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Cost fun
tionsNotations : A �nite alphabet, ω + 1 = ω ∪ {ω}If f , g : A
∗ → ω + 1, thenf ≈ g i� ∀X ⊆ A

∗, f |X bounded ⇔ g |X bounded.i� ∃ α : ω → ω su
h as f ≤ α ◦ g and g ≤ α ◦ fCost fun
tion : element of (ω + 1)A∗

/≈.Extension of the notion of language.ExampleFor A = {a, b, 
},max(| · |a, | · |b) ≈ | · |a + | · |b,but | · |a 6≈ u 7→ max{n/an fa
tor of u}
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Cost automataAim :Cal
ulating 
ost fun
tions with (nondeterministi
) automata.Idea : Counters whi
h 
an be modi�ed when a transition is used.Formally, A = 〈Q, A, In,Fin,Γ,∆〉 with
∆ ⊆ Q × A× ({i , r , 
}∗)Γ ×QA
tions : in
rement (i), reset (r), 
he
k (
).Examplea : i
b : ε



Semanti
s of 
ost automata
Let C (e) = {values of 
ounters 
he
ked during the exe
ution e}

[[A]]B(u) = inf{supC (e) : e run over u} ,and [[A]]S(u) = sup{inf C (e) : e run over u} .are two semanti
s de�ning respe
tively B-automata andS-automata.



Examples of 
ost automataWith one 
ounter, A (B-automaton) and A′ (S-automaton) :a : i
b : r a, b : r a : ia : i b : 
ra, b : ra : 
r
[[A]]B ≈ [[A′]]S ≈ blo
k-size withblo
k-size(u) = max{n ∈ ω/an fa
tor of u}.Theorem (Col
ombet 09)B-automata and S-automata are equivalent (modulo ≈) from thepoint of view of re
ognized 
ost fun
tions.



Temporal automataSimple automata : Only a
tions : {ε, i
 , r} for B-automata and
{ε, i , r , 
r} for S-automata.Temporal automata : Intuitive idea : measuring the time. Onlya
tions : {i
 , r} for B-automata (Kirsten and Bala's desertautomata) and {i , r , 
r} for S-automata.ExampleFor A = {a, b}, blo
k-size is temporal, but | · |a is not.TheoremFor a 
ost fun
tion, it is equivalent (modulo ≈) to be re
ognized by

◮ temporal B-automaton
◮ temporal B-automaton with 1 
ounter
◮ temporal S-automaton
◮ temporal S-automaton with 1 
ounterWe say then that the 
ost fun
tion is temporal.



A little proofProposition
| · |a is not temporal.ProofLet A = 〈Q, A, In,Fin, {γ},∆〉 temporal B-automaton 
omputingg ≈α | · |a for some α.Let K > 2|Q| + 1 and N > α(K ).Let e minimal run of A over u = (bNa)K .We took K > 2|Q|+ 1, so we 
an write u = xvy , with |v |a ≥ 2 andin e, p v

−→ p.
◮ Path a i ...i

−−→ a in v , then g(u) ≥ N > α(|u|a), absurd.
◮ Ea
h path a −→ a in v 
ontains a reset.Then ∀m, g(xvmy) ≤ 2g(u), absurd be
ause |v |a > 0.
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Stabilization semigroups
Remind : regular language ⇔ �nite semigroup (Myhill)and star-free language ⇔ group-trivial semigroup (S
hützenberger)Stabilization semigroup : S = 〈S , ·,≤, ♯〉, ordered semigroup with a
♯-operator : stabilization over idempotents (e = e · e)We note S1 = S ∪ {1} the stabilization monoid asso
iated to S.Extension of the standard semigroups and monoids.



Semanti
 through an example
Example : Stabilization semigroups for | · |a and blo
k-size :ba

⊥

aba, b ♯

♯♯

ab
⊥

baa, b
♯

♯ ♯

⊥ · x = x · ⊥ = ⊥



Temporal stabilization semigroupsDe�nitione ∈ E (S) is stable if e♯ = eDe�nitionS Temporal stabilization semigroup :
∀e ∈ E (S) stable, ∀x , y ∈ S1, x · e · y ∈ E (S) ⇒ x · e · y stable.
blo
k-size : ab

⊥

b
⊥

♯

♯

♯
| · |a : ba

⊥

a
⊥

♯

♯
♯



ResultsTheoremA 
ost fun
tion is temporal i� it is re
ognized by a temporalstabilization semigroup.



ResultsTheoremA 
ost fun
tion is temporal i� it is re
ognized by a temporalstabilization semigroup.TheoremLet f be a regular 
ost fun
tion,



ResultsTheoremA 
ost fun
tion is temporal i� it is re
ognized by a temporalstabilization semigroup.TheoremLet f be a regular 
ost fun
tion,
◮ There exists a (quotient-wise) minimal stabilization semigroupS re
ognizing f



ResultsTheoremA 
ost fun
tion is temporal i� it is re
ognized by a temporalstabilization semigroup.TheoremLet f be a regular 
ost fun
tion,
◮ There exists a (quotient-wise) minimal stabilization semigroupS re
ognizing f
◮ S is 
omputable e�e
tively



ResultsTheoremA 
ost fun
tion is temporal i� it is re
ognized by a temporalstabilization semigroup.TheoremLet f be a regular 
ost fun
tion,
◮ There exists a (quotient-wise) minimal stabilization semigroupS re
ognizing f
◮ S is 
omputable e�e
tively
◮ f is temporal i� S is temporal



ResultsTheoremA 
ost fun
tion is temporal i� it is re
ognized by a temporalstabilization semigroup.TheoremLet f be a regular 
ost fun
tion,
◮ There exists a (quotient-wise) minimal stabilization semigroupS re
ognizing f
◮ S is 
omputable e�e
tively
◮ f is temporal i� S is temporalCorollaryIt is de
idable whether a regular 
ost fun
tion is temporal.



Con
lusion
Summary :

◮ Temporal 
lass de�ned via 
ost automata
◮ Simpli�
ations of 
onstru
tions in this 
lass
◮ Chara
terization by stabilization semigroups
◮ Minimization of stabilization semigroups
◮ De
idability of the temporal 
lass
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