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Problem

po(n)antr + - +pe(n)a, =0, 0¢&po(N), p; €Zn]

Aim: given ay, . . ., ax—1, predict the behaviour of a,, asn — oo

Simplified version: ~compute”, when they exist,

p,o,m,c %0 such that A, ( log>
|

ocal
(at o0)
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Singularity Analysis
/\ _ Generating function

sequence (an) — A(z) ' — Z A Caiitrjl;iiusr(;me
f ‘ R n >0
A 3-Step Method: a, = 1 [AR) >

| - 2mi f oantd

1. Locate dominant singularities |
a. singularities; b. dominant ones |

2. Compute local behaviour

& —_—

Z
P n— 00

full asymptotic expansion available

[Flajolet-Odlyzko1990]  Next: computation of p, a.1m. ¢ 330



P-recursivity & D-finiteness
(an) — A(z) = Z ap 2"
n>0
(an) P-recursive — A(z) D-finite
po(N)anik + -+ pr(n)a, =0 QO(Z)A(@(Z) + o+ qe(2)A(z) =0

Classical properties of LDEs: S
1. singularities satisfy go(p) = 0;

12. one can compute a basis of formal solutions at (regular)
singular points, of the form /comvergent

( B %> logm(l_lé) (1 T )’ ocal < @7m c N.

g (at p)

More recently (M. Mezzarobba’s ore_algebra_analytic):

certitied analytic continuation (— ¢ numerically). VT



Asymptotics of P-recursive Combinatorial Sequences

Thm. [Katz70,Chudnovsky85,André00]
|

ao+aiz+... D-finite, a; integers, radius in (0,00), then |
its singular points are regular with rational exponents |

Ly ~ > A5 0g" () f.ok (l>

(L
(A\,a,k) € finite set

in @N )

= —_————

Ex. The number a, of walks from the origin taking n stepsf

{N,S,E.W,NW} and staying in the first quadrant behaves ISXH
likeCA "> witha € Q — not D-finite. 0
1. n 3 @02 LGy — 1 —
a=—1- arccos(u)’ U U ou—1=0, wu>0. 5Ji

[Bostan-Raschel-S.14] o
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Ex: Polya’s 3D Random WaIk

[

Start from the origin in Zd; = ,..,?; 2
8. F § o ~
move one step along one of the axes; repeat. | * fﬁ’“ |
. ep . . ' P |
What is the probability py of returning to 0¢ . | Bt
| | ln%"
i

Numerical approximation by analytic continuation:

1. un := P(3D-walk returns to 0 in 2n steps) satisfies
(2n+3)(2n+1)(n+1)u, —2(2n+3)(10n° +30n+23)tp 41 +36(n+2)* Uy 40 = 0

n 1 [ [ ] [
2. an =) up—>c =1, converges slowly (1 is a singularity)
— M3
k=0

3. Givenag, ai, a2, MM’s code produces 100 digits of ¢, c2, ¢3 s.t

1 1

A % [ ] [ ] [ ] [ ] [ ] [ ] 1 [ ] [ ] [ ] " o .

(2) C(l—z ) CQ(@ ) cs3 ( ) In 0.4 sec
not accessible to the

o (1) (31) () () S
32m3 \ 24 24 24 24 ) algorithms presented here.

[Watson39;Glasser-Zucker77;Koutschan et alii 13,16]
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Example: Apéry’s Sequences

] (P B w88 w3 e e

k=1 k=1 m=1

and ¢, = b, — ((3)a, have generating functions that satisty
vanishes at O,

a=17-12v3~003, 2°(2*2—=3424+1)y" +---+(z=5)y=0
B =17+ 122 ~ 34.

In the neighborhood of «, all solutions behave like

analytic — uva — 2(1 + (a — z)analytic).
Mezzarobba’s code gives(pq)~ 4.55, pp >~ 5.46, .~ 0.

Slightly more work gives . = 0, then ¢, = 87"

and eventually, a proof that {(3) is irrational.

[Apéry1978] 7/30



Univariate Generating Functions

Aim: asymptotics of the
D-EINITE coefficients,

automatically.
DIAGONAL

ALGEBRAIC
More structure

_’
more complete
algorithm

RATIONAL

(analytic continuation

Def diagonal: later. easier)

Christol’s conjecture: All differentially finite power series with integer
coefficients and radius of convergence in (0,) are diagonals.
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Pringsheim’s Theorem

A

(an) — A(z) = Z an 2" (

Useful property [Pringsheim Borel
a, > 0 for all n = real positive dominant singularity.

A couple of years after the publication of my Thesis, Edmund Landau wrote to me to
say that the German mathematician Pringsheim thought he had discovered the
theorem [...] “But”, he added, “of course, this result is yours”. [...] what would
have happened if | had not been alive to receive his letter? He would not have been
undeceived and the discovery would have been thought to be mine—until other
readers would have restored it, not to Pringsheim but to E. Borel.

J. Hadamard (1954)
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l. Rational Generating Functions
(Linear Recurrences
with Constant Coefficients)

_
T
g WY
—~—




Fibonacci Numbers

- F, = +
As n increases, the smallest 1126 1190
singularities dominate.

11/30



Conway’s sequence

1,11,21,1211,111221,...

X . 4 %
Generating function for lengths: o X 5 X o X
[(2)=P(2)/Q(2) )
with deg Q=72. 8 X x
XX X
: o X ><X v
Smallest singularity: X
0=0.7671198507 e —
X o X
X X
| - 049100 6 Fast univz;ﬁétexresolution:
T e SagraloffyMehlhorn16
X X
C:,O_I Res(f/p) ‘J XXX ok Xx X X
algebraic X

[Conway 1987]

remainder exponentially’small

12/30



Singularity Analysis for Rational Functions

Ex: yz3—9z2-— 7z +8 - - e
/ L | A 3-Step Method:
' | 1. Locate dominant singularities
] a. singularities; b. dominant ones |
2. Compute local behaviour v |
4 dist 105 |
/ : :
\\-- L 3. Translate into asymptotics
P(X)zaoX"’ CLnEZ[X], \az\ SH,ao#O

P(a) = P(B) =0

Prop. [Mahler64] a # f = |a — B| > CnH@

Cor. |a| #

Bl =

Numerica

‘a‘ - ‘/BH > DnH—n(n2—|—2n—1)/2

resolution with sufficient precision

finds the dominant roots in polynomial complexity

13/30



Il. Algebraic Generating Functions




Algebraic Generating Functions

P(z,y(z)) =0

1a. Location of possible singularities —

| licit F : Th . liiNunﬁéricaIresolu_tion
mplicit Function Iheorem: with sufficient precision

oP + algebraic manipulations

P(z,y(z)) = a—y(z,y(z)) =0 (discriminant) —

%*

1h. Analytic continuation ///‘ \\\
finds the dominant ones '@\?\
2. Local behaviour (Puiseux): (1 — z/p)?, (&g @T\Q\\
3. Translation: easy: RN >
—a—1 AN 4/
0 Cp_nn N
"5 P T(—a) A o
with ¢, p algebraic, o rational. P




T
U = 2G3+T+2U° = T = 2(1+B)°,B =

G3+BQ+Z 1
(1-U)3

1+ B

define power series U(z), G3(2),T(z), B(z).
The aim is to compute the asymptotic behaviour of [z™]|B(z).

1. Eliminating U, T,Gs gives P = 16B°2% + - - 4 2%(2° + 112 — 1).

2. The discriminant has degree 20, but only one root in (0,1]:
p = .102 root of 54z° + 3242* — 42652 + 432.

3. Atz = p, P has only 1 (double) real positive root: B(p)

4. Computing more terms gives

B(z) = B(p) + ¢1 (1 - %) ic(l - 2)3 2+-~ with an explicit ¢

5 Conclusion' Analytic continuation
. . 3¢ ~5/2 —n exploiting

[Zn]B(Z>N 4ﬁn f . the combinatorial origin.
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Singularity Analysis of Algebraic Series

Prop [Abel1827; Cockle1861; Harley1862 Tannery1875]
*Algebralc series are D-finite.

Exact analytic continuation for singularity analysis via LDE:

A. Compute a LDE starting from P;
B. For all roots of disc(P), sorted by increasing modulus,
1. compute exactly the local branches;

2. match with numerical continuation (MM’s code);
3. if a singular behaviour is encountered, return it.

16/30



l1l. Diagonals



Definition

in this talk
If F(z) = G(2) function with Taylor expansion
e ,

C'zi ¥ x x x x

' v X X X X X

relim X X X X X

its diagonal is AF'(t) = Z Ck,k,...,ktk- X X X X X
keN N>

2k . 1 o 2 2 02, 2

: (1 Lhet — RRNTC) Toe oy S
k+1<k> 1—z—y)(1—2) Oy Hlpy—a®+47+- APy

Z v, : 1
Apery’s ax : 1—t1+2)1+y)1+2) 14y + 2 +yz +ayz) @@WH

17/30




Diagonals & Multiple Binomial Sums

X % = Z;) 8>>:O(—1)”+r+s (f;z> (Z) (n ;L s> <n : r) (zn —nfr — 3)

Thm. Diagonals —

e properly

> BinomSums[sumtores](S,u): (.)
1

1 — If(l —+ ul)(l + UQ)(l — ulug)(l — u2u3)

has for diagonal the generating function of S,

[Bostan-Lairez-S.17] 18/30



Multiple Binomial Sums

over a field K

Sequences constructed from

- Kronecker’s 0: n +> 0,;

- geometric sequences n — C™, C € K;
. . ny.

- the binomial sequence (n, k) — (k)’

using algebra operations and

- affine changes of indices (u,,) — (u)\(n));

m
- indefinite summation (u,, ) (Z unk)

k=0
18'/30



Diagonals are Differentially Finite
[Christol84,Lipshitz88]

an(2)y"™ (2) + -+ ao(2)y(z) = 0,

; Thm. If F has degree dinn varlables
AF satisfies a LDE with

order~ d", coeffs of degree d°™.

+ algo in O(d®™) ops. 8 z z y i i z z z

— asymptotics from that LDE X X X X X X X

. _ X X X X X X
Starting point: N SV

G(z) 1 V! t dzy - dzn_1
Flz)= =2 S AF=(— Flz,. 21, |
(2) H(z) = <2m') 7{ (zl’ » #n—1 zl---zn_1> 21 2

[Bostan-Lairez-S.13,Lairez16] 19/30



LDE for Integrals: Griffiths-Dwork Method

P(t, x) Q square-free
= Q™ (t, ) dx Int. over a cycle
Basic idea: - where Q#0.
1. While m>1, reduce modulo J:= (041Q,...,0,Q)

and integrate by parts

P _ r+v101Q+ - +v,0,Q _ r | P
Qm Qm Qm | Qm—l

I//

- derivatives

2. Apply to LI/,

Thm It P/QQ has degree dinn varrables I(t) trsr

| a LDE wrth order ~dn, Coeffs of degree O,

. until a Irnear dependency IS found

+/5~\Igo in
O(dSn)

= = ————

Diagonals:
) becomes (z101H — 2,0, H,...,2, 10p_1H — 2,0, H).

|Griffiths70;Christol84;Bostan-Lairez-S.13;Lairez16] 20/30



Bivariate Diagonals are Algebraic
[Polya21,Furstenberg67]

A L satisfies

1 — 22 —y3

(3125¢% — 108)" y'° 4 81 (3125¢° — 108) " 4*

+ 503 (31255 — 108)” y7 + (683437515 — 236196) 1/°
— ¢ (34375¢° — 3888) (3125¢° — 108) y/°

+ (—7812500 ¢ + 270000 t° + 19683) y*

— 54¢° (6250¢° — 891) y? +50¢° (21875¢° — 2106) 3
— % (50t +9) (2500¢* — 450¢* + 81) y

— 19 (3125¢° — 1458) = 0

Thm. F=A(x,y)/B(x,y),
deg<d in x and y, then
AF cancels a polynomial
of degree = 4d in y and t.

'+ quasi-optimal algorithm.

— the differential equation
is often better.

[Bostan-Dumont-S.17] 21/30



Summary of this part

— e —— S

Prop Algebraic series are the dlagonals

| of bivariate rational functions.

Christol’s conjecture: All D- finite

Dlagonals are D‘flnlte; they are CIOsed | power series with integer coefficients

and radius of convergence in (0,%)

under sum, product, Hadamard product; | 3 diagonals
their coefficients are multiple binomial | . (1 15
342

191713 ) = A(?)
sums (and Conversely) 3

All these properties are effective,
with good bounds and complexity.

— asymptotics from the LDE

2130
[P6lya21,Furstenberg67,Christol84,BostanlLairezS.13,Lairez16,BostanDumontS.17]



V. Analytic Combinatorics in
Several Variables,
with Computer Algebra

Wanted: complete algorithms, good complexity,
more cases with “explicit’ c.

Solution:
1. restrict to simplest class;
2. avoid amoebas and
deal only with polynomial systems;
3. control all degrees & sizes.




Coefficients of Diagonals

\

F(z) = Z-(é)) Ck,.. k = (2m> / Hi ) dz- ..Zi)Hl ?

Critical points: minimize z1---2, on V = {2 | H(z) = 0}

OH OH

8 e o o 8 n . aH aH
rank (a(zfzn) 3(,21?..2”)) <1 Il.e. A== g —

0z1 T 0z, 1 n

1a. locate the critical points (algebraic condition); |
i 1b. find the minimal ones (semi-algebraic condition); |
12 translate (easy in SImpIe cases) ‘

Def. F(z1,... a) is combinatorial if every coefﬁClent is > 0.

Prop. [PemantleWilson] In the combinatorial case, one of the
minimal critical points has positive real coordinates. 22/30



N\
Ex.: Central Binomial Coefficients K
TN

(k) 1_x_y—@+x+y—l—@1:y+az Ty ++@y T

(1). Critical points:1 —x —y=0,x =y=—x =y = 1/2.

ARVINTIGFEIN IS EIAR (R ceneral, this is the difficultstep:

(3). Analysis close to the minimal critical point: , \
0 (9
// dx dy 1 dr /
a ~ —
FTemip ) T =y @y T 2w ) (@ =)
R

residue

4k—l—1

, /exp(4(k + 1D(x —1/2)*) dz ~

271

I
Y

4k
Vir

C saddle-point approx 23/30



Kronecker Representation for the Critical Points

Algebraic part: ““compute” the solutions of the system

OH OH

o o o :Zn—
0z,

H(z)=0

Rl ~—— —
o 021

If deg(H) =d, max coeff(H) < 2"

Under genericity assumptions, a probabilistic algorithm running
in O(hD?) bit ops finds:

P(u) =0
P'(u)z1 — Q1(u) =0 Degree < D
Height < O(hD)
History and Background: Pl(u)zn — Qn(u) =0
see Castro, Pardo, Hagele,
and Morais (2001) System reduced to

a univariate polynomial.

[Giusti-Lecerf-S.01;Schost02;SafeySchost16]



Example (Lattice Path Model)

4 1

The number of walks from the origin taking steps
{NW,NE,SE,SW} and staying in the first quadrant is

(1+2x)(1+y)

(O8]
1 L

[\
L 1 L

AF, F(z,v,
(7,9, 1) = 1 —#(1+ 22 +y* +2°y?) -
P(u) = 4u* + 52u® — 433902 + 93380 -+ 403920
Kronecker
representation @ (1) = 336u% + 344u — 105898
of the critical Q,(u) = —160u” + 2824y — 48982
points: Q:(u) = 4u® + 39u% — 4339u/2 + 46692
ie, they are given by:
o o Qx(u) o Qy(u) o Qt(u)
PU=0 2= YT Pw T P

Which one of these 4 is minimal? .



Testing Minimality

y 1

1 1
Fe_— —
H (1—z-—9)(20—xz—40y)—1 ~
Critical point equation z 22 = ?/%—ZI : TR
v(22 + 41y — 21) = y(41z + 80y — 60)

— 4 critical points, 2 of which are real:

(21,71) = (0.2528,9.9971), (x2,y2) = (0.30998, 0.54823)

Add H (tz,ty) = 0 and compute a Kronecker representation:

Plu)=0, @=%gG v="7u =%

Solve numerically and keep the real positive sols:
(0.31,0.55,0.99), (0.31,0.55,1.71), (0.25,9.99,0.09)..(0.25, 0.99, 0.99)

(x1,y1) is not minimal, (2, y2) is.

26/30



Algorithm and Complexity

Thm. If F(z) is combinatorial, then under regularity conditions,

- the points contributing to dominant diagonal asymptotics can be |
- determined in O(hd®D*) bit operations. Each contribution has the |

~ form

A= (T )A=/2) (€ + O(1/k))

@an be found to /ZZ"‘? precision in O(h(dD)? + Dk) bit ops

—— =" — - s = EE—— —

/ /

This result covers the easiest cases.
All conditions hold generically and can be checked

within the same complexity, except combinatoriality.
[Melczer-S.16] 27/30




Example: Apéry's sequence

=(1H -+ Hbkyzt + - -
1—t(1l4+2)(1+y)(1+2)(14+y+2+yz+ zyz) O+ @y

Kronecker representation of the critical points:

P(u) = u* — 366u — 17711
~ 2u — 1006 320 - 164u 4 7108

A 2707 R A =170 K R 2 0

There are two real critical points, and one is positive. After
testing minimality, one has proved asymptotics

> A, U := DiagonalAsymptotics(numer(F),denom(F),[t,x,y,2z], u, k):

> evala(allvalues (subs(u=U[1],A)));
— & '
(17+12/2) V2 /24 +172
3 /2

3/2
&k T
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Example: Restricted Words in Factors

1 — $3y6 € $3y4 i $2y4 e x2y3
1 — ¢ — Y -+ Q?ng _ 5133y3 _ CIZ4y4 _ 5133y6 + $4y6

F(:l?,y) —

words over {0,1} without 10101101 or 1110101

A, U:=DiagconalAsymptotics (numer(F),denom(F), indets(F),u, k, true, u-T,T):
A

-~

-
>
f 20 19 15 . 17 . 15 15 14 12 12, mcee 1 e 10 g 8 7 & i~ E I 3 > o
Squ +2400  — 2850 — 184847 — 21230 — 1408u 4+ 235w 4+ 756w T 4230007 4 28%cuw  —Aa0% 42020 + 12334 — 1760y 4924w — 4924 — 6780 + 063245 =249 +24u+ 6

0 19 - 1R 17 - 14 R . 2 _ - | , 9 ) 7 ) ’ 5 —_ 1 m— 2 - N
126" 1 306" 1 258" 150007 1 4a0d't 102k 3780™ 154 214207 ssout 22220"7 1eaae’ 1 286000 1848 123048 1 208007 268641 | 149447 22840 320w 1 R4

2 ’ 9 . 7 aqgag 18 ) . - - I 2, . 0 : . b Gy ey _ | g’ 2 .
53 / s’ + 2400’ — 285" — 15480'7 —21250'" — 19080 = 2550 4 750" + 2509 0 + 2856 0" + 605" — 2uzua’ +1233° — 17000’ — 9244 — 29247 —675:° + 63207 — 2490’ ~ 230+ 16
[\

1626 —6120" —0020"° — 51647 — 2590 + 3480 +2054 " + 21560 + 898" — 226847 4+ 2462 +° — 20884’ — 13124 — 52045 — 1410 + 11884 — 2904° + 32

/
,', (24 ._/7 ‘:S‘lum
/
+ 240" — 2850 — 1548 4" — 21250 — 1908 " + 255 0™ + 75607 + 25004 — 2836 — 605 0" 4+ 20200 — 12334° — 176047 +924+° — 4620 — 6750 + 63247 — 2497 + 241+ 16))
> U
[Rewoild 2V +12 7% 15 7% —86 2% —125 77 —88 2417 2P 454 M y193 2P 4238 29455 24z 2137 -0 P F -0 A3 P 2 - 42 7
+16_Z—4,025574181) ]
> evalf(subs(u=U[l] . ,A));

(1222 + 364" = 214" — 17047 —2550"% — 190" — 19" + 464" + 461" —628a'" — 133" + 37407 — 161" — 3840 +146.° — 138" — 2850’ — 404 + 917 —30u+32)

1.60294559 3 9101932

Jx
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Summary & Conclusion

* In many cases, LDE + certified analytic continuation works.

» Diagonals are a nice and important class of generating
functions for which we now have many good algorithms.

* ACSV can be made effective (at least in simple cases) and
recovers explicit constants.

» Complexity issues become clearer.

Work in progress: extend beyond some of the assumptions

The End



