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@ Formalizing packings in containers

© Bounds on objective value for square container
© Homework |

O Find candidate packings

© Prove optimality by hand

@ Prove optimality by computer

@ Ciritical density

© Homework I



“The Garden of Earthly Delights” Hieronymus Bosch, between 1490 and 1510
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“The Garden of Earthly Delights” Hieronymus Bosch, between 1490 and 1510
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solved for 1-33, 36 (1964-2021)

Place n identical coins in a smallest possible square

N=1

0]00/0/0/0/0/0/0]
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Place n identical coins in a smallest possible square

solved for 1-33, 36 (1964-2021)
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solved for 1-33, 36 (1964-2021)

Place n identical coins in a smallest possible square

=10

N=1

19 (1967-2003)

solved for 1-13,

circle
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Place n identical coins in a smallest possible square

N=1 N=2

N=4

solved for 1-33, 36 (1964-2021)

O (K

-
OO+
=06

N=87.

. circle solved for 1-13, 19 (1967-2003)

Find candidates: by hand for small n, billiard simulation, perturbation method

Prove optimality: by hand for small n and circles, interval analisys, branch-and-bound
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@ Formalizing packings in containers



Formalizing packings in containers

Geometrical models: circular container

P,(r, R): the set of packings of n circles of radius r in a circle of radius R.
Po(r,R) :== {{ci = (xi,yi) }i=1 s:t. |cil < R—rand |c — ¢| > 2r Vi, j}
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Formalizing packings in containers

Geometrical models: circular container
P,(r, R): the set of packings of n circles of radius r in a circle of radius R.
Po(r,R) :== {{ci = (xi,yi) }i=1 s:t. |cil < R—rand |c — ¢| > 2r Vi, j}
My : r =1 find the smallest circular container such that n unit circle fit inside.

R,:== min R
Pn(1,R)#0
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Formalizing packings in containers

Geometrical models: circular container

P,(r, R): the set of packings of n circles of radius r in a circle of radius R.
Po(r,R) := {{ci = (xi, i) }=1 st |ci| < R—rand | — ¢| > 2r Vi, j}
My : r =1 find the smallest circular container such that n unit circle fit inside.

R,:== min R
Pn(1,R)#0

M, : R =1 find the biggest r such that n circles of radius r fit into unit circular container.

rh,= max r
Pn(r,1)7#0

Daria Pchelina Packings in containers 3/31



Formalizing packings in containers

Geometrical models: circular container

P,(r, R): the set of packings of n circles of radius r in a circle of radius R.
Po(r,R) := {{ci = (xi, i) }=1 st |ci| < R—rand | — ¢| > 2r Vi, j}
My : r =1 find the smallest circular container such that n unit circle fit inside.

R,:== min R
Pa(1,R)#0
M, : R =1 find the biggest r such that n circles of radius r fit into unit circular container.

rh,= max r
Pn(r,1)7#0

An(d, R): the set of arrangement of n points with pairwise distance at least d in a circle
of radius R.
An(d, R) = {{pi = (xi, yi)}i=1 st. |pil < R and |pi — pj| > d Vi, j}

M} : d =1 find the smallest circular containers such that n points with pairwise distance
at least 1 fit inside.

/ . /

= min R

An(1,R")#£0

M) : R =1 find the biggest d such that n with pairwise distance at least d fit inside unit
circular container.

d, = max d
An(d,1)#0
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Formalizing packings in containers
Equivalence of geometrical models: 1; ~ I,

My ~ I
If P € Py(1,R,) then RL,, X P € P(rn, 1), ie., ra= R%' J

If P is an optimal packing of n unit circles, then P deflated by R, is an optimal packing
of n circles in unit circular container.
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Formalizing packings in containers

Equivalence of geometrical models: 1] ~ I/

M ~ M
If A€ An(L,R}) then & x A€ A(dn, 1), ie., dn = 2. J

Ry

If Ais an arrangement of n points at pairwise distance at least 1, then A deflated by R},
is an optimal arrangement of n points in unit circular container.

4
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Formalizing packings in containers
Equivalence of geometrical models: I1; ~ I/

1~

If P € Pa(1, Ry) then centers (ﬁ x P) € A(dn, 1), ie., dy = 52

Ro—1°

If P is an optimal packing of n unit circles, then the centers of circles in P deflated by
R, — 1 correspond to an optimal arrangement of n points in unit circular container.
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Formalizing packings in containers

Geometrical models : circular container

My Place n unit discs in a circle of radius R, minimize R, .
M3 Place n equal discs of radius r, in a unit circle maximize r,.
1
rn = Eﬂ
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Formalizing packings in containers

Geometrical models : circular container

My Place n unit discs in a circle of radius R, minimize R, .
M3 Place n equal discs of radius r, in a unit circle maximize r,.
M5 Place n points in a unit circle to maximize the min distance between points dp.
1
"R,
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Formalizing packings in containers
Geometrical models : circular container

My Place n unit discs in a circle of radius R, minimize R, .
M3 Place n equal discs of radius r, in a unit circle maximize r,.
M5 Place n points in a unit circle to maximize the min distance between points dp.
1o,
"TR "TR -1

LD

i sy
5
NG
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Formalizing packings in containers

Geometrical models : circular or square container

My Place n unit discs in a circle (square) of radius R, (of side S,) minimize R, (S,).
M, Place n equal discs of radius r, in a unit circle (square) maximize .
N5 Place n points in a unit circle (square) to maximize the min distance between points
dn.
1 2 1 2
n= 5" dy = — ”:i7d:7
"R TR -1 <r s o sn—2>
S, —2
T g5
n e
1 N .
Sn 7
> ! :
. . | e
Sn
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Formalizing packings in containers

Mathematical programming models

imi — i )2 )
Maximize d, := 1§rp<|?§n \/(x, xi)?+ (vi —yj)
0<x,%,y,y <1 0 < x4yl x4y <1
max-min
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Formalizing packings in containers

Mathematical programming models

Maximize t
t < (X,' — Xj)2 + (y,' — yj)2 @ non-convex constraints

0 < Xi, yi <1 2n box constraints 0 < x?+y? < 1 n convex constraints
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Formalizing packings in containers

Mathematical programming models

Maximize t
t < (X,' — Xj)2 + (y,' — yj)2 @ non-convex constraints
0 < Xi, yi <1 2n box constraints 0 < x?+y? < 1 n convex constraints

quadratic, non-convex, inequality-constrained
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Formalizing packings in containers

Mathematical programming models

Maximize t

t < (X,' — Xj)2 + (y,' — yj)2 @ non-convex constraints

0 < Xi, yi <1 2n box constraints 0 < x?+y? < 1 n convex constraints
quadratic, non-convex, inequality-constrained

too hard for analytical approach and global optimization solvers. . .
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Formalizing packings in containers

Mathematical programming models

Maximize t
t < (X,' — Xj)2 + (y,' — yj)2 @ non-convex constraints
0 < Xi, yi <1 2n box constraints 0 < x?+y? < 1 n convex constraints

quadratic, non-convex, inequality-constrained

too hard for analytical approach and global optimization solvers. . .

What is a “solution”?
Numerical candidate: might be unfeasible (not a packing), “good” objective value
Candidate packing: feasible, good objective value but not proved optimal
Validated enclosure of the optimum: all feasible, contains the optimum

Unique optimal packing: feasible, proved optimal
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© Bounds on objective value for square container



Bounds on objective value for square container

Lower bound on the maximal distance d,
Lower bound on the optimal objective value: objective value of any feasible solution.

. 2 . . .
How to fit at least 2\% points at distance at least 1 in the square of side s for all s € R":
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Bounds on objective value for square container

Lower bound on the maximal distance d,
Lower bound on the optimal objective value: objective value of any feasible solution.

. 2 . . .
How to fit at least 2\% points at distance at least 1 in the square of side s for all s € R":

N = {%J + 1 red segments

|s| + 1 points on each odd segment

Ls - %J + 1 points on each even segment
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Bounds on objective value for square container

Lower bound on the maximal distance d,
Lower bound on the optimal objective value: objective value of any feasible solution.

. 2 . . .
How to fit at least 2\% points at distance at least 1 in the square of side s for all s € R":

N = {%J + 1 red segments

|s| + 1 points on each odd segment

Ls - %J + 1 points on each even segment

number of points in the square:
if Niseven, ¥ ([s]+1+ [s—3]+1)

T4 if Nisodd, %1 (|s]+ 1+ |s— L] +1)+ s +1
H
1 i 252
in both cases, > Ns> Vel
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Bounds on objective value for square container

Lower bound on the maximal distance d,
Lower bound on the optimal objective value: objective value of any feasible solution.

. 2 . . .
How to fit at least 2\% points at distance at least 1 in the square of side s for all s € R":

N = {%J + 1 red segments

|s| + 1 points on each odd segment

Ls - %J + 1 points on each even segment

number of points in the square:
if Niseven, 3 ([s]+1+[s—3]+1)
T i Nisodd % (|s|+1+[s— L] +1)+[s]+1

1 : 252
in both cases, > Ns> Vel

X< = fit at least d%ﬁ points at distance at least d in the unit square for all d (= 1)
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Bounds on objective value for square container

Lower bound on the maximal distance d,
Lower bound on the optimal objective value: objective value of any feasible solution.

How to fit at least 2 f points at distance at least 1 in the square of side s for all s € R":

N = {%J + 1 red segments

|s| + 1 points on each odd segment

Ls - %J + 1 points on each even segment

$ number of points in the square:
if N is even, & (LSJ +1+[s—3|+1)
T i Nisodd % (|s|+1+[s— L] +1)+[s]+1
|_|
1 ; 252
in both cases, >Ns > \;g
x1 = fit at least Z\f points at distance at least d in the unit square for all d (= 1)
d= n23 = fit at least n points at distance at least ,/ ﬁ in the unit square for all n
2
= dp >
n - n\/§
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Bounds on objective value for square container

Voronoi diagrams

Given S C RR? set of points,
Voronoi cell of point p € S : Vor(p) := {q € R? | dist(q, p’)>dist(q, p) Vp' € S\ {p}}

Voronoi cell is convex polygonal domain (possibly unbounded)
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Bounds on objective value for square container
Voronoi diagrams

Given S C RR? set of points,
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Bounds on objective value for square container

Voronoi diagrams

Given S C RR? set of points,
Voronoi cell of point p € S : Vor(p) := {q € R? | dist(q, p’)>dist(q, p) Vp' € S\ {p}}

Voronoi cell is convex polygonal domain (possibly unbounded)

Voronoi diagram of S: union of Voronoi cells of its points |J Vor(p)
pES
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Bounds on objective value for square container

Voronoi diagrams

Given S C RR? set of points,
Voronoi cell of point p € S : Vor(p) := {q € R? | dist(q, p’)>dist(q, p) Vp' € S\ {p}}
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Bounds on objective value for square container

Voronoi diagrams

Given S C RR? set of points,
Voronoi cell of point p € S : Vor(p) := {q € R? | dist(q, p’)>dist(q, p) Vp' € S\ {p}}

Voronoi cell is convex polygonal domain (possibly unbounded)

Voronoi diagram of S: union of Voronoi cells of its points |J Vor(p)
pES

Voronoi diagram of a circle packing: Voronoi diagram of the circle centers
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Bounds on objective value for square container

Smallest Voronoi cells in a circle packing

What is the Voronoi cell of smallest area in a packing of unit circles?
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Bounds on objective value for square container
Smallest Voronoi cells in a circle packing

What is the Voronoi cell of smallest area in a packing of unit circles?

@ circumscribed
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Bounds on objective value for square container

Smallest Voronoi cells in a circle packing

What is the Voronoi cell of smallest area in a packing of unit circles?

o circumscribed = area = Perimeter _

5o =2 tan(%), 3 o = 2m,

tan3 is convex =

1g A Z:'(:l o T
; ;tan 5 = tanT = tanE =
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Bounds on objective value for square container

Smallest Voronoi cells in a circle packing

What is the Voronoi cell of smallest area in a packing of unit circles?

~
-

@ circumscribed = area = pe”meter

o regular

Daria Pchelina
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11 /31



Bounds on objective value for square container

Smallest Voronoi cells in a circle packing

What is the Voronoi cell of smallest area in a packing of unit circles?

(

@ circumscribed = area = pe”meter

o regular

o hexagon

Daria Pchelina
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= ;tan(%), >, o =2,

tan} is convex =

11 /31



Bounds on objective value for square container
Smallest Voronoi cells in a circle packing

What is the Voronoi cell of smallest area in a packing of unit circles?

Hl =
o circumscribed = area = 1T — S tan(4l), 3, o = 2, tan is convex =
Ztan — > tanzzk = tan% =
o regular
o hexagon

Daria Pchelina Packings in containers
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Bounds on objective value for square container

Upper bound on the maximal radius r,

Voronoi cell of minimal area in a packing of r-circles: circumscribed regular hexagon H,.
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Bounds on objective value for square container
Upper bound on the maximal radius r,

Voronoi cell of minimal area in a packing of r-circles: circumscribed regular hexagon H,.
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Bounds on objective value for square container
Upper bound on the maximal radius r,

Voronoi cell of minimal area in a packing of r-circles: circumscribed regular hexagon H,.

area(Vor(0;)) > area(H,) = 2v/3r°
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Bounds on objective value for square container

Upper bound on the maximal radius r,

Voronoi cell of minimal area in a packing of r-circles: circumscribed regular hexagon H,.

area(Vor(0;)) > area(H,) = 2v/3r°

Voronoi cells are disjoint and their union is the unit square :

nx2v3r’ < Z area(Vor(0;)) =1
i=1
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Bounds on objective value for square container
Upper bound on the maximal radius r,

Voronoi cell of minimal area in a packing of r-circles: circumscribed regular hexagon H,.

area(Vor(0;)) > area(H,) = 2v/3r°

Voronoi cells are disjoint and their union is the unit square :

nx2v3r’ < Z area(Vor(0;)) =1
i=1

1 d=2§ 2

r< _— =
— 1
2V/3n T2 2v/3n—2
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Bounds on objective value for square container

Bounds on d, vs best known

dy,

best known candidates
- proved optimal

—lower bound ./
—upper bound

better upper bound

2345678 9101112131415161718192021 222321252627 282030 36 80

Daria Pchelina Packings in containers 13 /31



© Homework |



Homework |

20/11-25/11

@ Improve the upper bound on d, in square container (#>

V2v3n-2

@* What is the best way to put discs of radii 1 and v/2 — 1 in a 4 x 4 square?
(best = cover most surface)

To be submitted by email to: daria.pchelina@ens-lyon.fr

Deadline: beginning of next lecture (25/11, 15h45)
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@ Find candidate packings



Find candidate packings

Perturbation method

Ball et al 2000: “new” candidates up to 200

1

@ random n points in unit square, € =

o  for each point, perturb by € to increase distance to the nearest neighbor
repeat until no points to move

2
3

@ stop when e small

o € =

what it looks like

dio ~ 0.4212795439839, rip = 0.1482043225652

Stuck in local optima = need MANY iterations
what it looks like with 100 iterations
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/home/daria/Teaching/M2_computers_for_math/2_containers/2-2_containers_squares/stochastic_bdgl_2000/boll.html
2-2_containers_squares/stochastic_bdgl_2000_iterative/boll.html

Find candidate packings

Billiard simulation

Graham and Lubachevsky 1996: “new” candidates up to 50

Start with an arrangement of n identic circles, of some initial radius, and random velocity
vector.

Gradually inflate circles, until they can not move anymore.

what it looks like

dio ~ 0.4212795439839, rio = 0.1482043225652

Modified Billiard Simulation or Pulsating Disk Shaking algorithm 2007
no initial velocities = only store local interactions (circle-circle and circle-wall contacts)
improved ~~ 100 cases up to 200
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Find candidate packings

Billiard simulation

Graham and Lubachevsky 1996: “new” candidates up to 50

Start with an arrangement of n identic circles, of some initial radius, and random velocity
vector.

Gradually inflate circles, until they can not move anymore.

what it looks like

dio ~ 0.4212795439839, rio = 0.1482043225652

Modified Billiard Simulation or Pulsating Disk Shaking algorithm 2007
no initial velocities = only store local interactions (circle-circle and circle-wall contacts)
improved ~~ 100 cases up to 200

numerical candidate — feasible candidate: interval arithmetic in the ™ NextLecture
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Find candidate packings
Known candidates: square container http://www.packomania.com/

best known candidates

- proved optimal
1 ~lower bound /-2
: better upper bound

n
36 100 200
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http://www.packomania.com/

Find candidate packings

From numerical candidate to feasible packing

Numerical candidate packing might be unfeasible due to rounding errors

Number of Circles: 13 S| Growth Rate: 011
thitial Radis: (01 S (mtial Veloaty: 08

Curcent Radivs: 0.136250
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Find candidate packings

From numerical candidate to feasible packing
Numerical candidate packing might be unfeasible due to rounding errors

@ centers — interval error boxes

Number of Circles: 13 S| Growth Rate: 011
thitial Radis: (01 S (mtial Veloaty: 08

Curcent Radivs: 0.136250
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Find candidate packings

From numerical candidate to feasible packing
Numerical candidate packing might be unfeasible due to rounding errors

@ centers — interval error boxes
@ check constraints on error boxes in interval arithmetic

Number of Circles: 13 S Growth Rate: 011
(hitial Radis: (01 = (mtial Veloaty: 08

Curcent Radivs: 0.130250
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Find candidate packings

From numerical candidate to feasible packing
Numerical candidate packing might be unfeasible due to rounding errors

@ centers — interval error boxes
@ check constraints on error boxes in interval arithmetic
© subdivide boxes if not enough precision

Number of Circles: 13 S| Growth Rate: 011
thitial Radis: (01 S (mtial Veloaty: 08

Curcent Radivs: 0.136250
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Find candidate packings

From numerical candidate to feasible packing
Numerical candidate packing might be unfeasible due to rounding errors

@ centers — interval error boxes
@ check constraints on error boxes in interval arithmetic
© subdivide boxes if not enough precision
@ we got an enclosure of feasible packings
NS, Tt velocs

Curcent Radivs: 0.136250
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© Prove optimality by hand



Prove optimality by hand

Circular container: n <7

Lemma
If n > 2 points a1, ..., a, lie in a unit disk then some pair points is at distance at most
max(1,2sin (%))
)
Proof.
If point x € convex hull(ai, ..., ax), then d(x, a;) < 1 for some j.
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Prove optimality by hand

Circular container: n <7

Lemma
If n > 2 points a1, ..., a, lie in a unit disk then some pair points is at distance at most
max(1,2sin (%))
)
Proof.
If point x € convex hull(ai, ..., ax), then d(x, a;) < 1 for some j.

If point a; ¢ the convex hull of the remaining points and not on the boundary of the disk
then move a; to the boundary so that for all j d(a;, a;) does not decrease.
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Prove optimality by hand
Circular container: n <7

Lemma
If n > 2 points a1, ..., a, lie in a unit disk then some pair points is at distance at most
max(1,2sin (%))
)
Proof.
If point x € convex hull(ai, ..., ax), then d(x, a;) < 1 for some j.

If point a; ¢ the convex hull of the remaining points and not on the boundary of the disk
then move a; to the boundary so that for all j d(a;, a;) does not decrease.

All a; € the boundary, divide the circumference into n arcs, then some arc has length
< 2% = d(aj, ) < 2sin(%).
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Prove optimality by hand
Circular container: n <7

Lemma
If n > 2 points a1, ..., a, lie in a unit disk then some pair points is at distance at most
max(1,2sin (%))
)
Proof.
If point x € convex hull(ai, ..., ax), then d(x, a;) < 1 for some j.

If point a; ¢ the convex hull of the remaining points and not on the boundary of the disk

then move a; to the boundary so that for all j d(a;, a;) does not decrease.

AII a, € the boundary, divide the circumference into n arcs, then some arc has length
= = d(a;, a) < 2sin(Z

OO0000,

‘rr

< sin (%) all points on the boundary, d, = 2sin ().

§6:%
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Prove optimality by hand
Circular container: n <7

Lemma
If n > 2 points a1, ..., a, lie in a unit disk then some pair points is at distance at most
max(1,2sin (%))
)
Proof.
If point x € convex hull(ai, ..., ax), then d(x, a;) < 1 for some j.

If point a; ¢ the convex hull of the remaining points and not on the boundary of the disk
then move a; to the boundary so that for all j d(a;, a;) does not decrease.

All a; € the boundary, divide the circumference into n arcs, then some arc has length
< 2% = d(aj, ) < 2sin(%).

n <6: 2 <sin(Z) all points on the boundary, d, = 2sin (T).
n = 7: 6 points on the boundary, 7th point in the center d7 = ds = 1.
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Prove optimality by hand
Circular container: n =8 (rough idea) Pirl 1969

Suppose we can do better than ds = 2sin (5) with < 7 points on the boundary.
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Prove optimality by hand
Circular container: n =8 (rough idea) Pirl 1969

Suppose we can do better than ds = 2sin (5) with < 7 points on the boundary.

If 6 points on the boundary, then each pair of points at distance at least ds, each arc is

at least 2, then the maximal arc is at most 27 — 52F = ** Tl

&
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Prove optimality by hand
Circular container: n =8 (rough idea) Pirl 1969

Suppose we can do better than ds = 2sin (5) with < 7 points on the boundary.

If 6 points on the boundary, then each pair of points at distance at least ds, each arc is

at least 2, then the maximal arc is at most 27 — 52F = ** Tl

Each point not on the boundary should be at distance at most 1 — d2 from the center.
So, d(0,x) <1—d; =1—4sinZ <1—4sin®Z =v2-1<sin(%)

Thus, d(xi1,x2) < 2sin(%) = ds: contradiction.

&
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Prove optimality by hand
Circular container: n =8 (rough idea) Pirl 1969

Suppose we can do better than ds = 2sin (5) with < 7 points on the boundary.

If 6 points on the boundary, then each pair of points at distance at least ds, each arc is

at least 2, then the maximal arc is at most 27 — 52F = ** Tl

Each point not on the boundary should be at distance at most 1 — d2 from the center.
So, d(0,x) <1—d; =1—4sinZ <1—4sin®Z =v2-1<sin(%)
Thus, d(xi1,x2) < 2sin(%) = ds: contradiction.

If < 6 points on the boundary, > 3 points inside, separated by at least ds.
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Prove optimality by hand
Circular container: optimal packings

@ Pirl 1969: 1-10

@ Mellisen 1994: 11
@ Fodor 2000: 12, 2003: 13, 1999: 19
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@ Prove optimality by computer



Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42

@ decompose the square into tiles of diameter < d
at most one point in each tile

1 1
16 squares 3 X 3
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d,

@ decompose the square into tiles of diameter < d
at most one point in each tile

@ choose a combination of n active tiles (active = candidate for containing point) (3%)

n=10:0.42

1 1
16 squares 3 X 3
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42
@ decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

@ choose a combination of n active tiles (active = candidate for containing point) (3%)

@ partition tiles into small cells tile = 8 x 8 square cells

Daria Pchelina Packings in containers 22 /31



Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42

decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

choose a combination of n active tiles (active = candidate for containing point) (3%)

Q
Q
@ partition tiles into small cells tile = 8 x 8 square cells
(5]

active cells elimination: if a point € cell (io, jo), of a tile, then neighbor tile has no point in cells
(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)> dicrete disk
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42

decompose the square into tiles of diameter < d 16 squares + X 1

Q
at most one point in each tile

@ choose a combination of n active tiles (active = candidate for containing point) (3%)

@ partition tiles into small cells tile = 8 x 8 square cells

o

active cells elimination: if a point € cell (io, jo), of a tile, then neighbor tile has no point in cells
(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)> dicrete disk

—
]
1
I
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42

decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

choose a combination of n active tiles (active = candidate for containing point) (3%)

Q

o

@ partition tiles into small cells tile = 8 x 8 square cells

@ active cells elimination: if a point € cell (i, jo), of a tile, then neighbor tile has no point in cells

(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)* dicrete disk
eliminate intersection of exclusion sets for all cells of the tile
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells

@ find a good lower bound d on d, n=10:0.42

@ decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

@ choose a combination of n active tiles (active = candidate for containing point) (3%)

@ partition tiles into small cells tile = 8 x 8 square cells

@ active cells elimination: if a point € cell (i, jo), of a tile, then neighbor tile has no point in cells

(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)* dicrete disk
eliminate intersection of exclusion sets for all cells of the tile
do it for all tiles ... if a tile is entirely eliminated, then no optimum in this combination = take another
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells

@ find a good lower bound d on d, n=10:0.42

@ decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

@ choose a combination of n active tiles (active = candidate for containing point) (3%)
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells

@ find a good lower bound d on d, n=10:0.42
decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

Q

@ choose a combination of n active tiles (active = candidate for containing point) (3%)
@ partition tiles into small cells tile = 8 x 8 square cells
o

active cells elimination: if a point € cell (io, jo), of a tile, then neighbor tile has no point in cells
(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)* dicrete disk

eliminate intersection of exclusion sets for all cells of the tile

do it for all tiles ... if a tile is entirely eliminated, then no optimum in this combination = take another
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42

decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

choose a combination of n active tiles (active = candidate for containing point) (3%)

Q
Q
@ partition tiles into small cells tile = 8 x 8 square cells
(5]

active cells elimination: if a point € cell (io, jo), of a tile, then neighbor tile has no point in cells
(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)* dicrete disk

eliminate intersection of exclusion sets for all cells of the tile

do it for all tiles ... if a tile is entirely eliminated, then no optimum in this combination = take another

©

if active cells remain in all tiles, refine the grid: cell — 4 cells
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42

decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

choose a combination of n active tiles (active = candidate for containing point) (3%)

Q
Q
@ partition tiles into small cells tile = 8 x 8 square cells
(5]

active cells elimination: if a point € cell (io, jo), of a tile, then neighbor tile has no point in cells
(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)* dicrete disk

eliminate intersection of exclusion sets for all cells of the tile

do it for all tiles ... if a tile is entirely eliminated, then no optimum in this combination = take another

©

if active cells remain in all tiles, refine the grid: cell — 4 cells
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Prove optimality by computer

Find certified enclosure of the optima: method of active cells
@ find a good lower bound d on d, n=10:0.42

decompose the square into tiles of diameter < d 16 squares + X 1
at most one point in each tile

choose a combination of n active tiles (active = candidate for containing point) (3%)

Q
Q
@ partition tiles into small cells tile = 8 x 8 square cells
(5]

active cells elimination: if a point € cell (io, jo), of a tile, then neighbor tile has no point in cells
(i) st (i —iol + 1%+ (Ij —jol + 1)* < (8d)* dicrete disk

eliminate intersection of exclusion sets for all cells of the tile

do it for all tiles ... if a tile is entirely eliminated, then no optimum in this combination = take another

©

if active cells remain in all tiles, refine the grid: cell — 4 cells
We got a validated enclosure of the optimum.
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Prove optimality by computer

Proof of uniqueness (sketch): shrinking regions

Point arrangement — disk packing

@ ‘“guess’ tangencies of the optimal packing — get centers
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Prove optimality by computer

Proof of uniqueness (sketch): shrinking regions

Point arrangement — disk packing
@ ‘“guess’ tangencies of the optimal packing — get centers

@ initial error-regions: disks of radius € around guessed centers

Xy
¢ 60

caea?
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Prove optimality by computer
Proof of uniqueness (sketch): shrinking regions

Point arrangement — disk packing
@ ‘“guess’ tangencies of the optimal packing — get centers
@ initial error-regions: disks of radius € around guessed centers

© elimination: cut out with straight lines untill all regions are strictly inside disks

BEOK
‘#ﬁ AR
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Prove optimality by computer

Proof of uniqueness (sketch): shrinking regions

Point arrangement — disk packing
@ ‘“guess’ tangencies of the optimal packing — get centers
@ initial error-regions: disks of radius € around guessed centers
© elimination: cut out with straight lines untill all regions are strictly inside disks

@ updated error disks of radii € x g for g < 1
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Prove optimality by computer

Proof of uniqueness (sketch): shrinking regions

Point arrangement — disk packing
@ ‘“guess’ tangencies of the optimal packing — get centers
@ initial error-regions: disks of radius € around guessed centers
© elimination: cut out with straight lines untill all regions are strictly inside disks
@ updated error disks of radii € x g for g < 1

@ can repeat the same sequence of cuts, get error disks of radius = € x ¢° etc ...
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Prove optimality by computer

Proof of uniqueness (sketch): shrinking regions

Point arrangement — disk packing
@ ‘“guess’ tangencies of the optimal packing — get centers
@ initial error-regions: disks of radius € around guessed centers
elimination: cut out with straight lines untill all regions are strictly inside disks
updated error disks of radii € x g for g < 1
can repeat the same sequence of cuts, get error disks of radius = € x ¢° etc ...

each sequence of concetric error-disks converges to the guessed center

© 00600

the optimum is unique and coressponds to the guessed structure
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Prove optimality by computer

Square container: optimal packings

@ 1-9 by hand Schaer and Meir 1965, Schwartz 1970
e 14, 16, 25, 36 by hand Kirchner, Wengerodt 1983, 1987
@ 10-20 computer-assisted Peikert, Wurtz, Monagan, de Groot 1990, 1992,

@ 21-27 computer-assisted Nurmela, Ostergird 1999

28-30 computer-assisted Markét, Csendes 2007
28,29 — combinatorial structure, uniqueness in enclosures but no symbolic solution for coordinates
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Prove optimality by computer
Square container: certified enclosures of the optimum

@ 31-33 computer-assisted Markét 2022 tangencies might not all be present in the optimum
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that
all have the same sum?
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that
all have the same sum?

3m
Restricted 3-Partition: % <x < % where > x; = mT
i=1

Examples: {1, 2,15, 15,15,42}:
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that
all have the same sum?

3m
Restricted 3-Partition: % <x < % where > x; = mT
i=1

Examples: {1,2,15,15,15,42}:Yes {4,4,4,6,6,6}(restricted):
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that
all have the same sum? 3m
Restricted 3-Partition: 7 < x; < = where > xi = mT
i=1
Examples: {1,2,15,15,15,42}:Yes {4,4,4,6,6,6}(restricted):No
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that
all have the same sum? 3m
. is 1 1 _ 3y —
Restricted 3-Partition: ; < x; < 3 _Z:lx,- =m Zj:l x; =1
i=

Examples: {1,2,15,15,15,42}:Yes  {{, &, &, 2, 2, 2}(restricted):No
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019

Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.
Demaine, Fekete, Lang 2010

Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that

all have the same sum? 3m

Restricted 3-Partition: % < xi < % _Z:lx,- =m 213: x; =1
iz

Examples: {1,2,15,15,15,42}:Yes  {{, &, &, 2, 2, 2}(restricted):No

Restricted 3-Partition Problem is NP-hard. 1975
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that
all have the same sum? 3m

. R | 1 _ 3 -
Restricted 3-Partition: ; < x; < 3 _Z:lx,- =m Zj:l x; =1

iz

Examples: {1,2,15,15,15,42}:Yes  {{, &, &, 2, 2, 2}(restricted):No
Restricted 3-Partition Problem is NP-hard. 1975
encoding 3-Partition into Circle Placement:
feasible partition iff V(i1, iz, i) is feesible: Zj:l x; =1
ri=s—(3—x)e
circles of radii (ri,, ri,, i) can be packed into the pocket iff

(f1, k2, i3) feasible
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Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
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Critical density

Circle Packing Problem triangle, square 2010 circle 2019
Circle Packing: given a set of n circles, can they be packed into a unit square?

Circle Placement: given a set of n circles, place their centers into a unit square.

Demaine, Fekete, Lang 2010
Circle Placement is NP-hard. = Circle Packing is NP—hard.J

Proof idea:

3-Partition: given a multiset of 3m integers, can it be partitioned into m triplets that
all have the same sum? 3m

. R | 1 _ 3 -
Restricted 3-Partition: ; < x < 3 _Z:IX,' =m Zj:l Xj; =

iz

Examples: {1,2,15,15,15,42}:Yes  {{, &, &, 2, 2, 2}(restricted):No
Restricted 3-Partition Problem is NP-hard. 1975
encoding 3-Partition into Circle Placement:
feasible partition iff V(i1, iz, i) is feesible: Zj:l x; =1
ri=s—(3—x)e
circles of radii (ri,, ri,, i) can be packed into the pocket iff

(f1, k2, i3) feasible
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Critical density

Packing disks (of different sizes) in a unit circle/square,

worst-case density D: ratio between the combined area of disks that can always be
packed and the area of the container

> area(d)
if % < D then all disks in S will fit in the unit circle/square V set of disks S
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Critical density

Packing disks (of different sizes) in a unit circle/square,

worst-case density D: ratio between the combined area of disks that can always be
packed and the area of the container

> area(d)
if % < D then all disks in S will fit in the unit circle/square V set of disks S

optimal worst-case density: maximal worst-case density critical density Dt

Ve > 0, there is a set of disks S, of total area (Dqit + €)m which does not fit
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Critical density

Packing disks (of different sizes) in a unit circle/square,

worst-case density D: ratio between the combined area of disks that can always be

packed and the area of the container

> area(d)

if des
T

optimal worst-case density: maximal worst-case density

< D then all disks in S will fit in the unit circle/square V set of disks S

critical density Dt

Ve > 0, there is a set of disks S, of total area (Dqit + €)m which does not fit

example: unit square

two disks of radius r =

2

density: 27r? = 27 __ —

(2+2v2)2

= Dcrit 2 352v2

Daria Pchelina
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Critical density

Disks in a square

. . . S . . o
Critical density for packing disks into a square is v © 53.9%. Morr 2017
Split Pack algorithm sketch: divide-and-conquer

@ divide disks into two almost equal sum areas parts C;, & greedy

@ split the square into two right equilateral triangles T1, T»
© Split Pack G into Ty
@ Split Pack G into T,

A
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Critical density

Disks in a square

. . . S . . o
Critical density for packing disks into a square is v © 53.9%. Morr 2017
Split Pack algorithm sketch: divide-and-conquer

@ divide disks into two almost equal sum areas parts C;, & greedy

@ split the square into two right equilateral triangles T1, T»
© Split Pack G into Ty
@ Split Pack G into T,

A
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Critical density

Disks in a square

. . . S . . o
Critical density for packing disks into a square is v © 53.9%. Morr 2017
Split Pack algorithm sketch: divide-and-conquer

@ divide disks into two almost equal sum areas parts C;, & greedy

@ split the region into two parts T1, T2 whose sizes depend on areas of C; and G
© Split Pack G into Ty
@ Split Pack G into T,

A
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Critical density
Critical density of disks in circle

. . . 2=
two disks of radius 1 density: =%~ =1 = Dy > 1

™
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Critical density
Critical density of disks in circle

two disks of radius 3

1 oo 27
5 density: —*

1
ks

= 5 = Dcrit

1
Z 3

Critical density for packing disks into a circle is %

sketch of idea of algorithm:

@ boundary packing

@ ring packing

Fekete, Keldenich, Scheffer 2019

nzmnz--2r
glue disks to the interiour boundary

layers of disks inside rings

Daria Pchelina

Packings in containers

29 / 31



Critical density
Critical density of disks in circle

two disks of radius 3

1
2

.2z
density: —*

T % = Dcrit 2 %
Critical density for packing disks into a circle is %
sketch of idea of algorithm:

@ boundary packing

@ ring packing

Fekete, Keldenich, Scheffer 2019
n=>rnz-->tn
glue disks to the interiour boundary

layers of disks inside rings

Daria Pchelina

illustration from Fekete, Keldenich, Scheffer, SoCG 2019
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© Homework I



Homework 11

1 rA,rB,rC = 1,1,1

2 ab_init = RIF(rA+rB, (rA+rB+2*rC)) # RIF(x,y)=smallest interval containing
[x,y]

bc_init = RIF(rC+rB, (rB+rC+2*rA))

5 area = lambda ab, bc: ab*bc/2

6 cov = lambda ab, bc: RIF(pi)/4*rB**2 + arctan(ab/bc)/2*rC**2 + arctan(bc/ab
)/2*xrAxx2 # RIF(x) = smallest interval containing x

7 density = lambda ab, bc: cov(ab,bc) / area(ab,bc)

9 density_init = RIF(density(ab_init,bc_init))
10 max_1lb_dens = density_init.lower() # lower bound of the interval

12 boxes = [(ab_init, bc_init)]
3 N = 1000
14 while len(boxes)>0 and N>O:

5 N-=1

6 box = boxes.pop ()

17 if density (*box).upper ()>max_lb_dens:

8 if density (*box).lower ()>max_lb_dens:

9 max_lb_dens = density (*box).lower ()

0 for new_box in [(new_ab, new_bc) for new_ab in box[0].bisection ()
for new_bc in box[1].bisection()]: # subdivide each interval

1 boxes = boxes + [new_box]

2
3 print (min([density (*b).lower () for b in boxes]))
4 print (max ([density (xb) .upper () for b in boxes]))

Listing 1: SageMath code for homework
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Homework 11

2/12-9/12

For these exercises, install SageMath (or use Sage on CoCalc).
@ What does the code do? Change one line to make the result much “better” without

taking longer time. How to do the same for ra =+v2 —1,r8 = 1,rc = 1?7 And
rA:]-,rB:%—l,rczl?

@* Write the code doing the same when ra = v2 —1,r5 = 1, rc = 1 without
constraint on angle ABC.

@* Formally prove that Circle Packing is NP-hard.
Demaine, Fekete, Lang 2010: https://arxiv.org/abs/1008.1224.

BTEX-generated pdfs, txt, anything except handwriting to be submitted by email to:
daria.pchelina@ens-lyon.fr

Deadline: beginning of the lecture in one week (9/12, 15h45)
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