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Abstract. Given a class of graphs G and a graph G = (V,E), the aim
of the G-completion problem is to find a set of at most k non-edges
whose addition in G results in a graph that belongs to G. Completion to
chordal or to natural subclasses of chordal graphs cover a broad range
of classical NP-Complete problems, that have been extensively stud-
ied. When G coincides with the class of chordal graphs, the problem is
the well-known Minimum Fill-In problem. Other notable examples in-
clude completion to proper interval, threshold or trivially perfect graphs.
Aforementioned problems are known to admit polynomial kernels, and
it has been conjectured that completion to subclasses of chordal graphs
further characterized by a finite number of forbidden induced subgraphs
admit polynomial kernels. We investigate this line of research by con-
sidering completion to an important subclass of chordal graphs, namely
chordal distance-hereditary graphs. Chordal distance-hereditary graphs
are a natural generalization of trivially perfect graphs and have been ex-
tensively studied from the structural viewpoint. However, to the best of
our knowledge, completion to chordal distance-hereditary graphs has not
received attention so far. We thus initiate the first algorithmic study of
this problem, and prove its NP-Completeness and that it admits a kernel
with O(k4) vertices. To that aim, we rely on several known characteri-
zations of chordal distance-hereditary graphs. In particular, such graphs
admit a tree-like decomposition, so-called clique laminar tree. Unlike all
aforementioned subclasses of chordal graphs, this decomposition does
not correspond to a partition of the vertex set at hand. To circumvent
this, we propose an approach based on the notion of clique (minimal)
separator decomposition and a new characterization of chordal distance-
hereditary graphs that might be of independent interest.

Keywords: Parameterized complexity · Kernelization algorithms · Chordal
graphs · Distance-hereditary graphs

1 Introduction

Given a class of graphs G and a graph G = (V,E), the aim of the parameterized
G-completion problem is to find a set of at most k non-edges whose addition
in G results in a graph that belongs to G. Completion problems cover a broad
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range of NP-Complete problems [15, 18, 19, 28, 31, 37] and have been extensively
studied in the last decades. When G coincides with the class of chordal graphs,
this is the well-known Minimum Fill-In problem [18, 37]. Minimum Fill-In
has been tackled from the parameterized complexity viewpoint by Kaplan et
al. [24] who gave both parameterized and kernelization algorithms. Following
this line of research, many completion problems towards subclasses of chordal
graphs have been studied [4, 5, 6, 13, 14, 21]. The motivation for the study of
such completion problems mainly comes from practical applications, covering a
wide range of fields such as bioinformatics, database management or artificial
intelligence (see for instance [6]). Notable examples include completion to 3-leaf
power, threshold or trivially perfect graphs, which are known to admit poly-
nomial kernels [4, 14, 21]. In this work we consider an important subclass of
chordal graphs, namely chordal distance-hereditary graphs [8, 25]. These graphs
do not contain any induced cycle of length at least 4 (or hole) and are more-
over distance-hereditary: the distances in every induced subgraph are the same
than in the original graph. Such graphs are a natural generalization of chordal
cographs (i.e. trivially perfect graphs) and contain all aforementioned classes.
Moreover, they are known to admit a laminar structure [36], i.e. a tree-like
decomposition that captures the subset relation on nonempty intersections of
maximal cliques. Chordal distance-hereditary graphs have been extensively in-
vestigated from the structural viewpoint [2, 7, 9, 22, 23, 25, 32, 34]. However,
to the best of our knowledge, completion to chordal distance-hereditary graphs
has not received any attention so far. We thus initiate the algorithmic study of
this problem, mainly from the parameterized complexity viewpoint.

Parameterized complexity. A parameterized problem Π is a problem whose in-
put is a pair (I, k), where k ∈ N is called parameter. A parameterized problem Π
is fixed-parameter tractable whenever any instance (I, k) of Π can be decided in
time f(k)×p(|I|), where f is a computable function and p is a polynomial in the
input size. A kernelization algorithm (kernel for short) for a parameterized prob-
lem Π is an algorithm that given any instance (I, k) of Π outputs in polynomial
time an equivalent instance (I ′, g(k)) such that |I ′| 6 h(k) for some function h
and g(k) 6 k. A kernel is said to be polynomial whenever h is a polynomial. It
is well known that a parameterized problem Π is FPT if and only if it admits a
kernel (see e.g. [17]). Formally, we consider the following problem:

Chordal Distance-Hereditary Completion
• Input: A graph G = (V,E), k ∈ N
• Question: Does there exist a set F ⊆ (V × V ) of size at most k such that
H = (V,E ∪ F ) is chordal distance-hereditary?

Chordal distance-hereditary graphs are also known as ptolemaic graphs in
the literature [25]. For the sake of readability, we will henceforth mainly refer
to such graphs as ptolemaic graphs and consider the Ptolemaic Completion
problem.
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Related work. Cai [10] provided a dichotomy result for parameterized complex-
ity of more general graph modification problems. Whenever the target graph
class G can be characterized by finitely many obstructions (i.e. forbidden induced
subgraphs), the corresponding modification problem (including G-completion)
is fixed-parameter tractable. While several polynomial kernels are known for
graph modification problems [4, 5, 12, 14, 20, 21], there exist such problems
that do not admit polynomial kernels [11, 20, 26]. When G is characterized by
a single obstruction, several recent results towards a dichotomy have been ob-
tained [1, 11, 30]. We refer the reader to [12, 17, 27] for recent surveys on the
subject. Regarding (sub)classes of chordal graphs, Kaplan et al. [24] considered
completion problems to chordal and proper interval graphs, providing a poly-
nomial kernel for the former problem. Guo [21] provided several kernelization
algorithms for completion problems towards split, threshold and trivially per-
fect graphs. A recent result of Drange and Pilipczuk extended the latter to the
Trivially Perfect Editing problem [14]. Other examples of such kernels are
the ones for 3-Leaf Power Completion [4] and Proper Interval Comple-
tion [5]. Bessy and Perez [5] conjectured that completion problems to subclasses
of chordal graphs further characterized by a finite number of obstructions admit
polynomial kernels. In all aforementioned problems, the kernelization algorithms
rely on the finite set of obstructions and on tree-like decompositions of the graph
classes at hand that provide a partition of the vertex set which is exploited by
reduction rules. However, the laminar structure of ptolemaic graphs is defined
on intersections of maximal cliques and hence does not provide such a partition.
This implies that standard techniques (such as the notion of branches [4, 5])
cannot be applied directly.

Our results. We prove that Ptolemaic Completion is NP-Complete and ad-
mits a kernel with O(k4) vertices. Our method is inspired by the notion of clique
(minimal) separator decomposition introduced by Tarjan [35]. This allows us to
detect and reduce parts of the instance that are properly connected to the rest
of the graph. This process can actually be reproduced on most previously men-
tioned kernelization algorithms for completion problems to subclasses of chordal
graphs. This might bring new insights towards the design of kernelization algo-
rithms for completion problems to other subclasses of chordal graphs.

Outline. We begin with preliminary definitions and results about ptolemaic
graphs (Section 2). We then provide structural properties and a new decomposi-
tion theorem for such graphs (Section 3). We next describe the main structures
that will be used (Section 4). Finally, we give our set of reduction rules (Sec-
tion 5) and we conclude by bounding the size of a reduced instance (Section 6).
Due to lack of space, results marked with (?) are deferred to the appendix.

2 Preliminaries

We consider simple undirected graphs G = (V,E) where V denotes the vertex
set and E the edge set of G. We will sometimes use V (G) and E(G) to clarify the
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context. Given a vertex u ∈ V , NG(u) denotes the (open) neighborhood of u in
G, that is NG(u) = {v ∈ V : uv ∈ E}. We similarly define N i

G(u), i > 2, as the
set of vertices at distance at most i from u in G. The closed neighborhood of u is
defined as NG[u] = NG(u) ∪ {u}. Two vertices u and v are true twins whenever
NG[u] = NG[v] and false twins whenever uv /∈ E and NG(u) = NG(v). Given a
subset S ⊆ V of vertices, NG(S) is the set ∪v∈S(NG(v) \ S). Similarly, N i

G(S),
i > 2, is the set ∪v∈S(N i

G(v)\S). We moreover consider the closed neighborhoods
NG[S] and N i

G[S] as natural extensions of the previous definitions. The frontier
of S is defined as δG(S) = {v ∈ S : N(v) ∩ (V \ S) 6= ∅}. We omit the mention
to graph G whenever the context is clear. The subgraph G[S] = (S,ES) induced
by S is defined as ES = {uv ∈ E : u ∈ S, v ∈ S}. For the sake of readability,
given a subset S ⊆ V we define G \ S as G[V \ S]. A subset of vertices C ⊆ V
is a connected component of G if G[C] is a maximal connected subgraph of G.
We will sometimes refer to G[C] as C. A semi-split of G is a subset C ⊆ V such
that the edges between δG(C) and V \C induce a complete bipartite graph. Let
G = (V,E) be a connected graph. A set S ⊆ V is a separator of G if G\S is not
connected. Given two vertices u and v of G, the separator S is a uv-separator if
u and v lie in distinct connected components of G \S. Moreover, S is a minimal
uv-separator if no proper subset of S is a uv-separator. Finally, a separator S is
minimal if there exists a pair {u, v} such that S is a minimal uv-separator.

Ptolemaic graphs. We use a forbidden induced subgraph characterization of
ptolemaic graphs [23] as well as a tree decomposition defined on intersections of
maximal cliques [29, 36]. Hereafter, the gem is the graph on 5 vertices with an
induced P4 = {p1, p2, p3, p4} and a universal vertex t.

Theorem 1 ([2, 23]). The following conditions are equivalent:

(i) G is chordal distance-hereditary (or ptolemaic)

(ii) G does not contain any hole nor gem as an induced subgraph

(iii) Given two maximal cliques P,Q of G such that P ∩Q 6= ∅, P ∩Q separates
P \Q and Q \ P in G.

(iv) G can be obtained from a single vertex by repeating the following operations:
adding a degree-one vertex, a true twin to some vertex u or a false twin to
some vertex v, in which case NG(v) must be a clique.

An instance (G = (V,E), k) of Ptolemaic Completion is a YES-instance
whenever there exists a set F ⊆ (V×V ) of size at most k such thatH = (V,E∪F )
is ptolemaic. The set F is called a k-completion of G (into a ptolemaic graph),
and we will denote the resulting graph H = G+F . A completion refers to any set
F ⊆ (V ×V ) such that H = G+F is ptolemaic. Moreover, an optimal completion
is a minimum-sized completion of G. A vertex is affected by a completion F
whenever it is contained in some pair of F .

Lemma 1 (?). Ptolemaic Completion is NP-Complete.
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Clique laminar tree of ptolemaic graphs. We now describe a canonical tree rep-
resentation for ptolemaic graphs due to Uehara and Uno [36].

Definition 1 ((Strong) Laminar family). Let U be a universe and F ⊆ 2|U |

a family of subsets of U . The family F is laminar iff for all A,B ∈ F , A and B
are either disjoint or comparable by inclusion, i.e. either A ∩ B = ∅, A ⊆ B or
B ⊆ A holds. We say that F is a strong laminar family whenever there exists a
set A ∈ F that contains all other sets of F .

Let U be a universe of n elements, and F ⊆ 2|U | a family of subsets of U . Let
~DF = (V,A) be a directed graph where V contains a vertex x for every set X ∈ F
and there is an arc from x to y in A if and only if Y ( X (sets corresponding
to y and x, respectively) and there does not exist Z ∈ F such that Y ( Z ( X.

The digraph ~DF is called the transitive reduction digraph of F . We use DF to
denote the underlying undirected graph. Moreover, if F is defined as a collection
of subsets of vertices of a graph G = (V,E), we refer to the vertices of ~DF as bags
in order to avoid confusion with vertices of G. The notation t will henceforth
denote a bag, while Vt will stand for the vertices of G contained in the set of F
corresponding to t. Given a ptolemaic graph G = (V,E), let M(G) be the set
of maximal cliques of G and C(G) be the set of nonempty intersections of some
maximal cliques of G. Notice in particular that C(G) contains the set M(G).
Let L(G) = C(G)\M(G) be the set of all nonempty intersections of at least two
distinct maximal cliques of G. Any family F of sets of L(G) that are contained
in a same maximal clique ofM(G) is a laminar family [29, 36]. This leads to the
following characterization.

Theorem 2 ([29, 36]). A graph G = (V,E) is ptolemaic iff DC(G) is a tree.

We say that DC(G) is the clique laminar tree of G (see Figure 1). For the sake

of readability, we will use ~TG (resp. TG) to denote ~DC(G) (resp. DC(G)).
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Fig. 1: A ptolemaic graph together with its laminar tree [36].

3 Structural properties of ptolemaic graphs

In this section, we provide a complete characterization of ptolemaic graphs in
terms of laminar family and semi-splits (Theorem 3). This result was partially
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known to exist [16, 29, 36], but we present a stronger statement. The following
observation will be useful when considering decomposition of ptolemaic graphs.

Observation 1 (?) Let G = (V,E) be a chordal graph, S ⊆ V a clique of G
and {C1, · · · , C`}, with ` ≥ 1, the set of connected components of G \ S. Then
for every 1 6 i 6 `, G[δ(Ci)] is connected.

Definition 2 (Footprint and trace). Let G = (V,E) be a graph, S ⊆ V a
clique of G and {C1, . . . , C`} the set of connected components of G \ S. The
footprint of Ci, 1 6 i 6 `, is defined as the family of sets:

ΦG
S (Ci) = {N(v) ∩ S : v ∈ δ(Ci)} ∪ {N(δ(Ci)) ∩ S}

The set N(δ(Ci)) ∩ S is called the trace of component Ci, and denoted τGS (Ci).

In both notations we omit the reference to the clique S or the graph G whenever
the context is clear. Notice that {τ (Ci)} = Φ(Ci) whenever Ci is a semi-split.

Definition 3 (Overlap and � notation). Let U be a universe and A,B two
subsets of U . The sets A and B overlap, denoted A�B, whenever A and B are
neither disjoint nor comparable by inclusion. Two families A,B ⊆ 2|U | of subsets
of U overlap, denoted A� B, if there exist A ∈ A and B ∈ B such that A�B.

For the sake of readability, we will abuse this notation for a set A and a
family B, that is A� B rather than {A} � B.

Theorem 3 (?). Let G = (V,E) be a graph, S ⊆ V a clique of G and C the
set of connected components of G \ S. The graph G is ptolemaic if and only if
there is an order {C1, . . . , C`} on the components of C such that:

(i) G[S ∪ Ci] is ptolemaic for every 1 6 i 6 `

(ii)
⋃

16i6` ΦS(Ci) is a laminar family

(iii) Ci is a semi-split of G for every 1 6 i 6 `− 1

(iv) if C` is not a semi-split then:

– there exists v ∈ C` such that N(v) ∩ S = τ (C`) = S and

– no set Γ ∈ Φ(C`) satisfies Γ ( τ (Ci), 1 6 i 6 `− 1.

Corollary 1 (?). Let G = (V,E) be a graph, and S ⊆ V a clique minimal
separator or a maximal clique of G. Let C = {C1, . . . , C`} be the set of connected
components of G \ S. The graph G is ptolemaic iff the conditions (i) and (ii) of
Theorem 3 hold, and if condition (iii) of Theorem 3 holds for every 1 6 i 6 l
(i.e. condition (iv) of Theorem 3 does not occur).
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4 Decomposing the instance

We first give some known and new results about completions into chordal distance-
hereditary graphs. The soundness of the following result comes from the fact that
such graphs are hereditary and closed under true twin addition (Theorem 1 (iv)).

Lemma 2 ([4]). Let G be an hereditary class of graphs closed under true twin
addition. For every graph G = (V,E), there exists an optimal completion F into
a graph of G such that for any two maximal sets of true twins M and M ’ either
(M ×M ′) ⊆ F or (M ×M ′) ∩ F = ∅.

Lemma 3 (?). Let G be a graph and S a clique of G = (V,E) such that any
connected component C of G \ S is a semi-split. Then, there exists an optimal
completion F of G, with H = G+ F , such that any connected component C ′ of
H \ S is a semi-split.

Corollary 2. Let G = (V,E) be a graph and S ⊆ V a clique of G. Let S′ ⊆ S
be such that for every connected component C of G \ S the following holds:

(i) S′ and ΦS(C) do not overlap and

(ii) if C is not a semi-split, then no set Γ ∈ ΦS(C) satisfies Γ ( S′.

Then there exists an optimal completion F of G such that for any connected
component C ′ of H \ S, with H = G+ F , the following conditions hold:

(i) S′ and ΦH
S (C ′) do not overlap and

(ii) if C ′ is not a semi-split, then no set Γ ∈ ΦH
S (C ′) satisfies Γ ( S′.

Proof. Consider G, S and S′ satisfying the conditions of Corollary 2. Then, G
and S′ satisfy the conditions of Lemma 3. Consider the optimal completion F
given by Lemma 3 and let H = G+F . We show that H satisfies the conclusions
of Corollary 2. To prove Conclusion (i), assume for a contradiction that there
exists a component C ′ of H \S and a vertex x ∈ C ′ such that NH(x)∩S overlaps
S′. Then, there exists y ∈ (NH(x)∩S)\S′. As x and y are adjacent, they belong
to the same component C ′′ of H \S′. But y is adjacent to every vertex of S′ while
x is adjacent to some but not all of them, contradicting that C ′′ is a semi-split
of H \ S′ (which holds from the conclusion of Lemma 3). Thus, Conclusion (i)
of Corollary 2 holds. To show Conclusion (ii) of Corollary 2, observe that if C ′

is not a semi-split, then, from Theorem 3 applied with clique S, there exists a
vertex x ∈ C ′ that is adjacent to all the vertices of S. Therefore, there cannot
exist some vertex y ∈ C ′ such that NH(y) ∩ S ( S′, as this would imply that
the component C ′′ of H \ S′ that contains C ′ is not a semi-split, contradicting
the conclusion of Lemma 3. Thus, Conclusion (ii) of Corollary 2 holds. ut
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4.1 Clams and tentacles

We now introduce the main structures that will be considered by our kerneliza-
tion algorithm. We consider parts of the graph that are properly connected to
the rest of the graph (in terms of overlap, Definition 3).

Definition 4 (Clam). Let G = (V,E) be a graph, S ⊆ V a clique separator
of G and C = {C1, . . . , Cp}, with p ≥ 1, a maximal collection of connected
components of G \ S such that:

(i) G[S ∪ Ci] is ptolemaic, 1 6 i 6 p
(ii) Ci is a semi-split of G, 1 6 i 6 p

(iii) τ(Ci) = τ(Cj) for every 1 6 i < j 6 p

The collection C is called an S-clam of G.

Let G = (V,E) be a graph, S ⊆ V a clique separator of G and C =
{C1, . . . , Cp} an S-clam of G. We let V (C) = ∪pi=1Ci, and δ(C) = ∪pi=1δ(Ci).
The set δ(C) is called the frontier of the S-clam C. We first prove that there al-
ways exists an optimal completion that affects only (and uniformly) the frontier
of a given clam.

Lemma 4 (?). Let G = (V,E) be a graph, S ⊆ V a clique separator of G and
C = {C1, . . . , Cp} an S-clam of G. Any inclusion-minimal completion F of G
into a ptolemaic graph satisfies the two following properties:

(i) if F contains a pair {u, v} where u ∈ V (C) then u ∈ δ(C) and v ∈ V \V (C)
(ii) if F contains a pair {u, v}, where u ∈ δ(C) and v ∈ V \ V (C), then F

contains all pairs {u′, v} with u′ ∈ δ(C).

We now give a reduction rule to deal with clams. This is needed to define
properly the other structures considered by our kernelization algorithm. As we
shall see, using Lemma 4 on clique minimal separators will ease the polynomial-
time application of our reduction rules.

Rule 1 (Clams) Let S ⊆ V be a clique minimal separator of G and C =
{C1, . . . , Cp} an S-clam of G. Replace V (C) by a clique CS of size min (k + 1, |δ(C)|)
having the same neighborhood as δ(C).

Lemma 5 (?). Rule 1 is sound.

In the remaining of this section, we assume that the instance at hand is
reduced under Rule 1. In particular, this means that any clam of the given
instance contains exactly one connected component. In order to avoid confusion,
we henceforth refer to such clams as tentacles.

Definition 5 (Tentacle). Let (G = (V,E), k) be an instance of Ptolemaic
Completion reduced under Rule 1 and S ⊆ V be a clique separator of G. Let C
be an S-clam. Since G is reduced under Rule 1, C contains exactly one connected
component C. This component is called an S-tentacle of G.
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In a slight abuse of notation we will henceforth identify a given S-tentacle C
by its only connected component C. We refine the notion of tentacles by consid-
ering different types of such structures according to hypotheses of Corollary 2.

Definition 6. Let (G = (V,E), k) be an instance of Ptolemaic Completion
reduced under Rule 1, S ⊆ V a clique separator of G and C an S-tentacle of G.
If there does not exist a component C ′ of G \ (S ∪ C) such that Φ(C) � Φ(C ′)
then C is a:

(i) type-α S-tentacle if for every component C ′′ of G \ (S ∪C) that is not a
semi-split, no set Γ ∈ Φ(C ′′) satisfies Γ ( τ (C).

(ii) type-β S-tentacle if there exists a component C ′′ of G \ (S ∪ C) that is
not a semi-split and a set Γ ∈ Φ(C ′′) such that Γ ( τ (C).

Otherwise C is a type-γ S-tentacle.

5 Reducing the instance

We now provide the set of reduction rules that will constitute our kernelization
algorithm. For the sake of readability, we assume in the remaining of this section
that we are given an instance (G = (V,E), k) of Ptolemaic Completion.

Rule 2 Let C ⊆ V be a subset of vertices such that G[C] is a ptolemaic con-
nected component of G. Remove C from G.

Rule 3 Let {X1, . . . , Xp}, p > k, be a set of distinct induced cycles of length
4 having a non-edge {u, v} in common. Add the pair {u, v} to the solution and
decrease k by 1.

The soundness of the following rule comes from Lemma 2 since ptolemaic
graphs are hereditary and closed under true twin addition (Theorem 1 (iv)).

Rule 4 Let C ⊆ V be a set of true twins of G such that |C| > k + 1. Remove
|C| − (k + 1) arbitrary vertices in C from G.

Definition 7 (Gem-breaker). Let G = (V,E) be a graph and X = {t, p1, p2, p3, p4}
an induced gem of G. Each of the two pairs {p1, p3} and {p2, p4} is called a gem-
breaker of X.

Definition 8 (Gem-sunflower). A collection X = {X1, . . . , Xp} of induced
gems with Xi ⊆ V , 1 6 i 6 p, is a gem-sunflower if p > k and:

(i) there exist u, v ∈ ∩pi=1Xi such that {u, v} is a gem-breaker of each Xi, and
(ii) Xi and Xj do not share a gem-breaker {u′, v′} 6= {u, v}, 1 6 i < j 6 p.

The gem-breaker {u, v} is called the center of X .

Rule 5 Let X = {X1, . . . , Xp} be a gem-sunflower. Add the center of X to the
solution and decrease k by 1.

Lemma 6 (?). Rules 2 to 5 are sound and can be applied in polynomial time.
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5.1 Fishing and eating the seafood

We now turn our attention to reduction rules that consider structures defined
Section 4.1. In the remaining of this section we assume that we are given an
instance (G = (V,E), k) of Ptolemaic Completion reduced under Rule 1.

Rule 6 (Type-α tentacles) Let S ( V be a clique minimal separator of G,
and C ∈ G \ S be a type-α S-tentacle of G. Remove C from G.

Rule 7 (Type-β tentacles) Let S ⊆ V be a clique minimal separator of G
and C = {C1, . . . , Cp}, p > 2k+ 1, be a set of type-β S-tentacles. If there exist a
non semi-split component C ′ of G \ S and a set Γ ∈ Φ(C ′) with Γ ( τ (Ci) for
every 1 6 i 6 p, then add all pairs of (δ(C ′) × τ (C ′)) \ E to the solution and
decrease k accordingly.

Rule 8 Let S ⊆ V be a clique minimal separator of G such that:

1. S separates G into exactly two connected components C1 and C2 and
2. G[S ∪N2

G(S)] is ptolemaic and
3. ∀i ∈ {1, 2}, there exist a clique minimal separator Si ⊆ Ci \N2

G(S) of G[Ci]
and a connected component C ′i of G[Ci] \ Si such that N2

G(S)∩Ci ⊆ C ′i and
C ′i is an Si-clam.

Then, remove S from G.

Lemma 7 (?). Rules 6 to 8 are sound.

We now state that above reductions rules can be applied in polynomial time.
We rely on the following result.

Theorem 4 ([3, 35]). Given a graph G = (V,E), a clique minimal separator
decomposition can be obtained in O(nm) time. Moreover, all clique minimal
separators are used in the decomposition.

We would like to mention that our objective here is to prove that all reduction
rules can be applied in polynomial time. In particular, we do not give the explicit
running time of our algorithms nor try to optimize them.

Lemma 8 (?). Rules 1, 6, 7 and 8 can be applied in polynomial time.

6 Bounding the size of reduced instances

We are now ready to bound the size of reduced instances (G = (V,E), k) of
Ptolemaic Completion. We need the following results.
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Lemma 9 (?). Let (G = (V,E), k) be a YES-instance of Ptolemaic Com-
pletion reduced under Rules 1 and Rules 5 to 7. Let S ( V be a clique separator
of G and C = {C1, . . . , C`} the connected components of G\S. Then |C| = O(k2).

Lemma 10 (?). Let G = (V,E) be a connected ptolemaic graph without true

twins. Let ~TG be its clique laminar tree with
∣∣∣V (~TG)

∣∣∣ = p. Then |V (G)| 6 p.

Theorem 5 (?). Ptolemaic Completion admits a kernel with O(k4) ver-
tices.

Proof (sketch). We say that an instance (G = (V,E), k) of Ptolemaic Com-
pletion is reduced whenever none of the described reduction rules can be ap-
plied to G. Let (G = (V,E), k) be a reduced YES-instance of Ptolemaic
Completion, and F a k-completion of G. Let {C1, . . . , Cc} denote the con-
nected components of G. We work on the ptolemaic graph H = G + F with
connected components {H1, . . . ,Hc}. Since G is reduced under Rule 2, we know
that c 6 k. We assume that F = ∪ci=1Fi with Hi = G[Ci] + Fi and |Fi| = ki for

1 6 i 6 c. By Theorem 2, let ~TH be the clique laminar forest of H, and ~THi
be

the clique laminar tree of Hi, 1 6 i 6 c. Let Fi be the set of all filled bags of
~THi , that is Fi = {t ∈ V (~THi) : ∃ {u, v} ∈ F, {u, v} ⊆ Vt} and F = ∪ci=1Fi.

Claim 1. For every 1 6 i 6 c, |Fi| 6 ki · (6k − 1). Hence |F| 6 6k2 − k.

Tentacles. Let Ti denote a minimal tree spanning vertices of Fi in THi
, 1 6 i 6 c.

Let Si be the set of maximal subtrees of THi
\ Ti. We will count the bags of Si

together with Ai, the set of bags of Ti\Fi containing at least one affected vertex.

Claim 2. |V (Si) ∪ Ai| = O(ki · k2) with V (Si) the set of bags of subtrees in Si.

Let R>3
i be the set of bags of Ti \ Fi having degree at least 3 in Ti. One can

see that
∣∣∣R>3

i

∣∣∣ 6 ki. Finally, let P be a path of Ti \ (Fi ∪ R≥3i ∪ Ai). Since G

is reduced under Rule 8, one can see that |V (P )| 6 15 where V (P ) denotes the

bags of P . To conclude the proof, notice that by construction, any bag of ~TH is
either in F , or in the set Vi = V (Ti)\Fi of bags of the minimal tree Ti spanning
Fi or in a maximal subtree of THi

\ Ti for some 1 6 i 6 c. We thus obtain:

∣∣∣V (~TH)
∣∣∣ =

∣∣∣F⋃(∪ci=1V (Si))
⋃

(∪ci=1Vi)
∣∣∣ 6 O(k2)+

c∑
i=1

O(ki·k2)+

c∑
i=1

(ki+O(ki·k2)+15ki)

In turn, since
∑c

i=1 ki = k, we have
∣∣∣V (~TH)

∣∣∣ ∈ O(k3). By Lemma 10 and Rule 4,

we thus conclude that G contains O(k4) vertices. Since all reduction rules can
be applied in polynomial time (Lemmata 6 and 8), the result follows. ut
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A Proofs of Section 2

Proof (of Lemma 1). Notice first that the problem is in NP since it can be ver-
ified in polynomial time whether a given set of non-edges of any instance (G
= (V,E), k) is a k-completion using any polynomial-time recognition algorithm
for such graphs [36]. We now give a reduction from the known NP-Complete
Trivially Perfect Completion problem [33, 37]. A graph is trivially perfect
iff it does not contain any C4 nor P4 as an induced subgraph. Given an instance
(G = (V,E), k) of Trivially Perfect Completion we compute an instance
(G′ = (V ′, E′), k) of Ptolemaic Completion by adding a universal vertex to
G.

We claim that G admits a k-completion into a trivially perfect graph if and
only if G′ admits a k-completion into a ptolemaic graph. Assume first that there
exists a k-completion F of G into a trivially perfect graph. By definition, G+F
is chordal and does not contain any P4 as an induced subgraph. Now consider
the graph G′ + F : since G′[V ] is trivially perfect, and since V ′ \ V = {u} is a
universal vertex, G′ + F is chordal and cannot contain any induced gem, and is
hence ptolemaic (Theorem 1 (ii)). On the other hand, let F ′ be a k-completion
of G′ into a ptolemaic graph. Since G′ + F is chordal and does not contain any
induced gem, it follows that G′[V ] +F = G+F is chordal and does not contain
any induced P4, and is hence trivially perfect. ut

Proof (of Observation 1). Assume for a contradiction that there exists 1 6 i 6 l
such that G[δ(Ci)] is not connected. Then, there exist two vertices u, v of δ(Ci)
such that uv /∈ E, and Puv = {u, πuv, v} an induced path from u to v with
πuv in V (G[Ci \ δ(Ci)]). If N(u) ∩ N(v) ∩ S = ∅, choose su ∈ N(u) ∩ S and
sv ∈ N(v) ∩ S, otherwise choose su ∈ N(u) ∩ N(v) ∩ S and sv = su. In both
cases, the set {su, u, πuv, v, sv} induces a cycle of length at least 4 in G, leading
to a contradiction. ut

Proof (of Theorem 3). We will need the following results.

Lemma 11. Let G = (V,E) be a ptolemaic graph and S ( V a clique of G. For
any connected component C of G \ S, the family FC = {N(x) ∩ S : x ∈ δ(C)}
is a strong laminar family.

Proof. We first show that FC is laminar. For any x ∈ δ(C), we denote Sx =
N(x)∩S. Consider two vertices x, y ∈ δ(C). If xy ∈ E, since G[S∪C] is chordal,
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we must have Sx ⊆ Sy or Sy ⊆ Sx. If xy 6∈ E, Sx and Sy cannot overlap since
otherwise the set {t, x, y, sx, sy}, with sx ∈ Sx \Sy, sy ∈ Sy \Sx and t ∈ Sx ∩Sy

induces a gem. Therefore, FC is a laminar family. To show that FC is a strong
laminar family, consider a vertex x ∈ δ(C) whose Sx is inclusion-wise maximal
and consider another arbitrary vertex y ∈ δ(C). From Observation 1, G[δ(C)] is
connected. Hence there exists a path π in δ(C) from x to y. From what precedes,
for any two consecutive vertices on π their neighborhoods in S are ordered by
inclusion. Since FC is laminar and since Sx is inclusion-wise maximal, it follows
that the neighborhoods in S of all vertices of π are included in Sx. In particular,
Sy ⊆ Sx and consequently FC is a strong laminar family. ut

Proposition 1. Let G = (V,E) be a ptolemaic graph, S ⊆ V a clique of G
and C a connected component of G \ S. Let x, y ∈ δ(C) be such that xy ∈ E,
S 6⊆ N(x) and S 6⊆ N(y). Then, we have N(x) ∩ S = N(y) ∩ S.

Proof. Notice that if C is a semi-split then the statement follows directly. Oth-
erwise, Lemma 11 gives that ΦS(C) is laminar. This implies that N(x) ∩ S and
N(y)∩S are either disjoint or included in one another. If they are disjoint, take
x′ ∈ N(x)∩S and y′ ∈ N(y)∩S: {x, x′, y′, y} forms an induced C4, which cannot
be since G is chordal. Therefore, N(x) ∩ S and N(y) ∩ S are included one in
another. Assume w.l.o.g. that N(x)∩S ⊆ N(y)∩S and assume for a contradic-
tion that N(x) ∩ S 6= N(y) ∩ S. Consider the following vertices: x′ ∈ N(x) ∩ S,
y′ ∈ (N(y)\N(x))∩S and z ∈ S \N(y). Notice that such a vertex z exists since
we have S 6⊆ N(y) by hypothesis. Since xy′, xz, yz 6∈ E(G), the set {x′, x, y, y′, z}
induces a gem with universal vertex x′, contradicting the fact that G is ptole-
maic. Thus, N(x) ∩ S = N(y) ∩ S. ut

We are now ready to prove Theorem 3.
⇐ Assume first that the four conditions hold. Observe that condition (i)

implies that the graph G is chordal. We now assume for a contradiction that G
contains a gemX = {t, p1, p2, p3, p4}. By condition (i) we have thatX contains at
least two vertices from different components Ci and Cj , 1 6 i < j 6 `. It follows
that SX = S ∩ X is a separator for X. This means that either SX = {t, p2},
SX = {t, p3} or SX = {t, p2, p3} holds. Since the first two cases are symmetric,
we have:

1. SX = {t, p2}: p3 and p4 belongs to the same connected component. W.l.o.g.
assume this component is Cj . Since N(p3) ∩ S 6= N(p4) ∩ S, we have j = `.
Moreover, p2 ∈ N(p1) \ N(p4) and t ∈ N(p1) ∩ N(p4) ∩ S, and thus condi-
tion (ii) implies N(p4)∩S ( N(p1)∩S. Now, since Ci is a semi-split, we have
N(p1) ∩ S = τ (Ci) which contradicts condition (iv).

2. SX = {t, p2, p3}: in that case N(p1) ∩ S overlaps N(p4) ∩ S contradicting
condition (ii).

It follows that G is a chordal gem-free graph, and hence G is ptolemaic.

⇒ We now assume that S ⊆ V is a clique and G is ptolemaic, and prove that
the four conditions hold. Notice that we may assume S ( V since otherwise
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conditions trivially hold. We let C = {C1, . . . , C`} be the set of connected com-
ponents of G\S. Notice that condition (i) trivially holds since ptolemaic graphs
are hereditary. We now prove (ii). Lemma 11 implies in particular that for any
1 6 i 6 `, there exists v ∈ Ci such that N(v) ∩ S = τ (Ci). Hence the footprint
of Ci is Φ(Ci) = {N(v) ∩ S : v ∈ δ(Ci)}, 1 6 i 6 `. By Lemma 11, we know
that Φ(Ci) is a laminar family for 1 6 i 6 `. Assume for a contradiction that
condition (ii) does not hold. In such a case, there exist x, y ∈ V in different
connected components of G \ S such that xy /∈ E and N(x) ∩ S and N(y) ∩ S
overlap. This means that (N(x) ∩ S ∩N(y)) 6= ∅, ((N(x) ∩ S) \N(y)) 6= ∅ and
((N(y)∩S)\N(x)) 6= ∅. We thus let t ∈ N(x)∩S∩N(y), p2 ∈ (N(x)∩S)\N(y)
and p3 ∈ (N(y) ∩ S) \N(x). The graph G[{t, x, p2, p3, y}] induces a gem, which
contradicts the fact that G is ptolemaic. Hence condition (ii) holds.

We now prove that conditions (iii) and (iv) hold. Notice that if every com-
ponent of C is a semi-split, conditions (iii) and (iv) hold immediately and we
are done. We hence assume this is not the case. We first prove condition (iv) in
order to have properties on non semi-split components. We choose a component
C ′ of C that is not a semi-split and assume w.l.o.g. that C ′ = C`. We first show
that there exists v ∈ C` such that N(v) ∩ S = S. From Observation 1, and
since C` is not a semi-split, we can choose x, y ∈ δ(C`) such that xy ∈ E and
N(x)∩S 6= N(y)∩S. The contraposition of Proposition 1 directly gives us that
N(x)∩S = S or N(y)∩S = S. We now prove that for every 1 6 i 6 `−1, no set
Γ ∈ Φ(C`) satisfies Γ ( τ (Ci). Assume for a contradiction that it is not the case,
i.e. there exist 1 6 i 6 `− 1 and Γ ∈ Φ(C`) such that Γ ( τ (Ci). By definition
there exists w ∈ C` such that N(w)∩S = Γ . Moreover, thanks to Lemma 11, we
know that there exist p1 ∈ Ci such that N(p1)∩S = τ (Ci). Since C` is not a semi-
split there exists z ∈ δ(C`) such that N(w)∩S 6= N(z)∩S. From Observation 1,
there exists a path {w = q1, . . . , qp = z} in δ(C`). On this path we select the first
index i such that N(qi)∩S 6= N(qi+1)∩S and set x = qi, y = qi+1. We hence have
x, y ∈ δ(C`) with xy ∈ E, N(x) ∩ S 6= N(y) ∩ S and N(x) ∩ S = N(w) ∩ S = Γ
by choice of x. Since Γ ( τ (Ci) implies Γ ( S, we have S 6⊆ N(x) and hence the
contraposition of Proposition 1 gives N(y)∩S = S. So we know that there exist
p2 ∈ (N(p1) ∩ S ∩N(y)) \N(x) and t ∈ N(x) ∩N(p1) ∩N(y) ∩ S = N(x) ∩ S.
Hence the set {t, p1, p2, y, x} induces a gem, contradicting the fact that G is
ptolemaic. Hence condition (iv) holds.

It remains to prove condition (iii). Assume that there exist two different com-
ponents Ci and Cj , 1 6 i < j 6 ` which are not semi-splits. Since condition (iv)
holds, we now know that τ (Ci) = τ (Cj) = S. We also know that since Ci is not a
semi-split there exists Γ ∈ Φ(Ci) such that Γ 6= τ (Ci), and thus Γ ( S = τ (Cj),
which contradicts condition (iv). This concludes the proof of this Theorem. ut

Proof (of Corollary 1). We first prove the reverse direction for both cases (that is
S being a clique minimal separator or a maximal clique). Notice that satisfying
conditions (i)—(iii) implies satisfying the conditions of Theorem 3 and hence
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we are done. For the forward direction, assume first that S is a clique minimal
separator and thatG is ptolemaic. We use the fact that a set S is a clique minimal
separator if and only if G\S contains at least two connected components C1 and
C2 such that N(C1) = N(C2) = S. Such components are called full components
of S in G. By Theorem 3, we know that G fulfills conditions (i) to (iv). We
claim that the last condition cannot happen. Indeed, since S is a clique minimal
separator there exist two full components Ci and Cj of G \ S. If the component
C` is not a semi-split, τ (Ci) strictly contains Γ for some set Γ ∈ Φ(C`), a
contradiction. We now deal with the case where S is a maximal clique and G is
ptolemaic. By Theorem 3, we know that G fulfills conditions (i) to (iv). Once
again, we claim that the last condition cannot happen. Indeed, if there exists a
non semi-split component C` ∈ C, and a vertex v ∈ C` such that N(v) ∩ S = S,
then the set S ∪ {v} is a clique containing S, contradicting its maximality. ut

B Proofs of Section 3

Proof (of Lemma 3). Let F be an optimal completion of G and let H = G +
F . We denote C the set of connected components of G \ S. From Theorem 3,
{NH(v) ∩ S | v ∈ V \ S} is laminar. Moreover, since any C ∈ C is a semi-
split in G, then for any vertex v ∈ δG(C), NH(v) ∩ S ⊇ τGS (C). It follows that
ΦH
S (C), which is laminar, is even nested. Therefore, for each C ∈ C, we choose a

vertex v of δG(C) such that NH(v)∩ S is minimum for inclusion and we denote
NC = NH(v) ∩ S. Note that because {NH(v) ∩ S | v ∈ V \ S} is laminar, so
is {NC | C ∈ C}. For any C ∈ C, we denote F̃C = F ∩ (δG(C) × NC) and
H̃C = G[C ∪NC ] + F̃C . Since the vertices of NC are true twins in H̃C , Lemma 2
implies that there exists an optimal completion F̂C of H̃C such that the vertices
of NC are true twins in ĤC = H̃C + F̂C . We denote F ′C = F̃C ∪ F̂C (note that

F̃C and F̂C are disjoint) and F ′ =
⋃

C∈C
F ′C and we denote H ′ = G+ F ′.

Notice first that, by construction, the connected components of H ′ \ S are
exactly the components C ∈ C of G \ S and that for any C ∈ C, we have
τH

′

S (C) = NC . Observe also that, by definition, ĤC = H ′[C ∪ NC ]. Since the

vertices of NC are true twins in ĤC , it follows that C is a semi-split in H ′. Thus,
H ′ satisfies the conclusion of the lemma. We now show that H ′ is ptolemaic.
Since any C ∈ C is a semi-split in H ′, then Condition (iii) of Theorem 3 is
satisfied (and Condition (iv) does not occur). Moreover, as τH

′

S (C) = NC and

H ′[C ∪ NC ] = ĤC is ptolemaic, Condition (i) of Theorem 3 is also satisfied.
Finally, as noted above,

⋃
C∈C

ΦH′

S (C) = {NC | C ∈ C} is a laminar family and so

Condition i of Theorem 1 is satisfied. This implies that H ′ is ptolemaic.

In order to achieve the proof of the lemma, we just need to show that F ′

is an optimal completion, which we do by showing that |F ′| ≤ |F |. Let C ∈ C
and let FC = F ∩ ((C ∪NC) × (C ∪NC)). We have G[C ∪NC ] + FC = H[C ∪
NC ] is ptolemaic. Moreover, observe that F̃C ⊆ FC and remember that F̂C has
been defined as an optimal completion of G[C ∪ NC ] + F̃C with F̃C ∩ F̂C = ∅.
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Consequently, we have |F̃C | + |F̂C | ≤ |FC | and so |F ′C | ≤ |FC | (as |F ′C | =

|F̃C |+|F̂C |), for any C ∈ C. This gives |F ′| ≤
∑
C∈C
|F ′C | ≤

∑
C∈C
|FC |. Note that any

pair in FC is incident to some vertex of C, which implies that such completions
are pairwise disjoint. Since they are all included in F , we have

∑
C∈C
|FC | ≤ |F |.

We then obtain |F ′| ≤ |F |, which implies that F ′ is an optimal completion and
concludes the proof. ut

C Proofs of Section 4

Proof (of Lemma 4). We will need the following auxiliary result.

Observation 2 Let G = (V,E) be a ptolemaic graph and S ⊆ V a clique of G
that is also a semi-split in G. Then, the graph G′ obtained by adding a vertex x
in G adjacent to all (and only to) the vertices of S is a ptolemaic graph.

Proof. If there exists a vertex y ∈ S \δ(S), this follows from Theorem 1 (iv) as x
is a true twin of y in G′. Otherwise, let z ∈ S. By heredity of ptolemaic graphs,
G[{z}∪ (V \S)] is ptolemaic and, from Theorem 1 (iv), so is G′[{x, z}∪ (V \S)],
as x has degree one in G′[{x, z} ∪ (V \ S)]. Finally, observe that the vertices in
S \ {z} are true twins of z in G′. Theorem 1 (iv) concludes that G′ is ptolemaic.

ut

Let F be an inclusion-minimal completion of G into a ptolemaic graph and
H = G+F the resulting ptolemaic graph. We denote τ(C) = τ(C1) ⊆ S and we
let S′ ⊇ τ(C) be a maximal clique of H[V \ V (C)] that contains τ(C). Since H
is ptolemaic, from Theorem 3, we have that the family {NH(x) ∩ S′ | x ∈ δ(C)}
is laminar, and even nested since for every x ∈ δ(C), NH(x) ∩ S′ ⊇ τ(C). Let N
be the minimum element of this nested family, we then have for every x ∈ δ(C),
NH(x) ∩ S′ ⊇ N . We define a new completion H ′ of G by H ′[V \ V (C)] =
H[V \ V (C)] and H ′[V (C)] = G[V (C)] and for every x ∈ δ(C), NH′(x)∩ S′ = N .
See Figure 2 for an illustration. Observe that H ′ is indeed a completion of G
(i.e. all edges of G are in H ′) and that the set F ′ added to G to obtain H ′ is
such that F ′ ⊆ F . Moreover, observe that the completion H ′ (which has yet
to be proven ptolemaic) satisfies properties (i) and (ii) of the lemma. We now
prove that H ′ is ptolemaic, which implies that H ′ = H by minimality of H (and
because F ′ ⊆ F ).

First, observe that the connected components of H ′ \ S′ are exactly the
connected components of H[V \ V (C)] \ S′ plus the components {C1, . . . , Cp} of
the S-clam. Moreover, since H[V \ V (C)] is ptolemaic and since S′ is a maximal
clique of H[V \ V (C)], Corollary 1 implies that any component C ′ of H[V \
V (C)] \ S′ is a semi-split in H and so in H ′. Since NH′(x) ∩ S′ = N holds for
every x ∈ δ(Ci), any component Ci ∈ C of the S-clam is a semi-split in H ′. Thus,
Condition (iii) of Theorem 3 is satisfied for H ′ and S′. Observe also that since
H is ptolemaic, Theorem 3 implies that the family {NH(x) ∩ S′ | x ∈ V \ S′}
is laminar and the set N belongs to this laminar family. Therefore the family
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{NH′(x) ∩ S′ | x ∈ V \ S′} is laminar in H ′ and Condition (ii) of Theorem 3 is
satisfied for H ′ and S′.

C3

S′

C2

S

C1

C4
C1 C2 C3 C4

N

Fig. 2: Illustration of the two steps of the proof. The graphs represented are H
and H ′, respectively. The graph H ′ is obtained from H by connecting every
component of the S-clam to the set N . Notice that the edges towards S′ are still
present in H ′ but not represented for the sake of clarity.

Finally, since H is ptolemaic, we have by heredity that any component C ′ of
H[V \ V (C)] \ S′ is ptolemaic as H ′[C ′ ∪ S′] = H[C ′ ∪ S′]. Let us now consider
a component Ci ∈ C of the S-clam. We know by hypothesis of the lemma that
G[Ci∪ τ(C)] = H ′[Ci∪ τ(C)] is ptolemaic. Because, in H ′[Ci∪N ], the vertices of
N are true twins of the vertices of τ(C) then Theorem 1 (iv) gives that H ′[Ci∪N ]
is ptolemaic. From Observation 2, it follows that H ′[Ci ∪S′] is ptolemaic. Thus,
Condition (i) of Theorem 3 is satisfied for H ′ and S′.

As a conclusion, we have that all first three conditions of Theorem 3 are
satisfied by H ′ and S′. Now, since every component of H ′ \S′ is a semi-split we
conclude that H ′ is ptolemaic. By minimality of H, it follows that H = H ′ and
that H satisfies properties (i) and (ii) of the lemma. ut

Proof (of Lemma 5). Let G′ = (V ′, E′) be the reduced graph obtained from
G, and consider first a k-completion F ′ of G′. Notice that CS is a set of true
twins in G′. Hence by Lemma 2 we may assume that F ′ affects uniformly all
vertices of CS . Let H ′ = G′+F ′ and S′ be a maximal clique of H ′ containing the
set N = NH′(Cs). We know that conditions of Corollary 1 are fulfilled around
S′ in H ′. In particular, notice that every component of H ′ \ S′ is a semi-split.
We claim that the completion F obtained from F ′ by preserving all pairs in
((V \Cs)× (V \Cs)) and replacing the pairs in (Cs× (V \Cs)) by corresponding
pairs in (δ(C)× (V \V (C))) is a k-completion for G. To see this, notice first that
since |δ(C)| = |Cs| we have |F | = |F ′|. Moreover, since neighborhoods towards
S′ are the same in H = G+ F and in H ′ we have that the last three conditions
of Theorem 3 are fulfilled around S′ in H. As in the proof of Lemma 4, we
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know by definition of the S-clam that G[Ci ∪ τ(C)] = H[Ci ∪ τ(C)] is ptolemaic.
Because, in H[Ci ∪ N ], the vertices of N are true twins of the vertices of τ(C)
then Theorem 1 (iv) gives that H[Ci∪N ] is ptolemaic. From Observation 2 (see
the proof of Lemma 4), it follows that H[Ci∪S′] is ptolemaic. We thus conclude
that all first three conditions of Theorem 3 are satisfied by H and S′. Now, since
every component of H \ S′ is a semi-split we conclude that H is ptolemaic.

We now consider a k-completion F of G and let H = G + F . Recall that by
Lemma 4 the only affected vertices of C are contained in δ(C) and are affected
uniformly by F . Let v ∈ δ(C). Since ptolemaic graphs are hereditary, we know
that Hv = H[(V \V (C))∪{v}] is ptolemaic. Moreover, since ptolemaic graphs are
closed under true twin addition, adding min (k, |δ(C)| − 1) vertices as true twins
of v yields a ptolemaic graph. Notice that the resulting graph is a completion for
G′. Let F ′ be the completion needed to obtain such a graph and H ′ = G′ + F ′.
By construction, the completion F ′ is obtained from F by preserving pairs of
((V \Cs)× (V \Cs)) and replacing all pairs (δ(C)× (V \V (C)) by corresponding
pairs (Cs × (V \ V (C)). Since |Cs| = |δ(C)| we have |F ′| = |F |. This concludes
the proof. ut

D Proofs of Section 5

Proof (of Lemma 6). The soundness of Rule 2 is classical and comes from the
fact that ptolemaic graphs are closed under disjoint union. Rule 3 is a well-known
sunflower-based reduction rule and has already been used in several works (see
e.g. [5]). Finally, the soundness of Rule 4 comes from [4, Lemma 1.4] since ptole-
maic graphs are hereditary and closed under true twin addition (Theorem 1 (iv)).
To prove the soundness of Rule 5, notice that for any gem, at least one of its
gem-breakers belongs to any completion of G. Since X is a gem-sunflower, any
completion that does not take its center must take the remaining p > k gem-
breakers, and hence have size greater than k. Notice moreover that all gems can
be bruteforcely found in polynomial time. ut

Proof (of Lemma 7). We first prove the soundness of Rule 6. Let G′ be the
graph obtained from G after the removal of C. It must be clear that if G admits
a k-completion, then so does G′, by heredity of ptolemaic graphs.

We now prove the converse implication. Let S̃ = τGS (C) ⊆ S. Notice that
since C is a type-α S-tentacle, then S̃ fulfills conditions of Lemma 3 in graph
G′. As a consequence, if there exists a k-completion of G′, then there exists
a k-completion F ′ of G′ such that any connected component C ′ of H ′ \ S̃
is a semi-split, where H ′ = G + F ′. We claim that the graph H = G +
F ′ is ptolemaic. Indeed, the components C ′ of H \ S̃ are exactly the com-
ponents of H ′ \ S̃ plus C. Thus, they are all semi-splits in H and they all
satisfy H[C ′ ∪ S̃] is ptolemaic. Moreover, since H ′ is ptolemaic, Theorem 3
gives that {τ(C ′′) | C ′′ component of H ′ \ S̃} is laminar. So we also have that
{τ(C ′) | C ′ component of H \ S̃} = {τ(C ′′) | C ′′ component of H ′ \ S̃} ∪ {S̃} is
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laminar and Corollary 1 concludes that H = G+F ′ is ptolemaic, implying that
G admits a k-completion.

We now turn our attention to Rule 7. Notice first that since G is reduced
under Rule 6, τ (Ci) 6= τ (Cj) holds for any 1 6 i < j 6 p. Moreover, if there
does not exist v ∈ C ′ such that N(v) ∩ S = Γ , this means that Γ = τ (C ′).
Hence we can replace Γ by N(v′) ∩ S for any v′ ∈ C ′ and still satisfy hy-
potheses of the rule. Hence we assume that such a v exists. In order to prove
the soundness of this rule, we only have to prove that given a k-completion
F of G such that H = G + F is ptolemaic, (δ(C ′) × τ (C ′)) ⊆ E ∪ F . We
denote CH the component of H \ S containing C ′. We know that S is a sep-
arating clique of H, since at least k + 1 components of C are not in CH . We
assume w.l.o.g. that the components {C1, . . . , Ck+1} of C are not in CH . Notice
that the family F = {τG(C1), . . . , τG(Ck+1)} is laminar, since otherwise such
sets would overlap one another and would thus be type-γ tentacles. Since all
sets of F share Γ , they form a nested family, i.e. for every 1 6 i 6= j 6 k,
τ (Ci) ⊆ τ (Cj) or τ (Cj) ⊆ τ (Ci) holds. Up to a renaming of the components,
we may hence assume that for every 1 6 i 6 k, τG(Ci) ( τG(Ci+1) (recall that
no two type-β S-tentacles have the same trace). In particular, we hence have∣∣τG(Ck+1)) \ Γ

∣∣ > k. This means that NH(v) ∩ S ( τH(Ci+1) since NH(v) has
at most k more vertices than NG(v). Thus, the component CH is a semi-split,
since otherwise it would violate condition (iv) of Theorem 3. We also have that
τG(C ′) ⊆ τH(CH), which in turn implies that (δ(C ′)× τG(C ′)) ⊆ E ∪ F .

We finally turn our attention to the soundness of Rule 8 (see Figure 3).
Let G′ = G \ S. By heredity of ptolemaic graphs, if G admits a k-completion

S

S1

C′
1

C′
2

C1 C2

S2

Fig. 3: Illustration of Rule 8. The sets C ′i containing N2
G(S) ∩ Ci in G[Ci] are

Si-clams. The bold edges represent semi-split.

then so does G′. Let us now show that the converse also holds. If G′ admits
a k-completion, then G[C1] admits a k1-completion and G[C2] admits a k2-
completion with k1 + k2 ≤ k. For i ∈ {1, 2}, since C ′i is an Si-clam and NG(S)∩
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δ(C ′i) = ∅, then from Lemma 4, there exists an optimal completion Fi of G[Ci]
such that the vertices of NG(S) are unaffected and there are no pairs of Fi

contained in (C ′i×C ′i). In particular, since Fi is minimum-sized, we have |Fi| ≤ ki
and consequently |F1|+ |F2| ≤ k. We claim that H = G+(F1∪F2) is ptolemaic.

By construction, H \ S has exactly two connected components H[C1] and
H[C2]. To show that H is ptolemaic, we will show that the conditions of Corol-
lary 1 are satisfied for S in H. Let i ∈ {1, 2}. We first show that Ci is a semi-plit
in H. Observe that δ(Ci) = NG(S). Moreover, since G[S ∪N2

G(S)] is ptolemaic
and since S is a minimal separator of G[S∪N2

G(S)] (as S is a minimal separator
of G), then Corollary 1 gives that N2

G(S)∩Ci is a semi-split in G[S∪N2
G(S)] and

so is Ci in H: Condition (iii) of Corollary 1 is satisfied for S in H. In addition,
as for i ∈ J1, 2K, τHS (Ci) = S, then Condition (ii) of Corollary 1 is also satisfied
for S in H.

Finally, we show that for i ∈ J1, 2K, H[Ci ∪ S] is ptolemaic. First observe
that if H[Ci ∪S] contains an induced gem I, then I necessarily contains at least
one vertex v ∈ S, as H[Ci] is ptolemaic. It follows that I ⊆ N2

H(v), as a gem
is included in the second neighborhood of any of its vertices. By definition of
Fi, the vertices of NG(S) ∩ Ci are unaffected and there are no edges of Fi in
N2

G(S). This gives that for any vertex v ∈ S, N2
H(v) ∩ Ci = N2

G(v) ∩ Ci and
H[(N2

G(S) ∩ Ci) ∪ S] = G[(N2
G(S) ∩ Ci) ∪ S]. Therefore, the induced gem I is

also induced in G[(N2
G(S) ∩ Ci) ∪ S], which cannot be since G[N2

G(S) ∪ S] is
ptolemaic by hypothesis. Thus, H[Ci ∪ S] does not contain any induced gem.

In order to prove that H[Ci∪S] is chordal, we first show that in H[NG(S)∩Ci]
all vertices are at distance at most 2 from each other. We already noticed in what
precedes that H[NG(S)∩Ci] = G[NG(S)∩Ci]. Since G[N2

G(S)∪S] is ptolemaic, it
is in particular chordal and Observation 1 applied on S gives that G[NG(S)∩Ci]
is connected. Assume for a contradiction that there exist two vertices a, b ∈
NG(S) ∩ Ci that are at distance 3. Then, there exists an induced path a, c, d, b
in G[NG(S) ∩ Ci] and because NG(S) is complete to S in G (remember that
N2

G(S) ∩ Ci is a semi-split in G[S ∪ N2
G(S)]), then for any vertex s ∈ S, the

subset of vertices {a, b, c, d, s} is an induced gem in G[N2
G(S) ∪ S], which is a

contradiction with the fact that G[N2
G(S) ∪ S] is ptolemaic. It follows that any

two vertices in H[NG(S) ∩ Ci] are at distance at most 2.

We now turn to proving that H[Ci ∪ S] is chordal and we assume for a
contradiction that there exists an induced cycle X of length at least 4 in H[Ci ∪
S]. Since H[Ci] is chordal, X must contain at least one vertex of S. On the
other hand, since NG(S) is complete to S in G (and so in H), there cannot
be more than one vertex of S in X, since otherwise X would contain at least
two chords. Therefore, X contains exactly one vertex s ∈ S. In addition, since
G[(N2

G(S)∩Ci)∪S] is ptolemaic (and hence chordal) and since G[(N2
G(S)∩Ci)∪

S] = H[(N2
G(S) ∩ Ci) ∪ S], X must contain at least one vertex a ∈ Ci \N2

G(S).
Let b and c be the two neighbors of s in X. Since X is an induced cycle, bc is
not an edge of H and since the maximum distance between any two vertices in
H[NG(S) ∩ Ci] is at most 2 by the previous arguments, there exists a vertex
d ∈ NG(S) that is adjacent to both b and c. Note that da is not an edge of H,
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as the vertices in NG(S) are unaffected in H. Let us denote Pb (resp. Pc) the
path in X from a to b (resp. from a to c). Consider the vertex b′ ∈ Pb (resp.
c′ ∈ Pc) that is adjacent to d and that is the closest from a on Pb (resp. on Pc).
Finally, denote P ′b (resp. P ′c) the subpath of Pb (resp. Pc) from a to b′ (resp. c′).
Then, the subset of vertices X ′ = P ′b ∪ P ′c ∪ {d} is an induced cycle of length at
least 4 in H[Ci], which is ptolemaic: a contradiction. As a conclusion, there is no
induced cycle X of length at least 4 in H[Ci∪S], which is then ptolemaic (recall
that we previously showed that it contains no induced gem). Thus, Condition (i)
of Corollary 1 is satisfied for S in H and H is ptolemaic. As H is a k-completion
of G, this achieves the proof of the lemma. ut

Proof (of Lemma 8). Thanks to Theorem 4 we can compute in polynomial time
the set S of all clique minimal separators of G. For every such separator S ∈ S,
one can check in polynomial time if some components separated by S belong
to clams (Definition 4). More precisely, we can consider equivalence classes of
semi-split components of G \ S inducing ptolemaic graphs based on their neigh-
borhoods towards S. If there exists a class containing more that one element,
this corresponds to a clam of G. This allows to reduce exhaustively the instance
under Rule 1.

We next turn our attention to Rules 6 and 7. Note that the type of a given
tentacle may depend on the clique minimal separator around which it is defined.
The following result shows that it is sufficient to determine the type of a tentacle
C on the clique minimal separator τ (C).

Lemma 12. Let G = (V,E) be a graph, S ⊆ V a clique minimal separator and
C an S-tentacle of G such that S = τ (C). If C is a type-α S-tentacle, then C
is a type-α S′-tentacle for any clique minimal separator S′ ⊇ S.

Proof. Let S′ be a clique minimal separator containing S = τ (C), and assume
in a first place that C is a type-γ S′-tentacle, i.e. there exists a component Co of
G\ (S′∪C) such that ΦG

S′(Co)�ΦG
S′(C). Let C ′ be the component of G\ (S∪C)

that contains Co. Notice that by construction, C ′ contains a vertex x ∈ S′ \ S
which is thus such that S ⊆ N(x). In particular, since ΦG

S′(Co) � ΦG
S′(C) for

any C ∈ C, this means that C ′ is not a semi-split since otherwise Co would be
adjacent to every vertex of S due to S ⊆ N(x). We thus deduce that there exists
a vertex vo ∈ Co such that N(vo) ∩ S ( S = τ (C), implying that C is a type-β
S-tentacle, a contradiction. The case where no component Co of G \ (S′ ∪ C)
satisfies ΦG

S′(Co)�ΦG
S′(C) is similar. Indeed, we may assume in this case that C

is a type-β S′-tentacle, which in turn implies that there exists a component C ′

of G \ (S′ ∪ C) with a set Γ ∈ ΦS′(C ′) ( τ (C). Notice that the component C ′

exists also in G \ (S ∪ C), implying once again that C is a type-β S-tentacle, a
contradiction. ut

We can check once again on every clique minimal separator S if a component
separated by S is a tentacle, that is a semi-split that induces a complete graph.
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Moreover, thanks to Lemma 12 we can directly decide its type during this pro-
cess. Hence we can exhaustively reduce the instance under Rule 6. Regarding
Rule 7, we compute for every S ∈ S the set C of non-semi-split components of
G\S. For every C ∈ C and for every set Γ in ΦS(C), we can compute the number
of type-β S-tentacles which strictly contain Γ . If there are at least 2k + 1 such
type-β S-tentacles then Rule 7 can be applied in polynomial time. Applying
Rule 8 can be done by enumerating all clique minimal separator, and checking,
for every triplet of clique minimal separators, if they satisfy the conditions of
the rule. There is a polynomial number of clique minimal separators, so a poly-
nomial number of triplet of clique minimal separators. To conclude the proof,
notice that at each step the graph is reduced (Rules 1, 6 and 8) or the parameter
decreases (Rule 7). We thus need to repeat the above steps at most O(n + k)
times. ut

E Proofs of Section 6

Proof (of Lemma 9). Let I = (G = (V,E), k) be a YES-instance of Ptole-
maic Completion reduced under Rules 1 and Rules 5 to 7. We partition the
connected components {C1, . . . , C`} into four parts:

P1 contains components C such that G[C ∪ S] is not ptolemaic,

P2 contains components C such that G[C ∪S] is ptolemaic but C is not a semi-
split of G,

P3 contains components C such that C is a type-γ S-tentacle

P4 contains components C such that C is a type-β S-tentacle

Recall that G is type-α tentacle-free since it is reduced under Rule 6. We
first show that P1 ∪ P2 contains at most 2k + 1 components.

Claim 3. For any completion F of G into a ptolemaic graph, every connected
component of P1 contains an affected vertex. Moreover, there is at most one
connected component Cs of P2 that does not contain an affected vertex, in which
case Cs satisfies τ (Cs) = S.

Proof. Let H = G + F and C ∈ P1. By definition G[C ∪ S] is not ptolemaic
and since H[C ∪S] is ptolemaic C must contain some affected vertex. Moreover,
using Theorem 3 on H and S, we know that at most one component CH of H \S
is not a semi-split in H, and this component satisfies τHS (CH) = S. It follows
that at most one component Cs of P2 has not been affected, and it satisfies
τGS (Cs) = S. �

Recall that since any k-completion contains at most 2k affected vertices,
Claim 3 directly implies that the number of components contained in P1 ∪P2 is
at most 2k+ 1. In order to show that the number of components in P3 is O(k2)
we need the following property.
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Claim 4. Let Ci, Cj ∈ C be such that τGS (Ci)� τGS (Cj) and let F be any comple-
tion of G into a ptolemaic graph. If no vertex of Ci is affected then Cj contains
some affected vertex and every vertex of τGS (Ci) \ τGS (Cj) is affected.

Proof. We forget the mention to both S and G in the proof for the sake of
simplicity. If no vertex of Ci is affected, then τ (Ci) minimally separates Ci from
Cj ∪ (τ (Cj) \ τ (Ci)) in H1 = H[τ (Ci) ∪ Ci ∪ τ (Cj) ∪ Cj ]. Hence τ (Ci) is a
clique minimal separator in H1. Since H1 is ptolemaic Corollary 1 implies that
Cj ∪ (τ (Cj)\ τ (Ci)) is a semi-split in H1. The frontier of this semi-split contains
at least the vertices of S2 = Cj ∩ N(τ (Ci) ∩ τ (Cj)) 6= ∅ and the vertices of
τ (Cj) \ τ (Ci) 6= ∅. Since the vertices of τ (Cj) \ τ (Ci) are adjacent to every
vertex of τ (Ci) in H, then so are the vertices of S2. It follows that vertices of
τ (Ci) \ τ (Cj) 6= ∅ and of S2 ⊆ Cj are all affected. �

We now consider the graph GO whose edges are the pairs {Ci, Cj} ∈ C2,
1 6 i < j 6 l, such that τ (Ci) and τ (Cj) overlap and whose vertices are
precisely the elements of C involved in these pairs. We first show the two following
properties.

Claim 5. GO admits a vertex cover of size at most 2k.

Proof. Due to Claim 4, any edge {Ci, Cj} of GO is such that Ci or Cj contains
an affected vertex. Since G admits a k-completion, GO admits a vertex cover of
size at most 2k. �

Claim 6. GO does not contain any induced star (a tree on n vertices with exaclty
one vertex of degree greater than 1 and n− 1 so-called satellites) with more than
10k satellites.

Proof. Consider an induced star of GO. Let Cc be the center of the star, that
is the unique vertex of degree greater than 1. For every satellite Cs, τ

G
S (Cs)

overlaps with τGS (Cc). Moreover, no two satellites have their traces that overlap
each other, by definition of GO and because the star is induced. Therefore, the
traces of the satellites form a laminar family. Let F be a k-completion of G.
Remove from GO the satellites Cs such that Cs contains some affected vertex
(recall there cannot be more than 2k such satellites). Let GR be the resulting
graph. Moreover, let CR be the set of satellites of GR. Notice that since for
every satellite Cs of GO the traces τ (Cs) and τ (Cc) overlap, none of them sat-
isfy τ(Cs) = S. Therefore, from Claim 3, any satellite Cr

s of GR belongs to P3.
For any such satellite, let p1 ∈ δ(Cr

s ), p2 ∈ τ (Cr
s ) \ τ (Cc), t ∈ τ (Cc) ∩ τ (Cr

s ),
p3 ∈ τ (Cc) \ τ (Cr

s ) and p4 ∈ δ(Cc). One can see that the set {t, p1, p2, p3, p4}
induces a gem in G. If |τ (Cc) \ τ (Cr

s )| > k, then replacing p3 by vertices of
τ (Cc) \ τ (Cr

s ) yields a gem-sunflower in G. Since G has been reduced under
Rule 5, we hence have |τ (Cc) \ τ (Cr

s )| 6 k. Let Is be the intersection of the
traces of all satellites of GR. Observe that since the family {τ (C) : C ∈ CR}
is laminar and since |τ (Cc) \ τ (Cr

s )| 6 k for any satellite Cr
s of GR, we have
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|τ (Cc) \ Is| 6 2k. Moreover, FR = {τ (C) \ Is : C ∈ CR} is laminar and all
traces are different. Furthermore, Claim 4 implies that vertices of τ (Cr

s ) \ τ (Cc)
are affected for any satellite Cr

s of CR. Hence the family FR spans a universe
composed of vertices that are either affected or in τ (Cc) \ Is. By the previous
arguments, such a universe is of size at most 4k. Since a laminar family L with
different sets satisfies 2|

⋃
L∈L L| ≥ |L|, we have at most 8k satellites in CR, and

hence at most 10k in GO. �

Let X be a vertex cover of GO. By Claim 5, we know that X contains at most
2k vertices. By definition, the complement Y of X is an independent set. Since
GO does not have any induced star with more than 6k + 1 satellites (Claim 6),
it follows that any vertex of X has at most 10k neighbors in Y . Consequently,
GO has O(k2) edges. Moreover, since GO does not contain any isolated vertex
by definition, it contains O(k2) vertices. Let C ∈ C be a component of P3. By
definition of type-γ tentacles, τ (C) overlaps the trace of some other components
in C. Then C is a vertex of GO and it follows from what precedes that the num-
ber of components in P3 is O(k2).

To conclude the proof we bound the number of components in P4. Notice
that for any type-β S-tentacle C, there exist a component C ′ of G \ S that is
not a semi-split and hence a vertex v ∈ C ′ such that N(v) ∩ S ( τ (C) and
N(v) ∩ S ( τ (C ′).

Claim 7. Let C be a type-β S-tentacle. Then for any completion F of G, the
vertex v ∈ C ′ such that N(v) ∩ S ( τ (C) and N(v) ∩ S ( τ (C ′) is affected or
there is a vertex in C that is affected.

Proof. Assume for a contradiction that neither C nor v is affected in H = G+F .
Since v is unaffected and N(v) ∩ S 6= τ (C ′), v is in a non semi-split component
of H \ S. Now, NH(v) ∩ S ( τ (C) and C is a component of H \ S since it was
not affected. This contradicts condition (iv) of Theorem 3. �

Let F be a k-completion of G. We classify components of P4 into two cate-
gories, namely the ones that are affected (Ba) and the ones that are not (Bu).
We know that |Ba| 6 2k. Let C be a component of Bu, and C ′ a component of
G\S that is not a semi-split. Moreover, let v ∈ C ′ be such that N(v)∩S ( τ (C)
and N(v) ∩ S 6= τ (C ′). Thanks to Claim 7, we know that v has been affected.
Hence there exist at most 2k vertices {v1, . . . , vp} such that vi belongs to a non
semi-split component of G \ S, vi has been affected and there exists a type-β
S-tentacle Bi with N(vi) ∩ S ( τ (Bi). Since G has been reduced under Rule 7,
we know that for each 1 6 i 6 p, at most 2k different type-β S-tentacles C
satisfy N(vi)∩S ( C. This means that |Bu| 6 4k2. So we can conclude that the
number of components in P4 is O(k2). ut

Proof (of Lemma 10). We consider the partially ordered set Pu = ({U ∈ V (~TG) | u ∈
U},⊆) for any vertex u ∈ V (G). We claim that Pu has a minimum. Indeed, let
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A and B be two incomparable elements of Pu. By definition of TG, there ex-
ists C = (A ∩ B) in Pu, such that C ⊆ A and C ⊆ B. Since Pu is finite, we
can support our claim. Let us call this minimum Su. Let v ∈ V (G), and define
similarly Sv. Assume for a contradiction that Sv = Su, and let Mu and Mv

be the sets of all maximal cliques containing respectively u and v. Moreover, let
Mu ∈ Mu. By definition of Su, we have that Sv = Su ⊆ Mu, and since v ∈ Sv,
we have v ∈ Mu, which in turn implies Mu ∈ Mv. Similarly one can see that
every Mv ∈ Mv is also in Mu. Thus Mu = Mv, and hence u and v are true
twins, leading to a contradiction. So for every u, v ∈ V (G), Su 6= Sv holds, and

hence |V (G)| 6
∣∣∣V (~TG)

∣∣∣ = p. ut

Proof (of Theorem 5). We say that an instance (G = (V,E), k) of Ptolemaic
Completion is reduced whenever none of the described reduction rules can be
applied to G. Let (G = (V,E), k) be a reduced YES-instance of Ptolemaic
Completion, and F a k-completion ofG. Let {C1, . . . , Cc} denote the connected
components of G. We work on the ptolemaic graph H = G+ F with connected
components {H1, . . . ,Hc}. Since G is reduced under Rule 2, we know that c 6 k.
We assume that F = ∪ci=1Fi with Hi = G[Ci] + Fi and |Fi| = ki for 1 6 i 6 c.

By Theorem 2, let ~TH be the clique laminar forest of H, and ~THi be the clique
laminar tree of Hi, 1 6 i 6 c. In order to bound the size of the instance, we
will count the number of bags of the clique laminar tree ~TH . This approach is
justified by Lemma 10. For any t ∈ V (~TH), we let anc(t) and desc(t) denote

the set of ancestors and descendants of t in ~TH , respectively. For the sake of
readability, we assume t ∈ anc(t) and t /∈ desc(t). In a slight abuse of notation
we will use anc(Vt) (resp. desc(Vt)) to denote the set of vertices ∪t′∈anc(t)Vt′
(resp. ∪t′∈desc(t)Vt′). The following proposition will be useful to bound the size
of the instance.

Lemma 13. Let G = (V,E) be a connected ptolemaic graph and ~TG its clique

laminar tree. Let t be a bag of ~TG. Let {C1, · · · , C`} be the collection of connected
components of G \ Vt. Then, |desc(t)| 6 `.

Proof. Let d ∈ desc(t), d is a descendant of t so it has at least one parent, so

by definition of ~TG it has at least 2 parents. Moreover, d can not have 2 parents
in desc(t) ∪ {t}, otherwise there would be a cycle in TG. So d has a parent not
in desc(t) ∪ {t}, we denote this parent p. Now, p is neither t nor in desc(t) so

Vp 6⊆ Vt, by definition of ~TG. So Vp \ Vt 6= ∅. So we proved that we can associate
a connected component of G \ Vt to each bag d ∈ desc(t), we now only have
to prove that for two different bags d, d′ ∈ desc(t), Vp \ Vt and Vp′ \ Vt are in
different connected components of G \ Vt.

We can prove this easily using the fact that TG is a clique tree. Indeed, since
TG is a tree and {t} ∪ desc(t) is connected, the path from d to d′ in TG has to

go through d (and d′). But, by definition of ~TG, Vd ⊂ Vt, so Vd \ Vt = ∅. By
removing Vt from G we removed all the vertices in a bag on the path from d to
d′ in a clique tree of G, so the remaining vertices of d and d′ are disconnected
in G \ Vt, thus in different connected components. ut
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Let Fi be the set of all filled bags of ~THi , that is Fi = {t ∈ V (~THi) : ∃ {u, v} ∈
F, {u, v} ⊆ Vt} and F = ∪ci=1Fi. Moreover, let Mi be the set of minimal filled

bags of ~THi , i.e. bags that do not have any filled bag in their descendants. Finally,
we setM = ∪ci=1Mi. We will use the following results, which are straightforward
implications of Theorem 2 on the ptolemaic graph H.

Observation 3 Let t ∈ V (~TH) and {u, v} ∈ Vt. For every ancestor t′ ∈ anc(t),
{u, v} ∈ Vt′ .

Claim 8. Let t ∈ V (~TH), and {t1, . . . , tp} denote its children. Any vertex u ∈
V (G) that belongs to Vt is contained in at most one set desc(Vti), 1 6 i 6 p.

Proof. Assume for a contradiction that there exist 1 6 i < j 6 p such that
u ∈ desc(Vti) and u ∈ desc(Vtj ). In this case, u ∈ Vti and u ∈ Vtj , which means
that Vti ∩ Vtj 6= ∅. Hence there exists a bag t′ ∈ desc(ti) ∩ desc(tj) such that
{t, ti, tj , t′} induces a cycle in THi , a contradiction. �

Notice that Observation 3 and Claim 8 imply that a pair {u, v} of F cannot
occur in two different minimal filled bags t and t′ of M, since otherwise Vt′′

would contain {u, v} and t′′ would have two descendants containing u, where t′′

is the least common ancestor of t and t′. Since |Fi| = ki, we have |Mi| 6 ki
and hence |M| =

∑c
i=1 |Mi| 6 k. For every 1 6 i 6 c, let Mi = {t1i , . . . , t

q
i },

1 6 q 6 ki, be an arbitrary order over the minimal filled bags of ~THi
. We denote

the ancestors ofMi in the following way: for every 1 6 p 6 q we let Bpi = anc(tpi ).

By Observation 3 we have that Fi = ∪qj=1B
j
i .

t1
i

t2
i

t
q
i

t
j
i

Fig. 4: Illustration of the configuration of ~THi , 1 6 i 6 c. Top bags represent
maximal cliques of H. Notice that whenever two minimal filled bags have an
ancestor in common, their corresponding sets of descendants cannot intersect nor
be connected by a path, and vice-versa. Whenever such sets are disjoint, either
ancestors or descendants are connected by a path (recall G[Ci] is connected).
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Claim 9. Let t ∈ V (~THi) be a bag that contains no affected vertex, that is Vt ∩
{u ∈ V (G) : ∃v ∈ V (G), {u, v} ∈ F} = ∅. Let (Cj

i )16j6` be the collection of

connected components of G[Ci] \ Vt. Then, for every 1 6 j 6 `, Cj
i contains an

affected vertex.

Proof. We will assume that there exists a 1 6 j 6 l, such that Cj
i does not

contain any affected vertex. As neither Cj
i nor Vt contain an affected vertex,

G[Cj
i ∪Vt] = H[Cj

i ∪Vt] is ptolemaic and Cj
i is a connected component of H \Vt.

Moreover, Vt is either a minimal separating clique or a maximal clique of H, as
t is a bag of ~THi . By Corollary 1 (iii), Cj

i is a semi-split of H. We know that

NG(Cj
i ) ⊆ Vt and G[Cj

i ∪ Vt] = H[Cj
i ∪ Vt], so Cj

i is a semi-split of G. Thanks

to Claims 4 and 7, we know that Cj
i is neither a type-β Vt-tentacle nor a type-γ

Vt-tentacle, so Cj
i is a type-α Vt-tentacle. But since G is reduced under Rule 6,

this leads to a contradiction. �

Claim 10. For every 1 6 i 6 c, 1 6 j 6 q,
∣∣∣Bji ∣∣∣ 6 6k − 1.

Proof. Let {u, v} be a pair of F that belongs to Vtji
. Moreover, let Cji be the

collection of maximal cliques of Hi contained in Bji . By Observation 3, we know

that {u, v} ∈ Vt for every t ∈ Bj
i . Let {s1, . . . sp} be the set of children in Bji

of bags corresponding to maximal cliques in Cji . By Theorem 2, the bag of each

clique in Cji has exactly one si as a child, otherwise there would be a cycle in

THi . Thus, the removal of ∪pi=1Vsi leaves none of the cliques in Cji empty, each
of them in a different connected component, and all adjacent to both u and v.
Since |F | 6 k, at most 2k of these connected components contain vertices from F .

Hence, assuming
∣∣∣Cji ∣∣∣ > 3k, there exists a subset of k+ 1 vertices {c1, . . . , ck+1}

that are adjacent to both u and v and induce an independent set in G. Hence,
the collection {c1, c2, u, v}, {c2, c3, u, v} . . . {ck+1, c1, u, v} is a C4-sunflower of G,
contradicting the fact that G is reduced.

We may hence assume that
∣∣∣Cji ∣∣∣ 6 3k. Since any set in Bji is obtained as

the intersection of two or more sets of Cji and since THi
is a tree, we have that∣∣∣Bji ∣∣∣ 6 (2×

∣∣∣Cji ∣∣∣)− 1 6 6k − 1. �

Claim 11. For every 1 6 i 6 c, |Fi| 6 ki · (6k − 1). Hence |F| 6 6k2 − k.

Proof. Since Fi = ∪qj=1B
j
i , Claim 10 implies that |Fi| =

∑q
j=1

∣∣∣Bji ∣∣∣ 6 ki ·(6k−1).

Hence we have that |F| =
∑c

i=1 |Fi| 6
∑c

i=1 ki · (6k − 1) 6 k · (6k − 1) since∑c
i=1 ki = k. �
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Tentacles. Let Ti denote a minimal tree spanning vertices of Fi in THi , 1 6 i 6 c.
Moreover, let Si be the set of maximal subtrees of THi

\Ti. In order to count the
bags of those subtrees properly, we are partitioning Si into two parts, namely
SFi which contains the subtrees connected to Ti by a bag of Fi and SIi = Si\SFi .

Claim 12. Let TS be any subtree of SFi . The vertices of G contained in the bags of
TS can be partitioned into a clique separator S and a collection C of S-tentacles
such that ∪C∈CΦG

S (C) is a laminar family. Moreover, TS contains an affected
vertex.

Proof. By definition of THi
and Fi, exactly one bag t of TS has a parent p in

Ti, and p is the only bag of Ti that has a child in TS . (otherwise THi
would

contain a cycle). We will denote by VS the set ∪t∈V (TS)V (t). Since any affected
vertex in VS must be contained in Vt, the components of H \ Vt containing ver-
tices of VS are unaffected. Thus each of them is a component of G \ Vt. Since
H is ptolemaic, we directly have that those components form a collection C of
Vt-tentacles such that ∪C∈CΦG

S (C) is a laminar family in G. Notice that at least
one such component exists since t is not the only bag of TS , as it has at least
two parents by definition of ~THi

. It follows that Vt is a separating clique of H
and thus of G. Now, if VS does not contain any affected vertex then so does Vt,
which contradicts Claim 9. �

Claim 13. Let SF = ∪ci=1SFi . Then
∣∣V (SF )

∣∣ = O(k3), where V (SF ) denotes the
bags of SF .

Proof. Using both Claim 8 and the last part of Claim 12 one can observe that
there are at most 2ki maximal subtrees in SFi . Moreover, Claim 12 implies that
each subtree TS of SFi is a bag t and a collection of Vt-tentacles, so each tentacle
is at most in one bag of TS since G has been reduced under Rule 1. The other
bags of TS are in desc(t) because they are subsets of Vt. Using Lemma 9, we
know that there are O(k2) components in G \ Vt, thus O(k2) components in
H \ Vt. Lemma 13 allows us to conclude that |desc(t)| = O(k2), so TS contains
O(k2) bags. Hence

∣∣V (SF )
∣∣ =

∑c
i=1

∣∣V (SFi )
∣∣ =

∑c
i=1 2ki ·O(k2), which implies∣∣V (SF )

∣∣ = O(k3) since
∑c

i=1 ki = k. �

We now consider the set R>3
i of bags of Ti \ Fi having degree at least 3 in

Ti.

Claim 14.
∣∣∣R>3

i

∣∣∣ 6 ki.

Proof. Let T̃i be the tree obtained from Ti by contracting each maximum sub-
tree of Ti containing only bags in Fi into one single bag, called a special bag.
In other words, for each such maximum subtree T ′ of Ti replace T ′ by a sin-
gle special bag t′ and make t′ adjacent to the subset N ′ of bags of Ti defined
as N ′ = {u ∈ Ti \ T ′ | ∃v ∈ T ′, uv ∈ E(Ti)}. Note that since by definition

R>3
i ∩Fi = ∅, all the bags in R>3

i are in T̃i. Moreover, since Ti is the minimum
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subtree of THi spanning bags in Fi, then all the leaves of Ti belong to Fi and it
follows that the leaves of T̃i are all special bags. Finally, observe that each edge
uv ∈ Fi belong to exactly one special bag, as the bags of THi

containing edge uv
form a subtree of THi

. As a consequence, the number of leaves in T̃i is at most
ki. As the number of vertices having degree at least 3 in a tree having p leaves
is at most p− 2 (folklore), we obtain that in particular |R>3

i | ≤ ki. �

Claim 15. Any subtree in SIi is adjacent to a bag in Ai.

Proof. Let T ′ be a subtree in SIi and assume for contradiction that T ′ is adja-
cent to a bag t ∈ Ti \Fi that is not in Ai. Then, Claim 9 gives that V (T ′) must
contain some affected vertex v. As any affected vertex also belongs to some bag
in Fi ⊆ Ti, then v ∈ Vt, which contradicts the fact that t /∈ Ai. �

We can now count the number of bags of SIi . To that aim, we will count
them together with Ai, the set of bags of Ti \Fi containing at least one affected
vertex.

Claim 16. The number of bags of SIi ∪ Ai is O(ki · k2).

Proof. First, notice that from Claim 15, each subtree in SIi has to be adjacent to
a bag in Ai. We let AMi be the set of maximal bags of Ai: a bag is in AMi if and
only if it has no parent in Ai. So we can associate to each subtree TS ∈ SIi , a bag
t ∈ AMi such that it is an ancestor of the bag in Ai adjacent to TS (there might
be several possibilities, then we pick any of them). We denote by VS the set of all
vertices in the bags of TS and VI the vertices in the bags of SIi ∪Ai. Notice that
by construction, VI does not contain any pair of F and hence G[VI ] = H[VI ]
is ptolemaic. In particular, this means that G[Vt ∪ VS ] = H[Vt ∪ VS ]. Hence
the vertices of VS \ Vt form a collection C of Vt-tentacles in G and ΦG

Vt
(C) is

laminar. For any T ′S ∈ SIi associated to the same bag t, we define, similarly
as C, the collection C′ of Vt-tentacles formed by V ′S , the vertices of T ′S . Thus,
ΦG
Vt

(C) = ΦH
Vt

(C) and ΦG
Vt

(C′) = ΦH
Vt

(C) do not overlap, as G[VI ] is ptolemaic.

Thanks to Lemma 9, for each bag t ∈ AMi there are O(k2) components in G\Vt,
so also in H \Vt, and we also know that the components of G[VI ]\Vt = H[VI ]\Vt
are Vt-tentacles. Since G is reduced under Rule 1, any tentacle is composed of
only a clique. Then, the bags of SIi ∪ Ai associated to t are either in desc(t) or
single bags connected to desc(t) ∪ {t}. Using Lemma 13, we can conclude that
|desc(t)| = O(k2). So there are O(k2) bags of SIi ∪ Ai associated to t. Finally,
the number of bags of SIi ∪ Ai is O(

∣∣AMi ∣∣ · k2).

Notice now, that for any undirected path P in ~THi
and for any vertex

v ∈ V (G), the number of bags of P without any parent in P containing v is
at most 2 (see Claim 8). Moreover if there are 2 such bags, they are consecutive
(meaning that no other bag without parents in P is on the path between them.

Using this observation, one can see that on every path in Ti\(Fi∪R>3
i ), the bags

of AMi that are not on an endpoint of this path have to be consecutive to an end-
point of this path, as each affected vertex in the path has to reach Fi, and thus is
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also in at least one of its endpoint. Hence, on each such path, there are at most
4 bags of AMi . Since there are at most 2ki− 1 paths in Ti \ (Fi ∪R>3

i ), we have
that

∣∣AMi ∣∣ 6 4·(2ki−1) 6 8ki. So we can conclude that V (SIi ∪Ai) = O(ki ·k2). �

Claim 17. Let P be a path of Ti \ (Fi∪R≥3i ∪Ai), then |V (P )| 6 15 where V (P )
denotes the bags of P .

Proof. Assume for contradiction that the number of bags in P is at least 16.
We will show that Rule 8 can be applied to G, contradicting the fact that G is
reduced under Rule 8.

First, observe that since the bags in P , which have degree 2 in Ti, are not in
Ai, Claim 15 implies that they have degree 2 in THi as well. Note that a bag of
~THi that is not a source has at least two parents and that a bag of ~THi that is
not a sink has at least one child. Consequently, since all bags of P have degree
2 in ~THi

, then P contains only sources and sinks of ~THi
. Since P has at least 16

bags, there exists a subpath P ′ = u1, b6, b5, b4, b3, b2, b1, t, b
′
1, b
′
2, b
′
3, b
′
4, b
′
5, b
′
6, u2

of P such that b6, b4, b2, t, b
′
2, b
′
4, b
′
6 are sinks in ~THi

and u1, b5, b3, b1, b
′
1, b
′
3, b
′
5, u2

are sources in ~THi
. For any i ∈ J1, 6K, we denote Bi = Vbi and B′i = Vb′i . Let

S = Vt, S1 = B6 and S2 = B′6. We show that S, S1 and S2 satisfy all conditions
of Rule 8 in G.

First, note that S separates H in exactly 2 connected components: C1 that
contains S1 and C2 that contains S2. We show that G[C1] is connected, the same
holding for G[C2] by symmetry. Assume for a contradiction that G[C1] is not
connected. Since vertices of S are in bag b1 but not in bag b2 (by Claim 8), then
NH(S)∩C1 = B1 \S. As b1 6∈ Fi∪Ai, b1 is not affected and it follows that B1 is
a clique in G as well, which implies that NG(S) ∩C1 = B1 \ S is a clique. Since
G[C1] is not connected, then there exists a connected component C of G[C1] that
does not contain any vertex of B1 \ S (which is connected in G). Therefore, in
G, the vertices of C are not adjacent to the vertices of S, they are not adjacent
to the vertices of C1 \C and they are not adjacent to the vertices of C2 (since in
H they are not): C is a connected component of G. By the choice of F , F does
not contain any pair between connected components of G, so C ⊆ C1 must be
a connected component of H as well, which is not: a contradiction. Thus, G[C1]
is connected and so is G[C2] by symmetry. Condition 1 of Rule 8 is satisfied by
S in G.

As explained above, NH(S)∩C1 = B1\S. Observe that none of the vertices of
B1\S are in bag b4, because there is no common descendant to b1 and b4. On the
other hand, some of the vertices in B1 \S, namely the vertices in B2, are in bag
b3. It follows that N2

H(S)∩C1 = (B3∪B1)\S. Moreover, note that because none
of the bags of P ′ are in Fi∪Ai, i.e. they are neither filled nor affected bags, then
we have that H[

⋃
1≤i≤6Bi ∪S ∪

⋃
1≤i≤6B

′
i] = G[

⋃
1≤i≤6Bi ∪S ∪

⋃
1≤i≤6B

′
i]. In

particular, we obtain that N2
H(S) = N2

G(S) and G[S ∪N2
G(S)] = H[S ∪N2

G(S)]
is ptolemaic, by heredity: Condition 2 of Rule 8 is satisfied by S in G.

As mentioned previously, none of the vertices of B1 are in B4 and for the
same reason (b3 and b6 have no common descendant in ~THi

), none of the vertices
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in B3 are in B6. It follows that B6 = S1 is disjoint from B3 ∪ B1 and so it is
from N2

G(S) ∩ C1 = N2
H(S) ∩ C1 = (B3 ∪ B1) \ S. One can see that in G[C1],

S1 separates the vertices of B5 \ S1 from the vertices of Vu1
\ S1. Moreover,

Vu1
\ S1 is complete to S1 in H as S1 ⊆ Vu1

and Vu1
is a clique in H. As bag

u1 contains no added edges in H, then Vu1 \ S1 is also complete to S1 in G.
For the same reasons, B5 \ S1 is complete to S1 in G and S1 is thus a clique
minimal separator of G[C1]. We let CS

1 = (
⋃

1≤i≤5Bi) \ (S ∪ S1). Observe that

CS
1 ⊇ N2

G(S) ∩ C1 = (B3 ∪ B1) \ S and that CS
1 is connected in H, and so also

in G, since H[
⋃

1≤i≤6Bi] = G[
⋃

1≤i≤6Bi]. Again because H and G coincides

on CS
1 ∪ S1, we obtain that G[CS

1 ∪ S1] is ptolemaic. Furthermore, we have
δG[C1](C

S
1 ) = B5 \ S1 and δG[C1](C

S
1 ) is complete to S1 as S1 ⊆ B5 and B5 is

a clique in G. This gives that CS
1 is an S1-clam in G: Condition 3 of Rule 8

is satisfied by S and S1 in G. By symmetry, we obtain that S and S2 satisfy
Condition 3 of Rule 8 in G.

Therefore, all conditions of Rule 8 are satisfied with S, S1 and S2 in G and
since G is reduced under Rule 8, S should have been removed from G: a contra-
diction. This proves that the number of bags in P is at most 15. �

To conclude the proof, notice that by construction, any bag of ~TH is either
in F , or in the set Vi = V (Ti) \ Fi of bags of the minimal tree Ti spanning Fi

or in a maximal subtree of THi
\ Ti for some 1 6 i 6 c. Recall that any minimal

tree Ti is partitioned into three sets, namely R>3
i , Ai and a set of at most 2ki

paths of Ti \ (Fi ∪ R>3
i ∪ Ai). Using respectively Claims 11, 13, 16, 14 and 17,

we obtain that:

∣∣∣V (~TH)
∣∣∣ =

∣∣∣F⋃(∪ci=1V (Si))
⋃

(∪ci=1Vi)
∣∣∣ 6 O(k2)+

c∑
i=1

O(ki·k2)+

c∑
i=1

(ki+O(ki·k2)+15ki)

In turn, since
∑c

i=1 ki = k, this implies that
∣∣∣V (~TH)

∣∣∣ ∈ O(k3). By Lemma 10

and Rule 4, we thus conclude that G contains O(k4) vertices. Since all reduction
rules can be applied in polynomial time (Lemmata 6 and 8), the result follows.

ut
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