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w « paYxy\c�wVy�_a]Fz���µvpewxc^wVy1µ°_tyxy\`v��c|u<c���y\paY*º�Y\pa»Fµvc�²�w*`vw¼y « c�±<c^n{wVy\pa]Fc1pt~�_aµvµ8wVyxY\pa]F¶
µ°_tyxy\`v��c¼Y\cCz{�F�^y\`vpa]�_aµv¶eptY\`by « ²�w�_a]Fz½y « c�`bY�`v²�ºFµvc�²�c�]6y³_�y\`°pa]Fw�¾tTk]¿y « c¼��pa]6y\c^À�y&pa~
y « cl~Á_twVylz�c�u<c^µ°paºF`v]F¶¿µ°_tyxy\`v��c^®Â»F_awxcCz>�^Yxn{º�y\pe¶tY³_aº « n6d6y « c�º{Y³_a�^y\`v�C_tµowxc^����Y\`bykn>c�wV®
y\`v²�_ty\c^w�z{c^Y\`vu<c�~¸Y\pe²ÄÃApe_ty\`v]F¶t®}ºqpa`v]�yl`v²�ºFµvc�²�c�]6y³_�y\`°pa]Fw*pa~&y « c�wxcÅ_tµv¶epaY\`by « ²�w�¾Æ p�Ç+c�u<c^YCd¼y « c�wxc¹`°²�º�µvc�²�c�]6y³_ty\`vpe]�w�»qc « _Cu<cÈu<c^YxnÉ�F]Fc�À�ºqc^�^y\cCz�µbn$_a]AzÊ²�_t±<c
y « c�wxc4wxc����{Y\`vy}nÉc^wVy\`°²�_�y\c�w�z�c�»F_ty³_a»�µvce¾	WZ²�pe]�¶�pay « c^Y\w�d	]���²�c^Y\`v�C_aµ*wVy³_a»�`vµ°`by}n
`vwxwx�Fc^w�wxc�c^²�y\p/p6�����{Y�_a]Az­Y³_a`vwxcÈz�pa�F»{y\w�pe]ËÇ « _ty>`vw>_a�^y\�F_aµvµbnÉ��pa²�ºF�{y\cCzo¾Ì c¿¶a`vu<c « c^Y\c�y « c�Í�Y\wVyZY\c^wx�Fµby\w�pa] y « c|]��F²�c^Y\`v�C_tµO»qc « _Cu{`vptY�pt~�y « c1ÃApe_ty\`v]F¶t®
ºqpa`°]6y¿c�]��F²�c�Y³_ty\`vpe]�_aµv¶eptY\`vy « ² ¾ ª	« c^n�º�Y\p�u�`Îz{c�_�y « c�paY\c^y\`v�C_tµ	_t]Az�º{Y³_a�^y\`v�C_tµ
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Rn ðFñ N�ë�3FE­3FDÁòÅ36ó ê�;�9<îQ;�96ê�9<EON�96GKìoó
3Ëô åFõeçÂõ<ö 7 ð 9 ð ö ê�BAJ­9 d ≤ n

DÁ7ÁE&9�3F;CDÁó­7ÁE&GQ9<î	9<E&GQ9<EoN%5Ö96ë<N�BA;�ê
b1, . . . , bd ∈ Rn êC?&ëtP
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ð â íq7Á5Ö9<E�DÂ3FNCNC7:ë69¿P�3AêZ7ÁE ÷&EQ7ÁN�9<DÁóÈJX3FEoó4ì�3Aêt96ê�3Aêlê�BOBAE�3Aê d ≥ 2 ðø E&9½7:ê�J­BqêCN1BFïVN�9<E�7ÁEON�9<;�96êCN�96G/7ÁE�ì�3Aê�96ê�JX3AGQ9ÅBFï!;t3FNCP&9<;|êCP&BA;CNaùFBA;CNCP&BAíÖBAE�3FDQ5Ö96ëeú

N�BA;�ê ö ò�PQ7:ë�Pû3F;�9 íÖ9<E&9<;C7:ë�3FDÁDÁóÊë�3FDÁD:96G$;�96G ?&ë696G ð&ü P&9<óËîQ;�B�587:GQ9¹3�J­BA;�9 NC;t3Aë<Nt3FìQD:9
GQ96ê�ë<;C7ÁîQNC7:BAEÉBFï*NCP&9�DÂ3FNCNC7:ë69 ð LO7ÁE&ë69-3ÈDÂ3FNCNC7:ë69>7:êÅG 7:ê�ë<;�9<N�9 ö 7ÁN½ë6BAEoNt3F7ÁE&ê�3È5Ö96ë<N�BA;ÅBFï
êCJX3FDÁD:96êCN¿E&BAE ú\ý�9<;�B�þ�?&ë<DÁ7:GQ9�3FEÉD:9<EQíqNCP*ÿÖNCPQ7:ê½D:9<EQíqNCP

λ
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Oô ãÁé���� L�� =�� ö ò�PQ7:ëtP$3F7ÁJ­êÅ3FN|÷&E&G 7ÁEQíK3 DÂ3FNCNC7:ë69>5Ö96ë<N�BA;ÅBFï¼D:9<EQíqNCP
λ
ïk;�BAJ(3FE

3F;CìQ7ÁNC;t3F;Có ì�3AêC7:ê ð L��-=�7:ê��OE&B{ò�E N�B ì+9���=�ú\P�3F;�G,?QE&GQ9<;/;t3FE&GQBAJK7Áý�96G ;�96G ?&ëeú
NC7:BAE&ê! #"%$ ð â E&BANCP&9<;4î+BAîQ?QDÂ3F; DÂ3FNCNC7:ë69�îQ;�BAìQD:9<J 7:ê-NCP&9'& ã 
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Rn ö ÷&E&Gû3KDÂ3FNCNC7:ë6945Ö96ëeú
N�BA;�NCP�3FN�7:ê�ë<D:Bqê�96êCN%N�B/NCP&9 Nt3F;CíÖ9<N ðQü PQ7:ê�E&BAE ú\P&BAJ­BAíÖ9<E&96BA?&ê�5Ö9<;�ê�7:BAEIBFï�L�� = 7:ê
? ª	« `°w	Ç+paY\±�`vw¼ºA_�Yxy*pa~8y « c1WZ�FwVyxY³_aµv`°_a]�hlc^wxcC_tY\� « f+pa�F]F�^`°µ/.1`vwx��p�u<c�Yxn>U&Y\p10Vc���ylpa] SO_tyxy\`v��c�w
_t]Az>y « c�`bY ª	« c^y³_�i�c^Y\`vc�w�¾



��=1ú\P�3F;�G2 435$ ð LO7ÁE&ë69�NCP&96ê�9%îQ;�BAìQD:9<J­ê%3F;�9�ë6BqêCNCDÁó�N�BÈê�BADÁ5Ö9ÅïxBA;|DÂ3F;CíÖ9�G 7ÁJ­9<E&ê�7:BAE&ê ö
BAE&9¹7:ê�BFïkN�9<E´êt3FNC7:ê�÷�96Gûò�7ÁNCP òÅ9�36�Ö9<;-5q3F;C7Â3FEoN�ê ð þ ð í ð ö 7ÁE γ

ú^L��-= BAE&9�3Aê1�8ê>ïVBA; 3
E&BAE ú\ý�9<;�B­DÂ3FNCNC7:ë6945Ö96ë<N�BA;�E&B­D:BAEQíÖ9<;�NCP�3FE

γ · λ ð7Z3FNCNC7:ë69½;�96G ?&ë<NC7:BAE/3FDÁíÖBA;C7ÁNCPQJ­ê�;t3FEQíÖ9|ì	9<N³òÅ969<E�N�ò½B-9+88NC;�9<J­96ê ð ø E�BAE&9½êC7:GQ9 ö
NCP&997:7:7�3FDÁíÖBA;C7ÁNCPQJ; #"=<%$+îQ;�B�587:GQ96êÅ34ì�3AêC7:ê�ò�7ÁNCPX;�9<DÂ3FNC7Á5Ö9<DÁóKî	B8BA;|îQ;�BAî+9<;CNC7:96ê ö 7ÁE
î+BADÁó8E&BAJK7Â3FD!NC7ÁJ­9 ð ø EÉNCP&9>BAîQî	BqêC7ÁN�9 ö NCP&9�>-9<;CJK7ÁN�9eú@?>BA;*�87ÁE&9eúBA+BAD:BANt3F;�9<5 � >�?)AC�
;�96G ?&ë<NC7:BAE,îQ;�B�587:GQ96ê¹3FE,9+8Që69<DÁD:9<EoN¹ì�3AêC7:ê4ìQ?QN4;�9EDO?Q7Á;�96ê¹3ÉPo?QíÖ9­ë6BAJKîQ?QNt3FNC7:BAE�3FD
9+F	BA;CN ð L8ë�PQE&BA;C;� #GIH+$lòÅ3Aê>NCP&94÷&;�êCN�N�B­GQ9<587:ê�94PQ7:9<;t3F;�ë�PQ7:96ê BFï¿3FDÁíÖBA;C7ÁNCPQJ­ê-;t3FEQíAú
7ÁEQí¹ïV;�BAJJ7:7:7´N�BK>L?)A ö GQ9<î+9<E&G 7ÁEQíKBAEÊ3Èî�3F;t3FJ­9<N�9<;

k ð L8ë�PQE&BA;C;NMbê>3FDÁíÖBA;C7ÁNCPQJ­êJX36�Ö9|?&ê�9 ö 7ÁE�397:7O7Xï\3AêCPQ7:BAE ö BFï�>�?)A�;�96G ?&ë<NC7:BAE&ê�7ÁE¹îQ;�BF@C96ë<NC7:BAE&ê�BFïQê�?QìQDÂ3FNCNC7:ë696ê
BFï¿G 7ÁJ­9<E&êC7:BAE

O(k) ð�P P&9<E k
7ÁE&ë<;�9�3Aê�96ê ö NCP&9�ë6BqêCN-7ÁE&ë<;�9�3Aê�96ê43Aê�ò½9<DÁD ö ìQ?QN�NCP&9

Do?�3FDÁ7ÁN�ó­BFï*NCP&9�ì�3Aê�96ê¿7ÁJKîQ;�B�5Ö96ê ð ü P&9�;�96ë69<EON½PQ7:9<;t3F;�ëtPQ7:96ê� #Q ö HN<%$¼3AëtPQ7:9<5Ö9>ì	9<NCN�9<;
NC;t3AGQ9eú³B6F	ê-ìQ?QN-ïVBADÁD:B{ò NCP&9/êt3FJ­9�íÖ9<E&9<;t3FD1êCNC;t3FN�9<íqó ð	ñ EMîQ;t3Aë<NC7:ë69 ö NCP&9/L8ëtPQE&BA;C;�ú
þ�?&ë�PQE&9<;SRT?)A$3FDÁíÖBA;C7ÁNCPQJU #G="%$�êt969<J­ê1N�B ì+9ÅNCP&9%ì	96êCN ö 3FN�D:9�3Aê�N1ïVBA;�êCJX3FDÁDQ5q3FDÁ?&96ê
BFï

k ð+ü P&9K>L?)A ;�96G ?&ë<NC7:BAE´?&ê�96ê>NCP&9K?È3FEQE�3FE ú@V�7ÁE&ë1�Ö9eú³=�BAP&êCN � ?WV1=��>9<Eo?QJ­9<;�ú3FNC7:BAEMBFï|êCP&BA;CN�DÂ3FNCNC7:ë69¹5Ö96ë<N�BA;�êK XHNQ ö1Y $ ð ?WV1= JX36óÊì	94;�9<îQDÂ3Aë696GMìoóÊNCP&9¹îQ;�BAì�3�ú
ìQ7ÁDÁ7:êCNC7:ë¹3FDÁíÖBA;C7ÁNCPQJ BFïZ [�$ ö ìQ?QN�NCP&94DÂ3FNCN�9<;�ê�969<J­ê�êCD:B{ò½9<;>7ÁEÊîQ;t3Aë<NC7:ë69� #" Y $ ð7Z3FNCNC7:ë696êÊ3FîQî+9�3F;�96G ïxBA;XNCP&9I÷&;�êCNËNC7ÁJ­9û7ÁE ë<;Có8îQN�BAD:BAíqó 3FNËNCP&9ûì	9<íq7ÁEQEQ7ÁEQí
BFï NCP&9 Y <IMbê ö ò�P&9<E NCP&9û;�9<E&B�ò�E&96G\7:7:7 3FDÁíÖBA;C7ÁNCPQJ] #"=<%$�òÅ3AêË?&ê�96G N�B�ìQ;�9�36�
�OE�3Fî&êt3Aë^� ë<;Có8îQN�BqêCó êCN�9<J­ê_ #"=Q%$ ð V&BA;KJX3FEoó óÖ9�3F;�ê/DÂ3FNCNC7:ë696êKò½9<;�9$J­BqêCNCDÁó ?&ê�96G
3Aê�3Êë<;Có8îQNt3FE�3FDÁóONC7:ëXN�BOBADL XH Y $ ðZü P&9­DÂ3FE&GQêtë�3Fî+9Ëë�P�3FEQíÖ96G,G ;t3FJX3FNC7:ë�3FDÁDÁó,7ÁE NCP&9
JK7:G8ú`Q=<IMbê¹ò�7ÁNCP NCP&9­7ÁEo5Ö9<EONC7:BAE BFï�êt9<5Ö9<;t3FD¿DÂ3FNCNC7:ë69eú\ì�3Aê�96G 9<E&ë<;CóOîQNC7:BAE)ê�ëtP&9<J­96ê ö
3FJ­BAEQí�ò�PQ7:ëtP â @�Nt3F7Ïú³H-ò½BA;*�a #G%$ ö � üZbTc  XH535$*3FE&G_d
d�>e XHNG%$ ð ü P&9<7Á;Åêt96ë<?Q;C7ÁNC7:96ê
îQ;�B�5q3FìQDÁóQù�P&9<?Q;C7:êCNC7:ë�3FDÁDÁó/;�9<DÁó�BAEKNCP&9½P�3F;�G E&96êtê|BFï!;�9<DÂ3%8Q96G�5A3F;C7Â3FEON�ê|BFï¼L�� = 3FE&G
, �-= ð V&BA;¿9+8&3FJKîQD:9 ö 7ÁEKNCP&9�d
d�>4ù6� üZbTc ïk;t3FJ­9<òÅBA;*� ö NCP&9�P�3F;�G E&96ê�ê¿BFï	;�96ë6B�5Oú
9<;C7ÁEQíËNCP&9�ê�96ë<;�9<Nf�Ö9<ó$ïV;�BAJ NCP&9¹îQ?QìQDÁ7:ë)�Ö9<óÊ7:ê>;�9<DÂ3FN�96GûN�B$L��-= 3FE&GûNCP&9¹P�3F;�G8ú
E&96ê�ê½BFï*JX3FDÁ7:ë<7:BA?&ê�DÁóXGQ96ë<7ÁîQP&9<;C7ÁEQí­3ÈJ­96ê�êa3FíÖ9�7:ê½;�9<DÂ3FN�96GËN�B , �-= ð â ;�96ë69<EoNÅìQ?QN
5Ö9<;Cóû3Aë<NC7Á5Ö9�3FE&G îQ;�BAJK7:êC7ÁEQíÉNC;�9<E&G ë6BAE&êC7:ê�N�ê>7ÁEMìQ?Q7ÁD:G 7ÁEQíÉBANCP&9<; ë<;Có8îQN�BAíq;t3FîQPQ7:ë
ê�ë�P&9<J­96ê�ò�P&Bqêt9�ê�96ë<?Q;C7ÁNC7:96ê�îQ;�B�5q3FìQDÁó�;�96G ?&ë69%N�B NCP&9�3Aê�êC?QJ­96G�ò½BA;�êCN�ú³ë�3Aêt9�P�3F;�G8ú
E&96ê�ê½BFï�=lBADÁó

(d)
ú^L�� = ïVBA;%êCî	96ë<7Â3FD!DÂ3FNCNC7:ë696ê � ë�3FDÁD:96GÉ7:GQ9�3FD�� ð ü PQ7:ê½7ÁE&ë<DÁ?&GQ96êÅP�3AêCP ú

7ÁEQíg #"=G%$ ö êC7ÁíqE�3FNC?Q;�96êW #"="%$Z3FE&GÉîQ?QìQDÁ7:ëeú-�Ö9<óX7:GQ9<EONC7Ï÷�ë�3FNC7:BAEh #"IH+$ ð d 9<EoNC;Có ö =�9<7X�Ö9<;CN
3FE&G��¿3F7X�8?QEoNt3FE�3FNCP�3FEi XHN"%$¼7ÁEONC;�BOG ?&ë696GÊBANCP&9<;�9<DÂ3Fì	BA;t3FN�9-êtë�P&9<J­96ê ö 7ÁE&ë<DÁ?&G 7ÁEQíX3
êC7ÁíqE�3FNC?Q;�9X3FE&G 3FE�7:GQ9<EoNC7ÁN�óoú\ì�3Aêt96G,ë<;Có8îQN�BqêCó8ê�N�9<J ðjP 9/;�9eïV9<;4N�B' #"6[�$�ïxBA;4J­BA;�9
GQ9<Nt3F7ÁD:ê ð R%96êC7:GQ96êÊë<;CóOîQN�BAD:BAíqó ö DÂ3FNCNC7:ë69´;�96G ?&ë<NC7:BAE 3FE&G 7ÁE î�3F;CNC7:ë<?QDÂ3F;a?WV1=·7:ê
?&ê�96G 7ÁE�JX3FEoó�3F;�9�3Aê ö 7ÁE&ë<DÁ?&G 7ÁEQí Eo?QJ�ì+9<;INCP&96BA;Cók #l%$¹3FE&G�ë6BAJKJ¹?QEQ7:ë�3FNC7:BAE&ê
NCP&96BA;Cóm #"=n ö HNn%$ ö 7ÁEIò�PQ7:ë�PINCP&9ÈîQ;�96ê�9<EoN�;�96ê�?QDÁN�ê�JX36ó$îQ;�B{5Ö94?&ê�9eïV?QDZ3Aê�ò½9<DÁD ð

H 96êCîQ7ÁN�9-NCP&9>PQ7ÁíqP ú³êCî	9696G$GQ9<5Ö9<D:BAîQJ­9<EoN>BFïlDÂ3FNCNC7:ë69eú\ì�3Aê�96GÊë<;CóOîQN�BAíq;t3FîQPOó ö 7ÁN�ê
îQ;t3Aë<NC7:ë�3FD|ê�96ë<?Q;C7ÁN³ó ;�9<JX3F7ÁE&ê N�BXì	9�3Aêtê�96ê�ê�96G � ê�969o XH=H+$�ïxBA;43­÷&;�ê�N-êCN�9<î´7ÁEMNCP�3FN
G 7Á;�96ë<NC7:BAEp� ð , BAEONC;t3F;Có­N�B4ï\3Aë<N�BA;C7Áý{3FNC7:BAE$3FE&GËG 7:ê�ë<;�9<N�9�D:BAío3F;C7ÁNCPQJ 7ÁEK÷&EQ7ÁN�9>÷�9<D:GQê
3FE&Gû7ÁEM9<DÁDÁ7ÁîQNC7:ë�ë<?Q;C5Ö96ê ö NCP&9�îQ;t3Aë<NC7:ë�3FD1DÁ7ÁJK7ÁN�ê�ïxBA;�ê�BADÁ587ÁEQíIL��-=�3FE&G , �-= 3FE&G



NCP&9<7Á;-;�9<DÂ3%8Q96GM5A3F;C7Â3FEON�êÈ3F;�9/96ê�ê�9<EoNC7Â3FDÁDÁó ?QEq�OE&B{ò�E ö 7ÁJKîQDÁóO7ÁEQí$NCP�3FN NCP&9�îQ;t3Aë<NC7Ïú
ë�3FDÁ7ÁN³ó¹BFï&NCP&9½ê�ë�P&9<J­96ê�3Fì	B�5Ö9½7:êlGQ9<ì�3FNt3FìQD:9 ðAñ NZë6BA?QD:G¹ì	9|NCP�3FN�NCP&9¿ê�?QíqíÖ96êCN�96G)�Ö9<ó
êC7Áý�96ê-3F;�9¹ì+9<D:B{ò ò�P�3FN-NCP&9<óIêCP&BA?QD:G ö 3Aê>ò�P�3FN-P�3FîQî	9<E&96GûN�BXì+9¹NCP&9�ë�3Aê�9¹ò�7ÁNCP
d
d�>r #"=l%$ ð1ü P&9<ó JX3�ó 3FD:ê�BMì	9XN�B8BûDÂ3F;CíÖ9Ê3FE&G NCP&9<E)?QEQE&96ë696ê�êt3F;C7ÁDÁó êt3Aë<;C7Ï÷�ë69
9+sXë<7:9<E&ë<ó ð �-BÈêC7ÁíqEQ7Ï÷�ë�3FEoNÅë6BAJKîQ?QNt3FNC7:BAE�3FD!îQ;�BF@C96ë<N|P�3Aê½9<5Ö9<;|ì+969<EX?QE&GQ9<;CNt36�Ö9<E ð
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NCP&9>9<Eo?QJ­9<;t3FNC7:BAEû3FDÁíÖBA;C7ÁNCPQJ 7:ê%3FEX7ÁEo5q3FDÁ?�3FìQD:9�7ÁEQíq;�96G 7:9<EoNÅïVBA;½P�3F;�G òÅ3F;�9eú\ì�3Aê�96G
9<Eo?QJ­9<;t3FNC7:BAE*ÿ+7ÁE ê�BFïVN³ò%3F;�9 ö BAE&9�êCP&BA?QD:GIE&BAN�?&ê�9¹3KîQ;�96ë<7:ê�7:BAE ë<;C?&GQ9<;>NCP�3FE NCP&9



îQ;�BOë696ê�êtBA;ÉGQBA?QìQD:9´îQ;�96ë<7:êC7:BAE:uÅ7ÁE P�3F;�G òÅ3F;�9 ö P&B{ò½9<5Ö9<; ö NCP&9´êCJX3FDÁD:9<;ÉNCP&9MîQ;�9eú
ë<7:êC7:BAE NCP&9Kï\3AêCN�9<; ð ø 5Ö9<;t3FDÁD ö NCP&9!v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoNK3FE�3FDÁó8ê�7:ê¹BFï�NCP&9­9<Eo?QJ­9<;t3FNC7:BAE
3FDÁíÖBA;C7ÁNCPQJ 7:ê>3/êCN�9<îÊN�B{òÅ3F;�GQê�7ÁEoN�9<E&ê�9�ë<;CóOîQNt3FE�3FDÁó8NC7:ëÈë6BAJKîQ?QNt3FNC7:BAE&ê ð
�������j�+�9�x�:� ñ E�L896ë<NC7:BAE!" ö ò½9¿íq7Á5Ö9�NCP&9|E&96ë696ê�êa3F;Có-ì�3Aë^�Oíq;�BA?QE&G�BAE¹DÂ3FNCNC7:ë696ê�3FE&Gv�BÖ3FNC7ÁEQíAú\î+BA7ÁEON½3F;C7ÁNCPQJ­9<NC7:ë ðqñ E­L896ë<NC7:BAE(G ö ò½9ÅîQ;�96ë<7:ê�9<DÁó�GQ96êtë<;C7Áì+9½NCP&9�3FDÁíÖBA;C7ÁNCPQJ
?QE&GQ9<;�ê�ë6BAî	9­3FE&G,GQ96ê�ë<;C7Áì	9­BA?Q;È;�96ê�?QDÁN�ê ðCP 9Kíq7Á5Ö9­9<D:9<J­9<EON�ê/BFïÅNCP&9KîQ;�B8BFïxêÈ7ÁE
L896ë<NC7:BAEa[ ö NCP&94J­BA;�9¹N�96ë�PQEQ7:ë�3FD�GQ9<Nt3F7ÁD:ê>ì	9<7ÁEQí­î	BqêCNCî+BAE&96GIN�BKNCP&9¹3FîQî	9<E&G 7|8ÊBFï
NCP&9 ïk?QDÁD¼5Ö9<;�ê�7:BAE ð&ñ E L896ë<NC7:BAEwn ö ò½9ÈG 7:êtë<?&ê�ê�NCP&9 îQ;t3Aë<NC7:ë�3FDÁ7ÁN³ó BFï1BA?Q;�;�96êC?QDÁN�ê ð
���x�=�I�j�����:��� ñ ï x ∈ R

ö òÅ9XGQ9<E&BAN�9­ìOó bxe 7ÁN�ê�ë<D:Bqê�96êCNÈ7ÁEON�9<íÖ9<; � 7Ïï�NCP&9<;�9X3F;�9N³ò½B î	Bqê�êC7ÁìQ7ÁDÁ7ÁNC7:96ê ö NCP&9´9<5Ö9<E BAE&9M7:êÉë�P&Bqê�9<Ep� ð â 5q3F;C7Â3FìQD:9
x̄
7:ê$êC?QîQî	Bqê�96G N�B

3FîQîQ;�BE8 7ÁJX3FN�9ÈNCP&9Èë6BA;C;�96êCî	BAE&G 7ÁEQí
x
ö 3FE&GÊò½9ÈGQ9e÷&E&9

∆x = |x̄ − x| ð�)�p�9�x�C�����jV�BA;�êC7ÁJKîQDÁ7:ë<7ÁN�ó ö òÅ9¹ò�7ÁDÁD�BAEQDÁóIë6BAE&êC7:GQ9<; L�� = ð!ü P&9È;�96êC?QDÁN�ê-ë�3FEûì	9
9+88N�9<E&GQ96G N�B , � = ð�y 3FEoó,5A3F;C7Â3FìQD:96ê/B8ë6ë<?Q;¹7ÁE NCP&9XN�9+8 N ðlü PQ7:ê�7:ê/G ?&9XN�BûNCP&9
ë6BAJ¹ìQ7ÁE&96G N�96ëtPQEQ7:ë�3FDÁ7ÁNC7:96êËBFïLv�BÖ3FNC7ÁEQíAú\î+BA7ÁEON$3F;C7ÁNCPQJ­9<NC7:ë 3FE&G�7:7:7 ð½ü PQ7:êX3FD:ê�B
ë6BAJ­96ê�ïk;�BAJ NCP&9%ò�7ÁDÁD N�B-îQ;�B�587:GQ9�9+88îQDÁ7:ë<7ÁN�ì	BA?QE&GQê ö ò�PQ7:ë�PK7:ê1E&96ë696ê�êa3F;Có¹N�B43Aë<NC? ú
3FDÁDÁó�GQ9<;C7Á5Ö9Å;C7ÁíÖBA;�BA?&ê�7ÁJKîQD:9<J­9<EoNt3FNC7:BAE&ê ð >�9<;�9Å7:ê|3>P&9<?Q;C7:êCNC7:ë%íqD:Bqê�êt3F;CóÈïVBA;|3>÷&;�êCN
;�9�3AG 7ÁEQí&ÿANCP&9�7O7:7	ú\î�3F;t3FJ­9<N�9<;�ê

δ, η, α, ρ
3F;�9%96ê�ê�9<EONC7Â3FDÁDÁó

1, 1/2,
√

4/3,
√

3
u�NCP&9

5A3F;C7Â3FìQD:96ê
C1, C2, . . .

3F;�9
Õ(1)

u NCP&945A3F;C7Â3FìQD:96ê
ε
3FE&G

ε′
DO?�3FEoNC7ÏïVóË7ÁE�3Aë6ë<?Q;t3Aë<7:96ê

3FE&Gû3F;�9 E&9<íqDÁ7Áíq7ÁìQD:9 ö ò�P&9<;�9�3Aê
K
7:ê�ë<D:Bqêt94N�B

1 ð

� �m��� á³Ú½Þ��&Ü��$ÝZÚe�9�+ÛAÛÖá³àI���g�¼Ú¿Þ��W�\Ý:�+ÛÖá³ÚS�j +¡/ÝZá�ÚZÛz¢´Üoá\Û/£S�\�QÛÖá³à

P 9Kíq7Á5Ö9Xê�BAJ­9¤Do?Q7:ë^�M;�9<JK7ÁE&GQ9<;�ê�BAE'v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoNK3F;C7ÁNCPQJ­9<NC7:ëÉ3FE&G DÂ3FNCNC7:ë696ê ðV&BA;�J­BA;�9ÈGQ9<Nt3F7ÁD:ê ö ò½94;�96êCî	96ë<NC7Á5Ö9<DÁó$;�9eïV9<;�N�Ba XHNl%$l3FE&Gi #l%$ ð
¥�¦������C���:§O�^���x���C�;�x�C���j¨��f���j��©ª� â îQ;�96ë<7:ê�7:BAE

t « 
 åqæVç���¬��X­ 
 ç��!æ������ ô é �û7:ê3 NC;C7ÁîQD:9
(s, e,m) ∈ {0, 1} × Z ×

(

Z ∩ [2t−1, 2t − 1]
) ð ñ Nû;�9<îQ;�96ê�9<EON�ê´NCP&9

;�9�3FD
(−1)s · m · 2e−t+1 ð+ü P&9 ���&çVæ%ç��,æ � é/ãÁåFõ<æx­!ãÏåoèté 7:ê ε = 2−t+1 ð	ñ ï a ∈ R

ö
ò½9ÈGQ9<E&BAN�9¹ìoó �(a)

NCP&9�v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN-Eo?QJ�ì+9<;�NCP�3FN�7:ê�ë<D:Bqê�96êCN>N�B
a
� NCP&9ÈBAE&9

ò�7ÁNCPû3FEI9<5Ö9<E
m
7Ïï�NCP&9<;�9¹3F;�9-N³ò½BXê�BADÁ?QNC7:BAE&êt� ðqP 9-P�365Ö9 |a − �(a)| ≤ ε/2 · |a| ð

ñ ï a
3FE&G

b
3F;�9-N³ò½BKv�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN>Eo?QJ¹ì	9<;�ê ö òÅ9-GQ9e÷&E&9

a⊕ b, a	 b
3FE&G

a⊗ bìoó �(a + b), �(a − b)
3FE&G �(a · b) ð¼ü P&9a®�
 � ô ãÁéW­ � éCè<ç}õaç 
 � t = 53

7:ê¹3$ë6BAJ/ú
J­BAEÉëtP&BA7:ë69 3Aê ⊕,	 3FE&G ⊗ 3F;�9>7ÁJKîQD:9<J­9<EON�96GI3FN½NCP&9>îQ;�BOë696ê�êtBA;½D:9<5Ö9<D+7ÁEËJ­Bqê�N
ë6BAJKîQ?QN�9<;�ê ð*ñ E�îQ;t3Aë<NC7:ë69 ö 3FE&G´ïxBA;-NCP&9¤?WV�=#9<Eo?QJ­9<;t3FNC7:BAE 7ÁE�î�3F;CNC7:ë<?QDÂ3F; ö BAE&9
êCP&BA?QD:GX?&êt9>GQBA?QìQD:9-îQ;�96ë<7:êC7:BAEÊ3Aê½J�?&ë�PI3Aê½î+Bqê�ê�7ÁìQD:9 ð >-B�ò½9<5Ö9<; ö 3Aê�óOJKîQN�BANC7:ë�3FDÁDÁó
ò�7ÁNCPI;�96êCî	96ë<N�N�BKNCP&94íq;�B�ò�7ÁEQíËDÂ3FNCNC7:ë69ÈG 7ÁJ­9<E&êC7:BAE

d
ö ò½94ò�7ÁDÁDZE&9696G

t = Ω(d) ð¯ ���ª�Z�+°�©�¨��f���:�±�x���j¨O�x§ª���j�x¦���²��I�C�������T7*9<N
b1, . . . , bd

ì+9XDÁ7ÁE&9�3F;CDÁó 7ÁE&GQ9eú
î+9<E&GQ9<EONl5Ö96ë<N�BA;�ê ð%P 9¿GQ9e÷&E&9½NCP&9<7Á;�d-;t3FJ/ú^L8ë�PQJK7:G N�BA;CNCP&BAíÖBAE�3FDÁ7Áý{3FNC7:BAEKìoó b∗i =

bi −
∑

j<i µi,jb
∗
j

ò�7ÁNCP
µi,j =

〈bi,b
∗

j 〉

‖b∗j ‖
2

ïVBA;
i > j ðTP 9´GQ9e÷&E&9 ri = ‖b∗i ‖2 ð



ü P&9 µi,j
Mbê 3FE&G

ri
Mbê ð 3F;�9¹NCP&9a³T� å���� 	 è � �/ç ® æ�è 
 é�´Äè<ç\é+��ækõ ð+ü P&9 b∗i

Mbê-3F;�9¹î�3F7Á;�ú
ò�7:ê�9­BA;CNCP&BAíÖBAE�3FD ð�ñ ï�NCP&9 bi

Mbê�3F;�9K7ÁEoN�9<íq;t3FD ö NCP&9<E,NCP&9
µi,j

Mbê�3F;�9­;t3FNC7:BAE�3FD%3FE&G
ë�3FEIì+94ë6BAJKîQ?QN�96Gû7ÁEÊî+BADÁó8E&BAJK7Â3FD*NC7ÁJ­94ò�7ÁNCPûNCP&9 ïVBA;CJ�?QDÂ3­3Fì	B�5Ö9 ð
µ�µ�µ��^�C���x¶:©��j�������:7Z9<N

η ∈ [1/2, 1)
3FE&G

δ ∈ (η2, 1) ð , BAE&êC7:GQ9<; 3/DÂ3FNCNC7:ë69Èì�3�úêC7:ê
b1, . . . , bd

3FE&G 7ÁN�ê/ë6BA;C;�96êCî	BAE&G 7ÁEQí
b∗i
MbêK3FE&G

µi,j
Mbê ðlü P&9Éì�3AêC7:ê�7:ê/êt3F7:G N�B

ì+9
(δ, η)

�¸·x·O·¹� � é ® �Qèté ®$7Ïï%ïxBA;¹3FDÁD
i > j

ò½9KP�3�5Ö9 |µi,j | ≤ η
3FE&G

δ‖b∗i−1‖2 ≤
‖b∗i + µi,i−1b

∗
i−1‖2 ð&ü PQ7:ê�G 7Á;�96ë<NCDÁóÉ7ÁJKîQDÁ7:96ê�NCP�3FN>NCP&9ÈD:9<EQíqNCP&ê�BFï1NCP&9 b∗i

Mbê�ë�3FE ú
E&BANIGQ96ë<;�9�3Aê�9´N�BOB ï\3AêCN�ÿÅ7Ïï

α := (δ − η2)−1/2 NCP&9<E α2ri ≥ ri−1
ð�ñ E NCPQ7:ê

î�3Fî+9<; ö ò½9 ò�7ÁDÁD>ïV?Q;CNCP&9<;Ê3Aê�êC?QJ­9INCP�3FN
δ > η2 + (1 + η)−2 ð½ü PQ7:êÊ3Aê�êC?QJKî ú

NC7:BAE­7:ê�;�9�3Aê�BAE�3FìQD:9 ö êC7ÁE&ë69%ì+9eïxBA;�9�êCNt3F;CNC7ÁEQí�3FE­9<Eo?QJ­9<;t3FNC7:BAE$BAE&9�êCP&BA?QD:GX3FDÁò%36ó ê
7:7:7	ú\;�96G ?&ë69�NCP&94DÂ3FNCNC7:ë69�ò�7ÁNCP

δ
ë<D:Bqê�9ÈN�B

1
3FE&G

η
ë<D:Bqê�94N�B

1/2 ð ø ?Q;-3FE�3FDÁó êC7:êë�3FEÉì	943AG&3FîQN�96G$N�B�NCP&9�íÖ9<E&9<;t3FD*ë�3Aêt9 ö ìQ?QN%NCPQ7:ê�ë6BAJKîQDÁ7:ë�3FN�96ê�NCP&9 9+8 î+Bqê�?Q;�9>ïxBA;
3I?&ê�9<D:96êtê�ê�7ÁNC?�3FNC7:BAE ð 7Z9<E&êCNC;t3 ö 7*9<E&êCNC;t3´3FE&Gº7*B�5=»AêCý' #"=<%$%ío365Ö9I3FE 3FDÁíÖBA;C7ÁNCPQJ
NCP�3FN¹ë6BAJKîQ?QN�96ê�3FEh7O7:7	ú\;�96G ?&ë696G ì�3AêC7:ê ïV;�BAJ 3FE,3F;CìQ7ÁNC;t3F;Có´7ÁEoN�9<íq;t3FDÅì�3AêC7:ê47ÁE
NC7ÁJ­9

O(d5n log3 B)
ò�P&9<;�9

B
7:êXNCP&9IJX3%8 7ÁJ¹?QJ BFï NCP&9ûD:9<EQíqNCP&êËBFï4NCP&9Ê7ÁE ú

îQ?QN¿5Ö96ë<N�BA;�ê ð�c ê�7ÁEQí � D:B�ò îQ;�96ë<7:êC7:BAEp�¹v�BÖ3FNC7ÁEQíAú\î+BA7ÁEON�3F;C7ÁNCPQJ­9<NC7:ë�ïxBA;¿NCP&9�d-;t3FJ/ú
L8ë�PQJK7:G N½ë6BAJKîQ?QNt3FNC7:BAE&ê ö ��íq?QóÖ9<EË3FE&GËLON�9<PQD:R
 #"/35$!GQ96ë<;�9�3Aêt96G­NCP�3FN¿ë6BAJKîQD:9+8 7ÁN³ó
N�B

O(d4n(d + log B) log B) ð!ü P&9<7Á;È3FDÁíÖBA;C7ÁNCPQJ ;�9EDO?Q7Á;�96ê
η > 1/2 ð	ü P&9<óû;�9<DÁóBAE_v�BÖ3FNC7ÁEQíAú\î+BA7ÁEON-3FîQîQ;�BN887ÁJX3FNC7:BAEMN�BKNCP&9�d-;t3FJ/ú^L8ëtPQJK7:G N-BA;CNCP&BAíÖBAE�3FDÁ7Áý{3FNC7:BAE ö

ò�PQ7:ë�P 7:ê�J¹?&ëtP ë�P&9�3Fî	9<;�N�B´BAìQNt3F7ÁE)NCP�3FE ë6BAJKîQ?QNC7ÁEQí�NCP&9$9+8Q3Aë<N/BAE&9 ð â êK3FE
7ÁEoN�9<;CJ­96G 7Â3FN�94;�96êC?QDÁN ö NCP&9<óÉêCP&B�ò�NCP�3FN%7ÏïZNCP&9 7ÁEQîQ?QN%ì�3AêC7:êÅ7:êZ7:7:7¼ú\;�96G ?&ë696Gû3FE&G
7Ïï½NCP&9Kë6BAJKîQ?QNt3FNC7:BAE&ê�3F;�9/ì�3Aêt96G�BAE�NCP&9�9+8&3Aë<N�d-;t3FJ JX3FNC;C7|8 � NCP&9/JX3FNC;C7|8´BFï
NCP&9%î�3F7Á;Cò�7:ê�9�ê�ë�3FDÂ3F;�îQ;�B8G ?&ë<N�ê�BFï!NCP&9%ì�3AêC7:ê15Ö96ë<N�BA;�êt� ö NCP&9<EKNCPQ7:ê|3FîQîQ;�BN887ÁJX3FNC7:BAE
7:ê½3Aë6ë<?Q;t3FN�9>9<5Ö9<EXò�7ÁNCPXD:B�ò îQ;�96ë<7:êC7:BAE � DÁ7ÁE&9�3F;¿ò�7ÁNCPX;�96êCî	96ë<N|N�B4NCP&9�G 7ÁJ­9<E&ê�7:BAEp� ð
¼)½x¾�¿�À6¾�Á ÂÄÃ�Å{Æ�Ç�ÈBÉNÊ ·Zé6æ

b1, . . . , bd ∈ Zn ô é´å
(δ, η)

�Ë·O·O·¹� � é ® �Qèté ®�ô åFõeçÂõtÌ
Í çkæ � η ∈ [1/2, 1)

å�� ®
δ ∈ (η2, 1) Î ·lé<æ u ∈ (0, 1/16)

å�� ®
ρ = (1+η +u)(δ−

η2)−1/2 Î ·Zé<æ t
ô éKõt�Qè � æ � åqæ

C1ρ
2dε < u Í � é � é ε = 2−t+1 å�� ® C1 = 32d2 Î	 æ\å � æVç���¬�Ï �*
 � æ � é ³T� å��Ð�­åqæ � ç|Ñ 
 Ï�æ � é

bi Ò õ�å�� ® �Oõaç���¬)­ � éCè<ç}õaç 
 � t « 
 åqæVç���¬��­ 
 ç���æ½å � çVæ � �Xé<æVçVè�Ì 
 �+é�è�å�� è 
 �L­p� æ³é¹õ 
 �­é
r̄i Ò õ4å�� ® µ̄i,j Ò õ-õt�Qè � æ � åqæ@Ó

∀i > j, |µ̄i,j − µi,j| ≤ C1ρ
2jε

å�� ® ∀i, |r̄i − ri| ≤ C1ρ
2iε · ri.

Ô �W�³Ý:�+Ûqá�Ú��j �¡/ÝZá³ÚlÛz�9�+ÛAÛÖá³àI�ÖÕ/Ú1ß��×��Ü/�+Ûqá³ÝZÚ

ü P&9I?&êC?�3FD�J­9<NCP&BOGÄN�B,ê�BADÁ5Ö9´L��-=(3FE&G , � = ;�9<DÁ7:96êÉBAEÄNCP&92?WV1= 9<EO?QJ­9<;�ú
3FNC7:BAEØ XHNQ ö1Y $ ðTP 9 ;�9eïx9<;$N�BÙ XH+$-ïxBA;I3 ë6BAJKîQ;�9<P&9<E&êC7Á5Ö9 êC?Q;C5Ö9<ó ð >-9<;�9´ò½9Mò�7ÁDÁD
ë6BAE&êC7:GQ9<;|NCP&9�5q3F;C7Â3FEoNÅG ?&9�N�B¹L8ë�PQE&BA;C;�3FE&G­þ�?&ëtPQE&9<;L #G="%$!êC7ÁE&ë69�7ÁN�7:ê�NCP&9%ï\3AêCN�96êCN
3FE&GXNCP&9-BAE&9>?&êt96GX7ÁEo� ü 7 ð â ïkN�9<;%GQ96ê�ë<;C7ÁìQ7ÁEQí�NCP&9-3FDÁíÖBA;C7ÁNCPQJ ö ò½9 9+8 îQDÂ3F7ÁEËP&B{ò
N�BK?&ê�9�v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN-3F;C7ÁNCPQJ­9<NC7:ë�3FE&G$÷&E�3FDÁDÁó$íq7Á5Ö9ÈBA?Q;�JX3F7ÁEI;�96êC?QDÁN�ê ð



Ú Ê¸Â ¼)½x¾aÛ�ÜCÝ�Ái¾�À6ÞIß5à�¿pÜ×á�â�ã�¿pÀ6à�ß5½�Á
ü P&9�?WV1=�3FDÁíÖBA;C7ÁNCPQJ ïxBA;ÈL��-= Nt36�Ö96ê43Aê>7ÁEQîQ?QN43KDÂ3FNCNC7:ë69�ì�3AêC7:ê 3FE&Gû;�9<NC?Q;CE&ê43
êCP&BA;CN�96êCN¹E&BAE ú\ý�9<;�B DÂ3FNCNC7:ë69Ë5Ö96ë<N�BA; ð V&BA;�NCPQ7:ê ö 7ÁN�ë6BAE&êC7:GQ9<;�ê�ê�BAJ­9 A

3FE&G,÷&E&GQê
3FDÁDZê�BADÁ?QNC7:BAE&ê

(x1, . . . , xd) ∈ Zd N�BKNCP&949EDO?�3FNC7:BAE
∥

∥

∥

∥

∥

d
∑

i=1

xibi

∥

∥

∥

∥

∥

2

≤ A.
� H5�

ñ ï A ≥ ‖b1‖2 ö NCP&9<E$NCP&9�êt9<N½BFïlê�BADÁ?QNC7:BAE&êÅ7:êÅE&BAE ú\NC;C7Á587Â3FD¼3FE&GÊL�� = 7:êÅê�BADÁ5Ö96GÉìoó�Ö969<îQ7ÁEQí­NCP&94ì	96êCN�BAE&9 ð þ�DO?�3FNC7:BAE � H5�Å7:ê�9EDO?Q7Á5q3FD:9<EoN�N�B

d
∑

i=1



xi +

d
∑

j=i+1

µj,ixj





2

ri ≤ A.
� "/�

P 9ÊD:9<N ci = −
∑d

j=i+1 µj,ixj
3FE&G î+9<;�ïxBA;CJ NCP&9IëtP�3FEQíÖ9ûBFï45A3F;C7Â3FìQD:9

yi :=
xi − ci

ðlü PQ7:ê�ë6BA;C;�96êCî	BAE&GQê�N�B 3FîQîQDÁó87ÁEQí N�B x
NCP&9ËNC;C7Â3FEQíq?QDÂ3F;�JX3FNC;C7|8 ò�P&Bqêt9

G 7Â3FíÖBAE�3FD ë6B89+sXë<7:9<EoN�ê�3F;�9
1
3FE&G�ò�P&Bqê�9½B6F+ú³G 7Â3FíÖBAE�3FD ë6BO9+sXë<7:9<EON�ê|3F;�9|NCP&9

µi,j
Mbê ð

â EOó ê�9EDO?&9<E&ë69
(yi, . . . , yd)

ë6BA;C;�96êCî+BAE&GQêÈN�B$3É?QEQ7{DO?&9Kê�9EDO?&9<E&ë69
(xi, . . . , xd)

ð
þ�Do?�3FNC7:BAE � "/�Åì+96ë6BAJ­96ê ∑d

i=1 y2
i ri ≤ A

ö ò�PQ7:ë�Pû7ÁJKîQDÁ7:96ê>NCP�3FN�ÿ

y2
drd ≤ A,

y2
d−1rd−1 ≤ A − y2

drd,

. . .

y2
1r1 ≤ A −

d
∑

j=2

y2
j rj .

?WV1= ÷&E&GQêX3FDÁD
yd
MbêXêt3FNC7:ê�ïVóO7ÁEQí´NCP&9$÷&;�êCN­9EDO?�3FNC7:BAE ö NCP&9<E 3FDÁD

(yd−1, yd)
Mbê

êt3FNC7:ê�ïVóO7ÁEQí/NCP&9Èê�96ë6BAE&GÊ9EDO?�3FNC7:BAE ö 9<N�ë ð ?QEONC7ÁD*7ÁN�G 7:ê�ë<D:Bqê�96ê�3FDÁD (y1, . . . , yd)
Mbê>êt3FN�ú

7:ê�ïkó87ÁEQí/NCP&9-DÂ3AêCN�9EDo?�3FNC7:BAE ð 7*9<N i < d ð LO?QîQî+Bqê�9-NCP�3FN yi+1, . . . , yd
3F;�943FDÁ;�9�3AG ó

ê�9<N ð*ü P&9<E,NCP&9<;�9­7:ê�3É÷&EQ7ÁN�9XEo?QJ¹ì	9<;�BFï�î	Bqê�êC7ÁìQ7ÁDÁ7ÁNC7:96êÈïVBA; yi
êC7ÁE&ë69

yi
ì	9<D:BAEQíÖê

N�B 3ûì	BA?QE&GQ96G)7ÁEoN�9<;C5q3FD�3FE&G 7:ê/NCP&9É÷q8Q96G êCPQ7ÏïkN � ìoó
ci
�¹BFï-NCP&9$7ÁEoN�9<íÖ9<;­5q3F;C7Ïú

3FìQD:9
xi
ð+ü P&9/EO?QJ¹ì	9<;¹BFï½î	Bqê�êC7ÁìQ7ÁDÁ7ÁNC7:96ê4ïVBA; yi

7:ê ≤ 1 + 2
√

A/ri
ð	ü PQ7:ê4êCP&B{ò�ê

NCP�3FNÊNCP&9�ìQ7ÁíqíÖ9<;ÊNCP&9
ri
Mbê ö NCP&9´ï\3AêCN�9<;$NCP&9 9<Eo?QJ­9<;t3FNC7:BAE ðfP 9´ò�7ÁDÁDÈê�969´NCP�3FN

ìQ7Áí
ri
MbêÈ3FD:êtBËP&9<DÁî GQ96ë<;�9�3Aê�7ÁEQíÊNCP&9/;�9EDo?Q7Á;�96Gwv�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN�îQ;�96ë<7:êC7:BAE�E&9696GQ96G

ïVBA;�NCP&9Ëë6BAJKîQ?QNt3FNC7:BAE&ê ð ø 5Ö9<;t3FDÁD ö ?WV1= ë6BAE&êC7:ê�N�ê�7ÁE NC;Có87ÁEQí N�B ìQ?Q7ÁD:G)ê�BADÁ?QNC7:BAE
5Ö96ë<N�BA;�ê ∑d

i=1 xibi
N�BÊþ�Do?�3FNC7:BAE � H5��ìOó êC?&ë6ë696êtêC7Á5Ö9<DÁó D:B8B��87ÁEQíÊ3FN4NCP&9�îQ;�BF@C96ëeú

NC7:BAE&ê­BA;CNCP&BAíÖBAE�3FDÁDÁó)N�B NCP&9Êê�î�3FE&êKBFï
(b1, . . . , bi)

ïVBA;­3MGQ96ë<;�9�3AêC7ÁEQí
i ð V&BA;X3íq7Á5Ö9<E´ëtP&BA7:ë69/BFï

(xi+1, . . . , xd)
ö NCP&9�5q3F;C7Â3FìQD:9

xi
ì	9<D:BAEQíÖê-N�B$3FEM7ÁEoN�9<;C5q3FD�ë69<E ú

N�9<;�96GÊ7ÁE
ci
ðQñ N�ê�D:9<EQíqNCPI7:ê √

A−`i+1

ri

ö ò�P&9<;�9
`i+1 :=

∑

j>i y
2
j rj
ð



L8ë�PQE&BA;C;|3FE&G�þ�?&ë�PQE&9<;�7ÁJKîQ;�B{5Ö96GK?WV1=�3AêlïVBADÁD:B{ò�ê ð LO?QîQî+Bqê�9 (xi+1, . . . , xd)7:ê�ê�9<N ðOñ E&êCN�9�3AG$BFïlD:B8B��87ÁEQíK3FN%NCP&9 î	Bqê�êC7ÁìQD:9 xi
Mbê%7ÁEI3�ê�NC;t3F7ÁíqPoN�7ÁE&ë<;�9�3AêC7ÁEQí/ï\3AêCP ú

7:BAE ö NCP&9<ó­3F;�9�ë�P&Bqêt9<EXïV;�BAJ�NCP&9�ë69<EON�9<;ÅBFï¼NCP&9�7ÁEON�9<;C5A3FD+N�B47ÁN�ê|ì	BA;�GQ9<;�ê�ÿqNCP&9�÷&;�êCN
5A3FDÁ?&9�7:ê bcie

ö NCP&9<E­NCP&9�7ÁEoN�9<íÖ9<;ÅNCP�3FN|7:ê|ê�96ë6BAE&G­ë<D:Bqêt96êCN|N�B
ci
ö 9<N�ë ðÖü PQ7:ê¿P�3Aê�NCP&9

9+F	96ë<N BFï¿ê�BA;CNC7ÁEQí$NCP&9
`i
Mbê>ìOóI7ÁE&ë<;�9�3AêC7ÁEQíÊBA;�GQ9<; ö 3FE&GûNCPO?&ê-BFï|JX3%8 7ÁJK7Áý67ÁEQí$NCP&9

DÁ7X�Ö9<DÁ7ÁP&BOB8G�BFï�DO?Q7:ë1�8DÁóû÷&E&G 7ÁEQíM3ËêtBADÁ?QNC7:BAE N�B$þ�Do?�3FNC7:BAE � H5� ð ø E&ë69­3$ê�BADÁ?QNC7:BAE
7:ê�ïxBA?QE&G ö NCP&9�5q3FDÁ?&9�BFï

A
JX3�óIì+9�GQ96ë<;�9�3Aê�96G ö ò�PQ7:ë�PMî+BqêtêC7ÁìQDÁóIë<?QN�ê B6F JX3FEoó

ìQ;t3FE&ë�P&96ê�BFïZNCP&9-9+8 96ë<?QNC7:BAE$NC;�969 ð ñ E�V�7Áíq?Q;�9�H ö òÅ9�íq7Á5Ö9 3�GQ9<Nt3F7ÁD:96GÊGQ96ê�ë<;C7ÁîQNC7:BAE
BFï¹NCP&9 9<EO?QJ­9<;t3FNC7:BAE 3FDÁíÖBA;C7ÁNCPQJ ?&êC7ÁEQí NCP&9 L8ë�PQE&BA;C;�ú³þ�?&ëtPQE&9<;ûý67ÁíAú\ý{3Fí)î�3FNCP ð
ü P&9¹5Ö96ë<N�BA; sol

êCN�BA;�96ê�NCP&9¹E&BAE ú\ý�9<;�BÉ5Ö96ë<N�BA;
x
NCP�3FN-7:ê�ë<?Q;C;�9<EONCDÁóûNCP&BA?QíqPON43Aê

JK7ÁEQ7ÁJK7Áý67ÁEQí ‖∑

i≤d xibi‖ ðOñ N½;�9<JX3F7ÁE&ê 0
3Aê½D:BAEQí­3Aê¿E&B�D:9<EQíqNCP$ì+9<D:B{ò √

A
P�3Aê

ì+969<E�ïxBA?QE&G ðFü P&9 ∆xi
Mbê�3FE&G

∆2xi
Mbê�3F;�9Å?&ê�96G�N�B-7ÁJKîQD:9<J­9<EoN�NCP&9Åý67ÁíAú\ý{3Fí4î�3FNCP ð

ä�å�æqç ¥+è W »qpe��]Az A ¾�Wlº�º�Y\pCÀ{`°²�_�y\`vpe]Fw µ̄i,j é wZ_a]Fz r̄i é w¼y\pÅy « c�êlY³_t²%®ki{� « ²�`°z{y��p6cBë���`vc�]6y\wZpa~&_½ºqpewxwx`v»Fµbn��F]F±�]�p�Ç*]�»A_twx`°w b1, . . . , bd
¾ì ç ¥ æqç ¥+è Wû��p6paY³z{`°]F_ty\c|u<c���y\paY x ∈ Zd \ {0} wx��� « y « _ty Pd

i=1
xibi

`vw
µ°`v±<c^µvn>y\pÅY\cC_t� « y « c�µ°_tyxy\`v��c�²�`v]�`°²½�F² ¾í ¾ x := (1, 0, . . . , 0); ∆x := (1, 0, . . . , 0); ∆2x := (1,−1, . . . ,−1); sol := 0

¾î ¾ c, `, y := 0
¾ï ¾ i := 1 ¾FhZc�ºqcC_�yð ¾ yi := |xi − ci|; `i := `i+1 + y2

i ri
¾ñ ¾ T}~ `i ≤ A _a]Fz i = 1 d{y « c�] (sol, A) := update(sol, A, x, `1)

¾ò ¾ T}~ `i ≤ A _a]Fz i > 1 d{y « c�] i := i − 1 _t]Azó ¾ ci := −
Pd

j=i+1
xjµj,i

¾ô ¾ xi := bcie; ∆xi := 0 õ `b~ ci < xi
y « c�] ∆2xi := 1 c�µvwxc ∆2xi := −1 ¾ö ¾ m&µ°wxc|`b~ `i > A _a]Az i = d Y\c^y\�{Y\] sol _t]Az>wVy\peºO¾í�÷ ¾ m&µvwxc i := i + 1 _t]Azítí ¾ ∆2xi := −∆2xi; ∆xi := −∆xi + ∆2xi; xi := xi + ∆xi

¾
ø:ùûú ©�üA©Oª	« c|i{� « ]�paYxYx®}m���� « ]Fc^Y	ue_�Y\`Î_t]6ylpt~ y « c�¬|¯QUËc�]��F²�c�Y³_ty\`vpe]-_aµv¶eptY\`vy « ² ¾

ü P&9K3FDÁíÖBA;C7ÁNCPQJ0BFï�Vl7Áíq?Q;�9gH�ë�3FDÁD:ê43FEwý�þ�ÿ������X;�BA?QNC7ÁE&9 ð¼ñ EûNCP&9�7:GQ9�3FD�ë�3Aê�9 ö
7 ð 9 ð ö ò�7ÁNCP¹ë6BA;C;�96ë<NZ7ÁEQîQ?QNªd-;t3FJ/ú^L8ë�PQJK7:G N1ë6BO9+sXë<7:9<EON�ê�3FE&G¹9+8Q3Aë<NZë6BAJKîQ?QNt3FNC7:BAE&ê ö
ò½9ÉêC7ÁJKîQDÁó�Nt36�Ö9

update1(sol, A,x, `1) = (x, `1)
ðlñ ï�ò½9Ë?&ê�9!v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN

3F;C7ÁNCPQJ­9<NC7:ë ö P&B{ò½9<5Ö9<; ö NCPQ7:ê êCNC;t3FN�9<íqóÊJX36óûD:9�3AGI?&ê�N�BËë<?QN-B6F ìQ;t3FE&ë�P&96ê4BFï�NCP&9
NC;�969´NCP�3FNûë6BA?QD:G�ë6BAEoNt3F7ÁE NCP&9´JK7ÁEQ7ÁJX3FDÈE&BAE ú\ý�9<;�B D:9<EQíqNCP*ÿ�7Ïï�NCP&9�ë6BAJKîQ?QN�96G
3FîQîQ;�BE8 7ÁJX3FNC7:BAE N�B

`1
?QE&GQ9<;�ú³96êCNC7ÁJX3FN�96ê�7ÁN-3FE&GI7Ïï1NCP&9ÈDÂ3FNCNC7:ë69ÈJK7ÁEQ7ÁJ¹?QJ 7:ê�ì	9eú

N³ò½969<EKì	BANCP�5A3FDÁ?&96ê�3FE&G�P�3Aê�E&BANlì	969<E/;�9�3Aë�P&96G�óÖ9<N ö 7ÁNlò�7ÁDÁD ì	9¿JK7:ê�êt96G ð ø E&9Åë�3FE
365ÖBA7:G NCPQ7:ê�îQ7ÁN�ï\3FDÁDZò�P&9<Ezv�BÖ3FNC7ÁEQíAú\î	BA7ÁEoNÈ3F;C7ÁNCPQJ­9<NC7:ë�7:ê�?&ê�96GIìQ?QN>NCP&9ÈDÂ3FNCNC7:ë69¹7:ê
î+9<;�ïx96ë<NCDÁó!�OE&B{ò�E ö 7 ð 9 ð ö NCP&9�íÖ9<Eo?Q7ÁE&9 bi

MbêÅBA;½NCP&9-ë6BA;C;�96ë<N9d-;t3FJ/ú^L8ë�PQJK7:G N9DO?�3FE ú
NC7ÁNC7:96ê>3F;�9 íq7Á5Ö9<E ðQñ EÊNCP�3FN�ê�7ÁNC?�3FNC7:BAE ö 7ÁN%7:ê�?&ê�9eïV?QD+N�BKë6BAE&ê�7:GQ9<; update2

GQ9e÷&E&96G
3Aê�ïxBADÁD:B�ò�ê�ÿ

update2(sol, A,x, `1) = (x, A)
ò�P&9<E

sol = 0
BA; ‖∑

i xibi‖ ≤
‖∑

i solibi‖
� 9+8&3Aë<NCDÁóq� ö 3FE&G

update2(sol, A,x, `1) = (sol, A)
BANCP&9<;Cò�7:ê�9 ð



P P&9<EÉ?&êC7ÁEQí�v�BÖ3FNC7ÁEQíAú\î+BA7ÁEON�3F;C7ÁNCPQJ­9<NC7:ë ö 7ÁN¿7:êÅë<;C?&ë<7Â3FD+N�B�êCî	96ë<7Ïïkó/NCP&9-BA;�GQ9<;
7ÁE ò�PQ7:ëtP NCP&9ËBAî	9<;t3FNC7:BAE&ê­3F;�9Éî+9<;�ïxBA;CJ­96G ð â NKLON�9<îº[ ö ò½9Éò�7ÁDÁDÅ9<5q3FDÁ?�3FN�9ÉNCP&9
N�9<;CJ

y2
i ri

3Aê�ÿ
r̄i ⊗ (ȳi ⊗ ȳi)

ð â NILON�9<îÙ3 ö ò½9 ò�7ÁDÁD-9<5q3FDÁ?�3FN�9 ∑

j=i+1 xjµj,i3Aê
(xi+1 ⊗ µ̄i+1,i)⊕ [(xi+2 ⊗ µ̄i+2,i)⊕ [. . .⊕ (xd ⊗ µ̄d,i) . . .]] ð Vl7ÁE�3FDÁDÁó ö E&BANC7:ë69NCP�3FN�NCP&9

xi
Mbê ö

∆xi
Mbê ö

∆2xi
Mbê>3FE&G

soli
Mbê�;�9<JX3F7ÁEI7ÁEoN�9<íÖ9<;�ê ð

â E 7ÁN�9<;t3FNC7:BAEäBFï¹NCP&9 D:BOBAî 7:êÉ?QEQ7{Do?&9<DÁó GQ9<N�9<;CJK7ÁE&96G ìoó NCP&9M5q3FDÁ?&96ê$BFï
i3FE&G

(xi, . . . , xd)
3FN NCP&9�ì+9<íq7ÁEQEQ7ÁEQíIBFïÅNCP&9/7ÁN�9<;t3FNC7:BAE ðjP 9Kêt36ó NCP�3FN NCP&9KêCNt3FN�9

7:ê
σ = (i, [xi, . . . , xd])

ð 7*9<N i ≤ d
3FE&G

xi, . . . , xd ∈ Z ð*ü P&9!v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN3FDÁíÖBA;C7ÁNCPQJ 3FE&G�NCP&9Ë9+8Q3Aë<N�3FDÁíÖBA;C7ÁNCPQJ GQBÊE&BAN¹E&96ë696ê�êt3F;C7ÁDÁó�î	9<;�ïVBA;CJ�NCP&9Ëêt3FJ­9
7ÁN�9<;t3FNC7:BAE&ê ö 3FE&G 9<5Ö9<E 7Ïï%NCP&9<ó GQB NCP&9<ó�JX36ó,E&BAN¹ì	9­î	9<;�ïVBA;CJ­96G 7ÁE,NCP&9Éêt3FJ­9
BA;�GQ9<; ðZñ NÈ7:êÈNCPO?&ê¹7ÁJKî	Bqê�êC7ÁìQD:9XN�BIë6BAJKî�3F;�9XNCP&9X5A3FDÁ?&96ê�BFï�NCP&9­5q3F;C7Â3FìQD:96êÈïxBA;�3
íq7Á5Ö9<E�D:B8BAî�7ÁN�9<;t3FNC7:BAE ð >-B�òÅ9<5Ö9<; ö BAE&9¿JX3�ó¹ë6BAJKî�3F;�9ÅNCP&9¿5q3FDÁ?&96êlBFï&NCP&9½5q3F;C7Â3FìQD:96ê
ïVBA;¿3-íq7Á5Ö9<EXê�Nt3FN�9�BFï+NCP&9�D:B8BAî ðqñ EKì+BANCPKNCP&9�9+8&3Aë<N¿3FE&G�v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN½5A3F;C7Â3FEON�ê ö
NCP&9%5A3FDÁ?&96ê�BFï+NCP&9

ci
Mbê ö

yi
Mbê|3FE&G

`i
Mbê�GQB E&BAN|GQ9<î+9<E&GKBAE/NCP&9%7ÁN�9<;t3FNC7:BAE ö ìQ?QN|BAEQDÁó

BAE�NCP&9KêCNt3FN�9 ð VQ?Q;CNCP&9<;CJ­BA;�9 ö NCP&96ê�9/5q3FDÁ?&96ê¹3F;�9/òÅ9<DÁDÏú³GQ9e÷&E&96G,9<5Ö9<E�7Ïï½NCP&9<ó´3F;�9
E&BAN¿3Aë<NC?�3FDÁDÁó/ë6BAJKîQ?QN�96G¼ÿoNCP&9<ó�GQB E&BAN½GQ9<î+9<E&GKBAEKNCP&9�7ÁEQ7ÁNC7Â3FD�ì+BA?QE&G

A
ö E&BA;¿BAE

NCP&9�9+887:ê�N�9<E&ë69�BFï¼3FEK7ÁN�9<;t3FNC7:BAEËò�7ÁNCP­NCP&9%;C7ÁíqPoN¿ê�Nt3FN�9 ö E&BA;�7ÁE­NCP&9�BA;�GQ9<;|7ÁEKò�PQ7:ëtP
NCP&9XêCNt3FN�96ê/3F;�9­587:êC7ÁN�96G ð , BAE&ê�7:GQ9<;/3I5A3F;C7Â3FìQD:9ÉBFï�NCP&9É3FDÁíÖBA;C7ÁNCPQJ ðxP 9X?&êt9KNCP&9
E&BANt3FNC7:BAE

v
N�BÈ;�9<îQ;�96êt9<EoN%7ÁN�ê¿5q3FDÁ?&9�3FN%3Èíq7Á5Ö9<E$êCNt3FN�9>ò�7ÁNCPÉ9+8&3Aë<N½ë6BAJKîQ?QNt3FNC7:BAE&ê

3FE&G
v̄
7ÁN�ê�5q3FDÁ?&9¹3FN�NCP&9Èêt3FJ­9¹êCNt3FN�9 ò�7ÁNCP_v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN ë6BAJKîQ?QNt3FNC7:BAE&ê ð

Ú Ê Æ �ÄÞ�à�Ü��o¾	�5Ý�â�ß
�
P 9�ë6BAE&êC7:GQ9<;�3¹DÂ3FNCNC7:ë69>ì�3Aê�7:ê b1, . . . , bd

NCP�3FNÅ7:ê
(δ, η)

úS7:7O7	ú\;�96G ?&ë696G$ò�7ÁNCP
η ∈

[1/2, 1)
3FE&G

η2 + 1
(1+η)2

< δ < 1 ð/P 9�D:9<N α = 1√
δ−η2

3FE&G
ρ = (1+η)α ð8ü P&9

JK7ÁEQ7ÁJ¹?QJ BFïZNCP&9-DÂ3FNCNC7:ë694êCî�3FEQE&96GÉìOóXNCP&9
bi
Mbê%7:ê%GQ9<E&BAN�96G$ìoó

λ ð R%9<D:B{ò ö ò�P&9<E?&êC7ÁEQí¤?WV1= ö NCP&94ì�3AêC7:ê>JX36ó$E&BAN�ì	9W�OE&B{ò�E ð�ñ EÊNCP�3FN�ë�3Aê�9 ö 7ÁN�êLd-;t3FJ/ú^L8ë�PQJK7:G N
ë6BO9+sXë<7:9<EON�êÉBA;É3FîQîQ;�BE8 7ÁJX3FNC7:BAE&êËNCP&9<;�96BFï�3F;�9a�OE&B{ò�E ð¿ü P&9IïVBA;CJ­9<;ÉêC7ÁNC?�3FNC7:BAE
JX36ó�3F;C7:ê�9�7Ïï½BAE&9��OE&B{ò�ê4BAEQDÁóûNCP&9(d-;t3FJ JX3FNC;C7|8´BFï½NCP&9�ì�3AêC7:ê ð	ü P&9�DÂ3FNCN�9<;47:ê
N³ó8îQ7:ë�3FD½BFï9RT?)A�ú³êCN³ó8D:9X3FDÁíÖBA;C7ÁNCPQJ­ê�ÿ�BAE&9KNC;C7:96êÈN�BI;�96G ?&ë69Ë3$DÂ3F;CíÖ9eú³G 7ÁJ­9<E&êC7:BAE�3FD
DÂ3FNCNC7:ë69Xì�3AêC7:ê

b1, . . . , bd
ìOó 9<Eo?QJ­9<;t3FNC7ÁEQí�êCP&BA;CNÈ5Ö96ë<N�BA;�ê/BFï�DÂ3FNCNC7:ë696ê�êCî�3FEQE&96G

ìoó­NCP&9-îQ;�BF@C96ë<NC7:BAE&êÅBFïlNCP&9>5Ö96ë<N�BA;�ê
bi+1, . . . , bi+k

BA;CNCP&BAíÖBAE�3FDÁDÁóXN�B
b1, . . . , bi

ö
ïVBA;4ê�BAJ­9

i
3FE&G

k
u+?&êC?�3FDÁDÁó ö BAE&9KBAEQDÁó2�OE&B{ò�ê¹3FîQîQ;�BE8 7ÁJX3FNC7:BAE&ê�N�BËNCP&9¤d ;t3FJ/ú

L8ë�PQJK7:G N�ë6B89+sXë<7:9<EoN�ê-BFï1NCP&9 îQ;�BF@�96ë<N�96G
k
ú³G 7ÁJ­9<E&ê�7:BAE�3FDZì�3AêC7:ê ð

LO?QîQî+Bqêt9$ò½9$?&ê�9�v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoNÉ3F;C7ÁNCPQJ­9<NC7:ëI7ÁE NCP&9É9<EO?QJ­9<;t3FNC7:BAEÄîQ;�B8ë69eú
G ?Q;�9 ö 3Aê4GQ96ê�ë<;C7Áì	96G 3Fì+B{5Ö9 ðCP 9KGQ9<E&BAN�9Kìoó ε

NCP&9/?QEQ7ÁNÈ7ÁE�NCP&9/DÂ3Aê�N4îQDÂ3Aë69­3FE&G
ò½9>GQ9e÷&E&9

K = 1+ ε/2 ≈ 1 ð/P 9>3FDÁD:B{ò NCP&9>7ÁEQîQ?QNTd-;t3FJ/ú^L8ëtPQJK7:G NÅë6B89+sXë<7:9<EoN�êN�BKì+9 7ÁE&ë6BA;C;�96ë<N ð V&BA;�NCPQ7:ê�îQ?Q;Cî	Bqê�9 ö òÅ9ÈGQ9e÷&E&9qÿ

κ = max

(

max
i>j

∆µi,j

ε
,max

i

∆ri

ri · ε

)

.



ñ ï	NCP&9�d-;t3FJ/ú^L8ëtPQJK7:G NÅë6B89+sXë<7:9<EoN�ê�3F;�9�9+8&3Aë<NCDÁó��OE&B{ò�EÉ3FE&GXNCP&9<EX;�BA?QE&GQ96G ö òÅ9
P�365Ö9

κ ≤ 1 ð¼ü P&9<óMë�3FE,3FD:ê�B$ì	9�ë6BAJKîQ?QN�96G 3Aê4J­9<EoNC7:BAE&96G�7ÁE ü P&96BA;�9<J H ö 7ÁE
ò�PQ7:ë�P ë�3Aêt9 ò½94P�3�5Ö9

κ ≤ C1ρ
2d(1 + u′)2d ïVBA;�êtBAJ­94êCJX3FDÁD u′ > 0 ð

ü BÉêC7ÁJKîQDÁ7ÏïVóÊNCP&9ÈNCP&96BA;�9<J­ê-ì+9<D:B{ò ö òÅ9¹7ÁEONC;�BOG ?&ë69�ê�BAJ­9�E&BANt3FNC7:BAE ð�P 9�GQ9eú
÷&E&9

R = (1 + κε) · maxi ri
ÿ87ÁN�ì	BA?QE&GQê>3FDÁD	NCP&9

ri
Mbê�3Aê%ò½9<DÁDl3Aê%NCP&9

ri + ∆ri
Mbê ð

P 9¹3FD:ê�BKGQ9e÷&E&9qÿ

C2 =
κ + 2

α − 1
+

κ + 4

ρ − 1
, C3 =

2α(2 + κ + 2C2)

1 + η − α
,

ε′ = 2
R

r1

[

(1 + κ)α2d + (2C2 + C3)ρ
d
]

· ε, C4 = C3
K + dε

1 − ε′
(2 + dε).

ü P&9 ïxBADÁD:B�ò�7ÁEQíXNCP&96BA;�9<J êCP&B�ò�ê>NCP�3FN�ò�P&9<Eûê�BAJ­949+8&3Aë<N9�8E&B�ò�D:96G íÖ9ÈBFï1NCP&9
DÂ3FNCNC7:ë69È7:ê�îQ;�B{5O7:GQ96G NCP&9<EINCP&9Wv�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN 9<Eo?QJ­9<;t3FNC7:BAE´ê�BADÁ5Ö96ê L��-= ö 7Ïï1NCP&9
îQ;�96ë<7:êC7:BAE/7:ê

Ω(d)
3FE&G�NCP&9¿7ÁEQ7ÁNC7Â3FD8D:9<EQíqNCP/?QîQî+9<;�ì+BA?QE&G�7:ê1êCDÁ7ÁíqPoNCDÁó¹7ÁE&ë<;�9�3Aê�96G�7ÁE

BA;�GQ9<;�N�B Nt36�Ö9�ë�3F;�9�BFï!NCP&9%7ÁE�3Aë6ë<?Q;t3Aë<7:96ê ðoñ EKî�3F;CNC7:ë<?QDÂ3F; ö 7ÁEKNCP&9%J­Bqê�N�?&êC?�3FD&ë�3Aê�9
ò�P&9<;�9�NCP&9

ri
MbêÅGQ96ë<;�9�3Aê�9 ö BAE&9-ë�3FE$ë�P&B8Bqê�9

A = r1 · (1 + (2d +C3ρ
d)ε)

ö ò�PQ7:ë�P
7:ê½BAEQDÁóXê�DÁ7ÁíqPoNCDÁó­DÂ3F;CíÖ9<;%NCP�3FE

r1
ðOñ ï*NCP&9 ri

MbêÅGQB¹E&BAN%GQ96ë<;�9�3Aê�9 ö NCP&9<ó­ë�3FE$êCNC7ÁDÁD!ì	9
3Aê�êC?QJ­96G$BFïZNCP&9 êt3FJ­9 BA;�GQ9<;�BFïZJX3FíqEQ7ÁNC?&GQ9 � ?Qî$N�B/3Èï\3Aë<N�BA;

2O(d) � ö NCP�3FEq� ê%N�B
NCP&9�7:7O7	ú\;�96G ?&ë696G E&96ê�êÈBFï¿NCP&9�7ÁEQîQ?QN-ì�3AêC7:ê ö 3FE&GûNCP&9/3KîQ;C7:BA;C7ª�8E&B�ò�D:96G íÖ9�NCP�3FN
DÂ3F;CíÖ9<;

ri
Mbê�ò�7ÁDÁD*E&BAN�ì	9 ?&ê�96G$7ÁEI5Ö96ë<N�BA;�ê>;�9�3Aë�PQ7ÁEQíXNCP&9 JK7ÁEQ7ÁJ�?QJ ð

¼)½x¾�¿�À6¾�Á]ÆjÊ &¹
 �Qõeç ® é � æ � é « 
 åqæVç���¬��X­ 
 ç��!æ���
 � åAã ¬ 
�� çkæ � � ® éeõ<è � ç ô é ® ç�� 	 � ô �
õ6éCè6æVç 
 ��� Î���Î 	 �5­/­ 
 õ�é�æ � åÖæËéeçVæ � é � æ � é bi Ò õ´å � é��%� 
 Í � 
�� æ � åqæKæ � é ³T� å����
	 è � �/ç ® æ����Qå���æVçVæVçxéaõ4å � éÈè 
��+� éCè6æ�Ì½å�� ® æ � åqæ�æ � é

update2

Ït���!è6æVç 
 �Êç}õL�Oõ6é ® Î�� éåFõtõ+���Xé�æ � åqæ
C2ρ

d · ε ≤ 0.01
å�� ®

A ≥ (1 + 2dε) · λ2 + C3ρ
dε · R Î�� � é+�´æ � é� é<æ¸� � �+é ® è 
N
=��® ç��!åqæ³éeõ

sol
õ<åqæVç}õ�Ï�� ‖∑

i≤d solibi‖ = λ Î
ñ EûNCP&94NCP&96BA;�9<J 3Fì	B�5Ö9 ö ò½9ÈGQBKE&BAN�ë<?QN>B6F�ìQ;t3FE&ë�P&96ê-BFï1NCP&9¹ë6BAJKîQ?QNt3FNC7:BAE

BAE&ë69I3´êCP&BA;CN/5Ö96ë<N�BA;­P�3Aê/ì+969<E ïxBA?QE&G¼ÿ1ò½9_�Ö969<î NCP&9É7ÁEQ7ÁNC7Â3FD�ì	BA?QE&G
A ð1ñ N/7:êî+Bqê�ê�7ÁìQD:9­N�BIGQ96ë<;�9�3Aê�9

A
9�3Aë�P NC7ÁJ­9Ë3ûêC7ÁíqEQ7Ï÷�ë�3FEoNCDÁó,ê�P&BA;CN�9<;¹5Ö96ë<N�BA;�7:ê4ïxBA?QE&G ð

LO?QîQî+Bqê�9É3I5Ö96ë<N�BA;/BFï>9+8&3Aë<N�ê1DO?�3F;�96G E&BA;CJ
A′ < A

P�3Aê¹ì	969<E ïxBA?QE&G ð�ü P&9<E
ò½9 ë�3FEÊê�9<N

A = min(A,A′(1 + ε”))
ö ïxBA;�3ÈòÅ9<DÁD*ë�P&Bqê�9<E

ε”
NCP�3FN�ë�3FE$ì+9�JX3AGQ9

9+88îQDÁ7:ë<7ÁN ð�ü PQ7:ê¹Nt36�Ö96ê�ë�3F;�9ÉBFï%î	Bqê�êC7ÁìQD:9ËêCDÁ7ÁíqPoN/B�5Ö9<;�ú³96ê�NC7ÁJX3FN�96êKBFï%7ÁEON�9<;CE�3FD `i
Mbê

ò�PQ7:ë�Pûë6BA?QD:GÊ9<;C;�BAE&96BA?&êCDÁóÉD:9�3AG$N�B�NCP&9 ;�9<J­B�5q3FD*BFïl?&ê�9eïV?QD	D:BOBAîÊ7ÁN�9<;t3FNC7:BAE&ê ð V&BA;
NCP&9Èêt36�Ö94BFï�êC7ÁJKîQDÁ7:ë<7ÁN³ó ö ò½9ÈGQBKE&BAN�ë6BAE&ê�7:GQ9<;�NCPQ7:ê�5q3F;C7Â3FEoN�P&9<;�9 ð

P 7ÁNCPQ7ÁEmRT?)A�ú³êCN³ó8D:9�3FDÁíÖBA;C7ÁNCPQJ­ê ö BAE&9¹JX36óûBAEQDÁó_�8E&B�ò 3FîQîQ;�BE8 7ÁJX3FNC7:BAE&ê N�B
NCP&9Wd ;t3FJ/ú^L8ë�PQJK7:G N�ë6B89+sXë<7:9<EoN�ê�BFïZNCP&9�7ÁEQîQ?QN%ì�3AêC7:ê ö JX36�O7ÁEQí ü P&96BA;�9<JU"¹?&ê�9eú
D:96ê�ê­7ÁEÄê�?&ë�P ê�7ÁNC?�3FNC7:BAE&ê ð VQ?Q;CNCP&9<;CJ­BA;�9 ö G ?&9IN�B NCP&9Ê7ÁEQîQ?QNX?QE&ë69<;CNt3F7ÁEON³ó ö BAE&9
JX36ó�E&BAN¹ì	9X3FìQD:9KN�B GQ96ë<7:GQ9­ò�PQ7:ëtP 7:ê4NCP&9ËêCP&BA;CN�96êCN�ì+9<N�ò½969<E N³ò½Bû5Ö96ë<N�BA;�ê�BFï
ë<D:Bqê�9eú\ìoóÊD:9<EQíqNCP&ê�ÿ�BAE&9¹ë�3FEQE&BAN�GQB­ì+9<NCN�9<;�NCP�3FEû÷&E&G 7ÁEQíÉ3/5Ö96ë<N�BA;�ò�PQ7:ë�P 7:ê�E&BAN
J¹?&ë�PMD:BAEQíÖ9<;>NCP�3FE

λ ð ø ï|ë6BA?Q;�ê�9 ö 7Ïï�NCP&9<;�9¹7:ê�3Kê�?IsXë<7:9<EoN-ío3FîIì+9<N�ò½969<E λ
3FE&G



NCP&9$D:9<EQíqNCPÄBFï 3FEOó DÂ3FNCNC7:ë69$5Ö96ë<N�BA;XG 7|F¼9<;�9<EoNXNCP�3FN­GQBO96ê/E&BANK;�9�3AëtP NCP&9$JK7ÁEQ7Ïú
J¹?QJ ö NCP&9<E 3FEMBAîQNC7ÁJX3FD�ê�BADÁ?QNC7:BAEMò�7ÁDÁD1ì+9ÈïVBA?QE&G ð+ü P&9�NCP&96BA;�9<J ì	9<D:B�ò êCP&B{ò�ê
NCP�3FN�÷&E&G 7ÁEQíË3Kë<D:Bqê�9 N�BXBAîQNC7ÁJX3FD*5Ö96ë<N�BA;�7:ê>3Aë<NC?�3FDÁDÁó$î	Bqê�êC7ÁìQD:9 ð
¼)½x¾�¿�À6¾�Á Ú Ê &¹
 �Qõeç ® é � æ � é « 
 åqæVç���¬��X­ 
 ç��!æ���
 � åAã ¬ 
�� çkæ � � ® éeõ<è � ç ô é ® ç�� 	 � ô �
õ6éCè6æVç 
 ��� Î�� Ì Í çkæ � æ � é update1

Ï+���+è6æVç 
 � Î ·Zé6æ γ = ‖∑

i solibi‖
ô é/æ � é�� 
�� �


 ÏÈæ � éSÏ 
 ��� ® õ 
 ã � æVç 
 � Î�� Ï A ≥ r̄1
å�� ®

ε′ < 0.01
ÌÅæ � é���Ó

λ2 ≤ γ2 ≤ (1 + 4dε) · λ2 + C4 max

(

1,
A

r1

)

ρdε · R.

ñ N�êCP&BA?QD:G ì+9XE&BAN�96G NCP�3FN)v�BÖ3FNC7ÁEQíAú\î+BA7ÁEONK5A3F;C7Â3FEON�ê/BFïfR�?)AÄë�3FEQE&BANKê�BADÁ5Ö9
NCP&9<7Á;�7ÁEoN�9<;CE�3FDlL�� =)7ÁE&êCNt3FEoNC7Â3FNC7:BAE&ê�9+8Q3Aë<NCDÁó	ÿ8NCP&9�ì	96êCN%NCP&9<óËë�3FEÊGQB�7:ê%N�B/ê�BADÁ5Ö9
(1 + ε”)

ú^L�� =#7ÁE&êCNt3FEONC7Â3FNC7:BAE&ê¹7ÁE&ê�N�9�3AG ö ïVBA;ÈêtBAJ­9KêCJX3FDÁD
ε” ð >-B�òÅ9<5Ö9<; ö ò�7ÁNCP 3êCJX3FDÁD�9<E&BA?QíqP

ε”
ö NCPQ7:ê4GQB896ê-E&BAN-ëtP�3FEQíÖ9KêC7ÁíqEQ7Ï÷�ë�3FEoNCDÁóMNCP&9�B{5Ö9<;t3FDÁD�Do?�3FDÁ7ÁN�ó BFï

NCP&9ÈBA?QNCîQ?QN�ì�3Aê�96ê ð
ü P&9�N³ò½B$;�96ê�?QDÁN�ê 3Fì	B�5Ö9/îQ;�B{5O7:GQ9K3Aê-íÖB8BOG´3Aê ë6BA?QD:G´ì+9�9+88î	96ë<N�96G´ë6BA;C;�96ë<N�ú

E&96ê�ê�íq?�3F;t3FEoN�9696ê�N�B/NCP&9�v�BÖ3FNC7ÁEQíAú\î	BA7ÁEoN-9<Eo?QJ­9<;t3FNC7:BAE ð >�B{ò½9<5Ö9<; ö ê�7ÁE&ë694NCP&9È3FDÏú
íÖBA;C7ÁNCPQJ 7:êÅE&BANÅNCP&9-;t3FNC7:BAE�3FD	BAE&9 ö NCP&9-ë6BAJKîQD:9+887ÁN�óÉ3FE�3FDÁó8ý�96ê�GQB¹E&BAN%P&BAD:G$3FEoóOú
J­BA;�9 ðFü P&9½ïxBADÁD:B�ò�7ÁEQí4NCP&96BA;�9<J êCP&B{ò�ê1NCP�3FN�NCP&9%B{5Ö9<;CP&9�3AGKBFï�NCP&9�v�BÖ3FNC7ÁEQíAú\î+BA7ÁEON
9<Eo?QJ­9<;t3FNC7:BAEMò�7ÁNCPI;�96êCî	96ë<N�N�BKNCP&9 ;t3FNC7:BAE�3FDlBAE&947:ê�ê�JX3FDÁD ð
¼)½x¾�¿�À6¾�Á! :Ê &¹
 �Qõeç ® é � æ � é « 
 åqæVç���¬��X­ 
 ç��!æ���
 � åAã ¬ 
�� çkæ � � ® éeõ<è � ç ô é ® ç�� 	 � ô �
õ6éCè6æVç 
 �"� Î�� Í çVæ � éeçkæ � é ��
 Ï�æ � é��5­ ® åÖæ³é�Ït���!è6æVç 
 �Qõ å�� ® éeçVæ � é � æ � é��5� 
 Í ãÁé ® ¬oé 
 Ïæ � é ô åFõaç}õ 
�� æ � é ³T� å���� 	 è � ��ç ® æ�è 
 é�´Äè<ç\é+��ækõ 
��L
 �&ã#�¹åt­/­ ��
 Ñqç��­åqæVç 
 �Qõ>æ � é � é 
 Ï Î·Zé<æ

γ = ‖∑

i solibi‖
ô é)æ � é � 
�� � 
 Ï æ � éoÏ 
 ��� ® õ 
 ãû�8æVç 
 � Î$� é õ+�N­�­ 
 õ6éæ � åqæ

ε′ < 0.01 Î%� � é��Mæ � é
����� ô é ��
 Ï ã 
N
 ­ çVæ³é � åÖæVç 
 �&õ-ç}õ4ã 
 Í é � æ � å��´æ � éW�������ô é �W
 Ï>ã 
N
 ­ çVæ³é � åqæVç 
 �Qõ 
 Ï-æ � é � åqæVç 
 �!åAã	åAã ¬ 
�� çVæ � �e¬Aç'&Fé+�ûæ � é9¬oé+���8ç��	é ô åFõeçÂõ-å=� ®
å�� ç���­p� æ ô1
 ��� ®

A′ = (1 + dε) · A + C4 max
(

1, A
r1

)

ρdε · R Î
â ê­3´ë6BAE&êt9EDo?&9<E&ë69ÊBFï ü P&96BA;�9<J­ê¤"�3FE&Gº[ ö NCP&9Êë6BqêCNKBFïW?È3FEQE�3FE:MbêX3FDÁíÖBFú

;C7ÁNCPQJ  XHNQ%$�ë�3FE#ì+9 GQ96ë<;�9�3Aêt96G�ïV;�BAJ =�BADÁó
(n, log B) · d

d
2e

(1+o(1)) � êt969  XH�[�$��
N�B (

d
d
2e +

=�BADÁó
(n, log B)

)

· do(d) ÿ|7ÁNËê�?IsXë696êXN�B ?&ê�9I;t3FNC7:BAE�3FD:ê$9<5Ö9<;Có8ò�P&9<;�9
ìQ?QN�7ÁEÊNCP&9È9<Eo?QJ­9<;t3FNC7:BAE&ê�ò�PQ7:ë�PMêCP&BA?QD:GÊì	9 î+9<;�ïxBA;CJ­96GÊò�7ÁNCPIîQ;�96ë<7:ê�7:BAE

Θ(d) ð

( Õ/ÜÖÜÖÝZÜ2¢�Ú��C�*)¹�Aá`�ÊÝ,+4Û/£����W�³Ý:�+Ûqá�Ú��j �¡/ÝZá³ÚlÛ_ÕKÚ�ß��\�&Ü/�+ÛÖá\ÝZÚ
P 94E&B�ò NC?Q;CEIN�BKNCP&94îQ;�B8BFïVê>BFï ü P&96BA;�9<J­ê�" ö G­3FE&G_[ ð�P 94îQ;�BOë69696GIìoó$îQ;�B�5Oú
7ÁEQí NCP�3FN/NCP&9Éë6BAJKîQ?QN�96G D:9<EQíqNCP&ê ¯̀

i
BFï>NCP&9ËîQ;�BF@�96ë<N�96G 5Ö96ë<N�BA;�êK3F;�9$3Aë6ë<?Q;t3FN�9 ð7*9<JKJX3oH>J­9�3FE&ê%NCP�3FN ¯̀

1
ë�3FEQE&BAN%ì+9�J¹?&ëtPÊDÂ3F;CíÖ9<;ÅNCP�3FE

`1
ö ò�PQ7:ëtP$ê�?IsXë696ê¿ïxBA;

ü P&96BA;�9<JÐG ð V&BA;>NCP&9ÈBANCP&9<;>;�96êC?QDÁN�ê ö ò½94E&9696GINCP&9¹ë6BAEo5Ö9<;�êt9qÿ�7*9<JKJX3�"�J­9�3FE&ê



NCP�3FN�NCP&9%NC;C?&9
`i
ë�3FEQE&BAN�ì+9ÅJ�?&ë�PXDÂ3F;CíÖ9<;�NCP�3FEKNCP&9�ë6BAJKîQ?QN�96GXBAE&9 ðqü P&9%îQ;�BOBFïxê

BFïª7*9<JKJX3FNt3aHÈ3FE&Ga"K3F;�9È9+8 îQDÂ3F7ÁE&96GÊ7ÁEMLO?Qì&ê�96ë<NC7:BAEa[ ð " ð
â ê½J­9<EoNC7:BAE&96G$7ÁEIL896ë<NC7:BAEzG ö 3FE ¯̀

i
ë6BAJKîQ?QN�96GÉìoó­NCP&9fv�BÖ3FNC7ÁEQíAú\î+BA7ÁEON>3FDÁíÖBFú

;C7ÁNCPQJ�JX3�óÈE&BAN�ë6BA;C;�96êCî	BAE&G¹N�B43FEoó
`i
ë6BAJKîQ?QN�96G/ìOóÈNCP&9½;t3FNC7:BAE�3FD BAE&9Åò�7ÁNCP�NCP&9

êt3FJ­9�ì	BA?QE&G
A
ö 3FE&G4587:ë69eú\5Ö9<;�êt3 ð�ü B�ì	9�;C7ÁíÖBA;�BA?&ê ö òÅ9�E&9696G4NCP&91ïxBADÁD:B�ò�7ÁEQí-GQ9e÷&EQ7Ïú

NC7:BAE&ê ð V&BA; x ∈ Zd ö ò½9½D:9<N n(x) = ‖
∑d

i=1 xibi‖2 3FE&G n̄(x)
7ÁN�ê�3FîQîQ;�BE8 7ÁJX3FNC7:BAE

3Aê%ò½BA?QD:G$ì	9-ë6BAJKîQ?QN�96GIìoóXNCP&9 9<EO?QJ­9<;t3FNC7:BAEûò½9<;�9 NCP&94ê�Nt3FN�9
(1, [x1, . . . , xd])5O7:êC7ÁN�96G ðIP 9È?&ê�9 NCP&94E&BANt3FNC7:BAE&ê�3FE&GIPoó8î+BANCP&96ê�96ê�BFï|LO?Qì&êt96ë<NC7:BAE2G ð H ð

- ¾�Á ÁiÞºÂpÊ 	 �N­/­ 
 õ6é�æ � åÖæ
C2ρ

d · ε < 0.01 Î ·lé<æ x ∈ Zd Î�� Ï n(x) ≤ r1
Ì¿æ � é+��Ó

n̄(x) ≤ (1 + 2dε) · n(x) + C3ρ
dε · R.

- ¾�Á ÁiÞhÆCÊ 	 �N­/­ 
 õ6éËæ � åqæ
ε′ < 0.01 Î ·Zé<æ x ∈ Zd å�� ® i ≤ d Î.� éËè 
 �Qõeç ® é �æ � éÈõeæ\åqæ³é

(i, [xi, . . . , xd]) Î%� � é��

`i ≤ (1 + dε) · ¯̀
i + C3 max

(

1,
¯̀
i(K + dε)

r1(1 − ε′)

)

ρdε · R.

 :Ê¸Â /0�5à¸Üxã - ¾�Á ÁiÞIßNÞ�ÂwÞ�Ü21ÙÆmßN¿43
À%¿65�¾zß5½x¾2¼)½x¾�¿pÀ%¾�Á7�
7*9<N ?&ê>÷&;�ê�N�îQ;�B{5Ö9 ü P&96BA;�9<J "­ïV;�BAJ 7Z9<JKJX32H ð 7*9<N (x1, . . . , xd)

ì+9�NCP&9�ë6BFú
BA;�G 7ÁE�3FN�96êûBFï/3)ê�P&BA;CN�96êCNÊ5Ö96ë<N�BA; ð�ñ ï�NCP&9�êCNt3FN�9 (1,x)

7:êÊë6BAE&êC7:GQ9<;�96G�ìOó NCP&9
v�BÖ3FNC7ÁEQíAú\î+BA7ÁEON>3FDÁíÖBA;C7ÁNCPQJ·ò�7ÁNCP

A ≥ (1 + 2dε) · λ2 +C3ρ
dε ·R ö NCP&9<EI3¹êCP&BA;CN�ú96êCN45Ö96ë<N�BA;Èò�7ÁDÁD�ì	9�ïVBA?QE&G ðCy 36�O7ÁEQíIê�?Q;�9KNCP�3FN (1,x)

7:êÈ7ÁE&GQ9696G ë6BAE&êC7:GQ9<;�96G�7:ê
NCP&9/îQ?Q;Cî+Bqê�9KBFï%NCP&9�ïxBADÁD:B�ò�7ÁEQíID:9<JKJX3 ð*ñ N4;�9<DÁ7:96êÈBAE êC?QìQNCD:9/îQ;�BAî	9<;CNC7:96ê¹BFïÅNCP&9v�BÖ3FNC7ÁEQíAú\î+BA7ÁEON4J­BOGQ9<D ö 7ÁE î�3F;CNC7:ë<?QDÂ3F; NCP�3FN-NCP&9¹;�BA?QE&G 7ÁEQí$7:ê 3­E&BAE ú³GQ96ë<;�9�3Aê�7ÁEQí
ïk?QE&ë<NC7:BAE ð
- ¾�Á ÁiÞ Ú Ê � Ï 
 �+é��Oõ6éaõ½æ � é update1

Ït���!è6æVç 
 � Í çkæ � ç��Kæ � é�é+�����Xé � åqæVç 
 �qÌ+æ � é+�
åAã}ã4è 
N
=��® ç��!åqæ³é$&FéCè6æ 
=� õ

x
õt�Qè � æ � åÖæ

n̄(x) ≤ A Í ç}ãkã>ç�� ® été ® ô é,è 
 �Qõeç ® é � é ®® � � ç���¬Éæ � é/é*ÑoéCè�� æVç 
 � Î
����
5
 Ï Î 7*9<N x ∈ Zd ò�7ÁNCP n̄(x) ≤ A ðIP 94êCP&B{òäìoó$7ÁE&G ?&ë<NC7:BAEûBAEIGQ96ë<;�9�3Aê�7ÁEQí iNCP�3FN

(i, [xi, . . . , xd])
7:ê½ë6BAE&êC7:GQ9<;�96GÉ3FE&GXNCP�3FN%3FN¿NCPQ7:ê¿J­BAJ­9<EoN%NCP&9�N�96êCN ¯̀

i ≤ A7:ê¿êt3FNC7:ê�÷�96G ð 7*9<N i ≤ d ð=P 9>ë6BAE&ê�7:GQ9<;¿NCP&9�ê�9EDO?&9<E&ë69 (σ1, . . . , στ )
BFï¼ë6BAE&ê�7:GQ9<;�96G

êCNt3FN�96ê
(i, [X,xi+1, . . . , xd])

ò�7ÁNCP
X ∈ Z ð8ñ N�7:ê�E&BAE ú³9<JKîQN�óÊ7Ïï i = d

ö 3FE&GÊ7ÁN�7:ê
3FD:ê�B/E&BAE ú³9<JKîQN³óÊ7Ïï

i < d
ìOó$7ÁE&G ?&ë<NC7:BAEûPoó8î	BANCP&96êC7:ê ð

ü P&9�êt9EDo?&9<E&ë69 (

¯̀
i(σt)

)

t

7:ê¿E&BAE ú³GQ96ë<;�9�3AêC7ÁEQí ð ü P&9�÷&;�êCN½7ÁEoN�9<íÖ9<; X = xi(σ1)7:êË9+8&3Aë<NCDÁó bc̄ie ðÅü P&9ûë6BAJKîQ?QNt3FNC7:BAEäBFï xi(σt)
ïV;�BAJ

xi(σt−1)
7:êÉ9+8Q3Aë<N ö 3FE&G

NCP&9¹G 7:êCNt3FE&ë69�ì+9<N�ò½969<E
xi(σt)

3FE&G
c̄i
7:ê>E&BAE ú³GQ96ë<;�9�3AêC7ÁEQí ð LO7ÁE&ë69¹NCP&9¹;�BA?QE&G 7ÁEQí

ïk?QE&ë<NC7:BAE�7:ê E&BAE ú³GQ96ë<;�9�3AêC7ÁEQí ö NCP&9Kê�9EDo?&9<E&ë69
(ȳi(σt))t

7:êÈ3FD:ê�B$E&BAE ú³GQ96ë<;�9�3Aê�7ÁEQí ðV&BA;�NCP&9Èêt3FJ­9 ;�9�3AêtBAE ö NCP&9Èê�9EDO?&9<E&ë69 (

¯̀
i(σt)

)

t

7:ê�E&BAE ú³GQ96ë<;�9�3Aê�7ÁEQí ð



, BAE&êC7:GQ9<;INCP&9´5q3FDÁ?&9 ¯̀ BFï ¯̀
i
ò½9<;�9 7ÁNIë6BAJKîQ?QN�96G�ò�7ÁNCP

(xi, . . . , xd)
ðTP 9

P�365Ö9 ¯̀≤ n̄(x) ≤ A ð LO7ÁE&ë69 ¯̀
i(στ ) > A

ö NCP&9<;�9¿J¹?&êCN�9+887:êCN
t
ê�?&ë�P¹NCP�3FN

xi(σt) =
xi
3FE&GÊNCP&94N�96êCN ¯̀

i ≤ A
7:ê�êa3FNC7:ê�÷�96GÉïVBA;�NCP�3FN�êCNt3FN�9

σt
ð ut

P 9KE&B�ò îQ;�B�5Ö9 ü P&96BA;�9<J G ð¼ñ ï½òÅ9K?&ê�9 update2

ö NCP&9/ì	BA?QE&G
A
JX36ó´GQ9eú

ë<;�9�3Aê�9%G ?Q;C7ÁEQí4NCP&9Å9+8Q96ë<?QNC7:BAE ö N�B�÷&E�3FDÁDÁó¹;�9�3Aë�PX3�5q3FDÁ?&9
Aend

ðFü P&9Å÷&E�3FDQBA?QNCîQ?QN
ò½BA?QD:GIP�3�5Ö9Èì	969<EÊNCP&9Èêt3FJ­947Ïï1ò½9ÈP�3AGIêCNt3F;CN�96GÊò�7ÁNCP

A = Aend
ðIP 9¹ë6BAE&êC7:GQ9<;

NCP�3FN47ÁN-7:ê-NCP&9Kë�3Aê�9 ö ò�PQ7:ëtP�7ÁJKîQDÁ7:96ê4NCP�3FN
A
7:ê E&BAN4J­BOG 7Ï÷�96G´G ?Q;C7ÁEQíÊNCP&9K9+8Q9eú

ë<?QNC7:BAE ð 7*9<N x ∈ Zd êC?&ëtP NCP�3FN n(x) = λ2 ð 7*9<JKJX3'H/7ÁJKîQDÁ7:96ê4NCP�3FN n̄(x) ≤
(1 + 2dε) · λ2 + C3ρ

dε · R ð�P 9�J¹?&ê�N4P�365Ö9 A ≤ (1 + 2dε) · λ2 + C3ρ
dε · RêC7ÁE&ë69�BANCP&9<;Cò�7:ê�9

A
ò½BA?QD:GXP�365Ö9>ì+969<EXGQ96ë<;�9�3Aêt96GË3�ïVN�9<;

x
òÅ3Aê|ïVBA?QE&G ð â îQîQDÁó87ÁEQí7*9<JKJX3¤"�ò�7ÁNCP

sol
3FE&GÊ?&êC7ÁEQíKNCP&9¹3Fì	B�5Ö9Èì+BA?QE&GIBAE

A
îQ;�B{5O7:GQ96ê>NCP&9 ;�96êC?QDÁN ð

V&BA; ü P&96BA;�9<JÐ[ ö ë6BAE&ê�7:GQ9<;-3­ê�Nt3FN�9
(i, [xi, . . . , xd])

ò�7ÁNCP´3­êC?&ë6ë696êtê�ïk?QDZN�96êCN
¯̀
i ≤ A ð 7Z9<JKJX3
"-íq7Á5Ö96ê `i ≤ (1+dε) ·A+C3 max

(

1, A(K+dε)
r1(1−ε′)

)

ρdε ·R ≤ A′ ð
ü P&9<;�9eïVBA;�9 ö NCP&949+8&3Aë<N>3FDÁíÖBA;C7ÁNCPQJ ò�7ÁNCPÊNCP&9 ì	BA?QE&G

A′ òÅBA?QD:GÊP�365Ö9¹ë6BAE&êC7:GQ9<;�96G
NCPQ7:ê>êCNt3FN�9�3FE&GÊNCP&9¹ë6BA;C;�96êCî	BAE&G 7ÁEQíXN�96ê�N>ò½BA?QD:GûP�365Ö9�ì+969<E êC?&ë6ë696ê�ê�ïV?QDl3Aê�òÅ9<DÁD ð
y BA;�96B{5Ö9<; ö NCP&9<;�9�3F;�9�3Aê�JX3FEoó/ï\3F7ÁD:96GKD:B8BAîK7ÁN�9<;t3FNC7:BAE&ê¿ò�7ÁNCP i < d

3Aê|ê�?&ë6ë696ê�ê�ïV?QD
D:BOBAîÊ7ÁN�9<;t3FNC7:BAE&ê�ò�7ÁNCP

i > 1 ð&ü PQ7:ê�ë6BAJKîQD:9<N�96ê�NCP&9 îQ;�B8BFï ð

 :Ê Æ 3
À6¿65Oà�Üxã - ¾�ÁhÁhÞIßNÞ�Â2Þ�Ü81\Æ
ü P&9�îQ;�B8BFïxê-BFï�7*9<JKJX3FNt3'H/3FE&Gm"Ë;�9<DÁóûBAE�êCNt3FE&G&3F;�G´N�96ëtPQEQ7{Do?&96ê4BFïSv�BÖ3FNC7ÁEQíAú
î+BA7ÁEON­9<;C;�BA;X3FE�3FDÁó8êC7:ê ðxP 9Êê�7ÁJ¹?QDÁNt3FE&96BA?&êCDÁó ì+BA?QE&G)NCP&9Ê9<;C;�BA;�ê­3FE&G)NCP&9$5q3F;C7Ïú
3FìQD:96ê ö ò�PQ7:ë�P/D:9�3AGQê�?&êlN�B-?&ê�9%3FE�7ÁE&G ?&ë<NC7:BAE­BAE�NCP&9%GQ96ë<;�9�3AêC7ÁEQí 7ÁE&GQ9+8

i ð%P 7ÁNCPQ7ÁENCP&9¹7ÁE&G ?&ë<NC7:BAE�êCN�9<î ö ò½9�;�9<DÁóIBAEMNCPQ;�969�ì�3Aê�7:ëÈï\3Aë<N�ê>ò�P&Bqêt9¹îQ;�B8BFïVê 3F;�9�N�96G 7:BA?&ê
ìQ?QN>êCNC;t3F7ÁíqPoN�ïxBA;CòÅ3F;�G ð+ü P&9<óÊ3F;�94íq7Á5Ö9<EI7ÁEÊNCP&9¹3FîQî	9<E&G 7|8IBFï�NCP&9 ïV?QDÁD¼5Ö9<;�êC7:BAE ð
- ¾�Á ÁiÞ$ OÊ 	 �N­/­ 
 õ6é æ � åqæ

C2ρ
dε ≤ 0.01 Î 	 �5­/­ 
 õ�é Í é�å � é,åqæ/æ � é é+� ® 
 Ï	 æ³é@­�9 
 Ï/õ 
 �Xé­ã 
N
 ­ çVæ³é � åqæVç 
 � Í çkæ � õeæ\åqæ³é (i, [xi, . . . , xd]) Î�� ÏKæ � é � éÊé*ÑqçÂõ<ækõËåè 
 �Qõ<æ\å���æ

ν ≥ 1
õt�Qè � æ � åqæpÏ 
�� å��:�

j > i Í é � å�&Fé yj ≤ ναj−1 Ì¿æ � é��

∆ci ≤ C2ναd(1 + η)d−iε
å�� ®

∆yi ≤ yiε/2 + KC2ναd(1 + η)d−iε.

- ¾�Á ÁiÞ�;CÊ=< æ 	 æ³é@­"9 
 ÏÈæ � é « 
 åqæVç���¬��X­ 
 ç���æ%åAã ¬ 
�� çkæ � ��Ì Í é � å>&FéNÓ

|(ȳi ⊗ ȳi) ⊗ r̄i − riy
2
i | ≤ RK2[(κ + 1)y2

i ε + (2yi + ∆yi)∆yi]

- ¾�Á ÁiÞ7?:Ê 	 �N­/­ 
 õ6é æ � åqæ
C2ρ

dε ≤ 0.01 Î 	 �5­/­ 
 õ�é Í é�å � é,åqæ/æ � é é+� ® 
 Ï	 æ³é@­�9 
 Ï/õ 
 �Xé­ã 
N
 ­ çVæ³é � åqæVç 
 � Í çkæ � õeæ\åqæ³é (i, [xi, . . . , xd]) Î�� ÏKæ � é � éÊé*ÑqçÂõ<ækõËåè 
 �Qõ<æ\å���æ
ν ≥ 1

Ì�õt�Qè � æ � åqæpÏ 
�� å=�:�
j ≥ i Í é � å�&Aé yi ≤ ναi−1 Ì|æ � é���Ó

∆`i ≤ dε · `i + C3ν
2ρdε · R å�� ®

∆`i ≤ dε · ¯̀
i + C3ν

2ρdε · R.



P 9¿ë�3FE�E&B�ò îQ;�B�5Ö9�7*9<JKJX3)H ð 7*9<N x ∈ Zd êC?&ëtP¹NCP�3FN n(x) ≤ r1
ð LO7ÁE&ë69¿NCP&9

ì�3AêC7:êZ7:ê�7:7:7¼ú\;�96G ?&ë696G ö NCP&9
yi
MbêZë6BA;C;�96êCî	BAE&G 7ÁEQí N�B

w
êt3FNC7:ê�ïVó

yi ≤
√

n(x)/ri ≤
√

r1/ri ≤ αi−1 ðOü P&9�÷&;�êCN½î�3F;CN½BFïO7*9<JKJX3Kl ò�7ÁNCP ν = 1
îQ;�B{5O7:GQ96ê½NCP&9�;�96êC?QDÁN ð

V�7ÁE�3FDÁDÁó ö òÅ9>îQ;�B{5Ö9�7*9<JKJX3�" ð 7*9<N x ∈ Zd 3FE&G i ≤ d ð�P 9�ê�P&B�ò ìoó­7ÁE&G ?&ëeúNC7:BAEÉBAE
j
GQ96ë<;�9�3Aê�7ÁEQí�ïV;�BAJ

d
N�B

i
NCP�3FNÅNCP&9�ì	BA?QE&GÉBAE

∆cj
BFïO7Z9<JKJX3
[�P&BAD:GQê

3FE&G´NCP�3FNÈò½9/P�3�5Ö9
yj ≤ ναj−1 ö ò�7ÁNCP ν = max

(

1,
√

¯̀
i(K+dε)
r1(1−ε′)

)

ð 7*9<JKJX3z"
ò�7ÁDÁD8NCP&9<E�ïxBADÁD:B�ò ïV;�BAJ�NCP&9Åê�96ë6BAE&G�î�3F;CN�BFïp7*9<JKJX3Wl ð 7*9<N j ≥ i ð RÅóÈ7ÁE&G ?&ë<NC7:BAE öò½9ÈP�3�5Ö9

yk < ναk−1 ïVBA;>3FEOó k > j
ö ê�B­NCP�3FN�NCP&94ì	BA?QE&GQê>BFï¹7*9<JKJX3![­P&BAD:G ð

ñ N�;�9<JX3F7ÁE&ê>N�BKê�9694NCP�3FN yj ≤ ναj−1 ð 7*9<JKJX3FNt3¤nK3FE&G2l�îQ;�B�587:GQ9qÿ

rjy
2
j ≤ `j ≤ ¯̀

j + ∆`j ≤ K ¯̀
j + ∆`j+1 +

∣

∣(ȳj ⊗ ȳj) ⊗ r̄j − rjy
2
j

∣

∣

≤ K ¯̀
j + dε¯̀j + C3ν

2ρdεR + RK2
[

(κ + 1)y2
j ε + (2yj + ∆yj)∆yj

]

.

P 9%?&ê�997*9<JKJX3�[4N�B ì	BA?QE&G ∆yj
7ÁEKNCP&9�9EDo?�3FNC7:BAEÉ3Fì+B{5Ö9 ðÖü PQ7:ê�D:9�3AGQê P (yj) ≤

0
ö ò�P&9<;�9

P
7:ê�NCP&9ÈGQ9<íq;�969eú`"Kî+BADÁó8E&BAJK7Â3FD*ò�7ÁNCPûë6B89+sXë<7:9<EoN�ê�ÿ
P0 = −¯̀

j(K + dε) − C3ν
2Rρdε − RK4(C2νρdε)2,

P1 = −2RK4C2ναd−j(1 + η)dε
3FE&G

P2 = rj − 2RK3(κ + 1)ε.

ü P&9 ïx3Aë<N�NCP�3FN ε′ < 0.01
7ÁJKîQDÁ7:96ê>NCP�3FN

P2 > 0
3FE&G$NCPO?&ê�NCP�3FN

yj
7:ê%ì+9<D:B{òäNCP&9

î+BqêC7ÁNC7Á5Ö9­;�BOBANÈBFï
P ð¼ñ NÈë�3FE,ì	9Kë�P&96ë1�Ö96G NCP�3FN P (ναj−1) ≥ 0

ö ò�PQ7:ëtP,7ÁJKîQDÁ7:96ê
NCP�3FN

yj ≤ ναj−1 ðQü PQ7:ê�ë6BAJKîQD:9<N�96ê�NCP&94îQ;�B8BFï ð

@ ¡ËÜ/�¼à8Ûqá�àI�C��AËÝZÚ��Aá³Þ���Ü/�+Ûqá³ÝZÚS�
ü P&9½3FDÁíÖBA;C7ÁNCPQJ GQ96ê�ë<;C7Áì	96GÈ7ÁE­L896ë<NC7:BAE�G�P�3Aê*ì	969<E¹7ÁJKîQD:9<J­9<EoN�96G/7ÁE ,�BCB 3FE&G¹7:ê
ïk;�969<DÁóXG 7:ê�NC;C7ÁìQ?QN�96GËò�7ÁNCPQ7ÁE0D�þ�E	EFE�GIH�JLKo #n%$ ð ü P&9-ë6BOGQ9-GQBO96ê½E&BAN%?&ê�9�NCP&9>òÅBA;�êCN�ú
ë�3Aê�9¹ì	BA?QE&GQê43Fì+B{5Ö9¹ìQ?QN-;�9<JX3F7ÁE&ê íq?�3F;t3FEoN�9696G ö 3Aê-9+8 îQDÂ3F7ÁE&96G ì	9<D:B�ò ð�P 9/3FD:ê�B
9+88îQDÂ3F7ÁEIP&B{ò#BA?Q;�;�96êC?QDÁN�ê�JX36ó$ì+9 ?&êt96GÊò�7ÁNCPQ7ÁEaRT?)A�ú³êCN³ó8D:9¹3FDÁíÖBA;C7ÁNCPQJ­ê ð
;jÊ¸Â MgÝxÞqÀ6Þ�Ü�ßN¾�¾�à¸Üxãiß5½x¾$N)¿�Á7OªÝ:ßNÞIß5à�¿pÜ8�QP¤à�ß5½SR:ÁiÞ�â¸â�¾�ÀT3
À6¾	U�à'�5à�¿pÜ
ü P&9 ò½BA;�êCN�ú³ë�3Aê�9Èì+BA?QE&GQê�íq7Á5Ö9<EÊ7ÁE L896ë<NC7:BAEwGK3F;�9 5Ö9<;CóËî	96ê�êC7ÁJK7:êCNC7:ë�ïxBA;�íÖ9<E&9<;C7:ë
7ÁE&êCNt3FEoNC7Â3FNC7:BAE&ê ðÅü PQ7:êË7:êXG ?&9IN�B,NCP&9Êï\3Aë<N�ê­NCP�3FN$3FDÁD |µi,j|

Mbê � ;�96êCî ð ri−1/ri
Mbêt�

3F;�9¹ì	BA?QE&GQ96GûìOóINCP&9<7Á;-ò½BA;�êCN�ú³ë�3Aê�9�5q3FDÁ?&9
η
� ;�96êCî ð α2 �>3FE&G´3FDÁDxv�BÖ3FNC7ÁEQíAú\î+BA7ÁEON

9<;C;�BA;�ê­3F;�9Ëë6BAE&êC7:GQ9<;�96G)N�B ì	9É3FDÁò%36ó ê/JX3%887ÁJX3FD�3FE&G 7ÁE)NCP&9XòÅBA;�êCNKG 7Á;�96ë<NC7:BAE ð
â DÁNCP&BA?QíqP NCP&9<ó JK7ÁíqPoNXB8ë6ë<?Q; ö ë�3Aê�96êKò�P&9<;�9I3FDÁD�NCP&96êt9$ì+BA?QE&GQêX3F;�9$NC7ÁíqPONX3F;�9
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ö 7Ïï1NCP&9�d-;t3FJ/ú^L8ë�PQJK7:G N4ë6B89+sXë<7:9<EoN�ê 3F;�9



ë6BA;C;�96ë<N¹?Qî N�BÊNCP&9<7Á;¹DÂ3AêCNÈìQ7ÁN �
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;t3FNCP&9<;>NCP�3FEûíÖ9<E&9<;t3FD�?QîQî	9<;>ì	BA?QE&GQê ð&ñ ï1NCP&9<óI3F;�9)�OE&B{ò�E´3FîQîQ;�BN887ÁJX3FN�9<DÁó ö BAE&9
êCP&BA?QD:G Nt36�Ö9K7ÁEON�B ë6BAE&ê�7:GQ9<;t3FNC7:BAE NCP&9<7Á;È7ÁEONC;C7ÁE&êC7:ëË7ÁE�3Aë6ë<?Q;t3Aë<7:96ê ðlü P&9Ë3AG&3FîQNC7Á5Ö9
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O(d)

NC7ÁJ­96ê|9�3AëtPX3FE&G/ì+BANCPKî	9<;�ïxBA;CJ
O(d)
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3Fì+B{5Ö9 ð H BA?QìQD:9�îQ;�96ë<7:êC7:BAEM7:ê�DÁ7X�Ö9<DÁóûN�B­ì	9�êC?IsXë<7:9<EON-ïVBA; 3FDÁDl;�9�3Aê�BAE�3FìQD:9�5q3FDÁ?&96ê
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ö JX36�O7ÁEQí�NCP&9$ë6BAJKîQ?QN�96GÄ3FîQîQ;�BN887ÁJX3FNC7:BAE&êËN�B

NCP&9¤d-;t3FJ/ú^L8ë�PQJK7:G N¹ë6B89+sXë<7:9<EoN�ê�ë6BA;C;�96ë<N4?Qî´N�BË;�9<DÂ3FNC7Á5Ö9X9<;C;�BA; ≈ 2−53 ð LO7ÁE&ë69
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ñ ï�NCP&9�d-;t3FJ/ú^L8ë�PQJK7:G N4ë6BAJKîQ?QNt3FNC7:BAE&ê43F;�9ÈE&BAN�E&9<íqDÁ7Áíq7ÁìQD:9�ò�7ÁNCP ;�96êCî	96ë<N>N�B
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À%¿C¿gÒ¹¿bÒ - ¾�Á ÁiÞ� 7Z9<N

i ≤ d
3FE&G

xi, . . . , xd ∈ Z ð LO?QîQî	Bqê�9�NCP�3FN|NCP&9>êCNt3FN�9BFï	NCP&9-ë<?Q;C;�9<EoNÅD:B8BAîX7ÁN�9<;t3FNC7:BAEÉ7:ê
(i, [xi, . . . , xd])

ö 3FE&GXNCP�3FN½NCP&9<;�9>9+8 7:êCN�ê
ν ≥ 1êC?&ë�P´NCP�3FN ïxBA; 3FEOó

j > i
ò½9/P�3�5Ö9

yj < ναj−1 ð�P 9�îQ;�B8ë69696GM7ÁE´NCPQ;�969KêCN�9<î&ê ðVl7Á;�ê�N*ò½9¿ì+BA?QE&G ∑

j |xj | ð�ü P&9<E¹òÅ9|ì	BA?QE&G ∆ci
3FE&G4÷&E�3FDÁDÁó òÅ9|ò�7ÁDÁDoì	BA?QE&G

∆yi
ð

H ð�Ó 
 ��� ® ç���¬ ∑ |xk| ð
V&BA;¹3FEOó

j ≥ i
ö D:9<N

Sj =
∑d

k=j+1 |xk|
� 7ÁE�î�3F;CNC7:ë<?QDÂ3F;

Sd = 0
� ð 7*9<N j > i ð RÅóûPOóOî	BANCP&96êC7:ê ö ò½9/P�3�5Ö9 yj ≤ ναj−1 ð	ü PQ7:ê J­9�3FE&ê

NCP�3FN |xj +
∑

k>j xkµk,j| ≤ ναj−1 ð RÅóK?&êC7ÁEQí�NCP&9>NC;C7Â3FEQíqD:9-7ÁE&9EDo?�3FDÁ7ÁN�óË3FE&G
NCP&9
7:7:7¼ú\;�96G ?&ë696G E&96ê�ê ö ò½9ÈBAìQNt3F7ÁE*ÿ

|xj | ≤ ναj−1 +
∑

k>j

|xk||µk,j| ≤ ναj−1 + ηSj .

P 9Èë�3FEIE&B{òäì+BA?QE&G Sj
ïxBA;>3FDÁD

j ≥ i ð

Sj = |xj+1| + Sj+1 ≤ ναj + (1 + η)Sj+1

Sj

ναj
≤ 1 + (1 + η)α + . . . + [(1 + η)α]d−j−1 ≤ [(1 + η)α]d−j

ρ − 1

Sj ≤
ναd(1 + η)d−j

ρ − 1
.

" ð�Ó 
 ��� ® ç���¬ ∆ci
ðIP 94;�96ë<?Q;�êC7Á5Ö9<DÁóÊGQ9e÷&E&9 ud = 0

3FE&G
uj = uj+1 ⊕ (xj+1 ⊗

µ̄j+1,i)
ïVBA;

j ∈ {i, . . . , d−1} ð 7Z9<N j ≥ i ð R½ó�?&êC7ÁEQíÈNCP&9Åï\3Aë<N|NCP�3FN η+κε ≤
1
ö ò½94P�3�5Ö9qÿ

|uj | ≤ K(|xj+1 ⊗ µ̄j+1,i| + |uj+1|)
≤ K(K(η + κε)|xj+1| + |uj+1|)
≤ K2|xj+1| + K|uj+1|
≤ K2|xj+1| + K3|xj+2| + . . . + Kd−j+1|xd|
≤ KdSj

|xj ⊗ µ̄j,i − xjµj,i| ≤ |xj ⊗ µ̄j,i − xjµ̄j,i| + |xj(µ̄j,i − µj,i)|
≤ |xjµ̄j,i|ε/2 + |xj|κε

≤ |xj|(1 + κ)ε
ø 5Ö9<;t3FDÁD ö ìoó ?&êC7ÁEQí NCP&9 ï\3Aë<NÊNCP�3FN

Kd ≤ 2
ö ò½9,ë�3FE�ì+BA?QE&G NCP&9mDO?�3FE ú

NC7ÁN³ó ∣

∣

∣
uj −

∑d
k=j+1 xkµk,i

∣

∣

∣

ìOó+ÿ

≤

∣

∣

∣

∣

∣

∣

uj+1 −
d

∑

k=j+2

xkµk,i

∣

∣

∣

∣

∣

∣

+ |xj+1 ⊗ µ̄j+1,i − xjµj+1,i| + |uj|
ε

2



≤
d

∑

k=j+1

(|xk ⊗ µ̄k,i − xkµk,i| + uk−1ε/2)

≤
d

∑

k=j+1

(

|xk|(κ + 1) +
Kd

2
Sk−1

)

ε

≤
d

∑

k=j+1

(|xk|(κ + 1) + Sk−1) ε

≤
d

∑

k=j+1

(|xk|(κ + 2) + Sk) ε

≤
d

∑

k=j+1

(yk(κ + 2) + (η(2 + κ) + 1)Sk) ε

≤ ν
d

∑

k=j+1

(

(κ + 2)αk−1 +
η(κ + 4)αd(1 + η)d−k

ρ − 1

)

ε

≤ C2ναd(1 + η)d−jε,

ò�7ÁNCP
C2 = κ+2

α−1 + κ+4
ρ−1

ð LO7ÁE&ë69 ci = −ui
ö òÅ9¿P�3�5Ö9

∆ci ≤ C2ναd(1+η)d−iε ðG ð�Ó 
 ��� ® ç���¬ ∆yi
ðIP 9 P�365Ö9 yi = |xi − ci|

3FE&G
ȳi = |xi 	 c̄i| ð&ü P&9<;�9eïxBA;�9qÿ

∆yi ≤ |xi − c̄i|
ε

2
+ ∆ci ≤ |xi − ci|

ε

2
+ K∆ci,

ò�PQ7:ë�PMë6BAJKîQD:9<N�96ê�NCP&94îQ;�B8BFï ð
ut

3
À%¿C¿gÒa¿gÒ - ¾�ÁhÁhÞÔ; RÅó ?&êC7ÁEQí NCP&9´NC;C7Â3FEQíqD:9�7ÁE&9EDO?�3FDÁ7ÁN³ó ö òÅ9 BAìQNt3F7ÁE�NCP&9
ïVBADÁD:B{ò�7ÁEQíX7ÁE&9EDO?�3FDÁ7ÁNC7:96ê�ÿ

|ȳi ⊗ ȳi − y2
i | ≤ |ȳi ⊗ ȳi − ȳ2

i | + |ȳ2
i − y2

i |
≤ ȳ2

i ε/2 + |ȳ2
i − y2

i |
≤ y2

i ε/2 + K|ȳ2
i − y2

i |
≤ y2

i ε/2 + K(2yi + ∆yi)∆yi

|(ȳi ⊗ ȳi) × r̄i − riy
2
i | = |(y2

i + ȳi ⊗ ȳi − y2
i )(ri + r̄i − ri) − riy

2
i |

≤ Ry2
i κε + R|ȳi ⊗ ȳi − y2

i |
≤ R[y2

i (κ + 1/2)ε + K(2yi + ∆yi)∆yi]

|(ȳi ⊗ ȳi) ⊗ r̄i − riy
2
i | ≤ |(ȳi ⊗ ȳi) ⊗ r̄i − (ȳi ⊗ ȳi) × r̄i|



+|(ȳi ⊗ ȳi) × r̄i − riy
2
i |

≤ riy
2
i ε/2 + K|(ȳi ⊗ ȳi) × r̄i − riy

2
i |

≤ RK2[(κ + 1)y2
i ε + (2yi + ∆yi)∆yi]

ut

3
À%¿C¿gÒ¹¿bÒ - ¾�Á ÁiÞ0? 7Z9<N
i ≤ d

3FE&G
xi, . . . , xd ∈ Z ð LO?QîQî	Bqê�9�NCP�3FN|NCP&9>êCNt3FN�9BFï	NCP&9-ë<?Q;C;�9<EoNÅD:B8BAîX7ÁN�9<;t3FNC7:BAEÉ7:ê

(i, [xi, . . . , xd])
ö 3FE&GXNCP�3FN½NCP&9<;�9>9+8 7:êCN�ê

ν ≥ 1êC?&ë�P´NCP�3FN-ïVBA;È3FEOó
j ≥ i

òÅ9�P�365Ö9
yj < ναj−1 ð 7*9<N j ≥ i ð VQ;�BAJr7Z9<JKJX3o[ ö

ò½94íÖ9<N�ÿ

∆yj ≤ yjε/2 + KC2ναd(1 + η)d−jε

≤ νε(αj−1/2 + KC2α
d(1 + η)d−jε)

≤ D3ναd(1 + η)d−j ,

ò�7ÁNCP
D3 = 1/2 + KC2

ð�c êC7ÁEQíKNCP&94POóOî	BANCP&96êC7:ê�BAEINCP&9 îQ;�96ë<7:ê�7:BAE ö ò½9¹BAìQNt3F7ÁE*ÿ
yj + ∆yj ≤ Kν(αj−1 + 0.01) ≤ 1.01Kναj−1.

P 9Èë6BAJ¹ìQ7ÁE&9¹NCP&96ê�9 ì+BA?QE&GQê>ò�7ÁNCPa7*9<JKJX3(n ÿ
|(ȳi ⊗ ȳi) ⊗ r̄i − riy

2
i | ≤ RK2[(κ + 1)ν2α2(j−1)ε

+(ναj−1 + 1.01Kναj−1)D3ναd(1 + η)d−jε]

≤ D4ν
2αd+j(1 + η)d−jRε,

ò�7ÁNCP
D4 = K3[(κ + 1) + 2.01D3]

ðxP 9ËòÅ3FEoN/N�ò½B�G 7|F¼9<;�9<EoN/?QîQî+9<;�ì	BA?QE&GQê
BAE

∆`i
ð

∆`i ≤ `i
ε

2
+ K(∆`i+1 + |(ȳi ⊗ ȳi) ⊗ r̄i − y2

i ri|)

≤ Kd
d

∑

j=i

(

`j
ε

2
+ |(ȳj ⊗ ȳj) ⊗ r̄j − y2

j rj|
)

≤ Kd
d

∑

j=i

(

`j
ε

2
+ D4ν

2αd+j(1 + η)d−jRε
)

≤ d`iε + D5ν
2αd(1 + η)dRε,

ò�7ÁNCP
D5 =

KdD4α

1 + η − α
ð �-BAN�9KNCP�3FNÈ7ÁE NCP&9XDÂ3AêCNÈ7ÁE&9EDO?�3FDÁ7ÁN³ó�ò½9­?&ê�96G�NCP&9Kï\3Aë<N

NCP�3FN
1 + η ≥ α ð V&BA;>NCP&94BANCP&9<;>7ÁE&9EDO?�3FDÁ7ÁN³ó	ÿ

∆`i ≤ ¯̀
i
ε

2
+ (∆`i+1 + |(ȳi ⊗ ȳi) ⊗ r̄i − y2

i ri|)



≤
d

∑

j=i

(

¯̀
j
ε

2
+ D4ν

2αd+j(1 + η)d−jRε
)

≤ d¯̀
iε + D5ν

2αd(1 + η)dRε.

V�7ÁE�3FDÁDÁó ö ò½9ÈBAìQNt3F7ÁE*ÿ

D5 =
Kd+3α

1 + η − α
[κ+1+2.01(1/2+KC2)] ≤

2α

1 + η − α
(2+κ+2C2) = C3.

ut


