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Define/handle data-types;
® exhaustive generation of tests;

® random generation of tests;

® discrete simulations.




| Recursive Method

\“ , j::" .
.4 o Binary trees: B=Z+ZxBxDB
- i
t &= |
;\ ‘;‘\-o?'u“.'f '
i
DrawBinTree(n) = {

1f n=1 return 7;
U:=Uniform([0,1]); k:=0; S:=0;
while (S<U) {k:=k+1;S:=S+bxbn-x-1/bn;}

bk: nb binary trees with k nodes (Catalan)
Requires bo,bs,...,bn.

[Nijenhuis & Wilf; Flajolet, Zimmermann & Van Cutsem]

return ZxDrawBinTree(k)xDrawBinTree(n-k-1); }




Boltzmann Sampling

Principle: Generate each object with
| |

| a probability depending only on its size. |

* The size is not a parameter of the algo.
* Same size — same proba. (as before).

[Duchon, Flajolet, Louchard, Schaeffer]



Boltzmann Sampling

| PrlnC|pIe Generate each object Wlt
_a PrObab'lltY dependlng Only onltSS|ze |

* The size is not a parameter of the algo.
* Same size — same proba. (as before).
1t

Proba : _* with T'(x T
i T

[Duchon, Flajolet, Louchard, Schaeffer]



Boltzmann Sampling

| PrlnC|pIe Generate each object Wlt
| a probability depending only on|t55|ze |

* The size is not a parameter of the algo.
* Same size — same proba. (as before).
t]

Proba : _* with T'(x T
i T

Def. Ordinary generating series of T

\\
|

{ T(x) = Zaz'“ = Z tnx”

teT neN

[Duchon, Flajolet, Loucha;j, Schaeffer]
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* Singleton: easy.

e Cartesian product:
H=FXE

Generate fe%F;

Generate ge¥@;

return (£,q9);
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Proba : with T'(x Z T
T'(x)
teT
* Singleton: easy. * Disjoint union
e Cartesian product: H=%+&
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return (f£,9);
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Boltzmann:AIgorithm

1t
X
Proba : with T'(x Z X
I'(x)
teT
* Singleton: easy. * Disjoint union
e Cartesian product: H=%+&
H=FXEG b=Bernoulli(F(x)/H(X));

. _ o
Generate fe%; 1f b=1 then Generate fe&

Generate ge¥; else Generate ge¥;

return (f£,9);

Example: binary tree with F(49)/H(49)=5995 B =Z+Zx B x B

Coin:0,1,0,1,0,1,1,0,1,1,1,... oi}q

Complexity linear in [t]. 5 o



Generalization

Both methods extend to more general structured objects.
They require

* enumeration sequences (recursive method);
* numerical evaluation of the g.f. (Boltzmann).
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* enumeration sequences (recursive method);
* numerical evaluation of the g.f. (Boltzmann).

Plan:

2. Species

3. Enumeration
4. Implicit Species
5. Newton lteration




ll. Species



Objects and Arrows

Definition. [Joyal 1981] Une espece (ﬁnitire) |

est un endo-foncteur du groupoide des

l . .
' ensembles finis et bijections.

Differs from species in Bourbaki (Theory of Sets).



Objects and Arrows

Definition. [Joyal 1981] Une espece (finitaire)
est un endo-foncteur du groupoide des ‘

l . .
' ensembles finis et bijections.

Example: The species of involutions (sos=Id).

Inv[{1,2,3}] = {ﬁ{ M Wéé}

Inv({a,b,c}] =
Inv|l — a,2 — b,SH c| =

Differs from species in Bourbaki (Theory of Sets).
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Examples

“Constants”: ‘““Variable” Z: “Functions”:

® empty species: ¢ Z[U]=@ if [U|#1; o SET: SET[U]={U};
O[U]=2 Z[U]={U} otherwise.

® SEQ:
® species 1: SEQ[@]={o};
1[U]=2 if U%2; SEQ[{u1,U2,...,un}]=
1[2]={2} {(ua(1)se-sUa(n))|TESn}.




Examples

“Constants”: ‘““Variable” Z: “Functions”:

empty species: * Z[U]=2 if |U|#1; o SET: SET[U]={U};

O[U]=2 Z[U]={U} otherwise. o qpo.

species 1: SEQ[@]={o};

1[U]=2 if U+ 2; SEQ[{u1,uz,...,un}t]=
1[o]={2} {(Us(1)....uo(n)|OESn}.

® (CYC:same,with O

o) :
ranging over cycles.
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Operations

Isomorphism: 7 = Gwhen
F[U] ~ G[U] for all U,
and the expected diagrams commute.

Sum:
(F +G)|U] .= F|U] + G|U] (disjoint union)
ex: F+0=0+F=%%.

Product:
(F-QUl:== >  Flh] xG[Us]
(U1,U2),
U=U1+U;

exs: F0=0F=0; F |=|-F=F;SEQ=1+2Z-SEQ; AB=|+2-AB " A.

All unambiguous context-free languages
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Substitution % : % %

Requires €[2]=2.Then & (€)[2]=2 and

(F@ONUl= ) Flalx|[]¢ok, U#0.

7 partition of U peET

o F(L)=%;

® Permutations: Perm=3SET(CYC); —
® Graphs=SET(Connected_Graphs); , ;
e A
GEREY
® Trees: I =LSET(T); Ve
U L*-‘m_z:{,z;m;*
e Functional graphs: F=SET(CYC(9))... ok i
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Derivative

H'[U] = H[U + {+}]

Huet’s zipper

o 0'=1’=0;Z’=1; SET’=SET; CYC’=SEQ;
SEQ’=SEQ"SEQ;

* (FHYO)=F +G(F G)=F "G+F G,

o F(O)=F(%)%.



Derivative

H'[U] = H[U + {+}]

Huet’s zipper

o 0'=1’=0;Z’=1; SET’=SET; CYC’=SEQ;
SEQ’=SEQ"SEQ;

* (FHYO)=F +G(F G)=F "G+F G,

* F(E)=F'(¥)¥. : /Qﬁ:
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Generating Series

3 of them permuted by ©3— 2 unlabelled structures.

Exponential generating series:

n 2
Zy]-“ Z' Invs(z) = =2°
n! 3

Ordinary generatmg series:

P

~ Z fn2",  fn = nb. unlabelled of size n. Invs(z) = 22"

Cycle index series:

( )
Z]:(Z17Z27Z37”' Z (Z ﬁXJr Zl 22 .. )

g nzo oceS J
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Exponential generating series:

n 2
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Generating Series

3 of them permuted by ©3— 2 unlabelled structures.

Exponential generating series:

n 2
Z FI{1 © Invs(z) = =2°
n!’ 3
Ordinary generatmg series:
= Z fnz™,  fn = nb. unlabelled of size n. I/I;/'g(Z) — 227
Cycle inde_x series: fix Flo| = |{f € F{1,...,n}],o(f) = f}]
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Generating Series

3 of them permuted by ©3— 2 unlabelled structures.

Exponential generating series:

n 2
Z FI{1 © Invs(z) = =2°
n!’ 3
Ordinary generatmg series:
= Z fnz™,  fn = nb. unlabelled of size n. I/I;/'g(Z) — 227
Cycle inde_x series: fix Flo| = |{f € F{1,...,n}],o(f) = f}]
4 )
2
Z]:(Zl,ZQ,Zg,... Z . (Z ﬁXJr Zl 22 . ) ZIHV3:%+Z122+§
\_ n>0 ceS )

F(2)=Zr(2,0,0,...); F(2)=Zr(z,2% 2%, ...)
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Computation: a dictionary

Zo=0;21 =12z = z1;

0
Lryg =2LF+ LgiLrg=4F- Lg Ly = 6,—212F;

1 . Zle . ¢(l{7) 1 .
ZSEQ — 1_ZlaZSET :eXp(Z ?)7ZCYC — Z 1. log 1_7«'1@7
k>0 k>0




Computation: a dictionary

Zo=0;21 =12z = z1;
9,

Lryg =2LF+ LgiLrg=4F- Lg Ly = 6,—212F;
1 Z k 1
ZSEQ — 1— 2, ; 4Spr = eXp(Z ?k), Loye = Z ¢§€ ) log 1 _ Zk;

k>0 k>0

\

Main Result [Joyal 1981].

\Z]:(g)(zl,zg, . o ) — Z]_“(Zg(zl,ZQ, . o .),ZQ(ZQ,Z4, . . .),Zg(Zg,ZG, . o ), . o ))

(plethystic substitution).



Example: involutions

InV:SET(CYCfQQ) {[8 @1[ }[ng}%}é?j

1
ZCYC<2— 1‘|‘2 1‘|‘§Z2

2
_ <k | 21 | <2k
ZI“V_eXp(Z Lok Qk)

k

2
Inv(z):exp(z+%) —1—|—z—|—z2—|-©23_|_...’

—~ 1 1
Inv(z): T :1—|—Z—|—222—|—®23—|—---

Short-cuts in practice,
particularly for exponential generating series.

Fast computation in non-recursive cases reduces to
exp, log, reciprocal.
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Permutations: Perm = SET(CYC)

1 1
— P(z) = exp(l —~ -

— Ple)=]]——

k




More examples

Permutations: Perm = SET(CYC)
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— P =[]
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More examples

Permutations: Perm = SET(CYC)
1 1

— P(z) = exp(log - Z) =
— P(2) =] ; fzk R
k “";.%.- ;.. ’i\h
Binary trees: B=Z+Z x B x B }?}?5 . b:;
— B)=z+2B(?=B() | T
,} k«“%;:‘ij



More examples

Permutations: Perm = SET(CYC)

1 1
"'\ A, 'f ‘;\:,5
Binary trees: B=Z+ZxBx B }?«,a {;
. il -
— B(z) = 2+ 2B(2)* = B(z) ey
| “r%.\] V
Cayley trees: 7 = Z - SET(T) f T
1 i
— T(2) = zexp(T'(2));
. - 1 -~ 1 ~
— T'(2) :zexp(T(z) 2T(22) 3T(zg) : >



More examples

Permutations: Perm = SET(CYC)

1 1
h‘n.’%,»' ’f i\ih
Binary trees: B=Z+Zx B x B }Y«»«: . b:;
. Pl
— B(z2) = 2z + 2B(2)? = B(z) ey
i 5%51 V
Cayley trees: 7 = Z - SET(T) f T
g i
es — T(2) = zexp(T'(2));
¥ ) 3 1 - 1 -~
.‘._ — T'(2) = zexp (T(z) 2T(ZQ) 3T(Z?’) - )




IV. Implicit Species



Use Equations to Define Species

® Sequences: SEQ=|+Z-SEQ;

® TJ[rees of various kinds:

RB=+LRBRB; T =LSET(T);

® Series-parallel graphs:

G=Z4S+P,5=SEQ-o(Z+P),P=SET~o(Z+S)

Recursive combinatorial specifications



Multisort Species

One Z — /24, 4>,
defined by & [U4,U,,..,U] and &F[04,...,04].

Examples: + and -

All the definitions extend: substitution,
derivative (becomes partial derivative).

@%(Z,y)




Joyal’s Implicit Species Theorem

}%- X
y:}{ vy ; M%ﬂ
y :’\.\%;




Joyal’s Implicit Species Theorem
£ 4

Y
A
Y
Thm. If %(0,0)=0 and 3#/3% (0,0) is nilpotent,
then Y= (£,%) has a unique solution, limit of |




Joyal’s Implicit Species Theorem

y I/
K K A
K
Y

Thm. If 7(0,0)=0 and 0 #°/0% (0,0) isﬁlt,
then Y= (Z£,%) has a unique solution, limit of |

Can be turned into an iff when no 0 coordinate.



Example

H(G,S,P) = (S+P,SEQ=o(Z +P),SET>1(Z + §))
F(0,0,0) = (0,0,0)

T«% oM )
o | [ . =(0,0,0)= |0
Lt (0

— this specification is meaningful.




Proof

Def. o =SB if they coincide up to size k (contact).

Key Lemma.
If Y11=, Y[ then Y+r+1]=

vEm+?J yl:m+f\>]
yfm+?3 ycf‘m—l] ycm+f\>l ytmj 0 ) .
A ] A Yol _ b y o p ) ”}{ Ve A 0 A I A
------- kel L T 0 0
m m m+ m 0
l | L0 |




V. Newton lteration



Newton Iteration for binary trees

V=1+2.Y.)
ylnt+ll — yln] 4 SEQ(Z-y[”] .*+Z.*.y[n]) - ((1 1+ z .yl .y[n]) \y[?’L]).

yO:@ y].:
2

o
Vo =

s ™
¢ ol <o
e

® A
( ”
” o
V3 =)o + + et <\ T \—f{-—*iﬁg T
0 ) 8 )
O~ >

[Decoste, Labelle, Leroux 1982]



Generating Series

* x* q3rx
},3__'_;{3,’-— 223 -I—;zx_;f-—xi ==0. ) =4 ;+54d+ SI242 16584

e ap==y. A3 | el Ssaipgapiep
i Xy I et 4
=1y o e w4

_ - B

—23 —_—23

X g =p P —gpx} Aripa g —ixgt g3

]. — 22 y [n] e3apt | dioans —iaxg  —-3ag
V AT — AXY —pdxg

e Ay I s F N A

mfeii —tiA b )

2 | ; —3 —3
solves y =1+ zy S R
g y

3"4 Tt
st LU S I rerrs ¥ LRttt
ety |tk
T -’—192:-44 "‘}-:-Ex r

——laxyg’
[O] O q —%3 —laxr

H422g | Amiaxt eA-qatr

3 3] B
—-E';x; 7’ —‘szs g
—rptxt ) —g X
1 " i1 1ied f . rg1x° | sooxF
[ ] — 1 B *Ptfﬂz—’%dx+3?;xz)+7;ﬁx3'-'-4096.1 (+;ua,1 ' 1638443

1+ 2+22°+42° +82* +162° +322° + 642" + . ..
Bl =1 4+ 249222 4+ 523 4 142% + 49225 413220 + 492827 + ...

[Newton|671]



Combinatorial Newton lteration

Thm. [essentially Labelle] For any well-founded system|
Y=F (Z,¥%), if o has contact k with the solution and |
AIH (Z,d), then

A+5 20D I I10Y (Z,A)) - (H(F,A)\A)
has contact 2k+1 with it.




Example: Unlabelled Rooted Trees

Combinatorial equation: 7= Z -SET(T) =: H(Z,T)

Combinatorial Newton iteration:
T = 7l L Seq(H(T™)) - (H(T™M)\ T1)

OGF equation: 7'(z) = H(z,T(z))

~ ~

T(z) = zexp(T'(z) +
Newton for OGF

Z—I—ZQ;—I—ZS—I—Z4—|—°“,
24224+ 220 + 424 492° 4+ 2025 4 - -




Our Result
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constructible.
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Our Result

Analytic
Def. Constructible species. Either: Combinatorics

- one of : {1,Z,+,,, SEQ, CYC, SET};
- same with cardinality constraints;
- a substitution of constructible species;

- the solution of a well-founded system ¥ =7 (Z,¥%) with Z
constructible.

Thm. [Pivoteau-S-Soria 2012] First N coefficients of GFs of
‘constructible species in quasi-optimal complexity

1. arithmetic complexity O(N log N) (both ogf & egf);

2. bit complexity

® O(N?log*NloglogN) (ogf);
e O(N%log*NloglogN) (egf).

Princi;Ie:
divide-and-conquer (Newton) + fast multiplication




Conclusion



Much more in the litterature

® |inear species;

® Flat species;

® Acyclic species;

® Virtual/weighted species;
® Molecular decomposition;

® Analytic species...
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