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Introdu
tion Main GoalsPolyhedral CompilationOverall goal: Compile SCoPs using Polyhedral te
hniquesLot of re
ent advan
ements[... Bondhugula et al. 2008, ..., Pou
het et al. 2011 ...℄A
ademia, Industry, Open Sour
ePLUTOIBM, RStreamGRAPHITE, LLVMGood optimizing 
ompiler ⇐⇒ Has good polyhedral optimizerOur goal: Compile larger and larger SCoPs using Polyhedral model
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Introdu
tion S
alability ProblemPossible S
enarios for Uns
alability
Uns
alability from larger and more 
omplex SCoPs:longer sour
e 
odes(inlining, unrolling)di�
ult sour
e languagessour
e in medium/low level intermediate formpre
eded by more powerful stati
 analysis(alias/pointer analysis)Result: Large # of loops & large # of statements
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Introdu
tion Estimating S
alability ProblemAlgorithmi
 View: Assumptions & Estimates
Assumptions:Statements: shallow depthOverall system: #variables ≈ #
onstraintsSolvers: LP feasibility (with simplex) takes 
ubi
 timeComplexity estimate of s
heduling:≈ O(|E |3)(|E |: #dependen
es)
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Introdu
tion Need for ApproximationS
alability: Need for ApproximationGood engineering (it works now!) but, if not ba
ked by algorithmi
s mayhit the s
alability problem sooner or later.
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Introdu
tion Need for ApproximationS
alability: Need for ApproximationGood engineering (it works now!) but, if not ba
ked by algorithmi
s mayhit the s
alability problem sooner or later.Motivational assumptions:Polyhedral 
ompilation will hit the s
alability problemWe need to approximate:adho
 basisby understanding the 
omplexity of algorithmsPossible solution: Algorithms using approximations of Polyhedra
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Sub-Polyhedra
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Sub-Polyhedra Use in Stati
 AnalysisSub-polyhedra as Abstra
t Domain in Stati
 AnalysisGoal: Solve abstra
t interpretation and run-time veri�
ation problemsRequirementsPolyhedra used as elements of latti
es (〈D,⊑,⊔,⊓〉)Iteratively solve re
ursive (�program-�ow�) equations on latti
esRegularly need generator representation (& H ←→ V 
onversion)
> 1000's of statements
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ation problemsRequirementsPolyhedra used as elements of latti
es (〈D,⊑,⊔,⊓〉)Iteratively solve re
ursive (�program-�ow�) equations on latti
esRegularly need generator representation (& H ←→ V 
onversion)
> 1000's of statementsCon
lusion: Convex polyhedra does not s
ale� ... general polyhedron domain has a memory and time 
ost unbounded intheory and exponential in pra
ti
e� [Miné-06℄� ... the pri
e to pay for using it [
onvex polyhedra℄ is too high: the analysisnot s
ale beyond dozens of variables, ... while mostly one wants to solvehundreds of 
onstraints and variables.� [Laviron-Logozzo-09℄Result: Various Sub-Polyhedra have been proposed.Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 7 / 1



Sub-Polyhedra Abstra
t DomainsSome Interesting Sub-polyhedral Abstra
t Domains
Interval O
tagon (UTVPI)Unit Two Variable PerInequality TVPITwo Variable PerInequality Convex Polyhedraa ≤ xi ≤ b ±xi ± xj ≤ 
 axi + bxj ≤ 
 ∑ aixi ≤ 
Pre
ision

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→Intervals ⊂ O
tagons (UTVPI) ⊂ TVPI ⊂ Poly
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Sub-Polyhedra TVPI and UTVPISub-Polyhedra: TVPI (axi + bxj ≤ 
)LP optimization:Polynomial time Θ(m3n2 logA) [Wayne-99℄Redu
tion to graph theory network �ow problem(Min-
ost �ow redu
tion, Max-�ow spe
ialization also possible)LP feasibility and Fourier-Motzkin:Strongly polynomial time Θ(mn2 logm)[Ho
hbaum-Naor-94℄ (and [Cohen-Megiddo-94℄)Simple algorithm (uses 
lever pruning)S
alable algorithms of polygons easily extend to general n-d -TVPI
=⇒ Low 
omplexity geometri
 algorithms
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Sub-Polyhedra TVPI and UTVPISub-Polyhedra: O
tagons (UTVPI) (±xi ± xj ≤ 
)UTVPI ⊂ TVPI =⇒ good 
omplexity measuresLP optimization too is strongly polynomial time [Tardos-86℄Faster, simpler LP-feasibility expe
ted(entries just {0,±1}!)Cubi
 time geometri
 operationsLow 
ost implementation using simple data-stru
turesTools/support: advan
ed and well testedMiné: Astree proje
t, Apron LibraryBagnara et al: PPL support
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Sub-Polyhedral Compilation
Sub-Polyhedral Compilation
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Sub-Polyhedral Compilation Obje
tivesPolyhedral Compilation using Sub-polyhedraWhere to use Sub-Polyhedra?Dependen
e analysisS
hedulingDependen
e over-approximationConstraint under-approximationCode generation
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Sub-Polyhedral Compilation Obje
tivesPolyhedral Compilation using Sub-polyhedraWhere to use Sub-Polyhedra?Dependen
e analysisS
hedulingDependen
e over-approximationConstraint under-approximationCode generationConversion of Convex Polyhedra to Sub-Polyhedra:Legality: over/under approximate a

ordinglyCost: small 
ost of 
onversionClosest: 
losest (Q/I) Sub-Polyhedron to originalExpressiveness: preserve interesting solution pointsUpadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 11 / 1



Sub-Polyhedral Compilation Dependen
e Approximation
Dependen
e Approximation using Sub-Polyhedra
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Sub-Polyhedral Compilation Dependen
e ApproximationDependen
e Approximation: Di�erent Levels of Pre
isionsOver-approximations of dependen
esare legal (some loss of pre
ision)long history
+

+ +Dependen
e Level(Allen-Kennedy) Dependen
e Dire
tion Ve
tor(Wolf-Lam) Dependen
e Cone(Irigion-Triolet)
+ + +Polyhedral Distan
eVe
tor(Darte-Vivien) Dependen
e Polyhedron(Feautrier) Z-Polyhedra(Le Verge-Wilde)Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 12 / 1



Sub-Polyhedral Compilation Dependen
e ApproximationDependen
e Approximation: Motivation for Sub-Polyhedra
DL ⊂ DDV ⊂ DC
︸ ︷︷ ︸sub-polyhedral ⊂ D ⊂ DP

︸ ︷︷ ︸polyhedral ⊂ DI ⊂ · · ·
︸ ︷︷ ︸beyond polyhedraldependen
e abstra
tions ⇋ s
hedule expressiveness[Yang-An
ourt-Irigoin-94, Darte-Vivien-97℄dependen
e abstra
tions ?

⇋ s
alability
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︸ ︷︷ ︸beyond polyhedraldependen
e abstra
tions ⇋ s
hedule expressiveness[Yang-An
ourt-Irigoin-94, Darte-Vivien-97℄dependen
e abstra
tions ?

⇋ s
alabilityUse Sub-Polyhedral dependen
e abstra
tions:retain expressiveness of polyhedra ⇛ a�ne transformationsexploit the s
alable algorithms o�ered by Sub-PolyhedraUpadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 13 / 1



Sub-Polyhedral Compilation Dependen
e ApproximationDependen
e Approximation using TVPI?Intervals ⊂ O
tagons ⊂ TVPI ⊂ Poly
︸ ︷︷ ︸

I

+NParametri
 TVPI:Exa
t dependen
e analysis [of Feautrier-88℄ needs parametrized-ILP.But, ILP on I-TVPI is NP-Complete [Lagarias-85℄!Distan
e Ve
tors ≈ TVPI + parametrization.But, parametrization =⇒ EXP# of 
ontexts in |N | [Feautrier-88℄!
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+NParametri
 TVPI:Exa
t dependen
e analysis [of Feautrier-88℄ needs parametrized-ILP.But, ILP on I-TVPI is NP-Complete [Lagarias-85℄!Distan
e Ve
tors ≈ TVPI + parametrization.But, parametrization =⇒ EXP# of 
ontexts in |N | [Feautrier-88℄!Non-Parametri
 TVPI:TVPI over-approximation of non-parametri
 dependen
esUse non-parametri
 TVPI for JIT 
ompilation?Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 14 / 1



Sub-Polyhedral Compilation Constraint Approximation
Constraint Approximation using Sub-Polyhedra
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Sub-Polyhedral Compilation Constraint ApproximationConstraint Approximation: MotivationReminder: Feautrier's s
heduler:Input: Dependen
e Polyhedron per e: De(µ,I,N )Apply Farkas Lemma:
(µ,I,N ) ≡ (λ,I,N ) =⇒ (µ, λ)

Pe(µ, λ) is 
onstraint polyhedron on edge e.Constru
t P =
⋂e∈E PeSolve P for feasible solution pointsNew method: Under-approximate ea
h Farkas system: Pe =⇒ UA(Pe).Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 15 / 1



Sub-Polyhedral Compilation Constraint ApproximationConstraint Approximation: AlgorithmNew 
onstraint system: UA(P) =
⋂e∈E UA(Pe)
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Sub-Polyhedral Compilation Constraint ApproximationConstraint Approximation: AlgorithmNew 
onstraint system: UA(P) =
⋂e∈E UA(Pe)S
heduling Algorithm using TVPI Approximation of Constraints1 Under-approximate ea
h Pe =⇒ UATVPI(Pe)2 Constru
t under-approximated system:UATVPI(P) =

⋂e∈E UATVPI(Pe)3 Use FM of Ho
hbaum-Naor to �nd feasible points in UATVPI(P)Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 16 / 1



Sub-Polyhedral Compilation Constraint ApproximationConstraint Approximation: DetailsUnder-approximation:
an be done per dependen
e edgemay a�ord high 
ost(ea
h Pe is relatively small)TVPI under-approximation:A framework with hierar
hy of approximationsPre
ision
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→UAInterval(P) ⊂ UAUTVPI(P) ⊂ UATVPI(P)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→CostComplexity of S
heduling: Strongly polynomial timeUpadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 17 / 1



Sub-Polyhedral Compilation Constraint ApproximationConstraint Approximation: Questions and Problems
Questions on under-approximation:
ostmethod followeddire
t: P → UA(P)indire
t: P → P∗

 OA(P∗)→ UA(P)how 
lose?losing the redundant/useless points of Pe
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Wrapping up
Wrapping up
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Wrapping up Con
lusions and Future WorkQuestions raised (Beau
oup!)Summary:S
alability question: algorithmi
 viewUse of Sub-Polyhedra in stati
 analysisPre
ision vs. 
ost tradeo� using Sub-Polyhedra
?

=⇒ a
hieve s
alabilityUse Sub-Polyhedral approximation in s
hedulingQuestions on dependen
e over-approximationMethod based on 
onstraint under-approximation
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Wrapping up Con
lusions and Future WorkChallenges (Beau
oup!)
Better algorithms for TVPI/UTVPI under/over approximationEmpiri
al work (lots!)Are we going to fa
e a s
alability problem? (How? Where?)Summary: We think that there is potentialin Sub-Polyhedral 
ompilationin using TVPI and UTVPI systemsWe think there are lot of 
hallenging problems to be solved in this area!

Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 20 / 1



Wrapping up Con
lusions and Future WorkMer
i et QuestionsMer
i Beau
oup!Paul FeautrierAxel Simon (ENS-Paris/TU-Muni
h)Reviewers�Although this may seem a paradox, all exa
t s
ien
e is dominated by theidea of approximation� � Bertrand RussellQuestions?Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 21 / 1



Extra
Ba
kup

Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 21 / 1



ExtraSome Existing Sub-polyhedral Abstra
t DomainsSub-polyhedra Approximation(nature of
onstraint)(a, b, 
 ∈ Q) Proposed byIntervals (�Boxes�) a ≤ xi ≤ b Cousot-CousotDBM xi − xj ≤ 
 ; xi , xj ≥ 0 Bagnara et al, MinéO
tagons (UTVPI) ±xi ± xj ≤ 
 MinéTVPI axi + bxj ≤ 
 Simon, Howe, KingSub-Polyhedra(SubPoly) LinEq⊗ Interval Laviron, LogozzoPentagons a ≤ xi ≤ b ∧ xi < xj Logozzo Fahndri
hO
tahedra ±xi ± · · · ± xj ≤ 
 Clariso CortadellaConvex Polyhedra ∑ aixi ≤ 
 �Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 22 / 1



ExtraGeneral and Sub-polyhedra: Comparison (Worst
aseComplexity)Problem ConvexPolyhedra TVPI UTVPI/DBMGEN (V ↔ H) EXP(n),EXP(d)
EXP(n),EXP(d)

EXP(n),EXP(d)LP-OPT WNPC Θ(m3n2 logB) Θ(m3n2 logB)LP-OPT (2var in Objfun) WNPC Θ
(logm) Θ
(1)LP-FEAS WNPC Θ(mn2 logm) Θ(mn2 logm)FM ω(EXP(n)),
ω(EXP(d))

Θ(mn2 logm) Θ(mn2 logm)CLOSURE � Θ(n3) Θ(n3)ILP NPC NPC NPC?Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral Compilation IMPACT 2011, Chamonix 23 / 1



ExtraMore Future Work
Improving approximation algorithmOver-approximation: Currently O(n7) algorithmUnder-approximation: use dire
t method or over-approximation?O�ine/Online method using approximationO�ine: Conversion and ApproximationOnline: Finding s
heduleMat
hing of paradigms for 
ommonly o

urring dependen
es?
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