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> N1 = Cycle(Union(N16,Prod(N16,Prod(Prod(Z,Cycle(N16)),NT))))
N2 = Prod(N§,N8)
N3 = Union(Cycle(Prod(Z,Prod(N2,Prod(Set(Z),Union(N14,2))))), Sequence(Prod(Z,Cycle(N14))))
N4 = Prod(Set (Prod(Z,Sequence(Prod(N8,Z)))),N8)
N5 = Set (Union(Prod(Z,Sequence(Prod(N11,Sequence(Union(Z, Sequence(N11)))))),Prod(N11,Sequence(N11)))
N6 = Union(Cycle(Prod(N11,N4)),Cycle(Union(N11,Union(N11,Z))))
N7 = Cycle(Prod(N15,Prod(Prod(Sequence(N15),2),N15)))
N§ = Union(N8,Prod(Sequence(Prod(Prod(Prod(Z,Z),Union(N8,N8)), Union(N8,N8))),N8))
N9 = Set(Prod(Prod(Union(N5,Cycle(Z)),I),1))
N10 = Prod(Prod(Cycle(Union(Z,Z)),N10),Union(Cycle(N13),Cycle(Prod(Prod(N13,Cycle(N13)),N10))))
N11 = Prod(Union(Set(Prod(Sequence(Z),Prod(N12,N5))), N5),I)
N12 = Prod(N19,Cycle(Prod(N19,Prod(Z,Prod(Prod(Prod(Sequence(Z),Z),N1),Prod(N19,N19))))))
N13 = Prod(Sequence(N17),Union(N17,Union(Prod(N17,Sequence(Prod(Prod(N17,N17),N17))),1)))
N14 = Prod(Prod(Prod(Prod(Z,N13),2),Z),Cycle(Union(Z,Prod(Z,Cycle(N13)))))
N15 = Prod(Prod(N2,Union(Z,2)),Z)
N16 = Prod(Prod(Prod(Prod(Cycle(Z),Sequence(Prod(Set(Z),Union(N15,2)))),2),Z),Set (Prod(Z,N10)))
N17 = Prod(Prod(Sequence(Z),Prod(N9,Union(N17,2))),)
N18 = Union(Union(Z,Prod(Cycle(N20),Z)),Prod(Prod(N20,Union(N20,Union(Union(N20,2),Z))),Set(N20)))
N19 = Union(Prod(N1l,Prod(Sequence(N1l),Sequence(Z))),Prod(N4,Prod(Set (Prod(Z,N11)),2)))
| N20 = Prod(Union(N19,Prod(N19,Cycle(N19))),Z)
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Dependency Graphs

Vi =0(Z,0,...,))
y=2(2,)) I

Vp :q>p(z,y1,...,yp)
© dep. graph of the grammar at O:

* vertices: ),...,),
¢ edge Vi — V; when (‘9(1%/8)23 (0,0) #0 @
{ G=Z+S+P,

S = SEQso(Z + P), @
P — SET>1(Z + S),

0 1 1
g@ 0 0 SEQ(Z + P)? @
Y \0 SEroo(Z+8) 0
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A non-constructive definition

K X
H v A A
Qs [

Def. Y=70(%,%) is well-founded when

(a) the following iteration is convergent:
?[o]z()’ ?[“"‘1]:%(2’?[’7]) (nZO)

(b) the limit does not have 0-coordinates.

' Joyal’s Implicit Species Thm. When 5(0,0)=0, |
(2)+(b)= 0#10%(0,0) nilpotent = (a). 1

The dependency graph at 0 has no cycle.



Proof of Joyal's IST

Def. o= 3B if they coincide up to size k (contact).

Key Lemma.
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O coordlnates

LL;,A —

/1.

| Algo Well-founded at 0 1

2.

Check cycles in dep.
graph at 0;

2.

—

Check O coords in YUﬂ J

| the arrows in dep. graph;
3.

Algo Check O-coords
Initialize where H(Z,0)#0;
Propagate p times reversing

Check empty nodes

EX. /=F+PB+SEQ(C), B=ZF " D+F B B, 6€=F% SEQ(R), D=B+F D.

dep. graph at 0

dep. graph reduced grammar

A=F+SEQ(®),
&=Z.
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Polynomial Species
A=FL+ZF B PB;
Def. % polynomial when its gf is. B=F+ZF.Z.

Pr'op. Y=H (Z£,Y%) well-founded at 0. |
i Polynomial solution
' < J polynomial and 0 #Z/0% nilpotent. |

The dependency graph itself has no cycle

This method can be extended to partially polynomial
(¥ (Z£,%) polynomial wrt % when [z"]Y(z,u) polynomial for all n)
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VVell-Founded: gl case

Natural examples where #°(0,0)+0:
?_%(z’?) Sequence: Functional graphs:
A=1+Zd; T=ZSET(T);

&=CYC(T); E=SET(B);

Difficulty: avoid creating an infinite number of objects of a fixed size.

Def. Associated system:
? %(2"% ?) H (L, Y)- 7/(0 0)+°Zl 9’/(0 0)

= computations reduced to simple manipulations of dependency graphs
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Integral Equations

% /O “F T

V(2) = H(Z.Y(2)) + /O G(T.V(T)) dT

Increasing trees;

alternating permutations;
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Integral Equations

Increasing trees;

alternating permutations;

SET(A) =1+ / SET(A)A’

© © © ©

: /O T

Cyc(A) = / SEQ(A)A’

Prop. Y(2)=H(Z.Y(2)+ [ GT.X(T)aT |
| 0 |
- well-founded when:

|. the part without | is well-founded;
2. an extra (technical) condition whenH

e e — _

(0,0
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