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Abstract
We show that Arc Kayles is PSPACE-complete. This solves a question raised by Schaefer in 1978.

1 Introduction

In a seminal work [8], Schaefer introduced and studied several 2-player games on formulas
and on graphs, such as Pos CNF, Pos DNF, Node Kayles, Directed Generalized
Geography, and Arc Kayles, and showed the PSPACE-completeness of all of them but
Arc Kayles. Despite active work and repeated attention to its complexity, this question
had remained open since 1978.

In this introduction, we only define Node Kayles and Arc Kayles. In Node Kayles,
two players alternate removing the closed neighborhood of a chosen remaining vertex. Under
the convention of normal play, the first player without a legal move loses (and the opponent
wins). In Arc Kayles, the two players alternate removing the two endpoints of a remaining
edge. (Despite the name, it is a game on undirected graphs.)

So, Arc Kayles is to maximal matchings what Node Kayles is to maximal independent
sets. The winner of Arc Kayles is the one playing the last edge of a maximal matching
(in the original graph), and that of Node Kayles is the one playing the last vertex of
a maximal independent set.

Polynomial-time algorithms were obtained for Arc Kayles on simple graph families [7].
The parameterized complexity of this problem with respect to various structural parameters
has been investigated [6, 5]. Recently, the misère partizan [1] and the partizan [3] versions
of Arc Kayles were shown to be PSPACE-complete. Other variants of Arc Kayles have
been considered [4, 2]. Schaefer’s paper [8] also contained the PSPACE-completeness of
a variant where the legal moves are restricted to a prescribed set of edges (until this subset
gets depleted).

We resolve the complexity of Arc Kayles.

▶ Theorem 1. Arc Kayles is PSPACE-complete.

In the PSPACE-hardness proof of Node Kayles by Schaefer [8], a cheating move (one
that does not correspond to something legal in the problem Node Kayles is reduced from)
is immediately punished: an appropriate answer to it immediately wins the game. This is
viable because the size of a maximal independent set can be arbitrarily smaller than the size
of a maximum independent set. This is not available for Arc Kayles since the minimum
maximal matching and maximum matching sizes are within a factor 2 of each other.

In other words, there cannot be short exits. In principle, we will have to consider long
sequences of possibly cheating moves (in effect, a whole game tree of them). This is intuitively
why showing the hardness of Arc Kayles is a more challenging task. Indeed, the variants
of Arc Kayles shown to be hard restrict the set of legal moves.

Proof outline. A crucial lemma is that the outcome of the game on any graph obtained from
the biclique Ka,b (made by two fully-adjacent independent sets of size a and b) by adding
an independent set I, such that every vertex of the biclique has a pendant neighbor in I, is
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fully determined by a and b only. Actually, a stronger property holds: the Sprague–Grundy
value (see Section 2.1) only depends on a and b.

The reduction from Pos CNF (a 2-player game based on SAT where one player wants to
satisfy a negation-free instance and the opponent has the opposite goal) or Maker–Breaker
(see Section 2.2) is built around that lemma. If any edge incident to a special vertex s

is played (and some mild technical assumptions hold), the graph breaks into connected
components whose values can be determined by the lemma. The part of the graph that
actually depends on the Pos CNF instance (and not merely on its number of variables and
clauses) is between a side of the biclique (the clauses) and a part of the independent set (the
variables); see Figure 1. A parity mechanism incentivizes the second player (but not the first
player) to deprive a clause vertex of its literal vertices, after which the second player can win
by playing the edge incident to s corresponding to the unsatisfied clause.

The winning strategy for the first player initially simulates the winning strategy to satisfy
all the clauses. After this phase is completed, follows a more complicated “endgame” where
several parities and Sprague–Grundy values fortunately align.

2 Preliminaries

For any two integers i, j, we set [i, j] := {k ∈ Z | i ⩽ k ⩽ j}, and [i] := [1, i]. We denote
by N0 the set of nonnegative integers. We use the standard graph-theoretic notation. For
any graph G, V (G) and E(G) denote the vertex set and edge set, respectively, of G. If
S ⊆ V (G), then G[S] denotes the subgraph of G induced by S, and G − S := G[V (G) \ S].
An independent set is a set of vertices that are pairwise nonadjacent.

2.1 Sprague–Grundy values
We denote by sg(G) the Sprague–Grundy value (or value, for short) of the Arc Kayles
instance G. It is inductively defined as

sg(G) := mex{sg(G − {u, v}) | uv ∈ E(G)},

where mex is the minimum excluded nonnegative integer, that is,

mex(S) := min{n ∈ N0 | n /∈ S}.

In particular, when G is edgeless, sg(G) = 0. Let us first highlight the following property of
the value function.

▶ Observation 2. From any position of value n ∈ N0, and for any nonnegative integer i < n,
there is a move to a position of value i, but there are no moves to a position of value n.

A graph G is a P-position (implicitly for Arc Kayles) if the previous player (the one not
to move) has a winning strategy, and it is an N -position if the next player (the one to move)
has a winning strategy. In particular, an edgeless graph is a P-position, and a single edge is
an N -position. As Arc Kayles on finite graphs has finite game trees, it is determined. So
every graph is either a P-position or an N -position.

We will assume that isolated vertices are automatically removed from the current position.
This does not affect the game, and simplifies the exposition. For instance, there is now
a unique edgeless or terminal position: the empty graph.

The P-positions are characterized by the Sprague–Grundy value.

▶ Lemma 3. A graph G is a P-position if and only if sg(G) = 0.
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Proof. The winning strategy is to play (when possible) an edge such that the resulting
position has value 0. By definition of sg, this is possible if and only if the current position
has positive value. Indeed, if sg(G) > 0, then 0 ∈ {sg(G − {u, v}) | uv ∈ E(G)}; simply play
any uv ∈ E(G) such that sg(G − {u, v}) = 0. On the other hand, if sg(G) = 0, every move
uv ∈ E(G) is such that sg(G − {u, v}) > 0.

Following this strategy, the positions alternate between having value 0 and having positive
value. This is thus winning for the player who started if the initial position has positive
value, since the unique terminal position has value 0. If the initial position has value 0, then
after any move, the opponent can apply the same winning strategy. ◀

Given two graphs G1, G2, we denote by G1 ⊎ G2 their disjoint union. Given two numbers
a, b ∈ N0, we denote by a ⊕ b the integer whose binary expansion is the bitwise xor of the
binary expansion of a and the binary expansion of b. For instance, 5 ⊕ 6 = 3, because the
bitwise xor of 101 and 110 is 011. Both ⊎ and ⊕ are associative.

The value of a graph is determined by the values of its connected components.

▶ Lemma 4. For all graphs G1, . . . , Gh, sg(G1 ⊎ · · · ⊎ Gh) = sg(G1) ⊕ · · · ⊕ sg(Gh).

Proof. It is enough to show the statement when h = 2, by associativity of ⊎ and ⊕. We
show the lemma by induction on |V (G1)| + |V (G2)|. If both G1 and G2 are empty, then
G1 ⊎ G2 is empty, and sg(G1) ⊕ sg(G2) = 0 ⊕ 0 = 0, which is indeed equal to sg(G1 ⊎ G2).

We now assume that the lemma’s equality holds in every strict induced subgraph of
G1 ⊎ G2. In particular, for every uv ∈ E(G1),

sg((G1 − {u, v}) ⊎ G2) = sg(G1 − {u, v}) ⊕ sg(G2),

and for every uv ∈ E(G2),

sg(G1 ⊎ (G2 − {u, v})) = sg(G1) ⊕ sg(G2 − {u, v}).

Thus the set of reachable values after playing one move in G1 ⊎ G2 is

S := {sg(G1 − {u, v}) ⊕ sg(G2) | uv ∈ E(G1)} ∪ {sg(G1) ⊕ sg(G2 − {u, v}) | uv ∈ E(G2)}.

We first claim that sg(G1) ⊕ sg(G2) /∈ S. Indeed, this would imply that either sg(G1 −
{u, v}) ⊕ sg(G2) = sg(G1) ⊕ sg(G2) for some uv ∈ E(G1), hence sg(G1 − {u, v}) = sg(G1),
or symmetrically that sg(G2 − {u, v}) = sg(G2) for some uv ∈ E(G2). This cannot happen
by Observation 2.

We finally claim that every nonnegative integer i < sg(G1) ⊕ sg(G2) satisfies i ∈ S. We
assume that sg(G1) ⊕ sg(G2) > 0, since otherwise we are done. Let k be the index of the
heaviest (nonzero) bit of sg(G1) ⊕ sg(G2) (counting from 1 for the lightest bit), and k′ ⩽ k

be the index of the heaviest bit on which sg(G1) ⊕ sg(G2) has a 1 whereas i has a 0. By
assumption, exactly one of sg(G1), sg(G2), say, sg(G1), has a 1 at index k′. By Observation 2,
one can thus play in G1 a move that leads to a position of value j, such that the binary
expansion of j agrees with that of sg(G1) on the indices larger than k′, has a 0 at index k′,
and the pointwise xor of sg(G2) and i at indices smaller than k′. Then j < sg(G1) and
j ⊕ sg(G2) = i. Hence i ∈ S, as required. ◀

2.2 The Pos CNF game, outcome-equivalent games
To show the main result, we will reduce from the Pos CNF game. Given an n-variable
CNF formula φ = C1 ∧ . . . ∧ Cm where every clause Cj has only positive literals, two players
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True and False alternate, with True playing first, claiming an unclaimed variable. True
sets her variables to true, and False sets his variables to false. True wins if all clauses of
φ are eventually satisfied, and loses otherwise. Deciding if True has a winning strategy,
the Pos CNF problem, is indeed PSPACE-hard [8]. Equivalently, this is the Breaker-first
Maker–Breaker game on the hypergraph whose vertices are the variables and whose
hyperedges are the clauses, with True playing Breaker and False playing Maker.

We say that two combinatorial games are outcome-equivalent if the first player (resp.
second player) has a winning strategy from the same set of positions. We show the intuitive
fact that passing or playing useful moves for the opponent never helps in Maker–Breaker.

▶ Lemma 5. The Pos CNF game is outcome-equivalent to its variant where players can
additionally pass or assign either truth value to the selected variable.

Proof. We use the Maker–Breaker phrasing, where Breaker plays the first move. Maker
(False) has to play all the elements of some hyperedge, in order to win. Now, players can
pass or can claim an element for the benefit of their opponent.

If the player P to move has a winning strategy in Maker–Breaker, then P simply
follows this strategy.

Now consider any position such that the player P not to move has a winning strategy
in Maker–Breaker. If the opponent plays a legal move of Maker–Breaker, then P

again follows the winning strategy. If the opponent passes or claims an element for P , then
P claims any unclaimed element. In the resulting position, P has one or two extra claimed
vertices, while the opponent has no extra claimed vertices. So, P still has a winning strategy.
Indeed, when the winning strategy without the extra claimed vertices says that P should
play one of these vertices, P plays any unclaimed vertex instead. ◀

3 Hardness of Arc Kayles

We start with a lemma determining the Sprague–Grundy value of any biclique neighboring
an independent set, with every vertex of the biclique having at least one private neighbor
(that is, in that case, a pendant neighbor).

▶ Lemma 6. Let H be any graph where V (H) is partitioned into two sets B, I such that:
H[B] is an induced biclique isomorphic to Ka,b for some nonnegative integers a, b,
I is an independent set, and
every vertex of B has a neighbor in I that has degree 1 (in H).

Then

sg(H) = g(a, b) := (a + b) mod 2 + 2 · (min(a, b) mod 2).

Proof. The assumptions are such that the Arc Kayles game on H can be thought of as
playing on Ka,b the more permissive game where in addition to playing an edge, one can
play a vertex (in which case, only the played vertex is removed). In the latter game on Ka,b,
isolated vertices (which arise if a side of the biclique becomes empty) are not removed.

Indeed, while a vertex v ∈ B remains, one can simulate playing v by playing an edge
linking v to a neighbor of v in I with degree 1. This neighbor cannot disappear before v.
Furthermore, every edge of the biclique is playable as a normal edge move, and every other
edge has exactly one endpoint in B and corresponds to a vertex move.

We show the lemma by induction on a + b. If a = 0 or b = 0, every move deletes exactly
one vertex of B, and the other vertices of B remain non-isolated due to their private neighbor
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in I (one with degree 1). Thus sg(H) = b mod 2 = g(0, b) when a = 0, and sg(H) = a

mod 2 = g(a, 0) when b = 0. Indeed, when the remaining number of vertices in B is odd,
every legal move wins (thus leads to a position of value 0), and when this number is even the
position is losing.

By the first paragraph and the induction assumption, when a, b > 0,

sg(H) = mex{g(a − 1, b), g(a, b − 1), g(a − 1, b − 1)}.

We show that this minimum excluded value is indeed equal to g(a, b).
If a ̸= b, we claim that

{g(a, b), g(a − 1, b), g(a, b − 1), g(a − 1, b − 1)} = {0, 1, 2, 3},

which is sufficient to conclude. Say, without loss of generality, that a < b. Then, compared to
the binary expansion of g(a, b), the numbers g(a − 1, b), g(a, b − 1), g(a − 1, b − 1) respectively
flip both bits, flip the first bit, flip the second bit.

If a = b, then {g(a − 1, b), g(a, b − 1), g(a − 1, b − 1)} = {0, 1} when a is odd, and
{g(a − 1, b), g(a, b − 1), g(a − 1, b − 1)} = {2, 3} when a is even. Furthermore, g(a, b) =
g(a, a) = 2(a mod 2), so we indeed have g(a, b) = 2 in the former case, and g(a, b) = 0 in
the latter. ◀

We now show the main result.

▶ Theorem 1. Arc Kayles is PSPACE-complete.

Proof. Arc Kayles is in PSPACE. Indeed, a game on G lasts at most N/2 moves with
N := |V (G)|, and a single position can be described with O(N2) bits. Thus a depth-first
search of the game tree, only keeping the positions from the root to the current position,
solves the game in space O(N3).

We reduce from the PSPACE-hard Pos CNF problem [8]. Let X = {x1, . . . , xn} be the
variable set of any instance φ = C1 ∧ · · · ∧ Cm. We further assume that m is odd. We simply
duplicate one clause if this is not the case, as this does not change which player has a winning
strategy.

Construction. We set

K := 4n + 6 and R := m + 2n + 2.

We build a graph Gφ := G with vertex set:

{s, t} ∪ {aj , bj | j ∈ [m]} ∪ {vi, ti | i ∈ [R]} ∪ {fi | i ∈ [n]} ∪ {yi, zi | i ∈ [K]},

and edge set:

{st} ∪ {saj , ajbj | j ∈ [m]} ∪ {bjvi | j ∈ [m], i ∈ [R]} ∪ {viti | i ∈ [R]} ∪ {vifi | i ∈ [n]}

∪ {bjfi | xi ∈ Cj} ∪ {syi, yizi | i ∈ [K]}.

This finishes the construction; see Figure 1. Graph G has 2 + 2m + 2K + 2R + n = O(n + m)
vertices, and can be built in polynomial time.

We further set A := {aj | j ∈ [m]}, B := {bj | j ∈ [m]}, V := {vi | i ∈ [R]},
T := {ti | i ∈ [R]}, F := {fi | i ∈ [n]}, Y := {yi | i ∈ [K]}, and Z := {zi | i ∈ [K]}. All these
sets are independent sets. While vertices are removed by the game (by being endpoints of
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Figure 1 The graph Gφ. Pass moves are blue and assignment moves are red. The thick black
edge represents the biclique between B and V .

a played edge or becoming isolated), we keep denoting by A, B, V, T, F, Y, Z their respective
intersections with the current vertex set.

For every i ∈ [n], playing the edge viti is interpreted as setting xi to true, while playing
vifi is interpreted as setting xi to false. We call any move viti or vifi, with i ∈ [n], an
assignment move. We call any move viti, with i ∈ [n + 1, R], or yizi, with i ∈ [K], a pass
move.

In any given position, we automatically remove the isolated vertices (this does not affect
the game), and denote by r ⩽ R the number of remaining vertices in V , and by k ⩽ K the
number of remaining vertices in Y .

▷ Claim 7. While r ⩾ m and k ⩾ 1, the first move that is neither an assignment move nor
a pass move loses, except if it is saj and all the literals of Cj in F are gone.

Proof. We use Lemmas 4 and 6 to show that deviating from assignment or pass moves loses.

An edge st or syi is played. Such a move (any move that removes s) disconnects Y ∪ Z

from A ∪ B ∪ V ∪ T ∪ F . We can thus apply Lemma 6 to the latter connected component,
with the biclique (B, V ) and the independent set A∪T ∪F . Note indeed that all the previous
assignment and pass moves maintain that every vertex bj ∈ B has a private neighbor aj ∈ A,
and every (remaining) vertex vi ∈ V has a private neighbor ti ∈ T .

Therefore the value of the resulting graph is g(m, r) ⊕ (k mod 2) if st was played, and
g(m, r) ⊕ ((k − 1) mod 2) if some syi was played. Indeed, the subgraph induced by the
remaining vertices of Y ∪ Z consists of k (resp. k − 1) isolated edges, and the value k mod 2
(resp. (k − 1) mod 2) follows from Lemma 4.
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Since m ⩽ r and m is odd, min(m, r) mod 2 = 1, so g(m, r) ∈ {2, 3}. Thus

g(m, r) ⊕ 0, g(m, r) ⊕ 1 ∈ {2, 3},

so the resulting graph is an N -position.

An edge incident to some bj ∈ B is played. Such a move can be ajbj , bjvi for some
remaining vi ∈ V , or bjfi for some remaining fi ∈ F (such that xi ∈ Cj).

In all cases, the smallest side of the remaining biclique (B, V ) has size m − 1, which is
even. And by the analysis of the previous case, if st is played next, the resulting value is

g(m − 1, r′) ⊕ (k mod 2),

whereas if syi is played next, the resulting value is

g(m − 1, r′) ⊕ ((k − 1) mod 2),

where r′ ∈ {r − 1, r}. In any case, g(m − 1, r′) ∈ {0, 1} since min(m − 1, r′) mod 2 = (m − 1)
mod 2 = 0. So exactly one of st, syi is a winning move: it leads to a position with value 0.
There is at least one remaining edge syi by assumption that k ⩾ 1.

An edge saj is played while some edge bjfi remains. Against this move, both replies bjvh

(for some remaining vh ∈ V ) and bjfi allow one to then invoke Lemma 6. These replies lead
to positions of value g(m − 1, r − 1) ⊕ (k mod 2) and g(m − 1, r) ⊕ (k mod 2), respectively.
Since min(m − 1, r − 1) = m − 1 and m − 1 is even,

{g(m − 1, r − 1), g(m − 1, r)} = {(m + r) mod 2, (m + r − 1) mod 2} = {0, 1}.

Therefore exactly one of bjvh, bjfi is a winning reply (it leads to a P-position).

This concludes the proof of the claim since every other edge is an assignment move, a pass
move, or is covered by the exception. ◁

▷ Claim 8. If only assignment and pass moves have been played, r ⩾ m, and a vertex bj ∈ B

has no neighbor left in F , then the move saj is winning if and only if r + k is even.

Proof. After the move saj we can apply Lemma 6 to the remaining biclique (B \ {bj}, V )
and independent set A ∪ T ∪ F ∪ {bj}, leveraging the fact that bj has no remaining neighbor
outside of V , so can be transferred from the biclique to the independent set. This results in
a position of value g(m − 1, r) ⊕ (k mod 2) = (r + k) mod 2, since m − 1 ⩽ r and m − 1 is
even. ◁

We are now equipped to show that the reduction is correct. This is done in the following
two claims.

▷ Claim 9. If False has a winning strategy on φ, then the Arc Kayles instance Gφ is
winning for the second player O.

Proof. The second player mimics False’s strategy, and only plays assignment moves of the
form vifi until

a vertex bj ∈ B has no neighbor in F , or
the first player P plays a losing move according to Claim 7 (and Claim 8).
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By Lemma 5, P cannot prevent the first condition from eventually holding by only playing
assignment or pass moves. By Claim 7, the only other type of moves that P can play is saj

exactly when the first item holds for bj (as a consequence of O’s last move). This happens
by move number 2n + 1, at the latest, since O only plays assignment moves.

At this point, the number of pass or assignment moves R − r + K − k is even, since P

and O have played an equal number of such moves. Therefore r + k has the same parity as
R + K = m + 6n + 8, which is odd. Moreover, r ⩾ m + 2 ⩾ m and k ⩾ 3n + 6 ⩾ 1. So,
Claim 7 indeed still applies and Claim 8 implies that saj is losing (r + k is odd).

Therefore, the next move of P has to be another assignment or pass move, to not be
losing by Claim 7. Then O wins by playing saj , since now r + k is even. ◁

▷ Claim 10. If True has a winning strategy on φ, then the Arc Kayles instance Gφ is
winning for the first player P .

Proof. Player P mimics True’s strategy, and unless O plays a losing move by Claim 7, only
plays assignment moves of the form viti until the first item holds, and then plays moves of
the form viti (assignment or pass) until the second item holds:

for every bj ∈ B there is an i such that xi ∈ Cj and the edge viti has been played, and
r = m.
By Claim 7, while r ⩾ m and k > 0, player O can only play assignment or pass moves.

The exceptional moves of Claim 7 are prevented by the winning strategy of True, which
implies that for every bj ∈ B, there is an i such that xi ∈ Cj and fi remains in F . Therefore,
by Lemma 5, P achieves the first item after at most 2n − 1 moves.

Then, P continues to play moves of the type tivi until the second item is also fulfilled.
This happens by move 4n + 4, at the latest. Thus, k > 0 and Claim 7 applies, forcing O to
play assignment or pass moves, until both items are satisfied.

At this stage, a further move viti or vifi would leave r = m−1 and lose to exactly one of st

or some remaining syh. Indeed, recall that g(m, m − 1) ∈ {0, 1} since min(m, m − 1) = m − 1
is even. As a consequence, by Claim 7, every move other than an edge yhzh loses, and we
may assume that both players exhaust the edges between Y and Z.

This phase ends when k = 0 (all the edges of Y ∪ Z have been played). At this point,
K + R − m = 6n + 8 moves have been played. This is an even number, so it is P ’s turn.
Player P then plays any remaining edge viti (after that r = m − 1), and for the last phase of
the game maintains the following invariants, when it is O’s turn:

r is even,
q, defined as the remaining number of vertices in B, is odd,
r < q, and
every remaining vertex of B has at least one neighbor left in F .

Note that they initially hold, since r = m − 1 < q = m. We now consider all the types of
moves for O. For each, we show how P replies to maintain the invariants or win the game
with Lemma 6.

O plays an edge viti or vifi. Then P replies with another edge vhth. Such an edge always
remains since just after O’s move, r is odd. This decreases r by 2, and does not change q.
Even when O plays an edge vifi, the fourth item still holds, since for every bj ∈ B, in the
first stage of the game (when P simulated True’s winning strategy for the Pos CNF instance
φ) an edge vhth with xh ∈ Cj was played. This makes the move vhfh unavailable to O. So
the invariants are indeed maintained.
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O plays an edge bjvi. Then P replies with another edge bj′vi′ , which still exists since r is
odd after O’s move. This decreases r and q by 2. Again, the four invariants are preserved.

We now show that all other moves from O lose by Lemma 6 (even when r = 0).

O plays the edge st or an edge saj for an already removed bj. After such a move,
Lemma 6 applies with the remaining biclique (B, V ) and independent set A ∪ T ∪ F . The
value of the position after this move is

g(q, r) = (q + r) mod 2 + 2 · (min(q, r) mod 2) = 1 + 2 · (r mod 2) = 1,

since, by the invariants, r is even, q is odd, and min(q, r) = r. Thus, the position is an
N -position, and P , now to move, has a winning strategy.

O plays an edge saj for a remaining bj . Then P replies with an edge bjfi (for the same j),
which exists, by the fourth invariant. After P ’s reply, Lemma 6 applies with the remaining
biclique (B, V ) and independent set A ∪ T ∪ F . We also have that q is now even, like r. So
the value of the position is g(q, r) = 0. Therefore it is a P-position, and O loses.

O plays an edge ajbj or bjfi. Then P replies with the edge st. Again, Lemma 6 applies
with q and r both even, so g(q, r) = 0, and O loses.

There are no other moves for O. The game therefore ends in the following way. While O

plays an edge incident to V , player P maintains the invariants, until possibly r = 0. The
first time O plays an edge that is not incident to V (possibly, because r = 0, so there are no
edges incident to V left), P has a winning reply. ◁

We conclude by Claims 9 and 10. ◀

AI disclosure. The proof of Theorem 1 was obtained as the result of a session with GPT-5.6
Pro, continued with GPT-6 Pro. The technical contributions of the author during this
discussion were light. In hindsight, the most important suggestion was perhaps that the
model spend less time on running Python tests and “try to solve the problem without
computer assistance [sic].”
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