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1. mar 18/11

2.jeu  20/11
3. mar 25/11
4.jeu  27/11
5.mar 2/12
6. jeu 4/12
7. mar 9/12
8.jeu  11/12
9. mar 16/12

10.jeu  18/12

Lecturers

15h45
10h15
15h45
10h15
15h45
10h15
15h45
10h15
15h45
10h15

Introduction

Disc packings in containers

Interval arithmetic
Interval arithmetic

Disc packings on the plane

Triangulated packings and 3-disc packings
Kepler conjecture and dodecahedral conjecture
2-sphere packings: rock salt cojecture and bounds

Tammes problem, kissing number
Four-color theorem and tilings
Four-color theorem and tilings
Four-color theorem and tilings

Proof verification
Proof verification
Proof verification

Daria Pchelina, Michael Rao, Damien Pous, Nathalie Revol

Grading: 100% homework
Small homework after each class, to be submitted by email before the next session.
At the start of each class, a random student will briefly present their solution.

Two catch-up sessions: opportunity to still get points for homework exercises with a
penalty, dates to be confirmed.

Example: today’'s homework is due on 20/11/25 at 10h15.

Daria Pchelina
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@ History of proofs



History of proofs

Before Euclid: practical life observation, e.x. land surveying — geometry.

Plimpton 322 Babylonian clay tablet ~ 1800 BC Rhind Mathematical Papyrus, Egypt ~ 1550 BC

Elements 300 BC Euclid: definitions, theorems, proofs, but gaps in reasoning.

A2

19th century: Cauchy, Riemann, Weierstrass (rigorous calculus); Abel, Galois (algebra);
Cantor (foundations of set theory).
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History of proofs

—) 1900 Hilbert's problems

e m 1st: Continuum Hypothesis
Wie missen wissen. Wre werden wissen. 2nd: consistency of the arithmetic axioms

1930

1910-1913 Principia Mathematica

/
Dav-cl Hilbert Whitehead, Russell

1920s Hilbert’s program
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History of proofs

—) 1900 Hilbert's problems
?‘,‘»?‘,,% - v 1st: Continuum Hypothesis
fwﬁ Wee wissen wissen. V't wesden wisses. 2nd: consistency of the arithmetic axioms
4 1930
Dav T bend 1910-1913 Principia Mathematica

Whitehead, Russell

1920s Hilbert's program

1931 Godel’s incompleteness theorems:

Satz VI: Zu jeder a-widerspruchsfreien rekursiven
Klasse % von Formeln gibt s rokursive Klassenzeichen r, so
dab weder o Gen r noch Neg (v Gen r) zn Flg (1) gehort (wobei o
die freie Variable aus r ist).

1st any consistent formal system containing
basic arithmetic is incomplete

(a statement that is not provable nor disprovable)

2nd consistency of a system can not be proved
within the system
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—) 1900 Hilbert's problems
%%‘7 - v 1st: Continuum Hypothesis
fwi{ 2nd: consistency of the arithmetic axioms
q 1930
Dav iy 1910-1913 Principia Mathematica

Whitehead, Russell

1920s Hilbert's program

1931 Godel’s incompleteness theorems:

1st any consistent formal system containing
basic arithmetic is incomplete

Satz VI: Zu jeder a-widerspruchsfreien rekursiven
Klasse % von Formeln gibt s rokursive Klassenzeichen r, so
dab weder o Gen r noch Neg (v Gen r) zn Flg (1) gehort (wobei o
die freie Variable aus r ist).

(a statement that is not provable nor disprovable)

2nd consistency of a system can not be proved
within the system

Examples:
Godel 1941
Continuun Hypothesis is not disprovable in ZFC
Axiom of Choice is not disprovable in ZF
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q 1930
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Whitehead, Russell

1920s Hilbert's program

1931 Godel’s incompleteness theorems:

1st any consistent formal system containing
basic arithmetic is incomplete

Satz VI: Zu jeder a-widerspruchsfreien rekursiven
Klasse % von Formeln gibt s rokursive Klassenzeichen r, so
dab weder o Gen r noch Neg (v Gen r) zn Flg (1) gehort (wobei o
die freie Variable aus r ist).

(a statement that is not provable nor disprovable)

2nd consistency of a system can not be proved
within the system

Examples:

Godel 1941 Cohen 1963
Continuun Hypothesis is not disprovable nor provable in ZFC
Axiom of Choice is not disprovable nor provable in ZF
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History of proofs

We might never know. ..

Zu jeder
in ; berechenbaren Funktion ¢ gibt es uncndhch \lclc Formeln / von der
Art, daB, wenn k die Linge eines kiirz ir f in S, und I die
Linge cines kiirzesten Beweises fiir / - > 8(0).

And even if we do, the proof might be long.

1936 On the length of proofs
statements with arbitrary long shortest proofs
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History of proofs

We might never know. ..

Zu jeder
in S, berechenbaren Funktion ¢ gibt es unendlich viele Formeln f von der
Art, daB, wenn k die Linge eines kiirzesten Beweises fiir / in S, und I die
Linge cines kiirzesten Beweises fiir / in S,y ist, k > 6(1).

And even if we do, the proof might be long.

1936 On the length of proofs
statements with arbitrary long shortest proofs

Examples for Peano arithmetic:
“This statement has no proof in Peano arithmetic that contains fewer than N symbols.”

1980 Friedman’s Finite Form (FFF) of Kruskal's Theorem

Vk > 1, dn such that, if T1,... T, is a sequence of trees with the cardinality of T; at
most k + i, then there are i < j < n such that T; is homeomorphically embeddable in T;.
FFF Yk3n A(k, n) is unprovable in PA. Any proof of 3n A(10, n) has length at least

2
222" } 1000
Smoryniski 1982
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History of proofs

We might never know. ..

And even if we do, the proof might be long.

1936 On the length of proofs
statements with arbitrary long shortest proofs

Examples for Peano arithmetic:
“This statement has no proof in Peano arithmetic that contains fewer than N symbols.”

1980 Friedman’s Finite Form (FFF) of Kruskal's Theorem

Vk > 1, dn such that, if T1,... T, is a sequence of trees with the cardinality of T; at
most k + i, then there are i < j < n such that T; is homeomorphically embeddable in T;.
FFF Vk3n A(k, n) is unprovable in PA. Any proof of 3n A(10, n) has length at least

2
222" } 1000

. . Smoryniski 1982
Possible examples for mathematics:

1974 4-color theorem: 139 pages and computer code (1997 Robertson et al: shorter)
1998-2000 Kepler conjecture: 250 pages and > 180000 lines of code

1983-2004 Robertson-Seymour theorem: 20 papers, 500 pages

1832-2008 Classification of finite simple groups: hundreds of papers, 20000 pages
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History of proofs

Life of a modern mathematician
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History of proofs
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History of proofs

Conjectured without proved with

& 4-color theorem 1850s 1976

Kepler conjecture 1611 1998

# “ Dodecahedral conjecture 1943 1998

%

Tammes problem for 13 and 14 spheres 1953 2012, 2015

Optimal sphere packings (Es (1873) and Leech lattices (1967)) in R, R** 2017
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History of proofs

Conjectured with proved without

@ 2D bootstrap percolation 1989 2003
square n x n, each cell is infected with initial probability p
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History of proofs

Conjectured with proved without

@ 2D bootstrap percolation 1989 2003
square n x n, each cell is infected with initial probability p

n— oo

if pn log(n) > A, probability that the whole square is eventually infected — 1
if pn log(n) < A —0
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Conjectured with proved without

@ 2D bootstrap percolation 1989 2003
square n x n, each cell is infected with initial probability p

n— oo

if pn log(n) > A, probability that the whole square is eventually infected — 1
if pn log(n) < A —0

1989 by computer: for n < 28800, A = 0.245 + 0.015 Adler, Stauffer, Aharony
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@ 2D bootstrap percolation 1989 2003
square n x n, each cell is infected with initial probability p

n— oo

if pn log(n) > A, probability that the whole square is eventually infected — 1
if pn log(n) < A —0

1989 by computer: for n < 28800, A = 0.245 + 0.015 Adler, Stauffer, Aharony
2003 by hand: A = & ~ 0.548311 Horloyd
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History of proofs

Conjectured with proved without

@ 2D bootstrap percolation 1989 2003
square n x n, each cell is infected with initial probability p

n— oo

if pn log(n) > A, probability that the whole square is eventually infected — 1
if pn log(n) < A —0

1989 by computer: for n < 28800, A = 0.245 + 0.015 Adler, Stauffer, Aharony
2003 by hand: A = & ~ 0.548311 Horloyd

o Aperiodic set of 11 Wang tiles 2015
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Jeandel, Rao
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History of proofs

Conjectured with proved with

o No aperiodic tileset of size less than 11 Jeandel, Rao 2015
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History of proofs

Conjectured with proved with

o No aperiodic tileset of size less than 11 Jeandel, Rao 2015

o Lorenz attractor 1963  Tucker 2002
Atmospheric convection model:

x=o0(y—x), y=px—y—xz, z=xy— [z

robust strange attractor for 0 = 10,p = 28,3 =8/3
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History of proofs

Al

Conjecture generation (mostly in graph theory):
e HR, HR2
o TxGraffiti (former Graffiti, Graffity.pc)

If G is connected and regular, then matching number (G) > independence number (G).
This bound is sharp on 3 graphs. Caro et al. 2020

New records (DeepMind) :

@ 2022 AlphaTensor: algorithms for matrix multiplication
e.x. 4 X 4-matrices, number of multiplications: 49 — 47

@ 2024 FunSearch: cap set size record in dimension 8: 496 — 512

o

@ 2025 AlphaEvolve: kissing number record in dimension 11: 592 (2022) — 593
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About sphere packings

Sphere packings then

@B immprogredians, o

- e g

Kepler 1611: the best way to store cannonballs is this one = Pl 5 a3
& ﬁl‘. ;-wqx-'-inhiqu

Lagrange 1773: equivalence classes of quadratic forms and reduced quadratic forms
Gauss 1831: introduces lattices
= indirectly, Kepler conjecture for lattice packings

Newton 1690s: Only 12 unit spheres fit around a unit sphere.

Gregory: | can fit 13!

Tammes 1930: arrangements of “the places of exit” on the surface of pollen grains
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About sphere packings
Sphere packings now

Hales and Ferguson 1998 Kepler conjecture 4 2017 verified proof
Vyasovska et al. 2017 Fields Medal 2022: optimal sphere packing in dimension 8 and 24
1979-2003 Kissing number solved in dimensions 3, 4, 8, 24

1943-1963 Tammes problem solved for 1-14, 24

P—
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About sphere packings

Locally-optimal packings

Optimal finite packing of k unit spheres: minimize volume of convex hull Thue 1992

sausage: |

Sausage conjecture Fejes Téth 1975
An optimal finite packing Vk unit spheres in R" is always a sausage Vn > 5. J
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About sphere packings

Locally-optimal packings

Optimal finite packing of k unit spheres: minimize volume of convex hull Thue 1992

sausage: |

Sausage conjecture Fejes Téth 1975
An optimal finite packing Vk unit spheres in R" is always a sausage Vn > 5. J

R", n > 42: proved Betke, Henk, Wills 1994, 1998
n > 36: in progress? by computer Chun
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About sphere packings

Locally-optimal packings

Optimal finite packing of k unit spheres: minimize volume of convex hull Thue 1992

sausage: |

Sausage conjecture Fejes Téth 1975
An optimal finite packing Vk unit spheres in R" is always a sausage Vn > 5. J

R", n > 42: proved Betke, Henk, Wills 1994, 1998
n > 36: in progress? by computer Chun

R?: false for k > 3
R3, R*: true for k < n}, n} false for k > N3, N; sausage catastrophe
(optimum is full-dimensional)
5 < n3 <56, 56 < N3 <58
5 < n; <338196, 5 < Nj < 516964 1983-2023
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Non-sphere packings
Des carrés dans des carrés ...

k%, k> — 1 and k? — 2 unit squares: optimal square container is k x k
also for some k? — 3: 6,13,22, 33, 46. 1979-2018

Non-trivial solutions for 5,10 squares: 1979, 2003

Daria Pchelina Introduction 13 /20



Non-sphere packings

Des carrés dans des carrés

o5

k%, k> — 1 and k? — 2 unit squares: optimal square container is k x k

also for some k? — 3: 6,13,22, 33, 46. 1979-2018
Non-trivial solutions for 5,10 squares: 1979, 2003
=
Lower & upper bounds for others
Example: best known packing of 11 squares: Trump 1979
T e i
1 \ )
o ! '
e 4 |
] 1
il l
! ’ 3 [}
.: !
PREVIOUS BEST NEW RECORD
5¢<3.877084 5¢340
(GENSANE, 2004)

T'VE SIGNFICANTLY IMPROVED ON THE
SOLUTION To THE N=Il SQUARE PACKING
PROBLEM BY USING A HYDRAULIC PRESS. xked

best lower bound on optimal square side: 2 + % ~ 3.789 Stromquist 2003
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Non-sphere packings

Ulam’s conjecture
Rejulu ‘{&/M”CJM ‘Me ‘)qae sFacc.
384-322BC

Atisla{(c
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Non-sphere packings
Ulam’s conjecture

Rejulu e A e The space .
1y ~ o
arccos(3) ~ 70.259 3997392 BC

Atisla{(c
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Non-sphere packings

Ulam’s conjecture

Rejuﬁu e A e The space .
1y ~ o
arccos(3) ~ 70.259 3997392 BC

18. BUILDING UP OF SPACE FROM CONGRUENT POLYHEDRA.

Atisla{(c

« .. How
can one arrange most densely in space an infinite number of
equal solids of given form, e. g., spheres with given radii

s
de)'cj Hi“mn./
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Non-sphere packings

Rejucu ‘{e A e The sFacc

Ulam’s conjecture

arccos(3) & 70.259°

389-
Atnsla{(c
18. BUILDING UP OF SPACE FROM CONGRUENT POLYHEDRA.
W DONE

can one arrange most densely in space an infinite number of ales, Fesauson * . 0
equal solids of given form, e~y spireres withrgiverrradit 5 0 = m ~ 74 /0
or regula,r tetrahedra with given edges (or in prescribed
position) .

Z /
de)'cj Hi“a&n/

Ulam suspected that sphere is the worst case of dense packing of identical convex
solids, but that this would be difficult to prove. 1972

Conway, Torquato 2006 regular tetrahedron might be a counter-example (< 71.7%)
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Non-sphere packings

Ulam’s conjecture

po

1y ~ o =
arccos(3) ~ 70.259 3997792 BC /}\)%
/

Ati stotle
18. BUILDING UP OF SPACE FROM CONGRUENT POLYHEDRA.
.« How ppoyE
can one arrange most densely in space an infinite number of || . f.4y50n * . 0
equal solids of given form, e~y T i 003 0" = m ~ 74/0
or regular tetrahedra with given edges (or in presecribed

position) ., . .

de'cj Hi [Ltn./

Ulam suspected that sphere is the worst case of dense packing of identical convex
solids, but that this would be difficult to prove. 1972

Conway, Torquato 2006 regular tetrahedron might be a counter-example (< 71.7%)
Chen 2008: packing of density > 77.86157% —> Ulam’s conjecture might hold
Chen et al 2010: 4090 = 85.6347% best today

Ulam’s conjecture is proved for Johnson and Catalan solids J. de Graaf et al 2011

origin-symmetric bodies Kallus 2014
open in general case
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Ulam suspected that sphere is the worst case of dense packing of identical convex
solids, but that this would be difficult to prove. 1972

Conway, Torquato 2006 regular tetrahedron might be a counter-example (< 71.7%)
Chen 2008: packing of density > 77.86157% —> Ulam’s conjecture might hold
Chen et al 2010: 4090 = 85.6347% best today

Ulam’s conjecture is proved for Johnson* and Catalan* solids J. de Graaf et al 2011

origin-symmetric bodies Kallus 2014
open in general case
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on-sphere packings

Johnson and Catalan solids

Johnson solid: convex polyhedron whose faces are regular polygones 92

“.'

Archimedean solid: vertex-transitive Johnson solid 13

all vertices are surrounded by the same kinds of faces with the same angles

cuboctahedron  8reat thombicosi  great rhomr'.  icosidodecahedro small rhombicosi  small rhom snub cube snub truncated cube truncated truncated truncated  truncated
dodecahedron  bicuboctahedron dodecahedron  bicuboctahedron dodecahedron dodecahedron  icosahedron octahedron  tetrahedron

ﬂﬁﬁﬁﬁﬁ@ﬁ@ﬁﬁﬂ@

Catalan solid: dual of Archimedian solid (face-transitive)

deltoidal  deltoidal icositetra disdyakis disdyakis  pentagonal  pentagonal icosite  pentakis rhombic rhombic small triakis tetrakis hexahedrontriakis icosahedron  triakis tetrahedron
hedron trahedron octahedron

@9@%@@%0@@@@V
Tiredhdten

/ 20



Non-sphere packings

Ulam'’s conjecture in other dimensions

RR?: false 5 <&> = 575 ~ 90.69%

Regular octagon
optimal density = 90.62%
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Non-sphere packings

Ulam'’s conjecture in other dimensions

RR?: false

Regular octagon Smoothed octagon
optimal density = 90.62% optimal density = 90.24%

Reinhardt’s conjecture 1934: smoothed octagon has lowest maximal packing density
among centrally symmetric bodies.
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Non-sphere packings

Ulam'’s conjecture in other dimensions

R?: false ) <ﬁ> = 575 ~ 90.69%
<1
=

a9
Do
D!

Regular octagon Smoothed octagon
optimal density = 90.62% optimal density = 90.24%

=

Reinhardt’s conjecture 1934: smoothed octagon has lowest maximal packing density

among centrally symmetric bodies.
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Non-sphere packings

Ulam'’s conjecture in other dimensions
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Non-sphere packings

Ulam'’s conjecture in other dimensions

RR?: false

Regular octagon Smoothed octagon Regular heptagon
optimal density = 90.62% optimal density = 90.24% best known = 89.27%

Reinhardt’s conjecture 1934: smoothed octagon has lowest maximal packing density
among centrally symmetric bodies.

Kallus' conjecture 2015: regular heptagon is minimizer among all.
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Non-sphere packings

Ulam'’s conjecture in other dimensions

RR?: false

Regular octagon Smoothed octagon Regular heptagon
optimal density = 90.62% optimal density = 90.24% best known = 89.27%

Reinhardt’s conjecture 1934: smoothed octagon has lowest maximal packing density
among centrally symmetric bodies.

Kallus' conjecture 2015: regular heptagon is minimizer among all.

R", n> 3: open

Kallus 2014: in dimensions 4, 5, 6, 7, 8, 24, 3 centrally symmetric convex bodies whose
lattice packing density is lower than that of the sphere.

Reminder: In dimensions except 8 and 24 even the densest sphere packing is unknown.

Daria Pchelina Introduction 16 / 20



Non-sphere packings

Ulam'’s conjecture in other dimensions

RR?: false
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Non-sphere packings

Lattice density and regular octagons
For a convex body B C R",

(congruent) packing: collection of congruent copies of B with disjoint interiors
translative packing: only translated copies of B (no rotations)
lattice packing: translative packing where the centers form a lattice in R"

density of a packing P is the proportion of space covered: §(P).

Maximal densities:
§'(B) < 6'(B) < 6°(B)

where §' = lattice, ' = translative, ° = congruent density.
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Any centrally symmetric hexagon tiles the plane as a lattice tiling: @ -
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Non-sphere packings

Lattice density and regular octagons
For a convex body B C R",

(congruent) packing: collection of congruent copies of B with disjoint interiors
translative packing: only translated copies of B (no rotations)
lattice packing: translative packing where the centers form a lattice in R"

density of a packing P is the proportion of space covered: §(P).

Maximal densities:
§'(B) < 6'(B) < 6°(B)

where §' = lattice, ' = translative, ° = congruent density.

B < . s¢ area(B)
Fejes Toth 1964: 6 (B) < area(smallest hexagon containing B) * O

Dowker 1944: If B is centrally symmetric, 3 centrally symmetric minimal-area hexagon.

Any centrally symmetric hexagon tiles the plane as a lattice tiling: % =

Lemma
5°(B) = d'(B) for every centrally symmetric convex body B in R?. J
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density of a packing P is the proportion of space covered: §(P).

Maximal densities:
§'(B) < 6'(B) < 6°(B)

where §' = lattice, ' = translative, ° = congruent density.

B < . s¢ area(B)
Fejes Toth 1964: 6 (B) < area(smallest hexagon containing B) * O

Dowker 1944: If B is centrally symmetric, 3 centrally symmetric minimal-area hexagon.

Any centrally symmetric hexagon tiles the plane as a lattice tiling: % =

Lemma
5°(B) = d'(B) for every centrally symmetric convex body B in R?. J

= Optimal packing of regular octagons is a lattice packing. Which one? (Homework)
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© Exercises



@ Give an example of a body B C R? for which §(B) # 5°(B)
@* Give an example of a body B C R? for which §'(B) # §(B)

O lattice: L(u,v) := {xu+ yv|x,y € Z} for non-collinear u,v € R?
(u, v) are basis vectors and form the fundamental domain (0,0), u, v, u + v.
@ Show that any lattice has an infinite number fundamental domains, describe them.

@ Show that the areas of all fundamental domains are the same.

@ Given a quadratic form g(x, y) = ax? + bxy + cy?, consider a fundamental domain
(ug, vq) such that for any point xuq 4 yvq of its lattice, the square of distance to the
origin equals g(x, y). Describe (ug, vq).

@ What is the area of the fundamental domain?
©® What is the smallest area of a fundamental domain of a lattice whose closest points
are separated by distance at least 1.

@ What is the maximal lattice density of unit disc?

@ What is the maximal congruent density of unit disc?
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Homework

@ Prove that this packing of regular octagons is optimal. You can use the lemma on
slide 17.

To be submitted by email to: daria.pchelina@ens-lyon.fr

Deadline: beginning of next lecture (20/11, 10h15)
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