The spin tube in a magnetic field ∗

R. Citro, E. Orignac, N. Andrei, C. Itoi and S. Qin

September 9, 1999

∗cond-mat/9904371, submitted to Phys. Rev. B

Yamanaka, Oshikawa, Affleck (1997): If NS − m is integer there can be a gap above a non degenerate ground state.

N = Number of coupled chains, S = Spin on each site.

m = Magnetization per site → Gap in magnetic excitations of 3 coupled spin 1/2 chains for m = 1/2. ⊏ Magnetization plateau at m = 1/2

Magnetization process of three coplanar spin 1/2 chains.

36 sites, J⊥ = 3J

From Tandon et al. Phys. Rev. B 59 p. 396 (1999).

Effective Hamiltonian for three coplanar chains for 1/2 < m < 3/2:

→ derived for J⊥/J ≫ 1. Heff = J ∑ i ( σxi σxi+1 + σyi σyi+1 + 1 2 σzi σzi+1 )

− (h 2 − 3J⊥ 2 − J 2 ) ∑ i σzi

Magnetization per Rung: Szi = 1 + σzi

Effective spin 1/2 XXZ Chain ⊏ One Component Luttinger Liquid for 1/2 < m < 2/3.

The spin tube model

H = J N∑ i=1 3∑ p=1 ⃗Si,p ⃗Si+1,p

+ J⊥ N∑ i=1 3∑ p=1 ⃗Si,p ⃗Si,p+1

− ⃗h N∑ i=1 3∑ p=1 ⃗Si,p

→ frustrated model.

≠ Three chains in a plane.

Magnetization process of the spin tube.

36 sites, J⊥ = 3J From Tandon et al. Phys. Rev. B 59 p. 396 (1999).

QUESTIONS

• What is the effective model describing the transition from m = 1/2 to m = 3/2 in the spin tube ?

• Is it an effective XXZ chain or a more complicated model ?

• Is there a real plateau at m=1 ?

• Can such plateau be obtained from the effective model ?

Isolated Triangle

H = J⊥ 2 ( (⃗S1 + ⃗S2 + ⃗S3)2 − 9 4 )

− ⃗h.(⃗S1 + ⃗S2 + ⃗S3)

Strong Magnetic field Retain 3 states:

• |1⟩ = |S = 3/2, Sz = 3/2⟩

• |2⟩ = |S = 1/2, Sz = 1/2, +⟩

• |3⟩ = |S = 1/2, Sz = 1/2, −⟩

3 states per site ⊏ Gell’Mann Matrices λp, p = 1, . . . , 8. (3 × 3 traceless Hermitian matrices → generators of SU(3)) spins as a function of SU(3) spin operators λp, p = 1, . . . , 8.

S+i,p = 1 2 √ 3 [jp−1(λ6i + iλ7i ) + j2(p−1)(λ4i − iλ5i )] Szi,p = 1 3 [ 5 6 I − λ8i √ 3 − j2(p−1)(λ1i + iλ2i ) − j(p−1)(λ1i − iλ2i )]

Magnetization per triangle: Szi = 5/6 − λ8i / √ 3

→ Replace in the effective Hamiltonian.

Effective Hamiltonian for J⊥ ≫ J:

Heff. = H̃0 + H̃I, H̃0 = J 4 N∑ i=1 8∑ α=1 λαi λαi+1 H̃I = − J 12 N∑ i=1 [λ1i λ1i+1 + λ2i λ2i+1]

− J 4 N∑ i=1 λ3i λ3i+1 − 5J 36 N∑ i=1 λ8i λ8i+1

+ h − hc − 5J/9 √ 3 N∑ i=1 λ8i

NOT INTEGRABLE ! ⊏ Approximate methods.

Bosonized Hamiltonian for the anisotropic SU(3) spin chain.

H = ∫ dx 2π [ uaKa(πΠa)2 + ua Ka (∂xϕa)2 ]

+ ∫ dx 2π [ ubKb(πΠb)2 + ub Kb (∂xϕb)2 ]

+ 3∑ i=1 2gi (2πa)2 ∫ dx cos( √ 8⃗αi.⃗ϕ)

⃗ϕ = (ϕa, ϕb). ϕa = Chirality excitations,

ϕb = Magnetic Excitations.

⃗αi’s = root vectors of SU(3). [ϕα(x), Πβ(x′)] = ıδα,βδ(x − x′)

Expression of spin operators

Λ1 +ıΛ2 = 2eı √ 2θa πa cos √ 2ϕa + cos( 2π 3a x − √ 2 3 ϕb)

Λ3 = − √ 2 π ∂xϕa + cos ( 2 ϕ^b√6 − 2π3ax ) sin √ 2ϕa πa Λ4 +ıΛ5 = 2e ı θa+ √ 3θb √ 2 πa [ cos ϕa + √ 3ϕb √ 2 + cos (√ 3ϕa − ϕb √ 6 + 2π 3a x )]

Λ6 +ıΛ7 = 2e ı θa− √ 3θb √ 2 πa [ cos ϕa − √ 3ϕb √ 2 + cos (√ 3ϕa + ϕb √ 6 + 2π 3a x )]

Λ8 = − √ 2 π ∂xϕb + eı^{2π}3a x π √ 3a e −ı √_2 3ϕb cos √ 2ϕa − e ı √_8 3ϕb + H.c.

Renormalization Group Equations dy1 dl = (2 − 2Ka)y1 − y2y3 2 dy2 dl = ( 2 − Ka 2 − 3 Kb 2 ) y2 − y1y3 2 dy3 dl = ( 2 − Ka 2 − 3 Kb 2 ) y3 − y1y2 2 d dl ( 1 Ka ) = y21 2 + y2 8 + y23 8 d dl ( 1 Kb ) = 3 y2 8 + 3 y23 8

yi = gi πu

RG flow

→ Gapless behavior → Two Component Luttinger Liquid → All correlation functions can be obtained as a function of K∗a,K∗b .

→ straightforward generalization to ⟨Sz⟩ ≠ 5/6.

Is there a plateau at m = 1 ?

What could cause a breakdown of the preceding picture ?

→ Special commensurate filling that cause a fermion Umklapp.

At m = 1 :

HUmklapp = 2gU (2πa)2 cos(4 √ 2 3 ϕb) If this Umklapp is relevant, it can cause a Magnetization Plateau at m = 1.

In the following, we assume it is relevant and explore the consequences.

Bosonization description of the m = 1 plateau. We have ⟨ϕb⟩ = . . .. As a result:

⟨Tτ Λα(r)Λα(0, 0)⟩ ∼ e−r/ξ For α = 4, 5, 6, 7.

Also, Λ1,2,3,8 show power law correlations. This leads to: ⟨S+n,pS−n_′,p_′⟩ ∼ e−|n−n^′|/ξ ⟨Szn,pSzn′,p′⟩ ∼ 1 |n − n′|η How does this compare with the results of Sen et al. for correlation functions ?

Comparison with the results of Tandon et al.

⟨S+n,pS−n_′,p⟩ ∼ 1|n−n_′|_α ≠ e−|n−n^′|/ξ

Predictions of bosonization ≠ Numerics. Too small system in numerics ?

DMRG Result:

→ No Gap for L → ∞.

Conclusions

• A frustrated three chain spin ladder has been analyzed.

• A strong coupling Hamiltonian in the form of an anisotropic SU(3) spin chain has been proposed to describe the regime 1/2 < ⟨Sz⟩ < 3/2.

• This model has been shown to lead to a two component Luttinger Liquid behavior.

• The presence of a plateau at m = 1 has been ruled out.

• This has been confirmed by DMRG.

Perspectives

• Analyze the anisotropic version of this model and search for a m = 1 plateau.

• Describe the 0 < m < 1/2 regime.

• Map Ka, Kb, ua, ub by numerical techniques.

• Look at the consequences for the t-J of Hubbard version of this model.