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ABSTRACT.

Cost automata have a finite set of counters which can be manipulated on each transition but do not
affect control flow. Based on the evolution of the counter values, these automata define functions
from a domain like words or trees to IN U {oo}, modulo an equivalence relation which ignores exact
values but preserves boundedness properties. These automata have been studied by Colcombet et al.
as part of a “theory of regular cost functions”, an extension of the theory of regular languages which
retains robust equivalences, closure properties, and decidability like the classical theory.

We extend this theory by introducing quasi-weak cost automata. Unlike traditional weak automata
which have a hard-coded bound on the number of alternations between accepting and rejecting
states, quasi-weak automata bound the alternations using the counter values (which can vary across
runs). We show that these automata are strictly more expressive than weak cost automata over
infinite trees. The main result is a Rabin-style characterization theorem: a function is quasi-weak
definable if and only if it is definable using two dual forms of non-deterministic Biichi cost automata.
This yields a new decidability result for cost functions over infinite trees.

1 Introduction

Cost automata are finite-state machines enriched with counters which can be manipulated
on each transition but cannot be used to affect control flow. Based on the evolution of the
counter values, these automata define functions from some domain (like words or trees
over a finite alphabet) to N U {oo}, modulo an equivalence relation ~ which ignores exact
values but preserves boundedness properties. By only considering the functions up to =,
the resulting “theory of regular cost functions” retains many of the equivalences, closure
properties, and decidability results of the theory of regular languages [3]. It extends the
classical theory since we can identify each language with its characteristic function mapping
structures in the language to 0 and everything else to oo; it is a strict extension since cost
automata can count some behaviour within the input structure.

The development of this theory was motivated by problems which can be reduced to
questions of boundedness. For instance, Hashiguchi [7] and later Kirsten [8] used distance
and nested-distance desert automata (special forms of cost automata) to prove the decidabil-
ity of the “star-height problem”: given a regular language L of finite words and a natural
number 7, is there some regular expression (using concatenation, union, and Kleene star) for
L which uses at most n nestings of Kleene-star operations? Colcombet and Loding [4] have
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used a similar approach over finite trees. The theory of regular cost functions over finite
words [3] and finite trees [6] can be viewed as a unifying framework for these problems.

It is desirable to extend the theory to infinite trees. For instance, the “parity-index prob-
lem” asks: given a regular language L of infinite trees and i < j, is there a parity automaton
using only priorities {7,i +1,...,j}? This is known to be decidable in some special cases
(e.g. for deterministic languages [11]), but a general decision procedure is not known. How-
ever, Colcombet and Loding [5] have reduced the parity-index problem to another open
problem, namely the decidability of ~ for regular cost functions over infinite trees.

Weak cost automata (recently studied in [13]) are a natural starting point in this line
of research on regular cost functions over infinite trees. In the classical setting, weak au-
tomata are a restricted form of alternating Biichi automata which have a fixed bound on the
number of alternations between accepting and rejecting states across all runs. They were
introduced in [10] to characterize the languages definable in weak monadic second-order
logic (WMSO), a variant of MSO in which second-order quantifiers are interpreted over
finite sets. Prior to this work, Rabin [12] had given an interesting characterization using
non-deterministic automata, showing that a language is weakly definable if and only if the
language and its complement are non-deterministic Biichi recognizable.

These notions of weakness have received considerable attention because the weakly
definable languages are expressive (e.g. they capture CTL), but still admit efficient model-
checking [9]. Indeed, in order to improve the efficiency in some model-checking scenarios,
Kupferman and Vardi [9] adapted Rabin’s work and provided a quadratic translation be-
tween non-deterministic Biichi automata and the corresponding weak automaton.

In [13], weak cost automata were shown equivalent to “cost WMSO”, in analogy to
the classical theory. However, the question of a Rabin-style characterization based on non-
deterministic automata remained open and prompted this work.

1.1 Contributions

We continue the study of regular cost functions over infinite trees by introducing a variant of
weakness which we call “quasi-weakness”. Unlike traditional weak automata which have
a hard-coded bound on the number of alternations between accepting and rejecting states,
quasi-weak automata bound the alternations using counter values (which can vary across
runs). We show that quasi-weak cost automata are strictly more expressive than weak cost
automata over infinite trees.

Although there is no notion of complement for a function, there are two dual semantics
(B and S) used to define cost functions. We show that quasi-weak B-automata can be sim-
ulated by non-deterministic B-Biichi and S-Biichi automata. Combined with results from
[13], this implies the decidability of f ~ ¢ when f, g are cost functions defined by quasi-
weak B-automata. Consequently, this work extends the class of cost functions over infinite
trees for which ~ is known to be decidable. We also provide a non-trivial extension of
Kupferman and Vardi’s construction [9] to translate equivalent non-deterministic B-Biichi
and S-Btichi automata to an equivalent quasi-weak B-automaton (where the equivalence in
each case is up to ~). This provides a Rabin-style characterization of the functions definable
using quasi-weak B-automata and marks an interesting departure from the classical theory.
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The construction relies on analyzing a composed run of a B-Biichi automaton and S-
Biichi automaton. To aid in this analysis, we use BS-automata and introduce a correspond-
ing BS-equivalence relation = which can be used to compare cost automata which define
not one but two functions (one based on the B-counters and one on the S-counters). Al-
though the B- and S-counter actions in such a composed run can be independent, we show
that it is possible to effectively construct an equivalent (up to =) BS-automaton in which the
actions are more structured (namely, the counters are “hierarchical” so they can be totally
ordered and manipulating a higher counter resets all lower counters). We believe this may
be a useful technique in other situations which require both counter types.

1.2 Organization

We define cost automata on infinite trees in Sect. 2, with semantics based on two-player
infinite games. We also introduce the new quasi-weak automata and compare to more tra-
ditional weak automata. In Sect. 3, we consider automata with both counter types and show
how they can be made hierarchical. Finally, in Sect. 4, we describe the other components of
the main result, a Rabin-style characterization for quasi-weak cost automata. We conclude
with some open questions in Sect. 5.

1.3 Notations

We write IN for the set of non-negative integers and N, for the set N U {oo}, ordered by
0<1< - - <oo Ifi < jare integers, [i,j] denotes the set {i,i+1,...,j}. We fix a finite
alphabet A. The set of finite (respectively, infinite) words over A is A* (respectively, A“)
and the empty word is €. For notational simplicity we work only with infinite binary trees.
Let 7 = {0,1}" be the unlabelled infinite binary tree. A branch in 7 is a word 7w € {0,1}“.
The set 7p of complete A-labelled binary trees is composed of mappings t : 7 — A.

Non-decreasing functions N — IN will be denoted by letters «, 3, . .., and will be ex-
tended to N by a(c0) = co. We call these correction functions.

2 Cost Automata
2.1 Cost Functions

Let E be any set, and Fg be the set of functions : E — IN. For f,¢ € Fr and a a correction
function, we write f <, gif f < a o g (or if we are comparing single valuesn,m € N, n <, m
if n < a(m)). We write f ~, gif f <, gand g <. f. Finally, f ~ g (respectively, f < g) if
f =~ g (respectively, f <, ) for some a. The idea is that the boundedness relation ~ does not
pay attention to exact values, but does preserve the existence of bounds. Remark that f £ g
if and only if there exists a set D C E such that g is bounded on D but f is unbounded on D.

A cost function over E is an equivalence class of F/~. In practice, a cost function (de-
noted f, g, ...) will be represented by one of its elements in F¢. In this paper, E will usually
be 7. The functions defined by automata will always be considered as cost functions, i.e.
only considered up to ~.
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2.2 B-and S-Valuations

Cost automata define functions from 7, to Ne. The valuation is based on both the classic
Biichi acceptance condition and a finite set of counters I'.

A counter 7 is initially assigned value 0 and can be incremented i, reset r to 0, checked c,
or left unchanged e. Given an infinite word u,, over the alphabet {¢,1i,r,c}, we define a set
C(u,) € IN which collects the checked values of 7. In the case of a finite set of counters I
and a word u over {¢,i,r,c}, C(u) := Uyer Clpr., (1)) (pr., (u) is the y-projection of u).

We will separate counters into two types: B-counters, which accept as atomic actions
the set B = {¢ ic,r}, and S-counters, with atomic actions S = {¢ i,r,cr}. Given B-
counters I'g and u € (B'®)%, the B-valuation is valg(u) := sup C(u); likewise, given S-
counters I's and u € (S's)%, the S-valuation is vals(u) := inf C(u). By convention, inf @ = oo
and sup @ = 0. For instance valp ((ic)?) = oo, valg((icr)?¥) = 1, vals(i'Pcricicr(r)¥) = 2,
and valg(i%) = oo because the counter is never checked.

In all cases, if the set of counters T is [1, k], an action v is called hierarchical if there is
some i € [1,k| such the action v performs ¢ on all counters j > 7, and r on all counters j < i.
It means that performing an increment or a reset on counter i resets all counters j below it.

Cost automata are named B-, S-, or BS-automata depending on the type(s) of counters
used. They are hierarchical (written, e.g. hB-automata) if only hierarchical actions are used.

2.3 B-and S-Automata on Infinite Trees

An alternating B-Biichi automaton A = (Q, A, qo, F,T',6) on infinite trees has a finite set of
states Q, alphabet A, initial state g0 € Q, accepting states F, finite set I's of B-counters,
and transition function 6 : Q x A — B*({0,1} x B x Q), where B*({0,1} x B x Q)
is the set of positive boolean combinations, written as a disjunction of conjunctions of ele-
ments (d,v,q) € {0,1} x B'® x Q. Alternating S-Biichi automata are defined in the same way,
replacing B-counters by S-counters and B with S.

We view running a B-automaton (resp. S-automaton) A on an input tree t as a game
(A, t) between two players : Eve is in charge of the disjunctive choices and tries to minimize
(resp. maximize) counter values while satisfying the Biichi condition, and Adam is in charge
of the conjunctive choices and tries to maximize (resp. minimize) counter values or show
the Biichi condition is not satisfied. Because the transition function is given as a disjunction
of conjunctions, we can consider that at each position, Eve first chooses a disjunct, and then
Adam chooses a single tuple (d, v, ¢) in this disjunct.

A play of A on input t is a sequence qo, (d1,v1,41), (d2,v2,42), . .. compatible with t and
J,1.e. qo is initial, and for all i € IN, (d; 1, vit1,qi+1) appears in 6(g;, t(d1 . .. d;)).

A strategy for Eve (resp. Adam) in the game (A, t) is a function that fixes the next choice
of Eve (resp. Adam), based on the history of the play (resp. the history of the play and Eve’s
choice of disjunct). A strategy is finite-memory if the number of memory states needed for
the player to choose the next move is finite. A strategy is positional if no memory at all is
needed: the player only needs to know the current position. Notice that choosing a strategy
for Eve and a strategy for Adam fixes a play in (A, t). We say a play 7t is compatible with a
strategy o for Eve if there is some strategy ¢’ for Adam such that ¢ and ¢’ yield the play 7.
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A play 7 is accepting if there is q € F appearing infinitely often in 7 (i.e. 71 satis-
fies the Biichi acceptance condition). Given a play 7t from a B-automaton A, the value
of 7t is val(7r) := walg(hg(m)) if 7 is accepting, and val(7r) = oo otherwise (where hp
is the projection of 7 to the B-actions). This yields the maximum checked counter value
if the play is accepting, and co otherwise. We assign a value to a strategy ¢ for Eve by
val(c) := sup {val(7) : 7t is compatible with ¢}. The value of A over a tree t is [A](t) :=
inf {val(0) : 0 is a strategy for Eve in the game (A, t)}.

Likewise, in an S-automaton .A’, we define val(7r) := valg(hg (7)) if 7T is accepting, and
0 otherwise (where kg is the projection to the S-actions). Once again, counter actions are
only considered if the play is accepting (this time the minimum checked value is used), and
0 is assigned to rejecting plays. Then val(c) := inf {val(7) : 7 is compatible with o}, and
[A']s(t) := sup {val(c) : o is a strategy for Eve in the game (A’, t)}.

We consider [A]p and [A']s as cost functions, so we always work modulo the cost
function equivalence ~. If it is clear what semantic the automaton uses we will omit the
subscript and write just [A] or [A']. If f ~ [A] then we say A recognizes the cost function f.

If for all (g,a) € Q x A, 6(q,a) is of the form \/;(0,v;,4;) A (1,v/,4%) , then we say the
automaton is non-deterministic. We define a run to be the set of possible plays compatible
with some fixed strategy of Eve. Since the only choices of Adam are in the branching, a run
labels the entire binary tree with states, and choosing a branch yields a unique play of the
automaton. A run is accepting if all of its plays are accepting (that is, if it is accepting on all
branches). A value is assigned to a run of a B-automaton (resp. S-automaton) by taking the
supremum (resp. infimum) of the values across all branches.

Finally, a cost automaton A = (Q, A, qo, F,T,d) is weak if the state-set Q can be parti-
tioned into Q1, ..., Qy satisfying:

e foralliand forallg,q' € Q;, q € Fifand only if 4’ € F;

e if some (d,v,q) appears in some 6(p,a) with p € Q;and g € Q;, then j <.
This means there is a fixed bound k on the number of alternations between accepting and
rejecting states, so any accepting play must stabilize in an accepting partition.

Examples

Let A = {a,b,c} and f be the cost function over A-labelled trees where f(t) = oo if there
is a branch with only finitely many b’s, and f(t) = sup {|7t|, : 7t is a branch of ¢t} otherwise,
where |77], denotes the number of 4’s in 7t.

We define a non-deterministic B-Biichi automaton ¢/ and a non-deterministic S-Biichi
automaton U/, together with a weak automaton B, such that f ~ [U] = [U'] =~ [B].

The principle of ¢ is to simultaneously count a’s and check that infinitely many b’s are
seen by running the following deterministic B-automaton on every branch. We write a : v
to denote that on input a, the counter action is v; accepting states are denoted double circles.

a:ic a

ric
b:e
c:s c:¢ '

b:e¢
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On the other hand, U’ = ({pa, po, 96, T}, A, {pa,Ps} ., {90, T}, {7}, 0) tries to find a
branch 7t with either a lot of a’s (state p,), or only finitely many b’s (state p;), in order to
witness a high value for f (co in the second case). For simplicity, we allow here two initial
states, but this does not add expressive power to the model. The state g, is used when Eve
has guessed the position of the last b, and still needs to prove that there are no more b on 7,
and T is used when the remainder of the branch does not matter.

The transition table ¢ for U’ follows. When the counter action is missing, it means that
it can be either € or r, because the counter values no longer matter. Remark that ¢/’ is in fact
a non-deterministic weak S-automaton.

g Pa Pb b T

a| ((0,1,pa) AN(L,T)) | ((Opp) AL T)) | ((0,g5) A(1,T)) | (0, T)A(LT)
V0, T)A (L4, p4)) | VIO, T)A (L, pp)) | V((O, T)A(L,95))
V((0,cxr, T) A(LT)) | V((0,g5) A (L, T))
V0, T)A(Ler, T)) | V((O, T) A (L, 95))

b| ((0,&pa) AN(1,T)) = 6(py, a) false (0, T)YA(1,T)
V((0, T)A (L& pa))
V((0,er, T)A(1,T))
V((0, T)A(L,cr, T))

c = 6(pa,b) = 6(pp,a) = 6(qp,4) (0, HAET)

Finally, B is designed such that Adam controls all of the choices: Adam selects a single
branch, and runs the following automaton on this branch (he controls the non-determinism):

a:ic a:ic a:ic

b,c:e c:e Q b,c:e
‘_8 A :¢ ® b:e @

If there is a branch 7t with finitely many b’s, Adam can select 7t and stabilize in rejecting
state g, by moving from ¢ to g, after the last b. This witnesses value oo for f. Otherwise,
Adam tries to select a branch which maximizes the number of a’s. The state-set can be
partitioned such that Q; = {g,} fori € [1,3].

2.4 Quasi-Weak B-Automata

We want to define an extension of weak B-automata, which preserves the property that
accepting plays must stabilize in accepting states. The idea of weak automata is to bound
the number of alternations between accepting and rejecting states by a hard bound.

Here we have another available tool to bound the number of such alternations: the
counters. We know that in a B-automaton, an accepting play of finite value n does at most n
increments between resets, but this number is not known a priori by the automaton. Thus, if
we guarantee there is correction function « such that in any play 7 of value 1, a(n) is greater
than the number of alternations between accepting and rejecting states in 7t, then we know
that any play of finite value must stabilize in accepting states. Otherwise, infinitely many
alternations would give value o to the cost function computed by the automaton.

Thus we define quasi-weak automata in the following way:
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DEFINITION 1. An alternating B-Buchi automaton is quasi-weak if there is a correction func-
tion « such that in any play of A of value n < oo, the number of alternations between
accepting and rejecting states is smaller than «(n).

In particular, any weak automaton A4 is quasi-weak since we can take «(n) = k for all
n, where k is the number of partitions of A. We can also give a structural characterization.

PROPOSITION 2. An alternating B-Biichi automaton is quasi-weak if and only if in any
reachable cycle containing both accepting and rejecting states, some counter is incremented
but not reset.

We say a cost function is quasi-weak if it is recognized by some quasi-weak B-automaton.

PROPOSITION 3. There exists a cost function over infinite trees which is recognized by
a non-deterministic quasi-weak B-automaton, but not by any weak B-automaton. Conse-
quently, quasi-weak B-automata are strictly more expressive than weak B-automata.

PROOF. (Sketch) The idea is to build an explicit cost function f, and for each n € IN an infi-
nite tree t, which includes labels that dictate which player controls each position in the game
(this is inspired by [1]). These trees are designed such that any alternating B-automaton rec-
ognizing f is forced to do ©(n) alternations between accepting and rejecting states on f,,.
This shows f cannot be computed by a weak B-automaton. On the other hand, we give an
explicit non-deterministic quasi-weak B-automaton for f.

3 BS-Automata

We usually work with cost automata with only one type of counter, B or S. In the next
section, however, we compose runs from B-Biichi and S-Biichi automata and consequently
must work with both counter types simultaneously. We capture this in a non-deterministic
BS-Biichi automaton A = (Q, A, qo, Fg, Fs,T'p,T's,A). Such an automaton defines functions
[A]p and [A]s as expected (by restricting to one of the counter types).

Let A and A’ be the following non-deterministic BS-automata on infinite words over
A := {a,b,c}, each with one B- and one S-counter. We write a : (d,d’) if on input 4, the
output is action d (resp. d’) for the B (resp. S) counter. We omit self-loops ¢ : (¢, ¢).

a: (E,i) '
()
b: (ic,e) ‘ b: (ic,r) b: (ic,r)

These automata are very similar. For instance, [ A]p = [A']s = | - |. The key difference
is A’ is hierarchical, with the B-counter above the S-counter. Formally, the counters I'y W I's
are globally numbered [1,k] (for k = |T'g| + |Ts|) and for any action on B'# x ST's there is
some i € [1,k| such that ¢ is performed on all counters j > i and r on all counters j < i.

Notice that we have [A]s =~ | - |, (if there are a finite number of a’s, then the best run
of A moves to the accepting state when reading the final a; otherwise, for every n, there is
an accepting run of A such that the S-counter has value n). In A’, however, the B-counter
is higher than the S-counter so A’ forces a reset of the S-counter when a b is read in the

a:(er)
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initial state. Since there is no a priori bound on the number of b’s in the input, this means
[A']s % [A]s- However, for any fixed m and any u such that [A]g(u) < m, the S-value of
Aon uis =g, -equivalent to A" on u with B,,(n) = n(m +1).

This motivates a new equivalence relation = which we call BS-equivalence. We define
A= A'tohold if (i) [A]lz =« [A'] s and (ii) for any m, there is a correction function f,, such
that the S-values of A and A’ are ~4 -equivalent when restricted to inputs with B-values
at most a(m). Although it is technical, this definition captures the notion that two BS-Biichi
automata behave in a similar fashion (as in the example above).

It turns out that given any BS-automaton like A, there is an hBS-automaton A’ sat-
isfying A &~ A’. Moreover, this translation can be done effectively by transducers which
read an infinite word of non-hierarchical counter actions and output hierarchical counter
actions. This is in analogy to the deterministic transducer which can be used to translate a
Muller condition to a parity condition in the classical setting, or the transducer defined in
[6] which translates B-actions to hierarchical B-actions. A similar idea is also used in [2] for
automata with both B- and S-counters but in a setting where only boolean properties about
boundedness and unboundedness are considered (unlike the quantitative setting here).

THEOREM 4. For all setsI'g, I's of counters, there exists effectively a history-deterministic
hBS-automaton H(I'g,Ts) on infinite words over BI'sl x SI'sl with H(I'g, Ts) = G(I',T's)
where G(T'g, T's) is the BS-automaton which copies the counter actions from the input.

The transducer H(I'p, I's) has the same set of B counters, but extra copies of the S-
counters. The principle of the automaton is to split the input word into sequences of S-
actions from {i,e}" which are between resets of the B-counters. It uses one copy of the
S-counter to count the number of S-increments within each sequence, and another copy to
count the sequences with at least one S-increment. If the S-value is high compared to the
B-value, then the transducer will also have a high S-value, obtained from one of the copies.

These transducers are history-deterministic, a weakening of traditional determinism [3].
The entire history of the input and the current state are required to determine the next transi-
tion (rather than just the current state and input letter). Because the choice of the transition
depends only on the past, for any two input words, the automaton can find good moves
which do not conflict on any common prefix. This means these automata (like deterministic
automata) compose well with alternating automata and games: they can be simulated on
each play in a game while preserving the value up to ~ or = (see [3] for more information).

This means that we can transform arbitrary BS-automata over words or trees into hier-
archical BS-automata which are easier to work with.

4 Characterization of Quasi-Weak Cost Automata

In this section we prove a Rabin-style characterization for quasi-weak B-automata:

THEOREM 5. A cost function f over infinite trees is recognizable by some quasi-weak B-
automaton B if and only if there is a non-deterministic B-Biichi automaton U and non-
deterministic S-Biichi automaton U’ such that f ~ [U]p ~ [U']s.

The first direction is described in Lemmas 6 and 7 in Section 4.1. The other direction is
described in Sections 4.2—4.4, culminating in Theorem 10.
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4.1 Simulation

We start by showing that a quasi-weak B-automaton (in fact, any alternating B-Biichi au-
tomaton) A can be simulated by a non-deterministic B-Biichi version.

LEMMA 6. Given an alternating B-automaton BB, a non-deterministic B-Biichi automaton U
can be effectively constructed such that [B]z ~ [U]s.

PROOF.  (Sketch) Recall that in a B-Biichi game, the value of a strategy is the maximum
over all plays compatible with the strategy. Hence, we first show there is a B-Biichi automa-
ton Dpax recognizing max-play(wl) = sup{val(rr) : 7 is compatible with ¢ and stays on 7}
on words wj. We cannot guarantee that Dp,y is deterministic, but it is history-deterministic
(which means it can be simulated over each branch like a deterministic automaton).

On input ¢, the non-deterministic B-Biichi ¢/ guesses annotations yielding some f,
checks the annotations describe a valid strategy ¢ in (B,t), and simulates Dpax on each
branch in t, (possible since Dpax is history-deterministic). Because non-determinism re-
solves into taking an infimum, ¢/ calculates the infimum over the values of all finite-memory
strategies in (B, t). Although finite-memory strategies might not achieve the optimal value,
they do achieve an ~-equivalent value in B-Biichi games by [13]. Hence, [B] ~ [U].

Proving that B can be simulated by a non-deterministic S-Biichi automaton ¢’ is more
technical and uses the fact that B is quasi-weak.

LEMMA 7. Given a quasi-weak B-automaton B, a non-deterministic S-Btichi automaton U’
can be effectively constructed such that [B]p ~ [U']s.

PROOEF.  (Sketch) The automaton ¢/’ can no longer guess a strategy in (B, t), since the value
of (B, t) is the infimum over all strategies and non-determinism in an S-automaton resolves
into taking a supremum. Instead, we consider a dual game (1, t) where the roles of the play-
ers are reversed so Eve tries to maximize the B-value across all strategies. We show there is
a history-deterministic S-Biichi automaton Dpin which computes the minimum value of a
set of plays from such a game. We show these games admit finite-memory strategies. The
S-Biichi automaton U’ guesses a finite-memory strategy in such a game and then simulates
Dimin on each branch of the tree annotated with this strategy in order to compute its value.
These simulation lemmas and [13, Lemma 1] imply a new decidability result (extending

the class of cost functions over infinite trees for which decidability of ~ is known).

COROLLARY 8. If f, g are cost functions over infinite trees which are given by quasi-weak
B-automata then it is decidable whether or not f < g.

4.2 Construction from Kupferman and Vardi

We now turn to the other direction of Theorem 5. The corresponding classical result states
that given non-deterministic Biichi automata ¢/ and U’ such that L({/) is the complement of
L(U'), there is a weak automaton A such that L(.A) = L(U) [9].

The proofs in [12, 9] begins with an analysis of composed runs of i/ and U’. Let m :=
|Q| - |Q’|. A frontier E is a set of nodes of ¢ such that for any branch 7t of t, E N 7t is a singleton.
Kupferman and Vardi [9] define a trap for U and U’ to be a strictly increasing sequence of

9
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frontiers Eg = {€},E; ..., E; such that there exists a tree t, a run R of / on t, and a run R’
of U’ on t satisfying the following properties: for all 0 < i < m and for all branches 7 in ¢,
there exists x, x" € [e], e[’ ;) such that R(x) € F and R'(x") € F' where ejf < --- < ]} is the
set of nodes from Ey, ..., E;; induced by 7r. The set of positions [eff, eﬁ_l) can be viewed as a
block, and each block in a trap witnesses an accepting state from I/ and U/’

This is called a trap because L(U") is the complement of L(/), but a trap implies L(U) N
L(U') # @ (using a pumping argument on blocks). The weak automaton A has Eve (resp.
Adam) select a run of U (resp. U’). The acceptance condition requires that any time an
accepting state from U/’ is seen, an accepting state from ¢/ is eventually seen. Because of the

trap condition, these accepting blocks only need to be counted up to m times (so A is weak).

4.3 Cost Traps

Now let U = (Qu, A, q%’, Fg’, l"zé’, Ay) (respectively, U' = (Qur, A, qz(j’/,Fg’/,Fg’/,Au/» be a
non-deterministic B-Biichi (respectively, S-Biichi) automaton such that [U]p ~ [U']s. Our
goal is to construct a quasi-weak B-automaton B which is equivalent to /.

We want to extend the classical case to cost functions, so we seek a notion of “cost
trap”, which will imply a contradiction with [U]p ~ [U']s. More specifically, we want
a notion of blocks and traps which will witness a bounded B-value from U/ on some set
of trees but an unbounded S-value for U’ on the same set (showing [U']s £ [U]g). The
definition of a block when using arbitrary B- and S-counter actions coming from U/ and
U’ would be very intricate because it would have to deal with the interaction of the B-
and S-actions. In order to avoid this, we switch to working with a non-deterministic #BS-
Biichi automaton A = (Q4, A, q()“, Fg,Fs,T5,Ts,04) which is BS-equivalent to U x U' =
(Qu X Qur, A, (qz(j’ , qz(j’/), Fg’ , Fg’/, 1"%’ , l"Zg’/, Ay <) but uses hierarchical counters.

A block based on hierarchical BS-actions from .4 has accepting states from both Fg and
Fs (corresponding to accepting states for & and U’), but it also has a reset for B-counter 1 if ¢
is incremented in that block (in order to ensure pumping does not inflate the B-value). The
number of blocks required is also increased to m := (|Q4| + 2)/TsI*! for technical reasons.

A cost trap for A is a frontier E,, and for every branch 7t up to E,, a strictly increasing
set of nodes ef < --- < e, € E,, such that there exists a tree t and a run R of 4 on t with
vals(R) > |Q 4] satisfying the following properties: for all 0 < i < m and for all branches 7,
e, el ;) is a block; if branches 711 and 71 share some prefix up to position y and x < y is
the first position with e/! = x and ] # x then ¢;? > y (i.e. pumping blocks from 7, does
not damage blocks from 7).

A pumping argument shows a cost trap implies ¢/ and U’ are not equivalent.

PROPOSITION 9. Let U (respectively, U') be non-deterministic B-Biichi (respectively, S-
Biichi). Let A = U x U’ be a non-deterministic hBS-automaton. If there exists a cost trap for

A, then [U'] £ [U].

4.4 Construction of Quasi-Weak B-Automaton B

Given U and U’ with [U] g ~ [U']s, we can effectively build a quasi-weak B-automaton B
which on an input tree ¢,
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e simulates in parallel U/ (driven by Eve) and U’ (driven by Adam) over ¢;

e runs the 1BS-transducer H (T¥, l"Zg’ /) over the composed actions from ¢ and U’;

e analyzes the output of this transducer together with the accepting states of ¢/ and U/,
keeping track of blocks in order to build a cost trap;

e outputs the B-actions of .

The key difference from the classical case is in the block counting. In [9], the block num-
ber only increases and it suffices to count up to a fixed bound. Since each block contains at
most 2 alternations between accepting and rejecting states, this results in a weak automaton.

Here, we also have to forbid in any block the presence of an increment for some counter
v without a reset for v. However, it may be the case that on a branch of a run of ¢/ some
counter is incremented but is never reset. So the automaton B may start counting blocks
only to have to restart the counting if an increment is seen which does not have a later reset.
But this means that any decrease in the block number corresponds to an increase in the cost
of the play. Hence, the bound on the number of alternations depends on the value of the
automaton, which is exactly the property of a quasi-weak automaton.

The idea for the proof that [B]z ~ [U]p =~ [U']s is that if U accepts some t with low
value, then it gives Eve a strategy of the same value in (5, t). On the other hand, assuming
(for the sake of contradiction) that Eve has a low-value strategy in (B,t) but U actually
assigns t a high value results in a cost trap, which is absurd. Hence, we get the main result:

THEOREM 10. If there is a non-deterministic B-Biichi automaton U and a non-deterministic
S-Biichi automaton U’ such that [U]|p ~ [U']s, then we can effectively construct a quasi-
weak alternating B-automaton B such that [B]p ~ [U]z ~ [U']s.

We remark that when restricted to languages, this corresponds to the result from [9]
since (i) if there are non-deterministic Biichi automata ¢/ and U’ (without counters) recog-
nizing a language and its complement, respectively, then [U]p = [U']s and (ii) quasi-weak
and weak automata coincide when the automata have no counters.

5 Conclusion

We have introduced quasi-weak cost automata as a variant of weak automata which uses
the counters to bound the number of alternations between accepting and rejecting states.
We have shown quasi-weak cost automata are strictly more expressive than weak cost au-
tomata over infinite trees. Moreover, it is the quasi-weak class of automata, rather than the
more traditional weak cost automata, which admits a Rabin-style characterization with non-
deterministic B-Biichi and S-Biichi automata. The question of a characterization for weak
cost automata over infinite trees remains open (it would likely involve some further restric-
tions on the actions of the counters in the non-deterministic B-Biichi and S-Biichi automata).

Combined with results from [13], our Rabin-style characterization of quasi-weak au-
tomata implies the decidability of f < ¢ and f ~ ¢ when f, ¢ are defined by quasi-weak
B-automata. Consequently, this work extends the class of cost functions over infinite trees
for which ~ is known to be decidable. In analogy to the reduction in [5], we believe it may
be possible to apply this result in order to obtain a decision procedure which determines
whether or not a given language of infinite trees is recognizable by a weak automaton. De-

11
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ciding < and = for all regular cost functions over infinite trees remains a challenging open
problem which would imply (by [5]) the decidability of the parity-index problem.

Finally, it was known from [13] that weak cost automata and cost WMSO are equivalent.
The logic side of quasi-weak cost automata remains to be explored in future work.
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Appendix

A Quasi-Weak Automata
A.1 Proof of Proposition 2

We want to show a structural characterization for quasi-weak B-automata. We will call
the following property of a B-Biichi automaton the cycle condition : in any reachable cycle
containing both accepting and rejecting states, there is some counter which is incremented
but not reset. Let A = (Q, A, qo, F, T, §) be a B-Biichi automaton, and let k := |T|.

Quasi-weak = cycle condition

We assume A does not satisfy the cycle condition, i.e. A contains a reachable cycle c¢ in the
transition function, with states from F and its complement, and such that for all v € T, if
there is an ic for 7 in ¢, then there is a reset for y in c.

Since c is reachable, there exists an input tree t and a play 7 of A on t which reaches
¢ within a finite prefix u, and then repeats ¢ forever : m = u(c)®. The play 7 is accepting,
but does infinitely many alternations. Moreover, its value is bounded by wvalg(uc), since ¢
performs a reset for any increment. We can conclude that A cannot be quasi-weak.

By contraposition, any quasi-weak automaton satisfies the cycle condition.

Cycle condition = quasi-weak

We assume A satisfies the cycle condition. Let 7t be an accepting play of A of finite value n.
Let m be the number of alternations between accepting and rejecting states in 7. We want
to show that if m is sufficiently high, then val(7t) > n, which would be a contradiction.

We will use the Ramsey theorem in order to define a large number R, depending only
of A and n. Let R be the bound given by the Ramsey theorem, ensuring that if a graph G
has size R and has edges coloured with 2¢ — 1 colours, it contains a one-colour clique of size
n + 2. Notice that R only depends on (k, 7). It means that if k is fixed, there is a correction
function ag such that we can take R = ag(n).

Assume m is strictly greater than 2|Q|R. We can find states (g;)1<i<, such that 7t visits
71 to g, in this order, and moreover all g; with i even are accepting and all q; with i odd are
rejecting. Let u be the finite infix of 7, from ¢q; to q,,. For all i, we call x; the position of g; in
u.

Then there exists a set I C [1,m] and a state g € Q such that |I| > R, and foralli € I,
q; = q. We get that u contains |I| — 1 consecutives cycles from g to g, each one with both
accepting and rejecting states in it. By the cycle condition, each of these cycles (and any
concatenation of several of them) must increment a counter without resetting it.

Consider the complete graph G with set of vertices {x; : i € I}, of size at least R. We
define the set of colours K = {A C T : A # @}. We colour edges of G in the following way :
forany i < jin I, the colour of the edge between x; and x; is A, where A is the set of counters

that are incremented but not reset in the path from x; to x; in u. The cycle condition ensures
that A # @.
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By choice of R, and since |K| = 2k — 1, there is a clique C of size n 42 in G, entirely
coloured by some A € K. Lety € A. We can write C = {x;,..., X, }, withiy < <ipgo.
Forall j € [1,n + 1], there is an increment of 7y and no reset of 7y in u, between Xi; and Xijy- It
means that between x;, and x;, ,, y is incremented n + 1 times and never reset. This implies
val(7t) > n+ 1, which is absurd.

Assuming m > 2|Q|R leads to a contradiction, so we get that m < 2|Q|R for R = ag(n),
with ag a correction function given by the Ramsey theorem, and depending only on k.

We can conclude that any accepting play of A of value n does at most 2|Q|ag (1) alter-
nations between accepting and rejecting states, so A is a quasi-weak automaton.

A.2 Proof of Proposition 3

We give an explicit cost function f that witnesses the proposition, over alphabet A =
{V, N} x{ea,b}. Wewill call 1y : A — {V,A} and m, : A — {e,a,b} the projections
of A onto its components.

If t is a A-labelled tree, we will say that a subset C; of pos(t) is a choice tree for t if :

e c €y

e forall x € Cy, if 711 (#(x)) = V then C; contains either the left child or the right child of
X;

e forall x € Cy, if 711 (#(x)) = A then C; contains both children of x;

e for all x € C; such that mp(#(x)) = a, then all paths of C; starting in x contain a b-
labelled position.

Moreover, if C; is a choice tree of ¢, we define its value val(C;) as the maximum number
of a’s on some path (according to the labelling f).

We now define the desired cost function f(t) = inf {val(C;) : C; is a choice tree of t}. In
particular, if there is no choice tree of t, then f(t) = oo.

It is easy to show that f is recognized by a non-deterministic quasi-weak B-automaton :
it has two states, and guesses a choice tree while counting the number of a’s. The accepting
state corresponds to the case where any a has been followed by a b, and a new 2 makes the
automaton go to the rejecting state, until the next b is seen (such a b exists on all paths of
the choice tree). So the number of alternations for choice tree C; is bounded by 2val(Cy).
Since val(C;) is the value of the run corresponding to the choice of C;, this describes a non-
deterministic quasi-weak automaton.

Now assume for the sake of contradiction that f is recognized by a weak B-automaton
A, up to some correction function a. The states of A can be partitioned into Q = QoW Q1 W

-+ W Qu, such that any cycle stabilizes in some Q; and there are no transitions Q; — Q; with
i<j.LetN=|Q|.

We inductively build a family of A-labelled trees (t,),en (positions are labelled by
{0,119
The tree ty is entirely labelled by (A, e). If t,,_1 is built, we build ¢, in the following way:

fn(O*) (A e)
£,(0"1) = (V,a)
£ (0111) = (V, )
t,(0*1N170) = (A, b)
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e Subtrees rooted in nodes of 0*1V11007 are f,,_1

e Other subtrees (to complete the binary tree) are t,
We have f(t,) = n for all n € IN. The principle behind the definition of these t,’s is that a
B-automaton computing f must do ®(n) alternations while processing on input t,. This is
trivial for n = 0.

Fix n € N, and consider a strategy for Eve witnessing value «(n) on t,. Every play
consistent with this strategy must stabilize in an accepting partition. In particular, on the
branch 0%, the play must stabilize in some Q; at some node 09. Since the label is A, the
subtree rooted in 091 needs to be also accepting.

Eve is forced to reach node 091V*+! in order to witness an accepting choice tree for t,,.
By choice of N, there must be a cycle between 04 and 041N +1,

Assume Adam can enforce an increment without reset during this cycle. Then con-
sider the infinite sequence of trees generated by repeating the cycle a finite (but increasing)
number of times. On this sequence, the value of f is unchanged, but Adam has a family
of strategies witnessing unbounded value for A. It is absurd so we can consider that the
stategy of Eve enforces a reset for any increment in the cycle.

Now if this cycle is accepting, repeating it infinitely many times would create a tree
accepted by A with a bounded cost, but with value co for f, since the a at position 071 will
never be followed by a b on any path. Since A recognizes f, we get a contradiction, so this
cycle has to be rejecting, say in partition Q; with j < i. Then Eve can read a b by choosing
any node 071N¥170, and this eventually goes back to an accepting state on some node of
091N1+0* (otherwise a partial version of t, would not be accepted by A, but would have
value 1 for f). Let Qi be the partition of this accepting state, with k < j < i.

We then need to accept t,,_1 from partition Qy, and the same reasoning can be applied
again to show that we must have another two alternations. By induction, we can conclude
that a weak B-automaton computing f needs at least 21 4 1 partitions, for any n € IN. This
is absurd since .4 must have a fixed number of partitions, so f cannot be computed by a
weak B-automaton.

B BS-Equivalence and History-Determinism

As described in Section 3, we utilize non-deterministic automata with one or both counter
types, on infinite words and on infinite trees. We will write C to denote the alphabet of
counter actions B'2, S's or B'# x S's depending on the type(s) of counters.

In addition to the B- and S-semantic introduced earlier, if A is a non-deterministic BS-
automaton, we define the S-semantic relative to the B-value [A]% : N — A“ — N, which
seeks to maximize the value over S-accepting runs which also have some bounded B-value:

[A]E(m)(u) := sup {vals(R) : R is an S-accepting run of A on u with valg(R) < m} .

The BS-equivalence can be rewritten in terms of this S-semantic relative to the B-value:
A =, A'if [A]p ~« [A]s, and for all m € N there exists B, such that [A]%(m) <g,
[A']%(a(m)) and [A']E(m) =g, [A]lZ(a(m)), where < and = are the usual cost function
comparison and equivalence. We say that A and A" are BS-equivalent, written A = A’, if
there exists a such that A =, A’.

15
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The idea is that the B-value is preserved between A and A’ as usual, and the S-value
relative to the B-value is also preserved (after adjusting for any differences in the bound on
the B-value).

All of the definitions are the same for non-deterministic BS-automata on infinite trees
(now [A]2 is a function from N — 7 — N).

B.1 History-Determinism

Although cost automata on infinite words cannot always be made deterministic, they can
always be made “history-deterministic”, a weaker notion introduced in [3] which still re-
tains some nice properties (we refer the interested reader to [3, 6]). Unlike deterministic
automata which have a single transition fixed by the current input letter and current state,
history-deterministic automata require the entire history of the input and the current state
(as well as some ‘goal” value for the automaton) in order to uniquely define a transition.

Let A be a non-deterministic B-automaton or S-automaton with transitions A : Q X
A — P(C x Q) where P(C x Q) is the set of subsets of (C x Q), a subset being viewed as
a disjunction of elements.

A translation strategy for A is a function 6 : A* x Q x A — C x Q such that for all
ue A*and (q,a) € Q X A, 6(u,q,a) € A(g,a).

A run R of A is driven by ¢ if, after reading u, when the current configuration is (g,4),
the next transition in R is 6(u, g, a).

If A is a B-automaton (resp. S-automaton), then we say that A is history-deterministic if
there is a family of strategies 6 = (0,)nen,, such that for all n € N and all u € A%, if R, is
the run of A on u driven by J,, then valz(R,,) < n (resp. vals(R,) > n) and moreover, if A’
is the automaton A restricted to the runs R,;, we have A° ~ A.

The reason history-deterministic automata are useful is that they compose well with
alternating automata and games. One can think of A as reading the output (counter ac-
tions, Biichi states, etc.) from a play in the original game, and outputting different actions.
The idea is that if there is a history-deterministic automaton .4 which computes the valu-
ation used for plays in some game G, then the game 4 o G which makes explicit the state
of this automaton on all plays still computes the same value (up to ~). For an arbitrary
non-deterministic automaton this would not necessarily be possible, because the automa-
ton could disagree about moves on input which share some common prefix. Because A may
use a different valuation itself, this allows us to change the valuation used in the game while
preserving the semantic. This is captured by the following lemma which is proven in [13,
Lemma 4 in long version].

LEMMA 11. Let A be a history-deterministic non-deterministic cost automaton (over infinite
words) and let G be a cost game with valuation f. If [A] ~ f, thenval(G) ~ val(AoG).

Recall that the BS-semantic is not symmetric in B and S : it fixes a B-value and looks
at the evolution of S-values among different runs that respect the B-constraint. Therefore,
we define a notion of history-determinism that will be more related to the S-side of the
automaton. Basically, we want to guarantee that (i) all runs of the automaton preserve the
B-value (up to ~) and (ii) all runs driven by translation strategies (¢, ) preserve the S-value
(up to =~).
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Formally, we say that a BS-automaton A is history-deterministic if (i) there is some a such
that for all u € A%, if R and R’ are runs of A on u, then valg(R) ~, valg(R’) and (ii) there is
a family of strategies § = (6, )nen., such that for all n € N and all u € A, if R, is the run
of A on u driven by J,, then vals(R,,) = n or valg(R,) = co (but R, may not be S-accepting);
and moreover, if A’ is the automaton A restricted to the runs R, we have [A°]s ~ [A]s.

Remark that this implies that A° = A.

We can take the family J to be monotonic, i.e. if R, is accepting, then all Ry for k < n are
also accepting, and moreover, for any word, Ry is accepting.

We get a new version of Lemma 11.

LEMMA 12. Let A be a history-deterministic non-deterministic BS-automaton (over infinite
words) and let G be a BS-game with valuation f. If A = f, thenval(G) = val(Ao G).

C Simulation Theorem

We aim to prove the simulation result (one direction of Theorem 5). We start by recalling
a classical lemma, and proving a similar result in the cost setting which will be useful in
the simulation proofs. Recall that a regular language L of infinite words is recognizable
by a deterministic Biichi automaton iff L = lim U for some regular language U (where
ImU = {u:u(0)...u(i) € U for infinitely many i € N}). We can generalize part of this
result to the cost setting as follows.

LEMMA 13. Let g be a regular cost function over finite words and let
f(u) = inf {n : 3 infinitely many prefixes v of u such that g(v) < n},
>n}

be cost functions over infinite words. Then f (respectively, f') is recognizable by a history-
deterministic B-Btichi (respectively, S-Btichi) automaton.

f'(u) = sup {n : 3 infinitely many prefixes v of u such that g(v)

PROOF.  We can assume that there is a apq-history-deterministic B-automaton Ag, (over
finite words) with a family J of translation strategies such that for all u we have

f(u) =, inf {n : 3 infinitely many prefixes v of u such that [Ag,[|(v) < n}

which is possible by [3, Theorem 1]. We claim that the same automaton viewed as a B-Biichi
automaton and denoted by A is equivalent to f and is ay4-history-deterministic (witnessed
by the same family ¢ of translation strategies). It suffices to show that [A]° < f < [A]-
[A]° < f. Assume f is bounded by N on some set U of input words. Let B := a o apg.
Then for every u € U, there must be some infinite set of indices I such that [Ag,]° is
bounded by B(N) on prefixes u(0) ...u(i) for all i € I. This means that using the transla-
tion strategy dg(x) to drive the automaton Ag, on u(0) ... u(i) results in an accepting run
bounded by B(N). Moreover, because d4y) deterministically specifies how to construct the
run, the runs driven by d5(y) on prefixes u(0) ... u(i) and u(0) ... u(i') are identical on any
shared prefix. Thus, this same translation strategy dg () can be used to drive an infinite run
of A on u which witnesses infinitely many accepting states (at each i € I) and has value

bounded by B(N).
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f =< [A]. If [A] is bounded by N on some set U, then for any u € U, there is a run
of A on u with value bounded by N and with infinitely many accepting states at positions
indexed by some infinite set I. Thus, for all i € I, there is a run of Ag, on u(0)...u(i)
which ends in an accepting state and has valued bounded by N. Hence, we have that
inf {n : 3 infinitely many prefixes v of u such that [Ag,](v) <n} < N, so f(u) < a(N).

The proof for f' is similar. We start with an aj ;-history-deterministic S-automaton Af; |
(over finite words) with translation strategies ¢’ such that

f'(u) =, sup {n : 3 infinitely many prefixes v of u such that [Ag,[(v) > n}.

We prove that [A'] < f' < [A']® where A’ is A} viewed as an S-Biichi automaton.

' < [A]’. Assume that [.A']® is bounded by N on some U but ' is unbounded on it.
Then there is u € U such that f'(u) > p'(N) where g/ := & o a4, but [A']® (1) < N. But
f'(u) > B'(N) implies sup {n : 3 infinitely many prefixes v of u such that [A} [(v) > n} >
ay4(N), and sup {n : Jinfinitely many prefixes v of u such that [A}_]% (v) > n} > N. This
means that there are infinitely many prefixes of u such that the runs of Af;, driven by d}, 4
are accepting with value greater than N. Thus d};,; on u witnesses an accepting run of value
greater than N, contradicting [.A’]% (1) < N.

[A] = f. Assume f’ is bounded by N on some set U. Then for any u € U, we
have sup {# : 3 infinitely many prefixes v of u such that [ A}, [(v) > n} must be bounded
by a’(N). Assume by contradiction that there is some u € U such that [A'](u) > a/(N).
Then there is an accepting run of A’ on u with checked values greater than a’(N). If the
accepting states are at positions indexed by some infinite set I, then for all i € I, Af, | acting
on the prefixes 1(0) ... u(i) accepts with value greater than a’(N). But this contradicts the

fact that sup {# : 3 infinitely many prefixes v of u such that [ A}, [(v) > n} < «/(N). |

C.1 Proof of Lemma6

We aim to simulate an alternating B-Biichi automaton B with a non-deterministic B-Biichi
automaton U.

Given an input tree t and a finite-memory strategy ¢ for Eve in the B-Biichi game (B, ),
we consider the tree f, which is annotated with this strategy. In other words, t, uses the
extended alphabet A’ := A x P((Q x S) x B x (Q x S) x [0,1]) where Q is the set of states
from B, S is the additional memory needed for the strategy, C is the set of actions in a
B-Biichi game, and [0, 1] are the possible directions in a binary tree. Moreover, t,(x) :=
(t(x), Sy (x)) where S,(x) is

{((g9,5),¢,(q,8),k) : (¢, (4, xk)) is possible from (g, x) via o and s,s" € S}.
Let T = koky ... € [0,1]“ be a path in . Given t, and T, let w} := (ag, ko) (a1,k1) ... such

that a; = t,(koki ...kj) € A’, so wf is the word that describes the plays compatible with ¢
which stay on 7.
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LEMMA 14. There is a history-deterministic B-Biichi automaton Dr,x which recognizes the
function max-play(w() = sup{val () : 7t is compatible with ¢ and stays on T}.

PROOF.  Given w := w}, max-play can be rewritten as max {valpgchi(w), valcounters (W) }
where valp;ani(w) is oo if there is some play 71 described by w which does not satisfy the
Biichi acceptance condition and 0 otherwise, and valcounters(w) is the maximum counter
value achieved on any play 7 described by w. It is easy to see that history-deterministic
B-Biichi automata are closed under max. So it suffices to show valgyn; and valcounters are
recognizable by history-deterministic B-Biichi automata.

We first describe informally a deterministic Biichi automaton D recognizing valgchi
(this automaton is based on a construction from [10]). The idea is that the state of D includes
a “testing set” E C Q (representing a subset of possible states the automaton could be in
based on the word w that is being read). We write E; for the testing set at position 7 in the
word. The set E is the set of rejecting states described in w(0). If E; = &, then E; 1 is the set
of rejecting states described in w(i + 1). Otherwise, the testing set E; 1 is updated to include
all rejecting states ;1 reachable from rejecting states q; € E; by the moves described in w (i)
(note that rejecting states reachable from accepting states in w(i) are not added). The Biichi
acceptance condition is used to ensure that the testing set is @ infinitely often, i.e. there is
no play described in w which stabilizes in rejecting states.

Next, we show that there is a history-deterministic B-Biichi automaton &£ recogniz-
ing valcounters- Since valcounters can ignore the Biichi condition, we can actually obtain the
maximum value of counters by looking at larger and larger prefixes of the plays. That is,
valcounters = Inf{n : 3 infinitely many prefixes v of w s.t. val™ (v) < n}, where we write

) counters
val™ . (v) for the maximum counter value achieved on the partial (finite) plays described

by v. By Lemma 13, if ol isa regular cost function on finite words, then valcounters is
recognizable by a history-deterministic B-Biichi automaton.

Thus, it remains to show that Uﬂl?ﬁunters is a regular cost function. Given a partial play 7,
there is an S-automaton which recognizes valg(7) (by [6, Lemma 4]). We can then construct
anew S-automaton which when reading a prefix of w, non-deterministically selects a partial
play described by it, checks that it is a valid partial play in the game, and then computes its
valg value using the previous automaton. Given some prefix v of w, this automaton recog-

nizes the maximum of valg over the partial plays described in v, which is exactly valgé‘unters.

Now we construct a non-deterministic B-Biichi automaton ¢/ which on input t non-
deterministically selects annotations for t, checks that these annotations correspond to an
actual finite-memory strategy ¢ in the game (B, ) (and rejects if not), and then simulates
Dimax on each branch of t, (this is possible since Dmayx is history-deterministic by Lemma
14).

Recall that the value of a strategy in a B-Biichi game is the maximum value of the plays.
Thus, running Dp,ax on each branch of ¢, yields a value ~-equivalent to val(0).

Moreover, since finite-memory strategies suffice in B-Biichi games by [13, Theorem 4],
the overall value (up to =) of (B,t) is the infimum over the values of all finite-memory
strategies for Eve. But non-determinism in the B-Biichi automaton U/ resolves into taking an
infimum. Thus, ¢/ finds the minimum value across all finite-memory strategies in (B,t), so
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[8] ~ [u].

Note that we have shown that any alternating B-Biichi automaton can be simulated by
a non-deterministic B-Biichi automaton (since we did not need the quasi-weak condition
anywhere in this section). This is no longer true in the S-case below.

C.2 Proof of Lemma?7

The simulation of quasi-weak B-automata with non-deterministic S-Biichi automata is more
technical because we must first introduce more general objectives/cost games which are
used in the proofs. The overall method, however, is the same as the B-Biichi case: the
non-deterministic automaton will guess a finite-memory strategy in a game related to the
original alternating quasi-weak B-automaton, and then run a history-deterministic cost-
automaton on each branch in order to compute the value of this strategy (this time it is
an S-Biichi automaton which is run on each branch).

Objectives in Cost Games

So far we have only worked with the B-Biichi and S-Biichi valuations, and the games which
use these valuations. These can actually be viewed in the context of cost games with more
general objectives O = (C, f,goal) where C specifies the counter actions, f : C¥ — Ny
is the valuation for those actions, and goal € {min, max} specifies how the player seeks to
optimize f in the game. We describe these ideas formally now.

Formally, a cost game G := (V, vy, 6, O) consists of a set of positions V, an initial position
vy € V, an objective O = (C, f,goal) for Eve, and a control function § : V.— BT (C x V)
(where BT (C x V) is the set of positive boolean combinations, written as a disjunction of
conjunctions of elements from C x V).

The objective O = (C, f, goal) describes how to assign values to the objects in the game.
For a play 7t = (vj, ¢it1,vi+1)ien, the value is val(7r) := f(7m¢) where 7¢ = cqcz. ... If goal
is min, then the value of a strategy ¢ for Eve is val(c) := sup{val(7) : = € ¢} and the value
of the game is val(G) := inf{val(0) : 0 is a strategy for Eve in G}. In other words, Eve seeks
to minimize over all strategies the maximum value of all plays compatible with the strategy.
Dually, if goal is max, then val(c) := inf{val(7r) : @ € ¢} and val(G) := sup{wval(c) :
o is a strategy for Eve in G }.

The dual G of a game G is obtained by switching disjunctions and conjunctions in the
control function and using the dual objective (i.e. replacing min with max, and vice versa).
This switches the roles of Adam and Eve. Martin’s theorem implies that a cost game and its
dual have the same value.

PROPOSITION 15. val(G) = val(G).

Note that in this formulation of cost games all of the information required to determine
the value of a play must appear on the transitions. Thus, in a B-Biichi game we view a state
as producing an output of priority 1 if it is rejecting and priority 2 if it is accepting (see [13]
for more information about these “cost-parity” games). Unless indicated otherwise, we set
C := B! x [1,2], the output alphabet from a B-Biichi game with counters T
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[1,.2]

This means that a B-Biichi game with counters I has objective (C, costg’ ,min) where

costg’[l’z] assigns value co if the play stabilizes in priority 1 (i.e. it is rejecting according to
the Biichi condition), and otherwise assigns valp(u) (i.e. the maximum checked value of any
counter). The game (A, t) described in Section 2 for A an alternating B-Biichi automaton
and t an input tree can easily be translated into a game of this form.

Recall that we intend on using the non-determinism of the S-automaton to guess a
strategy, and the non-determinism in S-automata resolves into taking a supremum. Thus,
we need to consider a game which has max as the goal. The natural candidate (and the one
used, for instance, in the simulation proof in [6]) is the dual of a B-Biichi game, which we
call a B-Biichi game (with objective (C, costll;’[l’zl
related game called a B-safety game.

,max)). We use, as an intermediate object, a

B-Safety Games

Observe that in a quasi-weak B-game, a play is assigned value o if there are infinitely-
many priority 1 (since this means either the play has stabilized in priority 1 and is rejecting,
or it has infinitely-many alternations and consequently the B-value is co by the quasi-weak
hypothesis). As a result, it is helpful to know where these priority 1 transitions occur.

We now consider a variant of a B-Biichi game which we call a B-safety game. A B-
safety game has additional signals $ added in the output. These signals are designed to
provide more information about the structure of the game in terms of the Biichi acceptance
condition, namely where these priority 1 transitions occur. This additional structure (i)
makes it easier to approximate the value of an infinite play based on the values of finite
prefixes of the play (which is needed in order to apply Lemma 13), and (ii) makes it easier
to prove that finite-memory strategies suffice in quasi-weak B-Biichi games.

T,[1,2] -
5 ~,max) whereC' := C- {¢,$}

and safety—cost%’[l’z} (u) is defined as follows. If there are finitely many $ in u, then we set

Formally, a B-safety game has objective (C’, safety-cost

safety—cost%’ 1.2 (1) := 0. Otherwise, u can be split into u$u1$ ... such that each u; contains
no $. If there is some u; in u such that there is no priority 1 in u; (but there is priority
1 in each uy for i’ < i), then safety—cost%’[l’z}(u) := valp(hp 5 (ot - .. u;)), where hyy 5 re-
moves the priorities, keeping only counter actions. In that case, the value is the normal B-
value on the prefix uguy ... u;. Otherwise, safety-cost%'[l’z} (u) := oo. We write safety-cost%(u)
for the B-safety valuation on finite words u which assigns value 0 if u does not end in $,
valg (hyy g (uous - . u;)) if u = ue$us$ ... $u;$ where each uy for i’ < j contains no $ and u;
for i < jis the first subword which does not contain priority 1, and value co otherwise.

The idea is that it is more difficult to obtain a high value in a quasi-weak B-safety game
compared to a quasi-weak B-game because of the additional requirements enforced by $
(e.g., a play with infinitely many priority 1 has value oo in a quasi-weak E—game, but a play
with infinitely many signals in a B-safety game must not only have infinitely many priority
1 but must also witness priority 1 between each signal in order to be assigned value o).

We say a E—safety game G " is based on a B-Biichi game G with an acyclic game graph if
the arena and transitions are identical except for the fact that signals $ have been added to
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some edges in the game graph such that either all transitions at some depth have output $,
or none do. For B-safety games based on quasi-weak B-games, there is a nice lemma about
the relationship between a quasi-weak B-game and the B-safety games based on it.

LEMMA 16. For every quasi-weak B-game G with an acyclic game graph, we have val (G) =
sup {val(G') : G’ is a B-safety game based on G }.

PROOF.  Assume a strategy T for a quasi-weak B-game G = (V, vy, 9, (C, costg’[l’z},max»
with an acyclic game graph witnesses val(G) = val(t) = n . Let T be the corresponding
strategy tree or run tree (i.e. the tree of all plays compatible with strategy 7).

We define inductively a strictly increasing sequence of depths (d;);en where dy = 0
and d; is the least d such that all paths in T either (a) have counters which witness value n
before depth d or (b) have at least one transition labelled with priority 1 between depths d;
and d. This is well-defined: assume by contradiction that there is some position s € T from
which there is no bound on the depth at which (a) or (b) are satisfied. Because of the finite
branching inherent in these games, Konig’s Lemma would imply that there is a path from s
on which neither (a) nor (b) are satisfied, i.e. a path in T through s with only finitely many
priority 1 transitions (and no priority 1 transitions after s) and counter values less than 1, so
this path has value less n. But this means val(7) < n, contradicting our initial assumption.

Next we transform G into a B-safety game G, = (V,vy,6,0’) by updating the out-
put to produce the appropriate signals at depths (d;);cn and setting the objective to O' =
(C- e, $},safety—cost%’ [1’2],max>. Playing according to Tin G: (and adding $ at the depths
(di)ien) witnesses the fact that sup {val(G’) : G’ is a B-safety game based on G} > wal(G).

Now assume by contradiction that there is a strategy ¢ in a B-safety game G’ based
on G such that val(c) > wval(G). This means that on each play m € o, either there are
infinitely many priority 1 in 7t (with at least one such transition between each signal $) or

the counters witness a value exceeding n. In either case, costg’[l’z}(%(ﬂ)) > n where hg
removes the signal output. (Note that this is not necessarily true when G’ is based on an
arbitrary B-Biichi game, but is true when it is based on a quasi-weak E—game g as assumed
here.) But this means that val(G) > n, contradicting the initial assumption. |

Finite Memory Strategies

Next, we show that finite-memory strategies suffice in quasi-weak E—games with acyclic
game graphs: that is, there is some correction function « such that if there is a strategy in
a quasi-weak B-game which can guarantee a value of at least a(1), then there is a finite-
memory strategy which can guarantee a value of n. We actually do this by translating be-
tween different types of games/objectives: quasi-weak B-games, quasi-weak hB-games, and
hB-safety games.

Fix an arbitrary strategy T that witnesses at least cost (1 + 1) for the quasi-weak hB-
game G = (V,v0,6,0) with O = (C, cost,[zlék]’[l’z],max> and C the actions in a hierarchical B-
Biichi game. We assume that G has an acyclic game graph and uses k hierarchical counters.
Let T be the corresponding strategy tree (the tree of plays compatible with 7).
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We define inductively a strictly increasing sequence of depths (d;);en where dy = 0
and d;,1 is the least d such that all paths in T either (a) have counters which witness value
(n + 1)* before depth d or (b) have at least one transition labelled with priority 1 between
depths d; and 4. This is well-defined (see the proof of Lemma 16).

Next we transform G into a @—safety game G = (V,v0,8’,0'). If v is not at a depth
d; for any i € IN, then ¢'(v) := d(v). Otherwise, for v at depth d; for some i € IN, we
need to update the output to produce the appropriate signals described above: §'(v) :=
3(v)[(c$,v")/(c,v')]. In order to assign a value to plays, we set the objective to be O’ =

(C-{€,%}, safety-cost%’k]’[l’z], max). Moreover, there is a deterministic #B-automaton D over

the alphabet C’ := C - {¢, $} which recognizes safety-cost%’k}’[l’z} (it uses the state to remember

whether priority 1 has been seen between signals $, and whether the output is still being
analyzed).

This new game must have value at least (1 + 1) (since by adding $ at appropriate
depths, T can be transformed into a strategy in G; which witnesses value at least (1 + 1)k).

LEMMA 17. val(G;) > (n+ 1)

We now consider the composition D x G, which is a quasi-weak 1B-game since D
translates the game G into an 1B objective (and neither changes the value of cycles of pri-
ority 1 and 2, nor introduces any additional cycles with both priorities). The additional
structure in this new game can be used to show that positional strategies suffice.

LEMMA 18. If there is a strategy of value at least (n + 1) in D x G-, then there is a positional
strategy of value at least n in D X G.

PROOF.  Fix a strategy 7/ witnessing at least cost (n + 1)" in G := D x G, and let T’ be
the corresponding strategy tree. Leth : S — V be the homomorphism between the set of
positions S in T’ and the set of positions V in G'.

Using an optimal strategy 7/, Eve’s choice at a particular v € V may depend on the
history of the play leading to v. Thus, there may be s,s’ € h~!(v) such that the moves pos-
sible from s are different than from s’; however, because the game graph is acyclic, s, s, and
v must be at the same depth. A positional strategy ¢’ can be viewed as a mapping from
V to S which for each v selects a single element of h~!(v) for Eve to use (regardless of the
history). Such a positional strategy may not be able to achieve the optimal value, but the dif-
ference between the positional strategy and an arbitrary strategy should be bounded (given
by some correction function «). To build this map ¢/, we use the notion of “signatures”.

We define a signature for nodes s € S as follows: let

sig(s) = (rmax(s), 11(5), 72(s), - -, 7k(s))

where 7;(s) is the current value of counter j according to the counter actions described
on the path from the root of T’ to s (up to value (n + 1)¥), and Ymax(s) is (n + 1)¥ if the
path to s has already reached at least value (n + 1)F or max{v1(s),...,7«(s)} otherwise.
Let ' : V — S where ¢’(v) selects the node s € h~!(v) with the lexicographically-least
signature. We extend sig to nodes v € V be setting sig(v) := sig(¢’(v)).
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It is clear that ¢’ is a positional strategy (see the earlier explanation). It remains to show
that minimizing this signature resulted in a positional strategy which can guarantee value
at least n.

Suppose for contradiction that val(¢’) < n, so there is some play 7t € ¢’ with val(7r) =
m < n. Then 7t must not visit priority 1 infinitely often (otherwise the value of the play
would be immediately co by the properties of quasi-weak automata). Thus, there is some
least i such that no transitions of priority 1 occur between d; and d; ;1. Let v be the game
position at depth d; 1 in 7r. For all s € h1 (v), there must be no priority 1 between d; and
diy1 (since this is true at v and the state of D is recorded in the game position). Hence, for
alls € i 1(v), Ymax(s) = (n+1)* sosig(v) > ((n+1),0,...,0). Likewise, we know that
the signature at the initial game position v} is (0,0,...,0).

We now show that (I + (m + 1)k,...,1 + (m + 1)) is an upper bound for the signa-
ture possible on a partial play derived from ¢’ which starts from a position s satisfying
(1,0,...,0) <sig(s) < (I,...,1) and has value m. Since we are starting from (0, ...,0) and
m < n, this is enough to yield the desired contradiction.

First, notice that an increment of some counter is necessary (but not sufficient) for a
strict increase in a signature (mg, my,my, ..., mg) < ((n+ 1)%,0,...,0). If counter j is in-
cremented, then the maximum value of the signature at the next position is <max{mj +
1, ij,...,mk},O,...,mj + 1, ij,...,mk). Likewise, if counter j is reset, then the max
signature is (max{m.1,...,m},0,...,0,mj;q,...,my). In all signatures, we have my >
max {my, ..., m}.

If k = 1, then by incrementing the counter m times the signature can increase at most
to (I +m,l + m). The signature cannot be increased further by using resets since a reset
results in the signature first decreasing to (0,0). Thus, the maximum signature is bounded
as desired.

Now letk > 1. By the inductive hypothesis, the signature sig, = (I + (m+1)*1,..., 1+
(m 4+ 1)k=1,0) is the maximum possible using only counters {1,...,k — 1} and a partial play
of value m. We can assume that any other increments of counters {1, ...,k — 1} would result
in some counter exceeding m (otherwise, the signature would not be maximum).

If counter k is reset, then the signature must decrease to (0,...,0), so that operation
is not useful. If counter j < k is reset, then the signature must first decrease to (I + (m +
D101+ (m -+ T+ (m 1)1 0). Again, we can assume that touching coun-
ters {j+1,...,k — 1} would result in a value exceeding m, so only counters {1,;} can be
touched, which by the inductive hypothesis can only increase the signature back to sig,,.

But (I + (m+1)¥1,0,...,0,1 + (m +1)*"1) < sig,, so ¢’ could select a node with such
a signature. An increment of counter k from this position results in signature (I + (m +
1)*141,0,...,0,1 4+ (m + 1)¥1 +1) (and resets all lower counters). The strategy ¢’ could
now select a lower signature (I + (m + 1)1, 14+ (m + 1)*1,..., 1+ (m + 1)*1). We can
apply the inductive hypothesis again from here, to get a maximum signature of sig, =
(I4+2(m+ 1)1 14+ 2(m+ 1)1 1+ (m + 1)k 1). Because the increment of counter k
reset the values, the value of the play according to o’ is still at most m.

Repeating this process, we get a maximum signature of sig,, = (I + (m +1)k,..., 1+
(m + 1)¥). Repeating the process again would result in counter k achieving a value greater
than m, so sig,, is the upper bound. |
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Next, we can use the previous lemma to give a value to the original quasi-weak hB-
game G which is based on finite-memory strategies in hB-safety games based on it.

LEMMA 19. -
val(G) =, sup{val(o) : o is finite-memory strategy in hB-safety game G' based on G } with
a(n) = (n+ 1)k

PROOF. By Lemma 16, one direction is clear: val(G) is at least the supremum of the val-
ues of the finite-memory strategies in hB-safety games based on it. In order to show that
val(G) <. supf{val(c) : o is a finite-memory strategy in a hB-safety game G’ based on G}
where a(n) = (n + 1)k, it suffices to show that if G has value (n + 1)¥, then there is a
hB-safety game based on it which has a finite-memory strategy of value at least 7.

Assume there is a strategy T witnessing value at least (1 + 1)* in G. By Lemma 11 and
Lemma 17, we have val(D x G;) = val(G;) > (n + 1). Since there is a positional strategy

or in D x G, witnessing value at least n by Lemma 18, there is a finite-memory strategy
witnessing value at least 7 in G; (where the memory depends on D).

A similar proof (which also uses the history-deterministic transducers from B- to hB-
games) can be used to show that quasi-weak B-games (and the B-safety games based on
them) admit finite-memory strategies when the underlying game graph is acyclic.

COROLLARY 20. Finite-memory strategies suffice in quasi-weak E—games with acyclic game
graphs (and B-safety games based on them).

Proof of Lemma 7

We use a similar method as in the previous case to construct a non-deterministic S-Biichi
automaton S. This time we start by considering trees annotated by a strategies ¢ in a hB-
safety game based on quasi-weak @—game. By fixing a path T in such a tree, we get a word
w as before.

LEMMA 21. There is a history-deterministic hS-Biichi automaton D, which recognizes the
function min-play(w}) = inf{safety—cost%’ [1.2] (1) 1T € 0|}

PROOF.  Let w := w}. Then the function min-play can be rewritten as min-play(w) =
sup{n : 3 infinitely many prefixes v of w s.t. '(v) > n} where ¢’ maps a finite prefix of w
to the minimum safety-cost over the partial plays described in this prefix (in particular,
if I describes an infinite number of positions where $ occurs in w, then min-play(w) =
sup{n:Vie L.g'(w(0)...w(i)) > n}). By Lemma 13, it suffices to show that ¢’ is a regu-
lar cost function.

Given a partial play 7, it is straightforward to construct a B-automaton C’ which rec-
ognizes safety—cost%(n) (just copy the output actions from the input word which describes a
play, and use the state to track whether priority 1 has been visited between signals in order
to determine acceptance). The desired B-automaton recognizing ¢’ non-deterministically
selects a partial play in a prefix of w, checks that it is a valid partial play in the hB-safety
game, and simulates C’ on it; this computes the minimum of safety-cost% over the partial

plays described in a prefix of w. i
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We can assume that B uses hierarchical counters. The desired automaton I/’ is then
constructed such that on input t it guesses a h1B-safety game based on (B,t) (the dual of
the original game), guesses a finite-memory strategy in this game, and then computes the
value of this game by simulating Dp,in on each branch. Because Dy, is an S-Biichi automa-
ton, the resulting automaton is a non-deterministic S-Biichi automaton. In an S-automaton,
non-determinism amounts to taking a supremum. Hence, the automaton computes the
supremum over the values of finite-memory strategies in 71B-safety games based on (B3, t),

which is ~-equivalent to the value of (B,t) by Lemma 19.

D Transducers for Hierarchical Automata
D.1 BtohBand S to hS

It was already known from [3] that hierarchical counters suffice in cost automata. In [6], the
translation from B to hB is shown explicitly, using ideas from the “latest-appearance record”
construction. A similar result from S to 1S was already known by Colcombet and Loding
and we describe the construction here.

Fix some I's = [1,k] of counters. Our goal is to build a history-deterministic /S-
automaton A using the same counters I's such that [A]ls &~ valg and the counter operations
are hierarchical. Hierarchical actions are labeled by counter number; if k = 3, then action i,
stands for (r, 1, ¢€).

The state-set Q includes all tuples (X, (vj,..., 7)) where X C T, j = [X|+1, and
<’y]-, ..., Yk) is a permutation of T's \ X, as well as a sink state 1. We write (Y, Vi Yk
to denote the permutation which lists the elements of Y in ascending order followed by
Yj, - -+, 7k The initial state is (&, (I's)). The only rejecting state is L.

Now consider a state (X, ('yj, ...,7k)) and aninput lettera € {¢, i,r, cr}rS . We describe
the edges in the transition relation A. Let Y = {7y € X : a(7y) # €}. Leti € [}, k] be the largest
index such that a(vy;) # «.

e If such an i does not exist, then (X, (vj,..., 7)) 5 (xX\ Y, (Y, VijreeorVK))-

e Ifa(y;) = 1ithen (X, (7j,---, 7)) =5, (X\Y, Y7 070))-
ar;

® Ifa(’h) = 1 then (X/ <7]/ o '17k>) - (X \ Y, <Y/ YirYjre- s Yi—1Yit1s -+ '17k>)'
e Ifa(y;) = cr then (X, (vj,..., 7)) = 1.

a:cr;

e Regardless, (X, (7j,..., 7)) — (XU{v:iH\Y, Y, 7)o vien Yisr - 7k))-

Letw € {¢1i,r, cr}rs. Let u be an output sequence from A on w which yields the
maximum value (i.e. [A]s(w) = valg(u)).

We start by showing that [A]s(w) < valg(w). Assume that valg(u) = N. Let v’ be
some shortest subsequence in u ending in cr; which witnesses a counter value of N for
some counter i. Let w’ be the corresponding subsequence in w.

In order for a letter in w’ to be translated into i;, A must have been in some state
(X, (¥j,- -+, 7)) with i > j before reading a letter a in w’ with a(v;) = i and a(yy) = e for
all i’ > i. We know that u’ does not contain any occurrences of r; and only has cr; at the last
position (otherwise there would be a shorter subsequence witnessing value N). Likewise, 1’
does not contain any occurrences of ij,ry, or cry for i’ > i (since this would induce a reset
of counter 7, and imply there is a shorter subsequence u’). Hence, all counters 7, indexed
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by i’ > i in the permutation are stable while A is reading w’. In particular, each of the N
increments i; in #’ correspond to N increments i for a single counter vy; in w'.

The fact that #’ ends in cr; does not imply that @’ ends in cr for ;. If there is no
such w’ ending in cr for counter 7;, then it means that no counters are checked in w so
valg(w) = oco. Otherwise, at least one such subsequence must end in cr for v;, yielding
value N as described above. Hence [A]s(w) < vals(w).

Next, we show that vals(w) < a([A]s(w)) for a(n) = k- n* + 1. If vals(w) = oo, then
there is no cr for any counter in w. But this means the run of A of value co which never takes
the check-reset transition is accepting, so valg(w) < a([A]s(w)) as desired. Now assume
that vals(w) = k- N*¥ 4+ 1 and suppose for contradiction that vals(u) < N. Consider some
shortest subsequence w’ of w which for some { € I's ends with cr for { and witnesses k - N
increments for { (so there are no intermediate resets or check-resets for { in w’).

Assume A is in state (X, (7j,...,7k)) when starting to read w’, where { = ; for some
i € [j,k]. Consider the subsequence w” of w' (and corresponding u” of u’) on which
remains at this fixed index i in the permutation. On u”, there can be no resets r; for i’ > i
or check-resets cry for i/ > iin 1, but there can be increments i;. In fact, there can be at
most N — 1 increments i, before i for i” > i’ (otherwise it would contradict valg(u) < N).
Hence, these increments in u” correspond to at most (N — 1)¥ increments of  in w".

Since there are no intermediate resets or check-resets for { on w’, { can only be moved
right in the permutation during the run of A on w’. This means the run of A on w’ can
account for k - (N — 1)¥ increments for {, contradicting our initial assumption. In the special
case when { € X when A starts to read w’, { will be moved to the initial position in the
permutation at the start of the run and then the reasoning proceeds as above (showing that
Aonw' can account for k- (N — 1)¥ + 1 increments of {, again contradicting the assumption).

The history-determinism of this automaton is witnessed by the translation strategies
defined by &, which use the check-reset transition for S-counter i (the only source of non-
determinism) only when counter i would otherwise take a value higher than n.

D.2 4B and hS to hBS

We aim to prove Theorem 4. We assume that each counter type already has hierarchical ac-

tions (based on the transducers described in the previous section), and describe transducers

which can make the combined B- and S-counters hierarchical in a way which preserves =.
We write QIIEZ as shorthand for G(I'p, I's) where [T'g| = Kg and |T's| = Kg, i.e. Q’Ilg; is the

single-state automaton over C = BX# x SXs which outputs actions in C by }<ust Cogying the
input. Likewise, we write HEZ for the hBS-automaton which will satisfy H° = G

We start by describing properties and main ideas of the automaton Hﬁ; . It has Kg B-
counters and (Kp + 1)Kg S-counters. The principle of the automaton is to split the input
word into sequences of S-actions from {i,e}" which are between resets of the B-counters. It
uses one copy of the S-counter to count the number of S-increments within each sequence,
and the other copy to count the number of sequences with at least one S-increment (with
respect to each S-counter). If the S-value is big relative to the B-value, then the output of HIIEISS
will also have a high S-value, obtained from one of these counters. This intuition is already
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used in [2], but only with boolean properties about boundedness and unboundedness; we
extend the notion by paying attention to the values. Moreover, the transducer copies almost
exactly the B-actions: it can only output one additional r between two r’s in the input.

PROPOSITION 22. For all Kg,Kg € IN, the automaton Hllgz is history-deterministic.

We can now use this transducer by composing it with any non-hierarchical automaton
in order to transform the output and yield a hierarchical automaton.

We now show how to translate a sequence of BS-actions into an equivalent #1BS one,
assuming that the individual B- and S-counter actions are already hierarchical.

Building H].

We first build a transducer H% which transforms an infinite sequence of actions in B x S into
a hierarchical one, while guaranteeing a BS-equivalence between the input and the output.

The automaton below is H} with the transitions labelled by letters from B x {i, e}
(other transitions are described later, in order to lighten the picture). The automaton has
3 hierarchical counters S3, By, S1 and hierarchical actions are labeled by counter number, for
example action icp stands for (r, ic, ¢) which does not change S3, increments and checks B,

and resets S;. We write a for any action of B. For all states s, there is a loop s Pl s.

H% can be considered as an automaton on either finite or infinite words over C, using
the fact that if w € C¥ is accepting for both Biichi conditions, then we have [H1]p(w) =
sup {[H1]5(u) : u prefix of w}, and for all m € IN, we also have that [H}]8(m)(w) =
inf {[H{]8 (m)(u) : u prefix of w}. Therefore correctness of H] over finite words implies
correctness over infinite words.

(ic, i), (ic,€) : icy (r,1): i3
)

(e,1) @ iq
8

(r,i),(r,€) : i3

. :

(a,i),(a,€) : ay (ic, i), (ic,€) : icy
(g,1) : iq

We add the following transitions:
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,r):az

(a
(D 90 —" 9o,
(2) for x € {1,2}, g« (x)ss qo,
(a,x),(a,cr):ay
@pr —
Remark that the automaton is built in such a way that p much be reached when reading
a cr on the input, but in order to reach p, we have to perform a cr on one of the S-counters.
The principle of the automaton is that on a sequence of i and ¢ on the input S-counter, 3
counts the number of intervals between two r’s for B which contain at least one i, whereas
71 counts the number of i’s during an e-sequence for B. The bounded number of ic’s will
ensure the semantic is correct.

THEOREM 23. H} is BS-equivalent to G| which just copies the input actions.

PROOF.  First, let us show that [H1]s =~ [G}]5. The only transitions of H} which do not
reproduce the action of the B-counter are the ones defined in (2), and the transitions from g;
or gy to p labelled (a,1) : crs (all of these transitions perform a reset on counter B; instead
of action a).

However, to reach these transitions from g, one must have seen a reset of the B-counter
before (transitions from gg to g1), and moreover we go back to state qg by taking only one
such transition. We can insert (by replacing a letter) at most one reset between two resets of
the initial sequence, so [H1]p ~ [G1]5, with a(m) = 2m + 1.

We will now show the remaining part of [H1]ps = [G}]ss-

Let m € IN be fixed, we want to show that there exists 8, such that
o [Hi]5(m) <, [G1]5(a(m)) (1)
o [G115(m) <, [Ha]s(@(m)) @

Part (1) is quite straightforward: notice that we do increments on counter S; or Sz of
H} only when there is an increment for an S-counter in u. Moreover, every cr in u can be
matched to an earlier cr on counter S; or S3 in H%. Therefore, [[H}]]g(m) < [[gll]]g(m) <
[G11€ (a(m)).

For part (2), we proceed by contradiction, and assume that there is a set U of finite
words on alphabet C such that { [H]]%(«(m))(u) : u € U} is bounded by some N € N, but
{[G118(m)(u) : u € U} is unbounded.

Let u € U such that [G1]E(m)(u) > ((N+1)m + 1)N. In particular, [G}]2 (m)(u) is not
0 so it is equal to vals(u), and valg(u) < m.

We write u = (up, us), and factorize us in u1busby . .. uxbyu1 such that for any j, b; €
{r,cr} and u; € {1i,e}". We do the corresponding factorization ug = v1a102a . . . V@i Vgi1
by matching the positions of a; and b;.

Let us remark that a run p on u can be written p; ... g0’ such that for all j, p; is the
subrun of p over (vja;, u;b;). By definition of ’H% (namely, the transitions described in (1)-(3)
above), p; starts and ends in state g for all j.

Moreover, let n = [H{]8(ax(m))(u) < N, there is an optimal run p of H] on u with
vals(p) = n. “Optimal” means here that for all j, vals(p;) is maximal: there is no run p; over
(vjaj, ujby) starting in go with vals(p;) > vals(p;). We can take p optimal because the subruns
p; are independent from each other.
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Let | be the set of indices j such that b; = cr. For any j € ], we have vals(ujcr) >

vals(u) = [G1]5(m)(u) > ((N+1)m +1)N. Let j € ] such that vals(p;) = n, which exists
ViU )
because valg(p) = n. We have g (;:’2 p Bie) q0-

Let v; = worwsr ... rws with w; € {ic,e}" forall /, and let uj = xodox1 - .. ds—1xs be the
corresponding factorization of u;, i.e. forall I, |x;| = [w;| and |d;| = 1.

If s = 0, then the transition from g to q; is not taken during p;. But when the transition
towards p is taken, we perform action crj. This means the counter S; must have value 7,
after n consecutive readings of (g, i). Assume that there are at most n consecutive (g, 1) in
(vj,u;). We know that |v;|;c < m so we get |uj|; < (n 4 1)m. But vals(ujcr) > ((N +
1)m+1)(a(m)+1) > (n+ 1)m so it is absurd. It means that there is strictly more than n
consecutive (¢,1) in (v]-, u ]-), which contradicts the optimality of p, since we can build a run
p} on (vjaj, u;b;) with vals(p;) > n = vals(p;).

It remains to treat the case s > 1. As before, we must have sup;(|x;|;) < (n+1)m, other-
wise p would not be optimal. Consequently, for all i, |x;d;|;) < (n+ 1)m + 1. Notice that the
value of the counter S3 while reading (w;, x;) is equal to the size of J; = {I < i, |x;d;|; > 0}.
Therefore we must have |J;| < n by optimality of p, otherwise we could build a run of value
greater than p; by taking a transition labeled cr3 towards p at the end of (wj, x;).

Finally [uj|s < (Jxjd;|s)|Js] < ((n+1)m+D)n < (N+1)m+ )N < [G{]§(m)(u). It
is true for all j, which is in contradiction with the definition of [G}]Z.

We can conclude there is no such set U, so [G]5(m) <, [Hi]E(a(m)), for Bu(n) =

(n+1)m—+1)n.
THEOREM 24. H1 is history-deterministic.

PROOF. Let us first notice that the only non-determinism in H% occurs while reading i on
the S component (transitions going to p). We define 4, to be the strategy taking transitions
going to p if we have reached n on some S-counter and then see another i action (this
condition depends only on the past word u). This already defines a unique run p, of H} on
every word u such that valg(p,) > n.

Moreover, if there is a run p of H% over u with valg(p) > n, then the run driven by
on exists (and, in fact, is the optimal run), which concludes the proof that H% is history-
deterministic.

Extension of H% for several hierarchical counters.

Let Kp, Ks > 0, we define Cﬁz C (B)Xs x (S)Ks to be the set of actions that can be made by

a hierarchical B-automaton together with a hierarchical S-automaton. Cﬁz is composed of
letters of the form ((z,...,r,a,¢,...,¢),(z,...,1,b,¢, ..., €)) with (a,b) € B x S.

For any Kg,Ks > 0, we now want to build Hllgz , the generalization of H% to alphabet
Cﬁ; , such that it is BS-equivalent to the automaton G Ilgg on the same alphabet, with one state,
which just copies the input actions to its counters. As before, we want Hﬁg to be hierarchical
and history-deterministic.

We first define by induction the automaton H}<B for all Kg > 0.
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Building H}<B for all Kg > 0.

First notice that H} = (C}, Q', {q0}, T}, TL, Al) is already built in a correct way. Now as-

sume H}<B = <C}<B, QFKs, {qg B} ,FI};B,F?B,AKB> is built and correct, and we want to build

Hy .y
B%e need C = ({ic,e} x {i,e},Qc, {50}, {78}, {7s},Ac), an auxiliary BS-automaton
defined by this diagram:
(ic,i),(ic,€) : icp
(€,i) T
(e,€) 1 &1 (a,1),(a,¢) : ay

‘8 (e,1) : ey 8
0 1

which has two new hierarchical counters, y5 > s.

. Kp+1 Kg+1 ~Kp+1
We define H}<B+1 = <C}<B+1, QKB+l, {q08+ }’FBB+ ’FSB+ ,AKB+1>, Let QKB+1 = QKB X

Qc, quH = (qu,so). We take FI§B+1 = FI§B U {yg} and F?BH = FIS<B U {vs} such that
v > g > vs forall y € I“IgB ur ?B. The hierarchy of counters is inherited from H}<B and C,
and any action on counters of H}<B performs resets on counters of C.

Finally, AKs*1 is defined as follows.

(C) for all s @7 1 in Ac witha € Band b € S, and all g € QK#, we add transition

,b):
(0,5) "9 (07 in AKe+,

(Hx) for all ¢ @by g in AK® witha € B*and b € S}, and all s € Qc, we add transition

(q,s) (ar’—b)ig (4',50) in AKs+1,

(a,cr):a

(s1) forall g € Q#, and a € BXs*1, we add transition (g,51) —> (q5®, o)
where eg,a stands for (¢, .. ., €, a), ar stands for (a,r) with a being an action on Kp hierarchical
B-counters, and action ¢ is performed on the same counter as before, i.e. g or s in the case
(C), and one of the counters of FgB or 1"?5 in case (Hx).

Let us show that H11<B 11 18 BS-equivalent to Q}<B IRy

We first have to show [[H}<B+1]]B =N [[g11<3+1]]3, we will again use «(m) = 2m + 1. By
induction, we can show that as in the preceding proof, for each counter, at most one r is
added for each r of the input sequence, so [[H}<B 1118 < wvalg which implies the result.

We now need to show that that for all m, there exists B,, such that :

o [, 1]B(m) <p, [G1, 1] (x(m)) (1
° [[g11<3+1]]§(m) =B HH}<B+1]]5(‘X<T”)) 2)

Part (1) is still straightforward: increments on B counters always corresponds to incre-
ments corresponding counters of the input words, and every input cr leads to an output cr
after less increments.

It remains to show part (2). Let m € N. Let u = (up,us) € (BXs+! x {i,¢})*(BKst! x
{cr}) such that [[911<B+1]]§(m)(u) > N and [[H11<B+1]]E(a(m))(u) < n. We restrict u to this
language, because as in the preceding case where Kg = 1, the automaton is reset to its
initial state when it reads a cr, and the runs over these factors are independent of each
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other. Resetting the S-counter with r corresponds to ignoring u (the automaton can avoid
transitions doing cr on a S-counter during u), and also resets the automaton. The general
case follows directly from this one.

We write g = uyvqt5 . . . ugvga where forall i < k, u; € (BXs x {r})*and v; € ({e}** x
{ic,e})*, only u; and vy are allowed to be ¢ for unicity of this factorisation, and a is just the
last letter of ug. We do the corresponding factorization ug = ujvju; ... ujvcr.

Let p be a run of H}<B+1 on u, We can write p = p1T102 . . . Tr—10x Where px, = p1... 0k is
a run of H}<B over Uy ...u, and for all i < k, 7;is a run of C over v;.

By induction hypothesis, there exists By, such that [uy...ugf; < Br valg(pk,). It is
straightforward to show that for B (n) = (m + 1)n, we have forall i <k, [u;]; <gy vals(7).
(vals meaning here the maximum value reached by a S-counter, not necessarily checked).

We get vals(u) <y vals(p), for B¥, ., = max(B¥,, B¢), which shows the wanted
result.

By induction, for all Kg > 0, we have built H}<B, hierarchical and BS-equivalent to
Q}<B. The history-determinism is straightforward, the strategy for value n being the same as

before, i.e. taking transition performing cr when we want to increment a S-counter already
at value n.

Remark that by induction, for all Kg > 0, the automaton H11<B has 2Ks*! states and
2Kp + 1 counters.
Building Hﬁz for any Kz > 0 and Kg > 0.

We fix the values of K and K, and describe informally the automaton Hﬁ; .

Let ’H}<B be as previously defined. It has counters Sk, 1Bk, Sk - - - B151.

Ks . . . ‘
Hy; will have the same B-counters as ’H}<B i.e. (7i)iep k), and S-counters <7£>i€[1rKB+l}/]'€[HKS]'

We define the hierarchical order ’yf-' < 'y{; by lexicographic order on (i, ), and for all i, j,
vi > ’yg. Finally, for all j, '7]I<B+1 > ;.

Let 7; be a B-counter of Hﬁg . The principle of H11<B is to count the number of increments
of the S-counter below during e-sequences of y;, and to perform cr if it becomes too high
(thereby going to a state where a later cr on the input is allowed). The highest S-counter
counts the number of {ic, e}-sequence of yg,-actions that start with r and contain i for the
S-counter.

We have duplicated each S-counter 7/ into Ks ones 7/} which will play the some role,
but relative to their original counter ;.

The Ks S-counters being originally hierarchical, we will satisfy the global hierarchical
condition for Hﬁ;

For instance here is the automaton C, which plays the role of C in the case Kg = 2.
Automaton C; is defined over alphabet {ic,e} x {i1,12,€2}, and has 2 S-counters and one
B-counter 1 < 2 < 7.
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(ic,b) :ics (a,by) : a3
(e,b) : b (e,b1) : v
5 (S, iz) . CIp 5
(8, il) 1 Ccry (E, i1) 1 Ccry
(ﬂ, bz) . as (El, bz) . a3
(a,b1) : a3 (a,by) : a3

The automaton is allowed to see a cr for 71 in s; and s3, and a cr for 7, in s1 and s3.
As before we can show that Hﬁ; is correct and history-deterministic.

HIIEZ has Kp B-counters, (Kg + 1)Kg S-counters.

E Construction of Quasi-Weak B-Automaton B
E.1 Proof of Proposition 9

Let U (respectively, U') be non-deterministic B-Biichi (respectively, S-Biichi). Let A =
(Qu, A, q0,Fp,Fs,Tp,T's,6) be a non-deterministic hBS-automaton such that A = U x U'.
We assume there is a cost trap for .4, and we want to show that [U/'] £ [U].

Let m := (|Q4| +2)/TsI*1. Let E,, be a frontier, {er:0<i<m,me{0,1}*} beasetof
nodes, f be an input tree, and R be a run of A on t witnessing the cost trap.

By definition of a cost trap, we have that valg(R) > |Q 4|, and for all branches 7, ef <
--- < e, € E, are nodes of 7t such that for all 0 < i < m the portion of R corresponding
to [eff, eﬁ_l) is a block, i.e. contains states from both Fg and Fs, and for all v € I, if 7y is
incremented in this portion then it is also reset in this portion.

Moreover, if branches 711 and 71> share some prefix up to position y and x < y is the first
position with /" = x and e # x then e > y (we will call this the nesting condition). In
this case we will say that 711 <, 772 and y is a nesting node. If 711 and 712 do not disagree on
the ¢;’s on their common prefix, we will say that 711 /et 772. The idea is that if 711 <jest 72,
then pumping the blocks from 7, will not damage any of the blocks from 7.

The first step will be to build a single tree ' such that there is some n with [A]p(t') <
n < oo, and also [A]2(n)(#') > |Q.4| (we remind that [A]2 is a function N — 7p — N).

Let tg, be the finite tree obtained from ¢ by removing all nodes after the frontier E,,.

The tree ¢’ will be obtained from fg, by an infinite pumping of some blocks on every
branch.

Let A be the set of all branches of tg,,. A is a finite set, and is partially ordered by <5t
We inductively build sets (A;)jc in the following way : for all j, A; is the set of branches
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of tg, that are maximal for <, in A\ (Uj’<j Ay). Let p € N be such that A, # @ and
forallj > p, Aj = @. Then Ay, ..., A, form a partition of A, and for all j € [1, p], for all
7, T2 € Aj, we have 7y e 712. Notice that for all j € [1,p] and all i € [1,m], the set
{egT DT E A]-} is a partial frontier of tg, (more precisely, it is the intersection of a frontier of
tg,, with A])

We can now adapt the technique of Rabin in [12], but applying it only on the branches
of A; (for now). Let N := |Q 4. In the following, S-values will be approximated by giving
value N + 1 if the value is larger than N. Unlike [12], when we pump we must be careful
that we do not reduce the S-value below N.

We define sets Hy,, ..., Hy by induction : we set H,, := Q4 x [0,N +1]'s, and (g,7) €
H;_1if (q,77) € H; and there is a finite tree ¢ contained in g, and a partial run Rf of A over
tr starting from state q and valuation 7 for the S-counters, such that

e every branch of R risa block,
e on every leaf of ¢, the state and S-counters values configuration (¢', 1) of A belongs
to H;.

Notice that some nodes of ¢; are allowed to have only arity 1 (those will correspond
to nesting nodes of tg, ). The idea is that we want to be able to reach a H;-frontier by block
branches, when starting from a node in H;_; (which is also in H;).

We have Hy C H; C --- C H,,, and moreover, the run R on branches A witnesses the
fact that for all branch 7t € Ay, for alli € [0, m], the configuration (g,%) of A in the run R at
node e" always belongs to H;. Moreover, there is a finite tree ¢y such that .A has a run over ¢ty
starting in (go,0) and ending in a configuration belonging to Hy on every leaf (¢ is a prefix
of tg,, and this run is a prefix of the run R). Remark that the approximation of S-values
up to N is not a problem, since counters can only increment or reset, so coherence is kept
on values less than N on one hand (by remembering exact values), and values more than
N on the other hand. Moreover, no block from R can check a S-value less than N, because
valg(R) > N.

But |H,| = N(N 4 2)/Tsl < m, so there must be i € [0,m — 1] such that H; = H; 1. It
means that from any configuration of H;, we can find a finite tree ¢; contained in tg,,, and a
partial run of A over ¢ (contained in R), such that any branch of this run is a block, and the
configuration on any leaf is again in H;. This will allow a pumping, creating an infinite tree
and a run with infinitely many H;-frontiers. We want the B-value of this run to stay low,
and that is why the definition of blocks include a constraint on B-actions : for all B-counter
7, if a block increments v, then it also resets 7. In fact, when appending two blocks, the
worst case that can happen is when the first block starts with a reset and then make some
increments, and the second one make some increments and then resets.

This is why we define npjocks := max {valg(uv) : u, v are blocks in R from H; to H;}, to
be the maximal B-value obtained by appending two blocks. Notice than appending more
than two blocks cannot increase this value. We also define ¢ to be the B-value of the
partial run reaching the first H;-frontier from the root in the run R. Finally, let 111 := npjocks +
Npref-

This allows us to build an infinite (but not complete) tree t;, and a partial run R; of
A over t;, by using R to reach the H;-frontier (nodes e for 7 € Aj), and then repeating
infinitely many finite trees witnessing partial runs from H;-nodes to H;-frontiers. Note that
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every infinite play 7t of Ry is B-accepting with valg(7r) < 13, and S-accepting with valg(7r) >
N, by the block condition and the fact that no S-value less than N is checked during R.

The tree t; also contains infinitely many finite branches, duplicated from A, ..., A,. Let
us call A} the infinite set of finite branches coming from A,. The nesting condition implies
that pumping branches of A; did not split blocks of the other A;’s, so we can now define the
sets Hy, ... H,, as before, and pump all the branches of A} simultaneously, building a tree ¢,
satisfying the same properties as t1, but with more infinite branches.

Iterating p times this process yields a complete binary infinite tree t' := t,, and some
n:=ny+ny+---+n, (only depending on the finite set of blocks from the run R on tg,,)
such that there is a run R’ of A on #' witnessing both [A]s(#) < n, and [A]Z(n)(¥) > N
(ie. the run R’ is B-accepting with B-value less than #, and S-accepting with S-value strictly
above N).

We will now build from # an infinite sequence of infinite trees (#,)4en, such that for all
d €N, [A]p(t)) <n,and [A]E(n)(t)) > N+d.

In order to do that, consider the run R’ on #/, and more specifically the actions on the
S-counters. In order for R’ to have S-value more than N, any action cr,, for v € I's must
occur when the value of v is at least N + 1, so the cr must be immediately preceded by a
sequence of at least N + 1 increments of 7 : this sequence may contain e but cannot contain
any r or cr (again for counter 7).

During such a sequence and by choice of N, there must be a path u,, from some g € Q 4
to the same state g, starting with one increment and containing no reset (r or cr) of 7.

Recall that we are using hierarchical BS-actions. Let us look at the behaviours of other
counters during such a path u,.

e If 7/ is a B- or S-counter higher than v in the hierarchy, touching it resets vy, so 9’ is not
touched at all during u,, : this path contains only action & for 7/ > 1.
e If 9/ is a B- or S-counter lower than <y, then u., starts with action r for /.
In any case, repeating u, several times instead of one does not affect the values of other B-
and S-counters,

Moreover, two such paths u, and v,/ cannot intersect if v # <'. If on the contrary
v = 9/, and the two paths share a prefix, then repeating one can inflate the other, but
never changes the properties we are interested in : it remains a path from some g € Q4
to g, starting with an action i, and without any reset for . We will call ¢, the infinite tree
obtained from ' where for all S-counter v, for all position x where action cr, is done in
R’, the path u, relative to this position x is repeated d times. The run R’ induces a run R‘,i
for each t/;, which is still B-accepting and S-accepting (accepting states still appear infinitely
often), has B-value less than 1, but where at least d increments have been added before each
action cr of any counter, so valg(R;) > N +d.

We are now ready to observe the contradiction. Let « and (;);cn be corrections func-
tions witnessing A = U x U’'. In particular [A]p ~, [U x U']p = [U] U does not play
any role in the B-semantic of U x U’). It implies that for alld € IN, [U]z(t}) < a(n).

But we also have [A]%(n) <p, [U x U']8(a(n)). Letd € N, we have in particular,
N +d < Bu([U x U (a(n)) (£)))-
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But [ x U']8(a(n))(t;) = sup{vals(R") : R” is an accepting run of U x U’ on t/, with valg(R") <

a(n)}. Since we know that [/ x U']g(t;) < a(n), there is an S-accepting run R” of U x U’
on t/, witnessing B, ([U x U']E(t}) > N + d. This means B,(vals(R")) > N +d. But R”
induces an S-accepting run Ry of U’ over t/; with B, (vals(Ry)) > N +d.

We get that for all d € IN, B, ([U/']s(t;) > N +d, so [UU']s is unbounded over the set
{t,:d € N} while [U] is bounded over the same set.

This shows that a cost trap implies a contradiction with [U']s < [U] 5.

E.2 Construction of B

Given both a non-deterministic B-Biichi automaton U = (Qy, A, q%’ , Fg’ ,Ty, Ay) and a non-
deterministic S-Biichi automaton U’ = (Qyy, A, qz(j’/,FS“/,l"u/,Au/> such that [U] g ~ [U']s,
we want to build a quasi-weak B-automaton B recognizing the same cost function as U
and U'.

Let H = (Qx, C, qgi, I',T's, Fg, Fs, Ayy) be the transducer H (T, Ty) from Theorem 4.
We build the desired quasi-weak B-automaton B with the following set of states :

Q := Qu x Qur x Qu x (([L,m] x {e, L, T} x {g,;ic,x}) Ml U {g7})

with initial state (4%, 44", g2, {(1,€, s)}[o"r?H )-

In fact, the only useful states will be those of Qs : an element (g1, 42,93, (i,7,2)) is in
Quse if for all k,k' € [0,|T¥]], k < K implies i(k) < i(k') and j(k) < j(k'), for the order
€ < L < T.Moreover any (41,42,43,97) is in Qys.

Consider B acting on a tree t. The idea is that Eve selects a run of ¢/ on t and Adam
selects a run of U’ on t (technically this is done one move at a time). The B-actions output are
exactly those from the run of U chosen by Eve. However, at the same time, the transducer
H is simulated by Adam on the composed BS-actions, and this output is analyzed (see
below). Moreover, all branching choices are made by Adam. Thus, each play of B describes
a branch of the binary tree, a run of ¢/ and a run of U’ on this branch, and Adam’s choices
in the simulation of H on the output from these runs. The reason why Adam is in charge of
the non-deterministic choices of the transducer H is that these choices aim at maximizing
the S-values. Indeed, in H, the output B-value is always equivalent to the input one, in any
run of the automaton. Since maximizing the S-values is the job of Adam (he also controls
the choices of the non-deterministic S-automaton ’), he is in control of the transducer H.

A subpath 7 of a play is called a block if the following hold:

e both a state from FY and a state from F¥ " occur during 7.
e for every counter v € I' ?, if there is an increment for 7y in 7T, there is also a reset for
the same «y in 71.

LetK = |T%|.

We will call a block of level k a block which occurs in an {¢, r }-sequence of counter k + 1
(a block of level K is just a normal block).

Given a state (qy, qur, qn, (i,j,2)) € Q, and k € [0,K], i(k) € [1,m] is the number of
the current block of level k, while component j(k) is € if no FY " state has been seen in this
block, L if Fg/ has been seen but no Fé/ following it, and T if F{;f has been seen following
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Fg/. Finally, z(k) = ¢ if no increment or reset has been seen in the current block, ic if there
was an increment but no reset, and r if there was a reset.

The state (qy, qur, g, (i, ],2)) is accepting if the last component verifies that for all k,
j(k) # L, orifitisgr.

A block of level k can be closed when an Fg/ and then an Fé/ have been seen (so j(k) =
T), and simultaneously, if an ic for counter k has been seen, then an r has also been seen
(ie. z(k) € {e,r}).

For all k € [0, K], the automaton starts from i(k) = 1.

Otherwise, we define how B updates i,j,z in a deterministic way depending on the
counter actions and accepting states coming from the choices of Eve and Adam.

Resetting a level k means that for all k' < k, i(k") is set to i(k + 1), j(k) to €, and z(k) to
r. We recall that the counter actions comes from the transducer H, and are hierarchical.

(1) Ifa Fg/ is seen, all j(k) = € are updated to L.

(2) Ifa FY is seen, all j(k) = L are updated to T.

(3) If an action ry is seen (with ¢ for k' > k and r for kK’ < k), then the automaton sets z(k)
torinall ¥ <k.

(4) If an action icy is seen (with ¢ for K > k and r for k' < k), then the automaton resets
level k — 1. Moreover, for all kK’ > k such that z(k') = ¢, z(k') is set to ic.

(5) After updates (1) to (4), if there is a k with j(k) = T and z(k) € {¢ r}, then i(k) is
incremented, j(k) is set to € and z(k) to e. Moreover if there is a k' < k such that i(k)
is now smaller than i(k), then i(k’) is set to i(k).

(6) If some i(k) is supposed to increase by (5) but is already at m, then the automaton
moves to g1, and continues to simulate I/ and I{’. It can never leave g so the play is
accepting.

Notice that by update rule (5), if the current block of level k + 1 has number i, the
automaton starts counting blocks of level k at the same number i, since it suffices to witness
m consecutive blocks, regardless of their levels.

It is straightforward to verify that according to these updates, all reachables states are

in Quse'

E.3 Quasi-weakness of 3

We now show that B is a quasi-weak automaton.

We consider a path 77 of a n-run of B. We define a configuration C = (ic, v, jc, z¢c) of
the automaton B to be an element of E,, = ([1,m] x [0,1n] x {€, L, T} x {g,ic,r ) F1Uu{g+}.

The new element v¢ stores the value of counter k in vc (k) for all k € [1,K]. Since level
0 does not correspond to a counter, we fix the value of v¢(0) to be always 0. For other
components, the set of values [0, ] is sufficient because 7t is a path in a n-run, so counter
values never go above n.

We now analyze the evolution of C on the path 7, according to the transformations (1)
to (6).

An alternation is a switching between accepting and rejecting states (or vice-versa).

We show that if a subpath of 7T begins and ends at the same configuration C, then it is
alternation-free. We call such a subpath a cycle.
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We consider a cycle. If no i(k) is modified during the cycle, the other elements can only
increase (fore < L < T and ¢ < ic < r), according to the operations (1) to (6)), so the cycle
contains only one configuration, and hence is alternation-free.

Otherwise let k be maximal such that i(k) changes during the cycle. In order to return
to the same configuration, the cycle must contain a reset for i(k). Notice that (4) is the only
operation that resets some i(k), and it occurs when icy is read with k¥’ > k. We choose a k’
such that icy is seen during the cycle. According to operations (1) and (2), j(k') can only
increase during the cycle, since level k’ is not reset. Since the configuration C is the same in
the beginning and in the end, we get that j(k') must not change during the whole cycle.

We consider the possible cases for j(k'). If j(k') is L, then the whole cycle is non-
accepting, so there is no alternation.

We know that v(k’) is incremented at some point by action icy, so counter k' has to be
reset in the cycle in order to match the original value. Thus if the value of j(k') during the
cycle is T, it means that we will have z(k') = r and j(k') = T at the end of the cycle. Op-
eration (5) implies that i(k’) has to be incremented, which is absurd because kK > k implies
that i(k") does not change during the cycle, by choice of k.

The only remaining case is j(k') = € during the whole cycle. By definition of Qs for
all k" <K, j(k") = e during the whole cycle. Moreover, for k¥ > k', j(k"") can only increase
(by choice of k'), so in order to return to the initial configuration, they cannot change at all.
Hence the cycle is alternation-free, since acceptance is determined only by the j components.

Any cycle is alternation-free, so the number of alternations in an n-run is bounded by
the number of elements of E,,, which is less than ((m + 1)(n + 1)9)X*! + 1. Hence the length
of an alternating chain in an n-run of B is bounded by a(n) = ((m +1)(n +1)9)X*! 4 1. We
remind that K and m are fixed by U and U’, and do not depend on the input tree.

We can conclude that B is a quasi-weak alternating automaton.

E.4 Correctness of B
Formal proof of [B]s < [U]s

We will in fact show [B]z < [U] 5.

Let t be a tree and M € IN such that [U]J(t) = M < co. We want to show [B]5(t) < M.
Let R be a B-accepting run of I/ on t of value M.

Let o be the strategy of Eve in the game (B, t) that consists in playing from the run R.
We have valg (o) = valg(R) = M, since B just copies the B-action of U.

It remains to show that the strategy Rp is actually winning. Assume for the sake of
contradiction that there is a play 7t compatible with ¢ which stabilizes in non-accepting
states.

By definition of rejecting states, there is a k € [0, m] with j(k) = L in any state of this
partition. Let k be maximal such that there is j(k) = L infinitely often in 7t. We show that
after some point, j(k) stabilizes in L. If k is the highest counter, then level k is never reset, so
j(k) stabilizes in L. Otherwise, assume j(k) does not stabilize in L. There must be infinitely
many updates of j(k) from e to L, and infinitely many resets of level k. Let k' > k. By choice
of k, j(k") must stabilize in € or T (otherwise, j(k’) is L infinitely often, contradicting the
choice of k). If j(k') stabilizes in €, every update of j(k) from € to L is simultaneously done
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on j(k") so this is absurd. If j(k") stabilizes in L, every reset of level k is either also a reset for
level K’ or caused by an action r for counter k. In both cases it is absurd, since j(k') = T and
z(k") = r causes an increment of i and sets j(k’) back to € (or m is reached and the automaton
moves to 41).

This shows that j(k) stabilizes in L.

This is absurd, because there are infinitely many accepting states F4 of U on 7, so
operation (2) in the transition table of B implies that j(k) cannot stabilize in L on 7.

Formal proof of [U]s < [B]s

Remark that since H is history-deterministic, there is a monotonic family of strategies 6 =
(04)nen and an & such that H° =, G, where H° is restricted to the use of runs of H driven
by some 6, € 6.

Assume for the sake of contradiction that [U/]p # [B]s, i.e. there exists a sequence
(tn)nen such that {[B]z(t,),n € N} is bounded by some M € IN, but { [U]z(t,),n € N} is
unbounded. Note that since [U] ~ [U']s, we have {[U]s(t,),n € N} also unbounded.

Let A be the non-deterministic automaton H o (U x U’). That is,

o Qu:=Qu x Qu x Qx and g3 := (g, 4, q01),
o Iy =T} and T¢ :=T¥,

o Fj':= FY and F# := F¥,

e Ay=Ayo (Au X Au/).

Remark that by Theorem 4 and Lemma 12, A= U x U !

Let N := B (|Qu4| + 1), with By coming from the BS-equivalence H° =, G. We choose
n such that [U/']s(t,) > N. Let R’ be an accepting run of i’ on t := t, with valg(R") > N.

Let 0 be an accepting strategy for Eve, witnessing acceptance of B over t with valg(o) <
M. Welook in particular at the set P of plays compatible with o where Adam chooses to play
from the run R’ and uses strategy | |11 to drive . Notice that the only remaining choice
for Adam concerns the branching, so P describes a binary tree of possible plays, which agree
on common prefixes.

We know that in order for valg(c) < M, Eve must play a run R of ¢ such that valg(R) <
M on every branch of P. Let 7t be a branch of the binary tree described by P.

We first show that the strategy 6o |1 describes an accepting run of H on the word
v = (outg(R, ), outs(R’, 7)) where outg(R, ) (resp. outs(R’, 7)) are the infinite words
describing the actions output by run R (resp. R’) on the branch 7t. From HO =, G, we get that
there is a run Ry of H on v driven by some 6, with valg(R3;) < a(M) and Bp(vals(Ry)) >
N = Bm(|Qa| +1). We get that either p = vals(Ry) > |Q4| + 1, or vals(Ry) = co. In both
cases, by monotonicity of §, the run of H on v driven by 4| , |11 is accepting.

This means that the every play of P represents an accepting run of H over v and outputs
hierarchical BS-actions with S-value at least N and B-value at most M.

Next we show that B must witness m blocks on every play in P (which will be used to
build a cost trap on R and R).

Let 7 be a play in P.

If the automaton B reaches the accepting sink state g on 77, it means that for some level
k, m blocks have been witnessed. We assume by contradiction that it is not the case. Let k be
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minimal such that i(k) does not change infinitely many times in 7, so it stabilizes to some
value (for instance it is always the case for i(K), which only increases).

We know that j(k) stabilizes to € or T. But € is impossible, because R’ is accepting, so
any Fg/ would make j(k) change to L by operation (1). Hence j(k) stabilizes in T. This
means that there is a finite number of resets for counter k, otherwise i(k) would be in-
cremented by operation (5). Since the play has bounded value, we can conclude that the
number of increments for any counter k' > k on 7 is also finite. But i(k — 1) is supposed
to change infinitely many times, and this can only be done by incrementing infinitely many
times higher counters (operation (4)). This is absurd, so 7 must witness m consecutive
blocks, and stabilize in g.

Now we build a cost trap for the automaton A = U x U’. Recall that the transition func-
tion of B is defined such that Eve selects a run of U/, Adam selects a run of I/, and Adam con-
trols H which outputs the hierarchical BS-actions corresponding to these composed runs.
Let R 4 be the run of A on f corresponding to the tree of plays P (ignoring the components
of the state dealing with the blocks). We have valg(R 4) < M and vals(R 4) > |Q 4]

We showed that for any branch 7 of R 4, state g+ is reached on 7, so m consecutive
blocks are witnessed along this branch.

If 7 is a branch of R 4, for all i € [0, m], we take for e the last position of 71 where some
counter i(k) has value i.

By the definition of the transitions of B (operations (1) to (6)), the path [e], e ;) is
always a block.

It remains to show the nesting condition of the cost trap definition. Let 711, 71, be two
branches of R 4, sharing some prefix up to position y, and let x < y be the first position
where they disagree : e?l = x but 6?2 > X.

By definition of the ¢’s, we have that x is the last position on 711 where some counter
i(k) has value i. Assume e?z <y, then e?z is on 711, but some counter i(k) has value 7, which
is absurd since ¢/ > x. We can conclude that e/ > y : the nesting condition is satisfied.

We have completed the proof that R 4 is a cost trap for A. By Proposition 9, this implies
[U'ls # [U] B, which is a contradiction.
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