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We contribute the first denotational semantics of polymorphic dependent
type theory extended by an equational theory for general (higher-order) reference
types and recursive types, based on a combination of guarded recursion and
impredicative polymorphism; because our model is based on recursively defined
semantic worlds, it is compatible with polymorphism and relational reasoning
about stateful abstract datatypes. What is new in relation to prior typed
denotational models of higher-order store is that our Kripke worlds need not be
syntactically definable, and are thus compatible with relational reasoning in the
heap. Our work combines recent advances in the operational semantics of state
with the purely denotational viewpoint of synthetic guarded domain theory.

1 A new metalanguage for denotational semantics
The basis of our result is impredicative guarded dependent type theory (iGDTT)
a new metalanguage for synthetic denotational semantics that extends ordinary
guarded dependent type theory [2] by an impredicative universe of sets. Syn-
tactically, an impredicative universe is a model of higher-order polymorphism
with universal and existential types; on the semantic side, an impredicative
universe corresponds a complete full internal subcategory, and can be found in
any category of assemblies [8, 9]. Completeness of full internal subcategories is
preserved by the Hofmann and Streicher [6] lifting of universes, and hence a par-
ticularly bountiful source of models for iGDTT is to take internal presheaves [10]
on a well-founded order [1, 16] internal to any category of assemblies [15, 7].

Impredicativity and guarded recursion are therefore two orthogonal features
that, when combined, lead to a very simple description of a possible worlds
model of higher-order store supporting polymorphism, in contrast to several
prior possible worlds models [13, 12]. To summarize:

1. Section 2: a suitable preorder 𝒲 of semantic Kripke worlds can be
defined in predicative guarded dependent type theory (GDTT); covariant
presheaves on𝒲 are immediately closed under reference types.

2. Section 3: to define the function space and the state monad in our semantic
domain, we require the additional impredicativity of iGDTT.

*Full preprint: Denotational semantics of general store and polymorphism [19].
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3. Section 4: finally, we show how to extend the denotational semantics of
Sections 2 and 3 from a stateful version of System F𝜔 to an extension of
iGDTT itself with general reference types, the first model of polymorphic
dependent type theory with higher-order store and recursive types.

2 Domain equations for higher-order store in GDTT
If 𝒰 is any universe in the predicative version of GDTT, we may define a
preorder of𝒰-valued Kripke worlds by solving a guarded domain equation:

𝒲𝒰 = Loc ⇀fin. ▶𝒯𝒰 𝒯𝒰 = Functor(𝒲𝒰 ,𝒰)

Given 𝐴 ∈ 𝒯𝒰 , we may define the type ref𝒰𝐴 ∈ 𝒯𝒰 of references to 𝐴 already,
taking the locations at the given world that will be labeled by 𝐴 in one step:

(ref𝒰𝐴)𝑤 = {𝑙 ∈ |𝑤 | | 𝑤𝑙 = next𝐴}

Unfortunately, the category𝒯𝒰 is not well-behaved unless𝒰 is impredicative:
it need not even be cartesian closed, much less support a state monad.

3 A monad for general store in iGDTT
Now let 𝒮 be the impredicative universe of iGDTT and let𝒲𝒮 and 𝒯𝒮 be the
solution to the domain equation for Kripke worlds as in Section 2. Because 𝒮 is
impredicative, it happens that 𝒯𝒮 is locally cartesian closed: in fact, for any of the
predicative universes𝒰 ∋ 𝒮 of iGDTT, the family fibration Fam𝒰 (𝒯𝒮) 𝒰
is strongly complete and so 𝒯𝒮 models the full System F𝜔. It also happens that
we may define a state monad on 𝒯𝒮 mirroring that of Levy [13], but in which
the heap can store elements of any type classified by 𝒯𝒮 regardless of syntactical
definability. We first define the type of heaps at a given world 𝑤 ∈ 𝒲𝒮 :

ℋ𝑤 =
∏

𝑙∈|𝑤 | ▶[𝑋 ← 𝑤𝑙].𝑋𝑤

Letting L be the guarded lift monad [18, 17, 14], we may define a state monad
T : 𝒯𝒮 𝒯𝒮 using a combination of universals and existentials in 𝒮:

(T𝐴)𝑤 =∀𝑤′≥𝑤ℋ𝑤′ → L∃𝑤′′≥𝑤′ℋ𝑤′′ × 𝐴𝑤′′

It is then routine to close the monad T under effects for reading, writing, and
allocating reference cells. The only subtlety is that the heap stores its elements
under the later modality ▶; this is dealt with using the ▶-algebra structure
on (T𝐴)𝑤 induced by the inner occurrence of the guarded lift monad L. The
resulting (monadic) model of effectful System F𝜔 also supports recursive types.

4 Adding general store to iGDTT itself
In Sections 2 and 3 we have described how to construct an extremely simple but
versatile denotational semantics for System F𝜔 with monadic higher-order store,
general reference types, and recursive types. The same construction, however,
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can be used to give a denotational semantics to a version of iGDTT itself such
that 𝒮 is closed under general reference types and a state monad. This is carried
out by applying the Hofmann–Streicher universe lifting once more to obtain an
impredicative universe in the internal functor category Functor(𝒲𝒮 ,𝒰).

The resulting language, iGDTTref, is the first to soundly combine “full-
spectrum” dependently typed programming and equational reasoning with
both higher-order store and recursive types. The necessity of semantics for higher-
order store with dependent types is not hypothetical: both Idris 2 and Lean 4
are dependently typed, higher-order functional programming languages [3,
5] that feature a Haskell-style IO monad with general IORef types [11], but
until now no semantics have been proposed for these features. In fact, our
investigations have revealed a subtle problem in the IO monads of both Idris
and Lean: as higher-order store is inherently impredicative, it is not consistent
with our semantics to close multiple nested universes under the IOmonad [4].
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