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First: find a LDE (or LRE) 1/16
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Main Example for this Talk
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> f:=exp(-p*x)*ChebyshevT(n,x)/sqrt(1-x^2);

> redct(Int(f,x=-1..1),[n::shift,p::diff]);
[pDn + pDp � n, pD2

n � 2nDn � 2Dn � p]
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Interpretation: the integral           satisfiesFn(p)
<latexit sha1_base64="eEvo5jOltLbz2NZghUkxXQ7y2sM="></latexit><latexit sha1_base64="msfyn+7zAaAYYN3Cnv96zncrdNw="></latexit><latexit sha1_base64="msfyn+7zAaAYYN3Cnv96zncrdNw="></latexit><latexit sha1_base64="OHZ4KbSNqeEQtPnzP8F8SjRgaTs="></latexit>

2/16

f :=
e�px ChebyshevT(n, x)p

1� x2
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pFn+1 + pF 0
n � nFn = 0, pFn+2 � 2(n+ 1)Fn+1 � pFn = 0
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Context: LDEs as a Data-Structure

Linear 
Differential 
Equations

Numerical evaluation

Local and asymptotic 
expansions

Proofs of identities

Closed formsConversions

Polynomial equations

Diagonals

Definite sums 
and integrals

Solutions called differentially finite (abbrev. D-finite)
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Creative Telescoping

Input: equations 
(differential and/or 
recurrence).

Output: equations for 
the sum or the integral.

Example:

PascalIF one knows A(n,Sn) and B(n,k,Sn,Sk) such that

then the sum telescopes, leading to A(n,Sn)⋅U(n)=0.

(A(n,Sn)+ΔkB(n,k,Sn,Sk))⋅u(n,k)=0, certificate

4/16
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Then I come along and try differentiating under the 
integral sign, and often it worked. So I got a great 
reputation for doing integrals. 

Richard P. Feynman 1985

Creative Telescoping

Method: integration (summation) by parts and 
differentiation (difference) under the integral (sum) sign

I(x) =

Z
f(x, t) dt =?

IF one knows A(x,∂x) and B(x,t,∂x,∂t) such that

then the integral « telescopes », leading to A(x,∂x) ⋅I(x)=0.

(A(x,∂x) +∂t B(x,t,∂x,∂t))⋅f(x,t)=0,
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Chyzak’s Algorithm
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Weakness: Certificates are Big
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and sometimes also unnecessary

(n+ 2)3Cn+2 � 2(2n+ 3)(3n2 + 9n+ 7)Cn+1 � (4n+ 3)(4n+ 4)(4n+ 5)Cn

= �r(· · · ) +�s(· · · ) = 180 kB ' 2 pages
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Reduction-Based Creative Telescoping
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Principle:

Q(x, t)h@x, @ti/Ann f
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is a linear map in

Reduce successive       modulo the image of  
until a linear dependency is found

@m
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Previous Work

Q(x)h@x, @ti

First generation of algorithms: relying on holonomy

Restrict int. by parts to                      and use elimination.

Second generation: faster using better certificates & algorithms

Hypergeometric summation: dim=1 + param. Gosper.

Undetermined coefficients in finite dim, Ore algebras & GB.

Idem in infinite dim.
[Wilf-Zeilberger90,92,ChyzakS.98,Chyzak00,Chyzak-Kauers-S.09]

New generation: reduction-based algorithms

[Zeilberger90,91,Takayama90]

Rational bivariate, hypergeometric, algebraic, mixed

Algebraic, Fuchsian, differentially finite
[Bostan et alii 10–15,Chen et alii 12–18, Hoeven 17]
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I. Griffiths-Dwork Reduction for 
Multiple Integrals 

of Rational Functions



Thm. [Griffiths] In the regular case (                finite dim),  
if R=P/Qm hom of degree -n-1,                                 .

Griffiths-Dwork Reduction

I(t) =

I
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dx
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1. Control degrees by homogenizing (x1,…,xn)↦(x0,…,xn) 
2. If m=1, no reduction needed [P/Q]:=P/Q 
3. If m>1, reduce modulo Jacobian ideal J := h@0Q, . . . , @nQi

→ Algo for CT: differentiate wrt t, reduce and iterate.

Int. over a cycle 
where Q≠0.

Q square-free
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(recursive definition)

Q(t)[x]/J
[R] = 0 ,

H
Rdx = 0



Size and Complexity

I(t) =

I
P(t, x)

Qm(t, x)| {z }
2Q(t,x)

dx no regularity 
assumed

N := degx Q, dt := max(degt Q, degt P)

Thm. A linear differential equation for I(t) can be computed 
in O(e3nN8ndt) operations in ℚ.   
It has order ≤Nn and degree O(enN3ndt).

Note: generically, the certificate has at least        monomials.Nn2/2

degxP not too big wrt N

tight

Applications to diagonals, volumes  
    & multiple binomial sums
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II. Generalized Hermite Reduction



Hermite Reduction

Input: Output: s.t.

and h does not have multiple poles

f = h+ @tg
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classical in the integration of univariate rational functions

In other words, h is a canonical form of f modulo Im @t
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Canonical: h=0 iff f is a derivative.
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Lagrange’s Identity

Def. Adjoint of L = crDr
t + · · ·+ c0 :
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Lagrange’s identity: uL(f)� L⇤(u)f = Dt(PL(f, u)).
<latexit sha1_base64="1gQI3C/pov7FvOlY9Q3uZ1pVZrY="></latexit><latexit sha1_base64="5jtXrM3NuJqEP8hm3649ELx0+a8="></latexit><latexit sha1_base64="5jtXrM3NuJqEP8hm3649ELx0+a8="></latexit><latexit sha1_base64="kkV0BHcoHNbWbMnlVspCC3HvnDY="></latexit>

(proof: integration by parts and induction.)

Cor2. If                , for any   ,              is a derivative!L(f) = 0
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u
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         The computation reduces to  
rational fcns x f and working modulo  ImL⇤
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rational fcnCor1. g = M(f) ) 9q, g = M⇤(1)f +Dt(q)
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Generalized Hermite Reduction

Input: f 2 K(t)
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M(t, @t)
<latexit sha1_base64="GKA+o5UH6XvA3ZdMY6cGfZGXY4o="></latexit><latexit sha1_base64="43DzlVI90+AyMnAXXIOsbhvqOa4="></latexit><latexit sha1_base64="43DzlVI90+AyMnAXXIOsbhvqOa4="></latexit><latexit sha1_base64="mmLoBB8muEAyE/T78OfXmjaNez4="></latexit>

, a linear differential operator

Output: s.t.h 2 K(t)
<latexit sha1_base64="pt5GEbksXPFYFrxl/YrwuHqyj/c="></latexit><latexit sha1_base64="2iD/dXfBO82Eg0JNd/nibXdBrCo="></latexit><latexit sha1_base64="2iD/dXfBO82Eg0JNd/nibXdBrCo="></latexit><latexit sha1_base64="LkJemXWwmr3KtXi8j3gHOFLL8tc="></latexit>

f = h+M(g)
<latexit sha1_base64="vyaPGMoEzsyOmR1uVgUOPs7Bcgg="></latexit><latexit sha1_base64="1qrQ3XDKdBn0EFqZme1tUTtFarU="></latexit><latexit sha1_base64="1qrQ3XDKdBn0EFqZme1tUTtFarU="></latexit><latexit sha1_base64="bNzDhIfPacTClsgDljqJN95/GAg="></latexit>

for some g 2 K(t)
<latexit sha1_base64="lfBenm3TPpPYBIGp/uE7xUqWcsY="></latexit><latexit sha1_base64="ELiSrTAz/Z6UzbqwurJo7HjgEwE="></latexit><latexit sha1_base64="ELiSrTAz/Z6UzbqwurJo7HjgEwE="></latexit><latexit sha1_base64="bEmQe2kxqE3mM+0A57STfsD7Rgo="></latexit>

and h = 0 , f 2 ImM.
<latexit sha1_base64="dlBQA+C555Nq+iLyMKI7N4yhwFg="></latexit><latexit sha1_base64="Pssoolj5Vk7UCa9b48PUxsul0hY="></latexit><latexit sha1_base64="Pssoolj5Vk7UCa9b48PUxsul0hY="></latexit><latexit sha1_base64="/A/ZwvJpq9aTj6yMkw/oQLSJK7Q="></latexit>

Hermite: special case whenM = @t
<latexit sha1_base64="naj1jgKF1k8XeD9kYXsvhBovJyM="></latexit><latexit sha1_base64="yjSqmT3ZvEDTShSLPa9JfH7zF6o="></latexit><latexit sha1_base64="yjSqmT3ZvEDTShSLPa9JfH7zF6o="></latexit><latexit sha1_base64="GJPQ1iMNdBOsZNEgaZl6rXzainI="></latexit>

Algorithm similar to rational solutions: (sketch) 
local analysis at singularities, plus cleanup on polynomials.
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Example
Z 1

�1

e�pxTn(x)p
1� x2

| {z }
f

dx = (�1)n⇡In(p)

<latexit sha1_base64="Viz9f8td644jD8jSs1rRLsLkU9k="></latexit><latexit sha1_base64="vrZCqRFXhnDbcfeJh7K4LYCWGAI="></latexit><latexit sha1_base64="vrZCqRFXhnDbcfeJh7K4LYCWGAI="></latexit><latexit sha1_base64="NUpZOsNqGHwQMLq5qGcHhdYoqgs="></latexit>

Dp + x, nSn � (x2 � 1)Dx � (p(1� x2)� (n+ 1)x)
<latexit sha1_base64="PSO8/KlzXSoxozEPmVt0TfX90/A="></latexit><latexit sha1_base64="Plx/Odaec9VYWbSmjNGUCm6jamk="></latexit><latexit sha1_base64="Plx/Odaec9VYWbSmjNGUCm6jamk="></latexit><latexit sha1_base64="9DrIPa6/sqyc9xiRCPd4Wf+Bj2k="></latexit>

(1� x2)D2
x � (2px2 + 3x� 2p)Dx � (p2x2 + 3px� n2 � p2 + 1)

<latexit sha1_base64="3in3etVCAAUjurRMGP6AHTCK1/s="></latexit><latexit sha1_base64="y79mOUa3ijJX3AhV2Fvq+1VCtF4="></latexit><latexit sha1_base64="y79mOUa3ijJX3AhV2Fvq+1VCtF4="></latexit><latexit sha1_base64="qG48cwzSDQuRtbPqhaRgxf/J1WM="></latexit>

Ann f generated by

 1f=(1)f reduced by L* to (1)f

L:=

    Dpf=(-x)f reduced by L* to (-x)f
    Snf=((px2+(n-1)x-p)/n)f reduced by L* to (x+n/p)f 

   (Dp)2f=(x2)f reduced by L* to (x/p+1+n2/p2)f
Conclusion: the integral           satisfiesFn(p)

<latexit sha1_base64="eEvo5jOltLbz2NZghUkxXQ7y2sM="></latexit><latexit sha1_base64="msfyn+7zAaAYYN3Cnv96zncrdNw="></latexit><latexit sha1_base64="msfyn+7zAaAYYN3Cnv96zncrdNw="></latexit><latexit sha1_base64="OHZ4KbSNqeEQtPnzP8F8SjRgaTs="></latexit>

F 0
n + Fn+1 = n

pFn
<latexit sha1_base64="WF26m22OH8EjT6a3dIOf4P28/HE="></latexit><latexit sha1_base64="EEtAJUeseRtsN6C6aMHmhORd9Qg="></latexit><latexit sha1_base64="EEtAJUeseRtsN6C6aMHmhORd9Qg="></latexit><latexit sha1_base64="7TJZVFr3qxb8JqWQ7MrEmv7aK24="></latexit>

p2F 00
n + pF 0

n = (n2 + p2)Fn
<latexit sha1_base64="1pCwVBwDvPzuTRzkzeTeX4FyfoE="></latexit><latexit sha1_base64="3dzkdQl+oQaE7WWkG9VtQVrOxBw="></latexit><latexit sha1_base64="3dzkdQl+oQaE7WWkG9VtQVrOxBw="></latexit><latexit sha1_base64="oQC2GCm8nxWvnS3Svd1cm2FJHi4="></latexit>
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Conclusions

3. Still an efficiency problem with apparent singularities  
(work in progress)
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modify the algorithm so that it returns a certi�cate for each ele-
ment of the basis. Indeed, a certi�cate of the generalized Hermite
reduction of §3 can be propagated through the algorithms.

4.4 D-�niteness of the Telescoping Ideal
In the general case, the telescoping ideal Tf of a D-�nite func-
tion f need not be D-�nite. However, when the auxiliary opera-
tors @1, . . . , @e are di�erentiation operators (as opposed to shift
operators for example), then Tf is always D-�nite if f is; this is a
well-known result in the theory of D-�niteness and holonomy [41].
We give here a new proof of this fact, as a corollary of a more
general su�cient condition for general Ore operators.

De�nition 4.5. AD-�nite function f is singular (w.r.t. @x ) at � 2 K if
every nonzero operator L 2 K(x)h@x i such that L(f ) = 0 is singular
at � . The singular set (w.r.t. @x ) of f , denoted Sing(f ), is the set of
all singular points of f .

Let � = {1, @1, @2, . . . , @21 , @1@2, . . . } be the set of all monomials
in the variables @1, . . . , @e .

T������ 4.6. For any D-�nite function f , if
–

µ 2� Sing(µ(f )) is
�nite, then Tf is D-�nite.

P����. Let � be a cyclic vector of A/ann f w.r.t. @x with mini-
mal annihilating operator L 2 K(x)h@x i of order r . For µ 2 �,
let Aµ(f ) 2 K(x)h@x i of order < r be such that µ(f ) = Aµ(f )(� ), as
in §4.1, and let Rµ = A⇤

µ(f )(1) 2 K(x), so that µ(f ) = Rµ� + @x (Gµ ),
for some Gµ 2 A/ann f . By Proposition 4.2, the K-linear map
� : Kh@1, . . . , @ni ! K(x) de�ned by �(µ) = Rµ induces an injec-
tivemapKh@1, . . . , @ni/Tf ! K(x)/imL⇤. The telescoping idealTf
is D-�nite if and only if the image of this map is �nite-dimensional.
In view of Proposition 3.13, it su�ces to show that the poles of all
the Rµ lie in a �nite subset of K. This is obtained by proving thatÿ

µ 2�
poles(Rµ ) ✓ Sing(L) [

ÿ
µ 2�

Sing(µ(f )), (10)

where Sing(L) is the set of zeroes of the leading coe�cient of L.
Indeed, let µ 2 � and � 2 K that is not in the right-hand side. We

now prove that no coe�cient of Aµ(f ) has a pole at � , from where
it follows that neither has Rµ = A⇤

µ(f )(1). By the hypothesis on � ,
there exists M 2 K(x)h@x i an annihilating operator of µ(f ) regu-
lar at � . It satis�es MAµ(f )(� ) = M(µ(f )) = 0 and by minimality
of L it follows thatMAµ(f ) = BL for some operator B. As a conse-
quence, 0, 1, . . . , r�1 are roots of the indicial polynomial ofMAµ(f ).
Write Aµ(f ) =

Õr�1
i=0 ai@

i
x , for some ai 2 K(x) and let j be the max-

imal index with ord� aj = mini ord� ai . Then j 2 {0, . . . , r � 1}
and ord� Aµ(f )

�
(x � �)j

�
= mini ord� ai . Then this last quantity

is a zero of the indicial polynomial of M , which implies that it is
nonnegative and thus that none of the ai has a pole at � . ⇤

Recall that for 1  i  e , the Ore operator @i satis�es a commu-
tation relation @ia = �i (a)@i + �i (a) for any a 2 K, where �i is an
endomorphism of K and �i is a �i -derivation of it. When @i is a
di�erentiation operator, �i = idK.

C�������� 4.7. If @1, . . . , @e are di�erentiation operators, then Tf
is D-�nite for any D-�nite function f .

Integral (11) (12) (13) (14) (15) (16) (17)

redct 13 s > 1h > 1h 1.5 s 1.5 s 165 s 53 s
HF-CT 19 s 253 s 45 s 232 s 516 s >1h >1h
HF-FCT 1.9 s* 2.3 s 5.3 s >1h 2.3 s* 5.4 s 2.2 s*

Table 1 Comparative timings on several instances of creative telescoping.
Rows are redct (new algorithm); Koutschan’s HolonomicFunctions, using
functions Annihilator and CreativeTelescoping (HF-CT); idem, using
FindCreativeTelescoping (HF-FCT), a heuristic that does not necessarily
�nd the minimal operators (indicated by *). All examples were run on the
same machine, with the latest versions of Maple and Mathematica.

P����. It is su�cient to check that Sing(µ(f )) ⇢ Sing(f ) for any
monomial µ 2 � and then conclude by Theorem 4.6.

LetM 2 K[x]h@x i be an annihilating operator of � = µ(f ) regu-
lar at � 2 K\Sing(f ). The commutation rules for the di�erential op-
erators imply that @iM = M@i +R, for some R 2 K[x]h@x i. In partic-
ular, we obtain the inhomogeneous di�erential equationM(@i (�)) =
R(�) for @i (�). Since � is neither a singularity of M nor of R(�), it
follows that it is not a singularity of @i (�). ⇤

For the case of general Ore operators, we obtain with a similar
proof the following result.

C�������� 4.8. For any D-�nite function f , if there is a �nite set
S ⇢ K such that: (i) �i (S) ✓ S for any 1  i  e and (ii) Sing(f ) ✓ S ,
then Tf is D-�nite.

5 EXPERIMENTS
Wepresent the results of a preliminaryMaple implementation called
redct4. Comparison is done with Koutschan’s HolonomicFunctions
package [30], the best available code for creative telescoping. Tim-
ings are given in Table 15.

Koutschan’s examples. Koutschan’s example session [29] con-
tains 40 integrals on which we tested our code. In most cases, our
code compares well with HolonomicFunctions. There are 37 easy
cases, all of whose telescopers are found in 3.5 sec. by redct, while
16 sec. are needed by HolonomicFunctions (but that includes certi�-
cates). The three other examples are (the nature of the parameters
is indicated in the brackets, C(� )

n denotes Gegenbauer polynomials,
and �1, I1, etc. Bessel functions):π

2�m+n (2tx )Tm�n (x )p
1 � x 2

dx [di�. t , shift n andm], (11)

π 1

0
C (�)
n (x )C (�)

m (x )C (�)
` (x )(1 � x 2)�� 1

2 dx [shift n,m, `], (12)
π 1

0
x �1(ax )I1(ax )Y0(x )K0(x ) dx [di�. a]. (13)

Longer examples. We mention a few examples, some involving
Gegenbauer polynomials [39, 2.21.18.2, 2.21.18.4], that take more
time. The advantage of a reduction-based approach becomes visible.π

n2+x+1
n2+1

⇣
(x+1)2

(x�4)(x�3)2(x 2�5)3
⌘np

x 2 � 5 e
x3+1

x (x�3)(x�4)2 dx [shift n], (14)

4 Available with example sessions at https://specfun.inria.fr/chyzak/redct/.
5 When our code does not terminate, time is spent computing the exceptional set.
This seems to be due to apparent singularities of the operators, that become true
singularities of their adjoint. Ways of circumventing this issue are under study.

in 1.5 sec. (HF 4 min)

ISSAC’18, July 2018, New-York, NY, USA Alin Bostan, Frédéric Chyzak, Pierre Lairez, and Bruno Salvy

π
C (µ )
m (x )C (� )

n (x )(1 � x 2)��1/2 dx [shift n,m, µ , � ], (15)
π

x `C (µ )
m (x )C (� )

n (x )(1 � x 2)��1/2 dx [shift `,m, n, µ , � ], (16)
π

(x + a)� +��1(a � x )��1C (� )
m (x/a)C (�)

n (x/a) dx,

[di�. a, shift n,m, �, � , �].
(17)

6 CONCLUSION
A closer look at our algorithm reveals several aspects of the complex-
ity of creative telescoping. To simplify the discussion, we restrict to
the bivariate case and measure the arithmetic complexity, obtained
by counting arithmetic operations in Q. We look for bounds in
terms of the input size (order and degree of the operators at hand).

In this setting, the complexity of computing Tf is not bounded
polynomially (whatever the algorithm). Consider for instance, the
integral representation of Hermite polynomials

Hn (t) =
2np
2�

π i1

�i1
(t � x)ne�x 2

dx .

If one computes a telescoper over Q(n, t), then our algorithm pro-
duces the classical di�erential equation �00 + 2n� = 2t�0. However,
if n is a given positive integer then the minimal telescoper is the
�rst-order factor Hn (t)@t � H 0

n (t), with coe�cients of degree n. Its
size is exponential in the bit size of the input. Thus, no algorithm
computing the minimal telescoper can run in polynomial complexity.

However, in the frequent cases like this one where the set S of
singularities discussed in Corollary 4.8 is bounded polynomially in
terms of the size of the input, then the dimension of the quotient
and therefore the order of the telescopers is bounded polynomially as
a consequence of Adolphson’s result (Proposition 3.13). The non-
polynomial cost of minimality thus resides only in the degree of
the coe�cients. Note that in the di�erential case, polynomial time
computation of non-minimal telescopers is also achieved by well-
known methods in holonomy theory, e.g., [33, proof of Lemma 3].

In our algorithm, the non-polynomial complexity arises �rst
in the computation of the exceptional set ExcM and next in the
reductions by the elements of this set. Removing this part of the
computation and using the weak Hermite reduction yields a weak
form of the algorithm that does not �nd minimal telescopers but
runs in polynomial complexity, if the set S has polynomial size.
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in 53 sec. (HF >1h)

2. It really works!

1. Complete algorithm for D-finite integration

The End

(HF=Koutschan’s HolonomicFunctions)


