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Cost automata
Aim : To represent fun
tions A

∗ −→ N ∪ {∞} with automata.Cost automaton :
◮ nondeterministi
 �nite-state
◮ �nite set of 
ounters, ranging over N, initial value 0
◮ ea
h transition perform a
tions on ea
h 
ounterAtomi
 a
tions : in
rement (i), reset (r), 
he
k (
).



Semanti
s of 
ost automataTwo semanti
s :
[[A]]B(u) = inf{n/ there is a run with maximal 
he
k value n},and [[A]]S(u) = sup{n/ there is a run with minimal 
he
k value n} .with inf ∅ = ∞ and sup ∅ = 0.Example

[[A]]B = | · |a and [[A′]]S = maxblo
ka : u 7→ max{n/an fa
tor of u}0a : i
b : ε

1 2 3a, b : ε

ε : ε

a : i
ε : 
ra, b : ε



More on 
ost automataRemark : A standard automaton A 
omputing L 
an be viewed as a
ost automaton without any 
ounter.Then [[A]]B = χL and [[A]]S = χA∗\L with
χL(u) =

{ 0 if u ∈ L
∞ if u /∈ LTheorem ([Krob 94℄)The equivalen
e of two 
ost automata is unde
idable.Solution : Loosing some pre
ision on the 
ounting, but keepinginformation about bounds.



Cost fun
tionsIf f , g : A
∗ → N ∪ {∞}, thenf ≈ g if ∀X ⊆ A

∗, f |X bounded ⇔ g |X bounded.i� ∃ α : N → N su
h as f ≤ α ◦g and g ≤ α◦ f (with α(∞) = ∞)Cost fun
tion : equivalen
e 
lass for ≈ relation.ExampleFor A = {a, b, 
},max(| · |a, | · |b) ≈ | · |a + | · |b but | · |a 6≈ maxblo
ka



Known results on 
ost automataExtension of the notion of language via χL : L 6= L′ =⇒ χL 6≈ χL′ .Theorem (Col
ombet 09)B- and S-automata have the same expressive power (modulo ≈),and the translations are e�e
tive.Theorem (Col
ombet 09)It is de
idable whether two 
ost automata 
ompute the same 
ostfun
tion (modulo ≈).Automata-
omputable 
ost fun
tions are 
alled regular.



Temporal automataIntuitive idea : Measuring the time, 
ounting 
onse
utive events.Temporal automata : Only a
tions : {i
 , r} for B-automata(Kirsten and Bala's desert automata) and {i , 
r} for S-automata.ExampleFor A = {a, b}, maxblo
ka is temporal, but | · |a is not.a : i
b : r a : i
b : ε



Temporal automataIntuitive idea : Measuring the time, 
ounting 
onse
utive events.Temporal automata : Only a
tions : {i
 , r} for B-automata(Kirsten and Bala's desert automata) and {i , 
r} for S-automata.ExampleFor A = {a, b}, maxblo
ka is temporal, but | · |a is not.TheoremFor a 
ost fun
tion, it is equivalent (modulo ≈) to be re
ognized by
◮ temporal B-automaton
◮ temporal B-automaton with 1 
ounter
◮ temporal S-automaton
◮ temporal S-automaton with 1 
ounterWe say then that the 
ost fun
tion is temporal.



A ti
king 
lo
k to measure timeProblem : Two di�erent formalisms, ine�
ient 
onstru
tions in thegeneral 
aseIdea : Using an automaton reading simultaneously a word and a"
lo
k" to measure the timeClo
k on u : Word on {w , t} (for "wait" and "ti
k") of length |u|.



Example of maxblo
kaCall a 
lo
k good for u if ea
h blo
k of a's in u 
ontains at mostone ti
k of 
 .Prin
iple Minimal maxperiod of all good 
lo
ks for u and maximalminperiod of all bad 
lo
ks for u are both equivalent (modulo ≈) tomaxblo
ka(u). a a a a a a a ab a b b b a a bt t t t t t t tt t



Representing temporal 
ost fun
tions with regular languagesDe�nitionL regular on alphabet A × {w , t} is a 
lo
k-language for f i�
〈〈L〉〉B : u 7→ inf{maxperiod(
) : 〈u, 
〉 ∈ L}
〈〈L〉〉S : u 7→ sup{minperiod(
) : 〈u, 
〉 /∈ L}are both equivalent to f modulo ≈.TheoremA 
ost fun
tion f is temporal i� there exists a 
lo
k-language for f .This give us easily 
losure of temporal 
lass under min, max,proje
tions,...
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Algebrai
 
har
aterization of regular 
ost fun
tionsReminder : regular language ⇔ �nite semigroup (Myhill)Stabilization semigroup : S = 〈S , ·,≤, ♯〉, ordered semigroup with a
♯-operator : stabilization over idempotents (e = e · e).e♯ means "e repeated a lot of times".Theorem (Col
ombet 09)Stabilization semigroups re
ognize exa
tly the set of regular 
ostfun
tions, and translations to or from 
ost automata are e�e
tive.



Temporal semigroupsReminder : Star-free language ⇔ group-trivial semigroup(S
hützenberger)TheoremA 
ost fun
tion is temporal i� it is re
ognizable by a temporalstabilization semigroup (e�e
tive stru
tural 
ondition).
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Temporal semigroupsReminder : Star-free language ⇔ group-trivial semigroup(S
hützenberger)TheoremA 
ost fun
tion is temporal i� it is re
ognizable by a temporalstabilization semigroup (e�e
tive stru
tural 
ondition).TheoremLet f be a regular 
ost fun
tion,
◮ There exists a (quotient-wise) minimal stabilization semigroupS re
ognizing f
◮ S is 
omputable e�e
tively
◮ f is temporal i� S is temporalCorollaryIt is de
idable whether a regular 
ost fun
tion is temporal.



Con
lusionSummary :
◮ Temporal 
lass de�ned via 
ost automata
◮ Simpli�
ations of 
onstru
tions in this 
lass, via
lo
k-languages
◮ Chara
terization by stabilization semigroups
◮ De
idability of the temporal 
lassFurther work :
◮ Extension to in�nite words, trees
◮ Other 
lasses of regular 
ost fun
tions
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