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B-automata

Aim : To represent functions A* — N U {oo} with automata.

B-automaton :
» nondeterministic finite-state
» finite set of counters, ranging over N, initial value 0

» each transition perform actions on each counter

Atomic actions : increment (/), reset (r), check (¢).



Semantics of B-automata

Cost function associated with a B-automton A :
[A]g(u) = inf{n/ there is a run with maximal check value n}
with inf ) = oco.

Example
[Als =| 12 and [A]g = minblock, : u — min{n/a" factor of u}

a,b ab:r
% )8 b:r b:r 83




More on B-automata

Remark : A standard automaton A computing L can be viewed as a

B-automaton without any counter.

_ 0 fuel
Then [A]s = x. with XL(U):{ 00 :fZQEL

Theorem ([Krob 94])

The equivalence of two B-automata is undecidable.

Solution : Loosing some precision on the counting, but keeping
information about bounds.



Cost functions

If f,g:A* - NU{oo}, then
f ~gif VX C A", f|x bounded < g|x bounded.

iff 3a: N — Nsuchas f <aogand g <aof (with a(c0) = o0)

Cost function : equivalence class for ~ relation.

Example
For A ={a, b, c},

max(| - [a,| - |p) = [-la+]|"|b but ||, % maxblock,



Known results on B-automata

Extension of the notion of language via x; : L # L' = x1 % xv1'.

Theorem (Colcombet 09)

It is decidable whether two B-automata compute the same cost
function (modulo =).

Automata-computable cost functions are called regular.

Example
XL is a regular cost function iff L is a regular language.
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LTL on A describes regular languages :
p=a|lQlorploVe|Xe| Uy

where  marks the end of the word.

LTL= on A describes regular cost functions :
p=alQlerp eVl Xe|eUp| U=y

©U=N1) means that 1) is true somewhere in the future, and ¢
is false at most N times until then.

The variable N is unique, and is shared by all occurrences of
U=N operator.
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We write (u, n) = ¢ to signify that u € A* satisfies the formula ¢,
with n € N as value for all the occurences of N in ¢.

Example
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Semantics of LTLS

Satisfiability with integer parameter :

We write (u, n) = ¢ to signify that u € A* satisfies the formula ¢,
with n € N as value for all the occurences of N in ¢.

Example

(aabbcbccacach, 5) = (aUSVb)UQ

From formula to cost function :
[] is the cost function associated to ¢, defined by

[#l(u) = inf{n € N, (u,n) = ¢}
Example
For all u € {a, b}*, we have [bUSNQ](u) = |ul..

Theorem
We can effectively translate an LTL=-formula ¢ into a
B-automaton with 2!¢! states.
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Algebraic characterization of regular cost functions

Reminder :
» regular language < finite semigroup (Myhill)
» LTL< star-free < aperiodic semigroup (Schiitzenberger)

» Nerode equivalence for L : u ~ v if
Vx,y € A" xuy e L& xvy €L

Stabilization semigroup : S = (S, -, <, f), ordered semigroup with a
f-operator : stabilization over idempotents (e = e - e).

e’ means "e repeated a lot of times".
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Theorem (Colcombet 09)

Stabilization semigroups recognize exactly the set of regular cost
functions, and translations to or from B-automata are effective.

Theorem (Colcombet, Lombardy, K. 10)

For all regular cost function f, there is a quotient-wise minimal
stabilization semigroup recognizing f, and it can be computed from
a description of f (by automata or stabilization semigroup).

Theorem

We can define an analog to the Nerode equivalence such that for all
regular cost function f, the set of equivalence classes is isomorphic
to the minimal stabilization semigroup recognizing f.

Theorem
Aperiodic stabilization semigroups recognize exactly the set of
LTL=-definable cost functions, hence this class is decidable.



Conclusion

Summary
» Definition of LTLS to easily describe cost functions

Translation from LTLS to B-automata

v

v

Syntactic congruence for cost functions

v

Algebraic characterization and decidability of the class of
LTL=-definable cost functions.

Future work
» Extension to infinite words, trees,. ..

» Other characterizations of this class by first-order logic,
star-free expressions,. . .
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