m. [

Note also that as a consequence, if degv < d and Av = O(2??*1) then Av = 0.

8.4.2 Computation of an Approximant Basis
Incremental Computation

A first algorithm proceeds incrementally. We present it in the simpler case when H has dimension 1 x m.
(This special case, which generalizes Padé approximants, is interesting in its own right as it corresponds to
Hermite-Padé approximants — the tool underlying the guessing routines of gfun used in the tutorials.)

At step i < o, one has a matrix B; such that HB; = O(z*). Initially By = I,,,. At step 4, one can write
HB; = R+ O(2'*!) with R € K™, If R = 0 then one can take B;;; = B;. Otherwise, take as pivot the
column C' of B; which is such that: the corresponding column of R is not zero; among those, its degree is
minimal; among those, the index of its highest degree polynomial is minimal. Then, by linear combination
with a constant coefficient of each of the other columns of B; with C, the corresponding entry of R can be
set to 0 and finally one replaces C by zC' to cancel the remaining entry of R. Proceeding this way, increasing
the degree of only one column, one gets from O(z?) to O(x**1). As one always picks the column of minimal
degree, these increments spread out in the matrix and one ends up, in general, with a matrix of degree
roughly o/m. We state without proof that this does produce a minimal approximant basis.

Divide-and-Conquer Algorithm

We sketch an algorithm that takes advantage of fast polynomial multiplication in the same way as in the
half-ged algorithm of Lecture 4. The basic idea is that if one has computed an approximant basis B(!) at
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order /2, then by multiplication one can compute a new matrix H' such that
HBW = 2°/2H" mod z°.
From there, one computes an approximant basis B(?) of H’' at precision 0/2, so that
HBWYWB® = 27/2F'B® mod 27 = O(z°)

and thus B = B B() satisfies the first condition HB = O(z7) of an approximant basis.

If this was always an approximant basis, one would obtain a complexity C(c) = 2C(c/2) + O(m¥o) =
O(m“’a) operations. Actually, a variant can be designed in the same way as the half-gced algorithm, with
adjustment of the degrees in the intermediate steps. The complexity is then as in the simplified situation
above. We state without proof the result of this line of work.

Theorem 8.3. Given A € K[[z]]™*?™, an approzimant basis of order O(c) can be computed in O(m*o)
arithmetic operations.

Corollary 8.2. Given A € K[z]23", a kernel basis of A can be computed in O(nd) arithmetic operations.

Proof. At least in generic situations, this is a consequence of the previous theorem and of Corollary 8.1. [

8.5 Fast Matrix Inverse

We consider a matrix M € K[z]Z;". Recall that Strassen’s algorithm for the inverse of a matrix proceeds

recursively on blocks of half the size by computing the transformation
A B A 0
M= {c D] - {o D—CA—lB]'

When applied with integer or polynomial matrices, what happens is that the size of the entries increases
too much along the diagonal. The idea of the new algorithm by Jeannerod and Villard in 2005 is to use
kernel bases of the top and lower halves of the matrix to reach the same situation. More precisely, let
U € K[z]("/2*" be a (left) kernel basis of the second half of the columns, i.e.,

~ | B
e
(Compared to the previous convention, this is obtained as the transpose of the kernel basis of the transpose
of the block formed by the last n/2 columns of A.) Similarly, let U € K[z]("/2)*™ be a left kernel basis of
the first half of the columns. Stacking these two matrices one obtains
Ul[A B] _[4 0
ul|Cc D| |0 DY’
Compared to Strassen’s algorithm what happens, generically, is that the degree of the matrix U = [U,U]" is
bounded by d and the degrees of A’ and D’ are therefore bounded by 2d. Computing again the left kernels

of the first and second halves of the columns of A" and D’ and stacking the blocks properly gives a new
matrix U’ of degree bounded by 2d such that

UUM =

O O O *
O O *x O
O ¥ © O
* O O O

109



where each entry denotes a block of size (n/4) x (n/4), with entries of degree bounded by 4d. Iterating
this process log, n steps, we get a polynomial matrix V = ---U”U’'U and a diagonal matrix D such that
VM = D and therefore

Mt =DV

The matrix V has degree bounded by (d + 2d + 4d + - - - + 2'°82"d) < 2nd and similarly for the matrix D.
Efficiency is achieved by making use of the block structure of the matrices. At step i = 1,...,logyn, the
computation performs:

1. 2¢ computations of approximant bases of dimension n/2¢ and degree 2¢~1d;
2. the update of the diagonal blocks with 2° multiplications of blocks of degree 2¢~'d;
3. the update of the product on the left with 2¢=1 block-rows of dimension n/2% and degree 2¢~1d.
In total, the complexity for computing U,U’,U"”, ... and D is bounded by a constant times
log, n
i (5) 2d=0(m=a).

2i

i=1

This completes the (sketch of the) proof of the following.

Theorem 8.4. The inverse of an n X n polynomial matriz of degree d can be computed in essentially
optimal time O(n3d).

Note that more work is needed to extend the idea presented here that works generically to an algorithm
that works in all cases. This has been completed by Zhou, Labahn and Storjohann in 2015.

Ezample 8.3. A surprising application is to the computation of 4, A2 ... A" for a constant matrix A in
only O(n?) operations (which is optimal). The starting point is the expansion

(I—xA)_1=I+xA+x2A2—|—-~-.

Thus one computes the inverse of I —x A in O(n3) operations by the previous theorem and then the series
expansion at order n of each of its rational entries. By Newton’s iteration (Lecture 3) this uses O(n)
operations for each entry, whence a total complexity of O(n?) for that step too.
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Lecture 9

Hypergeometric Summation

Summary

Hypergeometric sequences occur in a large number of formulas from combinatorics, probability or
special function theory. Their indefinite sums, when hypergeometric, can be computed by Gosper’s
algorithm. For definite sums, the starting point of all the modern developments is Zeilberger’s algorithm.
This algorithm produces a linear recurrence with polynomial coefficients. The hypergeometric solutions
of such recurrences can be found by Petkovsek’s algorithm.

In this lecture, K denotes an arbitrary field of characteristic 0.
Typical sums that can be computed by the algorithms presented here are

"4k Qn 14ttt 1
o = e+ (9.1)
R TR

26)!  2(~=1)""" (n+2) (2n +2)!

+1 (9.2)

For another similar sequence,
n n 2 n+ ki 2
=2 ) ()
k=0
that plays an important role in Apéry’s proof that ((3) is irrational, Zeilberger’s algorithm finds

(n+ 1)3upp1 — (34n® + 5102 4 27n + 5)uy, + nlu, 1 = 0

and Petkovsek’s algorithm proves that (u,) cannot be made much simpler, in the technical sense that it is
not hypergeometric (Definition 9.2 below).
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9.1 Gosper’s Algorithm for Indefinite Summation
9.1.1 Indefinite Sums
Definition 9.1. An indefinite sum of a sequence (fx) € KY is a sequence (Fy) € KN such that
Frpi1 — Fy = f, keN.

Indefinite sums are discrete analogues of primitives: given such a sum, one can compute sums between
endpoints, as

D
ka:Fp+1_Fm~
k=m

In the case of integrals, there are functions without any nice primitive, but whose integral over some domain
can be expressed simply. The discrete analogue of this phenomenon will be the object of Section 9.2.

9.1.2 Hypergeometric Sequences

The basic algorithms for symbolic summation focus on a special class of sequences, that are polynomially
finite (Lecture 6) or order 1.

Definition 9.2. The sequence (ui) € KV is hypergeometric if there exist two non-zero polynomials P
and Q in K[k| such that
Q(k)uk+1 = P(k)uk, k e N.

Example 9.1. The name comes from the special case of geometric sequences (a*), obtained with Q =
1, P = a. Other examples are the sequences (k!), ((?’kk));€7 (N ((:L))k when m € N, since

B 3(k+1)\  3(Bk+1)(3k+2) (3k
(kD= (k+ DA, (k:—i—l) 2(2k+1)(k+1)<k)’

() -5 (o -mits ) 00

In the case of complex sequences, since polynomials can be fully factored, a complete characterisation of
hypergeometric sequences is possible.

(9.5)

Lemma 9.1. The sequence (uy) € CN is hypergeometric if and only if there exists N € N, C, A,
ai,...,ap, bi,...,by in C such that

p ; . DY . p—
unsp = C AF Hé:1(az)(az +1)--(ai+k—-1)

O CE BN TS M

Proof. First, if uy is as given in the lemma, then

UN4E+1 A Hf:1(ai + k)

UN+k j1(bj + k)

Since both numerator and denominator of the right-hand side are polynomials, this sequence is indeed
hypergeometric.

Conversely, for two polynomials P and @ in C[k], the fraction P/Q can be written as in the right-hand
side above, with —a; the roots of P, —b; the roots of ) and A the quotient of their leading coefficients. Let
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—N be a strict lower bound for the negative integer roots of @ and let vy = unyx. Then

vg+1 PN +k)
= , keN,

since the denominator does not vanish in N. Taking @; = a; + N, b; = b; + N and unrolling the recurrence
gives the formula for ux; with a; and b; in place of a; and b;. O

9.1.3 Indefinite Hypergeometric Summation

The problem of indefinite hypergeometric summation is to decide whether a given hypergeometric sequence
admits a hypergeometric indefinite sum, and if so, to compute this indefinite sum.

More formally, the input is formed of two polynomials P, @ in K[k] that define a sequence (uy) as in
Definition 9.2. The output is either a hypergeometric sequence (vy) such that vg1 —vg = ug, or a statement
that no such sequence exists.

Ezxzample 9.2. For the sequence uy = 4k/(2kk) of Eq. (9.1), the input would be
P=2k+2, Q=2k+1.

The output will be
2k —1
Vg = 3

Uf

and the identity vi41 — vk = uy, is easily checked.

9.1.4 Reduction to Rational Sequences

If the desired indefinite hypergeometric sequence (vy) exists, then there exists a rational function S(k) such
that vgy1 = S(k)vg for k larger than the largest integer root of the denominator of S, therefore the identity

Uk = Vg1 — VUV = (S(k‘) — l)vk

implies that vy is actually the product of ug by a rational unknown function T'(k) = 1/(S(k) — 1).
Since (uy) is hypergeometric, there also exists a rational function R(k) such that ugiq = R(k)uy for k
sufficiently large. Injecting vy, = T'(k)uy and this formula into v — v = ug gives

Tk+1)R(k)—T(k)=1, &)
an equation where R is known and T is the unknown.
Ezample 9.3. With R = (2k 4+ 2)/(2k + 1) from the previous example, this equation has for rational
solution T'(k) = (2k — 1)/3.
Ezample 9.4. With R(k) = —(4k +5) (2k — 1)/(2 (4k + 1) (k + 2)), the desired solution would be

k+1
Tk)=-2 .
(k) 4k +1

9.1.5 Gosper Normal Form

The resolution of Eq. (£) is made difficult by the fact that roots of the numerator and denominator of R
could differ by an integer. This difficulty is circumvented by a normal form of rational functions introduced
by Gosper in 1978.
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Lemma 9.2. Any rational function R(k) € K(k) can be written in the form

A(k) C(k + 1)

BR) = 3% o

with A, B, C polynomials in K[k] and the property that for all m € N, ged(A(k), B(k+m)) = 1.

Proof. The proof is effective. It is given by the following algorithm

# Gosper form of P/Q
GosperForm:=proc(P,Q,k)
local A,B,C,R,H,h,i,j,G;
:=P; B:=Q; C:=1;
1. Integer differences between roots of P,(Q)
:=resultant (A, subs (k=k+d,B) ,k) ;
:=select (type,map2(op,1,roots(R,d)) ,nonnegint) ;
2. Construct C' and update A, B
or h in sort(H) do
:=gcd (subs (k=k+h,B) ,A) ;
:=quo(A,G,k); B:=quo(B,subs(k=k-h,G) ,k);
C:=Cx*mul (subs (k=k-j,G),j=1..h)
end do;
A,B,C
end:

LS = == e B SN

= QP

First, the algorithm finds all the nonnegative integers h € N such that ged(P(k),Q(k + h)) # 1, by
computing the resultant between those polynomials and finding its integer roots. The idea is that for such
a root h, writing G(k) for this ged and P = GP, Q = G(k — h)Q, one has

P(k)  P(k)G(k)---G(k—h+1)
Qk)  Qk)G(k—1)---G(k—h)’

These roots are then sorted by increasing order and the polynomial C' is used to accumulate fractions as
above.

Writing hy < he < -+ < h,, the elements of H and G;, A;, C; the polynomials constructed with h = h;,
the correctness of the algorithm follows from two properties that are maintained at the end of each iteration
of the loop:

) Ai(k) Ci(k+1)  P(k)
" Bi(k) Ci(k) Q(k)’
2. ged(A;(k), Bi(k+¢)) # 1, € N= ¢ > h;11 (with the convention h,,+1 = 00.)

They both follow from a simple induction. O

The following extra property will be used later.
Ezercise 9.1. At the end of the algorithm, ged(A(k), C(k)) = 1, ged(B(k),C(k + 1)) = 1.

9.1.6 Reduction to a Polynomial Unknown

Armed with Gosper’s Normal Form, we can now prove the main result of this section.
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Theorem 9.1 (Gosper, 1978). If T(k) € K(k) is a rational solution of the recurrence Eq. (£) and A, B,C

are given by Lemma 9.2, then
B(k—1)
Tk)=———X(k

with X (k) a polynomial solution of the recurrence

A(K)X (k +1) — Bk — 1)X (k) = C(k). (&)

Proof. Injecting the given form of T'(k) into Eq. (£) and reducing common denominators gives Eq. ('), but
at that stage X (k) is only known to be rational.

Assume now that X (k) = P(k)/Q(k) with ged(P, Q) = 1. We are going to show that @ = 1. Injecting
this expression for X in Eq. () and multiplying by Q(k)Q(k + 1) gives

A(k)P(k+1)Q(k) — B(k —1)P(k)Q(k+1) = C(k)Q(k)Q(k + 1).

Now one observes that Q(k) dividing two of the three terms, it has to divide the third one. As it is relatively
prime with P, it follows that

Q(F) [ B(k = 1)Q(k +1).
Therefore Q(k + 1)|B(k)Q(k + 2) and so on, so that for any K € N\ {0},

Qk) | Blk+ K —2)--- Bk —1)Q(k + K).
Similarly, Q(k + 1) divides two of the terms, leading to
Q(k) | A(k —1)--- Ak — K)Q(k — K).
As @ is a polynomial, there exists K such that ged(Q(k), Q(k + K)) = ged(Q(k), Q(k — K)) = 1. Then
Q(k) | ged(B(k+ K —2)---B(k—1),A(k —1)--- A(k — K)) = 1,

where the last equality comes from the properties demanded by the Gosper normal form. O

9.1.7 Polynomial Solution

The problem of indefinite hypergeometric summation has thus been reduced to finding polynomial solutions
of an equation of the form

AR)X (k +1) — B(k — D)X (k) = C(k). &)

A simple strategy to solve such equations is to first find a bound on the possible degrees of its polynomial
solutions, then use undeterminate coefficients, which results in a linear system for those coefficients by
extracting the coefficients of powers of k in the equation.

In order to find a bound, assume that as & — oo,

X(k) ~ Ak, A(k) ~ MK, A(K) = B(k — 1) ~ uk?,

where all quantities are known from the input, except for the degree D, and also the linear factor v that is
irrelevant. Rewriting the recurrence as

AR)(X(k+1) = X(F) + (A(k) = B(k = 1)) X (k) = C(k)
and exploiting the fact that X (k + 1) — X (k) ~ yDkP~!, one obtains the following distinction of cases

Ifd—1+#£9, D < max(deg C' — max(d,d — 1),0)
otherwise, D < max(degC — 9, —u/\),

where the bound —p/\ only appears if it is an integer.
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9.1.8 Gosper’s Algorithm
The algorithm is obtained by putting together the results of the discussion so far.

# Indefinite sum of wu(k)

# Input: P,Q s.t. u(k+1)/u(k) =P/Q

# Output: t s.t. t(k)u(k) is an indefinite sum of u(k)

# or FAIL if mno such t exists

Gosper :=proc(P,Q,k)

local v,a,b,c,eq,x,pol;
a,b,c:=GosperForm(P,Q,k) ;
eq:=a*x (k+1) -subs (k=k-1,b) *x(k)=c;
pol:=LREtools[polysols] (eq,x(k),{});
if pol=NULL then FAIL
else pol*subs(k=k-1,b)/c fi

end:

Example 9.5. If

k=1 .
H_j:l 72
U= R
Hj:1(] +1)
one obtains )
Uk+1 k

Uk (k+1)2+1
which is already in Gosper normal form. The equation to be solved becomes
EPX(k+1)— (K +1)X(k)=1.

With the notation of our discussion on degree bounds, we have d = 2,6 = 0,deg C = 0. It follows that
a bound on the degree of solutions is D < 0. Setting X (k) = A\ and extracting the coefficients of 1, k, k?
gives a system of one equation:

-A=1

An indefinite hypergeometric sum has thus been found:
Zuk = —(kEQ + 1)ug.
k

Since the denominator of u; does not vanish on N, one deduces for instance that

n k=1 .2 n .
ijlj j*

S 2 e =1 ]
k. 2

o1 1= (% +1) el 1

As Gosper’s algorithm is a decision algorithm, it also allows to determine when sequences do not admit
a hypergeometric indefinite sum.

Example 9.6. With uy = k!, the equation to be solved becomes
k+1D)X(k+1)—-X(k) =1

and since the degree of the first term is always one more than the degree of X, this equation cannot have
a polynomial solution, proving that the sequence (k!) does not have an hypergeometric indefinite sum.
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Similarly, with u; = (Z), the equation becomes
(n—k)X(k+1)—kX(k)=1,

the quantities for the degree bounds are d = 1,6 = 0,degC = 0,—u/A = n ¢ N, leading to the
bound D < 0 and the system
—22=0,An—-1=0,

that does not have any solution.

9.2 Zeilberger’s Algorithm for Definite Summation

As shown by the last example, the sequence (Z) with fixed n does not admit an indefinite hypergeometric

sum. However, it has a very simple definite sum

" /n
> (1) = =2
k=0

Other similar examples of sequences that do not have an indefinite hypergeometric sum but a nice definite

one are )
" /n 2n " /on — 2k\ [2k
_— i4n
k=0 k=0

and a larger one, due to Dixon around 1900,
a+b b+c c+a (a+b+c)!
—1)* _(atbto)! , N
%( ! <a+’“)<b+k>(0+k) aplel 0 POeER

where the sum indicated over Z reduces to max(—a, —b, —c) < k < min(a, b, ¢), as at least one of the binomial
coefficients is 0 outside of that range.

9.2.1 Definitions

We first extend the definition of hypergeometric sequences to a bivariate setting.

Definition 9.3. The sequence (f,x) € KN is hypergeometric if there are four non-zero polynomials
in K[n, k] such that

B(’I’L, k)fmk—i—l = A(’I’L, k)fn,kv D(na k)fn-i—l,k: = C(’I’L, k)fmk

Ezample 9.7. The binomial coefficient sequence (}) is hypergeometric: it satisfies

n+1\ n+l n n _n—k: n
E ) n+1—-k\k) \k+1) Ek+1\k/)

The problem of definite hypergeometric summation is, given two rational functions as above that define
a hypergeometric sequence (fy ), to find a linear recurrence with polynomial coefficients for the sequence

F, = an,k:~

kEZ

Actually, a more useful result is obtained by Zeilberger’s algorithm described below.
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9.2.2 Creative Telescoping
If one knows Pascal’s triangle
n+1 n n
= + s
(k: + 1) (k + 1) (k)

then subtracting this identity in > ("zl) leads to a telescoping:

R =X (T =2 (TG () - () () e

Writing f, » for (Z), this process has produced the identity

fn+1,k - an,k = (fn,kJrl - fn+1,k+1) - (fn,k - fn+1,k)7

from which the result Fj,;; = 2F,, is obtained by summing over k. The method of creative telescoping
generalizes this example.

Definition 9.4. A telescoping identity for a bivariate hypergeometric sequence f, i is an equation of the
form
tp(n)fn-i-p,k + o+ tO(n).fn,k = 9n,k+1 — In,k

with rational t; in K(n), not all 0. The left-hand side is called a telescoper and the right-hand side a
certificate.

The reason for the name certificate is that given a certificate g, ;, one can check the identity obtained by
summing over k, which is not straightforward without it.
9.2.3 Zeilberger’s Algorithm

The equation of Definition 9.4 expresses g, as an indefinite sum of the left-hand side. The principle of
Zeilberger’s algorithm is to use Gosper’s algorithm with unknown ¢; in order to find g, ;. Let

Ui = tp(n)fn—i-p,k +-+ tO(n)fn,ka

where we focus on k, but Uy also depends on n, and on the ;. Then

fn f’n.
U1 _ tp(n) PEEEEL o g (n) L g _ Pk+1,0)/q(k+1) frri
t /

Uk st o pgmye fup T PD/AR) fak

frok f

where P(k,t) is a linear combination of the ¢; with coeflicients in K(n)[k] and ¢ € K(n)[k] that are known
from the definition of f, ; since it is hypergeometric.
Next, consider the Gosper normal form of q(k) fr x+1/(q(k + 1) fn k) in the field K'(k), with K’ = K(n),

q(k) frre1 _ A(k) C(k +1)
qk+1)for  B(k) C(k) ~

It follows that
U1 A(k) P(k+1,t)C(k+1)

Us Bk Pk OCKH)

This leads to the equation
(&)  A(R)X(k+1) - B(k - 1)X(k) = C(k)P(k,1),

where the t; appear only in the right-hand side. The question is to find values of ¢; such that this equation
has a polynomial solution X (k) in K(n)[k].
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Input: fory klfoser Jogrr g in K(n, k); m € N
Output: (5(m))ggi<p in K(n) (p < m) and R(n, k) € K(n, k) s.t.

tp(n)fmp,k + -+ to(Mfyp = Rk + Df, 4y — R(n, K)f, 4,01 2.
1. Forp=0,....,m
n P(k,t
a) Set tpr"”’kJ'1 oty = .
et 1 q(k)
b) Compute the Gosper form
k) Jn A)Ck+ 1
a®)_funt _ABCEED
qtk+1) fix B(k)C(k)
c) Inthe equation A(k)X(k+ 1) — B(k — 1)X(k) = C(k)P(k),
i. Find a bound D on the degree of X € K(n)[k]

ii. Try and solve the linear system in the coefficients of X and %, ..., 4,

, P eKmIk,t,q € Kk

iii. If this has a nonzero solution, return (%y, ..., t,) (telescoper)
and B(k — DX(k)/(P(k)C(k)) (certificate)
2. Return A

Figure 9.1: Zeilberger’s Algorithm

Going back to the discussion on degree bounds in Section 9.1.7, one observes that these bounds depend
only on A, B and degC + deg P, none of which depends on the unknown ¢;. Thus one can compute a
degree bound as before. And then, extracting coeflicients of powers of k gives a system that is linear in the
coefficients of X and also in the t;. This is Zeilberger’s algorithm, presented in Fig. 9.1. The algorithm loops
over increasing orders for the left-hand side. In general, there is no guarantee that any telescoping identity
will be found, which is why it also takes a bound m on the orders to be tried. There is an important class
of proper hypergeometric sequence for which it is proved to terminate, but we do not discuss it here.

9.2.4 Example
We show the steps of the algorithm on the sum

S (n+a+b+c+k)!
Sn_z::(n—k‘)

- (a—k)(b+ k) (c+ k)k!

If
(n+a+b+c+k)!

Tk = (n—k)l(a—k)(b+k)(c+ k)’
the input of the algorithm is formed of the two rational functions

Sogrkg  _ntatb+cet+k+1  fopy  (ntat+btcetk+1)(n+1—k)(a—k) (9.7)
frk n—k T Sk (b+k+1)(c+k+1)(k+1)
in Q(a,b,c,n, k).
Having no a priori bound on the order of a telescoper for f,, r, we start by looking for a telescoper of
order p = 1. With Uy = t1 frt1,k + tofnk, we find

P(k+1,t)

Ukv1  —n=i fok+1
U. PGt ’
k n+1—k fn,k

where
Pk,t)=(n+k+14+a+b+c)ti(n)+ (n+1—k)to(n).
Thus, with the notation of the algorithm, ¢(k) = n + 1 — k. Next, we observe that
(n+a+b+ct+k+1)(n+1—-k)a—k) A(k)
b+k+1)(c+k+1)(E+1) " B(k)
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is already in Gosper normal form, since no root of the numerator (with respect to k) differs from a root of
the denominator by an integer.
Thus the linear recurrence for the polynomial X is

m+1—-kK)(a—k)a+b+c+n+k+1)X(k+1)—k(b+k)(c+ k)X (k)= P(k,t). (9.8)
With the notation of the discussion on degree bounds in Section 5.4.3, we have
d=3, 6=1, degC =1,

from where the bound D < 0 follows. Setting X (k) = A, the coefficients of k* and k? vanish and extracting
the coefficients of k¥, k! gives the system

{-a(-n—-1)(n+1+a+db+c)A—tg(-n—1)—(—n—-1—a—-b—c)t,
—(a(-n=1)+(a+n+1)(n+1+a+b+c))A—bch—tog+1t1},

linear in A, tg, 1. It has a nonzero solution

to=(a+b+n+1)(a+c+n+1)(a+b+c+n+1),
ti=—(n+1)(b+n+1)(c+n+1)=—-B(n),
A=a+b+c+2n+2.

This means that with these values,

t1(n) froy1k +to(n) fur = Ay (/\B(]]jl) Uk) ; (9.9)
(k)
where Ay is the difference operator: Ay : (vg) — (Vg1 — vg). This is the output of Zeilberger’s algorithm.
From there, some more work is needed in order to compute the sum S, itself. First, since the denominator
has degree 1 in k, it is easy to check that it does not vanish for k = —1,0,...,n + 1. Next, we want to
sum Eq. (9.9) for k£ from 0 to n + 1, but this is made delicate by the factor (n — k)! in the denominator of
fn,k, which makes f,, ,+1 undefined. One could use a limit argument to claim that it is 0, but we avoid this
discussion here. Instead, we sum up to k = n — 1 and reorganize the missing terms. These terms can then
all be written as a rational function times f,, ,, leading to the final result. This can easily be done with the
help of a computer algebra system. The steps below are presented in such a way that they can also be done
‘by hand’. The starting point is the sum of Eq. (9.9) for k£ from 0 to n — 1, that gives

t1(n) (Snt1 — fatintt — fotin) Ft0(n)(Sn — frn) = )\B(g(n)l)Un - )\BPS(O? Vo,
tl(n)SnJrl + tO(n)Sn - Un - tl(n)fn+1,n+l = )\B(P,';L(;)UU”,

B(n—1)

tq (n)Sn_H + to(n)Sn = (/\ P(n)

+ 1) U, + t1(n) fot1,n+1,

where, in the second line, we use the fact that B(—1) = 0 and the definition of U,. Now, the recurrence
relation (9.8) gives
A(A(n) = B(n = 1)) = P(n)

and a direct computation of f,, , shows that
A(n)
Jnt1n+1 B(n)f , (n) fn,
It follows that the right-hand side above simplifies to

b n— n n n M = n n M =
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This shows that S,, satisfies the linear recurrence of order 1
n+1)(b+n+1)(c+n+1)Spt1 —(a+bdb+n+1)(a+c+n+1)(a+b+c+n+1)S, =0.

In view of the initial condition

_(a+b+0)!
5= T
we have found
g _i (n+a+b+c+k) _(a+b+n)(a+c+n)l(a+b+c+n)
n_kzo (n—El(a—K)!Ob+E)!(c+E)E  nla(a+b)(a+c)b+n)(c+n)

9.3 Petkovsek’s Algorithm

The last algorithm of this lecture aims at finding hypergeometric solutions of linear recurrences. One source
of such recurrences is Zeilberger’s algorithm from the previous section. For instance, with

- 3k
D, =S (k"
=2 ()G
k=0
Zeilberger’s algorithm finds the linear recurrence
2(2n+3)Dpt2+3(5bn+7)Dpy1 +9(n+1)D,, = 0.

Petkovsek’s algorithm starts from there and finds that D,, is indeed hypergeometric (see below).

Similarly, for the sequence
2\ (n+ k>
A, =
2 () ()

from Apéry’s proof, Zeilberger’s algorithm returns the recurrence
(n+1)3A4, 11 — (34n3 + 51n® + 2Tn + 5) A, +n®A,_1 =0,

from which Petkovsek’s algorithm shows that A, is not hypergeometric.

9.3.1 Petkovsek’s Algorithm

The given recurrence is
pr(n)un+r +- 4+ pO(n)un =0

and u,, is assumed to be hypergeometric. The analysis is simpler if one takes a stronger form of the Gosper
normal form of w11 /uy,:

Unt1 ZA(n) C(n+1)
u,  B(n) C(n) ’
where it is assumed that A, B, C satisfy the same property as earlier, and moreover are all monic. This is
easy to achieve for any rational function P/Q: take Z to be the quotient of the leading coefficients of P
and @, then run the algorithm on P/lc(P) and @/ lc(Q) (lc denotes the leading coefficient) paying attention
to take monic geds.
Injecting this expression in the recurrence and multiplying by common factors gives

Z"pr(n)An+r—1)--- A(n)C(n+r)+
Z" e a(n)Bn+r —1)An+7r—2)- - An)C(n+r —1)
+--+Zpi(n)B(n+r—1)---B(n+1)A(n)C(n+1)
+po(n)B(n+r—1)---B(n)C(n) = 0.

(9.10)
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If A and B are known, this equation first gives Z by extracting the leading coefficient of the recurrence. Next,
C has to be a nonzero polynomial solution of the recurrence, which is searched for as before, by bounding
the degree and then using undeterminate coefficients.

The properties of the Gosper form (including Exercise 9.1) prove divisibilities of A and B:

A(n) [ po(n),  B(n+r—1) [ p(n).

Thus A and B are factors of the extremal coefficients. The resulting algorithm is given in Fig. 9.2.

Input: p (M, + -+ + po(mu, = 0 with p; € K[n]
Output: A hypergeometric solution if one exists; 0 otherwise
1. For all monic factors a(n) of py(n), b(n) of p.(n —r+1),
@) Set P; = p(m)a(n)-—-a(n+i—1)b(n+i)--b(n+r—1)
fori=0,...,r;
(b) Let M := maxdeg P;; a; = [nM]P;; Q = Z aZt
v

(c) Forallze Ks.t. Q(z) =0,

If P (n)c(n+r) + -+ + Py(n)c(n) =0
has a nonzero polynomial solution ¢(n) € K[n],
return u,,/u, = za(n)c(n + 1)/(b(n)c(n)) .

2. Return 0

Figure 9.2: Petkovsek’s Algorithm

9.3.2 Examples

Ezxample 9.8. With the recurrence
22n+3)Dpy2 +3(5n+ 1) Dyt +9(n+1)D,, =0, (9.11)
the monic factors of the extremal coefficients are
{1,m+3/2}, {l,n+1}.
The algorithm loops over the 4 choices. The first one is, say, A = B = 1. Then Eq. (9.10) becomes
2(2n +3)Z2C(n+2) +3(5n + 7)ZC(n+1) +9(n + 1)C(n) = 0.
Extracting the coefficient of n in each coefficient gives
AZ2 +15Z +9 = (Z +3)(4Z +3).

The next loop is over the roots z = —3,z = —3/4 of this polynomial. Taking the first choice (z = —3)
gives the recurrence

18(2n+3)c(n +2) —9(5n+ T)e(n + 1) + 9(n + 1)e(n) = 0,
which can be rewritten in the form
18(2n + 3)(c(n+2) —2c(n+ 1) +¢(n)) + 9(3n + 5)(c(n + 1) — ¢(n)) =0,

where the first term has degree deg c—1 when deg ¢ > 2 and the second one deg ¢ when deg ¢ > 1. It follows
that the only possibility for a polynomial solution is degec = 0. Indeed, ¢(n) = 1 is clearly a solution,
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which shows that (—3)™ is a solution of Eq. (9.11). Since the initial conditions Dy = 1 and D; = —3

match, this proves the identity
= 3k
D, =3 (—0F(" — (-3)™.
S (1) () =9

k=0

Example 9.9. The case of Apéry’s sequence is more complicated. The recurrence
(n+1)2An 1 — (340 4+ 5102 +2Tn + 5) A, + 1A, 1 =0
leads to considering all the possible monic factors among
{I,n+1,(n+1)2 (n+ 1)}, {1,n,n%, n},

which gives 16 choices. For each of them, one constructs Eq. (9.10) and for each of the solutions of the
equation for Z, one searches for a polynomial solution. It is better to have a computer algebra system do
it automatically. In Maple, this is achieved by the command

> LREtools[hypergeomsols] (rec,A(n),{}); 0

showing that this recurrence does not admit any hypergeometric solution and therefore that the sequence
(A,) is not hypergeometric.

Additional Bibliography
The most elementary introduction is by the authors of these algorithms themselves

Marko Petkovsek, Herbert S. Wilf, and Doron Zeilberger. A = B. Wellesley, MA: A. K. Peters, 1996,
pp. xii+212

Another clear introduction to Zeilberger’s algorithm is in the recent editions of

Ronald L. Graham, Donald E. Knuth, and Oren Patashnik. Concrete mathematics. 2nd edition. Reading,
MA: Addison-Wesley Publishing Company, 1994, pp. xiv+657
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Lecture 10

Grobner Bases

Summary

Grobner bases are bases of polynomial ideals that play a fundamental role in the manipulation of
polynomial systems. They allow to test ideal membership, to solve elimination problems and to test
membership in the radical of a polynomial ideal. This lets one answer geometric questions, thanks to
Hilbert’s Nullstellensatz.

In this lecture, A = K[z1,...,z,], with K an arbitrary field.

Polynomial systems can be used to encode a variety of problems, from geometry (where circles and lines
are encoded by polynomial equations), to robotics (the possible movements of each joint of a robot being
translations or rotations are also encoded by polynomials), or graph coloring (colors are values, each vertex
is given a variable). For all these problems, Grobner bases can help answer questions related to the encoded
situation.

10.1 Questions about Polynomial Systems

10.1.1 Existence of Solutions

A first question is the existence and the number of solutions. In some cases, like the system
{r+y=0, z+y+1=0},
the answer is that there is no solution, whatever the situation. In other cases, like
2+ +1=0,

the answer depends on the field K where solutions are considered. This equation does not have any solution
in R? but it does have solutions in C2. This latter situation is the one to which Grébner bases are more
suited. There are also ways to answer this type of problems over the real numbers for systems using Grobner
bases in intermediate computations, but they will not be discussed here.
Another situation where the existence of solutions is important is in SAT-solving. For instance, a boolean
formula like
(xl V T3 \/$4)/\ (l‘2 V 3 \/54) ARER

translates into the polynomial system
{1‘1(1 - 1‘1) = O7 1‘2(1 - Ig) = 0, Ig(l - Ig) = O, .. .,131(1 - ,Ig)l‘4 = 07 Igl‘g(l - 1'4) = O7 . }
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Figure 10.1: Intersection of a sphere and a cylinder and its projection

Since SAT-solving is known to be an NP-complete problem, this shows that answering this type of questions
for polynomial systems is not going to be easy computationally. Indeed, computational complexity turns
out to be a major obstacle in the efficient solution of questions related to polynomial systems and a major
source of frustration for users of Grébner bases.

10.1.2 Elimination

There are many applications of elimination. As mentioned in Lecture 5, elimination corresponds to projec-
tion. For instance, the projection of the intersection of a sphere and a cylinder displayed in Fig. 10.1 has an
equation given by eliminating z between the equations

22 f 2422 =1,
v+ (2 —3/4)? =1/16

which gives
4zt — 322 + 9y* = 0.

Another application is implicitation, where parameters are eliminated from a parameterization in or-
der to obtain an implicit equation for a curve or a surface. The most basic example is to go from the
parameterization of a circle by the tangent of the half-angle:

to the equation 22 + y? — 1 = 0 by eliminating .
Again, Grobner bases can perform those computations.

10.1.3 Solutions

“Solving” a polynomial system can take many forms. Usually, one aims at finding a representation of the set
of solutions on which further computations can be performed easily. For instance, the system

+y+z=1,
z+y?4+z=1, (10.1)
r+y+22=1,

has for solutions the intersections of the three surfaces displayed in Fig. 10.2. The system itself is obviously a

126



Figure 10.2: Solutions of Eq. (10.1)

representation of its solutions. Other convenient representations can be computed with the help of Grébner
bases, such as a triangular system:

r+y+22=1,

v —y—2"+z2=0,

222y +22—1) =0,
22(z—1)%(22+22—-1) =0,

where the last equation has only one variable z and for each of its solutions, the two previous ones let one
find corresponding values for y and from there the first one gives x. Moreover, this representation keeps
track of the multiplicity of the solutions (a notion which we do not define precisely here).

Another useful representation is called a rational parameterization:

pu) = (u—1)(u—2)(u—4)(u?+ 14u — 49) = 0,
—u*436u>—251u2+618u—504

X == 7 ’
P’ (u)

_ —u*437u®—241u>4+513u—308

Y - p’(u) ’

2 _ —u*+39u—215u>+387u—210

P’ (u) ’

It consists of a square-free polynomial in one variable p(u) (square-free means that it has only simple roots)
and a set of rational functions that give a solution point for each root of p. The division by p’(u) might seem
unnecessary, since p’ can be inverted modulo p, but keeping it leads to parameterizations with smaller integer
coefficients (not proved here either). Another interest of this representation is that there exist algorithms
computing it more efficiently than going through a Grébner basis computation, at least in theory.

10.1.4 Ideals

Given a polynomial system, its solutions are also solutions of all linear combinations of its equations with
polynomial coefficients. These form an ideal (the definition of an ideal is recalled in Appendix A.)

Definition 10.1. The ideal generated by (fi,..., fs) € A% is

<f1a-~-afs>: {ZUifi | UiEA}.

i=1

That it is an ideal is readily checked.

127



Figure 10.3: Intersection of a circle and a hyperbola

Ezample 10.1. In one variable (n = 1, A = K[z]), ideals of K[z] are principal (generated by one element)
and

<f17"'af5> = <ng(f17°"7f8)>'

10.1.5 Ideal Membership

An ideal can be given by generators in many ways. Thus the intersection of a circle and a hyperbola in
Fig. 10.3 can be described by the ideal

T= (2 +y*>—2,2y—1).

In the vocabulary of the next section, a Grobner basis of Z (for the graded reverse lexicographic order) is
found to be

T= (x> +y* 2,2y — 1,0 —2y+5°).
It contains the original two polynomials, plus another one that can be obtained as y(x? +y* — 2) —z(zy — 1)

and has the advantage of having x as its only monomial in the variable x. Another basis, for the lexicographic
order, is the triangular system

IT=(y'-2"+1La—2y+y°).
That this is the same ideal is not completely obvious at first sight. The first polynomial, in y only, can be

found as y(xr — 2y +y3) — (zy — 1), showing the inclusion of this last ideal in the previous one. For the other
direction, one can first observe that

zy—l=ylz—2y+y°)— (y* —20° +1)

and next, that
2y —2=a(x-2y+v>) - (v* —2)(zy - 1).

These computations are special cases of the ideal membership problem. Given a polynomial f and the
generators f1,..., fs of an ideal, the question of ideal membership is to test whether f € (f1,..., fs).

For instance, in the previous example, where the solutions all satisfy y> — 1 = 0, it is natural to wonder
whether 42 — 1 € Z. Again, Grébner bases can be used to answer this question.

An important special case is to test whether 1 € (fi,..., fs), i.e., detect that the equations are inconsis-
tent.
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10.2 Grobner Bases

Grobner bases can be viewed as a common generalization of Euclidean division and of Gaussian elimination.
In Euclidean division, one takes two polynomials, compares their highest degree terms, multiplies by an
appropriate monomial that allows to perform a subtraction that reduces the degree of the higher degree
polynomial. One difficulty in several variables is that there can be several “highest degree terms” and choices
have to be made. This is the purpose of monomial orders.

10.2.1 Monomial Orders
Recall that A = K[zy,...,x,]. We use the notation

a an

=z xom, (ag,y...,ap) € N7

Definition 10.2. A monomial is an element of A of the form x%, a € N*. A term is an element of A
of the form Ax® with A #0 € K and a € N".

Definition 10.3. A monomial order is a total order on the monomials, that is compatible with multi-
plication (x* < x° = 2%zY < 2P27) and such that every nonempty set of monomials has a smallest
element.

The following consequence of the definition plays an important role later.

Lemma 10.1. 1 <z%, a € N".

Proof. By contradiction. If 1 = 2%, then by compatibility with multiplication, the set {z** | k € N} does
not have a smallest element. O

Ezxample 10.2. In one variable, since 1 < x, compatibility with multiplication implies that
m<ke ™ <k

The case when n > 1 is much more diverse.

10.2.2 Examples of Monomial Orders

Definition 10.4. In the lexicographic order, @ < x” when a = B or the first nonzero entry of (3 —a) €
Z" 1is positive.

In Maple, this order is denoted ‘plex’ for pure lexicographic order.
Other orders can be defined with the help of matrices that indicate how ties are broken. Important
matrices in practice are

1-vee-- 1 O----- 0
1 1 1 1 1 1 0-cvv-- 0o 1------ 1
1 -1 i -1
Mgrlex — R MgreVlex = L .. R Méli)m = B
1 -1 .
-1
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Definition 10.5. For M € {1d, Meriex, Mgreviex, Méfl)m}, one defines a monomial order by & =< 2P when

a = fB or the first nonzero entry of M - (8 — «) is positive. The corresponding monomial orders are called:
— lexicographic order if M = 1d;
— graded lexicographic order if M = Mgreviex;

— graded reverse lexicographic order if M = Mgeviex (‘tdeg’ in Maple, for total degree order);

— ¢th elimination order if M = M éfl)m
It is readily checked that the first definition is equivalent to the one above.
The intuition for practical use of these monomial orders is that computations with the graded reverse
lexicographic order (tdeg) tend to be faster, computations with the lexicographic order (plex) tend to be
slower but give more direct information, the elimination orders are in between.

10.2.3 Grobner Bases

Only a few more definitions stand between us and the definition of Grébner bases.

Definition 10.6. Given a monomial order < and a polynomial P # 0, one calls leading monomial of P
(denoted LM(P)) the largest monomial for <; one calls leading term (denoted LT(P)) the corresponding
term and leading coefficient (LC(P)) the corresponding coefficient.

Definition 10.7. The stairs of an ideal T C A is the set {LM(P) | P € T\ {0}}.

The stairs are visualized by displaying the exponents, and typically look as in Fig. 10.4. By compatibility
of the monomial order with multiplication, for each point p of this picture, the region p + N™ belongs to it
too.

v

Figure 10.4: Stairs of an ideal
And finally,

Definition 10.8. A finite subset G of an ideal T C A is a Grobuer basis of Z if (LM(G)) = (LM(Z)).

The proof that Grobner bases exist for all ideals of A is postponed to the next section.

In the example of the picture of the stairs above, the basis would contain one polynomial for each of the
three corners of the gray area.

An easy result at this stage is a characterization of trivial ideals.
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Corollary 10.1. The ideal T is trivial (Z = A) if and only if 1 € G, where G is a Grobner basis of T for
any monomial order.

Proof. Note that 1 is the only polynomial with leading monomial 1, up to nonzero constant factors. It follows
that if 1 € Z, then 1 € G. Conversely, if 1 € G, there is a polynomial with leading monomial 1 in Z, and this
implies 1 € Z. O
10.2.4 Examples

Intersection Circle-Hyperbola

In Section 10.1.5, we gave the Grobner bases for the ideal Z = {22 + y? — 2, 2y — 1}, for the graded reverse
lexicographic order and for the lexicographic order. Underlining their leading monomials, they are

{(P+y* -2, ay—1, z—2y+y°}, {y'-27+1, z2—2y+¢°} (10.2)

Note in particular that the number of elements in the basis depends on the monomial order. The corre-
sponding stairs are given in Fig. 10.5.

A . A

v
v

Figure 10.5: Stairs of the ideal of Eq. (10.2)

The second one is typical of a favorable situation (called ‘shape lemma’), where one polynomial involves
only one variable; the other ones each involve that variable and another one with respect to which it is linear.
Thus, the solution set is completely parameterized by the solutions of the univariate polynomial.

Univariate Situation

If n = 1 (univariate case), then recall from Example 10.1 that any ideal is generated by the ged g of its
elements. Then (LM(g)) = (x9°89) and this is clearly equal to (LM(Z)), since all elements of Z have degree
> degg. Thus, {g} is a Grobner basis of the ideal.

Linear Systems

If the degree of all polynomials is 1, then we are dealing with a linear system of equations. Assume that A
is a matrix in row echelon form (the first nonzero entry of each row is to the right of the first nonzero entry
of the row above it), as depicted here:

coocoo
cococo Bl
[N eNaNa
co o B+
S o B+ *
O O * * *
[N aib T
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Such matrices are the result of Gaussian elimination. Then the system

n
G= E a,-jxj|i:1,...,m
j=1

is a Grobner basis of the ideal (G) for the lexicographic order. This is easier to prove with the tools introduced
in the next section.

10.2.5 Division

Monomial orders have let us define the leading monomial of a polynomial. This is the first step in the
Euclidean division in K[z], that we now generalize to the multivariate setting.

Proposition 10.1. If G = {g1,...,9m} C A and F € A, there exists (B,r) € A% such that
- F=B+r;
- Be(G);
-1 =0 ornoLM(g;) divides a monomial of r.

If G is the Grobner basis of an ideal Z, then (B,r) is unique.

. . —=G
The polynomial r is denoted F' .
Before proving this proposition, we discuss a few consequences of this result.

Corollary 10.2. Ideal membership in I can be tested with a Grobner basis G of Z: F € T & ¥ =o.

Proof. 1f 7= 0 then F is equal to the polynomial B of the proposition, which is in Z since G C Z.

Conversely, if ' € Z, then r = F—F_B € Z. Then by definition of a Grébner basis, either r = 0 or
LM(r) € (LM(G)). As the second case does not occur by the proposition, it follows that r = 0. O

Corollary 10.3. An ideal T is generated by a Grébner basis of it: T = (G).

Proof. Tt is a consequence of the previous corollary: if F' € Z, then FG = 0 and F € (G). The other inclusion
comes from G C 7. O

Proof of Proposition 10.1. Uniqueness is easy: if F' = B1+r; = Bo+ry with the properties of the proposition,
as no LM(g;) divides the monomials of 71 and r5 the same happens for the monomials of ro—r; = B1—By € Z,
which implies that it is 0.

The existence is constructive and given by the algorithm of Fig. 10.6. This algorithm is very similar to
FEuclidean division, except that one divides by a set of polynomials rather than only one. The correctness of
the algorithm comes from three properties:

— invariant: at the end of each iteration of the loop,
Fﬁf:algl+"'+amgm+ra
as can be checked by induction;

— invariant: at the end of each iteration of the loop, no LT(g;) divides a monomial of r, this comes from
the way monomials are added to r;
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Input: F,G = {g}, ..., &}
Output: rand (ay, ...,a,) st. F =a,g; + - +a,g,, + 1
r=a=--=a,=0f=F,
While f # 0 do
S :={is.t. LT(g) |ILT()}
If S = @ then
r=r+LT(f);f=f-LT(f)
else
i =minS;q; = a;+ LT(f)/LT(g);
f=F—(LT(H/LT(g))g;

Return (r,ay, ..., qa,,)

Figure 10.6: Division Algorithm

— variant: each iteration of the loop decreases LM(f). This follows from the fact that f is always
subtracted a polynomial whose leading term is LT(f). Since the set of {LT(f)} constructed during the
algorithm has a smallest element, by the properties of monomial orders, it follows that the loop can
only be performed a finite number of times. Then at the end the set S is empty and f = 0. O

10.2.6 Elimination

Grobner bases solve elimination problems.

Theorem 10.1. Let G = {g1,...,9m} be a Grobner basis of T C A for the lexicographic order. Then
GNKlx;,...,x,] is a Grobner basis of the ideal TN K[z;, ..., xz,] for the lexicographic order.

Proof. We use the notation
Ai:K[IZ‘,...,I‘n], Gi:GﬂAi, IZ:IﬁAz
Since G; C Z;, it follows that (LM(G;)) C (LM(Z;)) in A;.
Conversely, if F' € Z; \ {0} C Z, then there exists g; € G such that LM(g;) | LM(F). By definition of

the lexicographic order, this implies LM(g;) € A; and thus also g; € A; and thus g; € G;. We have proved
LT(F) € (LT(G;)). O

It is an exercise to show that the same result holds for the ith elimination order, except that now G; is a
basis of Z; for the graded reverse lexicographic order.

Ezample 10.3. Coming back to the ideal Z encoding the intersection of three surfaces in Section 10.1.3,
it follows that the entirety of Z N K[y, 2] is generated by

{(» —y—22+2, 22Qy+22-1), 22(z—-132:=*+22-1)},

while the intersection of Z with K[z] is generated by the last polynomial.

10.3 Buchberger’s Algorithm

We now describe Buchberger’s algorithm, which computes a Grébner basis for an ideal of A and a monomial
order, and thereby proves that such a basis always exists.
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10.3.1 S-polynomials

Definition 10.9. The S-polynomial of f and g in A is the polynomial

S(4,) = lom(LM(), L) ( £ - ) € (10

Note that this is indeed a polynomial, as the lcm in the numerator is a multiple of both leading terms in the
denominators. The idea behind this construction is summarized in the following.

Lemma 10.2. The leading monomial of the S-polynomial of f and g is smaller than the lecm of their
leading monomials:

LM(S(f, 9)) < lem(LM(f), LM(g)).

Proof. Both leading terms of f and g are multiplied by monomials in such a way that the leading terms of
both summands in S(f, g) are lem(LM(f), LM(G)), with opposite signs. It follows that the sum has smaller
leading monomial. O

The following characterization of Groébner bases in terms of S-polynomials is the basis of Buchberger’s
algorithm.

Proposition 10.2. The set of polynomials G = {g1,...,9m}t C A is a Grobner basis of (G) if and only
if

—G
S(gingj) =0, 1<i<j<m.

Exercise 10.1. Use this characterization to prove the Grébner basis for linear systems from Section 10.2.4.

Proof. Since S(gi,g;) € (gi,9;) C (G), it follows from Proposition 10.1 that it reduces to 0 by the division
algorithm.

For the converse inclusion, starting from F' € (G), the aim is to show that there is g; € G such that
LM(g;) | LM(F). Since F € (G), it decomposes as

There is no uniqueness of these decompositions and among all of them, we choose one such that

d = max LM(h,g;) is minimal,

which is possible, since the set of LM(h;g;) among all possible decompositions has a smallest element by the
monomial order.

Of course, if § = LM(F'), the result is proved. Otherwise, § > LM(F') and the idea is to use the S-
polynomials S(g;, g;) to obtain a decomposition of F' with a smaller §, a contradiction. Up to renumbering
the g;, we may assume that

LM(h;g;) =6 for i <k, LT(hig;) <0 fori> k.

Thus F' rewrites as . i
F =Y LT(hi)gi+ Y (hi = LT(h))gi + Y higi, (10.4)
=1 i=1 i>k
where the last two sums have leading monomial smaller than J. Furthermore, one can rewrite

LT(hi)g; = LT (h;) LT(gi)LTg(Z?i> = LC(higi)éLTg(igi). (10.5)
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For any ¢ < k, since 6 = LM(h;g;) = LM(hggy), it follows that
ik = lem(LM(g;), LM(gx)) | 6.

In view of the definition of S-polynomials, we get an identity among polynomials

Tk 9 Gk 9 ( i gk ) gi
+ —5(9i,9x) =0 +— - =90 .
TT(g0) T 3 W9 =00ty F 57 \ Tgy) ~ Ti(an) LT(g:)

This can be used to rewrite all g; in terms of g, plus smaller order terms. Injecting in Eq. (10.5) gives

k

k k
b}
;LT(hi)gi = (; LC(higi)> 6LT9(’;k) + ZLC(higi)TS(gi,gk)_

i=1 bk

If the sum in the first term on the right-hand side is not 0, then the leading monomial of the right-hand side
is §, which is impossible since § = LM(F). Thus the first sum is 0. In the second sum, all terms have leading

—
term smaller than ¢ and, since S(g;,g;) = 0, they decompose as linear combinations of the g;. Putting
together this identity and the right-hand side of Eq. (10.4) gives a decomposition of F' like Eq. (10.3), but
with a smaller leading monomial, a contradiction. O

10.3.2 Buchberger’s Algorithm

The algorithm, given in Fig. 10.7, is a direct consequence of the previous proposition. It was discovered by
Buchberger in 1965.

Input: fi, ..., f,, in A;a monomial order <
Output: a Grobner basis of (fi, ..., f,,) for <
G=1{fi, -t
S={SUp1i<j}
While S # @
Pickpe S
§:=S\{p}
g:=p°
ifg#0
S:=8Su{S(g.h|heGCG}
G:=GuU{g}
Return G

Figure 10.7: Buchberger’s algorithm

A clear invariant is that (G) = (f1,..., fm) at each iteration of the loop. That the algorithm is correct
if it terminates is a consequence of Proposition 10.2. At each iteration, we also have the variant that either
the number of elements of S decreases, or the ideal (LT(G)) increases.

Proposition 10.3 (Dickson’s Lemma). For any A C N", the ideal T = (z“ | a € A) admits a finite
basis {x®M) ..z} with a(i) € A for all 1 <i < s.

Proof of termination of Buchberger’s algorithm. Consider the sequence of ideals (LT(G)) constructed during
the execution of the algorithm. Note that it is strictly increasing every time a new ¢ is added to G. The
union of these ideals is an ideal as in Dickson’s lemma and therefore admits a finite basis. Each of the
generators must belong to one of the ideals and therefore the sequence becomes stationary after a finite
number of steps. O
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Xls) xus) 7

Figure 10.8: Illustration of the proof of Dickson’s lemma

Proof of Dickson’s lemma. The assumption “a(i) € A” is not restrictive as we can always reduce to this case.
Indeed, supppose we have a basis {xﬂ(l), .. ,mﬁ(s)} of Z. Then each z°( is divisible by some z®(®) with
a(i) € A so that {z#(M), ... 28} is a basis of Z.

The rest of the proof is by induction on the dimension n. For n = 1, the generator is ™), For n > 1,
the proof proceeds by projection on the case with n — 1 variables. It is illustrated in Fig. 10.8 for n = 2. Let
X =x1,...,2,_1 and Y = z,, and consider the ideal

J = {X%|3Im, XY™ € T}.
By the induction hypothesis, it admits a basis {X*™1) ..., X}, For each i =1,...,s, let
m; :=min{m € N | X*Oym™ ¢ 7}, m = maxm,.

Then, for k =0,...,m, let
T = {X“| XYk e 1}

Again by the induction hypothesis, each of these ideals has a finite basis {X () . X (k)1 Tt follows
that
{XDYF|0<j<s,0<k<m}

is a finite basis of Z. Indeed every monomial X*Y”? € T is divisible by a monomial, either in J}, if 8 > m,
or in Jg else. [

Another consequence of Dickson’s lemma is the following.

Theorem 10.2 (Hilbert’s Basis Theorem). Every ideal T C K([z1,...,2,] has a finite generating set.

Proof. By Dickson’s lemma, the ideal (LM(Z)) has a finite basis {LM(g1), ..., LM(gm)}. This exactly means
that G = {g1,...,9m} is a Grobner basis and by Corollary 10.3 that it generates Z. O

10.4 Radicals and Nullstellensatz

Ideal membership is not a complete answer to the characterization of solutions of polynomial systems. In
the example from Section 10.1.5 of the intersection of a circle and a hyperbola, one can test that y? — 1 does
not belong to the ideal Z = (22 +y% —2, xy—1), using Grébner bases. The corresponding Maple commands
are:

> F:=[x"2+y~2-2,x*xy-1]:
> G:=Groebner [Basis] (F,tdeg(x,y));
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G:: [xy—l,x2+y2—2,y3+x—2y]

> Groebner [NormalForm] (y~2-1,G,tdeg(x,y));
y' -1
—G
This shows that y2 — 1 # 0 and thus that y? — 1 is not in the ideal, although it vanishes on all solutions of
the system. The right object to describe this situation is the radical of the ideal.

10.4.1 Radicals
Definition 10.10. The radical of an ideal Z of a ring A is the ideal
VI={feA|ImeN,fm™eI}.

Testing whether a polynomial belongs to the radical of a polynomial ideal can be performed using Grébner
bases thanks to the following important result.

Proposition 10.4 (Rabinowitsch’s Trick).

fevVififm) e (fi,o fm L= tf) = (1) =K[z1,..., 2, t].
Using this proposition, the previous computation can be concluded:
> Groebner [Basis] ([op(F),1-t*(y~2-1)],tdeg(x,y,t));
1]
This shows that y?> — 1 € v/Z and therefore vanishes on all the solutions of the system.
Proof. It fP € (f1,..., fm), then writing
L= (= tf) (4 77l 47 f7

shows that 1 € (f1,..., fm, 1 —¢f).
Conversely, if 1 belongs to this ideal, then it can be written

L=gi(z,t)fr + -+ gm(x,t) frm + g(x,t)(1 = tf)

for polynomials g;(z,t) and g(z,t) in K[zq, ..., z,,t]. Evaluating this identity at ¢t = 1/f and multiplying by
the common denominator (a power of f) gives a decomposition of that power of f as a linear combination
of f1,..., fm, showing that f is in the radical of the ideal they generate. O

10.4.2 Hilbert’s Nullstellensatz

The last result of this lecture makes an explicit relation between algebra and geometry, when the field is
algebraically closed.

Theorem 10.3 (Hilbert’s Nullstellensatz). If K is algebraically closed and f, fi,..., fm belong to A =
K[z1,...,z,] then f belongs to the ideal \/{f1,..., fm) if and only if f vanishes on the common solutions

of (fi,-.., fm) in K™

Proof. The direct implication is clear: if there exists p such that f? € (f1,..., fm), then fP vanishes at the
common zeros of f1,..., f,, and therefore so does f.
The converse implication requires more work.
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Lemma 10.3 (Noether Normalization Lemma). Let f € K[xy,...,x,] with n > 2 have degree d > 0. If
K is infinite, there exists (A1,..., A\n_1) € K"! such that the coefficient of & of

f(l‘l + /\lxna sy X1 F An—lxn)l'n)

is not zero.

This lemma is illustrated in Fig. 10.9. The polynomial xy — 1 does not have the property: there is value
of z, x = 0, where its degree in y decreases. The change to (x 4+ y/5)y — 1 corrects this.

3

Figure 10.9: Noether Normalization

Proof. Denote by a,, the coefficient of 2 in f for all & € N”. Since the degree of f is d, the homogeneous
polynomial

g(x1,. . Tn) = Z anx®

it tag=d

isnot 0. The coefficient in the lemma is precisely g(\1, ..., Ap—1,1). We now construct a point (A1,...,Ap—1,1)
where g does not vanish, by induction on n. If n = 2, g is a univariate nonzero polynomial. Therefore it
has a finite number of zeros and since K is infinite, one can find a A; which is not one of them. Otherwise,

viewing ¢ as a polynomial in x,_1, we first find by induction a point (A1,...,A,—_2) where the leading co-
efficient does not vanish. At this point, we are left with a nonzero polynomial in x,_; for which again, a
suitable \,,_1 can be found. O

Another ingredient in the proof is the weak Nullstellensatz, that asserts that the polynomials of an
ideal that does not contain 1 have common zeros when the field is algebraically closed (and therefore infi-
nite).

Lemma 10.4 (Weak Nullstellensatz). If Z is a strict ideal of A = K[z1,...,2,] and K is algebraically
closed, there exists a € K™ such that for all f € Z, f(a) = 0.

A consequence is that if fy,..., fs are polynomials in A that do not have any common solution in the
algebraically closed K, then there exist polynomials g1, ..., gs such that

l=gifi+ - +9gsfs
Indeed, the lemma asserts that the ideal Z generated by (fi,..., fs) is not strict and therefore contains 1.

Proof. The proof is by induction on n. The case when n = 1 follows from the algebraic closure of K.
Since 7 is a strict ideal of A, there exists g # 0 in Z of degree at least 1. By the Noether normalization
lemma, up to changing coordinates, one can assume that

qg= x‘fL +gd_1z§lfl +---+3go, ¢i€ K[zl, - ,xn—1]-
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(Indeed, for any (A1,...,A\,—1) € K?71 the ideal K = {f(21 + MTny. s Tn1 + A1Tn,20) | f €T} is a
strict ideal since it is the case for Z.)

By induction, there exists a’ € K"~! a common zero of the polynomials in the ideal 7’ = ZNK[z1, . . ., T, _1].
Consider now the ideal

T =A{f(a",zn) | f € I} C K[zn].

We want to show that J is a strict ideal of K[z,], since then the case n = 1 of the lemma gives a,, that
concludes the proof. If J is not strict, there exists f € Z,

f:fexz—’—"'—’_va fiEK[$1,...,$n71],

such that f(a’,z,) = 1. This means that fo(a’) = 1 and f;(a’) = 0 for ¢ > 0. The resultant Res,, (f,9)
belongs to Z' (see Lecture 5) so it must vanish at a’. However, examining its expression

fo 90
fi g1

R s = fO g0
. (/:9) Je 1 g1

Je 1
shows that it is 1 at a’ by the specialization property of the resultant. This leads to a contradiction. O

We can now conclude the proof of the Nullstellensatz itself.

If f vanishes on the common solutions of (f1,..., fi,) in K™, then (f1,..., fm, 1—tf) do not have common
zeros. By the weak Nullstellensatz, this implies that the ideal (fi,..., fm,1 — tf) is not strict. Then by
Rabinowitsch’s trick, f belongs to the radical of (f1,..., i), as was to be proved. O

Additional bibliography

A wonderful and very readable account of the questions related to Grobner bases and their applications is
the classical

D.A. Cox, J.B. Little, and D. O’Shea. Ideals, varieties, and algorithms. 4th edition. Springer New York,
2015
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Lecture 11

Quantifier Elimination

Summary

Quantifier elimination (QE) is the algorithmic process of removing variables quantified by V and 3
from first-order polynomial formulas. This process generalizes the algebraic projection of equations and
can natively handle inequalities. Several complex problems can be resolved using quantifier elimination,
surpassing the capabilities of purely algebraic elimination methods, such as those relying on resultants
and Grébner bases.

There exist algorithms for quantifier elimination over both the complex and real numbers, often
relying on polynomial remainder sequences and real root counting. While the first algorithm developed
by Tarski and Seidenberg has a complexity that is not elementary recursive, more modern and efficient
methods, such as Cylindrical Algebraic Decomposition (CAD), have since been established.

11.1 Introduction

In high school, we all studied the following classic problem:
What are the conditions on the parameters (a,b,c) such that ax® + bx + ¢ = 0 has a solution?

This can be seamlessly reformulated as the following quantifier elimination problem:
Find a formula involving only (a,b, c) that is logically equivalent to “Ix, ax® + bx +c=0".

Here, we are asking for a new, equivalent formula where the existential quantifier “3” has been successfully
eliminated. Naturally, the answer to this problem depends heavily on the field in which x lies, as can be
seen from the following two cases

zeC: a#0Vb#0Vec=0,
rER: (a#0AV —4ac>0)V(a=0Ab#0)V(a=b=c=0).

Quantifier elimination problems form a very large class of mathematical and computational challenges
and arise across a wide variety of applications. We provide a few illustrative examples below.

11.1.1 Applications of Quantifier Elimination

In this section we present three problems that can be formulated as quantifier elimination ones.
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Ezample 11.1 (Robotics and Motion Planning). Consider a planar robotic manipulator with 3 revolute
joints (a 3R planar robot). Let Ly, Ly, L3 be the fixed lengths of the three links, and 61,65, 65 be the
joint angles as in the figure below:

(z,y)

To formulate this algebraically without trigonometric functions, we introduce variables ¢; = cos(6;)
and s; = sin(6;) subject to the circle equations ¢? + s? = 1. The forward kinematic map for the end-
effector’s coordinates (x,y) is given by:

x = Lici 4 La(cica — s152) + La(cs(cica — s182) — ss(s1¢2 4 ¢152)),
y = L1s1 + La(sica + c152) + L (s3(cico — s182) 4 c3(s1c2 + c152)).

The inverse kinematics or reachability problem asks: what are the target points (z,y) where there
exist a valid configuration of joint angles to reach it? This is exactly the quantifier elimination problem:

Ser st o 5 cn 52 € R z = falcr,81,...) ANy = fyler, $1,.. . )A
1,91,€2,52,€3,93 ; C%+S%:1/\C%+S%:1/\C§+S§:l .

Applying QE eliminates the joint variables, returning a formula purely in x,y, L1, Lo, L3 (typically an

inequality representing the physical workspace boundary, such as 22 + y? < (L; + Lo + L3)?).

Ezample 11.2 (Geometric Projection and Grobner Bases). Grobner bases compute the projection of sets
defined by polynomial equations over algebraically closed fields (like C), but they fail to capture the
inequality constaints that appear over the reals (R).
Consider the projection of the 3D unit sphere onto the 2D (z,y)-plane. The QE problem over the
reals is:
JzeR:2?2+y2+22-1=0.

Because z2 > 0 for any real z, this projects into an inequality defining the unit disk:
22 +y? <1

By contrast, if we use Grébner basis elimination to eliminate z from the ideal I = (2% + y? + 22 — 1),
the elimination ideal I N C[z,y| is simply (0). Over the complex numbers, for any z and y, there exists
a complex z satisfying the equation.

In many situations, one wants to prove a property I(n) for all n € N. However, quantifier elimination
cannot be applied directly to such a statement, since n ranges over N and not over the ambient field R or C
in which our formulas are interpreted. A technique consists in reducing the problem to a statement over the
reals by expressing an induction step. Namely, instead of proving Vn € N, I(n), one proves the implication

I(n) = I(n+1),

where n is now treated as a real variable, together with suitable initial conditions. Equivalently, one can
prove that the negation
In)AN-I(n+1)
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is impossible. This leads to formulas over R involving only polynomial constraints, which can be handled by
quantifier elimination.
We now present two instances of this general paradigm.

Ezample 11.3. In formal software verification, proving that a specific property I(x) is an inductive loop
invariant requires showing that if the property holds before a loop iteration, it also holds afterwards. If
the program transition is modeled by a relation T'(z,x’), the verification condition is

Vo, Vo' (I(z) NT(z,2") = I(x))).
Consider a simple loop that increments two variables:
x=0; y=0;

while (y < N) do
x =x +1;
y=y+1
end

We want to prove the invariant I(z,y) = (x = y). The transition is
T(z,y,2,y)=(y< NAz =z+1Ay =y+1).
Then proving the invariant is correct amounts to reducing the following formula to False:
A,y 2y eR:(z=yAy<NAzZ =x+1Ay =y+1A2 #£y).

that is there is no counter-example.

The same idea applies to proving inequalities indexed by an integer parameter.

Ezample 11.4 (Turan’s inequality (Gerhold-Kauers)). Consider Turan’s inequality for Legendre polyno-
mials P, (x):
Po(z)? — Py_1(x)Poy1(z) >0 for z € [~1,1], n > 1.

Using the recurrence
(n+1)Poy1(x) — (2n+ DazPy(x) + nPy_1(z) =0,

we introduce real variables p_1, po, p1 representing P,,_1(x), P, (), Py+1(2). The induction step becomes:

n>1AN-1<z<1A
Vn,z,p-1,p0,p1,p2 €R, | (n+1)p1 — (2n+ L)zpo +np—1 =0 A Apg—p-1p1 >0 => pi—p_1p1 > 0.
(n+2)ps — 2n+3)zp1 + (n+ 1)py =0

This is now a first-order formula over the reals. Applying quantifier elimination proves that the formula

is true, thereby establishing Turan’s inequality.

Remark 11.1. Note that in the previous example, no information on Legendre polynomials was provided
except for the recurrence relation that they satisfy. Therefore, the above proof can be interpreted as follows.
For any specialization of n > 1 and x € [—1,1], the P, s cannot take values at x that cause the inequality
to fail. The result then depends on the values of the P, rather than the P, themselves.

11.1.2 Quantifier Elimination Problem

In this section, we formalize the general problem that has appeared in various forms before.

143



Definition 11.1. A first-order formula over a field K is built from atomic formulas
P(Xy,...,X,)®0

where P € K[X1,...,X,], © € {=} (or © € {=,<} if K is ordered) and using the boolean connectives
A, V,— and the quantifiers 3,V.

~ A wvariable is said to be free if it is not bound by a quantifier, and quantified otherwise.

~ A quantifier-free formula is a formula with no quantified variables.

~ Two formulas ® and ¥ are said to be equivalent, denoted ® = U, if they have the same truth value
for all assignments of their free variables to elements of K.

Remark 11.2. Note that variables in quantifiers range implicitly over elements of K (we write 3x rather
than 3z € K to remain strictly in first-order syntaz), and relations such as #, <, or > can be constructed
using - and V.

Ezample 11.5. Examples of such formulas are

e Over (R, +,-): Jy (y?>—z = 0) defines the set {z € R | x > 0}, so it is equivalent to the quantifier-free
formula —(z < 0) or simply = > 0.

e Over (R, +,-,<): Vy =(y?> + 1 = 0) is a true sentence (a formula with no free variables).
e The formula 22 + 3% — 1 < 0 is a quantifier-free formula that defines an open unit disk in R2.
e Over (C,+,-): Jy (y* — x = 0) defines all of C.

e Not first-order: JagJas... Y., anz™ = 0 (quantification over infinite sequences is second-order),
or lim,_,o f(z) = 0 (uses analytic notions not expressible in first-order logic).

e Not first-order: The fundamental theorem of algebra, often written as VP, 3z (P(z) = 0), quantifies
over polynomials, which makes it second-order. However, by fixing the degree n and quantifying
over its coefficients ag, . . . , a,, this is equivalent to the infinite collection of first-order formulas (one
for each n > 0):

Vag ... Vap3z (apz™ + -+ + ag = 0).

Transforming a condition on a polynomial, such as fixing the degree, into a condition on its coeffi-
cients will be important in this chapter.

Definition 11.2. Let F be a set of first-order formulas. We say that quantifier elimination holds in F
if for every ® € F there exists a quantifier-free formula ¥ € F such that ® = ¥, meaning:

Ve e K", &(z) <= ¥Y(z),

where x denotes the tuple of free variables of ® and n is their number.

Ezample 11.6. A theory is formally defined as a set of sentences (formulas with no free variables). When
we refer to the theory of a specific structure like (R, +,-, <), we mean the set of all sentences that are
true in that structure. We have the following results for classic theories:
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Theory (R,+,,<) | (C,+,) | (N,+,) | (Z,+,<) | (Z,-,<)
QE exists? v v X v v

A few comments here. The theory (N, +,-) (Peano arithmetic) does not admit quantifier elimination
because of the undecidability of this theory, that follows from Gdédel’s incompleteness theorem. This
motivates the introduction of the much weaker (Z,+, <) (Presburger arithmetic) and (Z, -, <) (Skolem
arithmetic).

The purpose of this chapter is to prove that (C,+,-) and (R, +,-, <) admit quantifier elimination. This
can be formulated in more elementary geometric terms.

Lemma 11.1. Let F be a set of first-order formulas on a field K. For all ®(Xy,...,X,) € F we define
its realization as
Se = {x € K" | ®(z) holds}.

Then, quantifier elimination holds in F if and only if (Se)acr is stable under finite

unions,  complementations and  projections forgetting a coordinate.

Proof. Consider such a set F and the associated set S of realizations. Suppose first that F admits quantifier
elimination, then for all Sg,Se € S the realization of the formulas

VP, -®, Jrd(z,Xs,...,X,)

are respectively S U Sg/, S§ and 7(Se) where 7 is the projection forgetting the first coordinate. These
formulas admit quantifier-free equivalents in F so that their realizations are in S.
Conversely, let ® € F be a formula in the variables X1,...,X,,. We first show that ® is equivalent to a
formula of the form
Qlyi '"QmYm\I/(Xlw-~7Xna}/17-~-aYm)7

where each @; € {3,V} and V¥ is quantifier-free. This is proved by induction on the structure of ®. The
claim is clear if ® is atomic. The boolean connectives are handled as follows:

e ~(3z0O) =Vz -0, and ~(Vz O) = Iz —-O;
o (FxO) VY =3z (O V V) if x does not occur free in U;

e similar equivalences hold for V and for conjunctions.

Renaming quantified variables if necessary, these transformations allow one to move all quantifiers to the
front. We may therefore assume that
o= Qlyl e QmYm \I/,

with ¥ quantifier-free. We now eliminate the quantifiers one by one. It is enough to treat the case of a
leading existential quantifier, since Vx © = -3 —0. Let us write

b= E|Y1 @(Yth, .. .,Xn),

where © has m — 1 quantifiers. By induction on m, we may assume that © is equivalent to a quantifier-free
formula ©’. Then the realization of ® is

Se = {z € K" | there exists y; € K such that ©(y1, ) holds}.

This is precisely the projection forgetting the first coordinate of Sgr C K"*1. By assumption, § is stable
under projections, hence Sg € S. Therefore there exists a quantifier-free formula ® € F equivalent to ®. [

Hence, in the rest of this chapter, when given a set of first-order formulas, we will prove quantifier
elimination through the following steps: define a set of geometric sets arising from these formulas, and
complete it by finite union and complementation. Then, prove that this set is stable under projection. The
proofs will be constructive which is important in view of the following direct consequence of Lemma 11.1.
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Lemma 11.2. With the notations of the above lemma, the following holds. There exists an algorithm
performing quantifier elimination in F if and only if one can effectively compute finite

unions,  complementations and  projections,

of sets in (S3)ser.

11.2 Linear Quantifier Elimination

We start with the case of expressions consisting solely of degree one polynomials, that we will call below linear
polynomials (another denomination could have been affine polynomials). As we saw above, this amounts to
studying the stability of solution sets systems of linear equations, inequalities, and inequations (depending
on the base field) under unions, complementations and projections.

11.2.1 Linear (In)equations: Gauss Algorithm

We first consider the case of systems of linear equations and inequations that can be formulated as follows.
In this section, K is an arbitrary field, and we consider variables X1,...,X,.

Definition 11.3 (Linear constructible sets). A linear constructible set is a subset of K" that is the finite
union of basic linear constructible sets:

C={zeK"l(z)=---=Lly(x)=0AL(z) #0,...,l,(z) #0}
where the £;,1; are linear polynomials in Xq,...,X,.

We claim that the family of linear constructible sets is stable under finite unions, and complementations.
Indeed, the stability under finite unions is direct from the definition: a linear constructible set is already
defined as a finite union of basic linear constructible sets.

We now justify stability under complementation. Let C' C K" be a basic linear constructible set as in
the above definition. Then, by De Morgan’s laws, its complement is given by

P q
C=|J{z €K™ : Li(x) £0} U | J{z e K" : L;(z) = 0}.

i=1 j=1
Each set appearing in the right-hand side is again a basic linear constructible set. Hence C° is a finite union
of basic linear constructible sets, and therefore linear constructible sets are stable under complementation.

Therefore, it suffices to prove that this family is stable under projection to prove that quantifier elimi-

nation is possible within this framework. We prove this constructively using a process similar to Gaussian
elimination.

Theorem 11.1. Given a linear constructible set C' in K™"t! defined by p equations and q inequations.
Then, if |K| > g, the projection of C' to K™ is a linear constructible set.

Proof. 1t is enough to consider the case where C is a basic linear constructible set as the projection of a

finite union is the finite union of the projections. Hence, the projection of an arbitrary linear constructible

set is a finite union of linear constructible sets, and therefore linear constructible by the above discussion.
Suppose that the equations in the definition of C write as

a1121 + a12x2 + -+ + a1p Ty + b1 =0,

ap1T1 + Ap2T2 +--+ ApnTn + bp = 07
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and the inequations are denoted by [y, ...[,. We partition the equations according to the coefficient of x;:
G:{z|a“7é0}, Z:{z|a11:0}

Thus, for each 7 € G, we can solve the equation for x1, so that all these expressions for 1 must coincide.
In other words, we obtain the following |G| — 1 linear equations in (z3,...,zy):

ajo G2 a; a; b; b;

J % Jn in J i

(—>x2+~--+(—>xn+(— =0,
aj1 a;1 41 ;1 41 ;1

for all consecutive 7, j € G. Now we deal with the inequations. Suppose first that |G| > 0, then letting i € G
one can replace z1 in each [ by its expression given by the ith equation. Otherwise, we claim that we can
discard all I; where x; appears. Indeed, up to rescaling, these inequations ask for x; to be simultaneously
different to the ¢ linear forms:

Q1,122+ - F Q1 pTpy oy Qg 2T+ + Qg nTn.

Then, since G = () this is always possible as x; is not constrained by any equations in Z and can be chosen
freely outside these numbers, which is possible since |K| > q.

Summing up, we can eliminate x; to get a system that defines the projection of C' and that is defined by
at most |G|+ |Z| — 1 = p — 1 equations and ¢ inequations. This concludes the proof. O

We have thus seen the first case of elimination in the situation where we have only linear equations and
inequations. The underlying algorithm, which iterates this process, is the well-known Gauss elimination
method. This elimination produces at most p — 1 equations and ¢ inequations as output, for p equations
and ¢ inequations as input. The complexity of the full quantifier elimination, based on the projection and
complementation (for the V) paradigm will be discussed in Section 11.4. Below is the Maple code of the
algorithm described in the proof of the Theorem.

# Input: lists of equations and inequations
# Output: lists of equations and inequations with x eliminated
GaussProj := proc(egs::list, ineqgs::list, x::name)
local G, Z, tmp, neweqs, newinegs;
# Partition equations: G has 'z', Z does not.
G, Z := selectremove(has, eqs, x);
if nops(G) > O then
# Isolate = from the first equation
tmp := solve(G[1], x);
# Substitute = into the rematining equations (G[2..-1])
neweqs := eval(G[2..-1], x = tmp);
# Substitute = into the inequations

newineqgs := eval(ineqgs, x = tmp)
else # G 2s empty
neweqs := [];
newineqs := remove(has, inegs, x)
end if;
[op(neweqgs), op(Z)], newinegs
end proc:

11.2.2 Linear Inequalities: Fourier-Motzkin Algorithm

We now consider the case of an ordered field, for example K = R or K = Q. We are then led to consider
inequations in addition to equations and inequalities in our formulas. Note that equations and inequalities
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can be written as conjunctions of open and strict inequalities as follows:
r>a V r<a<x#a, r>a N x<a<=zx=a.

Thus, we are reduced to studying systems consisting solely of inequalities (strict or not).

Notation. Hereinafter, for two vectors X = (x1,...,2%) and Y = (y1,...,y%), we will write X © Y if
z; ©y; for all 1 <14 <k, where ® € {=,#,>,<,>,<}.

Definition 11.4 (Polyhedra). A polyhedron is a subset of R™ that is the finite union of basic polyhedra
of the form
P={zeR", Az <b}

where A € R™*™ ¢s a matriz and b € R™.

These objects are well known and behave nicely with many algorithmic methods, in particular ones based
on its convexity properties. However, the family of polyhedra is not stable under complementation as strict
inequalities are introduced during this operation. To perform quantifier elimination we then need to consider
the following larger family.

Definition 11.5. A relatively closed polyhedron is a subset of R™ that is the finite union of basic
relatively closed polyhedra of the form

P={zeR" Az <b AN Az <¥'}

where A, A’ € R™*™ are matrices and b,b’ € R™.
In particular, remark that P = Q\R for some polyhedra @, R.

The family of relatively closed polyhedron is now closed under finite unions and completions. It remains
to prove the stability under projection.

Let us start by outlining the method using an example, following the same approach we used for equations
and inequalities. Let us start with the case n = 1, that is, determining whether a solution to a univariate
system exists. For now, we restrict to non-strict inequalities.

Ezample 11.7. Consider the following system of inequalities in one variable z:

20 +1 < 7
3r — 2
—x + 2
T

3
2

INIA

4 .
3 Or equivalently, 1
0, 0

IV IAIA
IAIA
8 8 8 8

or also 0 = max{—1,0} < z and x < min{2,3} = 2. We therefore have a solution if and only if 0 < 2,
which is obviously the case.

We have thus reduced the decision regarding the existence of a solution in z to that of an inequality on
the coefficients of the linear system (here in Q). In other words, we have eliminated 2 by using the following
(obvious) result:

there exists x such that ¢ < x and = < b if and only if a < b.

We now add one variable and see how the strategy adopted above behaves.
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Ezxample 11.8. Consider now the following system of linear inequalities in two variables:

x >0 0<z

T+ 2y <6 z< 6 — 2y

T+ y > 2  or, equivalently, 2—y<zx

r—y <3 z< 3+ y
y =0, y = 0.

The existence of a solution to this system implies the existence of the following system, which combines
all the inequalities in y:

0< 6 — 2y
0< 3+ vy
2-y< 6 -2
2-y< 3+ y
0 <y,

where we can again eliminate y just like in Example 11.7 and find 0 < y < 3. Note that we also computed
the set of possible solutions, as in Gauss elimination, since a solution exists if and only if 0 <y < 3 and
max{0,2 — y} < min{6 — 2y,3 + y}. We retrieve here a trianglar form similar to the row echelon form
for equations.

Now that we have captured the essence of the method on the above examples, let us describe and prove
the general case. Handling strict inequalities requires only minor modifications by carefully identifying the
strict inequalities in the system.

Theorem 11.2 (Fourier (1826) — Motzkin (1933)). Given a relatively closed polyhedron in R™ 1 its
projection to R™ is a relatively closed polyhedron.

*3

Figure 11.1: Projection to R? of a polyhedron in R3.

Proof. Suppose that P is the set of solutions to

1121 + a12%2 + - + A1 Ty <1 by

Am1T1 + Gm2T2 + - + Gy Ty < by,
where <, € {<, <} for each k = 1,...,m. We partition these m inequalities according to the sign of a;;:

G:{i|ai1>0}, Z:{i|a¢1:O}, L:{i|ai1<0}.
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Inequality number ¢ reduces to
T1 < Qoo+ + Ay Ty + b ifi € G,

and to
Ao + -+ - 4 a0 + b <5 1 ifjelL,

where a}, = —a;/ain and b = b;/a; for k=2,...,n.
So the inequalities in L and G are equivalent to the system

{aloma + -+ + af,xn + V) Qs alpao + - + @iz, + 07 | j € Lyi € G}

where the combined operator <;; is < if both «; and <; are <, and < otherwise.
By definition, (x2,...,z,) € 7(P) if and only if (zo, ..., x,) satisfies the inequalities in Z and the |L| x |G|
inequalities in xs, ..., x, consisting of

{(afy — aip)ma + -+ (af, — @}, )on i U — V) [ j € L,i € G}
Adding the inequalities in Z, where 1 is not present, it follows that 7(P) is the set of solutions to these
|L| x |G|+ |Z] linear inequalities in xa, ..., Zp. O

The proof of this theorem being constructive, it can naturally be reformulated algorithmically as in
Fig. 11.2 p. 151.

Complexity. We bound the complexity of the algorithm above when the problem involves only successive
projections (i.e., only existential quantifiers). Let m be the number of inequalities and n be the number of
variables. In the worst-case scenario, eliminating a single variable splits the system into m/2 lower bounds
and m/2 upper bounds. Combining them yields m? /4 new inequalities. Eliminating n variables by successive
projection causes the number of inequalities to grow quadratically at each step:

2 m4

m— = T, —>(’)<m2n>
4 64
Thus, the raw Fourier-Motzkin elimination has a doubly exponential space and time complexity in the

number of variables, O (m?").

Speed-up. Using the previous section, we can handle equations and inequations separately, which reduces
drastically the number of inequalities to consider. The complexity of this first step is negligible compared to
the rest.

For the general quantifier elimination relying on this projection step, we refer to Section 11.4.

11.3 Polynomial Quantifier Elimination

We now turn to the more general situation where formulas involve polynomial equations, inequations and
inequalities. As in the linear case, the key step in eliminating a variable is to reduce the problem to a
univariate one. More precisely, when eliminating a variable x; among (z1,...,z,), we view the other
variables as parameters and work in the polynomial ring

(K[xg, - 7gcn]) [21].

In this way, the multivariate problem is transformed into a parametric univariate problem.
However, contrary to the linear case, this reduction is not immediate to exploit. Indeed, in the linear
setting one can explicitly solve for x1, obtaining expressions such as

x1 =u(wa,...,xy) or v(wa,...,zy) <z <ulxa,...,Tn),
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Figure 11.2: Fourier-Motzkin

# Input:
# . nonneg a list of monnegative affine polynomials
# . pos a list of positive affine polynomials
# Output: lists of nonnegative and positive affine polynomials with z eliminated
FourierMotzkinProj := proc(nonneg, pos, x)
local all, G, L, Z, new_pos, new_nonneg, Zst,f,l,g;
# Merge inequalities with a tag for strictness
Z, G := selectremove(t -> coeff(t, x) = 0, nonneg);
Zst, L := selectremove(t -> coeff(t, x) = 0, pos);
all := [seq([f, falsel, f in G),
seq([f, true]l, £ in L)];
# Partition using select
G, L := selectremove(t -> coeff(t[1], x) > 0, all);
# New inequalities from combinations

all := [
seq(
seq(
[
solve(1[1], x) - solve(gl[1l, x),
1[2] or gl[2] # strict i1f any is strict
]:
g in @),
1 in L)
1;

# Keep imequalities independent of x
new_nonneg := [ seq( if not 1[2] then 1[1] else fi, 1 in all), op(Z) 1;
new_pos := [ seq( if 1[2] then 1[1] else fi, 1 in all), op(Zst) ];

return new_nonneg, nNew_pos
end proc:
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so that the projection can be described directly.

In contrast, in the polynomial case, the condition on z; becomes implicit: it is defined by the existence of
a root of a polynomial whose coefficients depend on the parameters. In general, there is no explicit expression
of x1 in terms of (xa,...,x,), and one must instead reason on the existence and properties of roots.

Ezxample 11.9. Consider the formulas
O3z, 2+ =0Ax#0, Py : 3z, 2> —22=0Az > 0.
Then @4 is true in C but not in R, while ®5 is true in R but not in Q.

This example shows that, in the univariate case, quantifier elimination amounts to deciding the existence
of roots in the underlying field, together with additional constraints coming from inequations or inequalities.
More generally, when several polynomials are involved, one must understand their common roots, and when
inequalities are present, determine which of these roots satisfy the required sign conditions.

In the rest of this section, we develop methods to handle this univariate problem over C and R, which
will form the core step of the general quantifier elimination procedure.

11.3.1 Complex Root Counting

Counting the complex roots of a single univariate polynomial is straightforward thanks to the Fundamental
theorem of Algebra: it is its degree (counting multiplicities). In the following we consider the problem of
counting the common roots of several polynomials, where others do not vanish.

Definition 11.6. A greatest common divisor of a family of polynomials P is defined inductively as
ged(0) = 0 and ged(P U {P}) = ged (P, ged(P)).
It is a divisor of all polynomials in P that is a multiple of every common divisor of the polynomials in P.

Basic properties of this ged are gathered in the following lemma.

Lemma 11.3. Let x € C then
1. ged(P)(z) =0 if and only if VP € P,P(x) = 0;
2. ¥Q € Q,Q(x) # 0 1f and only if ([[geq @)(@) # 0;
3.Vt € C,P(t) = 0= Q(t) = 0 if and only if gcd(P, Q%) = P, for any d > deg(P).
The simple example P = 2, Q = t shows why d is useful in the last statement.

Proof. 1. Assume that P(xz) =0 for all P € P. Then (X — z) divides every P € P, hence (X — ) divides
their greatest common divisor. The converse is straightforward.

2. Straightforward.

3. Assume first that V¢t € C, P(t) = 0= Q(t) = 0. Then every root of P is a root of @, hence also a root
of Q9. Therefore every irreducible factor of P divides Q%, so P divides Q?. Since gcd(P, Q%) divides
P, we obtain ged(P, Q%) = P.

Conversely, assume ged(P, Q%) = P. Then P divides Q¢, so every root of P is a root of Q%, hence a
root of Q. Therefore Vi € C, P(t) =0 = Q(t) = 0. O

Thanks to the second item of the proposition, we only need to consider the case of a single non-vanishing
polynomial Q. We then have the following effective decision criterion.
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Proposition 11.1. Let P be a finite subset of C[X] and Q € C[X] then

Jz € C, /\ Px)=0AQ(z) #0

if and only if
deg (ged (ged(P), Qd)) # deg (ged(P)),

where d > deg (ged(P)).

Proof. Let G = ged(P). By the lemma, the first formula is equivalent to 3z € C, G(z) = 0 A Q(x) # 0.
This means that not all roots of G are roots of @ or, by part (3) of the Lemma, that ged(G,Q%) #
G for any d > deg G. Since two polynomials in C[X] are equal up to a nonzero scalar if and only if they have
the same degree and the same roots, this is equivalent to

deg (ged(G, Q%) # deg(G). O
This gives an effective method for quantifier elimination in the univariate case (or here emptiness decision)
in the complex case.
11.3.2 Real Root Counting

We now turn to the real root case which is, as expected, not as elementary. Indeed, while in the complex
case a polynomial has a root if and only if it is non-constant, this does not hold anymore in the real case.
Before considering collections of polynomial equations or inequalities, we start by counting the real roots of
a single univariate polynomial.

Definition 11.7 (Signed Remainder Sequence). Let P, Q be polynomias in R[X] with Q # 0. The signed
remainder sequence sRem(P, Q) of P and Q is the sequence (Py, Py, ..., Py,) defined recursively by

Po=P, P =Q, P1=-rem(P_1,5),
where rem(A, B) denotes the remainder in the Euclidean division of A by B, and Pp41 = 0.

The following object is at the core of the main theorem of this section.

Definition 11.8 (Tarski query). Let P # 0 and Q be polynomials in R[X]. The Tarski query of Q for
P in (a,b) is the number

Ta(a,b) (Q7 P) = Z slgn(Q(x))

z€(a,b),P(z)=0

Note in particular that the case Q = 1 gives the number of roots of P in the interval.
The main tool to compute Tarski queries is the following.

Definition 11.9 (Number of Sign Variations). Let (ag,a1,...,a,) be a sequence of real numbers. The
number of sign variations in the sequence, denoted V(ag,...,a,), is the number of indices i such that
a;a;+1 < 0, after removing all zeros from the sequence.

Ezample 11.10. We have V(+,+,+,0,0,+) =0, but V(+,—,0,+,+,—) = 3.
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Theorem 11.3 (Sturm-Tarski). Let P,Q be polynomials in R[X] with P # 0. Let a < b in R be such
that P(a)P(b) # 0. Let sRem(P, P'Q) = (Fo, ..., Pn) be the signed remainder sequence of P and P'Q
and for x € R, let V(x) = V(Py(z), ..., Pn(x)). Then:

V(a) = V(b) = Ta(Q, P)

Although we do not prove it here, the theorem also holds when one or both of a,b are +oo, provided one
defines the sequences V(a), V(b) at infinity from the leading coefficients of the polynomials in the signed
remainder sequence. The proof is not difficult. As a special case, when () = 1, we obtain the classical
Sturm’s theorem, which states that the number of roots of P in (a,b) is V(a) — V(b).

Proof. We first show that V(z) is locally constant away from the roots of Py. Variations in V(z) can only
occur when z crosses a root of some P;.
Suppose x is a root of P; (i > 1) but Py(z) # 0. The Euclidean relation gives:

Py = AP, — P.

Evaluating at x, we have P,_;(x) = —P,11(x). Furthermore, P,_;(x) # 0; otherwise, by backward induction
using the Euclidean relation, we would have Py(z) = 0, contradicting our assumption. Thus, P;_;(z) and
P;11(z) are nonzero and have strictly opposite signs:

Pi_l(x) PH_:[(J)) < 0.
Because of this opposite sign condition, as z crosses the root of P;, the number of sign variations in the triple
(P;_1, P;, P;+1) remains exactly 1, regardless of the sign of P;. Thus, V(x) does not change.

Now let ¢ be a real root of Py and write
Py(z) = (x — c)"u(z), wul(c)#0, r>1,
Qz) = (z —c)’v(z), v(c)#0, s=>0.

(The numbers r and s are called the orders of Py and @ at ¢ and denoted ord. Py, ord. P. Note that s =0
corresponds to Q(c) # 0). Differentiating Py gives P'(z) = r(x — ¢)" tu(z) + (z — ¢)"u' (), yielding:

P'(2)Q(z) = Pi(z) = (z — )" w(a),

where w(c) = ru(c)v(c) # 0. Let e¢; = ord.(P;). We have ey = r and e; = r + s — 1. For x near ¢, we can
write:

Pi(z) = (x — ¢)%ui(z), with o; = sign(u;(c)) # 0.
From P;_; = A;P; — P;1, one checks that e;;1; = min(e;_1,e;). The sign of P;(z) changes across ¢ if and
only if e; is odd. Consequently, a sign variation between P; and P;;; changes across ¢ depending exclusively
on the parity of e; + e;11. We distinguish two cases depending on s.

~Case 1: s > 1 (i.e., Q(c) =0). Here eg =7 < e; = r + s — 1. The sequence of orders (eg, e1,e2,€3,...)
becomes:
(ryr4+s=1,r, 7 ...).

For i > 2, e; + e;11 = 2r (even), so the sign variations in (Ps, P3,...) do not change at c¢. For the initial
triple (Py, Py, P2), we note ey + e; = e1 + ea = 2r + s — 1. Since they have the same parity, the variations
either stay identical (s odd) or shift synchronously (s even). In particular, when s is even, the local relation
ug(x) = —uz(x) + O(z — ¢) ensures 09 = —o2, which guarantees the variation count in (P, P, P;) remains
exactly 1 on both sides of ¢. Thus, in both cases V(¢™) = V(c™).

~Case 2: s=0 (i.e., Q(c) #0). Here eg = r > e; = r — 1. The sequence of orders becomes:

(ryr—1,r—1,r—1,...).
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For i > 1, e; + e;41 = 2r — 2 (even), so the sign variations in (P;, Ps,...) are constant across ¢. The only
change in V(z) comes from the pair (Py, Py). Since ey +e3 = 2r — 1 is odd, PyP; changes sign at ¢. Locally
at ¢, we have:

rP(2)Q(x) = (z — ¢)Pi(z) + O((z — ) ).
This implies that for x < ¢, sign(Py(z)Py1(z)) = —sign(Q(c)), and for x > ¢, sign(Py(z) Py (z)) = sign(Q(c)).

If Q(c) > 0, the sequence (P, P1) goes from a sign variation (opposite signs) to no variation (same
signs). Hence, V(c™) —V(ct) = 1.

If Q(c) < 0, the sequence goes from no variation to a sign variation. Hence, V(¢™) — V(¢™) = —1.
In both subcases, V(c™) — V(cT) = sign(Q(c)).

Since V' (z) is locally constant everywhere except at the roots of Py, we can determine the total change in V
over [a,b] by summing the jumps at each root ¢ € [a,b] where P(c) = 0:

Vie)= V()= > (V(e) = V().
c€la,b]
P(c)=0
From Step 3, the jump V(c™) — V(c™) is 0 if Q(c) = 0, and is sign(Q(c)) if Q(c) # 0. Therefore:
V(a) = V()= ) sign(Q(c)).
c€la,b)
P(c)=0
Separating the terms where Q(¢) > 0 and Q(c) < 0 yields exactly the desired identity. O
This theorem gives a tool to compute Tarski queries. Remark that:

Ta)(Q, P) = #{c € [a,b] : P(c) =0, Q(c) >0} —#{c € [a,b] : P(c) =0, Q(c) < 0}.

Hence we are not too far from being able to count the roots of P when fixing the sign of Q). First, we adopt
the following notation, where ® € {=, >, <},

nap)(Q©0,P) = [{z € (a,), P(x) = 0,Q(x) © 0}

Proposition 11.2. The following holds
N(a,b) (Q =0, P) = Ta(mb)(la P) - Ta(a,b) (Q27P)7

(o (Q > 0,P) = (Tap)(Q% P) + Tapn (Q, P)) /2,
N (a,b) (Q < Oa P) = (Ta(a,b) (Q27 P) - Ta(a,b) (va))/Q

Proof. This follows directly from:

Ta(a,b)(la P) = N(a,b) (Q =0, P) + N(a,b) (Q > 0, P) + n(a,b)(Q <0, P)a
Ta(a,5)(Q, P) = 1(a,5)(Q > 0, P) — a1y (Q < 0, P),
Ta’(a,b)(Qza P) = n(a,b)(Q > 07 P) + n(a,b)(Q < Oa P) O

Hence, by computing the sign variations of the signed remainder sequences of (P, P’), (P, P'Q) and
(P, P'Q?) one can exactly count the number of roots of P at which @ =0, Q@ > 0 and @ < 0. This allows
us to conclude on the emptiness of the sets

{z € R, P(z) = 0 Asign(Q) = o}
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where o € {—1,0,1}. This generalizes with the vanishing of multiple polynomials P, ..., Py since
Pi(z) == Py(z) =0<= P(z) = P}(2) +--- + P}(z) = 0.

The next step is to deal with the sign of several polynomials @1, ..., Q,, which cannot be deduced directly
from that of [][@;. This is the purpose of the following two propositions. They basically say that it is
sufficient to consider all possible cases that is fixing the sign of the @; in [] @, taking their Oth (sign = 0)
and second powers (sign = 1).

We will assume them for simplicity.

Corollary 11.1 (Equalities+inequalities). Consider P # 0 and Q1,...,Qq inR[X]. Giveno = (01,...,04) €
{=1,0,1}7 then the emptiness of the set:

{2 € R, P(z) = 0 Asign(Qa(2)) = o1 A+« Asign(Qq(@)) = 0}

is completely determined by the degrees of the polynomials in the signed remainder sequences of (P, P'Q{" -+ - Qq*)
and the signs of their leading coefficients for a; € {0,1,2}.

Here is a similar result dealing only with strict inequalities.

Corollary 11.2 (Strict inequalities). Consider Q1,...,Qq4 in R[X]. Given o = (01,...,04) € {—1,1}1
then the emptiness of the set
{z e R,sign(Q1(x)) = 01 A--- Asign(Q,(z)) = o4}

1s completely determined by the degrees of the polynomials and the signs of their leading coefficients in the
signed remainder sequences of the following pairs. Let C = Q1 --- Q4 then we consider the pair (C,C")
and the pairs (C',C"QS* -+ Qq*) for a; € {0,1,2}.

Explicit formulas are available but we do not need them for our purpose. This concludes the base case
for real quantifier elimination, i.e., real root and sign decision on univariate polynomials.

11.3.3 Tree of Possible Signed Pseudo-Remainders

Here we consider a field K = R,C. As mentioned several times before, the key idea is to consider the
multivariate problem as a parametric univariate problem. Indeed, consider parameters Y7,...,Y,, and note
Py (X) the polynomial P(Y, X) seen as a polynomial in (K[Y])[X]. Then in the simplest of a single equation,
the above problem asks

For which parameter y € K" does the polynomial P,(X) have a root in K?

We have seen in the previous sections that such a decision, possibly involving another polynomial @, can be
determined based on the computation of signed remainder sequences:

Py =pP, P/=Q, PJ=-rem(P,Q,),....

For example, in R, then @, = Pz; counts the number of real roots of P, by Theorem 11.3 and in C, it counts
the number of roots of P, where @, # 0.
However, we cannot compute a sequence for infinitely many y € K™ and in general such sequences do not
specialize. More precisely, while
sRem(P, Q) € K(Y)[X],

even when y € K" do not cancel any denominators,

sRem(P, Q)(y) # sRem(P,, Q).
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This leads us to carefully consider the conditions under which this specialization is possible. This will result
in a finite partition of K" in which answers can be provided for each of the finitely many component thanks
to the result from the univariate case.
Notation: In the following we keep the notation P,(X) for a specialization of the polynomial P(y1,...,Yn, X)
at y = (y1,-..,yn) € K™

The following example shows the behavior described above, where the signed remainder sequence (and
hence the ged) of P and P’ do not specialize at some parameter values.

Example 11.11. We consider a general polynomial P of degree 4. Without loss of generality we can

assume that®
P=X*4+aX?4+bX+¢ and P =4X3+2aX +b.

Their signed remainder sequence over Q(a, b, ¢)[X] is given by:

P=X*'4aX?+bX +c,
P =4X3+2aX +b,
1 3
Sy = —Rem(P, P') = —§aX2 — ZbX —c,
(8ac — 9% — 2a3) X — b(12¢ + a?)
a2
1 256¢% — 128a2¢? + 144ab®c — 16a*c — 27b* — 4a3b?

Sa = —Rem(%, S3) = — (8ac — 9b2 — 243)2

S3 = —Rem(P’, S3) =

)

%First assuming P is monic and dividing by its leading coefficient. Second, if « is the coefficient of degree 3, then the

change of variable X — X — % eliminates the cubic term.

The first step in describing possible remainder sequences with respect to parameters is to eliminate
denominators from this sequence. This is achieved using pseudo-remainders. This concept is based on the
observation that the only denominators that appear in the Euclidean division are powers of the leading
coefficient of the divisor.

Definition 11.10 (Signed pseudo-remainder). Let
P=a,XP+...4+a € K[Y]|[X] and Q=0b,X7+...+byc K[Y]X].
The pseudo-remainder of P and @) is defined as
Prem(P, Q) = ReIn(b;lP7 Q),
where d is the smallest even integer greater than or equal to p — q + 1.
Ezample 11.12. Continuing the previous example we consider P = X* +aX? +bX + ¢, and its derivative
P’ = 4X3 + 2aX + b. We compute the signed pseudo-remainder sequence of P and P’ in Qla, b, c|[X]:

P=X*+aX?+bX +c,

P =4X3 424X + b,

Sy = —sPrem(P, P') = —8aX? — 12bX — 16c,

S3 = —sPem (P, S5) = 64((8ac — 9b* — 2a°) X — b(12c + a*)),

Sy = —Rem(S5, S3) = 16384a”(256¢* — 128a*c® + 144ab’c + 16a’c — 27b* — 4a®b?).

Note that, up to multiplication by a constant, the last nonzero remainder is the discriminant of P,
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namely
§(P) = 256¢ — 128a%c* + 144ab®c + 16a*c — 27b* — 4a3b>.

One sees that for this sequence to specialize, the values taken by a,b, ¢ must not anihilate any of the
leading coefficients of the elements of the sequence. To handle these pathological cases we need to consider
the cases when any of these leading coefficients vanishes (and possibly those of lower degree).

We start by considering the case of a single polynomial in Q[Y, X].

Definition 11.11 (Truncation). Let Q = b, X%+ --- + by € Q[Y][X] we define for —1 < i < g the
truncation of @ at i by Tru_1(Q) =0 and fori > 0,
We define

Moreover, let k be the largest index such that by € Q if it exists and k = —1 otherwise.
Tru(Q) = (Truy(Q), ..., Truk(Q)) the truncation of @ with the convention that Tru(0) = 0.

Hence, the truncation of a polynomial lists all possible degrees for specializations of ) and no more.
Indeed, we have
Vk <i<q, bg(y) = =bit1(y) = 0Abi(y) # 0 < degx (Qy) =i
which is a partition of K™ where degy(Q,) has constant degree on each component. The signed pseudo-

remainder depending only on this degree, we can define the following tree of possibilities.

Definition 11.12 (Tree of possible signed pseudo-remainder sequences). Given two polynomials P, Q €
K[Y, X], the tree of possible signed pseudo-remainder sequences of (P, Q), denoted T (P, Q), is the rooted

tree constructed as follows:
e the root is P and the children of the root are Tru(Q);

e if R is an internal node, with parent R then the children of R are Tru( — sPrem(E, R));

e the leaves are zero polynomials.

Try(Q)  Trug1(Q) b Trug (Q)
Trug—q (—sPrem(P, Q)) L Trug (—sPrem(P, Q)) —sPrem (P, Trug(Q))

’

|
7 |

7 |
4 |
» v

|

|

l

\

Hence, each path from the root to a leaf describes a possible signed pseudo-remainder sequence under a

set of specializations described by the vanishing and non-vanishing of coefficients in K[Y] that is: equations

and inequations in Y'!

Example 11.13. Continuing the previous example we consider P = X% +aX? 4 bX + ¢, and its derivative
P’ = 4X3 + 2aX + b. We construct the signed tree of possible signed pseudo-remainder sequence of P

and P’
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S ruy (S rug
N /N J
Sy Trug(S3) 0 U 0
/N l
Sy 0 0 0
}
0

where

P=X*+aX?+bX +¢,

P =4X3+2aX +1b,

Sy = —sPrem(P, P') = —8aX? — 120X — 16c,

Sy = —sPrem(P’, 85) = 64((8ac — 9b* — 2a*) X — b(12c + a?)),

Sy = —sPrem(Ss, S3) = 16384a%(256¢® — 128a?c? + 144ab’c + 16a’c — 27b* — 4a®1?)
have already been computed. But also

u = —sPrem(P’, Tru; (S2)) = 768b(—27b* + 72ach® + 256¢°).

Note that if we did not stop Tru(P’) at the first coefficient in Q, P would have had 2 more children
and hence 17 additional redundant nodes to consider. Therefore, taking (a, b, ¢) annihilating or not the
leading coefficients of a node leads to a path giving the complete signed remainder sequence for this
specialization.

In the following, we partition the space of parameters corresponding to each path in the tree in order to
get a specialization of the sequence of signed pseudo-remainders.

Definition 11.13. Let (Py,..., Py) be a signed pseudo-remainder sequence of (P, Q). Given a path L
going from the root to a leaf in T (P, Q) we can write

L = (Truy (), - - -, Trug,, (Py)).
for some integers i;,k and ﬁj € K[Y][X]. We define ®,(Y) as the quantifier-free formula equivalent to
degy(Po) =i1 A -+ A degx(Py) =iw
given above. In particular, the set {y € K™ | ®1(y)} is a constuctible set.

As illustrated in the previous example, each path in 7(P,Q) going from the root to a leaf describes
a unique possible degree sequence of the polynomial composing it. We now see these sequences describe
uniquely the possible signed pseudo-remainder sequences.

Proposition 11.3. Let P,Q € K[Y][X]. Lety € K" and (F},...,P}) the remainder sequence of P, and
Qy. Then there ezists exactly one path L = (P, ..., Py) in T(P,Q) going from the root to a leaf such
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that ®1,(y) is true and for all 0 < i < k:

with A € K*. In particular Py(y) is a ged of (P, Qy).

Proof. Let y € K®. We proceed by induction on the length of the remainder sequence to show that there
exists a unique path L = (P, ..., P;) in T (P, Q) such that ®;(y) holds, and that at each step ¢, P;(y, X) is
a nonzero scalar multiple of the actual sequence element PY(X).

Base Cases: The root of T(P,Q) is Py = P. By definition, Py = P,, so Py(y,X) = PJ(X). This
satisfies the condition for i = 0 with Ag = 1.

For ¢ = 1, evaluate @ at y. Let di = degyx(Q,). Because y fixes the actual degree of Q,(X), exactly
one truncation of @) correctly identifies this degree. In the tree T (P, @), the children of the root are Tru(Q).
There is exactly one child, say P; = Trug, (@), whose leading coefficient evaluates to a nonzero value at y,
while the coefficients of all higher degree terms vanish. This is precisely the condition enforced by @, (y)
for the first step. For this unique child, we have P;(y, X) = Q,(X) = PY(X), so the condition holds with
A =1

Inductive Step: Assume that there is a unique path constructed up to node P;, such that & (y) is
satisfied up to this node, and P;j_1(y, X) = ¢;—1 P} | (X) and Pj(y, X) = ¢; P/ (X) for some nonzero scalars
Cj—1,C; € K.

If PJy (X) = 0, the sequence terminates. In the tree, the corresponding node is the zero polynomial, which
is a leaf, completing the path. If p]?/ (X) # 0, we must compute the next element in the sequence. Else, the
tree defines the children of P; based on the truncations of S = —sPrem(P;_1, P;). By the definition of the
pseudo-remainder over K[Y][X], there exists an integer a > 0 and a polynomial C' € K[Y][X] such that

ICX(Pj)an,1 == CPJ - S.
Evaluating this relation at y, we get:
(lex (Py) ()" Pj-1(y, X) = C(y, X) P (y, X) — S(y, X).

Because the path up to P; uniquely satisfies ®1,(y), we know that lcx (P;)(y) # 0. Furthermore, substituting
our inductive assumptions yields:

(lex (P)(y))*¢j-1 P} 4 (X) = Cly, X)¢; P (X) = S(y, X).

This shows that —S(y, X) is the remainder of dividing a scalar multiple of P/ ,(X) by P/(X). By the
uniqueness of polynomial division over the field K, S(y, X) must be a scalar multiple of the actual signed
remainder P/ (X). Thus, S(y, X) = NP/, ,(X) for some \" € K\ {0}.

Let dj;q1 = deg X(ng+1)' Among the children of P;, which are the truncations of S, exactly one child
corresponds to truncating at degree d;,1. This unique child, Pjy; = Trug,,, (), is the only one for which
the degree condition in @ (y) holds at evaluated at y. Therefore, Pj41(y, X) = S(y, X) = X\j 11 P!, 1 (X) for

J+1
a nonzero scalar A\j1 € K. O

Ezample 11.14. Continuing the running example, define

s = 8ac — 9b* — 243, t = —b(12¢ + a?),
§ = 256¢3 — 128a2c? + 144ab’c + 16a*c — 27b* — 4a®p?.

If L is the leftmost path P, P’, Sy, S3,S4, then ®1(a,b,c) = [a # 0A s # 0 A S # 0] associated with
the degree sequence (4,3,2,1,0). Then if a £ 0 A s # 0 A § # 0 the signed remainder sequence of the
evaluation of P and P’ is exactly proportional to the evaluation of P, P, Sy, S3,S4 at (a,b,c).

Conversely, given (a, b, ¢) satisfying a # 0 A s = 0 At # 0, the signed remainder sequence is now the
evaluation of P, P’, Sy, Truy(S3), associated with degree sequence (4,3,2,0). Repeating the same scenario
for each path, we get the following table.
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Conditions on parameters sPrem Degree sequence
a0 AN s#A0ANS6#0 | P, P',Sy 55,5, 4,3,2,1,0
a0 AN s#0AN6=0 | P,P', S5 S5 4,3.2.1

a0 ANs=0At#0 | PP, Sy, Trug(Ss) | 4,3,2,0
aZ0As=0At=0 | PP S, 4,3,2
a=0Ab#0Au#A0 | PP Tru(S:2),u | 4,3,1,0
a=0Ab#0Au=0 | P, P, Tru(Sy) 4,3,1
a=0Ab=0Ac#0 | P P, Truy(Ss) 4,3,0
a=0Ab=0ANc=0 | PP 4,3

This gives all possible remainder sequences, in the sense of the above proposition: for any y € K" the
remainder sequence of P, and Pz; is the evaluation of the sequence at the unique row where y statisfies
the conditions of the first column.

As constructible sets are defined by the simultaneous vanishing of several polynomials, we now need to
deal such families. We can easily extend the previous definitions for a finite family (P, ..., Py) in K[Y][X],
with k& > 2 as follows.

Definition 11.14 (Tree of possible remainders). The tree of possible signed pseudo-remainders, denoted
by T(P1,...,Py), is defined recursively as follows. For1 <i < k—1, the tree T(Py,...,P;y1) is obtained
from T (Py, ..., P;) by the following process: for each leaf F of T (P, ..., Py), attach the tree T (P41, F') by
identifying its root Piyq1 with a new child of F. Similarly, for a path L = (L1, ...,Lg—1) in T (P1,..., Pg)
going from the root to a leaf, we define

o = (I)Ll /\~'~/\(I)Lk71.
Finally, we get a direct generalization of Proposition 11.3 by putting things end to end.

Proposition 11.4. Let (Py,...,P;) C K[Y][X]. Let y € K" and P§ = (P,1) and for 1 <i <k —1, let
773/ be the remainder sequence of Py ;11 with the last element of 731%’_1.

Then there exists exactly one path L = (Lq,...,Lg—1) in T(P1,..., Py) going from the root to a leaf
such that @ (y) is true and for all 0 < i <k —1:

P! =X Li(y)

with A € K*. In particular the last element of L(y) is a ged of (Pya,...,Pyx).

Proof. Direct from the definition of T(Pi,..., P;) and Proposition 11.3. O

11.3.4 Quantifier Elimination over Complex Numbers

We now turn to the case of multivariate polynomials with values in C. In what follows, we consider variables
X = Xi,...,X, and the ring of polynomials C[X7,...,X,] = C[X]. We then work with equations and
inequalities.

Definition 11.15 (Constructible sets). A constructible set is a subset of C™ that is the finite union of
basic constructible sets:

S=¢zeC"| \ P@)=0Ar A Q@) #0;,

PepP QeQ
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where P, Q are finite subsets of C[X].

Remark 11.3. As observed in the univariate case, one can replace all inequations by the product of all
Q for @ € Q. Hence it is enough to consider the case where Q has at most one element. However we
cannot replace the equations by their ged as the polynomials are multivariate.

Remark that the family of constructible sets is closed under complementation and finite unions, so that
only stability by projection still has to be proved. All the the work has been done in the previous sections
and the proof of the main theorem directly follows from the previous constructions.

Theorem 11.4 (Projection theorem for constructible sets).
Given a constructible set in CFt1, its projection to C" is a constructible set.

Proof. Since every constructible set is a finite union of basic constructible sets it is sufficient to prove that
the projection of a basic constructible set is constructible. Up to considering the (finite) product of the
inequations, suppose that the basic constructible set S in CF+! is

S={zeC"|P(zx)=---=PFyz) =0 AN Q(x) #0}.

Let d > degy (P;) and let £ be the set of all possible paths in T(Py, ..., Py, Q%) going from the root to a leaf.
Let L =(Ly,...,Lx—1,Ly) € L, and write L' = (Lq,...,Lg—1). Then, let G1, and G/ be the last elements
of L and L' respectively. They both match the specialization of the ged of (P4, .., P,) and (P,..., P, Q%)
respectively. Therefore, according to Proposition 11.1 for the former equality and Proposition 11.4 for the
latter:

(S)

{y € C" | deg (gcd(Py,1, ..., Pyq, QZ)) # deg (ged(Py1,..., Pyq))}

= |J {veC" | @L(y) Adegx (GL) # degy (GT) },
LeLl

since &7, = ®,. Moreover, we have seen that the degree condition in X on polynomials in C[Y][X] of
bounded X-degree is equivalent to a quantifier-free formula on their coefficients in C[Y], involving only
equation and inequalities. Therefore, 7(S) is a constructible set as the reunion of finitely many constructible
sets. O

11.3.5 Quantifier Elimination over Real Numbers

Definition 11.16 (Real algebraic sets). A real algebraic set of R™ is a set of the form
V={zeR" P(z)="--=Py(z) =0}
where Py, ..., P, e R[Xy,...,X,]. In particular:
V ={z e R",P(x) =0} whereP:Pf—i—---—&—Pg.
hence, all real algebraic sets are hypersurfaces i.e. defined by a single polynomial.

The complex counterparts of real algebraic sets are the fundamental objects of algebraic geometry, and
many operations on them can be performed using Grébner bases. However, as in the complex case, the
family of real algebraic sets is not closed under complementation due to the presence of inequations. In
order to perform quantifier elimination, we first need to consider the larger family below.
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Definition 11.17 (Semi-algebraic set). A semi-algebraic set of R™ is a finite union of basic semi-
algebraic sets:
S={zeR", Plz)=0,Q:1(z) >0,...,Qq(x) > 0}.

where P,Q1,...,Qq € R[Xy,..., X,].

Ezample 11.15. Some examples of (non)-semi-algebraic sets:
o A disk of R? is a semi-algebraic set;
e semi-algebraic sets of R are exactly the finite unions of points and open intervals;
e {y=cos(z)} and {y = d(x,Z)} (where d is the distance to a set) are not semi-algebraic sets of R.

Before proving that the projection of a semi-algebraic set is itself semi-algebraic (which would prove the
existence of quantifier elimination in this case), we consider the specific instance of the projection of a real
algebraic set.

Projection of real algebraic sets

All the work has also been done previously. According to Theorem 11.3, the number of roots of a polynomial
P depends only on the signs in the sequence of signed remainders of (P, P') at —oo and 400 i.e. on their
degrees and the signs of their leading coefficients. We proceed as follows.

First, partition the parameter space using equations and inequalities so that the degrees and leading
coeflicients are polynomials in the coefficients of P. Then, refine this partition using inequalities to determine
the signs of the leading coefficients. Finally, retain the parts where the sign conditions apply and where P
has at least one root.

Ezample 11.16. We continue the example considered in the complex case and describe the projection of
the algebraic set
{(a,b,c,X) € R* | X* + aX? +bX +c =0}
to R3, i.e. the set
{(a,b,c) e R?|3IX € R, X* 4+ aX? 4+ bX + ¢ =0},

as a semi-algebraic set. Considering the partition computed in the previous example, we can fix the
signed pseudo-remainder sequence. For example, consider a # 0 A's # 0 A ¢ # 0 so that the sequence is
P, P’ S5, 55,54 Then the corresponding degrees and leading coefficients are:

Q PP | Sy | S5 Sa
deg(Q) | 4] 3| 2 1 0 .
lcoeff(Q) | 1 | 4 | —a | 64s | 16384a%)

Therefore, we can conclude by fixing the signs of a, s and ¢, for example if a <0A s > 0A§ > 0 then we
have

Q P | P | Sy | S3| S, | Sign changes
sign(Q(—o0)) | + | = | + | = | + 4
sign(Q(4+00)) | + | + | + | + | + 0

so that P(a,b, c) has 4 real roots in this case. Considering all posible signs, we get the following table for
a#0Ns#0ANSF#O:
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a [ [-[-[-[+[+[+]+
s+ [+ - [ [+ +[-1-
s+ -1+1=-1+[-1+1-
n 42020 -—2]0]2

Doing the same process of all possible signed pseudo-remainder sequences and keeping only the formulas
where n > 0 we get all possible conditions on (a, b, ¢) such that P, ; . has a real root. In other words, we
get the projection of {P = 0} on (a,b,c) and this is defined only by equalities and strict inequalities.

We now do exactly the same in the general seting.

Theorem 11.5 (Projection of real algebraic sets).
Given a real algebraic set of R" 1, its projection to R* is a semi-algebraic set.

Proof. We consider the set V = {(y,z) € R" x R, P(y,x) = 0}. Let V' be the subset of V' where P, is not
the zero polynomial.
Let L = (Py,..., Py) be a path in T (P, P’) going from the root to a leaf, and let Ay, = (a1,...,as) C Ry]
be such that a; # 0 and
Cr=a1#0 A a;#0 A a;+1=0 A ... A ag=0.
Then, if £ is the set of possible paths in T (P, P') going from the root to a leaf, then using the above notation,
the projection of V' is contained in the semi-algebraic set defined by

U sign(a;)=+1 A sign(a;)==+1 A a;4+1=0 A --- Aay=0.
Lel

Moreover, for each y € R", one and only one of the above basic formulas is true, and by Theorem 11.3
(Sturm—Tarski theorem) the number of real roots of P, is fixed. Hence, keeping the basic formulas where
this number is positive, we get conditions on y for which P, has a real root, that is the projection of V”.
These basic formula defining basic semi-algebraic sets, this projection is also a semi-algebraic set.
Besides, V\V' is defined by the vanishing of all coefficients of P: it is a real algebraic set, where P, has
infinitely many roots. This concludes the prof of the theorem.
O

Projection of semi-algebraic sets

Finally, we deal with the most general statement, that was Tarski and Seidenberg’s main breakthrough.

Theorem 11.6 (Projection of semi-algebraic set).
Given a semi-algebraic set of RFtY its projection to R* is a semi-algebraic set.

Proof. 1t is sufficient to prove the theorem for a basic semi-algebraic set:

S={(y,z) e R" xR, P(y,x) =0,Q1(y,x) >0,...,Qq(y,x) > 0}.

Again, let S’ be the subset of S where P, is not the zero polynomial.
For a = (a,...,q4) where o; € {0,1,2}. Let Q% = Q7' ...Qg" and L® = (P{,..., PY) be a path in
T (P, P'Q") going from the root to a leaf. Finally, let Ar = (af,...,af) C R[y] be such that af # 0 and

Cro = af#0 A af#£0 A afy =0 A ... A af =0.

Then, if £ is the set of possible paths in T (P, P'Q%) going from the root to a leaf, then using the above
notation, the projection of S’ is contained in the semi-algebraic set defined by

U U sign(af)==+1 A sign(aj’)==%1 A af},;=0 A --- Aag=0.
ae{0,1,2}9 LeL~
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Moreover, for each y € R™, one and only one of the above basic formula is true, and by Corollary 11.1
(Sturm-Tarski theorem) the number of real roots of P, at which Q1(y) > 0A---AQq(y) > 0 is fixed. Hence,
keeping the basic formulas where this number is positive, we get conditions on y for which P(y, X) has a real
root « where at which Q1(y,z) > 0A--- A Qq(y, ) > 0, that is the projection of S’. These basic formulas
defining basic semi-algebraic sets, this projection is also a semi-algebraic set.

Besides, S\ S’ is defined only by strict inequalities. This case can be treated similarly using Corollary 11.2.
This concludes the proof of the theorem. O

11.4 Combinatorial Complexity of Iterative Projections

Quantifier elimination (QE) algorithms based on iterative projections operate by recursively eliminating vari-
ables from the innermost quantified block. While the algebraic projection of a single existentially quantified
conjunction may be relatively well-behaved, the presence of boolean connectives and universal quantifiers
introduces a massive combinatorial explosion.

11.4.1 The Inherent Exponential Blow-up of Alternations

Any projection-based QE procedure fundamentally relies on an operator m that eliminates an existential
quantifier from a conjunction of atomic formulas. Consequently, to process an arbitrary first-order formula,
the formula must be maintained in Disjunctive Normal Form (DNF):

N
o=\/C
=1

where each C; is a conjunction of atomic formulas (equations, inequations or inequalities). Since the existen-
tial quantifier distributes over disjunctions (3z\/ C; =/ 3xC;), eliminating Iz simply applies the projection
7 to each C; individually.

However, to eliminate a universal quantifier, the procedure relies on the logical equivalence:

Ved® = —Fx—P.

This introduces two negations, which severely disrupts the normal form.

Theorem 11.7 (Hyperexponential Complexity of Alternations). Let A be an iterative projection al-
gorithm. If the input formula has a quantifier alternations, the number of basic conjunctions in the
equivalent quantifier-free formula grows as a tower of exponentials of height O(a), regardless of the exact
number of constraints introduced by a single projection step.

Proof. Suppose at step k, the formula is in DNF and consists of Ny conjunctions, where each conjunction

contains at most m atomic formulas:
J\’)C m

Dy = \/ /\ Gij-

i=1j=1
To eliminate a universally quantified variable Va, we must first negate ®;. By De Morgan’s laws, negating
the DNF swaps conjunctions and disjunctions:

Nkm

ﬁ‘I)k = /\ \/ ﬁqj)l}j'

i=1j=1

To apply the existential projection 7, this formula must be converted back into DNF. Distributing the
outermost N conjunctions over the innermost m disjunctions requires choosing one element from each of
the NV clauses. This yields a DNF with:

N =mMr > 2Ne (assuming m > 2)
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conjunctions. Next, the projection operator 7 is applied to eliminate dx. Even if we assume that the
projection introduces no new combinatorial blow-up (i.e., it maps one conjunction to O(1) new conjunctions),
the number of terms is already exponential in Nj. Finally, the outer negation in —~3z—® requires us to negate
the resulting DNF and convert to DNF' again, causing yet another exponential blow-up.

Thus, for each quantifier alternation, the number of components transitions from N to at least 2/Vx.
Iterating this process a times for a alternations yields the recurrence Ny, > 2V, producing a final number
of components bounded below by a non-elementary recursive function:

o(s )

where the height of the tower of exponentials is proportional to the number of alternations a. O

11.4.2 From Theoretical Bounds to Practical Algorithms

Because of this hyperexponential tower, iterative projection algorithms (such as Fourier-Motzkin for linear
real constraints or Tarski’s original method for polynomial constraints) are primarily of theoretical inter-
est. They serve as constructive proofs for the decidability of certain algebraic theories but are completely
intractable for practical computation, even for formulas with just two or three alternations.

To overcome this intrinsic bottleneck over the reals, modern computer algebra systems utilize Cylindrical
Algebraic Decomposition (CAD), introduced by George Collins in 1975. The fundamental insight of
CAD is to separate the geometry from the logic. Instead of projecting logical formulas and repeatedly
applying boolean normalization, CAD projects the set of polynomials appearing in the formula down to
lower dimensions. It identifies critical values, and then iteratively lifts back up to R™ to partition the space
into a finite number of semi-algebraic “cells” within which all polynomials maintain a constant sign.

Crucially, the complexity of CAD is strictly doubly exponential in the number of variables n, ie, in

0] (m2o("))7 and is completely independent of the number of quantifier alternations.

Subresultants vs. Signed Pseudo-Remainders. In the algebraic projection phase, CAD needs to
determine where polynomials change roots or become singular. Originally, this was done using signed pseudo-
remainder sequences. However, pseudo-remainders suffer from two major flaws in this context:

1. Coefficient Swell: The degrees and sizes of the coefficients in pseudo-remainder sequences grow
exponentially at each division step, leading to large memory consumption;

2. Poor Specialization: Pseudo-remainders do not specialize well. If we substitute a specific numerical
value into the variables, the sequence of the evaluated polynomials often does not match the evaluation
of the sequence, breaking the topological lifting process of CAD.

To fix this, modern CAD algorithms replace pseudo-remainder sequences with subresultant sequences.
Subresultants are defined via determinants of Sylvester-like matrices. Because they are determinantal, their
coefficient growth is tightly bounded (growing only polynomially). More importantly, the formation of
subresultants commutes with specialization up to a well-understood degree drop. This guarantees that the
geometric critical points projected to lower dimensions remain algebraically consistent when lifted, making
CAD not just theoretically sound, but practically implementable.

11.5 Other Approaches to Quantifier Elimination

The methods presented in this lecture rely on algebraic and geometric constructions (projection, sign condi-
tions, decomposition into cells). There exist, however, alternative approaches to quantifier elimination that
are based on different principles and are widely used in practice.

SMT-based methods. Satisfiability Modulo Theories (SMT) solvers decide the satisfiability of logical
formulas with respect to a background theory (such as linear or non-linear arithmetic). Instead of eliminating
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quantifiers globally, these methods rely on a combination of: boolean reasoning (SAT solving); theory-specific
decision procedures; refinement techniques (e.g., model construction and conflict analysis).

Quantifiers are typically handled by instantiation: one generates candidate values for quantified variables
and refines them iteratively. In favorable cases, this process simulates quantifier elimination, although it is
usually incomplete in the non-linear setting. SMT methods are nevertheless extremely efficient in practice,
especially for large formulas arising in verification.

Virtual substitution. Virtual substitution is a symbolic method for quantifier elimination that applies to
formulas with bounded degree (typically linear or quadratic polynomials). The idea is to replace quantified
variables by a finite set of test terms (such as roots of the involved polynomials), without explicitly computing
these roots. This produces a quantifier-free formula by evaluating the original constraints at these symbolic
substitutions.

Unlike CAD, which decomposes the whole space, virtual substitution is more local and can be significantly
more efficient when applicable. However, it is limited to low-degree situations and does not extend to general
polynomial systems.

Additional bibliography

For linear elimination, a good reference is

Niels Lauritzen. Undergraduate Convexity. WORLD SCIENTIFIC, 2013. Dpo1: 10.1142/8527. URL:
https://www.worldscientific.com/doi/abs/10.1142/8527

The classic reference for the algorithms related to Tarski’s quantifier elimination presented in this lecture:

Saugata Basu, Richard Pollack, and Marie-Frangoise Roy. Algorithms in Real Algebraic Geometry. 3rd ed.
10. Springer, Berlin, Heidelberg, 2016. 1SBN: 978-3-540-33098-1
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Appendix A

Basic Algebraic Structures

A group is a set G with a law of composition such that: the law is associative; G has an identity element e
for this law; any element of G has an inverse for this law.

The order of an element a € G is the smallest positive integer n such that a™ = e, if it exists (denoting
the composition law by a product). If such a n does not exist, the order is infinite.

A ring is a set A with two laws of compositions, called addition and multiplication and: A is a commutative
group for addition; multiplication is associative; A has an identity element for multiplication, noted 1;
multiplication is distributive over addition. The identity element for addition is noted 0.

The characteristic of the ring is the order of 1 for the additive law.

A unit of A is an element that has a left and right inverse for multiplication. The units of the ring form
a group, sometimes denoted A*.

A zero divisor x € A is a nonzero element such that there exists y # 0 with xy = 0. Examples are: 2 in
Z/6Z; the matrix ( }), whose square is 0.

A ring is called commutative when its multiplication is.

An integral domain is a commutative ring where 1 # 0 and that has no zero divisor. Examples are Z and
Q[ﬂ?l, ce ,xn}.

A field is a commutative ring where 1 # 0 and every nonzero element is invertible.

The field of fraction of an integral domain A is the smallest field that contains A. Its elements are denoted
b='a or a/b, with a and b in A. Examples are Q, field of fractions of Z, and K(z1, ..., x,), field of fractions
of K[z1,...,x,] for K a field.

An ideal 7 in a commutative ring A is a subset of A that is an additive subgroup of A, closed by
multiplication by elements of A.

An ideal is principal if it is of the form Aa for some a € A, called a generator of the ideal. More generally,
given elements aq,...,a, of A the set {ujay + -+ upa, | (u1,...,u,) € A"} is an ideal and the a; are its
generators. This ideal is often denoted (aq,...,an).

A commutative ring is principal when all of its ideals are principal. This is the case of Z and K[X| with a
field K. It is not the case of K[X,Y]: the ideal generated by (X,Y") cannot be generated by a single element.

An ideal Z of a commutative ring A is prime if Z # A and whenever a,b in A have their product in Z,
then one of a,b belongs to Z. Examples are: the ideal pZ of Z with p a prime number; the ideal (P(X)) of
Q[X] with P an irreducible polynomial.

An ideal different from the ring is maximal if is contained in only two ideals: itself and the ring. Maximal
ideals are prime. If the ring is principal, then the converse holds.

The quotient ring of a ring A by an ideal Z is the set of equivalence classes for the relation a ~ b when
a —b € Z. This set forms a commutative ring denoted A/Z. A quotient by a prime ideal is an integral
domain. A quotient by a maximal ideal is a field. Examples are Z/kZ for k € Z\ {0} or R[z]/(z*+ 1), which
is isomorphic to C.

169



A field K is algebraically closed if every non-constant polynomial in K[X] has a root in K. The basic
example is C. A finite field cannot be algebraically closed.

A wvector space V over a field K is a commutative group, usually written additively, together with an
external law of multiplication by elements of K on V such that for all a,b in K and all z,y in V: (a+b)x =
ax + bz, a(x + y) = ax + ay, (ab)x = a(bz), lz = x.

An algebra A over a field K (or a K-algebra) is a ring that is also a vector space over K with the same
addition and the scalar multiplication satisfies a - (zy) = (a - z)y = z(a - y). Examples are : n x n matrices
of elements of K; polynomials in K[z, ..., x,].

If 7 is an ideal of a K-algebra A, then the quotient A /7 is also a K-algebra. For example, for any nonzero
P € K[X], the quotient K[X]/(P) is an algebra (it has finite dimension, that is the degree of P).

Additional bibliography
Wikipedia is usually reliable for these notions. Much more detailed information can be found in the classical

Serge Lang. Algebra. 3rd edition. Vol. 211. Graduate Texts in Mathematics. New York: Springer-Verlag,
2002, pp. xvi+914

An amazingly compact book that is a pleasure to read and leads its readers to very advanced material is

Igor R. Shafarevich. Basic notions of algebra. Vol. 11. Encyclopaedia of Mathematical Sciences. Trans-
lated from the 1986 Russian original by Miles Reid, Reprint of the 1997 English translation [MR1634541],
Algebra, I. Berlin: Springer-Verlag, 2005, pp. ii+ 258. 1SBN: 978-3-540-25177-4; 3-540-25177-4
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