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I Introduction
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Context

1 First, there were mathematical handbooks.
Among the most cited documents in the scientific literature.

Thousands of useful mathematical formulas,
computed, compiled and edited by hand.
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Context

2 Then, came computer algebra.
Computation with exact mathematical objects.
Several million users.

Mathematical functions implemented from tables.
30 years of algorithmic progress in effective mathematics.
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Context

3 Last, came the Web.

New kinds of interaction with documents.
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II Dynamic Dictionary of Mathematical Functions
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Dynamic Dictionary of Mathematical Functions

Aim of the project

DDMF = Mathematical Handbooks + Computer Algebra + Web

1 Develop and use computer algebra algorithms
to generate the formulas;

2 Provide web-like interaction with
the document and the computation.

Building Blocks:
1 Linear differential equations as a data-structure;
2 New language for maths on the web

(compatible with browsers!).

Bruno Salvy Dynamic Dictionary of Mathematical Functions



Introduction DDMF Algorithms Conclusion

Dynamic Dictionary of Mathematical Functions

Aim of the project

DDMF = Mathematical Handbooks + Computer Algebra + Web

1 Develop and use computer algebra algorithms
to generate the formulas;

2 Provide web-like interaction with
the document and the computation.

Building Blocks:
1 Linear differential equations as a data-structure;
2 New language for maths on the web

(compatible with browsers!).

Bruno Salvy Dynamic Dictionary of Mathematical Functions



Introduction DDMF Algorithms Conclusion

Dynamic Dictionary of Mathematical Functions

Aim of the project

DDMF = Mathematical Handbooks + Computer Algebra + Web

1 Develop and use computer algebra algorithms
to generate the formulas;

2 Provide web-like interaction with
the document and the computation.

Building Blocks:
1 Linear differential equations as a data-structure;
2 New language for maths on the web

(compatible with browsers!).

Bruno Salvy Dynamic Dictionary of Mathematical Functions



Introduction DDMF Algorithms Conclusion

Demo

http://ddmf.msr-inria.inria.fr/
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DynaMoW: Example
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III Algorithmic Ideas: Example of Chebyshev Series
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Chebyshev Polynomials and Series

Chebyshev Polynomials: Tn(cos θ) := cos(nθ)

2xTn = Tn+1 + Tn−1,

2(1− x2)T ′n = n(Tn−1 − Tn+1),

T−n = Tn.

Chebyshev Series: f =
∑

n∈Z unTn.

Aim: differential equation for f → recurrence for un.

Basic rules:

xf =
∑

anTn ⇒ an =
un−1 + un+1

2

f ′ =
∑

bnTn ⇒ bn−1 − bn+1 = 2nun.
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Examples of Recurrences for Chebyshev Series

Basic rules:

xf =
∑

anTn ⇒ an =
un−1 + un+1

2

f ′ =
∑

bnTn ⇒ bn−1 − bn+1 = 2nun.

Combine:

f ′ + 2xf =
∑

cnTn ⇒ cn−1 − cn+1 = Rec1(un).

Application: Chebyshev series for exp(−x2).
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Examples of Recurrences for Chebyshev Series

Basic rules:

xf =
∑

anTn ⇒ an =
un−1 + un+1

2

f ′ =
∑

bnTn ⇒ bn−1 − bn+1 = 2nun.

Combine:

f ′ + 2xf =
∑

cnTn ⇒ cn−1 − cn+1 = Rec1(un).

Application: Chebyshev series for exp(−x2).

(f ′ + 2xf )′ =
∑

dnTn ⇒ dn−1 − dn+1 = 2ncn,

⇒ Rec2(dn) = Rec3(un),

(f ′ + 2xf )′ − 2f =
∑

enTn ⇒ Rec4(en) = Rec5(un).

Application: Chebyshev series for erf(x).
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Combination Rules: General Case

Rule 1: Addition

Given Rec1(an) = Rec2(un), Rec3(bn) = Rec4(un),
find a similar relation between an + bn and un.

Rule 2: Composition

Given Rec1(an) = Rec2(un), Rec3(bn) = Rec4(an),
find a similar relation between bn and un.

Algorithm [Benoit-S. 09]: use LCLMs of operators

A Rec1 = B Rec3 ⇒ (A Rec1)(an + bn) = (A Rec2 +B Rec4)(un)

C Rec1 = D Rec4 ⇒ (D Rec3)(bn) = (C Rec2)(un).

Unifies and simplifies previous algorithms.

Works well beyond Chebyshev series (work in progress)
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IV Conclusion
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Summary

A Dictionary of Mathematical Functions that is automatically
generated, interactive, and gives proofs;

A showcase for computer algebra algorithms (including ours);

Raises new interesting algorithmic questions;

DynaMoW: a useful language for programming interactive
maths on the web (see also http://algo.inria.fr/ecs);

Next:

integral transforms;
special functions with parameters (with automatic discussions);
generation of numerical code;
generation of symbolic code;
user-defined functions;
more formulas, more pictures,. . .

http://ddmf.msr-inria.inria.fr/
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