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Abstract4

Fat minors are a coarse analogue of graph minors where the subgraphs modeling vertices and5

edges of the embedded graph are required to be distant from each other, instead of just being6

disjoint. In this paper, we give a coarse analogue of the classic theorem that an n-vertex graph7

excluding a fixed minor admits a balanced separator of size O(
p

n). Specifically, we prove that for8

every integer d , real ϵ > 0, and graph H , there exist constants c and r such that every n-vertex9

graph G excluding H as a d-fat minor admits a set S ⊆ V (G) that is a balanced separator of G and10

can be covered by cn
1
2+ϵ balls of radius r in G. Our proof also works in the weighted setting where11

the balance of the separator is measured with respect to any weight function on the vertices, and is12

effective: we obtain a randomized polynomial-time algorithm to compute either such a balanced13

separator, or a d-fat model of H in G.14

1 Introduction15

Coarse graph theory is a relatively young direction in structural graph theory, whose aim is to describe16

the structure in graphs understood as metric spaces. As suggested in one of the foundational works17

of Georgakopoulos and Papasoglu [10], the hope is that many classic notions and results of structural18

graph theory, particularly the theory of graph minors, could be lifted to suitable coarse analogues.19

The usual way of obtaining such a coarse analogue is to replace any constraints of disjointness or20

intersection with the requirement that the relevant objects are far or close to each other, respectively. A21

good example of such a lift is the coarse analogue of the notion of a minor, called a fat minor. Formally,22

for graphs G and H , we say that a graph G contains H as a d-fat minor, for a parameter d ∈ N, if there23

are connected subgraphs {Bu : u ∈ V (H)} and {Be : e ∈ E(H)} of G such that24

• whenever u is an endpoint of e, the subgraphs Bu and Be intersect; and25

• except for the above, all the subgraphs in {B f : f ∈ V (H)∪ E(H)} are at distance at least d from26

each other in G.27
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The collection of subgraphs {Bu : u ∈ V (H)} and {Be : e ∈ E(H)} as above is called a d-fat model of H28

in G. Thus, the notion of a fat minor requires the constituent parts of the model to be far from each29

other, rather than just disjoint as in the classic notion of a minor.30

In the light of all the deep advances of the classic theory of graph minors, the following question31

becomes natural: Supposing G excludes a fixed graph H as a d-fat minor, what can be said about the32

metric structure of G? Georgakopoulos and Papasoglu [10] conjectured that such graphs are quasi-33

isometric to graphs excluding H as a classic minor. Roughly speaking, this would mean that the metric34

space of a graph excluding H as a d-fat minor can be mapped to a metric space of some H-minor-free35

graph G′ so that the mapping preserves the distances up to a constant multiplicative and additive factor36

(both depending on d and H). If this were true, then the wealth of known properties of H-minor-free37

graphs could be pulled through the quasi-isometry to their coarse analogues that would apply to graphs38

excluding H as a d-fat minor.39

Unfortunately, as shown by Davies, Hickingbotham, Illingworth, and McCarty [7], the conjecture40

of Georgakopoulos and Papasoglu turns out to be false; see also the newer works [2, 3] for simpler and41

stronger counterexamples. However, many of its potential consequences — structural properties of42

graphs excluding a fat minor — can still be true, at least to some extent. In this work we identify one43

such property: the existence of balanced separators of sublinear size.44

To measure the balance of a separator, it will be convenient to speak about vertex-weighted graphs.45

A weighted graph is a graph G equipped with a vertex weight function wG : V (G)→ R⩾0. (We often46

omit the subscript if G is clear from the context.) A balanced separator of G is a set S ⊆ V (G) such47

that for every connected component C of G − S, we have w(C)⩽w(G)/2. Here, if X is a subgraph or48

a vertex subset of G, then w(X ) denotes the total weight of the vertices featured in X .49

It is well-known that H-minor-free graphs admit balanced separators of square root size.50

Theorem 1 ([4]). For every graph H , every n-vertex weighted graph that excludes H as a minor has51

a balanced separator of size OH(
p

n).152

Note that for planar graphs (which coincide with {K5, K3,3}-minor-free graphs), this is exactly the53

Planar Separator Theorem of Lipton and Tarjan [15]. In general, the existence of square-root-sized54

balanced separators is a fundamental reason behind countless combinatorial and algorithmic results55

applicable to planar and H-minor-free graphs.56

A natural coarse analogue of Theorem 1 would be the following statement, which we pose as57

a conjecture. Here, for a graph G and a vertex subset S ⊆ V (G), we say that S is (k, r)-coverable if S58

can be covered by k balls of radius r in G; or in other words, there exists X ⊆ V (G) with |X |⩽ k such59

that every vertex of S is at distance at most r from some vertex of X .60

Conjecture 1. For every graph H and d ∈ N, there exist constants c, r ∈ N such that every n-vertex61

weighted graph G that excludes H as a d-fat minor has a (c
p

n, r)-coverable balanced separator.62

Our results. Our main result is a weaker form of Conjecture 1, where we lose a multiplicative factor63

nϵ in the number of balls covering the separator, for any fixed ϵ > 0. In the formulation below we make64

the dependence on H , d , and ϵ explicit, as it is actually not too terrible.65

Theorem 2. For every graph H , integer d ∈ N, and real ϵ > 0, the following holds: Every n-vertex weighted66

graph that excludes H as a d-fat minor has a balanced separator that is (O(∥H∥2 · n1/2+ϵ),O(d/ϵ))-67

coverable, where ∥H∥= |V (H)|+ |E(H)|.68

Furthermore, there is a randomized polynomial-time algorithm that, given a weighted graph G, either69

returns such a balanced separator in G or finds a d-fat minor model of H in G.70

We remark that while several previous works studied the structure of H-fat-minor-free graphs for71

specific graphs H , to the best of our knowledge, Theorem 2 offers the first non-trivial structural property72

of H-fat-minor-free graphs proved for an arbitrary H . The algorithm of Theorem 2 can actually report73

1For a tuple of parameters p̄, the Op̄(·) notation hides factors that may depend on p̄.
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the centers of the balls covering the separator (rather than the separator itself); alternatively, the centers74

can be obtained greedily from the separator at the unconsequential expense of doubling the radius.75

We also note that by an observation of Abrishami et al. [1], Theorem 2 implies that an n-vertex graph76

excluding H as a d-fat minor has coarse treewidth (O(∥H∥2 · n1/2+ϵ),O(d/ϵ)), for any fixed ϵ > 0; we77

refer to [1] for relevant definitions.78

As a side result, we also prove a variant for excluding induced minors in which the balanced79

separator can be covered by balls of radius 1. Such balanced separators are often called dominated80

balanced separators, and they seem to play an important role in the emerging structure theory for81

induced minors. Recall here that H is an induced minor of G if there are pairwise disjoint connected82

subgraphs {Bu}u∈V (H) in G such that for any pair of distinct vertices u, v ∈ V (H), we have that u and v83

are adjacent in H if and only if Bu and Bv are adjacent in G.84

Theorem 3. For every graph H , every n-vertex weighted graph that is H-induced-minor-free has an85

(OH(n2/3 log4/3 n), 1)-coverable balanced separator.86

We anticipate that the bound provided by Theorem 3 is not tight and the constant 2/3 in the87

exponent can be improved to 1/2. Indeed, we note that this can be done when H is a complete bipartite88

graph, at the cost of increasing the radius to 4.89

Theorem 4. For every t ∈ N, every n-vertex weighted graph that is Kt,t-induced-minor-free has an90

(Ot(n1/2 log n), 4)-coverable balanced separator.91

Our techniques. Our proof of Theorem 2 is inspired by the following result of Korhonen and92

Lokshtanov [11] about the existence of balanced separators in induced-minor-free graphs.93

Theorem 5 ([11, Theorem 1.1]). For every graph H , every m-edge weighted graph G that is H-induced-94

minor-free has a balanced separator of size at most OH(
p

m log m).95

We note that in [11], this result is stated for unweighted graphs, but the proof can be easily lifted to96

the weighted setting. (Alternatively, the weighted result can be obtained from the unweighted one using97

a theorem of Dvořák and Norin [8, Theorem 1].) Also, the formulation in [11] postulates a stronger98

bound of OH(
p

m), but the proof is partly based on a faulty lemma from an earlier work of Lee [13].99

Without reliance on this lemma, the proof goes through with an extra log m factor.100

The idea of Korhonen and Lokshtanov in the proof of Theorem 5 is to exploit the classic result of101

Leighton and Rao [14] on the gap between product multicommodity flows and balanced separators.102

Roughly speaking, from this result it follows that if a weighted graph G does not admit a balanced103

separator of small size, then in G there is a multicommodity flow λ that pushes, for every pair of104

vertices u, v, a significant amount of flow from u to v, and at the same time every vertex of G carries105

only a relatively small amount of flow. Such a flow λ can be understood as a well-distributed system of106

paths in G. Korhonen and Lokshtanov show that by sampling paths from this system, one can find,107

with positive probability, an induced minor model of the supposedly excluded graph H , leading to a108

contradiction.109

In our proof of Theorem 2, we show that assuming the graph is suitably sparse, the same strategy can110

be used to expose a fat minor model of H , not only an induced one. The precise notion of sparseness has111

to be chosen carefully. We achieve it using the following clustering result of Filtser [9]: for every graph112

G and ϵ > 0, one can partition the vertex set of G into subsets inducing subgraphs of diameter O(1/ϵ),113

called clusters, so that every ball of radius 2 in G intersects only O(nϵ) clusters. The Leighton–Rao114

argument is then applied to the graph G′ obtained from G by contracting every cluster to a single vertex.115

Thus, a balanced separator of G′ of size OH(n1/2+ϵ) can be naturally lifted to a balanced separator of G116

that can be covered by OH(n1/2+ϵ) balls of bounded radius.117

The proof of Theorem 3 is much less involved. We first apply a simple clustering scheme that118

vertex-partitions the graph into connected subgraphs, each dominated by a single vertex, so that119

contracting the subgraphs yields a graph with OH(n4/3 log2/3 n) edges. Then we apply Theorem 5120
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as a black-box in the contracted graph, and again lift the obtained balanced separator to the original121

graph. Theorem 4 follows by the same approach, but we apply an off-the-shelf clustering result for122

Kt,t-induced-minor-free graphs due to Chudnovsky, Codsi, Ajaykrishnan, and Lokshtanov [6].123

2 Preliminaries124

For a nonnegative integer k, we denote [k] := {1, . . . , k}.125

Graphs. All graphs considered in this paper are finite, simple (with no parallel edges or loops), and126

undirected, unless explicitly stated. We use standard graph notation. In particular, for a graph G, we127

write V (G) for the vertex set of G, E(G) for the edge set of G, distG(·, ·) for the distance metric in G128

(mapping every pair of vertices u, v to the length, i.e., number of edges, on a shortest path between u129

and v), and diam(G) for the diameter of G, which is the largest distance between a pair of vertices of G.130

When X , Y are subgraphs or subsets of vertices of G, we define distG(X , Y ) as the smallest distance in131

G between a vertex of X and a vertex of Y . For a graph G and a vertex or edge x , we write x ∈ G to132

signify that x belongs to the vertex set or the edge set of G, respectively. For a pair of graphs G, G′, we133

write G ∪ G′ for the graph (V (G)∪ V (G′), E(G)∪ E(G′)).134

For r ∈ N and a graph G, the ball of radius r with center u ∈ V (G) is the set BG(u, r) := {v ∈ V (G) |135

distG(u, v) ⩽ r}. The rth power of G is the graph Gr on the same vertex set as G where two vertices136

u, v are adjacent if and only if they are at distance at most r in G.137

For a (possibly directed) graph G and a pair of distinct vertices u, v ∈ V (G), we let Pu,v(G) be the138

set of all paths from u to v in G. Then P(G) :=
⋃

u,v∈V (G),u ̸=v Pu,v(G) is the set of all paths in G on139

at least two vertices. If G is directed, then we mean the paths as directed.140

Weighted graphs and balanced separators have already been defined in Section 1. Note that we use141

vertex weights only to measure the balance of separators. In particular, there are no weights on the142

edges and the lengths of paths are measured by the number of edges. When taking (induced) subgraphs143

in the context of weighted graphs, we naturally restrict the weight function to the remaining vertices.144

A connected partition of a graph G is a partition X of the vertex set of G such that for each set145

X ∈ X, the graph G[X ] is connected. Sets X ∈ X are called the clusters of X. The strong diameter of X is146

maxX∈X diam(G[X ]), and the weak diameter of X is maxX∈X maxx ,y∈X distG(x , y). Finally, the quotient147

graph G/X is the graph with vertex set X where two clusters X , Y ∈ X are adjacent if in G there is an148

edge with one endpoint in X and the other in Y . In other words, G/X is obtained from G by contracting149

every cluster into a single vertex and removing parallel edges and self-loops.150

We will later use the following lemma, a consequence of the work of Filtser.151

Lemma 1 (Consequence of [9, Theorem 4]). There is a randomized polynomial-time algorithm that,152

given a graph G and a real ϵ > 0, outputs a connected partition X of G of strong diameter at most 32
ϵ such153

that for every vertex u ∈ V (G), the ball BG(u, 2) intersects O(nϵ) clusters of X.154

Proof. In [9, Theorem 4], set ∆ := 32
ϵ and α := 2

ϵ .155

Minors. The notions of minors, fat minors, and induced minors were also already introduced in156

Section 1. Similarly to the work of Korhonen and Lokshtanov [11] on induced minors, it will be useful157

to work with the following relaxed notion of fat models. A crude d-fat model of a graph H in a graph G158

is a pair of mappings (φ,π) such that φ maps vertices of H to vertices of G, π maps edges of H to159

paths in G, and the following conditions hold:160

• For every edge uv ∈ E(H), π(uv) is a φ(u)–φ(v) path in G.161

• For every pair of edges uv, u′v′ ∈ E(H)with |{u, v, u′, v′}|= 4, we have distG(π(uv),π(u′v′))⩾ d .162

Note that we do not require the vertices φ(u), for u ∈ V (H), to be far from each other, or even distinct.163

The only distance constraints are between paths modeling pairs of edges that do not share endpoints.164
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The following simple lemma, directly lifted from an analogous statement in [11], explains that a165

d-fat model of a graph H can be easily extracted from a crude d-fat model of the 2-subdivision Ḧ of H —166

the graph obtained from H by replacing every edge by a path of length 3.167

Lemma 2. Let H be a graph with no isolated vertices. Suppose G contains a crude d-fat model of Ḧ . Then168

G also contains a d-fat model of H .169

Proof. Let (φ,π) be a crude d-fat model of Ḧ in G. For every vertex u ∈ V (H), let Ëu be the set of all170

edges incident to u in Ḧ . We set171

Bu :=
⋃

e∈Ëu

π(e).172

For every edge e ∈ E(H), let ë ∈ E(Ḧ) be the middle edge of the 3-edge-path into which e got subdivided173

in Ḧ . We set174

Be := π(ë).175

We now show that ({Bu}u∈V (H), {Be}e∈E(H)) is a d-fat model of H in G. First, note that every subgraph176

Bu and Be is indeed connected. Second, observe that for every vertex u of H and edge e of H incident177

to u, the subgraph Bu and Be intersect, because they both contain φ(u′), where u′ is the endpoint of ë178

that is adjacent to u in Ḧ .179

We are left with verifying the distance condition. Let X , Y be two members of the collection of180

subgraphs {Bu}u∈V (H) ∪ {Be}e∈E(H). We have to consider three cases.181

Case 1: Suppose X = Bu and Y = Bv for distinct u, v ∈ V (H). Let x ∈ Bu and y ∈ Bv be any two182

vertices. Then, by construction, we have x ∈ π(ex) and y ∈ π(ey) for some edges ex , ey ∈ E(Ḧ)183

incident to u and v, respectively. Observe that ex and ey do not share any endpoint, and therefore we184

have distG(π(ex),π(ey))⩾ d . Thus distG(x , y)⩾ d , and hence also distG(Bu, Bv)⩾ d .185

Case 2: Suppose X = Bu and Y = Be for some edge e that is not incident to u. Then for every edge186

f ∈ Ëu, f and ë do not share any endpoint. It follows that distG(π( f ),π(ë)) ⩾ d , and hence also187

distG(Bu, Be)⩾ d .188

Case 3: Suppose X = Be and Y = B f for some distinct edges e and f . Then ë and f̈ do not share any189

endpoint and therefore, distG(Be, B f ) = distG(π(ë),π( f̈ ))⩾ d .190

We note that the construction from the proof of Lemma 2 can be easily turned into a polynomial-time191

algorithm for converting a crude d-fat model of Ḧ into a d-fat model of H .192

Concurrent flows and balanced separators. Our proof of Theorem 2 crucially relies on the duality193

between multicommodity flows and balanced cuts, proved by Leighton and Rao [14]. Let us recall the194

relevant results.195

The work of Leighton and Rao concerns the Product Multicommodity Flow Problem (PMFP) on196

directed edge-capacitated graphs. An instance of (directed) PMFP is a triple (D, c,π) where197

• D is a (directed) graph,198

• c : E(D)→ R⩾0 is an edge-capacity function, and199

• π: V (D)→ R⩾0 is a vertex demand function.200

For every pair of distinct vertices u, v ∈ V (D), the demand from u to v is π(u)π(v) units of commod-201

ity (u, v). The goal is to find a (multicommodity) flow — union of flows of commodity (u, v) for every202

pair of distinct vertices u, v ∈ V (D) — that does not exceed the capacity of any edge and routes for203

all these pairs simultaneously q ·π(u)π(v) units of the commodity (u, v) from u to v, for the largest204
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possible value q. Formally, a multicommodity flow of value q ∈ R⩾0 is a function f : P(D) → R⩾0,205

assigning each path P ∈ P(D) the amount of flow passing through P , so that206

∑

P∈P(D),e∈P

f (P)⩽ c(e) for all e ∈ E(D) and
∑

P∈Pu,v(D)

f (P) = q ·π(u)π(v) for all u, v ∈ V (D), u ̸= v.207

On the other hand of the duality we have balanced cuts, where the balance is measured as follows: For208

a partition (U , U) of V (D) such that π(U)π(U)> 0 (with π(X ) :=
∑

v∈X π(v)), we define its weighted209

ratio cost as210
∑

e∈ED(U ,U)

c(e)

π(U) ·π(U)
,211

where ED(U , U) denotes the set of edges of D with tail in U and head in U . With these definitions in212

place, we can recall the main result of Leighton and Rao.213

Theorem 6 ([14, Theorem 17]). There is a randomized polynomial-time algorithm that given an instance214

(D, c,π) of the Directed Product Multicommodity Flow Problem and a real q ∈ R⩾0, outputs either215

(1) a multicommodity flow of value q in (D, c,π), or216

(2) a partition (U , U) of V (D) of weighted ratio cost O(q log p), where p := |{v ∈ V (D): π(v)> 0}|.217

We remark that the formulation of [14, Theorem 17] is non-algorithmic, but the proof is effective218

and can be turned into a randomized polynomial-time algorithm; see the remarks after [14, Theorem 7].219

Similarly as in [11], for our purposes we need to translate the duality provided by Theorem 6 to the220

setting of vertex separators, vertex-capacitated flows, and (vertex-)weighted undirected graphs. The221

translation uses a standard, simple reduction scheme: splitting every vertex u into two. However, we222

need to first introduce the relevant terminology.223

The role of multicommodity flows will be played by concurrent flows. For a weighted graph G,224

a concurrent flow in G is a function λ: P(G)→ R⩾0 that assigns each path P ∈ P(G) the amount of225

flow passing through P , so that for every pair of vertices (u, v) ∈ V (G)× V (G) with u ̸= v, we have226

∑

P∈Pu,v(G)

λ(P) =w(u)w(v).227

By γG,λ(v) we denote the total amount of flow passing through v, that is,228

γG,λ(v) :=
∑

P∈P(G),v∈P

λ(P) (1)229

The congestion γ of the concurrent flow λ is maxv∈V (G) γG,λ(v).230

On the other hand, the role of balanced cuts will be played by balanced separations. Recall that231

a separation in a (weighted) graph G is a pair of vertex subsets (A, B) such that A∪ B = V (G) and there232

is no edge with one endpoint in A\B and the other in B \A. Then A∩B is the separator of the separation233

(A, B). Assuming G is weighted, we define the sparsity of (A, B) as234

αG(A, B) :=
|A∩ B|

w(A) ·w(B)
.235

With all the definitions in place, we can prove the desired variant of the result of Leighton and Rao.236

Lemma 3 (undirected vertex-weighted variant of [14, Theorem 17]). There is a randomized polynomial-237

time algorithm that, given a weighted n-vertex graph G and a real γ > 0, outputs either:238

(1) a concurrent flow in G with congestion at most γ, or239

(2) a separation in G of sparsity O
�

log n
γ

�

.240
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Proof. We perform the standard trick of splitting every vertex into two. Let D be the directed graph241

with edge capacities c : E(D)→ R⩾0 obtained from G as follows:242

• for every u ∈ V (G), add to D two vertices uin and uout and connect them by an edge (uin, uout) of243

capacity 1 and an edge (uout, uin) of capacity∞; and244

• for every edge uv ∈ E(G), add to D edges (uout, vin) and (vout, uin) of capacity∞.245

Edges of capacity∞ can be avoided by using a large constant, e.g. |V (G)|2 ·w(G) + 1, instead. Finally,246

for every u ∈ V (G), we set247

π(uin) :=w(u) and π(uout) := 0.248

Thus, (D, c,π) is an instance of the Directed Product Multicommodity Flow Problem. Let us verify that249

multicommodity flows in this instance are in correspondence to concurrent flows in G.250

Claim 1. For any real q > 0, (D, c,π) has a multicommodity flow of value q if and only if G has251

a concurrent flow of congestion 1/q.252

Proof. First, suppose there is a multicommodity flow f in (D, c,π) that, for every pair of distinct vertices253

u, v ∈ V (G), sends q ·π(uin)π(vin) units of flow from uin to vin. Note that there is a natural map from254

Puin,vin(D) to Pu,v(G) defined by contracting every vertex pair win, wout back to w. Hence, we may map255

f to a flow λ0 in G that sends q ·w(u)w(v) units of flow from u to v, for every pair of distinct vertices256

u, v, and has congestion 1 (this corresponds to the edges of the form (win, wout) having capacity 1). By257

rescaling λ0 by a multiplicative factor of 1/q, we obtain a concurrent flow λ in G with congestion 1/q.258

Conversely, suppose G has a concurrent flow λ of congestion 1/q. Similarly as above, we may map259

λ to a multicommodity flow f0 in (D, c,π) that sends w(u)w(v) = π(uin)π(vin) units of flow from uin260

to vin, for every pair of distinct vertices u, v, and uses capacity 1/q at every edge of the form (win, wout).261

By rescaling f0 by a multiplicative factor of q, we obtain a multicommodity flow f of value q that262

respects all the edge capacities.263

We apply the algorithm of Theorem 6 to (D, c,π) with q = 1/γ. If this application yields a multi-264

commodity flow of value 1/γ, then by Claim 1 we may obtain a concurrent flow in G with congestion γ,265

which is outcome (1). So we may assume that we have computed a partition (U , U) of V (D) with266

weighted ratio cost bounded by O(log n/γ).267

Observe that every edge in ED(U , U) must be of the form (uin, uout) for some u ∈ V (G), because268

the other edges have infinite capacity, which would render the weighted ratio cost of (U , U) infinite (or269

too large). Let S ⊆ V (G) be the set comprised of all vertices u such that (uin, uout) ∈ ED(U , U). Then,270

∑

e∈ED(U ,U)

c(e) = |ED(U , U)|= |S|.271

Let A ⊆ V (G) be the set of vertices u such that uin ∈ U , and B ⊆ V (G) be the set of vertices u such272

that uout ∈ U ; thus S = A∩ B. Note that due to the existence of an edge (uout, uin) of capacity∞, for273

each vertex u ∈ V (G) we must have u ∈ A or u ∈ B. Moreover, since every edge uv of G gives rise274

to edges (uout, vin) and (vout, uin) of capacity∞, it cannot happen that u ∈ A\ B (implying uout ∈ U)275

and v ∈ B \ A (implying vin ∈ U) simultaneously. We conclude that (A, B) is a separation of G, with276

separator S = A∩ B.277

Finally, observe that the sparsity of (A, B) is278

αG(A, B) =
|S|

w(A) ·w(B)
=

∑

e∈ED(U ,U)

c(e)

w(A) ·w(B)
.279
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Note that π(U) =w(A) and π(U) =w(B \ A)⩽w(B). Thus we have280

αG(A, B)⩽

∑

e∈ED(U ,U)

c(e)

π(U) ·π(U)
,281

which in turn is bounded by O(log n/γ). So the separation (A, B) constitutes a valid outcome (2).282

We now transform, by repeated applications, the second outcome of Lemma 3 into a balanced283

separator of the graph. This is analogous to [11, Lemma 4.1], but we repeat the argument here for the284

convenience of the reader, and also because the presentation of [11] claims a slightly stronger result285

assuming a faulty lemma from [13].286

Lemma 4. There is a randomized polynomial-time algorithm that, given a weighted n-vertex graph G287

with W :=w(G) and a real γ > 0, outputs either:288

(1) an induced subgraph G′ of G such that w(G′) ⩾ W/2, a concurrent flow in G′ with congestion289

at most γ, and a subset S ⊆ V (G) of size O
�

W 2 log n
γ

�

such that S ∩ V (G′) = ; and every connected290

component of G − S is either disjoint from G′ or contained in G′; or291

(2) a balanced separator of G of size O
�

W 2 log n
γ

�

.292

Proof. We build a sequence G1, G2, G3, . . . of induced subgraphs of G as follows. Note here that each Gi ,293

as an induced subgraph of G, inherits the weight function w :=wG from G.294

Set G1 := G and i ← 1. Perform the following loop: While w(Gi) ⩾ W/2, apply Lemma 3 to Gi295

with congestion parameter γ. If this application yields outcome (1), then we break out of the while loop.296

Otherwise, we obtain a separation (Ai , Bi) in Gi with sparsity at most c log n
γ , for some universal constant c.297

By swapping Ai and Bi if necessary, we assume that w(Ai) ⩾ w(Bi). We set Gi+1 := Gi[Ai \ Bi] and298

i← i + 1, and proceed to the next iteration. This ends the body of the loop.299

When we exit the while loop, we have built separations (A1, B1), . . . , (Aℓ, Bℓ) of induced subgraphs300

G1 ⊇ . . . ⊇ Gℓ, respectively. For i ∈ [ℓ], denote Si := Ai ∩Bi . We claim that if we have not broken out of301

the while loop (upon finding a concurrent flow), then S :=
⋃

i∈[ℓ] Si is a balanced separator of G. Note302

that by construction, V (G) \ S is partitioned into B1 \A1, B2 \A2, . . . , Bℓ \Aℓ, and Aℓ \ Bℓ, with no edge303

between two distinct parts. For each i ∈ [ℓ], we have w(Bi \ Ai) ⩽W/2, because w(Bi) ⩽ w(Ai). By304

the condition of exiting the loop, we have w(Aℓ \ Bℓ)⩽W/2. So S is indeed a balanced separator of G.305

We are left with arguing that |S|⩽ O
�

W 2 log n
γ

�

. For every i ∈ [ℓ] we have306

αGi
(Ai , Bi) =

|Si|
w(Ai) ·w(Bi)

⩽
c log n
γ

, thus307

308

|S|=
∑

i∈[ℓ]

|Si|⩽
c log n
γ
·
∑

i∈[ℓ]

w(Ai) ·w(Bi).309

Note that the sets B1, . . . , Bℓ are pairwise disjoint, and we can upper bound every term w(Ai) by the310

total weight W . Therefore311

|S|⩽
cW log n
γ

·
∑

i∈[ℓ]

w(Bi)⩽
cW 2 log n
γ

,312

and S constitutes a valid outcome ((2)).313

Now, suppose we have broken out of the while loop because a concurrent flow λ of congestion at314

most γ was found in G′ := G[Aℓ \Bℓ]. By the invariant of the loop, G′ is an induced subgraph of G such315

that w(G′)⩾W/2. And by construction, S is disjoint with V (G′) and every connected component of316

G − S is either contained in G′ or disjoint with G′. Also, by the same calculation as above, we have317

|S|⩽ O
�

W 2 log n
γ

�

. We conclude that G′, λ, and S satisfy the desired properties of outcome ((1)).318

8



3 Proof of Theorem 2319

In this section we prove our main result, Theorem 2. By the following result, the statement can be320

reduced to the d = 3 case. Recall here that Gd is the dth power of G — the graph obtained from G by321

making two vertices of V (G) adjacent if and only if they are at distance at most d in G.322

Theorem 7 ([7, Theorem 3]). If G excludes H as a d-fat minor, then Gd excludes H as a 3-fat minor.323

Indeed, assuming d > 3, we apply the 3-fat minor case of Theorem 2 to Gd . This yields either324

a 3-fat model of H in Gd , which can be turned into a d-fat model of H in G (the proof of Theorem 7325

yields a polynomial-time algorithm), or a set S ⊆ V (Gd) = V (G) that is a balanced separator of Gd and326

is (O(∥H∥2 · n1/2+ϵ),O(1/ϵ))-coverable in Gd . Clearly, as G is a subgraph of Gd , S is also a balanced327

separator of G. Moreover, as the distances in G are at most d times larger than in Gd , it follows that S328

is (O(∥H∥2 · n1/2+ϵ),O(d/ϵ))-coverable in G.329

Therefore, we are left with proving the following statement.330

Theorem 8. For every graph H and real ϵ > 0, every n-vertex weighted graph that excludes H as a 3-fat331

minor has an (O(∥H∥2 · n1/2+ϵ),O(1/ϵ))-coverable balanced separator.332

Furthermore, there is a randomized polynomial-time algorithm that, given a weighted graph G, either333

returns such a balanced separator in G or finds a 3-fat model of H in G.334

Proof. We focus on showing the algorithmic claim, as it implies the first part of the theorem statement.335

By adding some edges to H if necessary, we may assume that H has no isolated vertices; this increases336

∥H∥ only by a constant multiplicative factor, and if a 3-fat minor model of this supergraph is found,337

one can effectively restrict the model to one for the original H . Denote W :=wG(G), for brevity.338

By applying the algorithm of Lemma 1, we may compute, in randomized polynomial time, a con-339

nected partition X of G of strong diameter at most 32/ϵ such that for every vertex v of G, the ball340

BG(v, 2) intersects at most O(nϵ) clusters of X. We observe that from this it follows that there are341

relatively few clusters of X that are close to each other. Formally, we consider the set342

Ξ :=
�

(X , X ′) ∈ X×X | distG(X , X ′)⩽ 2
	

.343

Claim 2. |Ξ|⩽ O(n1+ϵ).344

Proof. Since every vertex of G is at distance at most 2 from at most O(nϵ) clusters of X, each cluster345

X ∈ X is at distance at most 2 from at most |X | ·O(nϵ) other clusters of X. Thus, we have346

|Ξ|⩽
∑

X∈X
(|X | ·O(nϵ)) =

�

∑

X∈X
|X |

�

·O(nϵ) = n ·O(nϵ) = O(n1+ϵ).347

Let c be the constant hidden in the O(·) notation of Claim 2; that is, we have |Ξ| ⩽ cn1+ϵ . We348

let bG := G/X be the quotient graph. Recall that bG is weighted with the weight function defined as349

w
bG(X ) :=wG(X ) for all X ∈ X, so in particular w

bG(bG) =wG(G) =W .350

We apply the algorithm of Lemma 4 to the (weighted) graph bG with351

γ :=
W 2

32h
p

c · n
1+ϵ

2

352

where h := ∥Ḧ∥= |V (Ḧ)|+ |E(Ḧ)| is the total number of vertices and edges of Ḧ ; note that h⩽ 5∥H∥.353

If this application yields outcome (2), we have obtained a balanced separator S ⊆ X of bG of size354

O(W 2 log n/γ) ⩽ O(∥H∥ · n1/2+ϵ). Hence,
⋃

S is a balanced separator of G that can be covered by355

|S|= O(∥H∥ · n1/2+ϵ) balls of radius 32/ϵ in G.356

We thus assume that the application of Lemma 4 yields outcome (1). That is, we have obtained an357

induced subgraph bG′ of bG with w
bG(bG

′)⩾w
bG(bG)/2=W/2, a concurrent flow λ on bG′ with congestion358

9



at most γ, and a subset bS ⊆ V (bG) = X of size at most O
�

W 2 log n/γ
�

= O(∥H∥ ·n1/2+ϵ) such that every359

connected component of bG − bS is disjoint from bG′ or contained in bG′. Note that every component of360

bG − bS disjoint from bG′ must have weight at most W/2, for bG′ has weight at least W/2.361

We now partition the vertex set of bG′ into two sets Z and U as follows:362

• Z comprises all X ∈ V (bG′) such that wG(X )⩾
W

4h2 ; and363

• U comprises all the other vertices of bG′, i.e., those X ∈ V (bG′) that satisfy wG(X )<
W

4h2 .364

Note that since w
bG(bG

′)⩽W , we have |Z|⩽ 4h2 ⩽ O(∥H∥2).365

We first consider the case when w
bG(Z) ⩾w
bG(U). This means that Z contains at least half of the366

weight of bG′, and hence bS ∪ Z is a balanced separator of bG. Therefore, S :=
⋃

(bS ∪ Z) is a balanced367

separator of G, and it can be covered by |bS|+ |Z|⩽ O(∥H∥2 · n
1
2+ϵ) balls of radius 32/ϵ in G.368

Hence, from now on we assume that w
bG(U)>w
bG(Z). In particular, this implies that369

M :=w
bG(U)⩾w
bG(bG

′)/2⩾W/4.370

We now construct a crude 3-fat model (φ : V (Ḧ)→ V (bG),π: E(Ḧ)→ P(bG)) of Ḧ in bG as follows.371

Let D be the probability distribution over U that assigns probability wG(X )/M to every X ∈ U. For372

every pair (X , Y ) of distinct elements of U, let DX ,Y be the probability distribution over PX ,Y (bG′) that373

assigns probability374

λ(P)
wG(X )wG(Y )

to every P ∈ PX ,Y (bG
′).375

For every u ∈ V (Ḧ), we sampleφ(u) independently fromD. Then, for every uv ∈ E(Ḧ), ifφ(u) ̸= φ(v),376

then we sample π(uv) independently from Dφ(u),φ(v). If φ(u) = φ(v), then π(uv) is instead set to the377

trivial φ(u)–φ(v) path.378

We consider the following two events:379

I : The mapping φ is injective.380

F : For every pair of edges uv, u′v′ ∈ E(Ḧ) with |{u, v, u′, v′}|= 4, we have dist
bG(π(uv),π(u′v′))⩾ 3.381

As usual, by I and F we denote the complements of those events, respectively.382

We first bound the probability of I :383

P [I]⩽
∑

u,v∈V (Ḧ),u̸=v

P [φ(u) = φ(v)]384

=
∑

u,v∈V (Ḧ),u̸=v

∑

X∈U
P [φ(u) = X ] · P [φ(v) = X ]385

=
∑

u,v∈V (Ḧ),u̸=v

∑

X∈U

wG(X )2

M2
386

⩽
�

h
2

�

·
W
4h2
·

1
M2
·
∑

X∈U
wG(X ) by wG(X )⩽

W
4h2

for each X ∈ U,387

⩽
�

h
2

�

·
W

4Mh2
⩽

1
2

by
∑

X∈U
wG(X ) = M ⩾W/4. (2)388

389

We proceed to bounding the probability of F . For a fixed X ∈ V (bG′) and uv ∈ E(Ḧ) consider the390

event AX ,uv defined as follows: φ(u) ̸= φ(v) and X ∈ π(uv). We first bound the probability of AX ,uv :391

P [AX ,uv] =
∑

(Y,Z)∈U×U,Y ̸=Z

wG(Y )wG(Z)
M2

∑

P∈PY,Z (bG′),X∈P

λ(P)
wG(Y )wG(Z)

392
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=
1

M2

∑

(Y,Z)∈U×U,Y ̸=Z

wG(Y )wG(Z)
wG(Y )wG(Z)

∑

P∈PY,Z (bG′),X∈P

λ(P)393

=
1

M2

∑

P∈P(bG′),X∈P

λ(P) =
γ
bG′,λ(X )

M2
⩽
γ

M2
.394

395

Let us define the set of relevant pairs of edges of Ḧ :396

Π :=
�

(uv, u′v′) ∈ E(Ḧ)× E(Ḧ) | |{u, v, u′, v′}|= 4
	

.397

Note that for any (uv, u′v′) ∈ Π, (φ(u),φ(v),π(uv)) and (φ(u′),φ(v′),π(u′v′)) are independent joint398

variables, and hence AX ,uv and AX ′,u′v′ are also independent events. Therefore, for all X , X ′ ∈ V (bG′),399

P [AX ,uv ∩ AX ′,u′v′] = P [AX ,uv] · P [AX ′,u′v′]⩽
γ2

M4
⩽ 256 ·

γ2

W 4
=

1
4h2c · n1+ϵ

. (3)400

Observe that assuming φ is injective (that is, event I ), that (φ,π) is a crude 3-fat model of Ḧ is401

equivalent to the following assertion: for all (uv, u′v′) ∈ Π and (X , X ′) ∈ Ξ, we do not have X ∈ π(uv)402

and X ′ ∈ π(u′v′) simultaneously. Therefore, we have the following inclusion of events:403

F ∩ I ⊆
⋃

(uv,u′v′)∈Π

⋃

(X ,X ′)∈Ξ
AX ,uv ∩ AX ′,u′v′ .404

Hence, we get405

P [F ∩ I]⩽ |Π| · |Ξ| ·
1

4h2c · n1+ϵ
by union bound and (3),406

⩽
1
4

by Claim 2 and |Π|⩽ h2. (4)407
408

By combining (2) and (4) we conclude that P [F]⩾ P [F∩ I]⩾ 1
4 ; or in other words, (φ,π) is a crude409

3-fat model of Ḧ in bG with probability at least 1
4 . By Lemma 2, this model can be turned into a 3-fat410

model ({bBu}u∈V (H), {bBe}e∈E(H)) of H . Finally, since the distances between the elements of X in bG are411

not larger than in G, we conclude that taking412

B f := G





⋃

X∈V (bB f )

X



 for all f ∈ V (H)∪ E(H)413

yields a 3-fat model of H in G.414

Taking into account the probability that any of the (randomized) algorithms of Lemmas 1 and 3415

returns an incorrect output, which can be bounded by 1
8 , we conclude that the presented algorithm416

finds either an (O(∥H∥2 · n
1
2+ϵ),O(1/ϵ))-coverable balanced separator of G or a 3-fat model of H in G417

with probability at least 1
8 . As usual, the probability of success can be boosted to 1− 1

2nO(1)
by making418

nO(1) independent repetitions of the algorithm.419

4 Proofs of Theorems 3 and 4420

In this section we prove our results for graphs excluding an induced minor: Theorems 3 and 4. We need421

some terminology. A star partition of a graph G is a connected partition X of G such that for every422

X ∈ X, there is a vertex vX ∈ X satisfying X ⊆ N[vX ]. In other words, it is a connected partition of423

strong radius at most 1.424

Lemma 5. Every n-vertex graph G admits a star partition X such that G/X has O(n4/3 log2/3 n) edges.425
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Proof. We set k := ⌈n1/3 log2/3 n⌉, and assume that k ⩾ 2 without loss of generality. Let v1, . . . , vh426

be a maximal sequence of distinct vertices such that for every i ∈ [h], vi has at most k neighbors in427

G − {v1, . . . , vi−1}. Let M := {v1, . . . , vh}, and let EM be the set of edges of G with at least one endpoint428

in M . By construction, |EM |⩽ k|M |⩽ kn.429

By the maximality of M , the graph G′ := G − M has minimum degree greater than k. Thus G′430

admits a dominating set of size at most 2(n−h) log k
k [5]. In particular, G′ admits a star partition X′ with431

at most 2(n−h) log k
k parts. We extend it to a star partition X of G by adding every singleton {v1}, . . . , {vh}.432

The number of edges of G/X is at most433

|EM |+
�2(n−h) log k

k
2

�

⩽ kn+
4n2 log2 k

k2
= O(n4/3 log2/3 n).434

Then Theorem 3 is an easy consequence of combining Lemma 5 and Theorem 5.435

Proof of Theorem 3. Apply Lemma 5 to G, yielding a star partition X of G such that the quotient graph436

G/X has O(n4/3 log2/3 n) edges. Noting that G/X also excludes H as an induced minor, we may437

apply Theorem 5 to G/X, thus obtaining a balanced separator S of G/X of size OH(
p

m log m) =438

OH(n2/3 log4/3 n). Then
⋃

S is a balanced separator in G that is (OH(n2/3 log4/3 n), 1)-coverable.439

For Theorem 4, we use the following result of Chudnovsky et al. [6] together with a classic conse-440

quence of a result of Kühn and Osthus [12].441

Theorem 9 ([6, Theorem 9.1]). Let G be a Kt,t -induced-minor-free graph, for some t ∈ N. Then G admits442

a connected partition X in which every part is (1, 4)-coverable and such that the graph G/X has chromatic443

number at most t · 2t .444

Theorem 10 (follows from [12, Theorem 1]). For every s ∈ N, every n-vertex graph G that excludes Ks445

as a subgraph and Ks,s as an induced minor has Os(n) edges.446

As observed in [6, Proposition 10.3], the combination of these two results immediately yields the447

following. We note that in [6], they use more recent, stronger results instead of the standard theorem448

of Kühn and Osthus [12], but the latter suffices for our purpose.449

Lemma 6. For every t ∈ N, every n-vertex Kt,t -induced-minor-free graph G has a connected partition X450

such that every part of X is (1, 4)-coverable and the quotient graph G/X has Ot(n) edges.451

Now Theorem 4 follows from combining Lemma 6 and Theorem 5 in exactly the same manner as in452

the proof of Theorem 3.453

5 Conjectures454

Our work raises multiple questions about the existence of coverable balanced separators in fat-minor-455

free and induced-minor-free graphs. The most prominent one is whether Conjecture 1 holds, or at least456

improving the additional O(nϵ) factor to a polylogarithmic function of n. The only source of the O(nϵ)457

factor is the clustering scheme of Lemma 1, hence we propose the following.458

Conjecture 2. For every graph H there are constants p, d ∈ N such that every graph G that excludes H459

as a 3-fat minor admits a connected partition X of weak diameter at most d such that for every u ∈ V (G),460

BG(u, 2) intersects at most p clusters of X.461

We note that resolving Conjecture 2 would not automatically resolve Conjecture 1 because of462

the additional log n factor stemming from the gap between multicommodity flows and balanced cuts463

(Theorem 6). However, proving a weaker form of Conjecture 2 with p replaced by O(logα n), for some464

α ∈ R⩾0, would directly translate to the weaker form of Conjecture 1 with c replaced by O(logα+1 n).465
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We note that in Conjecture 2, it is not at all clear that the condition “every ball of radius 2 intersects466

few parts of X” is the only correct one; other forms of asserting the sparsity of X may also be useful.467

Noting that containing H as a 2-fat minor entails containing H as an induced minor, Theorem 2468

implies that any n-vertex H-induced-minor-free graph has an (OH(n1/2+ϵ),O(1/ϵ))-coverable balanced469

separator, for any ϵ > 0. As witnessed by Theorems 3 and 4, the induced-minor-free case may permit470

a broader range of tools, hence we state the following weaker form of Conjecture 1.471

Conjecture 3. For every graph H there exist constants c, r ∈ N such that every n-vertex weighted graph G472

that excludes H as an induced minor has a balanced separator that is (c
p

n, r)-coverable.473

It would be particularly elegant if r = 1 sufficed in Conjecture 3, and Theorem 3 gives an indication474

that this could indeed be the case. Towards this goal, we propose the following strengthening of475

Lemma 5 as a first step.476

Conjecture 4. For every graph H there exist constants c, q ∈ N such that every n-vertex graph G that477

excludes H as an induced minor admits a connected partition X such that every cluster of X is (q, 1)-478

coverable and the quotient graph G/X has at most c · n edges.479

Again, a weaker form of this statement, with c or q (or both) replaced by a subpolynomial function480

of n, would also be interesting.481
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