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l. Introduction



Examples

L n— —n (Bk) ! k traub-
S, = Z (—27) 2% ( k) >0 e
k=0

k!3 n — 2015]

2(n +2)%s,., = (81n* + 243n + 186)s,,.; — 81(3n + 2)(3n + 4)s, .

~ - (kn — (k= D) 'kV
g?rtzlslti uf(lk) = Z (_1)]( Gl . vk)°]v) >0fork >4 w2019
im0 (n =)

linear rec of order k with coeffs of degree k(k — 1)/2

Was conjectured by Gillis-

Reznick-Zeilberger (1983)
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More Examples

Probability of collision: Z U,. Uniqueness of the Canham model for
n>0 biomembranes. Reduced to the positivity
Numerical stability ensured by the of a solution of a linear recurrence of
positivity of (u,), linear recurrence of order 7, coeffs of degree 7.

order 4, with 2 parameters.
[Melczer-Mezzarobba 2022]

[Serra-Arzelier-Joldes-Lasserre-Rondepierre-S. 2016] [Bostan-Yurkevich 2022]
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P-finite Sequences

Def. A sequence (u,) is P-finite when it is defined by

C-finite when
@+d — pd—l(n)un+d—1 T T p()(n)u p; constant

andpo, ...pgIn Q[n], uy, ..., uy;_; in Q.
Our data-structure

In this talk,
po # 0 and

0 & p,(N)

Positivity: Is u, > 0 for all n?

Is this even decidable?
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From Positivity to Inequalities

P-finite and C-finite sequences are closed under
sum and product.

If (u,), (v,) are P-finite, deciding

monotonicity U, 1 = U,
convexity U, | +u, | >2u, all reduce to
_ i 2 oslitivity.
log-convexity U, (1, > U P Y

inequality U, 2V,
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Constant Coefficients Already Difficult

Unid = Ca—1Uptq—1 T = T ColUy, c; € Q
d—1 k

Characteristic polynomial: x?— ) cx'= ] (x - 2"
i=0 =1

C; computable

Closed form: u, = Ci(m)A{ + -« + C(MA! o gy ooy U

General case: positivity decidable for d < 5. [Ouaknine-Worrell 2014
d = 6 related to open pbs in Diophantine approximation.

Skolem problem (decidable for d < 4) reduces to positivity.

. . . Aim: extension
Easy situation:|[A;| > |4;|,1 # lland C; # 0. FEREINGEE
coefficients
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Gerhold-Kauers Method

Quantifier elimination:
Ax,ax*+bx+c=0— (@#£0Ab*—4ac>0)V(a=0Vvb#0)V(a=0vb=0Vc=0)

GK: Use quantifier elimination to look for m s.t. e Pyey

Yn > O,Vun > O’vun+l > O""’vun+d—1 > O, when it terminates

[Gerhold-
ul’l+d Z O JANRERIVAN un+m Z O = un-|-m-|—1 Z O' Kauers 2005]

Does not work in general: e.g., u, ., =3u,., — 2u,, uy = 1,u; =3

Variant: add 3u > 0 and replace u;.; > 0 by 1, | > pu; i

Termination (under hypothesis) for ¢ = 2 and cases of d = 3.

This work: generalize to arbitrary order
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Proof by Induction on an Example

S0 = 1, S1 = 12, [Straub-Zudilin 2015]
2(n +2)%s,., = (81n% + 243n + 186)s,, , — 81(3n + 2)(3n + 4)s, .

s, >0,....,8,.. 1 =0donotimplys,, 2> 0.

n—+m

Add s, . > 18s, to the induction hypothesis, then

2 (14 2)* (8,40 — 185,,1) =
(45n% +99n + 42) (5,41 — 18s,,) + (81n* + 324n + 108)

-

20 Method:

synthesize extra
hypotheses

implies s,,, > 18s,.; > 0.

First terms: So = 1,51 =12, Sy = 198,53 = 3720 > 18 X 52+ 24



Il. Geometric Viewpoint on the
Asymptotic Behaviour



Vector Version of the Recurrence

P, g =py_ (Wi, 4 1 + -+ + p(Mu, <

0 1 O
Upt1 0 0 1
Uptd 0 0
po(n)
pPa(n)
Un+1 = A(l’l ) Un

= A(mA(n — 1)---A(0)U,

u, > 0foralln < U € R forall n




Constant Coefficients & Power Method

1. Pick a random U
2. Forn=0,1,...
U,.,=AU/|U,||

n

Eigenvalues of A : 4, ..., 4,

Principle: polynomial
: ; : coefficients as a
Hyp.:l|4;] > | 4;],1 # 1l]land|4, simple. e

Then A™/||A™|| = VWT (AV = 1, V,ATW = 1, W) Sl

rank 1 matrix

Generic Uy : WU, # 0 Convergence

to a dominant

= Un/HUnH — + V/HV” eigenvector
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Generalized Power Method

Recall that

U

n

. = An)-—A0)U,

Thm. A(n) € GL (R) with limitAs.t. A, > |4 |,1# 1,
A, simple, then
A(mA( — 1)---A(0) W Friedland
[A(m)A(n — 1)---A0)]|
with AV = A, V. Initial conditions generic when W' U, # 0.
Ex. Apéry recurrence
(n+2)Yu,,,=Q2n+3)(17n*+51n+3u,,, — (n + 1)°u,

(<3+2f >2)’

1
<6/C(3) -5

difficult to
l control in

general
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Recurrences of Poincaré Type

U

n

=AM,

Polynomial

Def. Poincaré type: A := lim A(n) finite. et

n— o0 perturbation

Ex. 2(n+2)%s,., = (81n* +243n+ 186)s,,, — 81(3n +2)(3n + 4)s,. v/

0 1
A(n) = (_81(3n+2)(3n+4) 3(27n2+81n+62)> — A = <

2(n + 2)? 2(n + 2)?

Positivity-preserving

Ex.u, s+ u, »+nu, +m+Du,=0 X e
v, =y u, n+06)n+4)y, +2n+4)n+ 1)y, 4 y
(n+ 200 = W, +(n*—n-5y,,.,—m+ 1y, =0

[Mezzarobba-S. 2010] 11/24



11l. Cones



Cones in R?
Def. K ¢ R%is a cone when
R KCK;
.Kn(—K)={0}. R
polyhedral:
Def. ' C K is a face of K when finite number of
Fis a cone: extremal vectors

u,vinK,u+velF=>uvink.

Def. x € K is an extremal vector of K when

R.x=n{Ffaceof K | x € F} &

~
" .
% ,\.lv- \'J
tal 3
as

———r T | \
' - "
o [§

In this talk, all cones are closed and solid (IO( = ).
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Perron-Frobenius for Cones

(Classical case: K = R%)
[Perron 1907,

A = RdXd, eigenvalues /Ii Frobenius 1912]

K-positive A: A(K\{0}) C K. Birkhoff 19671

Then K contains an eigenvector for A; = p(A). ..~
Also, A, > |4;|,i # 1, A, simple. (" Lo \”1

[Vandergraft

oes, A with this property is K-positive for some K.

K-irreducible & K-primitive also defined,
with spectral characterizations.
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Positivity by Contracted Cones

3 .
8

0. Check 4, > [A;], i # 1; A = lim A(n)

1. Construct a cone K C [Rd s.t. A(K\{0}) C K:
2. Compute m s.t. foralln > m, A(n)K C K

3. Fori=1,2,... do 1\ \
1. U =AG)U._,; 1 A
st el 2. If U; ¢ RZ return false - //
3. Ifi > mand U, € K return true X

[Ibrahim-S.
2024]

Next: algorithms for the computation of K and m.
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It works In practice!

> rec:=(16*n+1l) *u(n+3) -(32*n-2) *u(n+2)+(20*n-4) *u(n+l1) - (5*n-3) *u(n) :
> ini:=u(0)=5,u(l)=5,u(2)=1:

> Positivity({rec,ini},u,n);

The sequence

IS positive

rue,

44

11
-1 0

=5 2 0

41 213 301

64 250 500

81 909 513
110 5000 1000

L0 -1

M,Vst. M-V are

the extremal vectors

of a contracted cone
: 3
N R>0

1 1
0 1
I O

Certificate that
can be checked
separately

Starting at n = 3,
U, is in that cone

15/24



IV. Cones from Eigenvectors



Example. Part 1. Contracted Cone

1. Construct a cone K € R% s.t. A(K\{0}) C K:

(16n+ 1) w3 = (57— 3) u, + 20n — D) u, + 32n = 2) u,,,

Lo Eigenvectors: V;, V., V,
0 | ‘/l — (19/11'9 ﬂiz)T
A, = 0.43 +0.30:i.

0
A=1|0
S

16

t——

K, = lauV, + bV, +572 | |b| <a} (real)

Vu >0, AK, C K, *
16/24
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General Case: Vandergraft’s Construction

1. Construct a cone K C Rﬁlr s.t. A(K\{0}) C K

K-positive A: A(K\{0}) C K.

Then A, > |A|,i # 1, 4, simple.
A with these properties is K-positive for some K .

[Vandergraft 1968]

Take a basis Vi, ..., V,where A has the form

A 0 - 0 A€ 0 0
: 0 A € 0 with
A 0 J 7 l 0<e<i—|4]
' - B el wheni =7
0 - 0 J, 0 0 o i when 4, = 4;.
K:={aVi+--+a,V,| |g;| £a;and a;=a; whenV =V}

satisfies AK C K . 1724



Example. Part 2. Contraction Index

2. Compute ms.t. foralln > m, A(n)K C K;

Extremal vectors: V; + eV, + e~V

Image of ay, 1 —
extremal b, | = V_lA(n)V c+is 24 2=
vectors .

Wanted: ms.t. a> — b,c, > Oforall ¢,s andn > m.

€ Q. Ay, ds le, s1(c? + 52 — 1) *
m computable by quantifier elimination (in theory)
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V. Symbolic-Numeric Aspec

[ NN ] @ NuSCAP - Home page X  +

<

C [J % nuscap.gitlabpages.inria.fr

NUSCAP

NUMERICAL SAFETY FOR COMPUTER-AIDED PROOFS

The last twenty years have seen the advent of computer-aided
proofs in mathematics and this trend is getting more and more
important. They request various levels of numerical safety, from
fast and stable computations to formal proofs of the computations.
Hovewer, the necessary tools and routines are usually ad hoc,
sometimes unavailable, or inexistent. On a complementary
perspective, numerical safety is also critical for complex guidance
and control algorithms, in the context of increased satellite
autonomy. We plan to design a whole set of theorems, algorithms
and software developments, that will allow one to study a
computational problem on all (or any) of the desired levels of
numerical rigor. Key developments include fast and certified
spectral methods and polynomial arithmetic, with subsequent

MENU

Home
Members
Meetings
Seminar

Publications

<

______farmal verificatinns _Tharae will ha a stranag feedhack hetween the
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Step 0: Test 4, > | A.],

P=ay+ - +a,X*€ Z[X], |a|<H,

[Bugeaud-Dujella-
Absolute Separatlon PeJkowc SWang 2022]
min ‘\a\—\ﬁ\‘>
8> +|7x2|—9x—157 P(a) = P(p) = Fr)]I‘OOtIDt?é)PI]?[/
/11— /12 ~2.10" a ;é
o] # |51 explicit O(d?) in general,
function O(d?) if a real
of d

Approximate roots with precision larger than the bound
sufficient to decide equality of absolute values

Disks of radius € for all roots can be computed o
in time O(d° + d*log H — d log €) . [Mehihorn-Sagraloft 2016
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Approximate Cones

o
~ ~ ~ = Vi, V5 rational
K := {Clvl + sz T sz | |b] < a}, approximations

7 2 1 of V|, V,
2. Contraction index

==,  ly==+=
Image of “n ~ ~ 1
extremal | b, | = VAWV ¢ +is
Ci’l

Check that AK c K Rfll_ otherwise,

INncrease precision

6 5 3
vectors C — iS

|

Wanted: m s.t. a> — b ¢, > 0 for all ¢, s and n>m.

N -
-~

) now in Q[n, s, c|/(s” +c¢? = 1)
Pa(s, In” =+ pi(s, O+ po(S, € ingiead of @, Ay, A, ), s1(E2 + 52 — 1)

WERER > 204.7n% — 408.4n — 324.0 > O forn > 3 *
20/24
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Polyhedral Contracted Cones .

| R(b)
= {:Cl‘/a_'+' 27‘/21

1. Contracted cone

+ [ 3(b)

+ EVZ

~

A
A
4
y
A
A
A | os
\,
N
N\,
N,
N,
1 — , \\
\,
N,

Juvlly < full vl @l < 2= AR C (K)

+ approximate version as before

2. Contraction index

a, i
Image Of@ b| =V 'AMV| c+is
extremal vectors c, o — i
+
Wanted: m s.t. a, > ||b, ||, for ( ) c {(_01), (f1>
0 18811 ~ 452275 I 138361 576563
<1> " o TR <0> ~ Tss70 " T 150060 7 VT2

139657
n-+
18870

2215391
150960

> Oforn > 3. <_1> . 681019n B 3927583 > Oforn> 1
0 94350 754800

(4)-

Ié contracted
by A forn > 5

simple computations in Q[n]
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General Case: Minkowski Functional

For & C C,
|1z]| o = int{r > 0|z € r&}

P .= polygon with vertices at e'*™S

| - |l is a sub-multiplicative norm

K:={aV,+-+a,V,| |lal]l » £a;and a; = a; when V] Vi}
with s; minimal s.t. 4, € &
is a polyhedral cone that satisfies AK C K.
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Timings

" (kn — (k = 1)j) kY
(k) — —_1V
i Jzzo AT

linear rec of order k with coeffs of degree k(k — 1)/2

>0fork>4  Gills

o Reznick-
Zeilberger

For n = 20, the

. ] coeffs have
ime (sec.)

>700 digits

K ’ : 23/24



Conclusions

Contracted cones give an access to positivity proofs
for many sequences;

the cone, plus contraction index, give a certificate
= a property that can proved by induction;

certified numerical computations save the day.

In progress:

positivity proofs without simple dominant eigenvalue “553*‘5';“

recurrences with parameters

Thank You!



Computation of the Minkowski
Functional

For & C C,
|1z]l » = inf{r > 0|z € rP}

P .= polygon with vertices at w, = e*™*

| - |l is a sub-multiplicative norm

14+ 0! + 1
HZH@SZm(I s 2 ) ﬂﬁal‘gzg (m )72.

+ cos(*) o s s



