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Abstract

The empirical wavelet transform is a data-driven time-scale representation consisting of
adaptive filters. Its robustness to data has made it the subject of intense developments and
an increasing number of applications in the last decade. However, it has been mostly studied
theoretically for signals so far and its extension to images is limited to a particular mother
wavelet. This work presents a general framework for multidimensional empirical wavelet trans-
form from any mother wavelet. In addition, it provides conditions to build wavelet frames for
both continuous and discrete transforms.
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1 Introduction

The wavelet transform is a reference tool for time-scale representation used in many signal and
image processing techniques, such as denoising, deconvolution and texture segmentation. Originally,
it consists of projecting data onto wavelet filters that are built from a mother wavelet which is scaled
and modulated independently of the data. In practice, this leads to the construction of wavelet filters
based on a prescribed scheme, such as a dyadic decomposition. Although this approach is widely
used in contemporary research, it is not guaranteed to be optimal for the data at hand, since a
prescribed scheme does not take into account the specificity of the underlying Fourier spectrum.
Therefore, data-driven filtering approaches have received much attention to provide an accurate
time-scale representation that is robust to the data. Among them, inspired by the empirical mode
decomposition [13], the empirical wavelet transform, introduced in [6], has been the subject of an
increasing interest in the last decade through a continuous development and numerous applications
in various fields, as reviewed in [14, 21]. To name a few applications, we can mention seismic time-
frequency analysis [20], electrocardiogram (ECG) signal compression [17], epileptic seizure detection
[1, 25], speech recognition [19], time series forecasting [23], glaucoma detection [22], hyperspectral
image classification [24], texture segmentation [15], multimodal medical image fusion [26] and cancer
histopathological image classification [5].

The construction of empirical wavelet systems consists of two steps: (i) extracting supports of
the harmonic modes of the function under study, and (i¢) constructing empirical wavelet filters that
are mostly (compactly or very rapidly decaying) supported in the Fourier domain by the extracted
supports. This construction is the core of an ongoing and active research effort for one-dimensional
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(1D) and two-dimensional (2D) functions. For 1D functions, the detection of the segments supporting
each harmonic modes in the Fourier domain is usually performed by extracting the lowest minima
between them using a scale-space representation [10]. For 2D functions, several different techniques
have been proposed to delimit the supports of the harmonic modes, such as the Curvelet [11],
Watershed [16] and Voronoi [8] partitioning methods. The construction of wavelet filters based on
the detected supports is usually done in the Fourier domain. In the 1D domain, [7] proposed a
general framework to build continuous empirical wavelet filters from a mother wavelet, such as the
Meyer, Shannon or Gabor wavelets. These 1D empirical wavelet systems are written as modulations
and dilations of a mother wavelet based on the segments that divide the Fourier line. Such systems
have been shown to induce both continuous and discrete frames in [9]. In the 2D domain, empirical
wavelet filters have been designed following the Littlewood-Palley wavelet formulation for various
Fourier partitioning methods [8, 11, 16]. However, the proposed construction is only valid for discrete
functions and is entirely based on the distance to the support boundaries, which limits its extension
to classic mother wavelets. So far, no construction of empirical wavelets in higher dimensions has
been proposed. In addition, empirical wavelet filters for real-valued functions are built from supports
that take into account the symmetry of the corresponding Fourier transform, but these have been
little studied theoretically.

This work aims to provide a general framework for empirical wavelet transforms of multidimen-
sional functions, thus extending the 1D framework in [7, 9]. We show that we can build empirical
wavelets on Fourier supports, symmetric or not, from any mother wavelet defined in the Fourier
domain, using diffeomorphisms that map these supports to the mother wavelet’s Fourier support.
Both continuous and discrete transforms are considered. In addition, conditions for the construction
of wavelet frames are examined.

The paper is organized as follows. The construction of the multidimensional empirical wavelet
systems and the resulting transforms is described in Section 3. Theoretical results on these systems as
frames are given in Section 4. The special case of Fourier supports resulting from affine deformations
of the mother wavelet’s Fourier support is studied in Section 5. Finally, in Section 6, specific 2D
wavelet systems are tailored from classic mother wavelets and studied numerically on images. A
Matlab toolbox will be made publicly available at the time of publication.

2 Notations and reminders

We respectively denote Q2 and Q the boundary and closure of a set 2 € RY. We denote YT =
{n € T | n > 0} the subset of positive elements of a set T € Z. The Jacobian of a differentiable
function ¢ is denoted J,. We recall that a function ¢ is called a diffeomorphism if it is infinitely
differentiable and invertible of inverse infinitely differentiable.

We consider that the space of square integrable functions L?(RY) is endowed with the usual inner
product

(f.9) = /RN f(m)mdx

The Fourier transform fof a function f € L2(RY) and its inverse are given by, respectively,
F& =F(© = [ e,
R

fl@)=F (D)= [ fQer™Ede,

RN
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where - stands for the usual dot product in RY. The translation operator T}, of a function f € L%(RY)
for y € RY is defined by

(TyN)(@) = f(z —y).

We recall hereafter definitions on frames that are essential throughout this work. A set of
functions {g, }pey of L(RY) is a frame if there exist two constants 0 < A; < Ay < oo such that, for
every f € L2(RV),

Amm<Lw%Vw@<&mm

with (V, 1) a measure set. In particular, {gp}pcy is called a tight frame if 4; = A, and a Parseval
frame if A; = As = 1. Morover, it is well known that {g,},ev is a tight frame if and only if there
exist A > 0 such that, for every f € L2(RY),

@) = 5 [ (90 9,(@) auto).

A frame {g,}pev is the dual frame of {g,}pey if

fm=A@maww@.

In these definitions, the set V can be a cartesian product of both uncountable and countable sets. In
particular, countable sets equipped with a counting measure lead to summations instead of integrals.
For an in-depth introduction to frames, interested readers can see [2].

3 Multidimensional dimensional empirical wavelet system

In this section, we build empirical wavelet systems for the analysis of a given N-variate function
f € L3 RY), with N € N. A key feature of empirical wavelet filters is that they are adaptive:
they are constructed from a Fourier domain partitioning scheme that is data-driven rather than
pre-specified. We first define this Fourier partitioning. We then provide the formalism to construct
empirical wavelet systems. Finally, we define empirical wavelet transforms.

3.1 Fourier domain partitions

In this section, we introduce the formalism used for the Fourier supports involved in the construction
of empirical wavelet systems.

Definition 1. A partition of the Fourier domain is defined as a family of disjoint connected open
sets {Qptnex, with T € Z , of closures covering the Fourier domain, i.e., satisfying

RN = Um and n#*m=Q,NQ, =3.
neYl

A partition can consist of either (i) an infinite number of §,, with compact closure ,, or (ii) a
finite number of ,, composed of both compact and non-compact closures §,,. Since the sets Q,, are
connected, the closure €, is compact if and only if Q,, is bounded.

In the 1D domain, this definition coincides with the Fourier line partitioning proposed by [7] where
unbounded intervals, called rays, correspond to non-compact supported closures and segments to
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Figure 1: Partitioning. Example of a partition of a square domain in the 2D case.

compact supported closures. An example of a partition of the Fourier domain in the 2D domain is
given in fig. 1.

To obtain the partition {{, }ner, we can first detect the modes of the Fourier spectrum using the
scale-space representation [10] and then define boundaries 952,, separating these modes. In 1D, the
intervals €2,, can be defined using the lowest minima between these modes. In 2D, the extraction of
supports Q,, can be performed by various methods, such as the Tensor (grid) [6], Ridgelet (radial),
Curvelet (radial and angular) [11], Watershed [16] or Voronoi [8] tilings.

A special case is raised by the real-valued functions, since they have a symmetric Fourier spec-
trum. It is therefore natural to consider a symmetric partition {Q,},cy, defined as follows.

Definition 2. A partition {Q, tney is called symmetric if
neY=-neYT and £€Q,=>-£cQ_,.

This definition implies that the region 2y contains the zero frequency. A procedure of sym-
metrization of partitions has been proposed in [16]. For such partitions, we will build filters on sets
of paired regions €2, U 2_,, rather than on single regions €2,,.

3.2 Empirical wavelet filterbank

In this section, we introduce empirical wavelet filter banks induced by a mother wavelet for a given
Fourier domain partition. Two types of filters are proposed, depending on the symmetry of the
Fourier domain supports. R

Let ¢ € L2(RY) be a mother wavelet such that its Fourier transform 1 is localized in frequency
and verifies, for some connected open bounded subset A C supp ¢,

L2’

30< <1, /K‘zﬁ(é)rdfz (1-9)[9)
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This condition ensures that 7,71\ is mostly supported by A. Generally, 12 is homogeneous or separable,
implying that A is a 1-ball or 2-ball in R,

Given a partition {§, }ner, the goal of this section is to define, from any mother wavelet 1, two
banks of wavelet filters that are mostly supported in the Fourier domain by () Q,,, or (i7) Q, UQ_,
in the case of a symmetric partition. To this end, we make the following assumption, which is used
throughout the paper.

Hypothesis 1. For everyn € Y, there exists a diffeomorphism ¢,, on R such that

A =0, () if Qp is bounded,
A C ,(2)  otherwise.

A diffeomorphism on a bounded set €2, is illustrated in Figure 2. This assumption is mild since,
by the Hadamard-Cacciopoli theorem [4], if A is simply connected (i.e., has no hole), an infinitely
differentiable function ¢,, is a diffeomorphism if and only if it is proper, i.e., the preimage of any
compact set under ¢, is compact.

Pn

Figure 2: Mapping. Illustration of a diffeomorphism from a set §2,, to a disk A.

First, we consider the case of a partition {2, },cy that is not necessarily symmetric.

Definition 3. The empirical wavelet system, denoted {1y }ner, corresponding to the partition
{Q }ner is defined by, for every € € RV,

Vn(€) = y/Idet T, ()] $(0n (€))-

The determinant is a normalization coefficient for the conservation of ernergy when A = ¢, (2,,),

ie.,
An,

Example 3.1. We consider the 1D case (N = 1). Let ¢ a mother wavelet on RN of Fourier

transform ¥ with support A = (—=3.3) and {Qu}ner a family of non-overlapping open bounded

intervals with center w, such that R = J,cy Qn. Then @, : € — ﬁ(f — wy) 1s a diffeomorphism

3] ae = [ [ow)] du

such that A = ¢, () and the empirical wavelet system is given by, for every £ € R,

50 =~ (5t m
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This definition is in agreement with the definition given in [7]. For the diffeomorphism ¢y : & —
ﬁ(u)n — &) also verifying A = ¢©,(Qy), the definition becomes, for every £ € R,

n _ 1 > wng)

which is different from Equation (1) zfzz is not symmetric (i.e., if 1 is not a real function,).

Now, we consider that {2, }ner is a symmetric partition. To build wavelet filters ¢,, which are
mostly supported by €, UQ_,, we assume that A satisfies

ue A= —ueA.

Necessarily, the system {¢, },cy must be symmetric with respect to frequency band, that is, it must
satisfy the property N R

On = (b—n-
In this context, we only consider the diffeomorphisms ¢, for n > 0. The function ¢_,, : £ — —p,(=§)
is a diffeomorphism, that verifies v_,(2_,) = A when ¢, (2,,) = A, which suggests the following
definition.

Definition 4. The symmetric empirical wavelet system, denoted {¢n}ner, corresponding to the
symmetric partition {Qy, }ney is defined by, for every & € RV,

$0(€) = Po(€),

~ 1 7/~ ~
(@)= 5 (In€) +Dn(9)  forn#0,

where @n = 120 On and p_y 1 & = —@u(=E).

(2)

This definition does not force the symmetry of $n for any n € T, but ensures that a symmetry
of 1, implies a symmetry of ¢,,.
Moreover, we can write Equation (2) explicitely as follows, for every n € Y\ {0} and ¢ € RV,

5.6 = ( det T ()] Dlen(©) + y/Idet T (—€) mnu») .

Thus, for n € T\ {0} such that (¢, () (—pn(—£)) = 0 for every £ € Q, UQ_,, and A = ¢, (),
the factor 1/v/2 guarantees the conservation of the energy, i.e.,

Lo [5n@] ac= [ [i0]au

In particular, if 92, and 0Q2_,, are disjoint, the conservation of energy is guaranteed when 1Z has a
compact support.

Example 3.2. As in Example 3.1, we consider N = 1, QZ on R with support A = (f%,%) and

{Qn}ner a family of non-overlapping bounded intervals with center wy, such that R =, .y . For
the diffeomorphism ¢, : € — ﬁ(f — wp), the symmetric empirical wavelet system reads, for every

§£eR,

o~

~ B 1 ~ i
w6 = =7 ()
¢n(€) = -

P )+ ()] o
o] Mm )] e
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Remark 1. Due to the linearity of the inverse Fourier tranform, the symmetric empirical wavelet
system {¢n tnex also satisfies, in the spatial domain, for every x € RY,

60(z) = Yo(z)  and ¢n<x)=%

It is therefore sufficient to write ¥, in the spatial domain to write ¢, in the spatial domain.

(¢n(2) +¢n(@))  forn #0. 3)

3.3 Empirical wavelet transform

In this section, we introduce continuous and discrete transforms of a function f € L?(RY) based on
either the empirical wavelet systems {t,, }ney or the symmetric empirical wavelet systems {¢y, bner.

Definition 5. The N-dimensional continuous empirical wavelet transform of a real or complex-
valued function f € L2(RN) is defined by, for everyn € ¥ and b € RV,

&1 (b,m) = (£, Th). (4)

The N -dimensional continuous symmetric empirical wavelet transform of a real-valued function
f € L2RYN) is defined by, for everyn € T and b € RV,

In this definition, the N-dimensional continuous symmetric empirical wavelet transform Sg is
symmetric for the frequency variable n but not for the translation variable b.

The following proposition shows that the N-dimensional continuous empirical wavelet transform
can be rewritten as a filtering process. It is a straight generalization of Proposition 1 of [7]. We will
adopt the notation ¥*(t) = ¥ (—t), and denote * and e the convolution and pointwise product of
functions, respectively.

Proposition 1 (Filtering process). The N-dimensional continuous empirical wavelet transform

51/{(1’7 n) is equivalent to the convolution of f with the function %, i.e., for everyn € Y and b € RV,

n’

& (b,n) = (£ %7) (0) = F~ (Fodha) (0. (6)
In addition, if f is a real-valued function, for everyn € Y and b € RN,
&lbn) = (F%35) 0) = F (Fodn) ). (7)

Proof. Given functions f and v, we have,
elbm) = (T = [ S TinGade = [ f(@inz = 0da

- /R @)= s

= (f*¥7) ().
This proves the first equality of Equation (6). Now, noticing that

i€ = [ da(a)e PN de = [ gy (—a)etmE)de
RN RN

= | n(@)emE0dr =, (€),
RN
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we can rewrite the convolution obtained above as a pointwise multiplication in the Fourier domain,
Elbn) = FH(F (F+07) 0) = F 7 (Fo) 6) = F (Fodha) ().

This provides the second equality of Equation (6).

Given the relation between ¢, and v, in the spatial domain, which is given by Equation (3),
Equation (7) directly stems from Equation (6) using the linearity of the convolution, the inner
product and the inverse Fourier transform. O

Definition 6. Let {b,},ex € RN \ {0}. The N-dimensional discrete empirical wavelet transform
of a real or complex-valued function f € L2(RY) is defined by, for everyn € Y and k € ZV,

€1 (buk,n) = (f, Ty 5t0n).

The N-dimensional discrete symmetric empirical wavelet transform of a real-valued function
f € L2RN) is defined by, for everyn € Y and k € ZV,

] (buk,n) = (£, Th,kén),
with b, = b_,,.

4 Frames of empirical wavelets

In this section, we provide conditions to build empirical wavelet frames for both continuous and
discrete empirical wavelet transforms of a given function f € L2(R™). In particular, we examine the
potential reconstruction of f.

4.1 Continuous frames

In this section, we build dual frames of the two proposed systems

{Toon} mpyersxry and  {Tydn}(n kyer+ xRN

involved in the continuous wavelet transform of Definition 5. This allows to find sufficients conditions
for these systems to be tight frames.

First, we consider the system {t,, }ner. The following theorem guarantees the exact reconstruc-
tion of a function f from the continuous empirical wavelet transform Ei given by Equation (4). It
is a straight generalization of Proposition 2 of [7] to the N-dimensional case.

Theorem 1 (Continuous dual frame). Let assume that, for a.e.& € RV,
~ 2
0< 3 [u()] <o
neY
Then, for every x € RV,

@)=Y (Elm) *0a) @) = 3 / (F, Toton) Ty (), (8)

neY neY
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where the set of dual empirical wavelets {Jn}ner is defined by, for everyn € T and £ € RV,

(e
NEIG]

neYl

In(€) =

Proof. Using the Fourier transform and its inverse, we can write

Z (gi(.’n)*gn) — F (]—" (Z (Si(un)*%)))

neY neYl

-1 (Z ;/'Z(’n).@>
neY

neY

:f_l f‘z’l//}n.i’n/\ )
ner ZnET wn

=7 (F) =1

This proves the first equality of Equation (8). Moreover, we can rewrite

7;( () % ) Z/bERNSfbnwn(zb)
_Z/b fawan wan( )

neYr
This proves the second equality of Equation (8). O
A particular case of the previous theorem is given by the following corollary.
Corollary 1 (Continuous tight frame). If, for a.e.& € RV,

0< Yy

neY

~ 2
Ga(§)] = A <00,

then {Tytn }(npycr xRN i a continuous tight frame. Specifically, for every x € RY,

f@ =3 | T T @a

neYr

Proof. From Theorem 1 with

AR 114 Bu(©)
Z’UET 7/’n (5)
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it follows that

Then, we can rewrite

EjA €1 (b,n)ibn (x — D)db

neT S

A’E:IA: fajm%11%¢n()

neYr
O

Now, we consider the symmetric wavelet filterbank {¢, },cy+. The following theorem guarantees
the exact reconstruction of a real-valued function f from the continuous symmetric empirical wavelet
transform &£ g given in Equation (5).

Theorem 2 (Continuous symmetric dual frame). Let assume that, for a.e.& € RV,

0< Y |u@] <00 amd X [0 [Foa©) <.

neYr+ neY+\{0}

Then, for any x € RN,

f@) =3 (gtmed)@= % [ DT @b (9)

ner+ neYr+
where the set of dual symmetric empirical wavelets {gn}ner is defined by, for everyn € Y and
£ RV,
= b

Bn(€) N
RG]

neYr+
Proof. First, we have
~ 2 ~ 2 1
> o] =|d@] +5 >
neYr+ neYt+

EY e g T e+ Y
neY+t neY+

neT+\{0}

Un(8) +¥-n(8)

—~ —~ ‘2

Bu(©)| [P-n(©)] < o0,

which ensures that the symmetric empirical wavelet filters (En are well defined. Then, Equation (9)
stems from the same computation as in the proof of Theorem 1. O

Similarly to Corollary 1, the following corollary gives a particular case of the previous theorem.
Corollary 2 (Continuous symmetric tight frame). If, for a.e.& € RV,

0< Z ‘@n(f)‘2:A<oo and Z

neY+ neT+\{0}

Gn()| [5-n()| = B < o0,

10
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then {Tyén} (n,p)er+ xRN @5 a continuous tight frame. Specifically, for every x € RN,
1
@ =415 5 [ (AT Tien().
A+ B n;; bERN "
Proof. We can write

S o] =5 X p@f +3 X [Fae) v X

ner+ neYl+ neYr+ neY+\{0}

6u(®)|[p-n®)] = 4+ B,
and the result follows from a computation similar to the one of the proof of Corollary 1. O

4.2 Discrete frames

In this section, we exhibit conditions to build discrete wavelet frames involved in the wavelet trans-
forms of Definition 6. These conditions depend on the compactness of the support A of the Fourier
transform of the mother wavelet ). The two underlying cases are examined separately.

4.2.1 Compactly supported 1;

In this section, we consider that ’(Z)\ has a compact support A. Excluding the supports of a partition
{0 }ner with non-compact closure, we can state sufficient and necessary conditions for which the
systems

{To,kntnpyereompxzy  and ATy kbn} i, pyevt,, xzns

comp

are Parseval frames, with

Teomp = {n € T | Qy, is compact} and Y[, ={ne Y |Q, is compact}.
The following theorem first gives a sufficient and necessary condition to build a tight frame from
{¥n}neTeom,- It is a straight generalization of Theorems 4-7 of [9] to the N-dimensional case.
Theorem 3 (Discrete Parseval frame). Let us denote L2, (RN) = {f € L2(RY) | supp f C Teomp}t

comp

and Teomp = U Qn. The system {To,.1k¥n} (n,k)erxzy @8 a Paraseval frame for L2, (RY) if

comp
nEY comp

and only if, for a.e.& € RN,

S LG (©tn(E+a) = buo.

neY, |bn|

for every a € IC, where

K= [J 0.'ZY,  Yo={n€Yeomp|bnaczZ"},

n€EY comp

and 0,0 stands for the Kronecker delta function on RN, i.e., da0 =1 if o =0 and dp0 = 0
otherwise.

Proof. Let us denote D = {f € L2(RY) | fe L>(RY) and supp f C Teomp}. Theorem 2.1 in [12]
states, with g, = ¥, Cp, = by, and P = T opp, the desired equivalence under the condition that

5
[bn]

viep, 3% [ |fernth] oo |5 a < .

NEY comp kezN 7SUPP [

11
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The condition above is given by the proof of Theorem 4 in [9], replacing Z by Z~. This results
comes from the fact that supp f and supp wn are compact and that there are finitely many supp ¢n
that intersect supp f This proves the equivalence. O

Remark 2. The previous theorem implicitely permits to easily build dual frames {/;n when, for

a.e.£ €RN,
1

as follows:

O
1

Zi

neYl

In(6) = )
(©)

:

Similarly, the following theorem gives a sufficient and necessary condition to build a tight frame
from the symmetric filterbank {¢, }

neTjomp.
Theorem 4 (Discrete continuous Parseval frame). Let us denote L2, (RY) = {f € L*(RY) |
supp f C Ceomp} and Deomp = U Qn. Then, the system {Ty, k¢n}(npyer+xzy s a Parseval
nEY comp
Jrame for L2, (RN) if and only if, for a.e.§ € RY,
1~ =

> T @r (O (E + 2) = bap. (10)

neYyd "
for every a € KT, where

K:+ = U b;lzN’ {TI, € Tcomp | bnO( € ZN}7
nE€Y domp

and 8,0 stands for the Kronecker delta function on RN.

Proof. Let us denote D = {f € L2(RY) | fe L>(RY) and suppfc Tcomp}- Noticing that

Fcomp = U (m U m) .

nETZ’omp

Theorem 2.1 in [12] states (by taking g, = ¢n, C, = b, and P = Tf ) that the system

{1y, kPn} (n,k)ex+xz~ is a Paraseval frame for Liomp(RN) if and only if, for a.e. £ € RV,

1 ~ =
> pon©9n(E+ @) =bup,
nexYyd "

under the condition that

vfep, Y Z/Suppf\ﬂfw;lk)f@

NEY oy KEZN

3(8)] e < oo

This condition is given by the proof of Theorem 4 in [9], replacing Z by ZV and ,, by ¢,,. It results
from the fact that supp f and supp ¢, are compact and that there are finitely many supp . that
intersect supp f. This proves the equivalence. O

12
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4.2.2 Non-compactly supported 1$

In this section, we assume that the support A of 1Z is not compact. The following theorems state
sufficient conditions for which the system

{Ty, 100} (nyerxzy  and  {Th, kPn}nk)er+xzN

are frames. The first theorem, for the system {iy, }nec, is a straight generalization of Theorem 8 in
[9]

Theorem 5 (Discrete frame). If

A= inf Z O = 2 X G [in@nle 4] | >0

neY k#£0

and

$a(€)Pn(€ — b 'R)| < o0

Boap ¥ Y L

EERN e kezN

then the system {Ty, x¥n }tner kezn is a frame for L*(RN) with frame bounds A and B.

Proof. Let f € D. We follow the proof of Theorem 8 in [9], replacing Z by Z¥ and R by RY. First,
we use arguments similar to the proof of Theorem 3.4 in [18]. Since RY can be written as a disjoint
union RY = (J,czn b, (T — 1) with T =[0,1)", we rewrite

> [ e

n

S Ty nton)|* =

kezN kezN
2
- (Z J?(ﬁ—bnll)%(f—b;ll)) P
kezN n T lezZN
2
= lbal ™" > / (Zf —bll)w> ke |
kezN b ' T lezN

with T = [0, 1)V,
The function § — 7o~ fle— b;ll)qzn(f — by 1) belongs to L2(b,, ' T) and each of its component
is b, 1ZN-periodic. Thus, by Parseval’s identity, we get

2

) |<f,Tbnwn>|2=—|b1‘ S Fl€— b dn (e — b D) de
kezN nl JotT lezN
1 ——
- € — b )b (€ — 11 E £—by n (€ —bn u)d
(2 /b—m;f 1/1 S uGZNf u)w « e

13
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Hence, by the change of indices u = [ + k, we get

> KE T xton)

kezN

|b |/, Z f —-b, 1[ 1/)n(§—b 11) A(g—bﬁl(l+k))1zn(£—b;1(l+k))df

l ,kezZN

S /‘ FUE— b7 )T (€ — b 10) F(E — b (0L + k) hu(€ — b (1 + K))de

| "|1kezN

/ﬁfqm ) F(E — b k)i (€ — by R,

kezN

Splitting the terms when k = 0 and k # 0, we obtain

2, 2, 1 Tt _/ \f<€>\22 o $n(£)‘2d§+R(f), ()
neYkezy neY
where
=22 5 \b | RN (E)F(€ = b k) Y (E)¢n (€ — by, ' R)dE.

neY k#0

Finally, the arguments of the proof of Theorem 3.1 in (3|, with d = N, C; = b,, g; = ¥, and
J =T, give the results. O

Theorem 6 (Discrete symmetric frame). If

A= g | 3 plael - 3 gy

neY+ k#0

(€)n (€ — bglk)‘ >0

and

B = sup Z Z

N
EERY e+ kezN

In(€)Bn(§ — b7 k)| < o0

[bn] n|
then the system {Ty, x¢n tnex+ kezy i a frame for L2(RY) with frame bounds A and B.

Proof. This results from the argumentation of the proof of Theorem 5 by replacing Y by T and
U DY On. L]

5 Empirical wavelet systems from affine deformations

In this section, we consider a partition {2, },er for which we can find diffeomorphisms ¢,, that are
affine functions, i.e., of the form ¢, () = B8,(§ — n,) with 8, a linear function. If the construction
of the empirical wavelet systems introduced in Section 3 is natural in the Fourier domain, it is also
possible to build them directly in the spatial domain for affine mappings.

First, the following Lemma gives the explicit expression of a function with Fourier transform
deformed by a linear function.
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5 EMPIRICAL WAVELET SYSTEMS FROM AFFINE DEFORMATIONS

Lemma 1. Let 8 be a linear function (non identically zero). The function g corresponding to the

inverse Fourier transform of the deformation of the Fourier transform f of a function f by B, i.e.,
g = fop, is given by, for every x € RV,

g(x) = (f*]-"_1 (’det Jﬁfl‘)) (877 (x)), (12)
where B~T = (B~1)T.
Proof. By taking the inverse Fourier transform, we have (using the substitution £ = 371 (u) — d¢ =
|det Jg—1(u)|du)
g(x) = / F(BE)e™Ede = / FlupeP @02 [det Ty (u)| du
RN ¢(RN)

= / Flu)e?mwp T (@) |det Jg—1 (u)| du
»(RN)

= F 1 (Foldet Jom]) (577()
= (f*xF ' (|det Jg-1])) (BT (2)).
O

Finally, for affine diffeormorphisms, empirical wavelet systems {1, }ner can be built in the spatial
domain using the following proposition.

Proposition 2 (Spatial domain construction). Let {Qy}ney be a partition of the Fourier domain
and ¥ a mother wavelet. Let assume there exists a set of linear functions {8y }tner such that A =
Bn(Q — 1) if Qp is bounded and A C B, (Q, — nn) otherwise. The set of empirical wavelets,
{Wn}ner, defined in the Fourier domain by, for every & € RN,

{p\n(g) Y, |det‘]5n (f - 77n)| {p\(ﬁn(f - 77n>)a

is given in the spatial domain by, for every x € RN,

Unla) = (0 0 ({ldet Tyal) ) (BT (@)) e,

Proof. First, since the inverse of J;-1(5,(¢)) is given by Jg, (£), we can rewrite

)l = ! .
et Tz Gate =)

V1det Ts, (€ — 1,

Moreover, since the translation by 7, in the Fourier domain is a modulation of frequency 7, in the
spatial domain, we can rewrite
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6 CONSTRUCTION OF EMPIRICAL WAVELET SYSTEMS

By applying Lemma 1 with f = \/ﬁ ° 1/1 and 8 = (,, we obtain

Yn(x) = -1 |diJ| 01Z * F~1 (|det J/3171|> (8,7 (z)) 27 I
€ —1
: ( |d t 1] N Tg1l (B, T (x)) €2 e
e

(7 (7 W))W(w))e%w
(¢* (W)) (B7T(z)) €™,

O

Example 5.1. As in Ezxample 3.1, we consider the 1D case (N = 1) with {b\ of support A the
open interval of size 1 centered on 0 and {Qy }ner a partition of open bounded intervals with center
wn. The diffeomorphism o, : & — ﬁ(g — wy), verifying A = p,(Qy), can be rewritten ¢, (§) =
Brn (& —nn) with B, : £ — £/|Q| and n, = wy,. The associated empirical wavelet system is therefore
given in the spatial domain by, for every x € R,

dul@) = (02 F (VIRD) ) (Qula) 275 = /I (82 ]) €2

We thus retrieve the definition given in [7].

The construction of a symmetric empirical wavelet system {¢,, }ner, induced by affine diffeomor-
phisms, in the spatial domain stems from Proposition 2, using Equation (3).

Example 5.2. We consider again the 1D domain. From the system {tp tner defined as in Exam-
ple 5.1, we can build a symmetric system {¢pn}ner as follows, for every x € R,

= V20| ¥(|0]2),

and, forn # 0,

IQ\ IQI

P10 fa)etm % 4

= \/2|Qn V(|| z) cos(2mw,x).

In particular, this extends the definitions of 1D empirical wavelet systems in [7] to symmetric par-
titions of the Fourier domain.

Pn(x) = D(|Qnlw)e2m o

6 Construction of empirical wavelet systems

In this section, 2D continuous empirical wavelet systems are constructed from Gabor and Shannon
mother wavelets and we examine their guarantees of reconstruction. Their practical behaviors are
analyzed through numerical experiments conducted on two different (real-valued) images: a toy
image of size 256 x 256 and the classic Barbara image of size 512 x 512. These images are shown in
Figure 3 (left).
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6 CONSTRUCTION OF EMPIRICAL WAVELET SYSTEMS

For the Fourier domain partitioning of both images, the N,, harmonic modes are detected by
the scale-space representation [10] on the logarithm of the Fourier spectrum, using a scale-space
parameter set to so = 0.8. We get N,,, = 10 for the toy image and N,, = 15 for the Barbara
image. The Fourier domain is then partitioned by separating the detected modes using either the
Watershed [16] or Voronoi [8] methods, which provide as many connected supports of low constrained
shapes as modes. Figure 3 (middle and right) shows the (symmetric) Fourier tranform of both
images, partitioned by either Watershed or Voronoi into NV, symmetric regions €2, U Q_,, with
neYt={0,...,N,, — 1}.

Figure 3: Images and Fourier partitions. (Top) Toy image of size 256 x 256 and (bottom) classic
Barbara image of size 512 x 512, along with the (middle) Watershed and (right) Voronoi partitions
(overlapping in red) of the logarithm of their Fourier spectra.

To numerically construct empirical wavelet systems {¢,},cy+ as in Equation (2), we need to
compute an estimate ,, of the diffeomorphism ¢,,. This estimation is performed using the Demons
algorithm [27]. For each region €2, the pair of smoothing parameter and number of multiresolution
image pyramid levels is selected by a grid search minimizing the quadratic risk ||A — 3, (2,)]|3 on
the values in (0.3,0.35,...,0.7) x (np —2,np —1,np), where np is the highest integer such that 2"
is smaller than each dimension of the image. The number of iterations at the np pyramid levels are
set to (24,...,2"7"1) from the highest to the lowest pyramid level.

For all the numerical experiments, the symmetric empirical wavelet transform is computed as
in Definition 6 with b,, = 1 for every n € T, so that the results for continuous wavelet frames in
Section 4 apply. To each wavelet coefficient €£(~, n) of an image f of size M x M, we associate the
2

wavelet spectrum defined as |€ ;; (-,n)|]* and the Fourier spectrum energy E,, of the underlying region

17



6.1 2D empirical Gabor wavelets 6 CONSTRUCTION OF EMPIRICAL WAVELET SYSTEMS

Q, UQ_, that reads

1 —~ 2
En: W Z ’f(ml,mz)‘ .
(m1,m2)€Q,UQ_p

The reconstruction r of f given by Equation (9) is assessed by the Mean Squared Error (MSE) given
by

1 M M
MSE( = — Z Z ml,mg f(ml,m2)|2.
6.1 2D empirical Gabor wavelets

The Fourier transform of the 1D Gabor mother wavelet is given by (see [7]), for every u € R,
PG ) = (30,

which is mostly supported by (—%, %) We define its extension to 2D by, for every u € R2,
DG (u) = e~(3)"lull3,

which is mostly supported by the open disk of center 0 and radius 1/2 denoted A = B2(0,1/2).
The following proposition gives guarantees of reconstruction from a Gabor empirical wavelet
systems.

Proposition 3 (Gabor empirical wavelet reconstruction). Let assume that the diffeomorphisms oy,
satisfy, fora.e.£ €R%, [{m € Y | (&) = @n ()} < K¢ € N for everyn € Y and {|det J,, (€)|}ner
is a bounded sequence. Then, the continuous reconstruction is guaranteed for the systems {{n ner
and {dn }ner induced by ¥%o ©n, and is given by Equations (8) and (9).

Proof. We have, for every & € R?,

- (5))2 =2 ldet J,, (€)] W(%(&))‘Q =3 ldet Ji,, (€)]e 2@ len @17,

neY neYl neY

First, since ¢, is a diffeomorphism, we have, for every & € R?, |det J,,, (£)| > 0 and therefore

D

neYl

~ 2
’>0.

¥n(£)

Now, let us denote I'e = {m € T | o1 (£) = ¢n(§) = n>m}. For a.e.{ € R?, the ¢, (£) for
n € I'¢ are all different and the condition [{m € YT | v (§) = ¢n(§)}| < K¢ € N, for every n € T,
means that there are at most K¢ integers n for which the ¢, (£) have the same value. It follows that,
for a.e. £ € R?,

—~ 2
< —2m(5)%len ()1
> |9a©)] < maxjdet g, (91D e

neY neY
—27(5)%llen (O
< Kemax|det J,, (€)] D e 2731

nele

< K¢ max |det J,,, (£)|/ e~ 231 4y < oo,
neY R2
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6.2 2D empirical Shannon wavelets CONSTRUCTION OF EMPIRICAL WAVELET SYSTEMS

Then, Theorem 1 applies and gives a dual frame of {¢, }ner. This guarantees the reconstruction
using Equation (8).
In addition, in the case of a symmetric partition {€2, } e, we show similarly that, for a.e. £ € R?,

> @)= X %idetJ%,(s)detJ%H)|e*“<%>2<“%<E>”””*@-7*@“2)

neY\{0} neYT\{0}

=K, det J,, m(3)? H%(&)H +lle—n ()]l )
e auex [det Jp, () D e

nele

o

:Kg max |detJn \/ Tl 4y < oo,

Then, Theorem 2 applies and gives a dual frame of {¢, } ,er+. The reconstruction is then given by
Equation (9). O

For the toy image, Figures 4 and 5 compare the preimage of A = B»(0, 1) under the diffeomor-
phism estimate ¢,, to the targeted §2,, and show the symmetric empirical Gabor wavelet coeflicients
induced by 9% 0 n, for the Watershed and Voronoi partitions, respectively, and n € {0,...,9}. The
diffeomorphisms ¢,, are well estimated for both partitions but the more constrained shapes of the
Voronoi partition allow for better estimates. The MSE of the reconstruction from the Watershed
and Voronoi transforms are, respectively, 6.93 x 10739 and 1.65 x 1073!, confirming the accurate
diffeomorphism estimation. In addition, the different components of the toy image are well recovered
by the wavelet coefficients associated with the highest Fourier spectrum energies

For the Barbara image, Figures 6 and 7 compare the preimage of A = B5(0, 1) under ¢,, to the

targeted €2,, and show the symmetric empirical Gabor wavelet coefficients induced by wG 0Py, for the
Watershed and Voronoi partitions, respectively, and n € {0,...,9}. The diffeomorphism estimation
is much more accurate on the Vornoi partition than on the Watershed partition, in particular for
the region )y which is very large for the Watershed partition. Thus, in terms of reconstruction,
Watershed and Voronoi partition lead to MSE of 5.02 x 1072% and 2.10 x 1073%, respectively.

6.2 2D empirical Shannon wavelets

The 1D Shannon mother wavelet is a sinc function given in the Fourier domain by, for every u € R,

$1DfS(u) _ LG*W(“JF%) 1(7

2 ’%)(u).

[N

This definition can be extended to the 2D domain as a separable function given by, for every
u = (u1,us) € R?,

{b\S(u) _ {b\lD_SH(Ul) ,l’p\lD—SH(uQ)

which is supported by the square centered in 0 of side length 1 denoted A = (75, %) X (f%, %)
The following proposition gives guarantees of reconstruction of Shannon empirical wavelet sys-

tems.

Proposition 4 (Shannon wavelet reconstruction). Assume that the boundaries 0Qy, have measures
zero. Then, the continuous reconstruction is guaranteed for the systems {1y }ner and {dn}nex
induced by S o p,, and is given by Equations (8) and (9).

19



6.2 2D empirical Shannon wavelets CONSTRUCTION OF EMPIRICAL WAVELET SYSTEMS

@y (M) @5 (M) @5 (M) @1 (A)

)
1
B
~nr

Ey =129.81 E; = 0.00 E; = 0.05 E; =747 E, =14.13

Es; = 9.58 E¢ = 0.07 E; =18.38 Eg = 0.15 Eq = 0.01

Figure 4: Gabor Watershed transform of the toy image. (Top) Sets ¢, !(A) (in white)
for the diffeomorphisms ¢, mapping the Watershed regions ,, (with contour in red) to the disk
A = B2(0,1/2) and (bottom) resulting empirical Gabor wavelet spectra, for the toy image and
n € {0,...,9}. The Fourier spectrum energies E,, over the regions 2, UQ_,, are indicated above
the wavelet spectra.

Proof. Let fix m € Y. For every £ € Q,,,,

S |du@)] = 3 ldet g, (o)

neY neY

2 |det Jy,, (€]
o 472 ’

Blen(©))|
Since ¢, is a diffomorphism, it follows that, for a.e. £ € R?, |det J,_(£)| > 0 and therefore

0< > |ule)

2
‘<oo.
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@5 (M) @1 (A)

Ey =129.80 E; =0.01 E; =0.01 E; = 0.07 E, =747

Figure 5: Gabor Voronoi transform of the toy image. (Top) Sets ¢, 1(A) (in white) for the
diffeomorphisms ¢,, mapping the Voronoi regions §2,, (with contour in red) to the disk A = B5(0,1/2)
and (bottom) resulting empirical Gabor wavelet spectra, for the toy image and n € {0,...,9}. The
Fourier spectrum energies E,, over the regions (2, U {)_,, are indicated above the wavelet spectra.

This corresponds to the condition of Theorem 1, which gives the reconstruction from a dual frame
of {¥, }ner using Equation (8).
In addition, for every & € RY,

>

neY\{0}

Then, Theorem 2 gives a dual frame of {¢,},cv+ permitting the reconstruction following Equa-
tion (9). O
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Bo (A) @3 (M) @1 (A)

-

Eo = =2. = 6. =1. E, =15.95

E; =12.38 E¢ =13.78 E; =1.36 Eg = 7.99 Eq = 8.33

Ejp=1.38 Ej; =945 Ejp = 5.87 E;3 = 8.38 Ey =12.32

Figure 6: Gabor Watershed transform of the Barbara image. (Top) Sets ¢, ! (in white)
for the diffeomorphisms ¢,, mapping the Waterded regions ,, (with contour in red) to the disk
A =B2(0,1/2) and (bottom) resulting empirical Gabor wavelet spectra, for the Barbara image and
n € {0,...,14}. The Fourier spectrum energies E,, over the regions Q, UQ_,, are indicated above
the wavelet spectra.
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=257.15

Es =14.32

Ejp = 8.29 E;; =411 Ejy =11.58

E;y =10.71

Figure 7: Gabor Voronoi transform of the Barbara image. (Top) Sets ¢, '(A) (in white)
for the diffeomorphisms ¢, mapping the Voro@si regions 2, (with contour in red) to the disk
A =B3(0,1/2) and (bottom) resulting empirical Gabor wavelet spectra, for the Barbara image and
n € {0,...,14}. The Fourier spectrum energies E,, over the regions Q, UQ_,, are indicated above
the wavelet spectra.
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For the toy image, Figures 8 and 9 compare the preimage of A = (—%, %) X (—%, %) under
the diffeomorphism estimate ¢, to the targeted (2, and show the symmetric empirical Shannon
wavelet coefficients induced by ws 0 ¢y, for the Watershed and Voronoi partitions, respectively, and
n € {0,...,9}. Most of the diffeomorphisms ¢,, are well estimated for both partitions except for the
region 2, of the Watershed partition. Thus, the MSE of the reconstruction from the Watershed and
Voronoi transforms are, respectively, 6.24 x 1071 and 3.88 x 10732, confirming the higher accuracy
of the diffeormophism estimation for the Voronoi partition. However, the components of the toy

image are better separated by the wavelet coefficients associated to the Watershed partition.

o

@y (M) @5 (M) @1 (A)

E; = 0.05 Es =747 E, =14.13

Es = 9.58 Eq = 0.07 E; =18.38 Es = 0.15 Eg = 0.01

Figure 8: Shannon Watershed transform of the toy image. (Top) Sets @, *(A) (in white)
for the diffeomorphisms ¢,, mapping the Watershed regions €2,, (with contour in red) to the square

A= (-1,3)x(-2,3) and (bottom) resulting empirical Shannon wavelet spectra, for the toy image
and n € {0,...,9}. The Fourier spectrum energies E,, over the regions 2,, UQ2_,, are indicated above

the wavelet spectra.
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Ey =129.80 E; =0.01 E; =0.01

@3 (A)

E; =14.13 E¢ = 9.60 E; =0.07 Eg =18.39 Eg = 0.17

Figure 9: Shannon Voronoi transform of the toy image. (Top) Sets ¢, '(A) (in white) for
the diffeomorphisms ,, mapping the Voronoi regions 2,, (with contour in red) to the square A =
( %, %) X ( %, 2) and (bottom) resulting empirical Shannon wavelet spectra, for the toy image and
n € {0,...,9}. The Fourier spectrum energies E,, over the regions €, UQ_,, are indicated above

the Wavelet spectra.

For the Barbara image, Figures 10 and 11 compare the preimage of A = (—% %) X (—%, %) under
997, to the targeted 2,, along with the symmetric empirical Shannon wavelet coefficients induced by
1/)5 o @y, for the Watershed and Voronoi partitions, respectively, and n € {0,...,9}. The diffeomor-
phism estimates associated with the Watershed partition show little accuracy for some regions, in
particular regions g, 25 and Q9. In contrast, the Voronoi partition allows for better estimates de-
spite some singularity due to the irregularity at the corner of the square A. The reconstruction from
the Watershed and Voronoi partitions lead to MSE of, respectively, 9.45 x 107® and 2.19 x 10729,

which quantifies the higher accuracy of diffeomorphism estimation for the Voronoi partition.
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3 (A) 5 (M)

E, =15.95

Eq = 8.33

Ey =12.32

Figure 10: Shannon Watershed transform of the Barbara image. (Top) Sets ¢, '(A) (in
white) for the diffeomorphisms (,, mapping the ¥atershed regions €2,, (with contour in red) to the

square A = (—%, %) X (—%, %) and (bottom) resulting empirical Shannon wavelet spectra, for the
Barbara image and n € {0,...,14}. The Fourier spectrum energies E,, over the regions Q, UQ_,

are indicated above the wavelet spectra.
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(M)
—

P4
P9
X

(A)
@14 (A)

Ey =257.15 E; =13.04 = 3. =9. Ey =2.76

Ejp = 8.29 E;; =411 Ejy =11.58 E;3 =8.73 E;y =10.71

Figure 11: Shannon Voronoi transform of the Barbara image. (Top) Sets ;! (in white)
for the diffeomorphisms ¢,, mapping the Vorond¥ regions 2,, (with contour in red) to the square
A= (—%, %) X (—%, %) and (bottom) resulting empirical Shannon wavelet spectra, for the Barbara
image and n € {0,...,14}. The Fourier spectrum energies E,, over the regions €,,UQ2_,, are indicated

above the wavelet spectra.




6.3 Discussion REFERENCES

6.3 Discussion

Overall, the Voronoi partition provides regions that are easier to map than the Watershed partition,
particularly when the mother wavelet’s Fourier support is a square. However, the Voronoi parti-
tion can lead to a less adapted separation of the harmonic modes, implying that different wavelet
coefficients can contain information of the same frequency band. In practice, the mapping can be
assessed by the reconstruction error of the inverse wavelet transform to select the most appropriate
partitioning method.

7 Conclusions

In this work, we proposed a general formalism to build multidimensional empirical wavelet systems
for a large variety of Fourier domain partitions. In addition, the proposed framework takes into
account the potential symmetry of the Fourier supports. Moreover, we showed conditions for the
existence of continuous and discrete empirical wavelet frames, which in particular allow to guarantee
the reconstruction from the wavelet transforms. Specific wavelet systems based on classic mother
wavelets have also been developed and have been shown to be frames under mild assumptions on
the Fourier supports. In addition, the implementation toolbox of these wavelet systems will be
made freely available at the time of publication. Future work will focus on estimating robustly and
efficiently the diffeomorphisms involved in the proposed definitions in 2D. Applications will also be
considered.
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